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ABSTRACT. We introduce and analyse a variant of the two-dimensional X'Y-model energy which
is suited to detect both topological defects and geometric defects in form of fractional vortices and
domain walls, respectively. In contrast to previously introduced variants, the energies we consider
here are defined without using an angular lifting of the S!-valued spin variables. Moreover, they
combine in an explicit way the features of the XY-model energy on the one hand and weak-
membrane energies on the other hand. This leads to simplified proofs of compactness and lower
bound in the I'-convergence analysis.
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1. INTRODUCTION

The macroscopic behaviour of crystalline materials is highly influenced by the presence and
interaction of material defects, that can roughly be described as local deviations from the other-
wise regular crystalline structure. Such defects can be of different (co-)dimension ranging from
point and line to planar and volume defects (see, e.g., [26, Chapter 1.3]), and the derivation and
analysis of corresponding mathematical models has constantly given rise to interesting challenges
and problems. One challenge that has drawn the attention of the mathematical community in
recent years consists in obtaining continuum-mechanical models for material defects from more
elementary discrete models via a rigorous coarse-graining procedure by means of I'-convergence.
Such a discrete-to-continuum variational analysis has been applied to models for defects of different
(co-)dimension including, among others, models for volume defects such as voids [22], for planar
(or co-dimension 1) defects such as grain boundaries [21], and for co-dimension 2 defects such as
dislocations [28] 2, Bl 4] [l [19], to name just a few. It is also worth mentioning that in a reduced
two-dimensional setting discrete energies for so-called screw dislocations have been shown to be
equivalent to the XY -model energy used in micromagnetism (see [2]).

Here we are interested in further investigating the relation between the screw-dislocation and the
(ferromagnetic) XY -spin model when both co-dimension 2 and co-dimension 1 defects are taken
into account as in the recent contributions [I1] and [8]. Those defects are typically referred to as
topological and geometric defects, and they are observed in nature as (partial) dislocations and
stacking faults in the context of crystal plasticity [25],26] or as (fractional) vortices and domain walls
in the context of micromagnetism [3I]. In the reduced two-dimensional setting we will consider
here, they are point and line defects. To motivate ideas we start recalling the definition of the
screw-dislocation and the XY-model energy. The latter is defined on spin fields v : eZ? N Q — S!
mapping from the portion of an e-spaced square lattice contained in a bounded Lipschitz domain
Q C R? to the unit vectors, and it assigns to any such spin field the energy

XV() =3 3 G) v (1.1)
(i,7) n.n.
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In the sum is taken over all pairs of nearest neighbours 7, j € eZ?N ). The XY-model energy
is well-suited to detect topological singularities at the leading order logarithmic scaling. Roughly
speaking, configurations v, satisfying a uniform bound XY (v.) < C|loge| develop in the limit
as ¢ — 0 finitely many point singularities (interpreted as vortices) as those in Figure Around
these singularities an energetic contribution of order |loge| is stored (see [L, [3]).

Upon choosing an angular lifting u : €Z2 N Q — R of v satisfying v = exp(2miu) we have
that [v(j) — v(i)|> = 1 — cos (2m(u(j) — u(i)) for 4,j. This allows to rewrite XY.(v) in terms
of the angular variable w, which in turn makes it possible to relate the XY -model energy to the
screw-dislocation energy. Indeed, the latter associates to any scalar configuration u : eZ2NQ — R
(interpreted as a lattice displacement in the context of plasticity) an energy of the form

SDc(u) =2r* Y dist® (u(j) — u(i); Z) . (1.2)

(¢,7) n.n.

Since 272 dist?(t; Z) ~ 1 —cos(2xt) for t close to Z, one can show that XY; and SD. have the same
asymptotic behaviour at the leading order logarithmic scaling (see [2] and [3]). Moreover, rewriting
XY, in terms of the angular variable is the starting point in [IT] for introducing a class of discrete
energies that is suited to detect the formation of both topological and geometric defects which in
the spin variable correspond to fractional vortices and domain walls as sketched in Figure [T
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(a) Vortex singularity (b) Fractional vortices and string defect

Figure 1. Schematic pictures of a topological singularity in form of a vortex (left) and of
two topological singularities in form of fractional vortices that are connected by a geometric
singularity (right).

Here, we follow the approach in [I1] to obtain a model for partial screw dislocations and stacking
faults, which we use as a point of reference (see Section for a precise definition). Instead, for
the XY-model energy we take a different approach and define discrete energies directly on the
spin field v. This is done by taking inspiration from a different class of discrete energies which
is commonly used to detect line singularities. Those are discrete energies that approximate free-
discontinuity problems as considered, e.g., in [16, 17, 30} [7]. A prototypical energy of this type
is the so-called weak-membrane energy which assigns to any configuration w : €Z2 N Q) — R? an
energy of the form

WM. (w) = Y min {[w(j) — w(i)*, e} (1.3)
%,j n.n.
It is known that the weak-membrane energies I'-converge as € — 0 to a free-discontinuity functional,
i.e., a functional consisting of a bulk and a surface contribution. In particular, the energies are
suited to detect line defects.
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Energies as in were already exploited in [8] to detect line defects in a model for partial
edge dislocations and stacking faults. Although these energies itself are not suited to detect topo-
logical defects (see Example , we use them to define a variant of the XY-model energy which
combines the features of both energies and is thus indeed able to detect topological and geometric
singularities. Specifically, for fixed n € N we consider energies of the form

X}/Efrac(v) _ Z max{#wn(j) _ U“(i)|2,min{‘1}(j) — ’U(i)|2’5}} . (14)

%,J n.n.

Here, v™ is the complex n-th power of v : €Z2 N — S! which allows for fractional-integer windings
of the spin field. If i, j € eZ2N are nearest neighbours, then for sufficiently small changes between
v(i) and v(j) we have that |v(j) — v(i)|* &= 5 |v™(j) — v™(i)]®. This suggests that far from the
singularities the two terms should give the same energetic contribution. Moreover, for specific
changes in the angle between v(i) and v(j), namely changes by 2F, we have that v™(i) = v™(j),
while |v(i) — v(j)| is of order one (see Figure [Ib| for n = 2). This in turn implies that such a
term yields a contribution of € to the total energy. As a consequence, the energetic contribution
of macroscopic line defects across which the spin field changes by an angle of %’T as in Figure

will be of order one.

The above heuristics are made rigorous in Theorem [£.I] where we show that after removing
the logarithmic contribution of a fixed number of limiting topological defects the energies X strac
converge as € — 0 to a continuum energy consisting of three terms. More specifically, Theorem [£.1]
implies that for fixed M € N the I-limit of the excess energies XY°(v) — 2x|log | is given by

M 1

frac n 1 %
E™(w) = E’H— ;W(w )+ /Sw Vi dH™, weDp(Q). (1.5)

Here, DE () is a suitable subclass of S'-valued SBV-functions w whose jumpset S,, has finite
length, their complex n-th power w™ is a Sobolev function, and the jacobian J(w™) is a sum
of signed dirac measures supported on the limiting topological defects (see for the precise
definition). The function w in is obtained as the weak H. -limit of the sequence of spin fields
ve away from the limiting point defects. Moreover,  is the core energy of the XY -model energy,
a fixed quantity concentrated around each limiting topological defect. The far-field energy W
instead accounts for the interaction of the topological defects and coincides again with the far-field
energy of the XY-model energy. Finally, the surface contribution is concentrated on the limiting
line defects and coincides with the surface contribution of the weak-membrane energies.

We point out that the I'-limit in coincides with the I'-limit of the discrete energies intro-
duced in [II] and indeed also the discrete energies in are in some sense a reformulation of the
energies in [I1] using the spin variable v instead of the angular variable. However, this reformula-
tions is not straightforward, since in [I1] the angular variable is used explicitly to determine the
region where the cut-off at level € takes places (cf. Section for a precise definition). We circum-
vent this here by including the interactions of weak-membrane type, which determine the cut-off
region implicitly. This makes it at the same time more evident how to compare those energies
with the weak-membrane energies, which in turn leads to a simplified proof of the lower-bound
inequality and the corresponding compactness result (see Theorem [4.1] (i) and (ii)). Moreover,
re-interpreting the energies in [I1] as a model for partial screw dislocations and stacking faults
allows to compare those models with XY -spin models in a framework that takes into account both
topological and geometric defects. Finally, a crucial step in obtaining the upper-bound inequality
consists in showing that the core energy concentrated around each limiting point singularity is
the same (up to a factor) for the fractional XY -model energy and the original XY-model
energy . This can be shown in a concise way using the recent result [23] Theorem 2.4] which



4 A. BACH

allows us to choose competitors for the minimization problem defining v (see (4.12)) for the precise
definition) that are suitably regular in the sense that they do not contain so-called short dipoles.

We finally observe that the limiting energies we obtain here also appear as I'-limits of the
continuum phase-field functionals introduced in [24] which are defined by coupling suitable variants
of the Ginzburg-Landau functionals and the Ambrosio-Tortorelli functionals. Building upon the
analysis carried out in the present paper and using the similarities between weak-membrane energies
and discretizations of the Ambrosio-Tortorelli functionals (see [I0, Section 3.3]), it will thus be a
subject of further investigation to provide a discrete counterpart of those phase-field functionals.

2. NOTATION AND SETTING OF THE PROBLEM

In this section we fix some basic notation and introduce the discrete energies considered in this
paper.
2.1. Basic notation. We start fixing some notation employed throughout. Given two unit vectors
a,b € St we let dgi (a, b) := 2arcsin(§|a — b|) denote the geodesic distance between them. We recall
that
la —b| < dgi(a,b) < g\a—b\, (2.1)

where | - | denotes the euclidian distance in R?. For any R > r > 0 we set B, := {z € R?: |z| <r}
and A, g := Bg \ B,. Finally, for any z € R? we set B,(z) := B, + x and A, r(z) := A, g + z.
Moreover, the closed segment joining two vectors z,y € R? is denoted by [z, y].

Throughout the note, ¢ > 0 is a positive parameter varying in a strictly decreasing sequence
converging to zero.

2.2. The discrete lattice. Throughout we will consider the e-spaced square lattice eZ?. For any
e >0, k€ {1,2}, and any Borel subset A C R? we let

2 (A) == {i € eZ’ N A: [i,i+ee,] C A} (2.2)

denote the portion of lattice points contained in A for which the closed segment joining ¢ and its
nearest neighbour i + eey, is contained in A as well. Moreover, we define the collection of closed
cubes subordinated to the lattice £Z? via

Q. :=1{Q. = Q.(i) =i +[0,e]*: i € eZ*}, (2.3)
and for any cube Q. =i+ [0,¢]* € Q. we write b(Q.) := i+ 5(e1 + e2) for its barycentre. For any
Borel set A C R? we let

Q(A) :={Q: € Q:: Q. C A} and QF(A):={Q. € Q: Q- NA#0}

denote the subclasses of lattice cubes contained in A and intersecting A, respectively. Accordingly
we set

A= ) Q- and A™ = | Q..
Q-9 (4) Q-€Q2(4)
Finally 0.A := €Z? N A" denotes the discrete boundary of A. It is also convenient to fix a
triangulation 7. of R? subordinated to £Z? by setting

Te = {T;r = conv(i,i+eea,i+ele; +e2)), T. =conv(i,i+eer,i+e(e;+ez)): i€ EZQ} . (2.4)

Here conv denotes the closed and convex hull.

Next we introduce the sets of discrete variables taking values in the real numbers and the unit
sphere, denoted respectively by

AD. :={u:eZ?> - R} and SF.:={v:eZ? - S'}.
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We will often refer to variables in AD, and SF. as admissible displacements and spin fields,
respectively. For u,u € AD. we write

wZu if u(i) — u(i) € Z for every i € eZ*.

Upon identifying R? with C we can associate to any u € AD. a spin field v € SF. by considering
the complex exponential
v = exp(2miu) (2.5)

with ¢ being the imaginary unit. Vice versa, any v € SF. can be written in the form (2.5) for
some u € AD, (not unique). In this case, we will refer to u as an angular lifting of v. We shall
often interpret points on S' as complex numbers and implicitly use complex products and complex
powers.

2.3. Discrete gradients and discrete topological singularities. For u € AD., v € SF. and
i,j € eZ? with |i — j| = € we consider the directional discrete derivatives

du(i,j) == u(j) —u(@)  dv(i,j) = v(j) —v(i). (2.6)
Moreover, to any u € AD. we associate a discrete vorticity measure as follows. For any t € R let
Py(t) :== argmin{|t — 2|: z € Z} (2.7)

denote its projection onto Z (with the convention of taking the minimal argmin in (2.7)) if it is not
unique). In other words, Pz(t) = [t — £]. In this way,

Py(t+ z) = Pz(t) + z for every t € R and every z € Z. (2.8)

For 4,j € eZ? with |i — j| = ¢ we now define the elastic part of du(i,j) by

du(i, j) — Py(du(i,j)) ifi<j,

du(i,j) + Pz(du(j,9)) ifj <i, (29)

d®u(i,j) :== {
where i = (i1,42) < j = (j1,72) means that i; < j; and iy < jo. Note that d°u(i,j) = —du(F, 9).
Moreover

|d®u(i, j)| = dist (du(i, 5); Z) . (2.10)
Using d®u we can associate a discrete circulation measure u, to u as follows. For any cube
Q-(i) € Q. with lower left corner i and vertices {i,j, k, ¢} ordered counter clockwise we define

220 (Qe (Z)) by setting

pu(Qe (1)) := dui, j) + d“u(j, k) + du(k, £) + du(, ) . (2.11)
By construction, p,(Q:) € {—1,0,1}. We then define the measure p,, as
o= 1ulQc)dyq.) - (2.12)
Q:-€Q.

If v € SF. we write v = exp(2meu) for some u € AD, and set

.UJU(QE) = Nu(Qs) and Hy = Moy - (213)
The measure p, is well-defined, since it does not depend on the choice of the angular lifting u.

Indeed, if u,u € AD. with u Z % one can use (2.8) to verify that d°u(i,j) = d°u(i,j) for every
i,j € eZ?, |i — j| = e. Thus, p, = ug.
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2.4. Definition of the discrete energies. This section collects all discrete energies we will
consider. To define them, it is convenient to first introduce the following pairwise interaction-
energy densities. For every n € N\ {0} we define f1 : R — [0, +00) by

n

fa(t) == 2n% dist? (t, %Z) .

In this way, we have that

fa (t) = %fl(nt) for every t € R (2.14)
and
A)=f1(t) <= dist(t,Z) < % (2.15)

Moreover, for any ¢, 7 > 0 we define f7,, g7 : R — [0, +00) by

2
730 = max { L2 0,7 ez py O and g0 = min{ G er )

We now introduce the two main families of discrete energies under consideration. Throughout we
fix 71,72 > 0 and n € N. For any u € AD,., w € SF., and A C R? Borel we define

SDPY (u,A) = Y ST (duliitee)) + D f7 (dulii+ ces)) (2.16)
i€ZE (A) i€ZS2 (A)
and

XY (w,A) = Y max{z —|dw™ (z,i+ae1)Q,ggl(dw(i,z'Jrael))}
i€zZet (A)

+ Z max{ 2|dw (i,1+ ces)] ,ggz(dw(i,i+562))}.

i€Z2 (A)

(2.17)

We also recall the definition of the screw dislocation energy and the XY-model energy studied
in [3] and [1], respectively. For every A C R? Borel, u € AD., and v € SF. they are given by
2
SD.(u, A) Z Z fi(du(i, i+ eey)) (2.18)
k=1iezk (A)

and

Z Z |dv(i,i + eex)|?, (2.19)

k 1iezek (A)
respectively. Finally, we will make use of an anisotropic variant of the weak-membrane energies.
In our setting, they will depend on the parameters 71,7 > 0; specifically, we set

WM, (w, A) := Z g7t (dw(i, i+ eer)) + Z 922 (dw(i,i + ceq)) (2.20)
i€ZT (A) i€Z2 (A)

for any A C R? Borel and w : eZ? — R2. It is well known that the discrete energies SD, and XY,
(when scaled properly) account for topological defects in the continuum T-limit (see [I] and [3]).
Those topological defects are then identified with screw dislocations and vortices, respectively.
Instead, the macroscopic I'-limit of the weak-membrane energies is a free-discontinuity functional
consisting of a volume and a surface term (see [I7] and [30]). In particular, in our two-dimensional
setting it accounts for line defects. Based on those two results we will show that the macroscopic
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I-limit of suitably scaled versions of SDfaf and XY ™3¢ accounts for both topological defects and

line defects.

Remark 2.1. Energies of the form have been considered in [I1] for more general functions f1,
among those functions of the form

fi(t) = %(1 — cos(nt)) .

For such fi one has that fi(du(i,j)) = 5o |dw™ (4, §)|?, if w = exp(2mw). In particular, in the

_1_
2n?2

energy in (2.17)) in the non-truncated region. However, the main feature of the energies X Yefri“

defined in (2.17)) is that they do not require the use of the angular variable to determine the
truncated region.

1
n

non truncated region we have f7 , (du(i, j)) = |dw™ (i, 7)|?, which coincides with the interaction

3. PRELIMINARY RESULTS

In this section we collect some preliminary results that allow to compare the discrete energies
introduced in Section with each other. Moreover, we recall some useful interpolation results.

3.1. Comparison between the discrete models. We start comparing the discrete energies
introduced in Section This comparison will be useful to derive compactness properties and
lower bounds for the energies SDSaf and X strjc. A first observation is that the discrete models

n

SD?irt and X strjc accounting for partial dislocations and fractional vortices, respectively, are

lowe’rnbounded b};nthe corresponding models accounting for full dislocations and vortices.
Remark 3.1. Let u € AD. and let A C R? be a Borel set. The definition of SDfirt together with
(2.14) implies that
N 1
SD?Zt(u, A) > ESDE(nu,A). (3.1)
Moreover, for any w € SF. by definition we have that
, 1
XYM (w, A) > S XYo(w™, A). (3.2)
'n n
A second observation is the following elementary comparison between SD. and XY.

Remark 3.2 (Comparison between XY, and SD,). Let v € SF. and let u € AD. be any angular
lifting of v. Then the estimate

SD.(u,A) > XYc(v, A) (3.3)
holds for any Borel set A C R2. This is an immediate consequence of the identity
27 dist? (dui, j); Z) = %dgl (v(i), () (3.4)
for any i,j € eZ? with |i — j| = e. Indeed, together with implies that
Fu(du(i, ) > gldv(i, )P (35)
for any i,j € eZ? with |i — j| = €, which in turn implies .

Remark [3:2] allows us to lower bound the screw dislocation energies by the XY-model energies.
The next lemma shows that an analogue estimate to (3.3)) holds for the corresponding models for
partial dislocations and fractional vortices.
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Lemma 3.3 (Comparison between SDpalrt and XYfraC) Lete >0, let w e SF., and let u € AD,

be an angular lifting of w. Then the estimate

SDgf;(u, A) > XY;‘g"(w, A) (3.6)
holds for any Borel subset A C R2.
Proof. Let w € SF. and u € AD. be as in the statement. Moreover, set v := w™. To obtain ,

we fix 7 > 0 and we show that for any 4,j € €Z? with |i — j| = ¢ we have

124 (du(i 5) zrnax{Qigkhmaj)Q,gzﬁhu@hﬂ)}- (3.7)

Then (3.6)) follows by applying (3.7) with j =i+ee;, 7 =11 and j = j + €eq, T = 7o, respectively,
and summing over all 7.

To establish (3.7) we fix 4, € £Z? with |i — j| = €, and we start with the following preliminary
observation. Since v = w™, nu is an angular lifting of v. Applying (3.5) with v and nu and

using thus yields

540 9)? < 5 fi(ndu(i, ) = fy (du(i, ) < 7, (duG, ). (39)
Hence, follows if we can show that also

g7 (Qw(i ) < 72 (du(i. ).
Suppose first that dist(du(i, j); Z)) > 5. Then we have by definition
fI1(du(i,5)) = et > g7 (dw(i,j)).
If on the contrary dist(du(i,j); Z) < 5=, then ensures that
mmwm=@wwmy (3.9)
Thus, applying now with w and v yields
9 (dw(i, j)) < |dw(l NP < fi(duli, ) = fu(du(i, 5)) < f1(du(,j)

which concludes the proof. O

Remark 3.4 (Comparison with WM.). Let ¢ > 0, w € SF., and A C R? a Borel set. By definition,
we clearly have X st“jc(w, A) > WM. (w, A). Together with Lemma we thus obtain the chain

of inequalities
SDS’?(U, A) > XYS{Y?(w,A) > WM. (w, A) (3.10)
for any angular lifting © € AD,. of w.

The estimates collected in Remarks B.1H3.2] and Lemma [3.3] allow us to lower bound on the one
hand dislocation energies by vortex energies and on the other hand energies accounting for partial
dislocations and fractional vortices by the corresponding energies for full dislocations and vortices.
Using a Taylor expansion we obtain approximate reverse estimates far from the singularities.

Remark 3.5 (Comparison via Taylor expansion). Let v € SF. and let u € AD. be an angular
lifting of v. Then we have that

1
§|dv(i,j)|2 =1 — cos(2ndu(i, j)) .
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Expanding the cosine around 27Z thus yields the existence of a constant C' > 0 such that
1 1
Fi(du(i, 7)) < 5ldv(i, ) + C dist*(du(i, ) 2) < 5 |dv(i, ) + Cldv(i, 5)[*, (3.11)

where the last inequality follows from the identity (3.4) together with the second estimate in (2.1)).
Suppose now that w € SF. is given by w := exp (2” Lu). Similar to Remark we obtain that

1 L. wlii
5ldw(i, P < fi(PGD) . (3.12)

In particular, if dist (M;Z) < i, then (2.15)) together with (2.14)) ensures that

n
A(HE) = £ (F52) = S A(du( ).
In combination with and this yields that
1

1 N2 1 N2 N . . du(i,j) .
S1dw(i, )P < s5ldv(i ) + Cldu(i )t it dist (2424:2) < . (3.13)

3.2. Interpolation of discrete functions. We conclude this section by introducing useful inter-
polations of discrete functions.

Piecewise constant interpolations. Throughout the paper, discrete functions u.: eZ? — R™ will
be tacitly identified with their piecewise constant interpolations taking values u. (i) on every cube

Q:(i) € Q..

Piecewise affine interpolations. For € > 0 let 7: be the triangulation defined in (2.4); for any
ve € SF. we let 0. € HL (R*R?) denote the function satisfying 9. (i) = v(i) for every i € eZ?
and being affine on every triangle T-F, 7~ € 7;. In this way, on every cube Q. € Q. the identity

XY (ve,Qc) = / |Vo.|* de . (3.14)

QE

holds. Combining this identity with well-known interpolation estimates (see below) leads to suitable
continuum upper bounds for XY, and thanks to (3.11]) also for SD..

Remark 3.6 (Interpolation estimate for XY, and SD.). Let U,U’ C R? be open, bounded, and
connected, with U cC U’. Let v € C(U’;S') N H2(U’; S') and suppose that v. € SF. is such
that v. (i) = v(4) for every i € eZ>NU’. Then elliptic interpolation estimates (see e.g., [29, Theorem
3.4.1]) provide us with a constant C' > 0 such that

V0 = Ve aq.) < C2IV%0]3q)
for every Q. € QI"*(U’). Together with Young inequality this leads to
||V@EH%2(QE) S (1 + EQ)HVUH%2(QE) + 062(1 + E_Q)HVQU||%2(QE) fOI' any o > 0 (315)
Combining (3.14) and (3.15|) finally gives

1 1 o
XV, 0) <5 S XV(0Q) <o [ [VuPde+ 0 [ [V0Pde (546
2 Q.0 (U) 2 Uext Uext ( . )

for any @ > 0 and for £ > 0 sufficiently small such that US** C U’.
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Suppose now that u is an angular lifting of v and for every i € £Z? let u. (i) := u(z)ﬂ Using (3.11)
and applying the mean-value inequality leads to

. 1 . .
fl (du6(17])) < §|dv6(7’7j)|2 + OEZHVUH%OO(U’)‘dva(la])‘z
for every i,j € eZ? N U with |i — j| = e. Together with (3.16) this yields

SD.(u.,U) < (1 +c&uwuiww,))xn(v&U)

1 o
g(1+052|w|%mw,))< *25 /Ut\vv|2dx+052*a/w

(3.17)

V202 dx) .

S'-valued interpolations. The piecewise affine interpolation 9. of a spin field v. € SF. in general
does not take values in S' anymore. The following result instead provides an S'-valued interpolation
of v.. It has been stated and proved in [9, Remark 3.2] on a triangular lattice. Since the proof on
the square lattice is analogous to the one in [9, Remark 3.2], we do not repeat it here.

Lemma 3.7 (Sl—valued interpolation). Let e > 0, let v, € SF., and let u. € AD. be an arbitrary
angular lifting of v.. Then there exists V. € VVl(l)C1 (R%;SHN VVI})COO(IR2 \ supp g, ; SY) satisfying the
following properties:
(1) V(i) = ve(i) = exp (2miuc(i)) for any i € eZ?;
(2) J(0.) = 7y, with J(v.) being the distributional jacobian (see Section [4.1] for the defini-
tion);

(3) o, |VO|? dw = FE"¥ (uc, Q) whenever p, (Q<) = 0.

Remark 3.8 (Lifting of ©.). The S'-valued interpolation introduced in Lemma is particularly
useful to provide a “smooth” version of the displacement variable u. in Lemma by using well-
known lifting results in the continuum setting for ¥.. Indeed, if we suppose that U C R? is an open,
bounded and simply connected set with supp p,,, NU = @, then v, € Wli’coo(U ;S') admits a lifting
@e € WI})’COO(U) satisfying v.(z) = exp (2m¢.(z)) for every x € U and 27|V, (z)| = |[Vo.(z)| for
a.e. x € U (see [15, Theorem 1.1]). By construction, ¢, coincides (modulo Z) with u. on £Z? and
it satisfies

|de (4,7 + eex)| = [d®uc (4,7 + cey)| (3.18)

for every k € {1,2} and every i € Z&+(U) (see [9, Remark 3.4]). In this sense, ¢. can be seen as a
“smooth” mod Z representative of ..

4. STATEMENT OF THE MAIN RESULTS

In this section we state a compactness and I'-convergence result for a suitable rescaling of
the energies SDsaf and X Yefrjc using the lower bounds established in Section We start by

introducing the spnace of limitiﬁg fields.

4.1. Space of limiting fields. For any U C R? open and M € N we consider the families of
measures

N
X({U):= {,u:Zdhémh with N eN, d, € Z\ {0}, zr, €U, zp # xp for h;éh’} (4.1)
h=1

Hf U is not simply connected, u might not be smooth anymore. However, by introducing suitable cuts in U not
intersecting €Z? we can assume that u is piecewise smooth and can be evaluated in eZ2.
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and N
X (U) := {u = Zdh&gh € X(U) with dj € {—1,1}}. (4.2)
h=1

It will be convenient to equip X (U) with the convergence induced by the flat topology. Namely,
for any distribution 7" € D'(U) we let

I Tllgat = sup {{T,9): ¥ € C=(U), |[WllLewy <1, [V|lre) < 1}
be its flat norm. We say that a sequence (p,), C X (U) converges flat to some p € X (U) and we
write i, flag w, if ||, — pt|lgas — 0 as n — +o0.

From now on, if not specified otherwise, Q C R? is an open, bounded, and simply connected
subset of R? with Lipschitz boundary and M € N is a fixed integer. The space of limiting fields
will be a certain class of special functions of bounded variation that can be related to a measure
p € X (). Specifically, we set

Du(Q) = {’U e WHH(Q;ShY: J(v) = mp for some pu € Xpr(Q) and v € Hﬁ)C(Q\suppu;Sl)} ,

(4.3)
where for any v = (v1,vs) € WHL(Q;R?) N W12 (Q; R?) the jacobian J(v) is defined in a distribu-
tional sense as J(v) := curl j(v). Here

1
jw) = §(U1V’U2 — Ungl)

is the so-called current or pre-jacobian (see [9, Section 3] for more details on the pre-jacobian and
its relation to the degree of v). Moreover, we consider the family of functions

1

Dr(Q) == {w € SBV(Q;SY): w™ € Dy (Q), w e SBVZ.(Q\ supp 5 S'), H' (S, NQ) < —I—oo},
(4.4)
where J(w™) = mu according to (4.3)).

4.2. Renormalised energy and core energies. For any p = Zﬁ/lzl dpdz, € Xp(2) and 0 >0
sufficiently small such that

Bo(zp) € and  By(zp) N By(z},) =0 for h,h' € {1,..., M}, h#h (4.5)
we set

() = 2\ | Balen). (4.6)
h=1

and to any v € Dy (Q) with J(v) = mu we associate the quantity

1
W(v,Q) := lim (/ |Vo|? dz — M7|log O’|> e RU{+c0}. (4.7)
Q7 (p)

The quantity W(v, Q) is well defined thanks to [3 Section 4.4] (see also [8, Remark 3.2]). Moreover,
if v € Dpr(Q) with J(v) =7 Y0, dpd,, is such that W(v, Q) < 400, then

lim |Vo|? dz = 7mlog 2 (4.8)

o—0 A%,a(zh)

for every h € {1,..., M} (cf. [8, Remark 3.2]).
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We finally recall the characterisation of the so-called core energy for the screw-dislocation model
and the XY-model, respectively. For ¢ > 0, 0 > 2¢, and zy € R? let

45D (B (20)) = min{SDE(u,Bg(xo)): exp(2miu(i)) = -

for all ¢ € 0. By (x )} (4.9)

li — CL‘0|
and
XY (By(20)) := min {XYE(U,BU(SCO)): v(i) = |Z | for all i € 0. By (x )} . (4.10)
11— X9
Thanks to [3, Theorem 4.1] and [I8, Lemma 7.2] the limits
. 1o
P = Ehi% (755[) (Bs(x0)) — wlog g) (4.11)
and
XY _ 1 Xy _ g
v = lim (vg (Bo(20)) — mlog E) (4.12)

exist and are independent of 2o € R? and ¢ > 0.

4.3. I'-convergence results for X Yfr“ and SDpart We are now in a position to state the
main compactness and I'-convergence results of this note. We start defining the candidate limiting

energies. Specifically, for every w € DM (Q) we set

ar 1 n
F? t(w,Q) = ¥<MVSD + W(w ,Q)) +/ (7'1|Vw ceq| + o|vy - 62\) du! (4.13)
n Sw
and
1
B (w,) == — (MVXY +W(w", Q)) +/ (rilv - €1] + alv - €2]) dHL. (4.14)
n s

The following results show that F7Y Part and Efrac capture the asymptotic behaviour in terms of

I'-convergence of SDp At and X Yfmc, respectlvely This shows in particular that the asymptotic
behaviour of the dlscrete energies accountlng for partial dislocations and stacking faults and the
energies accounting for fractional vortices and string defects is the same far from the limiting
point singularities. This reflects the feature that also the corresponding models for full disloca-
tions and vortices share the same asymptotic behaviour far from the limiting singularities (see [3]
and [2]). Moreover, close to the limiting point singularities the models for partial dislocations and
for fractional vortices concentrate the same energetic contribution as their counterparts for full
dislocations and vortices, but lowered by a factor #

Theorem 4.1. Let XY;YEC and Ef%rac be as in (2.17)) and (4.14), respectively. The following holds

true.
(i) (Compactness) Let (w.) be a sequence of spin fields w. € SF. satisfying
M
sup (nyraC(wE, Q) - —| 1oge|) < +00 (4.15)
e>0 n
and let ue € AD. be an arbitrary angular lifting of we. Then up to a subsequence (not
relabeled) piny, L Q o w for some p = Zthl dpdz, € X(Q) with |u|(2) < M. Moreover,
if |p|(Q2) = M, then N = M and |dp| =1 for every h € {1,...,N} (i.e., p € Xpr(R)) and
1

there exists w € Dy, () with J(w™) = wp such that (up to a further subsequence) w. — w
in L'(Q;R?).
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(i) (Lower bound) Let w € DE(Q) and let u. € AD., w. = exp(2miu.) € SF. be such that
flat

Ty, L Q = J(w"), we = w in L (;R?). Then

Mm
ENa frac _ frac
11£n_>1(r)1f (XYEi (we, Q) = |10g5|) > E% (w, Q). (4.16)
(#ii) (Upper bound) For every w € DM( ) there exist u. € AD. such that miin,, L g J(w™)

and the sequence of spin fields w. := exp(2miu.) € SF. satisfies we — w in L (Q, RQ) and

M
lim sup (ny“w(ws, Q) - — | 10g€|) < B (1, Q) . (4.17)
n n

e—0

The above theorem characterizes the asymptotic behaviour of the fractional XY -model energies
and is the main result of this paper. An analogue result holds for the partial dislocation energies
SDP™'. In the case 71 = 7, = 1 the result corresponds to the one already established in [IT].

Theorem 4.2. Let SDEErt and F?rt be as in ([2.16) and ([4.14), respectively. The following holds
true.
(i) (Compactness) Let (u:) be a sequence of displacements ue. € AD. satisfying
M
sup (SDpaft(us, Q) — —;| log5|> < +o00 (4.18)
e>0 &n n

and let we € SF. be given by we := exp(2miue). Then up to a subsequence (not relabeled)
fnu, L Q o w for some pu = ZhN:1 dpds, € X(Q) with |p|(Q) < M. Moreover, if |u|(Q) =
M, then N = M and |dp| = 1 for every h € {1,...,N} (i.e., u € Xp()) and there
1
exists w € Dp,(Q) with J(w™) = wp such that (up to a further subsequence) w. — w in
L'(Q;R?).
1
(i1) (Lower bound) Let w € Dp(Q) and let u. € AD,., w, = exp(2miu.) € SF. be such that
Thny, Q= flag J(w™), we = w in L (;R?). Then
PR part Mn part
lim inf (SD (e, Q) — —|log£\) > FP (1, Q) | (4.19)
e—0 €a n?2 n
flat )

(#ii) (Upper bound) For every w € Dj"/[(Q) there exist ue € AD. such that mpn,, LQ = J(w
and the sequence of spin fields w. := exp(2miu.) € SF. satisfies we — w in L (Q, R2) and

M

lim sup (SDpart( e ) — —27T| loge\) < 2w, Q). (4.20)
e—0 n n

As mentioned above, in the case 77 = 7 = 1 the result of Theorem is contained in [I1].

However, the proof of the compactness and the lower bound in Theorem [4.2] can be simplified by
using Theorem [1]

We conclude this section by providing an example of a sequence of spinfields w. € SF. along
which WM, is uniformly bounded in the unit ball, but X YfraC blows up. This shows in particular
that the weak-membrane energies in general do not provide an upper bound for the discrete energies
considered in this paper, not even asymptotically. In fact, the example below highlights that the
weak-membrane energies are not suited to detect limiting topological singularities.
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Example 4.3. We define u. € AD. by setting

ifi-e; >0andi-ey >0,
ifi-e; <Oand-ey >0,
ifi-e; <0andi-ey <0,
ifi-e; >0andi-ey <0,

ue (i) :=

0o il ool— D

We then set w. (i) := exp (27iuc(i)) for every i € eZ*. In this way we have that

2
WM, (we, Br) < &Y me#t{i € Z(B1): [iyi+ cex] NI # 0} < C, (4.21)
k=1

where I1° := {z € R?: z - ¢, = 0}. Instead, for n = 2 and v. := w? = exp(4miu.) we find that
1
§|dv5(i,i+ ee1)]? =1 — cos (4mduc(i,i +ee1)) =1 — cos(m/2) =1

for any i € €Z? with (i,i + ce;) NI # . Similarly, 1|dv.(i,i 4+ €es)|? = 1 for i € eZ? with
(1,7 +eeg) NII2 # (). In view of (3.2)) this implies that

ar rac 1
SDP (ue, By) > XY'3(we, By) > S XYe(ve, B)

C
> C(#{i €eZ2N B NIY + #{i € 22N B, ﬂH”}) >
Thus, SDpart(us, By) and XYfraC(ws, By) diverge as ¢ — 0, while ( shows that WM, (we, By)
is umformly bounded. The latter also implies that WM, (wE,Bl) < \log6| Finally, we observe

that pig,, flag dp as e = 0, but since WM, (w, B1) < |loge|, WM, will not detect the logarithmic
contribution of the limiting point singularity as € — 0.

5. PROOF OF COMPACTNESS AND LOWER BOUND

In this section we prove Theorem (i)—(ii) and Theorem [4.1] (i)—(ii). We start establishing
Theorem (i)—(ii), then Theorem (i)—(ii) will follow from Lemma

Proof of Theorem (i)—(ii). The proof is divided into several steps establishing separately the
compactness of pn,, and w.. The liminf inequality will essentially be established in parallel.

Step 1: Compactness of pnu.. Suppose that w. € SF. satisfy (4.15). Defining v. € SF.
pointwise via v, (i) := w2 (i) for every i € £Z?, we deduce from (3.2)) that

sup (X Yz (ve, Q) — M|loge|) < +o0. (5.1)

e>0
Since nu. is an angular lifting of v., [3, Theorem 4.2 (i)] implies that up to a subsequence (not
relabeled) fin,, L Aap u for some p = Zflvzl dpry, € X(Q) with |p|(2) < M. Suppose now that
|pe|(£2) = M; then [3, Theorem 4.2 (i)] ensures the following. We have that N = M and |d| = 1
for every h € {1,..., N}. Moreover, up to taking another non-relabeled subsequence 9. converges
weakly in IOC(Q\supp w; R?) to some v € Dy (Q) with J(v) = 7 (cf. also [I1, Remark 3.4]). We
will use this below to establish the required convergence of w;.

Step 2: Compactness of we.. In this step we show that up to a further subsequence we have
that we — w in L'(Q;R?) for some w € L'(;R?) N SBV;2.(Q\ supp ; R?). Since |w.| = 1,
the sequence (w.) is uniformly bounded in L>(£;R?) and thus there exists w € L®(2;R?) such
that up to subsequences w, — w in L>(£;R?). We now upgrade this convergence. To this end,
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let o > 0 be sufficiently small such that (4.5 is satisfied. Applying (3.2) on the balls B, ()
and (3.10) on Q7 (u) we find that

M
XY;rgc(wE,Q) M—| loge| > — Z (XY (Ve, By (1)) — | log5|> + WM (we, Q% (p)) . (5.2)

Let h € {1,..., M}; from Step 1 we deduce that jin, L By (xp) Aag dpoxy,. Thus, a local application
of [3, Theorem 4.2 (ii)] on B, () yields

hmlnf (XY (Ve, By (1)) — | log€|> > XY L W(dpd,,, Bo(z1)) =7~ — x|logo], (5.3)
e—0
where W is the renormalised energy introduced in [12]. It satisfies W(dpd,, , Bo(2r)) = wlogo.
Together with (5.2]) and (4.15]) this implies that there exists C' > 0 such that

WM, (w., Q27 (u)) < C|log o]

for every ¢ > 0. Since in addition (w.) is uniformly bounded by one in L°°(Q2;R?), an application
of [30, Lemma 5.6] yields that w. — w in L'(Q7(u);R?) and w € SBVZ(Q°(u);R?). By the
arbitrariness of o > 0 we conclude that w. — w in L'(Q;R?) and w € SBV}2 (2 \ supp p; R?).

Step 8: Identification of w. In this step we show that w™ = v, where v is the limit of 0.

obtained in Step 1. To prove this fact, we compare the piecewise affine functions ©. and the
piecewise constant functions w?. More precisely, we let Q' CC Q be arbitrarily fixed and we show
that

e — w2|22 e, < C<?|loge] (5.4)
for some constant C' > 0 independent of Q'. To this end, let i € €Z? be such that Q. (i) € Q(Q').
Then we have that

[0 — w2720y < 082(\’05(1' +ee1) — ve(D)]* + [v=(i + £(er + €2)) — ve (i + e)]?
+ v (i + eeq) — va(i)|2 + |ve(i + e(er + e2)) — v (i + 662)|2) .

Since for € > 0 sufficiently small we have Q. (i) C £2, by summing up the above estimate we obtain
that

- —wPlFeoy < D e —wllZago. < C*XYe(ve, Q)
Qe€Qxt(Q)
for € small enough. Thus, (5.4)) follows from (5.1). By the arbitrariness of Q' we conclude that
(e —w?) — 0in L%(;R?). Since Step 1 and Step 2 imply that 6. — v in L?(Q; R?) and w® — w™
in L'(Q;R?) respectively, we finally obtain that w® = v.

Step 4: w belongs to DE(Q) We deduce from Step 3 that w € SBVZ (2 \ supp u;S') and

w™ = v € Dp(2). Thus, to conclude that w € DE(Q), it remains to show that H!(S, NQ) < +oo.
In doing so, we essentially prove the liminf inequality. Let o > 0 be fixed such that is
satisfied. Since w. — w in L'(Q;R?), applying the I'-convergence result [I7, Theorem 1] (see
also [30, Theorem 3.5]) yields
lim inf WM, (w., Q% (p)) > 1/ |Vwl|? dx+/ (T1|vw - €1] + 72|V - €2]) dH
€0 2 (1) 55NQ7 (1)

; (5.5)

:72/ |Vv|2dx+/ (7'1|l/w~61|+7'2|1/w-62|)d7-l1,
2n Q7 (p) SN (1)



16 A. BACH

where the second equality follows from the fact that w™ = v and hence |Vw| = |Vv|. Combin-
ing (5.5) with (5.2)—(5.3) and using the definition of W(v, ) we deduce that

V

n? nZ\ 2

M Xy 11
lim inf (XYEfriC(wE,Q) - =5 10g€|) >1 4= (/ V|2 dz — M| 10g0|)
e—0 ’n n 7 (1)

—|—/ (T1|ve - e1] + T2V - €a]) dH!
SwN (1) (5.6)

(Y W0, 2)) (o)

nZ
+/ (71| - e1] + To|va - €2]) dH,
SN (1)

with (o) — 0 as 0 — 0. In view of this implies that
H' (S, N Q) = | H'(Sw N Q7 () < 400
>0
and hence w € DE(Q)
Step 5: Liminf inequality. We finally obtain from by letting o — 0. ]

Proof of Theorem (i)-(ii). Theorem[d.2](i) is a direct consequence of Theorem[4.1] (i) and (3.10).
Indeed, if u. € AD, satisfy (4.18]), then (3.10) implies that the spin fields w. € SF. defined as

we = exp(2miu.) satisfy (4.15) and thus the required compactness of fin,, and w. follows from

1
Theorem (i). Fmally, 1f wE — w in LY(Q;R?) and mpn,, L Q 2 J(w) with w € D (Q),
then (3.1)) together with (3.10]) implies that

M
ar M - 1
SDE (ue, Q) — —[loge| = WM. (we, 7 (1) = — > <SD5(nus,Ba(:17h)) — 7l log€|) - (5.7)
h+1

Thus, the liminf inequality follows by repeating the estimates in (5.2)), (5.3)), and (5.6) with X Yafrjc
and XY, replaced by S’D?af and SD,, respectively. O

‘n

6. PROOF OF THE UPPER BOUND
In this section we prove Theorem (iii) and Theorem (ii).

6.1. The core energy. As a first step we establish an alternative characterisation of 5P and
XY defined in (#.11))-([4.12)) in terms of minimisation problems involving the energies SD:af and

X Yafr'jc, respectively. More precisely, for every € > 0, ¢ > 2¢, and xy € R? we set

71—

7;? (Bs(20)) := min {SDspf’;(u,BU(a:o)): exp(2mnu(i)) = for all i € 8. B, (x )} (6.1)

|z—x0|
and
LTI for all i € 9B, (x )}. (6.2)

/_yifaéc (Bs(z0)) := min {XYEf,rgc(w, B, (x0)): w™(i) = i — 2o

. . rt
Remark 6.1 (Invariance under rotations). Since SDp al is invariant under translations and X YfraC

is invariant under rotations, we can replace the boundary conditions |;7i2 in . ) and (| . by

a rotated version O‘|z —o with @ € C, |af = 1 without affecting the value of vp “*(By(20)) and

frac

Ted (Bo (o)), respectively.
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Below we show that after correctly weighting the logarithmic correction term the quantities v
and 7Y can be characterised by replacing 75 and 42 in (4.11)) and (4.12] - ) with fypa” and vfrac

respectively, and letting the radii of the balls B, (o) tend to zero. For v* such a result is already
contained in [IT, Lemma 4.1]. We still include it here, giving a simplified proof based on the recent
result [23] Theorem 2.4].

Proposition 6.2 (Core energy involving SD?ait and XYEfriC). Let v5P and XY be as in ([E11)-
and Vp‘m and viraf as in (6.1)—(6.2), respectively. Then we have that

3P = lim lim sup ( Q'Vpaft (Bs(20)) — wlog g) = lim lim inf (nQPyPaft (Bo (o)) — 7log g) ,

o—0 -0 o—0 =0

XY = lim lim sup ( 2fyfrac (Bs(z0)) — mlog g) = hm0 lim sup ( Q’yfrac (B (z0)) — wlog g)

=0 ¢0 o=0 =0

for every xy € R2.
Proof. Let zg € R? be fixed. Thanks to and (4.12)) an application of (3.1) and (3.2| . ) leads to
lim inf (n2*ypalrt (B (z0)) — log f) > 450
e—0 £
lim inf (n2’yfralc (Bs(x0)) — wlog g) > XY
e—0 9

for every o > 0. Thus, it remains to show that

lim sup lim sup (nQVPaft (Bo (o)) — 7log g) <50 (6.3)
o0  e—0 €
and
lim sup lim sup ( 2ny"“ (Bt7 (xo)) — mlog g) <XV (6.4)
o—0 e—0 €

Step 1: Proof of (6.3). Let u. € AD. be a solution to the minimisation problem defining

3P (By(20)). Thanks to [23, Theorem 2.4] we can assume that j,, = d,. with 2. € B, (o) being
the barycenter of a cube Q. € Qi“t( - (T )) We now use Remark (3 . to remove unnecessary jumps

from ue. In this way, we will obtain a suitable competitor for v**" (B, (z0)). We start by setting
ve 1= exp(2miu.) and by letting S be a segment joining x. and 8B (7o) not intersection eZ? (this
is possible by choosing for a example a horizontal or vertical segment). Since U := B, (zp) \ S is
simply connected with supp pr,. N U = supp ji,. N U = (), the S'-valued interpolation v. admits a
lifting ¢. € WL >°(U) satisfying
Z
¢ =uson U and |deoe(i,7+ cep)| = [d°uc (4,7 + cep)] (6.5)

for k € {1,2} and every ¢ € Z% (U) (see Remark . We then extend ¢. by u. to eZ? \ B, (z0)
and we deﬁne . € AD, by setting U, (i) := L¢.(i) for every i € eZ?. Thanks to the first condition
in we know that u. satisfies the required boundary conditions for 'ypart(Ba(xo)), so that

VN (Bo (o)) < DY (e, Bo (o)) - (6.6)
Finally, the second condition in (6.5)) together with (2.10)) implies that for k € {1,2} we have

1
|due (7,7 + cep)| = |d ue (1,1 +ee)| < o for every i € Zg+(U) . (6.7)
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By definition, this implies that fT" (due(i,i+eex) = fo(due(i,i+ 5ek)) for all such ¢ and k. Since
in addition f1 (due(i,i + eep)) = 25 f1(d¢e(i,i + eey)) thanks to (2.14)), we deduce that

2
SDPY!(iic, By (w0)) = 0*SD(¢e,U) + Y Y 1% (due(iyi + ey))
k=1 i€z (B, (wo))
[¢,i+eer]NSH#D

< n*SD.(ug, By (w0)) +¢ Y mie#t{i € 2 (By(w0)): [iyi +cex] NS # 0}
k=1
< 0?27 (B, (w0)) + Co,
(6.8)

where the last estimate follows from the choice of u. and the fact that H!'(S) < diam B, (zo).
Combining and and using the characterisation of ¥y in (4.11]) we finally obtain (6.3)).

Step 2: Proof of (6.4). Similar to Step 1 we let v. € SF. be a solution to the minimisation

problem defining 72 (B, (z0)) and we apply [23, Theorem 2.4] to argue that p, = d,_ for some
Ze € By(xg) (not necessarily the same as in Step 1). Following the lines of Step 1 we construct a
competitor w, for the minimisation problem defining *yfrac satisfying

XY, Bo(w0)) € 5 XYVe(ve, Bolao)) +7(,0) (6.9)

with r(e,0) — 0 as ¢ — 0 and ¢ — 0. Speciﬁcally, we let S and U be as in Step 1, v, the
S'-valued interpolation of v. and ¢. € W,2>°(U) the lifting of v. provided by Remark We
then define w. € SF. by setting w.(i) := exp (2F1¢.(i)) for every i € eZ?. In this way, we have
that w2 = v,, hence w, satisfies the required boundary conditions for the minimisation problem
defining ’yfrac (Bs(20)).

It remains to show that w, satisfies (6.9). To this end, for k € {1,2} we define
1
Iff;:d = {z € L (Ba(xo)) gl (dwg(iJ + Eek)) < ﬁ‘dvg(i,i + aek)f} ,
1
WAGRESS {z € Z& (Bo (o)) : 7" (dw.(i,i + ce)) > ﬁ|dvs(i,i + eek)|2} .

In this way, we can write

2
1
XY;ri‘C(we,Bg(xo))ZZ< > solaGitea) + Y gék(dws(i,iﬂew))- (6.10)

k=1 %jezzoed iezbad
To obtain it suffices to estimate the last term in (6.10). To this end, we fix k € {1,2} and we
distinguish between the following three exhaustive cases.
1) i € Z5¢ with [i,i +eex] NS # 0;
2) i € IP3 N2 (U) with |dve(i,i + cep)| > e
3) i € I N Z (U) with |dve(i,i +ee)| < e

w\w u\»—-

Case 1. Suppose first that ¢ € Ig?cd is such that [i,7 + eex] NS # 0. Then we use that
TF (dws(i, 1+ eek)) < &7, and we estimate the number of such 7. Since S is a segment connecting
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2. with 0B, (xg) we have that
: bad . [; . Coa Co
#{i e I3 [ii+eer] NS #0} < g’H (S) < —.
Thus,
Z g2 (dwe (i, i + eey)) < Co. (6.11)
i€zl
[i,itecer]NS#D
Case 2. We start observing that
XYe(ve, By (w0)) > 265 #{i € I3 N ZE(U): |dve(iyi + eex)| > €3}

Moreover, since v. is a solution to the minimisation problem defining vXY (B, (z0) we deduce
from (4.12) that XY (ve, Bs(20)) < Clog 2. Thus, using again that g7* < e, we infer
7 g (dwe(iyi+eer)) < emdt{i € I N ZEH(U): [dv.(iyi + 2ep)| > 27 }
i€z Nz (U)
\d’tla(i,i+sek)\>5% (612)
< CséXYE(vE,BUE (z9)) < Ces log 7 50 ase—0.
€

Case 3. Suppose finally that i € ZP3d N Z¢er (U) satisfies |dv (i, + eex)| < 3. Thanks to
an application of (3.13) in Remark ensures that
1+ Ces

. 1 . .
|dw, (i, +eey)|* < ¥|dv5(z,z +eex)]? + C|dve (i, + eex)|* < —

|dv. (i, + eex)|? .

Summing up over all such ¢ we thus obtain

Y udiitea) <5 3wt

2
ieI:flkdﬂZEk (U) iel-;akdmZZk (U)
|dve (i i+eex)|<e® dve (i,i+eex)|<e 3 (6.13)
1 o N
S92 '%;d |dve (i, + eey) | + Ce3 XYz (v, By (20)) -
1€ E‘}c

Using once again that XY (vs, B, (xo)) < Clog Z, a combination of (6.10)—(6.13) yields with
r(e,0) = C(e3 log ¢ +0). O
6.2. Proof of Theorems [4.2{(iii) and [4.1|(iii). The proof of Theorems iii) and [4.1fiii) is

based on Proposition and the density result [II, Lemma 4.3] that we recall below for the
readers’ convenience.

Lemma 6.3. Let p = Z;yzl dndy, € Xp(Q) and w € D@(Q) with J(w™) = wu. Let moreover
T'1,...Tar be pairwise disjoint segments connecting x1, . ..,z to OQ and satisfying H* (T, NSy) =
0 for every h € {1,...,M}. Let o > 0 be fized such that is satisfied. Then there exist
¢ € H'(Q7(n) \ U, Th) such that w™ = exp(2mip) a.e. in Q7(u) and a partition function x €
SBV(Q7(u); {0,...,n}) such that ¢ := ‘HTX satisfies w = exp(2we)) a.e. in Q7 (u) and

[Ylir, € Z for every h € {1,...,M}. (6.14)
Moreover, there exist two sequences (¢n) C C™°(Q7 (u)\U, Tn) and (xn) € SBV (927 (1); {0, ..., n}

)
with [¢,] = [@] and Sy, polyhedral such that setting v, = d’":X" and v, = exp(2midy), wy, :
exp(2muy,) the following are satisfied

~—
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(i) (vn) C C°(Q7(n);S") with deg (vn,0B,(xr)) = dp for all h € {1,...,M} and p > o
satisfying (4.5));
(it) w, C C°(Q7 () \ (U, T U Sy, ); S) with

S = {x € Sy : [tn]() € %z \ z} (6.15)

up to H'-negligible sets;

(iit) ¢ — ¢ in H'(Q7 (1) \ U, Tn) and v, = v in H*(Q7(1); R?) as n — oo;

(iv) Vp =9 and w, — w asn — 00;

(v) For any bounded and continuous function g : R x R x St — [0, +00) satisfying g(a,b,v) =
g(b,a,—v) we have that

lim o, b v, ) dHY = / (6T 0 ) M
S$uM97 (1)

n=te0 fs,, N0 (1)

Remark 6.4. We briefly comment on Properties (i)—(ii) in Lemma since they are not explicitely
stated in [IT, Lemma 4.3]. The fact that (v,) C C° (€7 (n);S') follows from Step 2 in the proof
of [T1, Lemma 4.3]. In fact, ¢, is constructed by approximating v € H* (Q" (1); Sl) with a sequence
(vn) C C>(Q(p);S') approximating v in H'-norm, which is possible thanks to [32, Section
4]. Then ¢, is chosen to be smooth angular lifting of v, in the cut domain Q\ |J,T's. The
continuity of the degree with respect to the strong H'-topology then ensures that for n sufficiently
large deg (Un,aBp(a:h)) = deg (vﬁBp(xh)) = dy, for every h € {1,..., M} and correspondingly
[¢n] = [¢] on Uh Tp.

To obtain (ii), it suffices to observe that by definition Sy, C (J, T'n USy,,, which in turn implies
that w, € C*°(Q7(u)\ (U, ThUSy,,);S') for every n € N. Moreover, is a consequene of the
chain rule for BV -functions [6l, Theorem 3.96].

Remark 6.5. Note that (6.15) also holds with w,, ¥, replaced by w, ¥, respectively. Thus,
Property (v) of Lemma [6.3| ensures that

lim h(v, ) dH = / h(vy) dH? (6.16)
e Js,, N0 (1) SwNQ7 (1)

for any continuous and bounded function h : S* — [0,400) satisfying h(v) = h(—v) for every
v € S'. To see this, it suffices to consider a smooth and symmetric function n : R — [0, 1] with

=1 on {tER dist(¢, Z) } and =0 on {tER dist(t, Z) }

Then the function g : R x R x S — [0, +00), g(a,b,v) := n(b— a)h(v) is bounded and continuous
with g(a,b,v) = g(b,a, —v), and thanks to (6.15) we have that

/ h(V, ) dH! = / gy vy, ) dHE,
Sy, N7 (1) Sy, NQ7 (1)

and similarly

/ h(vy)dH! = / gt vy) dHE .
SN0 (1) 419 (1)

Together with Lemma (v) this yields (6.16]).

We are now in a position to prove Theorems (iii) and (iii).
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1
Proof of Theorem[4.9 (iii). Let w € Dy,(Q) and v := w™, so that J(v) = 7wp for some p =
Z,]y:l dpds, € Xpr(Q). Tt is not restrictive to assume that W(v,Q) < +o0o. We now proceed in
several steps.

Step 1: Construction of an approximating sequence. Let I'y, ..., T be segments as in Lemma@

o > 0such that 20 satisfies (4.5)), and let (¢7) C C°°(Q% (u)\U,, Tr), (x3) € SBV (2% (u); {0,...,n}),
and (¥7) C SBV (2% (1)) be the sequences provided by Lemma with o replaced by . We also
set

vy = exp(2mpy) and  wy = exp(2mhy) .
Let h € {1,..., M}; since ¢ € C*°(Asg o5 (x5)\I's) and deg(vg, dB,(xn)) = dj for any p € ($,20),
there exists a lifting 6, € C°°(Bag(x5) \ I'n) of a rotation of £=2, such that

[z—2p|

QSZ —dpb, € c*>® (A%Qa(xh)) and (d)z — dhﬁh) dzr =0. (6.17)
Ag o (zn)

Let now n € C* ([0, +00); [0,1]) with n = 0 on [0, 2] and n = 1 on [%, +00) be a smooth cut-off
function and for h € {1,..., M} set
T -z
99 (2) := dpbp () + 77<|Uh|> (69 (x) — dpbp(x)) for every z € Bao(x1) \ {zn} -

By the choice of 6, we have that 99" € C°°(Ba,(x1) \ I'y,). Moreover,
9" = dp6, on Bsg (xp) \ {zn} and 99" = ¢ on Azg oo (n) . (6.18)
We also set
3" = exp(2mI%h)  and  w" = exp (%”u?g’h) on Bay(zp) \ {zn}. (6.19)

Then wg™ € C°(Bas () \ T'n;S'). Moreover, the first condition in (6.17) implies that vJ" €
C* (Bao (1) \ {zr};S'). Finally, for every h € {1,..., M} we let u? € AD, be such that

SDPY (ult, By (an)) =72 (Bg (xn)) (6.20)

and exp(2mnu?) = exp(2Xidy,0p) on 9. Bg (xp,). This is possible thanks to Remark We define

n
u™? on eZ* N Q as follows.

ul(i) ifi € eZ® N Bg (xy) for some h e {1,..., M},

€
ul?(i) := MTW if i € eZ* N By(xn) \ Bg (xp,) for some h e {1,..., M},

Yo (i) ifi€eZ? N Qo (u).
In the above definition we identify ¢¢, x7, and 6, with their one-sided traces on their respective
jumpsets, which can be uniquely defined up to a choice of normal to the jumpset. In this way,
the point evaluation of both 67 and ¥7 on €Z? is well-defined. Moreover, since  has Lipschitz
boundary, as in [I, Remark 2] we can extend u™° to £Z? \ 2 without affecting the convergence of
Hnyo - It Temains to show that
lim sup lim sup lim sup (n®SDP** (u7, Q) — M| loge|)

o—0 n—00 e—0

(6.21)
< M73D+W(w“,§2)+n2/ (71| - €2] + Ta|ve - €1]) dH!

w
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and that w? € SF. defined pointwise by w7 (i) := exp(2rul? (7)) satisfies

lim sup lim sup lim sup [|w* — wl|z1(q) =0, (6.22)
o—0 n— 00 e—0

then we conclude by a diagonal argument. We establish (6.21)) and (6.22]) in several steps estimating
separately the energy contribution of uZ,, close to the singularities T1,...,2p and away from the
singularities. Specifically, we split the energy contribution into

M
SDP (w7, Q) <> SDP (ul?, By (1)) + SDP (ul, Q772 (1) | (6.23)
n h=1 ‘n ‘n
and we estimate the two terms on the right-hand side of (6.23)) separately.
Step 2: Energy estimate on B, (xzp,). In this step we show that for every h € {1,..., M} we have
lim sup lim sup lim sup (HQSDSZEt (u?"’, Bg(ach)) — mlog g) <P, (6.24)
'n I

c—0 n—+oo -0

Let h € {1,..., M} be fixed. The definition of 4™ together with the choice of u" ensures that
ar n,o ar ar ﬂZ’h
SD;;(ugv , By (z1)) <72 t(B% (zn)) + SD;),;(T,A%,QE,U(%)). (6.25)

In order to shorten notation we set A, := As_o. ;(zp) and we show that

lim sup lim sup lim sup n? SDpart ( ﬁn

oc—0 n—+oo e—0

:) <mlog2. (6.26)

A combination of ([6.25)—(6.26]) and Proposition then gives ([6.24)).

We will obtain (6.26)) by first comparing SDS?%rt(ﬂlj'L? Ac) with SD. (92, A.) and subsequently

using interpolation estimates. To this end, we start recalling that 99" € C>° (Bg(7 (zn)\ I‘h) with
[192’}‘]‘“ = dj,, and that we identified 92" on T'), with its one-sided trace. Upon suitably choosing
a normal to I'j, it is thus not restrictive to assume that for k£ € {1,2} and i € Zg*(A.) with
[i,i+eex) Ty, = 0 the function ¢ — 97" (i+tey) is continuous on [0, €] and differentiable on (0, ¢).
An application of the mean-value inequality then yields that

1
2n
for e sufficiently small. Similarly if ¢ € Z¢*(A,) is such that [i,7 + cex) NTp, # 0, we find that

07" (i,i + cep)| < gilv'ﬂg’hHLm(A%)%(wh)) < (6.27)

1
|d9%" (1,0 + eex) — dp| < EHVﬁZ’hHLw(A) < — for ¢ sufficiently small. (6.28)
2n

By definition of f;’l this in turn implies that

(dﬁth(i,i+sek)) _ f%(dﬂ;’l*h(i,z#sek)) _ %fl (dﬂg’h(i,i + sek)) ’

-
fkl n n

&a

where the second equality follows from (2.14). In particular, we have that

n?SDPU (%l A) < SD. (95", AL).

n )

Together with the interpolation estimate (3.17)) this yields

1 1
lim sup nZSDpart(ﬁn AL < 5/ Vol (z)|> do = 5/ V97" (2))? da (6.29)
g o g o

e—0 zh) xp)
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Following now exactly the proof [8, Estimate (6.69)], we obtain that

1
limsuplimsupf/ (Vo |2de < mlog?2,
o—0 n— oo 2 A%,o(wh) ’

which together with (6.29) finally gives (6.26)).

Step 3: Energy estimate on Q7 (u). In this step we show that

1
lim sup lim sup SDpaft(u?,tf’QU—Qa(u)) < |Vv|2 da
n—oo e—0 € 2n2 Q7 ()
(6.30)
Jr/ (Tl|’/w ce1| + |y '€2|) dH' + Co

w

for some fixed constant C' > 0. By definition, we have that v (i) = 2 (i) = M for every
i € eZ? N Q7 (). If instead i € eZ% N (Q772%(u) \ Q7(n)), then i € eZ? N Ag_2c,0 () for some
h € {1,...,M}. Thus, the definition of u™ together with the boundary conditions (6.18) imply
that u27(i) = @ Since x¢ takes values in Z, we deduce that

ndul?(i,i + ceg) = nde? (i,i +ce) mod Z

for every k € {1,2} and i € Z& (Q772%(p)). Thus, estimating the maximum in the definition of
fI* with the sum and using (2.14) yields

1
T n,o(; 1 Tl n,o(:
f&k% (dul?(i,i + eey)) < ﬁfl (dog (i,i +eer)) + Tk L {dist(t,2)> 21 } (dul?(i,i +eey)) . (6.31)
Summing (6.31)) over k € {1,2} and all i € Z&* (Q772%()) we arrive at

1
SDEY (12,0025 (1) < 3 SD. (65,97 (1)

2
; e o— : n,o(; 1
+ €;Tk#{z € Z (772 (p)) « dist (dul? (i, + cey), Z) > %} .

(6.32)

We now show that the second term on the right-hand side of (6.32) concentrates around the set

Swe N Q%(pn). To this end, we fix k& € {1,2} and we assume that i € Zg*(Q7(p)) is such that

[i,i +eex) N Swe = 0. Then (6.15)) ensures that either [i,7 4 cex) N Sys = 0 as well or there exists

x € [i,i+ ee) N Sys with [1hy](z) € Z. As in (6.27)(6.28) we deduce that

1
dist (du7(i,i + cex), Z) = dist (g (i, i + eey), Z) < e[|V || oo (e (u)) < o
for e sufficiently small. We thus continue the estimate in (6.32) as follows.

T n,o g— 1 7 7
Sfo%t(uE’ ,Q77% () < ESDS(@”Q (W)

+e > ntt{i € 2 (Q7 () [ivi+eex) N Sug # 0} (6.33)

k=1
te(n+m)#{i € 220 (972 (1) \ 27 () |
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For the first term on the right-hand side of ([6.32) we can use once again the interpolation esti-
mate (3.17)) to deduce that

1
limsup SD. (¢7,Q27 7% (n)) < 7/ |VoZ|? dx . (6.34)
=0 2 Jar(u
Moreover, Lemma (ii) ensures that Sy is polyhedral. This implies that
limsupe#{i € 7 (Q7 (1)) : [i,i + £ex) N Sy # (2)} < / Wag - e dH (6.35)
e—0 SWZ,

for any k € {1,2}. Finally, we have that

M
lim sups#{i €eZ?N (97 (p) \Q”(u))} < C?—[l( U 8Bg($h)> <Co,

e—0

which together with (6.33)—(6.35) yields
1

lim sup SDpart( Q7T (1) < 5= |VoZ|? da + / h(vie ) dH + Co
e—0 20 Jao () wg "

with h(v) := m1|v - e1| + 72|v - e2|. Thus, (6.30]) follows from Lemma (iil) together with (6.16).
Step 4: Conclusion. Combining (6.24]) and (6.30)) we deduce that

lim sup lim sup (n*SDP*" (u2?, Q) — Mr|logel)

n— oo e—0

1
§MVSD—|—§/ \VU|2d$—M7r|loga|—|—n2/ (71| - €] + To|va - €q]) dH!
7 (1)

w

and thus (6.21]) follows by letting o — 0 and using the definition of W(w™,Q) = W(v,). To
conclude it thus suffices to show (6.22)). To obtain (6.22)) we start observing that

Jol, — e = 3 /Q () — o) de

Q-()eQ. 7 INQ:(
< > Jwg (@) —w@)|dz+2 Y QN (6.36)
Q:()€Q-(Q7 (W)\S,g) ” Q=) Q.cQ.
Q-NEA\Q7 (1) #0

+2°#{Q: € Qo(27(1): Q- N Sug # 0},

where we have used that |w?,,[,|w| < 1. For every Q. € Q. with Q. NR*\ Q7 () # 0, the inclusion
Q-NQ C {dist(x,00) < V2e}U UQ/I:I B, s5.(zp) holds. From this we deduce that

Z Q- N Q| < [{z € Q: dist(x,00) S\/ﬁs}’+M‘BU+\/g‘ —0 ase —0,0—0, (6.37)

QS G QE
QNR*\Q7 (1) #0

where we have used that 02 is Lipschitz and thus admits and (n — 1)-dimensional Minkowsky
content. Similarly, we find that

E#{Q- € Q(Q7(1n)): Qe N Sue # 0} < CeH' (Sws N7 (1)) =0 ase — 0. (6.38)

The remaining term in (6.36)) can be estimated by observing the following. For any Q.(i) €
Q. (927 (1) \ Swg) and any x € Qc(i) we have that |wg (i) — wg(2)| < V2e||Vw] || Lo (e (4))- From
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this we infer that

> / fwg (1) = w(@)| da < V26| Vg || L o () Q7 ()] + [wg;, = wll 1 @ () -
Q-(1)€Q: (7 ()\Sug) * 9=
(6.39)

Finally, [|wy, — wl| 11 (e (4)) — 0 as n — oo thanks to Lemma (iv). Together with (6.36])—(6.39)
this gives (6.22) and we conclude. O

Proof of Theorem[4.9 (iii). Theorem [4.] (iii) is a direct consequence of Theorem (iii), Propo-
sition and Lemma 3 3l In fact, to construct a recovery sequence for X Yfrac it sufﬁces to take

the sequence ul? constructed in the proof of Theorem - (iii) and for every hef{l,...,M} a
spin field w? € Sf satisfying

XY (wh, By (an)) = 725 (Bg (an)) (6.40)

and w! = exp(2X.dy0;) on 0-Bg (1) with ), as in the proof of Theorem (iii). We then define
w? € SF. by setting

wh(i) if i € eZ? N Bg () for some h € {1,..., M},

exp (2mu?(i)) otherwise in eZ?.
In this way, we deduce from Lemma [3.3] that
M
XYM (wre, Q) <Y XY (w7, By (1)) + SDPY (ul?, Q772 (1) . (6.41)
n h::l n ‘n
Moreover, (6.40) ensures that for every h € {1,..., M} we have

XY (i, By (wn)) < o5 (Bg (a)) + SDP (%=, Agaco(wn) (6.42)

In particular, Proposition together with ([6.26)) implies that (6.24]) holds with SDfirt and 'ySD
"' respectively. Together with (6.41] - ) and (6.30) - ) this in turn yields (6

with SDP‘lrt and 73D replaced by X Yfrac and vXY, respectively. We thus conclude by observing

that w7 stlll satisfies O
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