The relaxed p-energy of manifold constrained mappings
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Abstract. The p-energy of Sobolev mappings between Riemannian manifolds is studied, for each integer p greater
than two. We analyse the lower semicontinuous extension of the energy to currents. We then restrict to mappings
with values into the p-sphere, by giving an explicit relaxed p-energy formula, whose proof depends on a strong density
result. Finally, a related coarea formula is obtained.
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1 Introduction

Let X and ) be two smooth, compact, connected, oriented Riemannian manifolds, where X is possibly with
a non-empty boundary 0X, but ) is closed.
The Dirichlet energy, or action in Physics, of a smooth map U : X — ) is defined as the integral of the
square of the derivative dU, so that
%/ |dU,|? dvoly , |dU,|? = tr [(dU,)*dU,], (1.1)
x
where A — tr A and G — G* denote the trace and adjoint operator, respectively, compare [13, Sec. 4.1].
By Nash embedding theorem, we assume that the target manifold ) is isometrically embedded, as a
submanifold, in some Euclidean space RY. Therefore, since the Riemannian metric on ) is induced by the
standard metric on RY, the inner product of two tangent vectors to ) at a point y € ) is simply their inner
product, and the metric tensor on Y is given by the Kronecker symbols v;; = d;;, where 4,5 =1,..., N. We
thus consider maps U : X — RY that are constrained to take values into the submanifold Y.
Let n = dim X. Given a local parameterization ¢ : 2 — X', where 2 C R™ is a bounded open set, the
metric tensor g = (gap) at x € Q is given by gag(z) = 0z, () - Oz, 9(x), for a, f = 1,...,n. Therefore, by
compactness, there exists a positive real constant C, depending on 2, such that for every x € Q and 7 € R"

1
ClrP? <l < el T, Il =T e T, (1.2)

where G — G denotes the transposition operator on matrices and column vectors.
If (9°7) = (gap) " denotes the inverse of the metric tensor, with u = U o ¢ one computes

L. out ou’
tr[(dU,)*dU = > > g*P(x)d reN,

ija o 6 B’
T T
a,p=114,j=1

where u = (u',...,u"). Therefore, the volume element dvoly being equal to v/det g dz, the Dirichlet energy
in local coordinates takes the form

1 o ou® ou?
5/9 E E g B(x)éij%w Vdet g(z)dx. (1.3)

a,f=11,5=1

The Dirichlet energy is a conformally invariant functional in dimension n = 2. In case X = B™, the unit
ball in R™, and gag(z) = dap, one recovers the standard Dirichlet integral. In a similar way, for any integer

p > 2, the functional
1

W/B |Du(z)|Pdz, n>p (1.4)



is conformally invariant in the critical dimension n = p. It will be called Fuclidean p-energy functional.

In this paper, we deal with the p-energy of maps U : X — ). Therefore, we assume n > p > 2 integer,
and dim ) > p, so that N > p.

For the sake of simplicity, in the sequel we only consider local arguments, and hence we assume X =
(B™, g). Therefore, without loss of generality we can find an absolute constant C' > 0 such that the bound
(1.2) holds for every x € B™ and 7 € R™. Global results can be obtained by using arguments as e.g. in [9],
where the case p = 2 was analysed.

When X = (B", g), the p-energy of smooth maps u : B™ — ) C R¥ is given by

D} (u, B") := /n eb(z, Du(xr)) dx, (1.5)

where the p-energy density is defined for any x € B™ and any real valued N x n-matrix G in M (N,n) as:

n N
1 o i v p/2
e.G) = (o 2 3 6" @)y Gl G- (detg@)?) (1.6)
a,f=114,j=1
From another viewpoint, one may be interested in studying the energy
fo(x, Du) dz (1.7)

Bn

of mappings u : B® — Y C RY, where the integrand f, : B™ x M(N,n) — RT is defined by
1 p/2
Folz,G) = (E tr (G Az) GT)) . zeB", GeM(N,n), (1.8)

x — A(z) being a continuous map from B™ to the space of positive definite matrices in M (n,n).
Setting ¢(p,p) = 0, and ¢(n,p) = 1/(n —p) if n > p, we get for any n > p the equivalence:

g(z) == (det A(z))“™P) A(x) ™" = Aug(x) = (det g(2))"/* ¢**(z), Vae B (1.9)

Therefore, it turns out that the integral (1.7) agrees with the p-energy (1.5) of mappings u : X — Y C RY,
where X = (B", g), i.e., on account of the equivalence in (1.9), we have:

Jo(z,G) = eb(x,G) VY (z,G) € B® x M(N,n). (1.10)

T

Note that for n =p 41, in (1.9) we have g(z) = cof A(z). Therefore, since |T|§(I) =171 g(x) 7, we have

|T|§($) =7"(cof A(x))T, V1eRFFL (1.11)

We wish to analyse the relazed p-energy (1.12) of non-smooth maps u : X — ), where X = (B™,g) as
above. For the sake of simplicity, we only discuss the easier case when the target manifold ) is equal to the
unit p-sphere

SPi={yeRP : |y =1}, p>2.

Some of the new results contained in this paper extend the ones obtained in [9] when p = 2. Moreover,
similar problems concerning energies with a non-negative measurable (or continuous) weight

/na(x)|Du|pdx

of non-smooth maps u : B™ — SP have been studied. We refer to [19] and [19] for the case n = 3 and p = 2,
and to [22] for the case n > p + 1 > 3. In addition, H'/2-maps with measurable weights and taking values
into the circle have been thoroughly analysed in [21].



1.1 Main results

In the same spirit as for Lebesgue’s relaxed area, for every map u € LP?(B",SP) we define:

Dj(u, B") = inf{liminf Dy (ue, BY) | {u} € C*(B",8),
g e (1.12)
ug, — u strongly in LP(BTL’RP—H)} ’

where, for F = LP, WP, or C*, we denote
F(B™,SP) :={u € F(B",R*™!) : |u(x)] =1 for a.e. x € B"}.

Due to the bound (1.2) on the metric g, a map u € LP?(B",SP) with finite relaxed p-energy belongs to
the Sobolev class W1#(B™ SP). In that case, moreover, one can replace the strong LP-convergence with the
sequential weak WP (B™ RPT1) convergence uj — u, without affecting the relaxed functional. In addition,
by the convexity of the p-energy functional, the p-energy gap

G?(u, B") := Db (u, B") — Db(u,B"), ue€ W"P(B"SP), (1.13)

is always non-negative. Furthermore, in low dimension n = p, by Schoen-Uhlenbeck density theorem [25],
and by dominated convergence, one has

D?(u, B?) =D (u,B?)  Vue W"P(B"SP). (1.14)

This property follows essentially thanks to the embedding of the Sobolev space W1#(B?*) in the class VMO
of functions with vanishing mean oscillation.

Therefore, we now assume n > p+1. In the Euclidean case, so that the energy Dg(u7 B™) of smooth maps
is equal to the integral in (1.4), the explicit formula for the relaxed energy is well-known, see Theorem 2.12
below. In case p = 2, it was first proved in [10] and independently (see Eq. (2.28) below) in [3], in low
dimension n = 3, and then extended to any high dimension n in [26].

In this paper, we show that the relaxed p-energy (1.12) of Sobolev maps is always finite, so that

M n 1,
D! (u,B") <00 <= ue W P(BP,SF), Vn>p+1. (1.15)

In addition, we find an explicit formula for the p-energy gap (1.13). As in the Euclidean case, it depends on
the size of the minimal connection of the singularities of w.

Precisely, using homological tools from Geometric Measure Theory, it is well-known [13] that the relevant
singularities of a map u in W?(B",SP) are described by an (n —p — 1)-dimensional current P(u), that turns
out to be an integral flat chain. Referring to Sec. 2 for the notation adopted here, the latter property means
that there exists an i.m. rectifiable current L € R,,_,(B"), with finite mass, M(L) < oo, that bounds the
singularities of u, i.e., such that equation L(dn) = P(u)(n) holds for every compactly supported smooth
(n —p — 1)-form n in B™, where dn is the differential of 1. In this case, we write shortly

(OL)L B™ =P(u).
In dimension n = p+1, if e.g. uy (z) = x/|z|, the vortex map, we find that P(uy) = —dg, and a 1-current
L as above is obtained by integration of 1-forms along any oriented segment connecting a boundary point

of BP*! to the origin 0.
In high dimension n > p + 1, if u € W?(B",SP) is defined by

u(z) = =, r=(T,%) e RPFTI x RPP1, (1.16)

the singular set of u is the (n — p — 1)-dimensional disk

AP = {(0mpn, B) € R™ : (3] < 1)



Moreover, denoting by [ A"~?~!] the current obtained by integration of (n—p—1)-forms on the disk A?~P~1,
equipped with the natural orientation induced by the canonical basis in R”, we have:

P(u) = (-1)"P[A"PT]. (1.17)

The minimal connection among currents L as above, is computed with respect to the g-mass My(L). In
the Euclidean case, it agrees with the usual mass. If e.g. n = p + 1, so that L € R;(B?*!), the g-mass of L
depends on formula (1.11). More precisely, in case L is obtained by integration along a smooth and oriented

curve v : [a,b] — §p+1’ with (t) € BP*! for each t €]a, b[, then
b b 12
My(L) = [ 1@l dt = [ (/07 (f AG0) 7 0)" dt,

where A(x) is given by formula (1.9). Therefore, the g-mass of L agrees with the length of -y in the Riemannian
manifold X = (B**1, g). More generally, if T € Ry (B") is the k-current integration on a smooth, embedded,
and oriented k-surface M of B", say L = [M ], then for every integer 1 < k < n we have

M, (L) = My([M]) = Hg(M),

where 'H’gC denotes the k-dimensional Hausdorff measure in B™ with respect to the distance induced by the
metric tensor g, compare e.g. [24].
The integral g-mass of P(u) is defined for every u € WH*(B™, SP) by

m¢ . (P(w)) == nf{M, (L) | L € Rp_p(B"), (IL)LB" =P(u)}

and the minimum is always attained. In case e.g. of the vortex map uy (z) = x/|z|, it is equal to the minimal
length in X = (BP*1, g) among the smooth geodesic arcs between a boundary point of BP™! and the origin.
In this paper, we show that in any dimension n > p + 1

Gl (u, B") = ap - m] gu(P(u)) <00, Vuc whP(B" SP), (1.18)

where a, := HP(SP) is the p-dimensional area of the unit p-sphere, see Sec. 4.2.
Note that in dimension n = p + 1, we equivalently have:

GP(u, B*!) = a - Ly(u, BPTY), Vue WHP(BPH SP), (1.19)

where the flat g-norm of a function u € WH?(BP1 SP) is defined in the sense of Brezis-Coron-Lieb [5] by
1
Ly (u, B"*) = — Sup{/ D(u)- D¢ dx | ¢ € CZ(BPFY), [D@lym) < 1V € B”“} . (120
Oép Br+1

with D(u) € L*(BPHL RPT1) the D-field D(u) = (D*(u), ..., DP*1(u)), with components given by (2.10).
We also obtain an estimate concerning the energy gap. In fact, extending the coarea formula by Almgren-
Browder-Lieb [1], in Theorem 4.4 we prove for every smooth map u € W1?(B", SP) the p-energy lower bound

D) > [ @@ = [ H T 0) ),
where J¢ is the Jacobian of u with respect to the metric g on B".

Moreover, the latter formula extends to the class R3°(B",SP), given by the Sobolev maps u € WP (B",SP)
that are smooth outside a “smooth” singular set of dimension (n —p — 1). This is e.g. the case of the vortex
map uy (z) = x/|z|, in dimension n = p + 1, or the map in (1.16), in higher dimension. The above class
was introduced by Bethuel [2], who showed that it is strongly dense in W1P(B" SP). As a consequence, we
readily obtain in any dimension n > p + 1 the energy gap estimate

GP(u, B") <DP(u,B"), Vue RF(B",SP). (1.21)

Finally, by Federer’s theorem [6] on 0-dimensional integral flat chains, in dimension n = p+1 we are able
to extend the gap estimate (1.21) to the whole class W?(BP*1 SP) see Corollary 4.5.



1.2 Content of the paper

As in the case p = 2 treated in [9], following arguments by Giaquinta-Modica-Soucek, the relaxed energy
formula (1.18) stems from the theory of Cartesian currents in B™ x SP with finite p-energy.

For that reason, in Sec. 2 we introduce the basic GMT tools, and report the analysis of the class
cart?1(B™ x SP), showing how the formula of the relaxation of the Euclidean p-energy (1.4) is obtained.

In Sec. 3, we analyze the parametric polyconver l.s.c. envelop of the p-energy density integrand (1.6).
We then write an explicit formula for the corresponding energy functional 7' +— Dg(T) on currents in
cart?!(B" x SP). The results there obtained are new, and extend the case p = 2 analyzed in [9].

In Sec. 4, we prove the explicit formula (1.18) for the relaxed p-energy, and the coarea formula, Theo-
rem 4.4, yielding to the energy gap estimate (1.21). Inequality “>” in formula (1.18) follows from the lower
semicontinuity of the p-energy functional 7'+ D¥(T'). Inequality “<”, instead, is a consequence of the
validity of a suitable strong density result for Cartesian currents.

Namely, in Theorem 4.1 we show that for every T € cart®!(B™ x SP), there exists a sequence of smooth
maps {ug} C C°°(B™,SP) such that the corresponding graph currents weakly converge to T in D,,(B™ X SP),
and D} (ug, B") — D(T).

Following an idea by M. Giaquinta, the latter strong density result is a consequence of the approximation
argument contained in Theorem 4.2, whose technical proof is postponed to Sec. 5. It is based essentially
on adaptations of the one in case p = 2 obtained in [9], but in the easier situation when X = (B",g) and
Y = SP. Therefore, it relies on arguments taken from the density theorems in [16] and [18], see also [17].

As a consequence of the previous results, we also discuss the relaxed p-energy of mappings in W1P(B" SP),
where p > 2 is a non-integer exponent and p is the integer part of p. Roughly speaking, since p > p, in the
relaxation process, concentration along (n — p)-dimensional sets cannot be obtained with a finite amount of
p-energy, see Theorem 4.6.

We finally remark that the relaxed p-energy of mappings satisfying a suitable Dirichlet-type boundary
conditions can be tackled in a similar way, following arguments taken e.g. from [13, Sec. 4.2.5]. In another

direction, similar results concerning more general target manifolds' can be treated using arguments taken
from [9] for the case p = 2. However, for the sake of brevity, neither of the latter items is reported here.

2 Notation and background material

We refer to [12], [13], and [17] for further details concerning the following notation.

2.1 Multivectors and linear mappings

Denote by I(k,m) the class of ordered multi-indices o in {1,...,m} of length |a| equal to k, i.e, a =
(a1,...,ar) where 1 < a3 < -+ < a < m, and, for convenience, I(0,m) := {0}. Moreover, let @ be the
element in I(m — k,m) which complements «, and o(«, @) the sign of the permutation that reorders the
multi-index (o, @) in the natural way.

Let (e;)?; and (53-);\7:1 be the canonical bases in R™ and RY, respectively. The dual bases of covector
are denoted by (dz)i, and (dy?)}.,. Also, for a € I(k,n) and § € I(h, N), the corresponding unit simple
multi-vectors are e, :=€q, A+ Aeq, and eg :=¢€g, \---Aeg, . Moreover, AnR™ is the space of n-vectors
€ in R"*V | 5o that every £ € A,R"™V can be written as

§= Z Pey Neg, P eR.

loe]+[B]=n

If G:R" — RY is a linear map, we also denote by G the N x n-matrix in M (N, n) associated to G with
respect to the standard bases. For multi-indices a € I(k,n — k) and 8 € I(N, k), where 1 < k < min{n, N},

ILet Y be (p — 1)-connected, so that by the Hurewicz theorem, the p-th homotopy group my()) and the p-th homology

group with integer coefficients Hy(Y) are isomorphic. Moreover, denoting by H;ph())) the spherical subgroup of Hy(Y), assume

that the quotient Hy (y)/H;p" (Y) is torsion-free, compare [12, Sec. 5.4.1]. Then, it turns out that the relevant singularities of
non-smooth maps can be treated through homological arguments, as in the easier case ) = SP.



we denote by Gg the minor of order k£ of G with rows § and columns @, and by ME’B(G) = det Gg its
determinant, where by definition we set M{(G) := 1.

For G € M(N,n), the vectors e; + Ge; € RN i =1,...,n, yield a basis of the tangent n-plane to the
graph of the linear map G in R"*V. The simple n-vector

M(G) := (e1 + Ger) A--- A (en + Gep) € A, RN (2.1)

identifies the graph of GG, and the unit n-vector ¢ = I%Eggl in fact orients such an n-plane. Note that the

map G +— M(G) from M(N,n) to A,R**V is injective, as

M@G)= > o(e,a) ME(G)eaNeg. (2.2)
la|+]B]=n

Let L : V — W be a linear map between finite dimensional vector spaces V and W. The induced linear
transformation AL : A,V — AW is defined on simple k-vectors of V' by

AkL(vp A+ Awg) := Lvg A-+- A Lug, .
Denoting by (Id >1 G) : R® — R™* the graph map (Id = G)(z) := (x, Gz), we have
M(G) =N, Id>=<G)(er A--- Ney) VG e M(N,n).
Moreover, the following Laplace’s formulas hold true (cf. [9, Lemma 2.1]):
Lemma 2.1 Let L:R™ — R" be a non-singular linear map. Then for any 0 < |a| = |v| < n
o(v,7) o(a, @) MS (L) = (det L) MJ(L™).

For any square matrix L € M(n,n), let L, : A,R"N — A, R"™N be the linear map defined by

Lr©):= Y olm@)&leanes, 7= Y o(37) " MUL), (2.3)

le|+|Bl=n IvI=lal

it £ = Z &Pe, Neg € A R™N . Tt turns out (cf. [9, Lemma 2.3]) that £1,(M(G)) = M(GL) for any

[vI+18|=n
G € M(N,n). Moreover, if det L # 0, then L, is bijective and

Lt =L, (2.4)

2.2 Integer rectifiable currents

Let U C R™ be open and k be integer, with 0 < k < m. We denote by Dy (U) the strong dual of the space
DF(U) of compactly supported smooth k-forms, whence Dy(U) is the class of distributions in U. For any
k-current T € Dy (U), we define its mass M(T) as

M(T) :=sup{T(w) |w € D*(U), |w| <1},

where ||w]|| is the comass of w, see (3.6) below, and its support spt T is defined in a way similar to the case
of distributions in Dg(U). For k > 1, the boundary of T is the (k — 1)-current 9T defined by the relation

T(n):=T(dn), VneD"'(U),

where dn is the differential of 7. The weak convergence T, — T in the sense of currents in Dy (U) is defined
through the formula
lim Tp(w) =T(w), VYweD*U).

h—o0

If T}, — T, by lower semicontinuity one has

M(T) < liminf M(Ty,) .
h—o0



If T € Di(U) has finite mass, there exists a Borel regular and finite measure ||T|| in U, and a ||T|-
measurable map T : U — A R™, with |?| =1 for ||T||-almost every = € U, such that

T(w):/U<w, Tyd|T| v e DHU), (2.5)

where T is the Radon-Nikodym derivative of T with respect to | T||. Therefore, one has T' = T T
Denote by H* the k-dimensional Hausdorff measure in R™. For k > 1, a current T € Dy (U) is said to

- —
be of the type (M, 0, &), say T = [M,0, £ ], if the action of T is given by

T(w) = /M {(w(z), ?(z)) 0(z) dH" () Yw e DHU), (2.6)

where M C U is countably H*-rectifiable, the multiplicity 6 : M —]0, +o0] is H¥-measurable and locally

(H* L M)-summable, and ? : M — ARR™ is HE-measurable with |E>| =1 (H* L M)-a.e. Furthermore, T
is said to be an integer multiplicity (i.m) rectifiable current, T € Ry (U), if in addition T has finite mass, the

density 6 takes integer values, and for H*-almost every z € M the unit k-vector ?(z) € AxR™ provides an
orientation to the approximate tangent space to M at z. In that case, M(T) = fM 6 dHF < .

If e.g. M is a smooth, embedded and oriented k-manifold in U, with H*(M) < oo, a current [ M ] in
R (U) is naturally associated to M, its action on k-forms being given in the sense of Differential Geometry:

[M](w) = /Mo.), Yw e DHU).

Finally, when k = 0, a current T' € Ry(U) is given by a finite sum T = Z;”:l Ajdg, , where Aj € Z and
dq; is the unit Dirac mass at a point a; € U.

2.3 Sobolev maps into the p-sphere
Let n > p > 2 be integer. For every u € W1 (B" SP) and for any Borel set B C B™, we denote by

1
DY(u.B) = [ SHIDuPdr, DMu) = DM, BY),

the Fuclidean p-energy functional. It is scale invariant in the critical dimension n = p, where the so called
bubbling-off phenomenon occurs, see Example 2.9.

The stereographic projection o of the unit p-sphere SP onto RP, from the south pole Ps := (Oge,—1),
maps (y,z) € SP C RP x R, with |[y|? + 22 =1, to y/(1 + 2) € RP. Its inverse o~ ! : RP — SP is given by

_ 2 1—|xf?
1

= A4 RP .
o (@) (1+:c|2 @ 1+|x|2>’ re

Since the Jacobian J,-1 is equal to p~#/2 |Do~1|P, by the area formula we have

1

EmiéﬁDJAde: Rﬁhqu:am

where here and in the sequel we denote
ap = HP(SP).

The map (—1)P 0! is an orientation preserving conformal diffeomorphism from R¥ into SP \ {Ps}, where
SP is equipped with the natural orientation induced from the outward unit normal; in particular,

(-1)P o' [R"] = [S"].
We modify o~ as follows. We first write

o Hz) = (I%\ sin 0(|z)), fcosﬁ(\x|)> ,  zeR”,



where 0(r), for r > 0, is the angular distance of ¢~ (0B?) from the south pole Ps. For € > 0 small, we set

0(r) if r<R.
O:(r):=< €(2R.—r)/R. if R.<r<2R.
0 it r>2R.,

where R, := 0~1(g), and define ¢, : R® — SP by

oo (z) = (—1)P (% sin 6. (|z)), fcos95(|x\)) ,  zeRP.

Clearly, . is Lipschitz-continuous, with ¢.(z) = (=1)Po~(z) for |z| < R. and ¢.(z) = (—1)° Ps for
|z| > 2R.. Moreover, see [13, Sec. 4.1.1], it can be shown that its Euclidean p-energy satisfies

1

W/RP | Do |Pde < oy + e,

where ¢ > 0 is an absolute constant, and that the image current

e[ RP] = pey [ Bp | = [S7].

Finally, by considering the mapping ¢, 5(z) := ¢ (Rsx/0), where the positive parameter § can be chosen
independently of €, one can even shrink the set {z € R? | p.(z) # (—1)? Ps} to {Ors }, without affecting the
Euclidean p-energy, and state the following

Proposition 2.2 For any €,0 > 0, there ezists a smooth map pe s : RP — SP such that .5 is conformal
on B§/27 ¢es = (—1)P Ps outside BY, ¢ s2[RP] =[SP], and

1
Oépgw\/ |Dg05’§|pdl'§ap+cg.
RP

In dimension n = p, Schoen-Uhlenbeck density theorem [25] yields that the class of smooth maps in
WLP(BP SP) is strongly dense in W1#(B? SP). However, strong density of smooth maps is false in higher
dimension, a counterexample in case n = p+1 being given by the vortex map uy (x) = x/|x|. For that reason,
Bethuel [2] introduced the relevant class Ry°(B™,SP) of maps u € WP(B",SP) that are smooth outside a
“smooth” closed singular subset X(u) of B™ of dimension (n —p — 1), e.g., a discrete set for n =p+ 1. In
fact, he proved:

Theorem 2.3 For any n > p + 1, the class Ry°(B",SP) is strongly dense in WL (Bm™ SP).

2.4 Singularities and degree

Let n > p+ 1, where p > 2. Let wsr denote the volume p-form on SP,

p+1
wee = (=1 Nldyr, oy =(y',.. ")
j=1

where d/y\ﬂ =dyt Ao Ady TP Ady T A AdyPTE so that dwse = (p+ 1) -dyt A AdyPT! and
[[SPH(ng) = / wsp = pr(Sp) =i 0Qp.
Sp
To every Sobolev map u € WP (B" SP), we associate an (n — p — 1)-current P(u) in B" given by

P(u)(6) = oi /B dp Autwss . Ve DPI(BY). 2.7)



The current P(u) in (2.7) describes the relevant singularities of maps u € W1 (B™, SP), compare [13]. If
eg. n=p+1and uis in RX(BP*!,SP), with singular set ¥(u) = {a; | j = 1,...m}, we have

P(u) = _iAj da; » (2.8)

where A; € Z is the degree of v around the point a;, see (2.12) below. For e.g. the vortex map uy (z) = x/|z|,
we get P(uy) = —dg. In high dimension n > p + 2, for e.g. the map in (1.16) we get to Eq. (1.17).
In [13], the authors also defined the (n — p)-current D(u) € D,,—,(B™) given by

= i u#w P
D) = o= [ ¥ nutes

for every v € D"~P(B™), so that clearly
P(u) = 0D(u) on D" P L(BmM). (2.9)

In dimension n = p + 1, Eq. (2.9) can be re-written in terms of the so called D-field of Brezis-Coron-
Lieb [5, App. B], that is by the vector field D(u) € L'(BP*!,RPT!) defined in components by D(u) =
(DY(u), ..., D1 (u)), where

D'(u) := det(%, e aj:il,u, 35:11 ey 85::1) . (2.10)
Therefore, property (2.9) implies the equivalence:
P(u)=0 <= DivD(u)=0 on B!,
where Div denotes the distributional divergence.
In higher dimension n > p + 2, the (n — p)-vector field D(u) can be defined as the dual to u#wss,
(n, D(u)(z))dz* A - Ada™ := n A u wse () Ve A"TP(R™),
see [13, Sec. 5.2.1], and hence it may be identified with * u#wss, where * is the Hodge operator.
In general, for maps u € W1 (B",SP), where n > p + 1, we have
D)) = o= [ Dw)ds ¥ e DB, (211)

If in particular u belongs to Ry°(B",SP), for a.e. x € B, the (n — p)-vector D(u)(z) € Ap,—pR" is tangent
to the naturally oriented level (n — p)-surfaces {z € B" | u(z) = u(x)}.
In dimension n = p+ 1, the degree of a map u € Ry°(BP*!,SP) at a singular point a; € ¥(u) is given by:

1

deggr (u, a;) = ay /aBHI( )D(u) Vo, r dHP € Z, (2.12)

where D(u) is the D-field, v, , is the outward unit normal to dB**1(a;,r), and the radius r > 0 is smaller
than the distance of a; from X(v) \ {a;} and from the boundary of BP*!. The definition does not depend
on the choice of r small. Moreover, if the current of the singularities P(u) satisfies (2.8), one has

deggr (v,aj) = A Vi=1,...,m. (2.13)

Finally, if u has zero degree at aj, then the singularity at a; can be removed by paying an arbitrary small
amount of energy. More precisely, Bethuel-Zheng [4] proved the following:

Proposition 2.4 Let u € R;O(BP‘H,S") with degree A; at a singular point a; € X(u). For every e > 0,
there exists a map ue € R°(BP*!,SP), smooth in B**'(a;,r) for some r = r(e) > 0 small, and equal to u
outside B*™Y(aj,r), such that

DP(ue, B < DP(u, B) + |Aj|ap +e, oy = H(S).



2.5 Minimal connection of the singularities

Let n > p+ 1. Given a current P € D,,_,_1(B™), we denote by
m; g (P) := inf{M(L) |LeR,—p(B"), (OL)LB" = }P’} (2.14)

the integral mass of P relative to B™. The current P is said to be an integral flat chain if there exists an i.m.
rectifiable current L € R,,_,(B") such that (OL) L B™ = PP or, equivalently, if m; g»(P) < co. In that case,
moreover, Federer-Fleming’s closure theorem [7] yields that the minimum is always attained. Therefore, an
im. rectifiable current L € R,,_,(B") is called an integral minimal connection of P allowing connections to
the boundary of B™ if (OL)L B™ =P and M(L) = m; g»(P), see [13, Sec. 4.2.6].

This is the case of the current P = P(u) of the singularities of a Sobolev map u € R;°(B",SP), see
(2.7). More precisely, for future purpose we report the proof of the following estimate, that goes back to
Almgren-Browder-Lieb [1]:

Theorem 2.5 For every u € R°(B",SP), we have:
Qyp - T, Bn (]P’(u)) S Dp('l,l/7 Bn) y Qp = HP(SP) .

PROOF: By the parallelogram inequality and the coarea formula (cf. the proof of Theorem 4.4 below), one
gets the energy lower bound

DP (u, B") > / Jodz = [ HPul(y) dHP (y).
n sP

Since u € R3°(B",SP), for HP-almost every y € S¥, the current

B D(u(z -

L=l W T L= o seuy),

acting on forms v € D" P (B™) as L,(y) = fu*l(y) ", fy> dH" P, see (2.6), is i.m. rectifiable in R,,_,(B"™),
with finite mass

M(Ly) = H"""(u"'(y)) < o0,

whereas by (2.9) and (2.11), it bounds the singularities of , i.e., (0L,)L B™ = P(u). Since one can choose
1Yo € SP as above in such a way that

0y M(Ly,) < | M(L,)dHP(y) < D*(u, BY),

the assertion follows from Def. (2.14). O

2.6 Cartesian currents

If u € WHP(B",SP) is smooth, the graph current G, is defined by integrating n-forms over the naturally
oriented graph manifold G, of u, i.e., G, = [G,]. By Federer’s support theorem, G, is an i.m. rectifiable
current in R, (B™ x SP), and by a change of variables, we have:

Gyu(w) = /H(Id > u)#w Yw e D*(B™ x SP), (2.15)

where (Id > u)(x) := (x,u(z)) is the graph map. Note that an unit n-vector orienting G, at (x,u(z)) is
given by %, where M(G) is defined by (2.1).

More generally, to every Sobolev map u in W1 (B™ SP) we associate an i.m. rectifiable current G,, €
R, (B™ x S?) by means of Def. (2.15), where this time the pull-back involves the distributional gradient of
u. More precisely, G, acts on forms in D™(B™ x SP) by integration on the rectifiable graph G, of v, and its
mass agrees with the area of G,, i.e.,

M(G,) = H"(G.) < ¢cDP(u, B") < 00,
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where ¢ = ¢(n, p) is a positive constant not depending on u. The bound in terms of the Euclidean p-energy
follows from the parallelogram and Hélder’s inequalities, since (in case n > p + 1) the minors of order p + 1
of the gradient matrix Du(x) have zero determinant for a.e. x € B™, by the area formula. As a consequence,
we always have G, € R, (B™ x SP), even if in general the boundary current dG,, is non-trivial.

When n > p + 1, in fact, by (2.7) and (2.15) we find that for any u € WP (B" SF)

ap - (P(u), ¢) = Gyu(dp Awse) = 0G, (¢ Awse), V¢ € D" P H(B"), (2.16)
as Gy (¢ A dwse) = 0. More precisely, the proof of Proposition 2.8 below (cf. [23, Prop. 6.5]) gives that
0G, =P(u) x [SP] on D" H(B" x SP).
Ife.g. n=p+1and uy(z) = x/|z|, then
(0G, )L BTt x S§P = —53 x [SP].

In low dimension n = p, by a density argument we always have (9G,,) L B? x SP = 0.
The following result motivates Def. 2.7 below, that agrees with the one in [13], when ) = SP.

Theorem 2.6 (Giaquinta-Modica-Souéek) Let {uy} be a sequence of smooth maps in WP (B™ SF) such
that sup;, DP (ug, B™) < oo. Then, possibly passing to a subsequence, the graph currents G, weakly converge
in Dy, to some current T € D, (B™ x SP) satisfying the following properties:

i) T is i.m. rectifiable in Ry, (B™ x SP);
ii) there exist a function up € WP(B",SP) and an i.m. rectifiable current Ly € R,,—y,(B™) such that

T =Gy, + Ly x [S*]; (2.17)

iii) T has finite mass, M(T) = M(G,,) + ap - M(Lr) < o0;
iv) T has no interior boundary, i.e.,

OT(n) :==T(dn) =0 VYneD" Y(B"xS); (2.18)

v) {ur} converges to ur weakly in WH¥(B"™ RPTY).

PROOF: It is based essentially on Federer-Fleming’s closure theorem [7]. Compare [13], Sec. 5.2.3 for p = 2,
and Note 6 in Ch. 5 for p > 3. a

Definition 2.7 We denote by cart?!(B" x SP) the class of n-currents in B"™ x SP satisfying properties 1.—4.
in Theorem 2.6.

Therefore, G, belongs to cart?!(B™ x SP) for every smooth map u € W1P(B" SP) or, more generally,
for every Sobolev map u € W1 (B", SP) satisfying the null-boundary condition

Gy (n) == Gu(dn) =0 VnpeD" 1 (B"xS"), (2.19)

a condition automatically satisfied in low dimension n = p.
More generally (cf. [23, Prop. 6.5] for a proof), in higher dimension we obtain:

Proposition 2.8 Let n > p+ 1 and T € R,(B"™ x SP) satisfy (2.17), where upr € W1P(B" SP) and
Ly € Ry—p(B™). Then the null-boundary condition (2.18) is equivalent to equation

(E)LT) LB"=— IP(UT) s (2.20)

where P(ur) is given by (2.7).
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Example 2.9 In low dimension n = p, the currents carried by the graphs of the functions ¢, s in Proposi-
tion 2.2, where § = 0 \, 0, weakly converge to the Cartesian current

T =Gp +8p x [SP] € cart™ (B x SP)

where G p is the graph of the constant map equal to the South Pole P.
In dimension n = p + 1, a Cartesian current is given e.g. by

T =Gy, +Lx[SP] € cartP!(BP! x SP),

where uy (r) = x/|z| is the vortex map, and L is any current in Ry(BP*!) satisfying (OL) L BP*! = §,.

2.7 A lower semicontinuous functional

In [10] and [11], the authors analysed the parametric polyconvez l.s.c. extension of the Euclidean p-energy
integrand

P (G) : 1

= mlGP, GeM®,n). (2.21)

It is defined for every n-vector £ € A,R*"V by

FP(&) =sup{p(&) | ¢:AR"™ 5 Ry, ¢ linear,

S(M(G)) < eP(G) VG € M(N,n)}, (2.22)

where M(G) is the n-vector in A,R"*V orienting the graph of G, see (2.1).
When dealing with mappings constrained to take values into a smooth manifold ) isometrically embedded
in R, the energy density is given by the integrand e : RY x M(N,n) — R

e’ (G) if we) and GeS,
400 otherwise,

eP(u,G) := {
where
Su:={GeM(N,n)| GeTV}, uely, (2.23)

T,Y being the tangent space to Y at u.

We thus denote by FP(u,¢) : RY x A,R*"™N — R, the parametric polyconvex l.s.c. extension of the
integrand e*(u,@). Now, the n-vector M(G) corresponding to matrices G € S, belongs to the subspace
An(R™ x T,)). This implies the following property, compare [13, Sec. 1.2.4] or [17, Sec. 4.8]:

ﬁp(u7§) _ { FP(E) if we y, fe An(Rn % Tuy)

400 otherwise . (2:24)

A lower semicontinuous energy can be defined on currents T in D,,(B™ x )) with finite mass, so that the
decomposition T = TL IT|| yielding to the explicit formula (2.5) holds.

Definition 2.10 If T is a current in Dy (B"™ x Y) with finite mass, and FP(u, ) is given by (2.24), we let
DP(T) ;:/ FP(u, T) d||T) .
B x)Y
By the construction, it turns out that the following lower semicontinuity property holds: if {T}} C

D, (B™ x Y) is a sequence with equibounded masses, sup, M(T}%) < oo, and T}, — T weakly in D,, to some
T € Dp(B™ x ), then T has finite mass, and

DP(T) < liminf D?(T}).
k—o0

Assume now ) = SP. In that case, the space T, SP is given by the vectors in RP+! which are orthogonal
to u. Moreover, for any u € W1P(B™,SP), one clearly has

1
p _ p
D?(G,) = oo /2 /Bn |Dul? dz .
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With no more information, there is no way to find an explicit formula for the energy DP(T'). In case of
Cartesian currents, however, it suffices to write more explicitly the action of F®(u,£) on simple vectors.
More precisely, if € =7 An € Ap—pR™ @ AyRPT! is simple, then

FP(r An) =Ir|-nl,
compare [13, Sec. 5.4.4], or [17, Sec. 4.8]. As a consequence, if L € R,,_,(B") one has:
DPY(Lx[SP]) =, -M(L), «p=HP(SP).
Definitely, one obtains the following:
Theorem 2.11 We have:

(a) the functional T — DP(T) is lower semicontinuous in cart?!(B™ x SP) with respect to the sequential
weak convergence in Dy, ;

(b) if T € cart?!(B™ x SP) satisfies (2.17), then DP(T) = D?(ur, B") + o - M(L1);

(c) the class cart?1(B™ x SP) is closed under the weak D,,-convergence of sequences {T}} of currents with
equibounded p-energies, sup, DP(T}) < oo;

(d) if {Ty} C cartP1(B™ x SP) satisfies sup, DP(T}) < oo, possibly passing to a subsequence {T}} weakly
converges to some current T in cart?>!(B™ x SF);

(e) for every T € cart?!(B"™ x SP), there exists a sequence of smooth maps {uy} C WH#(B"™ SP) such that
Gy, — T in D,, and DP?(uy, B™) — D?(T) as k — oc.

PROOF: As to properties (a) and (b), see [13, Sec. 1.2.4] and also [17, Sec. 4.9]. Properties (c¢) and (d)
follow by arguing as in [8], where they were proved for the case p = 2 in any dimension n. The density
property (e) is obtained by using the same argument as for the case p = 2 in [15], see also [17, Ch. 5], on
account of Proposition 2.2. It suffices to argue as in the proof of Theorems 4.1 and 4.2 below, where one
takes gog(z) = 04 for all z € B™. O

2.8 Relaxed energy
According to (1.12), for any u € LP(B™,S?) we let:

DP(u, B") := inf{liminpo(uk,B") | {ux} C C=(B",SP),

k—o0

uy — u strongly in L?(B™, Rp+1)} ,

so that u € WHP(B",SP) if DP(u, B") < oo, and in dimension n = p one has:
DP(u, B*) = DP(u, B?)  Yue WYP(BP,SP).

In high dimension n > p + 1, for any v € WP (B",SP) we denote by 7,P'! the class of Cartesian currents
with corresponding function ur equal to u, i.e.,

TPt = {T € cart”(B" x S*) |up = u in (2.17)}.
By Proposition 2.8, for any u € W1P(B" SP) we have:
TP ={G.+Lx[SP]|LE€R,(B"), (L)L B" = —P(u)}, (2.25)

where P(u) € D,,_p_1(B™) is given by (2.7). Therefore, Theorem 2.5 yields that the class 77! is non-empty
whenever u € Rp°(B",S¥).

Theorem 2.12 shows that the energy gap is finite for any u € W1#(B", SP), and it is given (up to the
factor a) by the integral mass of the current of the singularities. For future use, its proof is reported below.
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Theorem 2.12 Let n > p+ 1 > 3 be integer. For every u € WP (B" SP) the relazed energy DP (u, B™) is
finite. Moreover, the class TF'' is non-empty, and we have:

DP(u,B") = inf{D*(T)|T € TP}

= DP(v, B") + ap - m; g (P(u)) < 0. (2.26)

PROOF: Let u € W'P(B™ SP). By Theorem 2.3, there exists a sequence {us} C Ry°(B",SP) strongly
converging to u in WP (B™ RP*1). Moreover, by Theorem 2.5 and formula (2.25), for each h there exists a
current T}, € ’7;”};1 such that

Dp(Th) = Dp(uh,Bn) + oy - My pn (]P(uh)) < QDP(U}“ Bn) .

Therefore, since sup;, DP(T},) < oo, by property (d) in Theorem 2.11, possibly passing to a (not relabeled)
subsequence, we find a current T € cart?(B" x SP) such that Tj, — T weakly in D,,. Moreover, by the
strong convergence uj, — u, we infer that up = u in (2.17), whence T' € TP'!. As a consequence, by applying
the strong density property (e) in Theorem 2.11 to the current T, we infer that ﬁp(u, B™) < 0.

Now, for any sequence {u;} C C°°(B"™,SP) converging to v in LP and satisfying sup;, D? (ux, B") < o0,
recalling that D?(G,,) = D?(ux, B"), we can again extract a (not relabeled) subsequence such that the
graph currents G, weakly converge in D,, to a current 7' € T,P'!. Therefore, by the lower semicontinuity of
the p-energy functional on currents, we infer that

D?(T) < liminf D? (ug, B™),
k— o0
whence the lower bound “>” holds true in the first line of formula (2.26). The upper bound “<” follows

by applying the strong density property (e) in Theorem 2.11 to any current T' € 7,P'!. Finally, the second
equality follows from Eq. (2.25) and Def. (2.14). O

In dimension n = p + 1, we recover the expression of the energy gap due to Brezis-Coron-Lieb [5], who
defined the flat norm of a function u € WH? (B! SP) through the formula:

1
Lu, BY*) = - sup /B D) Do da| 6 € CF(B™), |Dolwmrn <1} (220)

where D(u) € L'(BPTL RPF!) is the D-field of u, see (2.10). In fact, by a duality argument, see [13,
Sec. 4.2.6], the flat norm of u agrees with the real mass of P(u), that is defined by

m, gr+1 (P(u)) := inf{M(D) | D € D1(B"), (0D)L B =pP(u)}.

Since moreover the integral mass of P(u) is finite, a theorem by Federer [6] implies that it agrees with the
real mass of P(u). Therefore, we obtain

ap - m; e (P(u)) = ap - L(u, BPT) <00, Vue WHP(BPTLSP). (2.28)
Corollary 2.13 For every u € W1P(BP+L SP) one has
DP (u, B"*!) < 2DP(u, B*1).

PROOF: As a consequence of the cited Federer’s theorem [6], arguing as e.g. in [13, Sec. 4.2.6, Prop. 4], by
Theorem 2.3 we find a sequence {uy} C Rp° (BP+1SP) strongly converging to u in W'*, and such that

P(u) — P(ug) = (OLg) L BFtl vk, (2.29)
where {L;} C Rq(BPT1) satisfies M(Ly) — 0 as k — oco. By applying Theorem 2.5 to each uy, and letting
DP(v) := DP (v, B**1), we get

1 1
i p(u) (BT) < i piuy (BP) + M(Lg) < —DP(ug) + e, < —DP(u) + 224
p p

where € \, 0 as k — oco. Therefore, the assertion follows from Theorem 2.12. |

Remark 2.14 Due to the lack of validity of Federer’s theorem [6], we do not know whether Corollary 2.13
extends to high dimensions n > p + 2.

14



3 The p-energy on Cartesian currents

In this section, we analyze the parametric polyconvex l.s.c. envelop of the integrand eg(ﬂc, G). We then write
an explicit formula for the corresponding energy functional 7'~ D} (T") on currents in cart? L(B™ x SP). The
results here obtained extend the case p = 2 analyzed in [9].

3.1 The parametric polyconvex l.s.c. envelop
Define F} : B" x ARV R, by

FP(z,8) = sup{p(&) | ¢: AR = Ry, ¢ linear,

H(M(G)) < eb(x,G) VG e M(N,n)}, (3.1)

where e} : B" x M(N,n) — R is the p-energy density (1.6).

In the Euclidean case gog(z) = 03, we recover the notation (2.22) for F*. More generally, if g(x) is
constant, then F} does not depend on x. However, since e} is continuous, then FP(z,§) is Ls.c. in all
variables and convex in & for any x.

The following explicit formula extends the case p = 2 proved in [9]:

Proposition 3.1 Let p > 2 be integer. For every x € B™, we have
F}(2,6) = FP(LL(€)) V&€ AR™Y,
where L = L(x) is the unique symmetric positive definite square matriz in M (n,n) satisfying
L(x)L(x)" = detg(z)'Pg(a) ", (32)
and Ly, is given by Def. (2.3

)
PrOOF: If A = A(z) € M(n,n) is the positive definite symmetric matrix given by (1.9), we actually have
LLT = A, ie., L:=+/Ain (3.2). Therefore, by (1.8) and (1.10) we infer that

» IGLIP  YG € M(N,n). (3.3)

le.G) = (Su(enen )" =

Because of (3.1), this yields that for every # € B™ and ¢ € A,R*V
1
F)(2,) = sup{6(6) | ¢ linear, 9(M(G)) < 75 [GLIP VG € M(N,m)}.

Since the matrix L = L(x) in (3.2) is invertible, recalling the notation (2.21), by (2.4) we get

FP(x,€) = sup{¢(¢) | ¢ linear, ¢(M(GL™")) < eP(G) VG € M(N,n)}
—sup{qb( €) | ¢ linear, ¢poL-1(M(G)) <e*(G) VG € M(N,n)}
—Sup{qﬁoﬁL 1(£L§) | ¢ linear, ¢ o L-1(M(G)) <e”(G) VG € M(N,n )}
*sup{(j) LrE) |¢hnear gb( (@) <e’(G) VG € M(N,n }7 FP(Lr(8)),

on account of (2.22), as required. O

Similarly as before, dealing with manifold constrained mappings, we introduce the integrand
eh: B" xRN x M(N,n) - Ry

defined by
P(r,G) if ued and GeES
~p _7 eg(a:7 “
ey(r,u,G) = { +00 otherwise ,

where ef (x, G) is given by (1.6), and S, by (2.23). Therefore, denoting by
F\g(z,u,f) :B" x RY x AR R,

the parametric polyconvex Ls.c. envelop of the integrand e¥(z,u, G), we readily obtain:
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Proposition 3.2 For every x € B™ we have:

- Fy(z,6) if uey, €€ A (R" x T,,Y)
P — g
Fy(wu,§) = { +00 otherwise, (3.4)
where FP(x,§) is given by (3.1), and T,,) is the tangent space to Y at u.

As in the Euclidean case, when Y = SP, we finally give the following

Definition 3.3 The p-energy integral (1.1) is extended to currents T in D, (B™ x SP) with finite mass, by
letting

~

D (T) = / Fr(z,u, T)d|T])
BnxSP

where 13; (x,u,§) is given by (3.4). For any Borel set B C B", we also define
D)(T,B x S*) := D5(T'L (B x S")).

3.2 The p-energy on Cartesian currents

In order to obtain a nice formula for the energy DE (T') on Cartesian currents, we have to write more explicitly
the polyconvex extension of the energy density e on simple n-vectors § in A, _yR" ® A RPHL,

In Theorem 3.5, where we take N = p 4+ 1, we show that for every x € B", it agrees with the length of £
in the metric induced by the product of the metric g(x) on B™ and of the Euclidean metric on RPF1,

To this purpose, we recall that a metric on R® ~ T, B™ induces a metric on the whole exterior algebra.
In particular, we have

<T7 77>g(z) = <Ak(g(x))7—v 77) VTv ne AkRn7

for every z € B™, so that

Tl = [A(g(2)?)(T)] V7 € AR", (3.5)
where g(2)'/? := \/g(x) is the unique symmetric positive definite square matrix g such that g2 = g().
Proposition 3.4 Let n, N > p > 2 be integer. If ¢ =7 An € Ay pR" @ A,RY and L = L(z) € M(n,n) is
the non-singular matriz given by (3.2) for some x € B™, then

Li(rAv) = (det L)(Anyp L7 (1) An) = Ay (9'/)(7) A,
where g = g(x) and Ly, is given by Def. (2.3).
PROOF: For any o € I(n —p,n) and 8 € I(p, N), by Def. (2.3) we have
Lr(eaNeg)= > oly,9)ola,a@) MI(L)ey Aeg,
yeI(n—p,n)
whereas
/\n—pL_l(ea) = Z MJ(L_l)e“/'
YEl(n—p,n)
By Lemma 2.1 we thus obtain
Lr(eq Neg) = (det L) Z M)(L ™Y ey, Aeg = (det L) (Ap—p L™ *(ea) NEg) -
y€l(n—p,n)

The first equality follows by using an argument by linearity on the two factors A, _,R™ and APRN . Moreover,

by (3.2) we have
det L = (det g)(n—P)/2p’ L1 — (det g)—1/2p 91/2.

This yields
(det L) Ap—p L™ = Ayp(g'?)

and hence the second equality. (|

As a consequence of Propositions 3.1 and 3.4, on account of (3.5) we immediately obtain:
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Theorem 3.5 Let { = 7 An € Ny R" ® /\pRN be a simple n-vector, and let F; be given by (3.1). For
every x € B™ we have

FP (@, A1) = FP(A—p(g(2)' /) () Am) = [Mnp(g(2) ) (1)) - 1] = I7lggay - Il
We now recall that the g-comass |wl|, of a k-form w € D¥(B™) is defined by

lw(@)|lg(z) := sup{(w(z),&) | £ € Ap(B™) simple, [{]gq) < 1}, x € B", (3.6)
and the g-mass of a current I' € Dy (B™) by
M, (I) := sup{I'(w) | w € D¥(B"), ||w(z)|lg) <1Vz € B"}. (3.7)

If g(z) = dq8, they agree with the standard comass and mass, respectively. Moreover, if I' is an i.m.
rectifiable current in Ry (B™), writing as above I' = [ G, 0, £ ]|, where [¢] = 1 in the Euclidean metric, we have

M, (I) = sup{ /g 0(2) (w(@), () dH (@) | w € DH(B"), |w(@)ly) <1 Va € B"
= [ @) @)y a7 @).

Assume now that 7' € cart?!(B™ x SP), so that the decomposition (2.17) holds. Write Ly = [£,0,7],
where £ is (n — p)-rectifiable in B™, #(z) is an integer-valued multiplicity function on £, and 7(z) is a simple
(n—p)-vector in A,_,R™ orienting £ at =, with |7(z)| = 1. In this case, for every Borel set B C B™ we have

M, (Ly L B) = / 0(2) |7 (2)] (o) AH" P (x) < o0 (3.8)
£nB
Arguing as for the Euclidean p-energy integral DP(T'), we then compute explicitly:

Proposition 3.6 For every Borel set B C B™ we have
DS(T,B x S*) = Dy(ur,B) + op - Myg(Lp L B). (3.9)

ProoOF: Recalling that Ly = [£,60,7], if n € A,RPT! yields an orientation to the tangent space to SP at
u € SP, and |n| = 1, the simple n-vector 7 A 5 yields an orientation to Ly x SP at (x,u), for H" P-almost
every x € L. By Proposition 3.2 and Theorem 3.5, where N = p 4 1, we have

~

ng(x,u,T A 77) = |T|g(x) : |77| = |T|g(9c) .

Due to Def. 3.3, using the same argument as for the Euclidean p-integral, compare [13, Sec. 5.4.4] or [17,
Sec. 4.9], we obtain

DP (T, B x §7) = /B

The assertion follows from (3.8). O

eg(x, Dur)dz + oy - / 0(z) |7(x)|g(wy dH" P (x) .
£NB

By the bound (1.2), for each integer k € {0,...,n} there exists a constant ¢ = ¢(k) > 0 such that
cM,(T) <M(I') < %MQ(I‘), VI € Re(B"). (3.10)
In particular, we infer the existence of a real constant C' > 0, only depending on n and p, such that
CDP(T) < D(T) < éDp(T) ., VT € carth (B" x SP).
As a consequence, on account of Theorem 2.11, we readily check the validity of the following properties:
i) D¥(T) < oo for every T' € cart®!(B™ x SP);

ii) the p-energy functional T — D¥(T) is lower semicontinuous in cart”'(B™ x SP) with respect to the
sequential weak D,,-convergence;

iii) the class cart®!(B"™ x SP) is closed in the weak D,-convergence along sequences with equibounded
D} -energies;

iv) sequences in cartP!(B™ x S?) with equibounded D¥-energies are relatively compact in the D,,-topology.
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3.3 The case of constant metrics

For future use, we now discuss the case when the metric g is constant, gog(x) = gap for any x € B", so
that ef (v, G) = €} (G). Equivalently, assume that A(z) = A is a constant positive definite symmetric matrix
in M(n,n). If g = dap, i-e., if A is the identity matrix, then e} (G) is given by (2.21), and in general, the
following link with the Euclidean p-energy holds true.

Let L be the unique symmetric positive definite matrix in M (n,n) satisfying LLT = (det g)l/"g_l, see
(3.2). For T in cart?!(B™ x SP), we denote by T, := (L™! < Idgs+1)xT the current given by the push
forward of T through the linear map (L~ > Idgs+1) (2, ) := (L™12,y), so that

Tp(@) :== T((L7 ! saldge+1)#@),  @e DY (L Y(B") x SP), (3.11)
and Ty, € cart?!(L=1(B") x SP). Note that if T = G, for some Sobolev map ur € WH*(B" SP), then
(L_l X IdRP+1)#GuT = G’UT )

where vy : L=Y(B"™) — SP is given by v (Z) := up(LZ). This yields that the function vr corresponding to
Ty, agrees with up o L. Arguing as in the proof of [9, Prop. 3.11], we obtain:

Proposition 3.7 Assume that the metric g is constant on B"™. Let T be a current in cart®!(B™ x SP), so
that (2.17) holds. For every Borel set B C B™, we have

D(T, B x SP) = (det L) - D* (T, L™!(B) x SP),
where L is given by (3.2), with g(x) = g. In particular, if T = G, for some u € WP (B" SP), then

/n el (Du(z))dr = (det L) - / e’ (Dv(z))dz, v(T) = u(L).

L=1(B")

4 Density results, relaxed energy, coarea formula

In this section, we discuss the relazed p-energy f)g (u, B™) of maps w € LP(B™,SP), that is defined by (1.12).
We also prove a coarea formula, Theorem 4.4, and its consequences.

4.1 A strong density result
The explicit formula of the energy gap (1.13) relies on the following:

Theorem 4.1 Let n > p > 2 be integer, and let g(z) be a metric on B™ satisfying the bound (1.2). Then,
for any T € cart?!(B" xSP), there exists a sequence of smooth maps {uy,} C C>(B",SP) such that G,,, — T
weakly in D, (B"™ x SP) and D} (uy, B") — D5(T), as k — oco.

If the metric ¢ is constant on B™, we immediately deduce Theorem 4.1. In fact, setting 77, by (3.11),
Theorem 2.11 yields the existence of a sequence {vy} C C*(L~Y(B"),SP) such that G,, — T, weakly in
D,, and DP (v, L=Y(B™)) — D?(T, L~ 1(B") x SP) as k — oo. It then suffices to apply Proposition 3.7, by
taking uy := v, o L7

In general, we first observe that since the metric tensor function z — ¢(x) is continuous in B", whereas

ey, G) — ef(wo, G)

G— Tl

is positively homogeneous of degree zero, it turns out that there exists a continuous function w : Ry — R
satisfying w(t) — 0 if ¢ — 0T, such that for every z,zg € B™ and every G € M(p + 1,n),

|eg(ac7G)—ez(x0,G)\ <w(|lz —z0]) - |G|?. (4.1)

In low dimension n = p, the proof of Theorem 4.1 is an easy adaptation of the one from [14], by using
the continuity estimate (4.1) and Proposition 3.7, so we omit to write it.
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In case n > p + 1, for every current T’ € cart?!(B™ x SF), on account of (2.17), we denote by uf. the
finite Radon measure on B"™ given for every Borel set B C B"™ by

Wh(B) :=ap - My(LrLB), ap:=HP(SP), (4.2)
see (3.8), so that we have
D}(T, B x %) = D (ur, B) + i (B).
We also denote by F(T') the flat norm

F(T) :=sup{T(w) | w € D*(B" x S*), F(w) <1},

where for every w € D"(B™ x SP)

F(w) := max{ sup |lw(z)|], sup ||dw(z)||}
z€B™ xSP z€B™ xSP
As |T(w)| < F(T) F(w), we infer that T, — T weakly in D, (B™ x S*?) provided that F(T, —T) — 0.
Theorem 4.1 is a consequence of the following approxzimation theorem, the proof of which is postponed
to Sec. 5.

Theorem 4.2 Let T € cart™ (B"xSP), ¢ € (0,1/2), and k € N. We can find a current T € cartP!(B"xSP)
such that _
k
D(T) < D{(T) + ¢,

F(T-T)<e" and  pl(B") <5 -pf(B").

DN | =

PROOF: [Proof of Theorem 4.1] By Theorem 4.2, using a diagonal argument, we find a sequence {T}} C
cart™! (B™ x SP) that weakly converges to T' in Dy, with D¥(T}) — D¥(T) as k — oo, and such that
u%k (B™) = 0 for each k. Therefore, T}, agrees with the graph current G, , for some u, € W1 (B", SP), and
hence D? (Tk) D¥ (ur). Moreover, by means of Bethuel’s density theorem [2], for every k we find a smooth

sequence {uh MY, © CY(B",SP) that strongly converges to ws in the W'P-sense, as h — oo. In fact, the
null-boundary condition (2.19), where v = ug, and the bound (1.2) for the energy, allow us to remove the
(n — p)-dimensional singularities, compare e.g. [17, Sec. 5.3]. Lower dimensional singularities are removed
as in [2]. By the dominated convergence theorem, we infer that the strong convergence yields Guﬁl’“) — Gy,

with Dz(ugk)) — DF(ug). Theorem 4.1 then follows by means of a diagonal argument. O

4.2 The relaxed energy

In dimension n = p, there is no energy gap in W1 (BP,SP), see (1.14), so that we now assume n > p + 1.
Due to the bound (1.2) on the metric g, a map u € L?(B™,S") has finite relaxed p-energy if and only
if D?(u, B") < oco. Therefore, Theorem 2.12 yields that (1.15) holds true. We now come to the explicit
formula (1.18) for the energy gap (1.13).
On account of Def. (3.7) of g-mass, and similarly to (2.14), we denote by

inf{My(D) | D € D,,_,(B™), (D)L B" =P}

my. o (P)
; inf{My(L) | L € R,—p(B™), (OL)L B" =P} (43)

m?,B" (P)

the real and integral g-mass of a current P in D,,_,_1(B™) relative to B", respectively.

By the bound (1.2), it turns out that P is an integral flat chain if and only if m] . (P) < co. In this
case, again by Federer-Fleming’s closure theorem [7] the minimum is always attained, and an i.m. rectifiable
current L € R,,—,(B™) is called an integral minimal connection for the g-mass of P allowing connections to
the boundary of B™ if (OL) L B™ = P and My(L) = m{ g.(P).

PROOF: [Proof of formula (1.18)] Let u € W1#(B™ SP), where n > p + 1. By Theorem 2.5, we already know
that the class 77! is non-empty, and it is given by formula (2.25), where P(u) € Dy_y_1(B") is defined
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by (2.7). Since moreover ﬁp(u, B™) < o0, arguing as in the proof of Theorem 2.12; by the sequential lower
semicontinuity of the p-energy functional on currents we readily obtain the lower bound:

D?(u, B") > inf{D¥(T) | T € T?'}, Yue W-P(B",SP).

Moreover, as in the Euclidean case, by Theorem 4.1 we infer the validity of the opposite inequality in
the latter centered formula, so that definitely:

D?(u, B") = inf{D¥(T) | T € TP}, Yue W' (B, SP). (4.4)

In conclusion, recalling by Proposition 3.6 the expression of the p-energy of a current in cart?!(B™ x SP)
satisfying (2.17), Eq. (4.4) gives the explicit formula (1.18), as required. |

Remark 4.3 In dimension n = p + 1, as in (2.27), the flat g-norm of a function v € WhP(BP+1 SP) is
defined by (1.20). Again by a duality argument, it turns out that the flat g-norm of u agrees with the
real g-mass of P(u), that in turn (again by Federer’s theorem [6]) agrees with the integral g-mass of P(u).
Therefore, we readily obtain the equivalent formula (1.19) for the p-energy gap.

4.3 A coarea formula

In this section, we extend the coarea formula from Theorem 2.5 to the p-energy of “smooth” maps with
values into SP. As a consequence, in dimension n = p+ 1 we obtain an upper bound for the relaxed p-energy,
Corollary 4.5.

Theorem 4.4 Let n > p + 1 > 3, and let gop(z) be a smooth metric tensor on B™. Then, for every
u € Ry°(B™,SP), we have:

ap - mi . (P(u)) < Dy(u, B"),  ap =HP(SP),
where m .. (P(u)) is the integral g-mass of P(u) relative to B", see (4.3).

PROOF: For any = € B™, let L = L(z) be the unique symmetric positive definite square matrix in M (n,n)
satisfying (3.2), so that LLT = A, with A = A(z) € M(n,n) given by (1.9). Furthermore, by (1.9) we
can write L = AL, where LLT = ¢g~'(z) and A := (det g(x))"/2, where, we recall, g~!(z) = (¢°°(z)). Let
G € M(p+1,n). On account of (3.3), we infer that

ef(z,G) = |GL|P = —= N |GL|?,

pp/2 pp/2

where by the parallelogram inequality

pp/Q GLIP > | det((GL)(GL) |2,

and hence:
e (z,G) > (detg(x))"/? |det(G g~ (x) GT|'/2.

We now wish to apply the coarea formula for maps v : X — SP, where X = (B"™, g), see e.g. [24]. To this
purpose, we observe that the Jacobian JJ(z) of the map u with respect to the metric induced by g on B"
(and by the Euclidean metric of RP*! on SP) satisfies

JI(x) = | det(Vu(z)g~ (x)Vu(z) " |*/?

for a.e. x € B™. Furthermore, denoting by 'H’; the k-dimensional Hausdorff measure on B™ with respect to
the metric induced by g, we have dHy = \/det g dz. Therefore, we have obtained the inequality

D! (u, B") = / b (z, Du(x)) dz
> /B |det(Du(z) g~ () z)"| 1/2\/(Wdﬂ’3—/ (z) dHy(z),
.

Bn
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whereas (by the smoothness of u) the coarea formula [24] gives
| @ ang@ = [ e w) o).
" v

Furthermore, by the definition of g-mass, and by the properties of the measure Hj ¥ L u™1(y), for HP-
almost every y € SP, the current L, defined in the proof of Theorem 2.5 satisfies

M, (L,) = ’H;*p(ufl(y)) < 00.

We thus can choose yg € SP in such a way that

0y My (L) < [ My(L) 1) = [ 1 ) 07(0).

and definitely
Qp - M9<Ly0) < DE(Ua Bn) :

Since by (2.9) and (2.11) we have (0L,,) L B™ = P(u), the assertion follows from Def. (4.3). O

Corollary 4.5 For every u € W1P (BT SP), one has
N +1 +1
D} (u, B"™") <2D}(u, B*").

ProoF: We follow the line of the proof of Corollary 2.13. In fact, by dominated convergence and by the
bound (1.2), Theorem 2.3 gives a sequence {uz} C Rp°(BPT! SP) such that in addition D¥(uy, B") <
D} (u, B") + €k, whereas by (3.10), the currents in (2.29) satisfy M, (Ly) — as k — oo. Therefore, the
assertion follows from the explicit formula (1.18) and Theorem 4.4. O

4.4 A case with a non-integer exponent

If p > 2 is a non integer exponent, the p-energy of maps u : X — Y C RN, where X = (B",g), is given by

D (u, B") '*/ ( Z Z 0ij 333 guﬁ (det g(z ))1/p>p/2da:.

aﬁ 14,j=1

By the previous results, we can analyse the expression of the relaxed p-energy in the particular case when
the target manifold is the unit p-sphere SP, where p > 2 is the integer part of p. For any u € LP(B™,SP), we
thus denote

f)g(u,B") : 1nf{hm1npo(uk,B") | {urp} Cc C=(B",SP),

k—

uy, — u strongly in Lp(B",RpH)} :

By the bound (1.2), we again infer that u € W1P(B", SF) if ﬁp(u B™) < c0. Also, by a density argument,

in low dimension n = p we have Dp(u BP) = D?(u, B?) for any u € W'?(B",SP).
For n > p+ 1, Holder’s inequality and the bound (1.2) imply the inclusion WP (B" SP) ¢ W?(B", SP),
and hence the current of the singularities P(u) is well-defined. However, this time we have:

Theorem 4.6 Let n > p+ 1> 3 be integer, and let p < p < p+ 1. Then, for every u € WHP(B™,SP)

D?(u, B") if P(u)

=0
+o0 if P(u)#0. (4.5)

Dy (. 5) = {
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Proor: If P(u) = 0, the graph current T = G, satisfies the null-boundary condition (2.18). Therefore,
arguing as in the proof of Theorem 4.1, we can find a sequence of smooth maps {uy} C WhP(B" SP)
strongly converging to u in W1P(B" RP*!) whence f)g(u, B") = Db(u, B").

Conversely, we now show that if [N)g(u, B™) < o0, then P(u) = 0.

Let {uz} C C(B",SP) be such that sup, D?(uy, B") < oo and uj, — u in LP(B",RP*!). We then find
a (not relabeled) subsequence such that G, — T weakly in D,, to some Cartesian current T € T.PL.

Assume by contradiction that P(u) # 0. Then, T'= G, + Lr x [SP] for some Ly € R,,_,(B") with
positive mass, M(Ly) > 0. Therefore, if L1 is the set of points of positive density for Ly, we have
H"P(Lr) > 0. For H* P-almost every x € L1, we denote by DP(x) the p-dimensional “disk” given by the
intersection of B™ with the affine p-space of R™ containing x and orthogonal to the approximate tangent
(n —p)-space to Lr at 2. We also let vy, := ug|pr(z) : DP(z) — SP. Then, we have

sup/ | Dug [P dHP < C < o0, (4.6)
k JDv(z,r)

and hence, possibly passing to a not relabeled subsequence, the graph p-currents G,, in DP(z) x SP have
equibounded p-energies.

Therefore, we can find a neighborhood J¥ of  in D?(x) such that the p-currents G,, L (J x SP) have to
converge near the point z to the sliced current Gy, ,, L (J} X SP) +d -0, x [SP], where d € Z\ {0} agrees
(up to the sign) with the density of the current Lt at z. Setting now

D¥(z,r):={2€DP(x) : |]z—x|<r}, ro:=sup{r>0]|D"(z,r)C B"}>0,

by lower semicontinuity, and again by the bound (1.2), we have:

lim inf |Dog|P AHP > p/P DP(d -6, x [SP]) = p/Pday, > 0 (4.7)

k—o0 DP (z,r)

for each r € (0,79). On the other hand, Holder’s inequality and the bound (4.6) give for r € (0,rg)

p/p
sup/ | Dvg [P dHP < sup ¢, rP~F (/ | Dug|P d’Hp) < ¢, CP/P PP (4.8)
k JDv(z,r) k D¥ (z,r)

where C, C?/PrP=P — 0 as r — 0F. Since (4.7) is in contradiction with (4.8), we must have M(Lz) = 0,
which yields P(u) = 0, by (2.20), as required. Further details are omitted. O

5 The approximation theorem

We give the proof of Theorem 4.2. Firstly, Proposition 5.2, we show how to “deform” a current satisfying
suitable energy estimates on the boundary of a ball, into a current satisfying a bound on the oscillation.
Secondly, we use a local approximation argument, Proposition 5.3, and describe the dipole construction,
Theorem 5.4. In the sequel we denote by ¢ > 0 an absolute real constant, possibly varying from line to line.
Moreover, recall that we assume n > p + 1.

5.1 Notation

For every d € N := N\ {0}, we denote by C4 the integral cycle in R,(SP) given by Ca(n) := d [g, 1 for all
n € DP(SP), so that 9Cq = 0, M(Cq) = d vy, for each d, and C; = [SP].
Let T € cart?!(B™ x SP), so that (2.17) holds. Writing as before Ly = [ L7, 0, 7], we let

La=[La,1,7], La:={z€Lr|0(x)=d}, VdeNT.
With v = up € WHP(B", SP), we thus can write

T=G,+ S, STZZZLdXCda (5.1)
deNt
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where every g is an i.m. rectifiable current in R,,_,(B") with multiplicity one, the (n — p)-rectifiable sets
L4 are pairwise disjoint, and, we recall, |7(z)| = 1 for all z € L4 and for each d. Therefore, on account of
(3.9), the p-energy of T' can be equivalently written as

D} (T, B) :=D}(T, B x S*) =D} (u, B) + o, ¥ d-My(La LB), (5.2)
deNt
for every Borel set B C B™, where, according to (3.8),
M, (Ly L B) = / (&) 0y AH P ().
LqaNB

As a consequence, the rectifiable measure p% can be written as
§o=0rMH"P Ly, Lr:=|] L
K T T T deN+ d>

where the (n — p)-rectifiable set L satisfies H" P(Lr) < oo, and the density 01 : L —]0,400) is the
non-negative H" P L Lpr-measurable function on L1 given by

Or(z) := ap d|7(2)]g(a) if z€Lly, deNT.
Moreover, since (4.2) and (5.2) give pur(B™) = ap 3 gen+ d - My(ILLg) < o0, there exists d € N* such that

> 1
ap Y d-My(La) < pr(B"). (5:3)
d=d+1

Therefore, on account of the bound (1.2), there exist two real constants C7,Cy > 0 such that

0<(C; < HT(SL‘) < (Cy <0 Vx e Ud<JL‘d . (54)

5.2 Slicing and projection formulas

Similarly to the case of normal currents, for every point o € B™ and for a.e. radius r € (0,7¢), where
ro = ro(x) > 0 is sufficiently small, in dependence of z, the sliced (n — 1)-current

<T7 dxnar> = <Gu7dzo7r> + <ST7d:E()7T> )

where dg, (7,y) = da, (7) := |v — 20|, is a well-defined Cartesian current in cart®!(9B, (zg) x SP), where
B,.(xg) denotes the ball of radius r centered at xg, and 9B, (z¢) its boundary. More precisely, we have

<GUT7 dxovr>(w) = / (Id > U|aBr($0))#w, wE Dnil(aBr(zO) X Sp) ,
83,«(20)
where u9p, (s, is the restriction of u to dB,(x¢), which is a Sobolev function in W'* (9B, (x),SP). Also,
<ST7d9107T> = Z <Ld7dg;077”> % Cd on Dn_l(aBr(l‘O) X Sp) .
deNt
As a consequence, we infer that for every Borel set B C B™ the p-energy of (T, d,,r) on B x SP is given by
D} (T, day, 7), B x §7) = Db (ujop, (20): B) + ap D d Mg((La, sy, )L B), (5.5)
deN+

where D¥ (v|aB, («4), B) can be written in a way similar to (1.6), by using the distributional derivative D,
w.r.t. an orthonormal frame 7 tangential to 0B, (x¢). For example, in the case gos(x) = 63, we have

1
Dp(u(‘)B T 73)27/ DT’U,Tx |den_1.
95 (z0) pr/2 3Br(zo)ﬁB| (o)

We also let
DS((T, duy, 7)) = D’;((T7 duo, ), OBy (z0) X SP).
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Remark 5.1 For future use, we denote by
SP. := {y € RP™! | dist(y,SP) < ¢}

the e-neighborhood of SP. For 0 < € < 1/2, the nearest point projection Il of SP, onto SP is a well defined
Lipschitz map with Lipschitz constant L. — 17 as € — 0. For y € S and 0 < £ < 1/2, we denote by

BS" (y7€) = Bp+1(y7€) N SP

the intersection of SP with the closed (p+1)-ball of radius € centered at y, so that II.(B**(y,¢)) = Bss (y, ).
: RP*L — Bgp (y, €) be the retraction map given by ey (2) := 1L 0 &y oy, where

Finally, we let ¥, .)
2 if ze€ BPfl(y,e)
Sworl?) =1 ¢ IZ - y| if 2 €RPTL\ BPl(y,e) (5.6)
=Y
so that W, .y is a Lipschitz continuous function with Lip ¥, .y = Lip Il — 1T ase — 07T
5.3 Projecting the image of a current
For n > p+ 1, we set
By = B"(0,p), x=(2,2) e R" P xRP, D, := B" ?(Ogn-»,p).

Proposition 5.2 Let 0 < R < Ry <1 and T € cart®!(B% x SP) be such that

D} ((T,do, R), 0B \ (D x {Ors })) < cobr(0)R" P,

D (T, do. R)) < cbr(0) R~ 5

lup(z) —y[PdH" " < coR*1,

OB

for some y € SP and for o > 0 small enough. Then there exists an absolute constant ¢ > 0 such that, if
q € Nt is the integer part of cc®™P)  where

S S
6(n—p)(p—1)

we can find a Cartesian current T € cart™! (B3 \ B") x SP), where r = R(1 — 1/q), such that:

aln,p) == — <0, (5.8)

(CL) <Ta dOaR> = <T7 d07R> and <T7 d07r> = (77[}R,7“ > \Il(y,aa))#<T7 d07R>7 where Eg = C- 0'2/37 wa,r(x) =
re/R, and W, . y(z) =1l 0§ ..y, see (5.6), so that spt(T',do,r) C OB)' X Bsr (y,€5);

(b) T has small p-energy on B} \ By, i.e.,

T pn n R
DS(T7BR\BT) SCEDS(<TadO7R>)’ (59)

(¢) we finally have
F(T - G,)_ (BR\ B") x SP) gc%R” <coR". (5.10)

PROOF: It is a readaptation of the one of [9, Prop. 4.6], where p = 2, in case ) = SP. We thus only
sketch the main modifications to the construction, where we work with the k-skeleton of triangulations, for
k=p,...,n— 1. This time, using the first inequality in (5.7), we find the estimate

1
p p—1 2/3
/Epil |Dw|2,;{1\ dH <co 7

R
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so that since HP(X}) < ¢ RP~1 ¢" P, by Holder’s inequality we get

/ |D’LU|E}{| dHPL < Cq(”—P)(P—l)/P o2/3p < col/2p ’
nh-t

R

provided that ¢ € NT is chosen as in the thesis. By the third inequality in (5.7), we may and do assume

that the oscillation of w;gp—1 is smaller than co'/?? and that the image w(E?{l) is contained in the geodesic
R ~

ball Bse (y,es). Therefore, as in Step 3 of [18], we may and do define the current T satisfying the above

properties. In fact, when extending T" from the p-skeleton to the (p + 1)-skeleton of a partition of B \ By

in “cubes”, in principle T has a non-zero boundary of the type m d,, x [SP] for each (p + 1)-face F} of such
a cubeulation, where x; is the barycenter of F; and m € Z. However, since by the construction the mass of

such a current is small with o, then necessarily m = 0. In dimension n > p + 2, and for k = p +2,...,n,
no extra-boundary is produced when extending 7" from the (k — 1)-skeleton to the k-skeleton of the cubes of
the partition of B}, \ By'. Further details are omitted O

5.4 Approximation on a ball

Let y(7) := (r — |#]) denote the distance of Z from the boundary of the (n — p)-disk D,., and
¢s(x) = (Z,05(y(¥))T), x €D, xB*, ;(y) :=min{y,d}, (5.11)
so that Qs := ¢s(D, x BP) is a small neighborhood of the interior of the disk D, x {Ogs} in B%. Also, let

ﬁé = ¢6(Dr X B?/Q) = {('%a 3"\) ‘ RS Dra P < @6(y(%))/2}’ (5'12)

where in the sequel p := |Z| = \/Tn_pt12 + - + 3,2, and
Q) = Qs \ (Dr X {Orr }) .

Proposition 5.3 Let T € cart?!(By x SP), so that the decomposition (5.1) holds. Assume that sptT C
B! x By (y,65), where y € SP and e, = ¢ - 0/, with ¢ > 0 small, and that D, x {Ogs} C La, for some
do € N*. For § > 0 small enough, we can find a current T € cart™!((B™ \ Qs) x SP) satisfying:

i) O(TL (B*\Qs) xSP) =d(TL B xSP) — [Qs] x 8, — [0D, x {Ogs}] x Cap;
ii) DE(T, (By \ Q) x SP) < Db (u, (B \ Q) + cor™ P + cpf(Qrg));
i) F((T —T)L (B"\ Qs) X SP) < cor™P.

PROOF: It suffices to argue in a way very similar to the proof of [9, Prop. 4.7] in case p = 2, with Y = SP,
on account of the bound (1.2). Therefore, it is omitted. O

5.5 The dipole construction

Theorem 5.4 Let d € NT and y € SP. For every o > 0, there exists a function v, € WL"(Q(;,S"), with
§ > 0 sufficiently small, such that G,, € cart?!(int(Qs) x SP) and

/ﬁ b (0, Dvy) dx < or" P +[T|g0) - H" P (Dy) - apd, (5.13)
)

where T :=e1 A+ ANep_p € A pR™. Moreover, vg#[[(l(g]] = Cq and

8G,,, = [ Q5] x 8, + [0D, x {Ops }] X Ca - (5.14)
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PROOF: Set Q := D, x B1/27 and assume that u € W1P(Q,SP) only depends on the last p variables, i.e.,
u = u(Z), where z = (,Z) € R"7P x RP. By Fubini’s theorem, for every 0 < p < r we have

/ ¢b(0, Du(z)) dz = H"*(D,) - / e?(0, Du(®)) d&
D ><Bf/2 Bf/z

Now, writing u := u o L™, where L = L(0) is given by (3.2), by (3.3) we obtain:

eb(0, Du(z)) = |Du(z)?, z:=L"'z.

pP/2

Let {v1,...,v,} C R™ be a g(O) orthogonal basis given by eigenvectors of the matrix ¢(0), and let
S € M(n,n) be given by S := v}, where v; := (vj,...,v}). Since 7 orients the (n — p)-disk D,, it turns
out that u € WHP(L=1(Q), Sp) only depends on the orthogonal directions to S'7. Setting ¢; := S'e;, this
means that

u(z) = F(z"7PTL 02", z= Zzi €; (5.15)

for some function F € WP(D,SP), where D := L™ ({Ogn-»} x Bf/Z) On the other hand, since # = Lz,
where L € M (p,m) is the matrix of the last p rows of L, by a change of variable we find that
PN ~ 1
/p 2(0. Du(®)) d = M) L] - 5 /~ \DFP dH” | (5.16)
B!, p D
where |M(p)f| is the p-dimensional Jacobian of L. More precisely, setting o :=(1,...,n—p) € I(n —p,n),
M L>= Y ML), (5.17)
y€l(n—p,n)
Lemma 5.5 We have |M(p)f| = |7|q4, where g = g(0).

PROOF: By (3.5) and Proposition 3.4, we infer that
7ly = (det L) [Ay—p L7 (7). L=L(0), g=g(0).
Since An,pL’l(T) =L 1legA--- A Lilen,p, we compute
Ay LN = > MJ(L7V)e,.
yeI(n—p,n)
Moreover, Lemma 2.1 yields

(det L) M, (L") = 0(7,7) o (w0, a0) M2 (L),

so that we obtain

r2= > (detL)’MI (L7N)?= > MI(L)
yeI(n—p,n) yeI(n—p,n)
and hence the assertion follows from (5.17). O

Now, on account of Proposition 2.2, arguing as e.g. in [17, Sec. 5.1], we readily obtain:

Proposition 5.6 Let d € Nt and y € SP be a given point. There exists a family of Lipschitz functions

F¢: D =S¥ such that FY 55 =y and

pP/2/ |IDFY|P dHP < oy d + ce,

where D := L™ ({Ogn-» } ¥ Bl/2) Moreover, Fsy#[[f)]] = C4-
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As a consequence, taking F' = F¥ in (5.15), by (5.16) and Lemma 5.5 we obtain u. € W1P(Q,SP) such
that for every p € (0, 7]

/ e8(0, Duz)dx < H'P(D,) - 7ly(0) - (cpd + ). (5.18)
D,xB?
pX By o

Moreover, arguing as in a way similar e.g. to [17, Sec. 5.5], by using the bound (1.2) we obtain:

Lemma 5.7 Let 0 < <1 and u§ := uc 0 ¢>gl Qs — SP, where ¢s is given by (5.11). Then we have

/~ eb(0, Duj) dx < / eh(0, Du.) dac—i—c/ eh(0, Du.) dz.
Qs D, xB} (D \Dy—5)x B}

p
/2 /2

Definitely, on account of (5.18), we obtain the energy estimate

[ €30.Du)ds < P (D) + MDA D, ) el - (g d+-2).
5

and hence, setting v, := u§ for € > 0 sufficiently small, and for ¢ sufficiently small in dependence of € and
of the Lipschitz constant of FY, we get (5.13), whereas (5.14) follows from the construction. O

5.6 Proof of the approximation theorem

PROOF: [Proof of Theorem 4.2] It is very similar to the proof of [9, Thm. 4.4], taking account the preliminary
results already obtained in this section. For that reason, it is only sketched, and we simply outline the main
differences. Incidentally, we also point out a flaw in the cited theorem, that is adjusted here. Precisely, the
upper bound in [9, Eq. (4.5)] fails to hold, and in order to correct the argument, one has to proceed in a
way similar to the argument yielding to (5.4).

Referring to [9, pp. 28-32], we essentially replace the exponent 2 with p, e.g., cart®! with cart”!, and
choose X = B", Y = SP, so that N = p + 1, and H3”" () becomes Hy(SP) ~ Z, whence R, € H3""(Y) is
replaced with the p-cycle Cq4, for some d € N*. Therefore, set(ILg,) becomes Lgy,. Moreover, the terms Dy,
eg, and pr, become D¥, eb, and puf, respectively.

More precisely, on pp. 28-29, where we take (n — p)-submanifolds M, we modify properties i)-xiii)
as follows. The exponent n — 2 becomes n — p in Eqgs. (4.14), (4.17), and (4.18). Moreover, v) becomes
“M; C Lg for some d = d; € N*”, whereas in viii), taking r; small so that |Du(p;)[? 7;* < o 07(p;), we
obtain Eq. (4.19), with 7’;”_3 replaced by r;l_p_l, and similarly for Eq. (4.20). In x), by the continuity
property (4.1), we get Eq. (4.21) with |G|? instead of |G|?. Finally, in xi), Eq. (4.22) becomes:

i (Bj) = apdj - wnp " Pl S ownpr" TP, wpp = HTTP(BTP).

In addition, on account of (5.3) and (5.4), in the sequel we let Z(d) denote the set of indexes j such
that property v) holds true with d = d; < d, and we work with the restriction of 7" to the balls B;, where
J € Z(d). Therefore, we now fix j € Z(d) in the definition of 77 on p. 29, and we follow the lines up to
Eq. (4.30), with the following modifications.

We replace d with Ry, and apply Proposition 5.2 instead of [9, Prop. 4.6]. Furthermore, since the negative
constant «(n) = a(n,2) is replaced by a(n,p) in (5.8), instead of S(n) = S(n,2) we let:

Bn,p) = o >0
n) = )
12(n —p)(p — 1)
so that Eq. (4.23) holds with n — p instead of n — 2. Following the lines of the proof, this time the current
17 satisfies the hypotheses of Proposition 5.3, instead of [9, Prop. 4.7]. We then apply Theorem 5.4 instead
of [9, Thm. 4.8]. Therefore, e.g. the last centered formula on p. 30 becomes:

/ﬁ eb(x, Dvi)de < cory" P+ (1+co) pf(By).
8
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Now, after [9, Eq. (4.30)], we conclude in a different way, and define 77 € cart?!(B™ x SP) by

7= 3 T+ T (B"\ | nt(B;)) xS,
JEZ(d) JEZ(d)

This way, the first centered formula on p. 32 is replaced by:

pre(B") < ¢ Z 1w (Bpj,m5) \ (B(ps, try) N M;))
JEZ(d)

+ Y w(Bpy,ry)) + #(B™\ L)
J€Z(d) 1 1

co pp(B") + 7 wp(B") < 5 pp(B"),

IA

and the second one by
gz T(") T)L B; x SP) <caern Pl
= =

if o =o(e,k, Lo, pd) > 0 is small. Taking T = T°, the proof is complete. Further details are omitted. [
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