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Abstract. The p-energy of Sobolev mappings between Riemannian manifolds is studied, for each integer p greater

than two. We analyse the lower semicontinuous extension of the energy to currents. We then restrict to mappings

with values into the p-sphere, by giving an explicit relaxed p-energy formula, whose proof depends on a strong density

result. Finally, a related coarea formula is obtained.
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1 Introduction

Let X and Y be two smooth, compact, connected, oriented Riemannian manifolds, where X is possibly with
a non-empty boundary ∂X , but Y is closed.

The Dirichlet energy, or action in Physics, of a smooth map U : X → Y is defined as the integral of the
square of the derivative dU , so that

1

2

∫
X
|dUx|2 dvolX , |dUx|2 = tr [(dUx)∗dUx] , (1.1)

where A 7→ trA and G 7→ G∗ denote the trace and adjoint operator, respectively, compare [13, Sec. 4.1].
By Nash embedding theorem, we assume that the target manifold Y is isometrically embedded, as a

submanifold, in some Euclidean space RN . Therefore, since the Riemannian metric on Y is induced by the
standard metric on RN , the inner product of two tangent vectors to Y at a point y ∈ Y is simply their inner
product, and the metric tensor on Y is given by the Kronecker symbols γij = δij , where i, j = 1, . . . , N . We
thus consider maps U : X → RN that are constrained to take values into the submanifold Y.

Let n = dimX . Given a local parameterization φ : Ω → X , where Ω ⊂ Rn is a bounded open set, the
metric tensor g = (gαβ) at x ∈ Ω is given by gαβ(x) = ∂xαφ(x) · ∂xβφ(x), for α, β = 1, . . . , n. Therefore, by
compactness, there exists a positive real constant C, depending on Ω, such that for every x ∈ Ω and τ ∈ Rn

C|τ |2 ≤ |τ |2g(x) ≤
1

C
|τ |2 , |τ |2g(x) := τ>g(x) τ , (1.2)

where G 7→ G> denotes the transposition operator on matrices and column vectors.
If (gαβ) = (gαβ)−1 denotes the inverse of the metric tensor, with u = U ◦ φ one computes

tr [(dUx)∗dUx] =

n∑
α,β=1

N∑
i,j=1

gαβ(x)δij
∂ui

∂xα
∂uj

∂xβ
, x ∈ Ω ,

where u = (u1, . . . , uN ). Therefore, the volume element dvolX being equal to
√

det g dx, the Dirichlet energy
in local coordinates takes the form

1

2

∫
Ω

n∑
α,β=1

N∑
i,j=1

gαβ(x)δij
∂ui

∂xα
∂uj

∂xβ

√
det g(x) dx . (1.3)

The Dirichlet energy is a conformally invariant functional in dimension n = 2. In case X = Bn, the unit
ball in Rn, and gαβ(x) ≡ δαβ , one recovers the standard Dirichlet integral. In a similar way, for any integer
p ≥ 2, the functional

1

pp/2

∫
Bn
|Du(x)|p dx , n ≥ p (1.4)
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is conformally invariant in the critical dimension n = p. It will be called Euclidean p-energy functional.

In this paper, we deal with the p-energy of maps U : X → Y. Therefore, we assume n ≥ p ≥ 2 integer,
and dimY ≥ p, so that N > p.

For the sake of simplicity, in the sequel we only consider local arguments, and hence we assume X =
(Bn, g). Therefore, without loss of generality we can find an absolute constant C > 0 such that the bound
(1.2) holds for every x ∈ Bn and τ ∈ Rn. Global results can be obtained by using arguments as e.g. in [9],
where the case p = 2 was analysed.

When X = (Bn, g), the p-energy of smooth maps u : Bn → Y ⊂ RN is given by

Dp
g(u,B

n) :=

∫
Bn

epg(x,Du(x)) dx , (1.5)

where the p-energy density is defined for any x ∈ Bn and any real valued N × n-matrix G in M(N,n) as:

epg(x,G) :=
(1

p

n∑
α,β=1

N∑
i,j=1

gαβ(x)δij G
i
αG

j
β · (det g(x))1/p

)p/2
. (1.6)

From another viewpoint, one may be interested in studying the energy∫
Bn

fp(x,Du) dx (1.7)

of mappings u : Bn → Y ⊂ RN , where the integrand fp : Bn ×M(N,n)→ R+ is defined by

fp(x,G) :=
(1

p
tr (GA(x)G>)

)p/2
, x ∈ Bn , G ∈M(N,n) , (1.8)

x 7→ A(x) being a continuous map from Bn to the space of positive definite matrices in M(n, n).
Setting c(p, p) = 0, and c(n, p) = 1/(n− p) if n > p, we get for any n ≥ p the equivalence:

g(x) := (detA(x))c(n,p)A(x)−1 ⇐⇒ Aαβ(x) :=
(
det g(x)

)1/p
gαβ(x) , ∀x ∈ Bn . (1.9)

Therefore, it turns out that the integral (1.7) agrees with the p-energy (1.5) of mappings u : X → Y ⊂ RN ,
where X = (Bn, g), i.e., on account of the equivalence in (1.9), we have:

fp(x,G) = epg(x,G) ∀ (x,G) ∈ Bn ×M(N,n) . (1.10)

Note that for n = p + 1, in (1.9) we have g(x) = cof A(x). Therefore, since |τ |2g(x) = τ>g(x) τ , we have

|τ |2g(x) = τ>(cof A(x)) τ , ∀ τ ∈ Rp+1. (1.11)

We wish to analyse the relaxed p-energy (1.12) of non-smooth maps u : X → Y, where X = (Bn, g) as
above. For the sake of simplicity, we only discuss the easier case when the target manifold Y is equal to the
unit p-sphere

Sp :=
{
y ∈ Rp+1 : |y| = 1

}
, p ≥ 2 .

Some of the new results contained in this paper extend the ones obtained in [9] when p = 2. Moreover,
similar problems concerning energies with a non-negative measurable (or continuous) weight∫

Bn
a(x) |Du|p dx

of non-smooth maps u : Bn → Sp have been studied. We refer to [19] and [19] for the case n = 3 and p = 2,
and to [22] for the case n ≥ p + 1 ≥ 3. In addition, H1/2-maps with measurable weights and taking values
into the circle have been thoroughly analysed in [21].
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1.1 Main results

In the same spirit as for Lebesgue’s relaxed area, for every map u ∈ Lp(Bn,Sp) we define:

D̃p
g(u,B

n) := inf
{

lim inf
k→∞

Dp
g(uk, B

n) | {uk} ⊂ C∞(Bn,Sp) ,

uk → u strongly in Lp(Bn,Rp+1)
}
,

(1.12)

where, for F = Lp, W 1,p, or C∞, we denote

F(Bn,Sp) := {u ∈ F(Bn,Rp+1) : |u(x)| = 1 for a.e. x ∈ Bn} .

Due to the bound (1.2) on the metric g, a map u ∈ Lp(Bn,Sp) with finite relaxed p-energy belongs to
the Sobolev class W 1,p(Bn,Sp). In that case, moreover, one can replace the strong Lp-convergence with the
sequential weak W 1,p(Bn,Rp+1) convergence uk ⇀ u, without affecting the relaxed functional. In addition,
by the convexity of the p-energy functional, the p-energy gap

Gp
g(u,B

n) := D̃p
g(u,B

n)−Dp
g(u,B

n) , u ∈W 1,p(Bp,Sp) , (1.13)

is always non-negative. Furthermore, in low dimension n = p, by Schoen-Uhlenbeck density theorem [25],
and by dominated convergence, one has

D̃p
g(u,B

p) = Dp
g(u,B

p) ∀u ∈W 1,p(Bp,Sp) . (1.14)

This property follows essentially thanks to the embedding of the Sobolev space W 1,p(Bp) in the class VMO
of functions with vanishing mean oscillation.

Therefore, we now assume n ≥ p+1. In the Euclidean case, so that the energy Dp
g(u,B

n) of smooth maps
is equal to the integral in (1.4), the explicit formula for the relaxed energy is well-known, see Theorem 2.12
below. In case p = 2, it was first proved in [10] and independently (see Eq. (2.28) below) in [3], in low
dimension n = 3, and then extended to any high dimension n in [26].

In this paper, we show that the relaxed p-energy (1.12) of Sobolev maps is always finite, so that

D̃p
g(u,B

n) <∞ ⇐⇒ u ∈W 1,p(Bp,Sp) , ∀n ≥ p + 1 . (1.15)

In addition, we find an explicit formula for the p-energy gap (1.13). As in the Euclidean case, it depends on
the size of the minimal connection of the singularities of u.

Precisely, using homological tools from Geometric Measure Theory, it is well-known [13] that the relevant
singularities of a map u in W 1,p(Bn,Sp) are described by an (n−p−1)-dimensional current P(u), that turns
out to be an integral flat chain. Referring to Sec. 2 for the notation adopted here, the latter property means
that there exists an i.m. rectifiable current L ∈ Rn−p(Bn), with finite mass, M(L) < ∞, that bounds the
singularities of u, i.e., such that equation L(dη) = P(u)(η) holds for every compactly supported smooth
(n− p− 1)-form η in Bn, where dη is the differential of η. In this case, we write shortly

(∂L) Bn = P(u) .

In dimension n = p+1, if e.g. uV (x) = x/|x|, the vortex map, we find that P(uV ) = −δ0, and a 1-current
L as above is obtained by integration of 1-forms along any oriented segment connecting a boundary point
of Bp+1 to the origin 0.

In high dimension n > p + 1, if u ∈W 1,p(Bn,Sp) is defined by

u(x) =
x̃

|x̃|
, x = (x̃, x̂) ∈ Rp+1 × Rn−p−1 , (1.16)

the singular set of u is the (n− p− 1)-dimensional disk

∆n−p−1 := {(0Rp+1 , x̂) ∈ Rn : |x̂| ≤ 1} .
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Moreover, denoting by [[ ∆n−p−1 ]] the current obtained by integration of (n−p−1)-forms on the disk ∆n−p−1,
equipped with the natural orientation induced by the canonical basis in Rn, we have:

P(u) = (−1)n−p[[ ∆n−p−1 ]] . (1.17)

The minimal connection among currents L as above, is computed with respect to the g-mass Mg(L). In
the Euclidean case, it agrees with the usual mass. If e.g. n = p + 1, so that L ∈ R1(Bp+1), the g-mass of L
depends on formula (1.11). More precisely, in case L is obtained by integration along a smooth and oriented

curve γ : [a, b]→ B
p+1

, with γ(t) ∈ Bp+1 for each t ∈]a, b[, then

Mg(L) =

∫ b

a

|γ′(t)|g(γ(t)) dt =

∫ b

a

(
γ′(t)>(cof A(γ(t))) γ′(t)

)1/2
dt ,

where A(x) is given by formula (1.9). Therefore, the g-mass of L agrees with the length of γ in the Riemannian
manifold X = (Bp+1, g). More generally, if T ∈ Rk(Bn) is the k-current integration on a smooth, embedded,
and oriented k-surface M of Bn, say L = [[M ]], then for every integer 1 ≤ k ≤ n we have

Mg(L) = Mg([[M ]]) = Hkg(M) ,

where Hkg denotes the k-dimensional Hausdorff measure in Bn with respect to the distance induced by the
metric tensor g, compare e.g. [24].

The integral g-mass of P(u) is defined for every u ∈W 1,p(Bn,Sp) by

mg
i,Bn(P(u)) := inf

{
Mg(L) | L ∈ Rn−p(Bn) , (∂L) Bn = P(u)

}
and the minimum is always attained. In case e.g. of the vortex map uV (x) = x/|x|, it is equal to the minimal
length in X = (Bp+1, g) among the smooth geodesic arcs between a boundary point of Bp+1 and the origin.

In this paper, we show that in any dimension n ≥ p + 1

Gp
g(u,B

n) = αp ·mg
i,Bn(P(u)) <∞ , ∀u ∈W 1,p(Bn,Sp) , (1.18)

where αp := Hp(Sp) is the p-dimensional area of the unit p-sphere, see Sec. 4.2.
Note that in dimension n = p + 1, we equivalently have:

Gp
g(u,B

p+1) = αp · Lg(u,Bp+1) , ∀u ∈W 1,p(Bp+1,Sp) , (1.19)

where the flat g-norm of a function u ∈W 1,p(Bp+1,Sp) is defined in the sense of Brezis-Coron-Lieb [5] by

Lg(u,B
p+1) :=

1

αp
sup
{∫

Bp+1

D(u) ·Dφ dx | φ ∈ C∞c (Bp+1) , |Dφ|g(x) ≤ 1 ∀x ∈ Bp+1
}
, (1.20)

with D(u) ∈ L1(Bp+1,Rp+1) the D-field D(u) = (D1(u), . . . , Dp+1(u)), with components given by (2.10).
We also obtain an estimate concerning the energy gap. In fact, extending the coarea formula by Almgren-

Browder-Lieb [1], in Theorem 4.4 we prove for every smooth map u ∈W 1,p(Bn,Sp) the p-energy lower bound

Dp
g(u,B

n) ≥
∫
Bn

Jgu(x) dHng (x) =

∫
Sp
Hn−pg (u−1(y)) dHp(y) ,

where Jgu is the Jacobian of u with respect to the metric g on Bn.
Moreover, the latter formula extends to the classR∞p (Bn,Sp), given by the Sobolev maps u ∈W 1,p(Bn,Sp)

that are smooth outside a “smooth” singular set of dimension (n− p− 1). This is e.g. the case of the vortex
map uV (x) = x/|x|, in dimension n = p + 1, or the map in (1.16), in higher dimension. The above class
was introduced by Bethuel [2], who showed that it is strongly dense in W 1,p(Bn,Sp). As a consequence, we
readily obtain in any dimension n ≥ p + 1 the energy gap estimate

Gp
g(u,B

n) ≤ Dp
g(u,B

n) , ∀u ∈ R∞p (Bn,Sp) . (1.21)

Finally, by Federer’s theorem [6] on 0-dimensional integral flat chains, in dimension n = p+1 we are able
to extend the gap estimate (1.21) to the whole class W 1,p(Bp+1,Sp), see Corollary 4.5.
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1.2 Content of the paper

As in the case p = 2 treated in [9], following arguments by Giaquinta-Modica-Souček, the relaxed energy
formula (1.18) stems from the theory of Cartesian currents in Bn × Sp with finite p-energy.

For that reason, in Sec. 2 we introduce the basic GMT tools, and report the analysis of the class
cartp,1(Bn × Sp), showing how the formula of the relaxation of the Euclidean p-energy (1.4) is obtained.

In Sec. 3, we analyze the parametric polyconvex l.s.c. envelop of the p-energy density integrand (1.6).
We then write an explicit formula for the corresponding energy functional T 7→ Dp

g(T ) on currents in

cartp,1(Bn × Sp). The results there obtained are new, and extend the case p = 2 analyzed in [9].
In Sec. 4, we prove the explicit formula (1.18) for the relaxed p-energy, and the coarea formula, Theo-

rem 4.4, yielding to the energy gap estimate (1.21). Inequality “≥” in formula (1.18) follows from the lower
semicontinuity of the p-energy functional T 7→ Dp

g(T ). Inequality “≤”, instead, is a consequence of the
validity of a suitable strong density result for Cartesian currents.

Namely, in Theorem 4.1 we show that for every T ∈ cartp,1(Bn × Sp), there exists a sequence of smooth
maps {uk} ⊂ C∞(Bn,Sp) such that the corresponding graph currents weakly converge to T in Dn(Bn × Sp),
and Dp

g(uk, B
n)→ Dp

g(T ).
Following an idea by M. Giaquinta, the latter strong density result is a consequence of the approximation

argument contained in Theorem 4.2, whose technical proof is postponed to Sec. 5. It is based essentially
on adaptations of the one in case p = 2 obtained in [9], but in the easier situation when X = (Bn, g) and
Y = Sp. Therefore, it relies on arguments taken from the density theorems in [16] and [18], see also [17].

As a consequence of the previous results, we also discuss the relaxed p-energy of mappings inW 1,p(Bn,Sp),
where p > 2 is a non-integer exponent and p is the integer part of p. Roughly speaking, since p > p, in the
relaxation process, concentration along (n− p)-dimensional sets cannot be obtained with a finite amount of
p-energy, see Theorem 4.6.

We finally remark that the relaxed p-energy of mappings satisfying a suitable Dirichlet-type boundary
conditions can be tackled in a similar way, following arguments taken e.g. from [13, Sec. 4.2.5]. In another
direction, similar results concerning more general target manifolds1 can be treated using arguments taken
from [9] for the case p = 2. However, for the sake of brevity, neither of the latter items is reported here.

2 Notation and background material

We refer to [12], [13], and [17] for further details concerning the following notation.

2.1 Multivectors and linear mappings

Denote by I(k,m) the class of ordered multi-indices α in {1, . . . ,m} of length |α| equal to k, i.e., α =
(α1, . . . , αk) where 1 ≤ α1 < · · · < αk ≤ m, and, for convenience, I(0,m) := {0}. Moreover, let α be the
element in I(m − k,m) which complements α, and σ(α, α) the sign of the permutation that reorders the
multi-index (α, α) in the natural way.

Let (ei)
n
i=1 and (εj)

N
j=1 be the canonical bases in Rn and RN , respectively. The dual bases of covector

are denoted by (dxi)ni=1 and (dyj)Nj=1. Also, for α ∈ I(k, n) and β ∈ I(h,N), the corresponding unit simple

multi-vectors are eα := eα1
∧ · · · ∧ eαk and εβ := εβ1

∧ · · · ∧ εβh . Moreover, ∧nRn+N is the space of n-vectors
ξ in Rn+N , so that every ξ ∈ ∧nRn+N can be written as

ξ =
∑

|α|+|β|=n

ξαβeα ∧ εβ , ξαβ ∈ R .

If G : Rn → RN is a linear map, we also denote by G the N ×n-matrix in M(N,n) associated to G with
respect to the standard bases. For multi-indices α ∈ I(k, n− k) and β ∈ I(N, k), where 1 ≤ k ≤ min{n,N},

1Let Y be (p − 1)-connected, so that by the Hurewicz theorem, the p-th homotopy group πp(Y) and the p-th homology

group with integer coefficients Hp(Y) are isomorphic. Moreover, denoting by Hsph
p (Y) the spherical subgroup of Hp(Y), assume

that the quotient Hp(Y)/Hsph
p (Y) is torsion-free, compare [12, Sec. 5.4.1]. Then, it turns out that the relevant singularities of

non-smooth maps can be treated through homological arguments, as in the easier case Y = Sp.
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we denote by Gβα the minor of order k of G with rows β and columns α, and by Mβ
α (G) := detGβα its

determinant, where by definition we set M0
0 (G) := 1.

For G ∈M(N,n), the vectors ei +Gei ∈ Rn+N , i = 1, . . . , n, yield a basis of the tangent n-plane to the
graph of the linear map G in Rn+N . The simple n-vector

M(G) := (e1 +Ge1) ∧ · · · ∧ (en +Gen) ∈ ΛnRn+N (2.1)

identifies the graph of G, and the unit n-vector ξG := M(G)
|M(G)| in fact orients such an n-plane. Note that the

map G 7→M(G) from M(N,n) to ∧nRn+N is injective, as

M(G) =
∑

|α|+|β|=n

σ(α, α)Mβ
α (G) eα ∧ εβ . (2.2)

Let L : V → W be a linear map between finite dimensional vector spaces V and W . The induced linear
transformation ∧kL : ∧kV → ∧kW is defined on simple k-vectors of V by

∧kL(v1 ∧ · · · ∧ vk) := Lv1 ∧ · · · ∧ Lvk .

Denoting by (Id ./ G) : Rn → Rn+N the graph map (Id ./ G)(x) := (x,Gx), we have

M(G) = ∧n(Id ./ G)(e1 ∧ · · · ∧ en) ∀G ∈M(N,n) .

Moreover, the following Laplace’s formulas hold true (cf. [9, Lemma 2.1]):

Lemma 2.1 Let L : Rn → Rn be a non-singular linear map. Then for any 0 ≤ |α| = |γ| ≤ n

σ(γ, γ)σ(α, α)Mα
γ (L) = (detL)Mγ

α(L−1) .

For any square matrix L ∈M(n, n), let LL : ∧nRn+N → ∧nRn+N be the linear map defined by

LL(ξ) :=
∑

|α|+|β|=n

σ(α, α) ξαβL eα ∧ εβ , ξαβL :=
∑
|γ|=|α|

σ(γ, γ) ξγβMγ
α(L) , (2.3)

if ξ =
∑

|γ|+|β|=n

ξγβeγ ∧ εβ ∈ ΛnRn+N . It turns out (cf. [9, Lemma 2.3]) that LL(M(G)) = M(GL) for any

G ∈M(N,n). Moreover, if detL 6= 0, then LL is bijective and

LL−1 = LL−1 . (2.4)

2.2 Integer rectifiable currents

Let U ⊂ Rm be open and k be integer, with 0 ≤ k ≤ m. We denote by Dk(U) the strong dual of the space
Dk(U) of compactly supported smooth k-forms, whence D0(U) is the class of distributions in U . For any
k-current T ∈ Dk(U), we define its mass M(T ) as

M(T ) := sup
{
T (ω) | ω ∈ Dk(U) , ‖ω‖ ≤ 1

}
,

where ‖ω‖ is the comass of ω, see (3.6) below, and its support sptT is defined in a way similar to the case
of distributions in D0(U). For k ≥ 1, the boundary of T is the (k − 1)-current ∂T defined by the relation

∂T (η) := T (dη) , ∀η ∈ Dk−1(U) ,

where dη is the differential of η. The weak convergence Th ⇀ T in the sense of currents in Dk(U) is defined
through the formula

lim
h→∞

Th(ω) = T (ω) , ∀ω ∈ Dk(U) .

If Th ⇀ T , by lower semicontinuity one has

M(T ) ≤ lim inf
h→∞

M(Th) .
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If T ∈ Dk(U) has finite mass, there exists a Borel regular and finite measure ‖T‖ in U , and a ‖T‖-
measurable map

−→
T : U → ∧kRm, with |

−→
T | = 1 for ‖T‖-almost every x ∈ U , such that

T (ω) =

∫
U

〈ω,
−→
T 〉d‖T‖ ∀ω ∈ Dk(U) , (2.5)

where
−→
T is the Radon-Nikodym derivative of T with respect to ‖T‖. Therefore, one has T =

−→
T ‖T‖.

Denote by Hk the k-dimensional Hausdorff measure in Rm. For k ≥ 1, a current T ∈ Dk(U) is said to

be of the type (M, θ,
−→
ξ ), say T = [[M, θ,

−→
ξ ]], if the action of T is given by

T (ω) =

∫
M
〈ω(z),

−→
ξ (z)〉 θ(z) dHk(z) ∀ω ∈ Dk(U) , (2.6)

where M ⊂ U is countably Hk-rectifiable, the multiplicity θ : M →]0,+∞] is Hk-measurable and locally

(Hk M)-summable, and
−→
ξ :M→ ∧kRm is Hk-measurable with |

−→
ξ | = 1 (Hk M)-a.e. Furthermore, T

is said to be an integer multiplicity (i.m) rectifiable current, T ∈ Rk(U), if in addition T has finite mass, the

density θ takes integer values, and for Hk-almost every z ∈M the unit k-vector
−→
ξ (z) ∈ ΛkRm provides an

orientation to the approximate tangent space to M at z. In that case, M(T ) =
∫
M θ dHk <∞.

If e.g. M is a smooth, embedded and oriented k-manifold in U , with Hk(M) < ∞, a current [[M ]] in
Rk(U) is naturally associated toM, its action on k-forms being given in the sense of Differential Geometry:

[[M ]](ω) :=

∫
M
ω , ∀ω ∈ Dk(U) .

Finally, when k = 0, a current T ∈ R0(U) is given by a finite sum T =
∑m
j=1 ∆j δaj , where ∆j ∈ Z and

δaj is the unit Dirac mass at a point aj ∈ U .

2.3 Sobolev maps into the p-sphere

Let n ≥ p ≥ 2 be integer. For every u ∈W 1,p(Bn,Sp) and for any Borel set B ⊂ Bn, we denote by

Dp(u,B) :=

∫
B

1

pp/2
|Du|p dx , Dp(u) := Dp(u,Bn) ,

the Euclidean p-energy functional. It is scale invariant in the critical dimension n = p, where the so called
bubbling-off phenomenon occurs, see Example 2.9.

The stereographic projection σ of the unit p-sphere Sp onto Rp, from the south pole PS := (0Rp ,−1),
maps (y, z) ∈ Sp ⊂ Rp × R, with |y|2 + z2 = 1, to y/(1 + z) ∈ Rp. Its inverse σ−1 : Rp → Sp is given by

σ−1(x) :=

(
2

1 + |x|2
x,

1− |x|2

1 + |x|2

)
, ∀x ∈ Rp .

Since the Jacobian Jσ−1 is equal to p−p/2 |Dσ−1|p, by the area formula we have

1

pp/2

∫
Rp

|Dσ−1|p dx =

∫
Rp

Jσ−1 dx = αp ,

where here and in the sequel we denote
αp := Hp(Sp) .

The map (−1)p σ−1 is an orientation preserving conformal diffeomorphism from Rp into Sp \ {PS}, where
Sp is equipped with the natural orientation induced from the outward unit normal; in particular,

(−1)p σ−1
# [[Rp ]] = [[ Sp ]] .

We modify σ−1 as follows. We first write

σ−1(x) =
( x
|x|

sin θ(|x|),− cos θ(|x|)
)
, x ∈ Rp ,
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where θ(r), for r > 0, is the angular distance of σ−1(∂Bp
r ) from the south pole PS . For ε > 0 small, we set

θε(r) :=

 θ(r) if r < Rε
ε (2Rε − r)/Rε if Rε ≤ r ≤ 2Rε
0 if r > 2Rε ,

where Rε := θ−1(ε), and define ϕε : Rp → Sp by

ϕε(x) := (−1)p
( x
|x|

sin θε(|x|),− cos θε(|x|)
)
, x ∈ Rp .

Clearly, ϕε is Lipschitz-continuous, with ϕε(x) = (−1)pσ−1(x) for |x| < Rε and ϕε(x) ≡ (−1)p PS for
|x| > 2Rε. Moreover, see [13, Sec. 4.1.1], it can be shown that its Euclidean p-energy satisfies

1

pp/2

∫
Rp

|Dϕε|p dx ≤ αp + c ε ,

where c > 0 is an absolute constant, and that the image current

ϕε#[[Rp ]] = ϕε#[[Bp
2Rε

]] = [[ Sp ]] .

Finally, by considering the mapping ϕε,δ(x) := ϕε(Rεx/δ), where the positive parameter δ can be chosen
independently of ε, one can even shrink the set {x ∈ Rp | ϕε(x) 6= (−1)p PS} to {0Rp}, without affecting the
Euclidean p-energy, and state the following

Proposition 2.2 For any ε, δ > 0, there exists a smooth map ϕε,δ : Rp → Sp such that ϕε,δ is conformal
on Bp

δ/2, ϕε,δ ≡ (−1)p PS outside Bp
δ , ϕε,δ#[[Rp ]] = [[ Sp ]], and

αp ≤
1

pp/2

∫
Rp

|Dϕε,δ|p dx ≤ αp + c ε .

In dimension n = p, Schoen-Uhlenbeck density theorem [25] yields that the class of smooth maps in
W 1,p(Bp,Sp) is strongly dense in W 1,p(Bp,Sp). However, strong density of smooth maps is false in higher
dimension, a counterexample in case n = p+1 being given by the vortex map uV (x) = x/|x|. For that reason,
Bethuel [2] introduced the relevant class R∞p (Bn,Sp) of maps u ∈ W 1,p(Bn,Sp) that are smooth outside a
“smooth” closed singular subset Σ(u) of Bn of dimension (n − p − 1), e.g., a discrete set for n = p + 1. In
fact, he proved:

Theorem 2.3 For any n ≥ p + 1, the class R∞p (Bn,Sp) is strongly dense in W 1,p(Bn,Sp).

2.4 Singularities and degree

Let n ≥ p + 1, where p ≥ 2. Let ωSp denote the volume p-form on Sp,

ωSp :=

p+1∑
j=1

(−1)j−1yj d̂yj , y = (y1, . . . , yp+1)

where d̂yj := dy1 ∧ · · · ∧ dyj−1 ∧ dyj+1 ∧ · · · ∧ dyp+1, so that dωSp = (p + 1) · dy1 ∧ · · · ∧ dyp+1 and

[[ Sp ]](ωSp) =

∫
Sp
ωSp = Hp(Sp) =: αp .

To every Sobolev map u ∈W 1,p(Bn,Sp), we associate an (n− p− 1)-current P(u) in Bn given by

P(u)(φ) :=
1

αp

∫
Bn

dφ ∧ u#ωSp , ∀φ ∈ Dn−p−1(Bn) . (2.7)
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The current P(u) in (2.7) describes the relevant singularities of maps u ∈W 1,p(Bn,Sp), compare [13]. If
e.g. n = p + 1 and u is in R∞p (Bp+1,Sp), with singular set Σ(u) = {aj | j = 1, . . .m}, we have

P(u) = −
m∑
j=1

∆j δaj , (2.8)

where ∆j ∈ Z is the degree of u around the point aj , see (2.12) below. For e.g. the vortex map uV (x) = x/|x|,
we get P(uV ) = −δ0. In high dimension n ≥ p + 2, for e.g. the map in (1.16) we get to Eq. (1.17).

In [13], the authors also defined the (n− p)-current D(u) ∈ Dn−p(Bn) given by

D(u)(γ) :=
1

αp

∫
Ω

γ ∧ u#ωSp

for every γ ∈ Dn−p(Bn), so that clearly

P(u) = ∂ D(u) on Dn−p−1(Bn) . (2.9)

In dimension n = p + 1, Eq. (2.9) can be re-written in terms of the so called D-field of Brezis-Coron-
Lieb [5, App. B], that is by the vector field D(u) ∈ L1(Bp+1,Rp+1) defined in components by D(u) =
(D1(u), . . . , Dp+1(u)), where

Di(u) := det
( ∂u
∂x1

, . . . ,
∂u

∂xi−1
, u,

∂u

∂xi+1
, . . . ,

∂u

∂xp+1

)
. (2.10)

Therefore, property (2.9) implies the equivalence:

P(u) = 0 ⇐⇒ DivD(u) = 0 on Bp+1 ,

where Div denotes the distributional divergence.
In higher dimension n ≥ p + 2, the (n− p)-vector field D(u) can be defined as the dual to u#ωSp ,

〈η,D(u)(x)〉dx1 ∧ · · · ∧ dxn := η ∧ u#ωSp(x) ∀ η ∈ ∧n−p(Rn) ,

see [13, Sec. 5.2.1], and hence it may be identified with ∗u#ωSp , where ∗ is the Hodge operator.
In general, for maps u ∈W 1,p(Bn,Sp), where n ≥ p + 1, we have

D(u)(γ) =
1

αp

∫
Bn
〈γ,D(u)〉dx ∀ γ ∈ Dn−p(Bn) . (2.11)

If in particular u belongs to R∞p (Bn,Sp), for a.e. x ∈ Bn, the (n− p)-vector D(u)(x) ∈ ∧n−pRn is tangent

to the naturally oriented level (n− p)-surfaces
{
z ∈ Bn | u(z) = u(x)

}
.

In dimension n = p+ 1, the degree of a map u ∈ R∞p (Bp+1,Sp) at a singular point aj ∈ Σ(u) is given by:

degSp(u, aj) :=
1

αp

∫
∂Bp+1(aj ,r)

D(u) · νaj ,r dHp ∈ Z , (2.12)

where D(u) is the D-field, νaj ,r is the outward unit normal to ∂Bp+1(aj , r), and the radius r > 0 is smaller
than the distance of aj from Σ(v) \ {aj} and from the boundary of Bp+1. The definition does not depend
on the choice of r small. Moreover, if the current of the singularities P(u) satisfies (2.8), one has

degSp(v, aj) = ∆j ∀ j = 1, . . . ,m . (2.13)

Finally, if u has zero degree at aj , then the singularity at aj can be removed by paying an arbitrary small
amount of energy. More precisely, Bethuel-Zheng [4] proved the following:

Proposition 2.4 Let u ∈ R∞p (Bp+1,Sp) with degree ∆j at a singular point aj ∈ Σ(u). For every ε > 0,
there exists a map uε ∈ R∞p (Bp+1,Sp), smooth in Bp+1(aj , r) for some r = r(ε) > 0 small, and equal to u
outside Bp+1(aj , r), such that

Dp(uε, B
p+1) ≤ Dp(u,Bp+1) + |∆j |αp + ε , αp := Hp(Sp) .
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2.5 Minimal connection of the singularities

Let n ≥ p + 1. Given a current P ∈ Dn−p−1(Bn), we denote by

mi,Bn(P) := inf
{
M(L) | L ∈ Rn−p(Bn) , (∂L) Bn = P

}
(2.14)

the integral mass of P relative to Bn. The current P is said to be an integral flat chain if there exists an i.m.
rectifiable current L ∈ Rn−p(Bn) such that (∂L) Bn = P or, equivalently, if mi,Bn(P) <∞. In that case,
moreover, Federer-Fleming’s closure theorem [7] yields that the minimum is always attained. Therefore, an
i.m. rectifiable current L ∈ Rn−p(Bn) is called an integral minimal connection of P allowing connections to
the boundary of Bn if (∂L) Bn = P and M(L) = mi,Bn(P), see [13, Sec. 4.2.6].

This is the case of the current P = P(u) of the singularities of a Sobolev map u ∈ R∞p (Bn,Sp), see
(2.7). More precisely, for future purpose we report the proof of the following estimate, that goes back to
Almgren-Browder-Lieb [1]:

Theorem 2.5 For every u ∈ R∞p (Bn,Sp), we have:

αp ·mi,Bn(P(u)) ≤ Dp(u,Bn) , αp = Hp(Sp) .

Proof: By the parallelogram inequality and the coarea formula (cf. the proof of Theorem 4.4 below), one
gets the energy lower bound

Dp(u,Bn) ≥
∫
Bn

Ju dx =

∫
Sp
Hn−p(u−1(y)) dHp(y) .

Since u ∈ R∞p (Bn,Sp), for Hp-almost every y ∈ Sp, the current

Ly := [[u−1(y), 1,
−→
L y ]] ,

−→
L y(x) :=

D(u(x))

|D(u(x))|
, x ∈ u−1(y) ,

acting on forms γ ∈ Dn−p(Bn) as Ly(γ) =
∫
u−1(y)

〈γ,
−→
L y〉dHn−p, see (2.6), is i.m. rectifiable in Rn−p(Bn),

with finite mass
M(Ly) = Hn−p(u−1(y)) <∞ ,

whereas by (2.9) and (2.11), it bounds the singularities of u, i.e., (∂Ly) Bn = P(u). Since one can choose
y0 ∈ Sp as above in such a way that

αp ·M(Ly0) ≤
∫
Sp

M(Ly) dHp(y) ≤ Dp(u,Bn) ,

the assertion follows from Def. (2.14). �

2.6 Cartesian currents

If u ∈ W 1,p(Bn,Sp) is smooth, the graph current Gu is defined by integrating n-forms over the naturally
oriented graph manifold Gu of u, i.e., Gu = [[Gu ]]. By Federer’s support theorem, Gu is an i.m. rectifiable
current in Rn(Bn × Sp), and by a change of variables, we have:

Gu(ω) =

∫
Bn

(Id ./ u)#ω ∀ω ∈ Dn(Bn × Sp) , (2.15)

where (Id ./ u)(x) := (x, u(x)) is the graph map. Note that an unit n-vector orienting Gu at (x, u(x)) is

given by M(Du(x))
|M(Du(x))| , where M(G) is defined by (2.1).

More generally, to every Sobolev map u in W 1,p(Bn,Sp) we associate an i.m. rectifiable current Gu ∈
Rn(Bn × Sp) by means of Def. (2.15), where this time the pull-back involves the distributional gradient of
u. More precisely, Gu acts on forms in Dn(Bn × Sp) by integration on the rectifiable graph Gv of v, and its
mass agrees with the area of Gu, i.e.,

M(Gu) = Hn(Gu) ≤ cDp(u,Bn) <∞ ,
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where c = c(n, p) is a positive constant not depending on u. The bound in terms of the Euclidean p-energy
follows from the parallelogram and Hölder’s inequalities, since (in case n ≥ p + 1) the minors of order p + 1
of the gradient matrix Du(x) have zero determinant for a.e. x ∈ Bn, by the area formula. As a consequence,
we always have Gu ∈ Rn(Bn × Sp), even if in general the boundary current ∂Gu is non-trivial.

When n ≥ p + 1, in fact, by (2.7) and (2.15) we find that for any u ∈W 1,p(Bn,Sp)

αp · 〈P(u), φ〉 = Gu(dφ ∧ ωSp) = ∂Gu(φ ∧ ωSp) , ∀φ ∈ Dn−p−1(Bn) , (2.16)

as Gu(φ ∧ dωSp) = 0. More precisely, the proof of Proposition 2.8 below (cf. [23, Prop. 6.5]) gives that

∂Gu = P(u)× [[ Sp ]] on Dn−1(Bn × Sp) .

If e.g. n = p + 1 and uV (x) = x/|x|, then

(∂GuV ) Bp+1 × Sp = −δ0 × [[ Sp ]] .

In low dimension n = p, by a density argument we always have (∂Gu) Bp × Sp = 0.
The following result motivates Def. 2.7 below, that agrees with the one in [13], when Y = Sp.

Theorem 2.6 (Giaquinta-Modica-Souček) Let {uk} be a sequence of smooth maps in W 1,p(Bn,Sp) such
that supk Dp(uk, B

n) <∞. Then, possibly passing to a subsequence, the graph currents Guk weakly converge
in Dn to some current T ∈ Dn(Bn × Sp) satisfying the following properties:

i) T is i.m. rectifiable in Rn(Bn × Sp);

ii) there exist a function uT ∈W 1,p(Bn,Sp) and an i.m. rectifiable current LT ∈ Rn−p(Bn) such that

T = GuT + LT × [[ Sp ]] ; (2.17)

iii) T has finite mass, M(T ) = M(GvT ) + αp ·M(LT ) <∞;

iv) T has no interior boundary, i.e.,

∂T (η) := T (dη) = 0 ∀ η ∈ Dn−1(Bn × Sp) ; (2.18)

v) {uk} converges to uT weakly in W 1,p(Bn,Rp+1).

Proof: It is based essentially on Federer-Fleming’s closure theorem [7]. Compare [13], Sec. 5.2.3 for p = 2,
and Note 6 in Ch. 5 for p ≥ 3. �

Definition 2.7 We denote by cartp,1(Bn×Sp) the class of n-currents in Bn×Sp satisfying properties 1.–4.
in Theorem 2.6.

Therefore, Gu belongs to cartp,1(Bn × Sp) for every smooth map u ∈ W 1,p(Bn,Sp) or, more generally,
for every Sobolev map u ∈W 1,p(Bn,Sp) satisfying the null-boundary condition

∂Gu(η) := Gu(dη) = 0 ∀ η ∈ Dn−1(Bn × Sp) , (2.19)

a condition automatically satisfied in low dimension n = p.
More generally (cf. [23, Prop. 6.5] for a proof), in higher dimension we obtain:

Proposition 2.8 Let n ≥ p + 1 and T ∈ Rn(Bn × Sp) satisfy (2.17), where uT ∈ W 1,p(Bn,Sp) and
LT ∈ Rn−p(Bn). Then the null-boundary condition (2.18) is equivalent to equation

(∂LT ) Bn = −P(uT ) , (2.20)

where P(uT ) is given by (2.7).
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Example 2.9 In low dimension n = p, the currents carried by the graphs of the functions ϕε,δ in Proposi-
tion 2.2, where δ = δk ↘ 0, weakly converge to the Cartesian current

T = GP + δ0 × [[ Sp ]] ∈ cartp,1(Bp × Sp)

where GP is the graph of the constant map equal to the South Pole P .
In dimension n = p + 1, a Cartesian current is given e.g. by

T = GuV + L× [[ Sp ]] ∈ cartp,1(Bp+1 × Sp) ,

where uV (x) = x/|x| is the vortex map, and L is any current in R1(Bp+1) satisfying (∂L) Bp+1 = δ0.

2.7 A lower semicontinuous functional

In [10] and [11], the authors analysed the parametric polyconvex l.s.c. extension of the Euclidean p-energy
integrand

ep(G) :=
1

pp/2
|G|p , G ∈M(N,n) . (2.21)

It is defined for every n-vector ξ ∈ ∧nRn+N by

F p(ξ) := sup{φ(ξ) | φ : ∧nRn+N → R+ , φ linear,
φ(M(G)) ≤ ep(G) ∀G ∈M(N,n)} , (2.22)

where M(G) is the n-vector in ∧nRn+N orienting the graph of G, see (2.1).
When dealing with mappings constrained to take values into a smooth manifold Y isometrically embedded

in RN , the energy density is given by the integrand êp : RN ×M(N,n)→ R+

êp(u,G) :=

{
ep(G) if u ∈ Y and G ∈ Su
+∞ otherwise ,

where
Su := {G ∈M(N,n) | G ∈ TuY} , u ∈ Y , (2.23)

TuY being the tangent space to Y at u.
We thus denote by F̂ p(u, ξ) : RN × ∧nRn+N → R+ the parametric polyconvex l.s.c. extension of the

integrand êp(u,G). Now, the n-vector M(G) corresponding to matrices G ∈ Su belongs to the subspace
∧n(Rn × TuY). This implies the following property, compare [13, Sec. 1.2.4] or [17, Sec. 4.8]:

F̂ p(u, ξ) =

{
F p(ξ) if u ∈ Y, ξ ∈ Λn(Rn × TuY)
+∞ otherwise .

(2.24)

A lower semicontinuous energy can be defined on currents T in Dn(Bn×Y) with finite mass, so that the

decomposition T =
−→
T ‖T‖ yielding to the explicit formula (2.5) holds.

Definition 2.10 If T is a current in Dn(Bn × Y) with finite mass, and F̂ p(u, ξ) is given by (2.24), we let

Dp(T ) :=

∫
Bn×Y

F̂ p(u,
−→
T ) d‖T‖ .

By the construction, it turns out that the following lower semicontinuity property holds: if {Tk} ⊂
Dn(Bn × Y) is a sequence with equibounded masses, supk M(Tk) <∞, and Tk ⇀ T weakly in Dn to some
T ∈ Dn(Bn × Y), then T has finite mass, and

Dp(T ) ≤ lim inf
k→∞

Dp(Tk) .

Assume now Y = Sp. In that case, the space TuSp is given by the vectors in Rp+1 which are orthogonal
to u. Moreover, for any u ∈W 1,p(Bn,Sp), one clearly has

Dp(Gu) =
1

pp/2

∫
Bn
|Du|p dx .
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With no more information, there is no way to find an explicit formula for the energy Dp(T ). In case of
Cartesian currents, however, it suffices to write more explicitly the action of F p(u, ξ) on simple vectors.

More precisely, if ξ = τ ∧ η ∈ ∧n−pRn ⊗ ∧pRp+1 is simple, then

F p(τ ∧ η) = |τ | · |η| ,

compare [13, Sec. 5.4.4], or [17, Sec. 4.8]. As a consequence, if L ∈ Rn−p(Bn) one has:

Dp(L× [[ Sp ]]) = αp ·M(L) , αp = Hp(Sp) .

Definitely, one obtains the following:

Theorem 2.11 We have:

(a) the functional T 7→ Dp(T ) is lower semicontinuous in cartp,1(Bn × Sp) with respect to the sequential
weak convergence in Dn;

(b) if T ∈ cartp,1(Bn × Sp) satisfies (2.17), then Dp(T ) = Dp(uT , B
n) + αp ·M(LT );

(c) the class cartp,1(Bn × Sp) is closed under the weak Dn-convergence of sequences {Tk} of currents with
equibounded p-energies, supk Dp(Tk) <∞;

(d) if {Tk} ⊂ cartp,1(Bn × Sp) satisfies supk Dp(Tk) < ∞, possibly passing to a subsequence {Tk} weakly
converges to some current T in cartp,1(Bn × Sp);

(e) for every T ∈ cartp,1(Bn×Sp), there exists a sequence of smooth maps {uk} ⊂W 1,p(Bn,Sp) such that
Guk ⇀ T in Dn and Dp(uk, B

n)→ Dp(T ) as k →∞.

Proof: As to properties (a) and (b), see [13, Sec. 1.2.4] and also [17, Sec. 4.9]. Properties (c) and (d)
follow by arguing as in [8], where they were proved for the case p = 2 in any dimension n. The density
property (e) is obtained by using the same argument as for the case p = 2 in [15], see also [17, Ch. 5], on
account of Proposition 2.2. It suffices to argue as in the proof of Theorems 4.1 and 4.2 below, where one
takes gαβ(x) = δαβ for all x ∈ Bn. �

2.8 Relaxed energy

According to (1.12), for any u ∈ Lp(Bn,Sp) we let:

D̃p(u,Bn) := inf
{

lim inf
k→∞

Dp(uk, B
n) | {uk} ⊂ C∞(Bn,Sp) ,

uk → u strongly in Lp(Bn,Rp+1)
}
,

so that u ∈W 1,p(Bn,Sp) if D̃p(u,Bn) <∞, and in dimension n = p one has:

D̃p(u,Bp) = Dp(u,Bp) ∀u ∈W 1,p(Bp,Sp) .

In high dimension n ≥ p+ 1, for any u ∈W 1,p(Bn,Sp) we denote by T p,1
u the class of Cartesian currents

with corresponding function uT equal to u, i.e.,

T p,1
u :=

{
T ∈ cartp,1(Bn × Sp) | uT = u in (2.17)

}
.

By Proposition 2.8, for any u ∈W 1,p(Bn,Sp) we have:

T p,1
u =

{
Gu + L× [[ Sp ]] | L ∈ Rn−p(Bn) , (∂L) Bn = −P(u)

}
, (2.25)

where P(u) ∈ Dn−p−1(Bn) is given by (2.7). Therefore, Theorem 2.5 yields that the class T p,1
u is non-empty

whenever u ∈ R∞p (Bn,Sp).
Theorem 2.12 shows that the energy gap is finite for any u ∈ W 1,p(Bn,Sp), and it is given (up to the

factor αp) by the integral mass of the current of the singularities. For future use, its proof is reported below.
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Theorem 2.12 Let n ≥ p + 1 ≥ 3 be integer. For every u ∈ W 1,p(Bn,Sp) the relaxed energy D̃p(u,Bn) is
finite. Moreover, the class T p,1

u is non-empty, and we have:

D̃p(u,Bn) = inf
{
Dp(T ) | T ∈ T p,1

u

}
= Dp(v,Bn) + αp ·mi,Bn(P(u)) <∞ .

(2.26)

Proof: Let u ∈ W 1,p(Bn,Sp). By Theorem 2.3, there exists a sequence {uh} ⊂ R∞p (Bn,Sp) strongly
converging to u in W 1,p(Bn,Rp+1). Moreover, by Theorem 2.5 and formula (2.25), for each h there exists a
current Th ∈ T p,1

uh
such that

Dp(Th) = Dp(uh, B
n) + αp ·mi,Bn(P(uh)) ≤ 2 Dp(uh, B

n) .

Therefore, since suph Dp(Th) < ∞, by property (d) in Theorem 2.11, possibly passing to a (not relabeled)
subsequence, we find a current T̄ ∈ cart1,p(Bn × Sp) such that Th ⇀ T̄ weakly in Dn. Moreover, by the
strong convergence uh → u, we infer that uT̄ = u in (2.17), whence T̄ ∈ T p,1

u . As a consequence, by applying

the strong density property (e) in Theorem 2.11 to the current T̄ , we infer that D̃p(u,Bn) <∞.
Now, for any sequence {uk} ⊂ C∞(Bn,Sp) converging to u in Lp and satisfying supk Dp(uk, B

n) < ∞,
recalling that Dp(Guk) = Dp(uk, B

n), we can again extract a (not relabeled) subsequence such that the
graph currents Guk weakly converge in Dn to a current T ∈ T p,1

u . Therefore, by the lower semicontinuity of
the p-energy functional on currents, we infer that

Dp(T ) ≤ lim inf
k→∞

Dp(uk, B
n) ,

whence the lower bound “≥” holds true in the first line of formula (2.26). The upper bound “≤” follows
by applying the strong density property (e) in Theorem 2.11 to any current T ∈ T p,1

u . Finally, the second
equality follows from Eq. (2.25) and Def. (2.14). �

In dimension n = p + 1, we recover the expression of the energy gap due to Brezis-Coron-Lieb [5], who
defined the flat norm of a function u ∈W 1,p(Bp+1,Sp) through the formula:

L(u,Bp+1) :=
1

αp
sup
{∫

Bp+1

D(u) ·Dφ dx | φ ∈ C∞c (Bp+1) , ‖Dφ‖∞,Bp+1 ≤ 1
}
, (2.27)

where D(u) ∈ L1(Bp+1,Rp+1) is the D-field of u, see (2.10). In fact, by a duality argument, see [13,
Sec. 4.2.6], the flat norm of u agrees with the real mass of P(u), that is defined by

mr,Bp+1(P(u)) := inf
{
M(D) | D ∈ D1(Bn) , (∂D) Bp+1 = P(u)

}
.

Since moreover the integral mass of P(u) is finite, a theorem by Federer [6] implies that it agrees with the
real mass of P(u). Therefore, we obtain

αp ·mi,Bp+1(P(u)) = αp · L(u,Bp+1) <∞ , ∀u ∈W 1,p(Bp+1,Sp) . (2.28)

Corollary 2.13 For every u ∈W 1,p(Bp+1,Sp), one has

D̃p(u,Bp+1) ≤ 2 Dp(u,Bp+1) .

Proof: As a consequence of the cited Federer’s theorem [6], arguing as e.g. in [13, Sec. 4.2.6, Prop. 4], by
Theorem 2.3 we find a sequence {uk} ⊂ R∞p (Bp+1,Sp) strongly converging to u in W 1,p, and such that

P(u)− P(uk) = (∂Lk) Bp+1 ∀ k , (2.29)

where {Lk} ⊂ R1(Bp+1) satisfies M(Lk)→ 0 as k →∞. By applying Theorem 2.5 to each uk, and letting
Dp(v) := Dp(v,Bp+1), we get

mi,P(u)(B
p+1) ≤ mi,P(uk)(B

p+1) + M(Lk) ≤ 1

αp
Dp(uk) + εk ≤

1

αp
Dp(u) + 2 εk

where εk ↘ 0 as k →∞. Therefore, the assertion follows from Theorem 2.12. �

Remark 2.14 Due to the lack of validity of Federer’s theorem [6], we do not know whether Corollary 2.13
extends to high dimensions n ≥ p + 2.

14



3 The p-energy on Cartesian currents

In this section, we analyze the parametric polyconvex l.s.c. envelop of the integrand epg(x,G). We then write

an explicit formula for the corresponding energy functional T 7→ Dp
g(T ) on currents in cartp,1(Bn×Sp). The

results here obtained extend the case p = 2 analyzed in [9].

3.1 The parametric polyconvex l.s.c. envelop

Define F p
g : Bn × ∧nRn+N → R+ by

Fp
g (x, ξ) := sup

{
φ(ξ) | φ : ∧nRn+N → R+ , φ linear,

φ(M(G)) ≤ epg(x,G) ∀G ∈M(N,n)
}
,

(3.1)

where epg : Bn ×M(N,n)→ R is the p-energy density (1.6).
In the Euclidean case gαβ(x) ≡ δαβ , we recover the notation (2.22) for F p. More generally, if g(x) is

constant, then F p
g does not depend on x. However, since epg is continuous, then F p

g (x, ξ) is l.s.c. in all
variables and convex in ξ for any x.

The following explicit formula extends the case p = 2 proved in [9]:

Proposition 3.1 Let p ≥ 2 be integer. For every x ∈ Bn, we have

F p
g (x, ξ) = F p(LL(ξ)) ∀ ξ ∈ ∧nRn+N ,

where L = L(x) is the unique symmetric positive definite square matrix in M(n, n) satisfying

L(x)L(x)> = det g(x)
1/p
g(x)−1 , (3.2)

and LL is given by Def. (2.3).

Proof: If A = A(x) ∈ M(n, n) is the positive definite symmetric matrix given by (1.9), we actually have
LL> = A, i.e., L :=

√
A in (3.2). Therefore, by (1.8) and (1.10) we infer that

epg(x,G) =
(1

p
tr ((GL)(GL)>)

)p/2
=

1

pp/2
|GL|p ∀G ∈M(N,n) . (3.3)

Because of (3.1), this yields that for every x ∈ Bn and ξ ∈ ∧nRn+N

F p
g (x, ξ) = sup

{
φ(ξ) | φ linear, φ(M(G)) ≤ 1

pp/2
|GL|p ∀G ∈M(N,n)

}
.

Since the matrix L = L(x) in (3.2) is invertible, recalling the notation (2.21), by (2.4) we get

F p
g (x, ξ) = sup

{
φ(ξ) | φ linear, φ(M(GL−1)) ≤ ep(G) ∀G ∈M(N,n)

}
= sup

{
φ(ξ) | φ linear, φ ◦ LL−1(M(G)) ≤ ep(G) ∀G ∈M(N,n)

}
= sup

{
φ ◦ LL−1(LLξ) | φ linear, φ ◦ LL−1(M(G)) ≤ ep(G) ∀G ∈M(N,n)

}
= sup

{
φ̃(LLξ) | φ̃ linear, φ̃(M(G)) ≤ ep(G) ∀G ∈M(N,n)

}
=: F p(LL(ξ)) ,

on account of (2.22), as required. �

Similarly as before, dealing with manifold constrained mappings, we introduce the integrand

êpg : Bn × RN ×M(N,n)→ R+

defined by

êpg(x, u,G) :=

{
epg(x,G) if u ∈ Y and G ∈ Su
+∞ otherwise ,

where epg(x,G) is given by (1.6), and Su by (2.23). Therefore, denoting by

F̂ p
g (x, u, ξ) : Bn × RN × ∧nRn+N → R+

the parametric polyconvex l.s.c. envelop of the integrand êpg(x, u,G), we readily obtain:
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Proposition 3.2 For every x ∈ Bn we have:

F̂ p
g (x, u, ξ) =

{
Fg(x, ξ) if u ∈ Y, ξ ∈ Λn(Rn × TuY)
+∞ otherwise ,

(3.4)

where F p
g (x, ξ) is given by (3.1), and TuY is the tangent space to Y at u.

As in the Euclidean case, when Y = Sp, we finally give the following

Definition 3.3 The p-energy integral (1.1) is extended to currents T in Dn(Bn × Sp) with finite mass, by
letting

Dp
g(T ) :=

∫
Bn×Sp

F̂ p
g (x, u,

−→
T ) d‖T‖ ,

where F̂ p
g (x, u, ξ) is given by (3.4). For any Borel set B ⊂ Bn, we also define

Dp
g(T,B × Sp) := Dp

g(T (B × Sp)) .

3.2 The p-energy on Cartesian currents

In order to obtain a nice formula for the energy Dp
g(T ) on Cartesian currents, we have to write more explicitly

the polyconvex extension of the energy density epg on simple n-vectors ξ in Λn−pRn ⊗ ΛpRp+1.
In Theorem 3.5, where we take N = p + 1, we show that for every x ∈ Bn, it agrees with the length of ξ

in the metric induced by the product of the metric g(x) on Bn and of the Euclidean metric on Rp+1.
To this purpose, we recall that a metric on Rn ' TxB

n induces a metric on the whole exterior algebra.
In particular, we have

〈τ, η〉g(x) = 〈Λk(g(x))τ, η〉 ∀ τ, η ∈ ΛkRn ,
for every x ∈ Bn, so that

|τ |g(x) = |Λk(g(x)1/2)(τ)| ∀ τ ∈ ΛkRn , (3.5)

where g(x)1/2 :=
√
g(x) is the unique symmetric positive definite square matrix g̃ such that g̃2 = g(x).

Proposition 3.4 Let n,N ≥ p ≥ 2 be integer. If ξ = τ ∧ η ∈ Λn−pRn ⊗ ΛpRN and L = L(x) ∈ M(n, n) is
the non-singular matrix given by (3.2) for some x ∈ Bn, then

LL(τ ∧ ν) = (detL)(Λn−pL
−1(τ) ∧ η) = Λn−p(g1/2)(τ) ∧ η ,

where g = g(x) and LL is given by Def. (2.3).

Proof: For any α ∈ I(n− p, n) and β ∈ I(p, N), by Def. (2.3) we have

LL(eα ∧ εβ) =
∑

γ∈I(n−p,n)

σ(γ, γ)σ(α, α)Mα
γ (L) eγ ∧ εβ ,

whereas
∧n−pL−1(eα) =

∑
γ∈I(n−p,n)

Mγ
α(L−1) eγ .

By Lemma 2.1 we thus obtain

LL(eα ∧ εβ) = (detL)
∑

γ∈I(n−p,n)

Mγ
α(L−1) eγ ∧ εβ = (detL) (Λn−pL

−1(eα) ∧ εβ) .

The first equality follows by using an argument by linearity on the two factors Λn−pRn and ΛpRN . Moreover,
by (3.2) we have

detL = (det g)(n−p)/2p , L−1 = (det g)−1/2p g1/2.

This yields
(detL) Λn−pL

−1 = Λn−p(g1/2)

and hence the second equality. �

As a consequence of Propositions 3.1 and 3.4, on account of (3.5) we immediately obtain:
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Theorem 3.5 Let ξ = τ ∧ η ∈ ∧n−pRn ⊗ ∧pRN be a simple n-vector, and let F p
g be given by (3.1). For

every x ∈ Bn we have

F p
g (x, τ ∧ η) = F p(Λn−p(g(x)1/2)(τ) ∧ η) = |Λn−p(g(x)1/2)(τ)| · |η| = |τ |g(x) · |η| .

We now recall that the g-comass ‖ω‖g of a k-form ω ∈ Dk(Bn) is defined by

‖ω(x)‖g(x) := sup{〈ω(x), ξ〉 | ξ ∈ Λk(Bn) simple, |ξ|g(x) ≤ 1} , x ∈ Bn , (3.6)

and the g-mass of a current Γ ∈ Dk(Bn) by

Mg(Γ) := sup{Γ(ω) | ω ∈ Dk(Bn) , ‖ω(x)‖g(x) ≤ 1 ∀x ∈ Bn} . (3.7)

If g(x) ≡ δαβ , they agree with the standard comass and mass, respectively. Moreover, if Γ is an i.m.
rectifiable current in Rk(Bn), writing as above Γ = [[G, θ, ξ ]], where |ξ| ≡ 1 in the Euclidean metric, we have

Mg(Γ) = sup
{∫
G
θ(x) 〈ω(x), ξ(x)〉dHk(x) | ω ∈ Dk(Bn) , ‖ω(x)‖g(x) ≤ 1 ∀x ∈ Bn

}
=

∫
G
θ(x) |ξ(x)|g(x) dHk(x) .

Assume now that T ∈ cartp,1(Bn × Sp), so that the decomposition (2.17) holds. Write LT = [[L, θ, τ ]],
where L is (n−p)-rectifiable in Bn, θ(x) is an integer-valued multiplicity function on L, and τ(x) is a simple
(n− p)-vector in ∧n−pRn orienting L at x, with |τ(x)| = 1. In this case, for every Borel set B ⊂ Bn we have

Mg(LT B) =

∫
L∩B

θ(x) |τ(x)|g(x) dHn−p(x) <∞ . (3.8)

Arguing as for the Euclidean p-energy integral Dp(T ), we then compute explicitly:

Proposition 3.6 For every Borel set B ⊂ Bn we have

Dp
g(T,B × Sp) = Dg(uT , B) + αp ·Mg(LT B) . (3.9)

Proof: Recalling that LT = [[L, θ, τ ]], if η ∈ ∧pRp+1 yields an orientation to the tangent space to Sp at
u ∈ Sp, and |η| = 1, the simple n-vector τ ∧ η yields an orientation to LT × Sp at (x, u), for Hn−p-almost
every x ∈ L. By Proposition 3.2 and Theorem 3.5, where N = p + 1, we have

F̂ p
g (x, u, τ ∧ η) = |τ |g(x) · |η| = |τ |g(x) .

Due to Def. 3.3, using the same argument as for the Euclidean p-integral, compare [13, Sec. 5.4.4] or [17,
Sec. 4.9], we obtain

Dp
g(T,B × Sp) =

∫
B

epg(x,DuT ) dx+ αp ·
∫
L∩B

θ(x) |τ(x)|g(x) dHn−p(x) .

The assertion follows from (3.8). �

By the bound (1.2), for each integer k ∈ {0, . . . , n} there exists a constant c = c(k) > 0 such that

cMg(Γ) ≤M(Γ) ≤ 1

c
Mg(Γ) , ∀Γ ∈ Rk(Bn) . (3.10)

In particular, we infer the existence of a real constant C > 0, only depending on n and p, such that

CDp(T ) ≤ Dp
g(T ) ≤ 1

C
Dp(T ) , ∀T ∈ cartp,1(Bn × Sp) .

As a consequence, on account of Theorem 2.11, we readily check the validity of the following properties:

i) Dp
g(T ) <∞ for every T ∈ cartp,1(Bn × Sp);

ii) the p-energy functional T 7→ Dp
g(T ) is lower semicontinuous in cartp,1(Bn × Sp) with respect to the

sequential weak Dn-convergence;

iii) the class cartp,1(Bn × Sp) is closed in the weak Dn-convergence along sequences with equibounded
Dp
g-energies;

iv) sequences in cartp,1(Bn×Sp) with equibounded Dp
g-energies are relatively compact in the Dn-topology.
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3.3 The case of constant metrics

For future use, we now discuss the case when the metric g is constant, gαβ(x) ≡ gαβ for any x ∈ Bn, so
that epg(x,G) ≡ epg(G). Equivalently, assume that A(x) ≡ A is a constant positive definite symmetric matrix
in M(n, n). If g ≡ δαβ , i.e., if A is the identity matrix, then epg(G) is given by (2.21), and in general, the
following link with the Euclidean p-energy holds true.

Let L be the unique symmetric positive definite matrix in M(n, n) satisfying LL> = (det g)1/pg−1, see
(3.2). For T in cartp,1(Bn × Sp), we denote by TL := (L−1 ./ IdRp+1)#T the current given by the push
forward of T through the linear map (L−1 ./ IdRp+1)(x, y) := (L−1x, y), so that

TL(ω̃) := T ((L−1 ./ IdRp+1)#ω̃) , ω̃ ∈ Dn(L−1(Bn)× Sp) , (3.11)

and TL ∈ cartp,1(L−1(Bn)× Sp). Note that if T = GuT for some Sobolev map uT ∈W 1,p(Bn,Sp), then

(L−1 ./ IdRp+1)#GuT = GvT ,

where vT : L−1(Bn) → Sp is given by vT (x̃) := uT (Lx̃). This yields that the function vT corresponding to
TL agrees with uT ◦ L. Arguing as in the proof of [9, Prop. 3.11], we obtain:

Proposition 3.7 Assume that the metric g is constant on Bn. Let T be a current in cartp,1(Bn × Sp), so
that (2.17) holds. For every Borel set B ⊂ Bn, we have

Dp
g(T,B × Sp) = (detL) ·Dp(TL, L

−1(B)× Sp) ,

where L is given by (3.2), with g(x) ≡ g. In particular, if T = Gu for some u ∈W 1,p(Bn,Sp), then∫
Bn

epg(Du(x)) dx = (detL) ·
∫
L−1(Bn)

ep(Dv(x̃)) dx̃ , v(x̃) := u(Lx̃) .

4 Density results, relaxed energy, coarea formula

In this section, we discuss the relaxed p-energy D̃p
g(u,B

n) of maps u ∈ Lp(Bn,Sp), that is defined by (1.12).
We also prove a coarea formula, Theorem 4.4, and its consequences.

4.1 A strong density result

The explicit formula of the energy gap (1.13) relies on the following:

Theorem 4.1 Let n ≥ p ≥ 2 be integer, and let g(x) be a metric on Bn satisfying the bound (1.2). Then,
for any T ∈ cartp,1(Bn×Sp), there exists a sequence of smooth maps {uk} ⊂ C∞(Bn,Sp) such that Guk ⇀ T
weakly in Dn(Bn × Sp) and Dp

g(uk, B
n)→ Dp

g(T ), as k →∞.

If the metric g is constant on Bn, we immediately deduce Theorem 4.1. In fact, setting TL by (3.11),
Theorem 2.11 yields the existence of a sequence {vk} ⊂ C1(L−1(Bn),Sp) such that Gvk ⇀ TL weakly in
Dn and Dp(vk, L

−1(Bn))→ Dp(TL, L
−1(Bn)× Sp) as k →∞. It then suffices to apply Proposition 3.7, by

taking uk := vk ◦ L−1.
In general, we first observe that since the metric tensor function x 7→ g(x) is continuous in Bn, whereas

G 7→
epg(x,G)− epg(x0, G)

|G|p

is positively homogeneous of degree zero, it turns out that there exists a continuous function ω : R+ → R+

satisfying ω(t)→ 0 if t→ 0+, such that for every x, x0 ∈ Bn and every G ∈M(p + 1, n),

|epg(x,G)− epg(x0, G)| ≤ ω(|x− x0|) · |G|p . (4.1)

In low dimension n = p, the proof of Theorem 4.1 is an easy adaptation of the one from [14], by using
the continuity estimate (4.1) and Proposition 3.7, so we omit to write it.
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In case n ≥ p + 1, for every current T ∈ cartp,1(Bn × Sp), on account of (2.17), we denote by µgT the
finite Radon measure on Bn given for every Borel set B ⊂ Bn by

µgT (B) := αp ·Mg(LT B) , αp := Hp(Sp) , (4.2)

see (3.8), so that we have
Dp
g(T,B × Sp) = Dp

g(uT , B) + µgT (B) .

We also denote by F(T ) the flat norm

F(T ) := sup
{
T (ω) | ω ∈ Dn(Bn × Sp) , F(ω) ≤ 1

}
,

where for every ω ∈ Dn(Bn × Sp)

F(ω) := max
{

sup
z∈Bn×Sp

‖ω(z)‖ , sup
z∈Bn×Sp

‖dω(z)‖
}
.

As |T (ω)| ≤ F(T ) F(ω), we infer that Tk ⇀ T weakly in Dn(Bn × Sp) provided that F(Tk − T )→ 0.
Theorem 4.1 is a consequence of the following approximation theorem, the proof of which is postponed

to Sec. 5.

Theorem 4.2 Let T ∈ cartp,1(Bn×Sp), ε ∈ (0, 1/2), and k ∈ N. We can find a current T̃ ∈ cartp,1(Bn×Sp)
such that

Dp
g(T̃ ) ≤ Dp

g(T ) + εk ,

F(T̃ − T ) ≤ εk and µg
T̃

(Bn) ≤ 1

2
· µgT (Bn) .

Proof: [Proof of Theorem 4.1] By Theorem 4.2, using a diagonal argument, we find a sequence {Tk} ⊂
cartp,1(Bn × Sp) that weakly converges to T in Dn, with Dp

g(Tk) → Dp
g(T ) as k → ∞, and such that

µgTk(Bn) = 0 for each k. Therefore, Tk agrees with the graph current Guk , for some uk ∈W p,1(Bn,Sp), and
hence Dp

g(Tk) = Dp
g(uk). Moreover, by means of Bethuel’s density theorem [2], for every k we find a smooth

sequence {u(k)
h }h ⊂ C1(Bn,Sp) that strongly converges to uk in the W 1,p-sense, as h → ∞. In fact, the

null-boundary condition (2.19), where u = uk, and the bound (1.2) for the energy, allow us to remove the
(n − p)-dimensional singularities, compare e.g. [17, Sec. 5.3]. Lower dimensional singularities are removed
as in [2]. By the dominated convergence theorem, we infer that the strong convergence yields G

u
(k)
h

⇀ Guk

with Dp
g(u

(k)
h )→ Dp

g(uk). Theorem 4.1 then follows by means of a diagonal argument. �

4.2 The relaxed energy

In dimension n = p, there is no energy gap in W 1,p(Bp,Sp), see (1.14), so that we now assume n ≥ p + 1.
Due to the bound (1.2) on the metric g, a map u ∈ Lp(Bn,Sp) has finite relaxed p-energy if and only

if D̃p(u,Bn) < ∞. Therefore, Theorem 2.12 yields that (1.15) holds true. We now come to the explicit
formula (1.18) for the energy gap (1.13).

On account of Def. (3.7) of g-mass, and similarly to (2.14), we denote by

mg
r,Bn(P) := inf

{
Mg(D) | D ∈ Dn−p(Bn) , (∂D) Bn = P

}
mg
i,Bn(P) := inf

{
Mg(L) | L ∈ Rn−p(Bn) , (∂L) Bn = P

} (4.3)

the real and integral g-mass of a current P in Dn−p−1(Bn) relative to Bn, respectively.
By the bound (1.2), it turns out that P is an integral flat chain if and only if mg

i,Bn(P) < ∞. In this
case, again by Federer-Fleming’s closure theorem [7] the minimum is always attained, and an i.m. rectifiable
current L ∈ Rn−p(Bn) is called an integral minimal connection for the g-mass of P allowing connections to
the boundary of Bn if (∂L) Bn = P and Mg(L) = mg

i,Bn(P).

Proof: [Proof of formula (1.18)] Let u ∈W 1,p(Bn,Sp), where n ≥ p+ 1. By Theorem 2.5, we already know
that the class T p,1

u is non-empty, and it is given by formula (2.25), where P(u) ∈ Dn−p−1(Bn) is defined
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by (2.7). Since moreover D̃p(u,Bn) <∞, arguing as in the proof of Theorem 2.12, by the sequential lower
semicontinuity of the p-energy functional on currents we readily obtain the lower bound:

D̃p
g(u,B

n) ≥ inf
{
Dp
g(T ) | T ∈ T p,1

u

}
, ∀u ∈W 1,p(Bn,Sp) .

Moreover, as in the Euclidean case, by Theorem 4.1 we infer the validity of the opposite inequality in
the latter centered formula, so that definitely:

D̃p
g(u,B

n) = inf
{
Dp
g(T ) | T ∈ T p,1

u

}
, ∀u ∈W 1,p(Bn,Sp) . (4.4)

In conclusion, recalling by Proposition 3.6 the expression of the p-energy of a current in cartp,1(Bn × Sp)
satisfying (2.17), Eq. (4.4) gives the explicit formula (1.18), as required. �

Remark 4.3 In dimension n = p + 1, as in (2.27), the flat g-norm of a function u ∈ W 1,p(Bp+1,Sp) is
defined by (1.20). Again by a duality argument, it turns out that the flat g-norm of u agrees with the
real g-mass of P(u), that in turn (again by Federer’s theorem [6]) agrees with the integral g-mass of P(u).
Therefore, we readily obtain the equivalent formula (1.19) for the p-energy gap.

4.3 A coarea formula

In this section, we extend the coarea formula from Theorem 2.5 to the p-energy of “smooth” maps with
values into Sp. As a consequence, in dimension n = p+1 we obtain an upper bound for the relaxed p-energy,
Corollary 4.5.

Theorem 4.4 Let n ≥ p + 1 ≥ 3, and let gαβ(x) be a smooth metric tensor on Bn. Then, for every
u ∈ R∞p (Bn,Sp), we have:

αp ·mg
i,Bn(P(u)) ≤ Dp

g(u,B
n) , αp = Hp(Sp) ,

where mg
i,Bn(P(u)) is the integral g-mass of P(u) relative to Bn, see (4.3).

Proof: For any x ∈ Bn, let L = L(x) be the unique symmetric positive definite square matrix in M(n, n)
satisfying (3.2), so that LL> = A, with A = A(x) ∈ M(n, n) given by (1.9). Furthermore, by (1.9) we

can write L = λ L̂, where L̂L̂> = g−1(x) and λ := (det g(x))1/2p, where, we recall, g−1(x) = (gαβ(x)). Let
G ∈M(p + 1, n). On account of (3.3), we infer that

epg(x,G) =
1

pp/2
|GL|p =

1

pp/2
λp |GL̂|p ,

where by the parallelogram inequality

1

pp/2
|GL̂|p ≥ |det((GL̂)(GL̂)>)|1/2,

and hence:
epg(x,G) ≥ (det g(x))1/2 |det

(
Gg−1(x)G>|1/2.

We now wish to apply the coarea formula for maps u : X → Sp, where X = (Bn, g), see e.g. [24]. To this
purpose, we observe that the Jacobian Jgu(x) of the map u with respect to the metric induced by g on Bn

(and by the Euclidean metric of Rp+1 on Sp) satisfies

Jgu(x) = |det
(
∇u(x)g−1(x)∇u(x)>|1/2

for a.e. x ∈ Bn. Furthermore, denoting by Hkg the k-dimensional Hausdorff measure on Bn with respect to

the metric induced by g, we have dHng =
√

det g dx. Therefore, we have obtained the inequality

Dp
g(u,B

n) =

∫
Bn

epg(x,Du(x)) dx

≥
∫
Bn
|det

(
Du(x) g−1(x)Du(x)>|1/2

√
det g(x) dx =

∫
Bn

Jgu(x) dHng (x) ,
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whereas (by the smoothness of u) the coarea formula [24] gives∫
Bn

Jgu(x) dHng (x) =

∫
Sp
Hn−pg (u−1(y)) dHp(y) .

Furthermore, by the definition of g-mass, and by the properties of the measure Hn−pg u−1(y), for Hp-
almost every y ∈ Sp, the current Ly defined in the proof of Theorem 2.5 satisfies

Mg(Ly) = Hn−pg (u−1(y)) <∞ .

We thus can choose y0 ∈ Sp in such a way that

αp ·Mg(Ly0) ≤
∫
Sp

Mg(Ly) dHp(y) =

∫
Sp
Hn−pg (u−1(y)) dHp(y) ,

and definitely

αp ·Mg(Ly0) ≤ Dp
g(u,B

n) .

Since by (2.9) and (2.11) we have (∂Ly0) Bn = P(u), the assertion follows from Def. (4.3). �

Corollary 4.5 For every u ∈W 1,p(Bp+1,Sp), one has

D̃p
g(u,B

p+1) ≤ 2 Dp
g(u,B

p+1) .

Proof: We follow the line of the proof of Corollary 2.13. In fact, by dominated convergence and by the
bound (1.2), Theorem 2.3 gives a sequence {uk} ⊂ R∞p (Bp+1,Sp) such that in addition Dp

g(uk, B
n) ≤

Dp
g(u,B

n) + εk, whereas by (3.10), the currents in (2.29) satisfy Mg(Lk) → as k → ∞. Therefore, the
assertion follows from the explicit formula (1.18) and Theorem 4.4. �

4.4 A case with a non-integer exponent

If p > 2 is a non integer exponent, the p-energy of maps u : X → Y ⊂ RN , where X = (Bn, g), is given by

Dp
g(u,B

n) :=

∫
Bn

(1

p

n∑
α,β=1

N∑
i,j=1

gαβ(x)δij
∂ui

∂xα

∂uj

∂xβ
· (det g(x))1/p

)p/2
dx .

By the previous results, we can analyse the expression of the relaxed p-energy in the particular case when
the target manifold is the unit p-sphere Sp, where p ≥ 2 is the integer part of p. For any u ∈ Lp(Bn,Sp), we
thus denote

D̃p
g(u,B

n) := inf
{

lim inf
k→∞

Dp
g(uk, B

n) | {uk} ⊂ C∞(Bn,Sp) ,

uk → u strongly in Lp(Bn,Rp+1)
}
.

By the bound (1.2), we again infer that u ∈ W 1,p(Bn,Sp) if D̃p
g(u,B

n) <∞. Also, by a density argument,

in low dimension n = p we have D̃p
g(u,B

p) = Dp
g(u,B

p) for any u ∈W 1,p(Bn,Sp).
For n ≥ p+1, Hölder’s inequality and the bound (1.2) imply the inclusion W 1,p(Bn,Sp) ⊂W 1,p(Bn,Sp),

and hence the current of the singularities P(u) is well-defined. However, this time we have:

Theorem 4.6 Let n ≥ p + 1 ≥ 3 be integer, and let p < p < p + 1. Then, for every u ∈W 1,p(Bn,Sp)

D̃p
g(u,B

n) =

{
Dp
g(u,B

n) if P(u) = 0
+∞ if P(u) 6= 0 .

(4.5)
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Proof: If P(u) = 0, the graph current T = Gu satisfies the null-boundary condition (2.18). Therefore,
arguing as in the proof of Theorem 4.1, we can find a sequence of smooth maps {uk} ⊂ W 1,p(Bn,Sp)

strongly converging to u in W 1,p(Bn,Rp+1), whence D̃p
g(u,B

n) = Dp
g(u,B

n).

Conversely, we now show that if D̃p
g(u,B

n) <∞, then P(u) = 0.
Let {uk} ⊂ C∞(Bn,Sp) be such that suph Dp

g(uk, B
n) <∞ and uk → u in Lp(Bn,Rp+1). We then find

a (not relabeled) subsequence such that Guk ⇀ T weakly in Dn to some Cartesian current T ∈ T p,1
u .

Assume by contradiction that P(u) 6= 0. Then, T = Gu + LT × [[ Sp ]] for some LT ∈ Rn−p(Bn) with
positive mass, M(LT ) > 0. Therefore, if LT is the set of points of positive density for LT , we have
Hn−p(LT ) > 0. For Hn−p-almost every x ∈ LT , we denote by Dp(x) the p-dimensional “disk” given by the
intersection of Bn with the affine p-space of Rn containing x and orthogonal to the approximate tangent
(n− p)-space to LT at x. We also let vk := uk|Dp(x) : Dp(x)→ Sp. Then, we have

sup
k

∫
Dp(x,r)

|Dvk|p dHp ≤ C <∞ , (4.6)

and hence, possibly passing to a not relabeled subsequence, the graph p-currents Gvk in Dp(x) × Sp have
equibounded p-energies.

Therefore, we can find a neighborhood Jp
x of x in Dp(x) such that the p-currents Gvk (Jp

x ×Sp) have to
converge near the point x to the sliced current Gu|Dp(x)

(Jp
x × Sp) + d · δx × [[ Sp ]], where d ∈ Z \ {0} agrees

(up to the sign) with the density of the current LT at x. Setting now

Dp(x, r) := {z ∈ Dp(x) : |z − x| < r} , r0 := sup{r > 0 | Dp(x, r) ⊂ Bn} > 0 ,

by lower semicontinuity, and again by the bound (1.2), we have:

lim inf
k→∞

∫
Dp(x,r)

|Dvk|p dHp ≥ p1/p Dp(d · δx × [[ Sp ]]) = p1/p dαp > 0 (4.7)

for each r ∈ (0, r0). On the other hand, Hölder’s inequality and the bound (4.6) give for r ∈ (0, r0)

sup
k

∫
Dp(x,r)

|Dvk|p dHp ≤ sup
k
cp r

p−p
(∫

Dp(x,r)

|Dvk|p dHp
)p/p

≤ cp Cp/p rp−p , (4.8)

where Cp C
p/p rp−p → 0 as r → 0+. Since (4.7) is in contradiction with (4.8), we must have M(LT ) = 0,

which yields P(u) = 0, by (2.20), as required. Further details are omitted. �

5 The approximation theorem

We give the proof of Theorem 4.2. Firstly, Proposition 5.2, we show how to “deform” a current satisfying
suitable energy estimates on the boundary of a ball, into a current satisfying a bound on the oscillation.
Secondly, we use a local approximation argument, Proposition 5.3, and describe the dipole construction,
Theorem 5.4. In the sequel we denote by c > 0 an absolute real constant, possibly varying from line to line.
Moreover, recall that we assume n ≥ p + 1.

5.1 Notation

For every d ∈ N+ := N \ {0}, we denote by Cd the integral cycle in Rp(Sp) given by Cd(η) := d
∫
Sp η for all

η ∈ Dp(Sp), so that ∂ Cd = 0, M(Cd) = dαp for each d, and C1 = [[ Sp ]].
Let T ∈ cartp,1(Bn × Sp), so that (2.17) holds. Writing as before LT = [[LT , θ, τ ]], we let

Ld = [[Ld, 1, τ ]] , Ld := {x ∈ LT | θ(x) = d} , ∀ d ∈ N+ .

With u = uT ∈W 1,p(Bn,Sp), we thus can write

T = Gu + ST , ST :=
∑
d∈N+

Ld×Cd , (5.1)
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where every Ld is an i.m. rectifiable current in Rn−p(Bn) with multiplicity one, the (n− p)-rectifiable sets
Ld are pairwise disjoint, and, we recall, |τ(x)| = 1 for all x ∈ Ld and for each d. Therefore, on account of
(3.9), the p-energy of T can be equivalently written as

Dp
g(T,B) := Dp

g(T,B × Sp) = Dp
g(u,B) + αp

∑
d∈N+

d ·Mg(Ld B) , (5.2)

for every Borel set B ⊂ Bn, where, according to (3.8),

Mg(Ld B) =

∫
Ld∩B

|τ(x)|g(x) dHn−p(x) .

As a consequence, the rectifiable measure µgT can be written as

µgT = θT Hn−p LT , LT :=
⋃

d∈N+
Ld ,

where the (n − p)-rectifiable set LT satisfies Hn−p(LT ) < ∞, and the density θT : LT →]0,+∞) is the
non-negative Hn−p LT -measurable function on LT given by

θT (x) := αp d |τ(x)|g(x) if x ∈ Ld , d ∈ N+ .

Moreover, since (4.2) and (5.2) give µT (Bn) = αp

∑
d∈N+ d ·Mg(Ld) <∞, there exists d̄ ∈ N+ such that

αp

∞∑
d=d̄+1

d ·Mg(Ld) ≤
1

4
µT (Bn) . (5.3)

Therefore, on account of the bound (1.2), there exist two real constants C1, C2 > 0 such that

0 < C1 ≤ θT (x) ≤ C2 <∞ ∀x ∈
⋃

d≤d̄
Ld . (5.4)

5.2 Slicing and projection formulas

Similarly to the case of normal currents, for every point x0 ∈ Bn and for a.e. radius r ∈ (0, r0), where
r0 = r0(x) > 0 is sufficiently small, in dependence of x, the sliced (n− 1)-current

〈T,dx0
, r〉 = 〈Gu,dx0

, r〉+ 〈ST ,dx0
, r〉 ,

where dx0
(x, y) = dx0

(x) := |x − x0|, is a well-defined Cartesian current in cartp,1(∂Br(x0) × Sp), where
Br(x0) denotes the ball of radius r centered at x0, and ∂Br(x0) its boundary. More precisely, we have

〈GuT ,dx0
, r〉(ω) =

∫
∂Br(x0)

(Id ./ u|∂Br(x0))
#ω , ω ∈ Dn−1(∂Br(x0)× Sp) ,

where u|∂Br(x0) is the restriction of u to ∂Br(x0), which is a Sobolev function in W 1,p(∂Br(x0),Sp). Also,

〈ST ,dx0 , r〉 =
∑
d∈N+

〈Ld,dx0 , r〉 × Cd on Dn−1(∂Br(x0)× Sp) .

As a consequence, we infer that for every Borel set B ⊂ Bn the p-energy of 〈T,dx0
, r〉 on B× Sp is given by

Dp
g(〈T,dx0

, r〉, B × Sp) = Dp
g(u|∂Br(x0), B) + αp

∑
d∈N+

d ·Mg(〈Ld,dx0
, r〉 B) , (5.5)

where Dp
g(u|∂Br(x0), B) can be written in a way similar to (1.6), by using the distributional derivative Dτ

w.r.t. an orthonormal frame τ tangential to ∂Br(x0). For example, in the case gαβ(x) ≡ δαβ , we have

Dp(u|∂Br(x0), B) =
1

pp/2

∫
∂Br(x0)∩B

|Dτu(r,x0)|p dHn−1 .

We also let
Dp
g(〈T,dx0

, r〉) := Dp
g(〈T,dx0

, r〉, ∂Br(x0)× Sp) .
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Remark 5.1 For future use, we denote by

Spε := {y ∈ Rp+1 | dist(y,Sp) ≤ ε}

the ε-neighborhood of Sp. For 0 < ε ≤ 1/2, the nearest point projection Πε of Spe onto Sp is a well defined
Lipschitz map with Lipschitz constant Lε → 1+ as ε→ 0+. For y ∈ Sp and 0 < ε ≤ 1/2, we denote by

BSp(y, ε) := B̄p+1(y, ε) ∩ Sp

the intersection of Sp with the closed (p+1)-ball of radius ε centered at y, so that Πε(B̄
p+1(y, ε)) = BSp(y, ε).

Finally, we let Ψ(y,ε) : Rp+1 → BSp(y, ε) be the retraction map given by Ψ(y,ε)(z) := Πε ◦ ξ(y,ε), where

ξ(y,ε)(z) :=

 z if z ∈ B̄p+1(y, ε)

ε
z − y
|z − y|

if z ∈ Rp+1 \ B̄p+1(y, ε)
(5.6)

so that Ψ(y,ε) is a Lipschitz continuous function with Lip Ψ(y,ε) = Lip Πε → 1+ as ε→ 0+.

5.3 Projecting the image of a current

For n ≥ p + 1, we set

Bnρ := Bn(0, ρ) , x = (x̃, x̂) ∈ Rn−p × Rp , Dρ := Bn−p(0Rn−p , ρ) .

Proposition 5.2 Let 0 < R < R0 < 1 and T ∈ cartp,1(BnR0
× Sp) be such that

Dp
g(〈T,d0, R〉, ∂BnR \ (DR × {0Rp})) ≤ c σ θT (0)Rn−p−1 ,

Dp
g(〈T,d0, R〉) ≤ c θT (0)Rn−p−1 ,∫
∂BnR

|uT (x)− y|p dHn−1 ≤ c σ Rn−1 ,
(5.7)

for some y ∈ Sp and for σ > 0 small enough. Then there exists an absolute constant c > 0 such that, if
q ∈ N+ is the integer part of c σα(n,p), where

α(n, p) := − 1

6(n− p)(p− 1)
< 0 , (5.8)

we can find a Cartesian current T̃ ∈ cartp,1((BnR \ B̄nr )× Sp), where r = R(1− 1/q), such that:

(a) 〈T̃ ,d0, R〉 = 〈T,d0, R〉 and 〈T̃ ,d0, r〉 = (ψR,r ./ Ψ(y,εσ))#〈T,d0, R〉, where εσ := c · σ2/3, ψR,r(x) :=

rx/R, and Ψ(y,εσ)(z) := Πεσ ◦ ξ(y,εσ), see (5.6), so that spt〈T̃ ,d0, r〉 ⊂ ∂Bnr ×BSp(y, εσ);

(b) T̃ has small p-energy on BnR \Bnr , i.e.,

Dp
g(T̃ , B

n
R \Bnr ) ≤ c R

q
Dp
g(〈T,d0, R〉) ; (5.9)

(c) we finally have

F((T̃ −Gy) (BnR \ B̄nr )× Sp) ≤ c σ
q
Rn ≤ c σ Rn−1 . (5.10)

Proof: It is a readaptation of the one of [9, Prop. 4.6], where p = 2, in case Y = Sp. We thus only
sketch the main modifications to the construction, where we work with the k-skeleton of triangulations, for
k = p, . . . , n− 1. This time, using the first inequality in (5.7), we find the estimate∫

Σp−1
R

|Dw|Σp−1
R
|p dHp−1 ≤ c σ2/3 1

R
,
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so that since Hp(Σ1
R) ≤ cRp−1 qn−p, by Hölder’s inequality we get∫

Σp−1
R

|Dw|Σ1
R
| dHp−1 ≤ c q(n−p)(p−1)/p σ2/3p ≤ c σ1/2p ,

provided that q ∈ N+ is chosen as in the thesis. By the third inequality in (5.7), we may and do assume
that the oscillation of w|Σp−1

R
is smaller than c σ1/2p and that the image w(Σp−1

R ) is contained in the geodesic

ball BSp(y, εσ). Therefore, as in Step 3 of [18], we may and do define the current T̃ satisfying the above

properties. In fact, when extending T̃ from the p-skeleton to the (p + 1)-skeleton of a partition of BnR \ Bnr
in “cubes”, in principle T̃ has a non-zero boundary of the type mδxl × [[ Sp ]] for each (p + 1)-face Fl of such
a cubeulation, where xl is the barycenter of Fl and m ∈ Z. However, since by the construction the mass of
such a current is small with σ, then necessarily m = 0. In dimension n ≥ p + 2, and for k = p + 2, . . . , n,
no extra-boundary is produced when extending T̃ from the (k− 1)-skeleton to the k-skeleton of the cubes of
the partition of BnR \Bnr . Further details are omitted �

5.4 Approximation on a ball

Let y(x̃) := (r − |x̃|) denote the distance of x̃ from the boundary of the (n− p)-disk Dr, and

φδ(x) := (x̃, ϕδ(y(x̃)) x̂) , x ∈ Dr × B̄p , ϕδ(y) := min{y, δ} , (5.11)

so that Ωδ := φδ(Dr × B̄p) is a small neighborhood of the interior of the disk Dr × {0Rp} in BnR. Also, let

Ω̃δ := φδ(Dr × B̄p
1/2) = {(x̃, x̂) | x̃ ∈ Dr , ρ ≤ ϕδ(y(x̃))/2} , (5.12)

where in the sequel ρ := |x̂| =
√
xn−p+1

2 + · · ·+ xn2, and

Ω(r,δ) := Ωδ \ (Dr × {0Rp}) .

Proposition 5.3 Let T ∈ cartp,1(Bnr × Sp), so that the decomposition (5.1) holds. Assume that sptT ⊂
B̄nr × BSp(y, εσ), where y ∈ Sp and εσ = c · σ2/3, with σ > 0 small, and that Dr × {0Rp} ⊂ Ld0 for some

d0 ∈ N+. For δ > 0 small enough, we can find a current T̃ ∈ cartp,1((Bnr \ Ω̃δ)× Sp) satisfying:

i) ∂(T̃ (Bnr \ Ω̃δ)× Sp) = ∂(T Bnr × Sp)− [[ Ω̃δ ]]× δy − [[ ∂Dr × {0Rp} ]]× Cd0 ;

ii) Dp
g(T̃ , (B

n
r \ Ω̃δ)× Sp) ≤ Dp

g(u, (B
n
r \ Ωδ)) + c σ rn−p + c µgT (Ω(r,δ));

iii) F((T̃ − T ) (Bnr \ Ω̃δ)× Sp) ≤ c σ rn−p.

Proof: It suffices to argue in a way very similar to the proof of [9, Prop. 4.7] in case p = 2, with Y = Sp,
on account of the bound (1.2). Therefore, it is omitted. �

5.5 The dipole construction

Theorem 5.4 Let d ∈ N+ and y ∈ Sp. For every σ > 0, there exists a function vσ ∈ W 1,p(Ω̃δ,Sp), with

δ > 0 sufficiently small, such that Gvσ ∈ cartp,1(int(Ω̃δ)× Sp) and∫
Ω̃δ

epg(0, Dvσ) dx ≤ σ rn−p + |τ |g(0) · Hn−p(Dr) · αp d , (5.13)

where τ := e1 ∧ · · · ∧ en−p ∈ ∧n−pRn. Moreover, vσ#[[ Ω̃δ ]] = Cd and

∂Gvσ = ∂[[ Ω̃δ ]]× δy + [[ ∂Dr × {0Rp} ]]× Cd . (5.14)
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Proof: Set Ω := Dr × Bp
1/2, and assume that u ∈ W 1,p(Ω,Sp) only depends on the last p variables, i.e.,

u = u(x̂), where x = (x̃, x̂) ∈ Rn−p × Rp. By Fubini’s theorem, for every 0 < ρ < r we have∫
Dρ×Bp

1/2

epg(0, Du(x)) dx = Hn−p(Dρ) ·
∫
Bp

1/2

epg(0, Du(x̂)) dx̂ .

Now, writing u := ũ ◦ L−1, where L = L(0) is given by (3.2), by (3.3) we obtain:

epg(0, Du(x̂)) =
1

pp/2
|Dũ(z)|p , z := L−1x .

Let {v1, . . . , vn} ⊂ Rn be a g(0)-orthogonal basis given by eigenvectors of the matrix g(0), and let
S ∈ M(n, n) be given by Sij := vij , where vj := (v1

j , . . . , v
n
j ). Since τ orients the (n − p)-disk Dr, it turns

out that ũ ∈ W 1,p(L−1(Ω),Sp) only depends on the orthogonal directions to S>τ . Setting ẽi := S>ei, this
means that

ũ(z) = F (zn−p+1, . . . , zn) , z =

n∑
i=1

zi ẽi (5.15)

for some function F ∈ W 1,p(D̃,Sp), where D̃ := L−1({0Rn−p} × Bp
1/2). On the other hand, since x̂ = L̂z,

where L̂ ∈M(p, n) is the matrix of the last p rows of L, by a change of variable we find that∫
Bp

1/2

epg(0, Du(x̂)) dx̂ = |M(p)L̂| ·
1

pp/2

∫
D̃

|DF |p dHp , (5.16)

where |M(p)L̂| is the p-dimensional Jacobian of L̂. More precisely, setting α0 := (1, . . . , n− p) ∈ I(n− p, n),

|M(p)L̂|2 =
∑

γ∈I(n−p,n)

Mα0

γ (L)2 . (5.17)

Lemma 5.5 We have |M(p)L̂| = |τ |g, where g = g(0).

Proof: By (3.5) and Proposition 3.4, we infer that

|τ |g = (detL) |Λn−pL−1(τ)| , L = L(0) , g = g(0) .

Since Λn−pL
−1(τ) = L−1e1 ∧ · · · ∧ L−1en−p, we compute

Λn−pL
−1(τ) =

∑
γ∈I(n−p,n)

Mγ
α0

(L−1) eγ .

Moreover, Lemma 2.1 yields

(detL)Mγ
α0

(L−1) = σ(γ, γ)σ(α0, α0)Mα0

γ (L) ,

so that we obtain
|τ |2g =

∑
γ∈I(n−p,n)

(detL)2Mγ
α0

(L−1)2 =
∑

γ∈I(n−p,n)

Mα0

γ (L)2

and hence the assertion follows from (5.17). �

Now, on account of Proposition 2.2, arguing as e.g. in [17, Sec. 5.1], we readily obtain:

Proposition 5.6 Let d ∈ N+ and y ∈ Sp be a given point. There exists a family of Lipschitz functions
F yε : D̃ → Sp such that F yε |∂D̃ ≡ y and

1

pp/2

∫
D̃

|DF yε |p dHp ≤ αp d+ c ε ,

where D̃ := L−1({0Rn−p} ×Bp
1/2). Moreover, F yε#[[ D̃ ]] = Cd.
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As a consequence, taking F = F yε in (5.15), by (5.16) and Lemma 5.5 we obtain uε ∈ W 1,p(Ω,Sp) such
that for every ρ ∈ (0, r] ∫

Dρ×Bp
1/2

epg(0, Duε) dx ≤ Hn−p(Dρ) · |τ |g(0) · (αp d+ c ε) . (5.18)

Moreover, arguing as in a way similar e.g. to [17, Sec. 5.5], by using the bound (1.2) we obtain:

Lemma 5.7 Let 0 < δ < 1 and uεδ := uε ◦ φ−1
δ : Ω̃δ → Sp, where φδ is given by (5.11). Then we have∫

Ω̃δ

epg(0, Du
ε
δ) dx ≤

∫
Dr×Bp

1/2

epg(0, Duε) dx+ c

∫
(Dr\Dr−δ)×Bp

1/2

epg(0, Duε) dx .

Definitely, on account of (5.18), we obtain the energy estimate∫
Ω̃δ

epg(0, Du
ε
δ) dx ≤ (Hn−p(Dr) + cHn−p(Dr \Dr−δ)) · |τ |g(0) · (αp d+ ε) ,

and hence, setting vσ := uεδ for ε > 0 sufficiently small, and for δ sufficiently small in dependence of ε and
of the Lipschitz constant of F yε , we get (5.13), whereas (5.14) follows from the construction. �

5.6 Proof of the approximation theorem

Proof: [Proof of Theorem 4.2] It is very similar to the proof of [9, Thm. 4.4], taking account the preliminary
results already obtained in this section. For that reason, it is only sketched, and we simply outline the main
differences. Incidentally, we also point out a flaw in the cited theorem, that is adjusted here. Precisely, the
upper bound in [9, Eq. (4.5)] fails to hold, and in order to correct the argument, one has to proceed in a
way similar to the argument yielding to (5.4).

Referring to [9, pp. 28–32], we essentially replace the exponent 2 with p, e.g., cart2,1 with cartp,1, and

choose X = Bn, Y = Sp, so that N = p + 1, and Hsph
2 (Y) becomes Hp(Sp) ' Z, whence Rq ∈ Hsph

2 (Y) is
replaced with the p-cycle Cd, for some d ∈ N+. Therefore, set(Lqj ) becomes Ldj . Moreover, the terms Dg,
eg, and µT , become Dp

g, e
p
g, and µgT , respectively.

More precisely, on pp. 28–29, where we take (n − p)-submanifolds Mj , we modify properties i)–xiii)
as follows. The exponent n − 2 becomes n − p in Eqs. (4.14), (4.17), and (4.18). Moreover, v) becomes
“Mj ⊂ Ld for some d = dj ∈ N+”, whereas in viii), taking rj small so that |Du(pj)|p rjp ≤ σ θT (pj), we

obtain Eq. (4.19), with rn−3
j replaced by rn−p−1

j , and similarly for Eq. (4.20). In x), by the continuity

property (4.1), we get Eq. (4.21) with |G|p instead of |G|2. Finally, in xi), Eq. (4.22) becomes:

|µgT (Bj)− αp dj · ωn−p rjn−p| ≤ σ ωn−p rjn−p , ωn−p := Hn−p(Bn−p) .

In addition, on account of (5.3) and (5.4), in the sequel we let I(d̄) denote the set of indexes j such
that property v) holds true with d = dj ≤ d̄, and we work with the restriction of T to the balls Bj , where
j ∈ I(d̄). Therefore, we now fix j ∈ I(d) in the definition of Tσj on p. 29, and we follow the lines up to
Eq. (4.30), with the following modifications.

We replace d with R0, and apply Proposition 5.2 instead of [9, Prop. 4.6]. Furthermore, since the negative
constant α(n) = α(n, 2) is replaced by α(n, p) in (5.8), instead of β(n) = β(n, 2) we let:

β(n, p) :=
1

12(n− p)(p− 1)
> 0 ,

so that Eq. (4.23) holds with n− p instead of n− 2. Following the lines of the proof, this time the current
T̆σj satisfies the hypotheses of Proposition 5.3, instead of [9, Prop. 4.7]. We then apply Theorem 5.4 instead
of [9, Thm. 4.8]. Therefore, e.g. the last centered formula on p. 30 becomes:∫

Ω̃δ

epg(x,Dv
σ
j ) dx ≤ c σ rjn−p + (1 + c σ)µgT (Bj) .
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Now, after [9, Eq. (4.30)], we conclude in a different way, and define Tσ ∈ cartp,1(Bn × Sp) by

Tσ :=
∑
j∈I(d)

T
(σ)
j + T

(
Bn \

⋃
j∈I(d)

int(Bj)
)
× Sp .

This way, the first centered formula on p. 32 is replaced by:

µgTσ (Bn) ≤ c
∑
j∈I(d)

µgT (B(pj , rj) \ (B(pj , trj) ∩Mj))

+
∑
j 6∈I(d)

µgT (B(pj , rj)) + µgT (Bn \ LT )

≤ c σ µgT (Bn) +
1

4
µgT (Bn) <

1

2
µgT (Bn) ,

and the second one by

F(Tσ − T ) ≤
∞∑
j=1

F((T
(σ)
j − T ) Bj × Sp) ≤ c σ

∞∑
j=1

rj
n−p < εk ,

if σ = σ(ε, k,LT , µgT ) > 0 is small. Taking T̃ = Tσ, the proof is complete. Further details are omitted. �
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