On the equivalence of static and dynamic weak optimal transport
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Abstract

We show that there is a PDE formulation in terms of Fokker-Planck equations for weak optimal transport
problems. The main novelty is that we introduce a minimization problem involving Fokker-Planck equations
in the extended sense of measure-valued solutions and prove that it is equal to the associated weak transport

problem.

Résumé

Nous montrons qu’il existe une formulation EDP en termes d’équations de Fokker-Planck pour des
problémes de transport optimal faible. La principale nouveauté est que nous introduisons un probléme de
minimisation dont la contrainte est constituée des équations de Fokker-Planck pour les mesures générales

et prouvons qu’il est égal au probleme de transport optimal faible correspondant.
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1. Introduction

Given probability measures p, v on R?, we denote by II(j,v) the set of all probability measures (called
transport plans) on R? x R? whose first and second marginals are p and v, respectively. Disintegrating
a transport plan vy € II(u,v) with respect to its first marginal u, we obtain a p-almost everywhere
uniquely determined family of probability measures {7%},cpe C P(RY) such that v = 7% ® u. Let
G : R? x P(R?) — [0, +0oc] be lower semicontinuous in an appropriate sense such that for each z € R,
G(z,-) is convex on P(R?). The weak transport problem is then defined by

Hip) =int { [ 6wy duta) | € M) |

This problem was first introduced by Gozlan, Roberto, Samson and Tetali [16], and shortly thereafter by
Alibert, Bouchitté and Champion [2]. The weak transport problem has been extensively studied in the
literature: the results of existence and duality are established in [2,[5,|16]; the concept of C-monotonicity,
which is analogous to cyclical monotonicity, was developed in [4,5,15] in order to provide a characterization
of optimizers; in [142,/4]/7] the weak transport viewpoint is used to investigate martingale optimal transport
problems; for applications of weak transport theory, the reader may consult [6].

In 18], Huesmann and Trevisan introduced the following minimization problem

1
Jrpe(p, V) = inf {/0 o f(ai(x)) dot(x) dt | Opo = tr (;Vch) , 00 = [, 01 = V},

where y, v are probabilities on R? with finite second moment, the Fokker-Planck equation d;0 = tr(%VQag)
in (0,1) x R? holds in the weak sense and f is p-admissible for some p > 1 (namely, f(a) behaves like

*Université catholique de Louvain, Institut de Recherche en Mathématique et Physique, Chemin du Cyclotron 2 bte L7.01.01,

1348 Louvain-la-Neuve, Belgium. E-mail: bohdan.bulanyi@uclouvain.be



f(a) ~ |alP for a nonnegative symmetric real d x d matrix a; see Sections 2, 3 in [18]). They proved that

frpe(1, v) = inf {/0 E[f ((X>t)] dt} , (1.1)

where the infimum is taken over all martingales connecting p and v whose quadratic variation process (X)
is absolutely continuous with respect to the Lebesgue measure (see [18, Theorem 3.3]). It is worth noting
the following. Let G(x,p) = frpr(6s,p) for each 2 € R? and for each probability measure p on R? with
finite second moment. Then, in view of [18, Theorem 4.3], the functional G is lower semicontinuous in an
appropriate sense and G(z, ) is convex for each # € R?. Taking into account and using a standard
measurable selection argument (see, for instance, Section 7.7 in [8]), we have

fepp(u) = inf{ Fepe(6ern®) dulz) | 7 € (s, u>} — H(uv).

Rd
This provides an equivalent PDE formulation in terms of Fokker-Planck equations for the weak transport
problem H (u,v), where G(z,p) = frpr(ds,p) and f is p-admissible for some p > 1 (the reader may also
consult the proof of [6, Theorem 8.2], where an equivalent SDE formulation for the weak transport problem
is established using a measurable selection argument). We emphasize that the p-admissibility property
of the function f was crucial in the proof of in [18]. Namely, the equality was proved in [1§]
only for strictly convex functions f behaving like f(a) ~ |a|P for some p > 1 and for each nonnegative
symmetric real d x d matrix a. The purpose of this paper is to provide an equivalent PDE formulation for
H(p,v) in terms of Fokker-Planck equations when the cost function f is not strictly convex and behaves
like f(a) ~ |a| (i-e., for example, for the trace or spectral radius of a nonnegative symmetric real d x d
matrix), thereby narrowing the “gap” between the classical static formulation for H (u, ) and the dynamic
formulation involving a PDE.
In particular, we introduce the minimization problem

1
d\ 1
Flu,v) = inf //f() d|At|dt|atg—tr(V2A),go—u, .
0 Rd dlAt| 2

where f is a nonnegative sublinear function and the Fokker-Planck equation d;0 = tr(3V2)) in (0,1) x R?
holds in the weak extended sense of measure-valued solutions (see Section , namely, A does not have to
be absolutely continuous with respect to o, in contrast to the Fokker-Planck equations 0;0 = tr(%V%g) in
(0,1) x R considered by Huesmann and Trevisan in [18], where the analysis is carried out for p-admissible
costs. By defining G(z,p) = F(d,,p), our goal is to prove the equality H(u,v) = F(u,v). Let us highlight
that, unlike the case of p-admissible costs [18], we do not have an equivalent Benamou-Brenier type
formulation for F'(u,v) (see Remark , and hence we cannot use a standard measurable selection
argument to prove the equality between F'(u,v) and H(u,v). Therefore, we implement a new analytical
approach. We derive dual formulations for F(u,v) and H(u,v) in terms of G-invariant functions. Since
the dual competitors for H(u,v) are less regular than the dual competitors for F(u,v), the equality
F(u,v) = H(p,v) is proved when G-invariant functions can be approximated by smooth G-invariant
functions in a suitable sense (see Theorems . Under the coercivity assumption on f, we characterize
bounded continuous G-invariant functions as viscosity solutions of the Hamilton-Jacobi-Bellman equation.
This, under the coercivity and growth assumptions on f, yields the dual formulation for H (u, v), where the
competitors are viscosity solutions of the Hamilton-Jacobi-Bellman equation (see Corollary . Then
we perform a smoothing procedure and obtain the equality F(u,v) = H(u,v) (see Theorem . We
consider in detail four examples for which we compute F(u,v) in terms of p and v.

Let us outline the contents of the paper. In Section [2| we introduce our main notation and recall some
definitions. In Section |3} we announce our basic assumptions on the cost function f and introduce the
minimization problem involving Fokker-Planck equations in the extended sense of measure-valued
solutions. The key assumption is the positive 1-homogeneity of f, using which, we eliminate the time
variable in the statement of the problem via the equation and obtain its equivalent formulation
without time (see Proposition . We obtain the dual formulation for the problem



and prove the existence of a (primal) minimizer when F(u,v) < 400 (see Theorem [3.6). It is worth
noting that our dual formulation cannot be derived from the results of [24], established using
stochastic control theory. Firstly, in view of Remark the problem and the semimartingale
transportation problems studied in [24] are different. Secondly, the existence and duality results in [24]
are established under the crucial coercivity assumption (see Assumption 3.3 in [24]), which guarantees
tightness of any minimizing sequences of the (primal) problems in [24] and does not hold for the cost
functions behaving like c(a) ~ |a| for a € SJ, in particular, for our cost f (it is also worth noting
that the coercivity Assumption 8.1 (3) in [6] does not hold for our cost f). Thirdly, the coercivity of
f is not required in Theorem We deduce that the functional F' is convex, subadditive and lower
semicontinuous in an appropriate sense (see Proposition . Next, we introduce the weak transport
problem (static formulation) associated with the problem (PDE formulation). We prove that
the functional H is greater than or equal to F' (see Proposition , and, using the existing theory of
weak optimal transport, we deduce that H is convex, lower semicontinuous in an appropriate sense and
obtain a dual formulation for H(u,v) (see Proposition . Under the coercivity assumption on f, we,
on the one hand, relax and, on the other hand, strengthen the dual constraint in Proposition
using bounded lower semicontinuous functions (see Proposition . Next, we develop the theory of
subadditive cost functionals that appeared in [2, Section 6], where the role of R? is replaced by the
closure of a bounded open convex subset of R%. Unlike [2], this paper considers the set of probability
measures on R¢ that is not compact, which leads to additional difficulties. We obtain new results either
under the coercivity assumption on f (see Propositions [3.1753.19) or under the growth assumption on
f (see Propositions [3.25). Dual formulations for H(u,v) in terms of G-invariant functions are
obtained: under the coercivity assumption on f (see Theorem , under the growth assumption on f
(see Theorem , under both coercivity and growth assumptions on f (see Theorem . The dual
formulation for F'(u,v) in terms of G-invariant functions is obtained in Theorem In Section {4} the
equality between F(u,v) and H(u,v) is proved: under the approximation assumptions on G-invariant
functions (see Theorems ; under the coercivity and growth assumptions on f (see Theorem .

2. Preliminaries

2.1. Conventions and Notation

Conventions: in this paper, we say that a value is positive if it is strictly greater than zero, and a value is
nonnegative if it is greater than or equal to zero. Euclidean spaces are endowed with the Euclidean inner
product a - b = aTh and the induced norm |a| = VaTa. By d we denote a positive integer.

Notation: for r > 0, B.(x), B.(z), and dB,(z) denote, respectively, the open ball, the closed ball, and
the (d — 1)-sphere with center = and radius 7. Let Cy(R%), C*((0,1) x R?), CZ(R?) be, respectively, the
spaces of bounded continuous functions on R?, functions continuously differentiable once in ¢ and twice
in z in (0,1) x R? with uniformly bounded d;, V2, and functions twice continuously differentiable on
R? whose Hessian is uniformly bounded. We denote by ®(R?) the space of all functions ¢ € C(R%)
such that there exists a constant C' > 0 such that |p(z)| < C(1 + |z|?) for each z € R?, and by ®; 2(R%)
the subset of functions in ®2(R?) which are bounded from below. Let Sy be the space of real d x d
symmetric matrices endowed with the Hilbert-Schmidt (or Frobenius) inner product A : B = tr(ATB)
and the induced norm [|A|| = VA : A. We write I; for the d x d identity matrix and S (S;T) for the
set of symmetric nonnegative (positive) definite real d x d matrices. We write Po((0,1) x R?) (Py(R%))
for the set of probability measures p on (0,1) x R? (R?) such that Jo.1)xra |22 dp(t, ) (fga |z du(z))
is finite. We endow Po(R?) with the topology generated by the 2-Wasserstein distance (i.e., in duality
with ®2(R%)). We write M((0,1) x R, S7) (M(R?,S)) for the set of measures A on (0,1) x R? (R%)
with values in S such that for each Borel set E C (0,1) x R (E C R?), A(E) € SJ. For a measure
A, we denote by |)| its total variation. By Cy((0,1) x R%, Sy) (Cy(R?, Sy)) we shall denote the space of
all bounded continuous functions on (0,1) x R? (RY) with values into Sg. By Sp(RY) (Uy(R?)) we shall



denote the set of all bounded lower (upper) semicontinuous functions on R%. By S o(R?) we denote the
set of all lower semicontinuous functions ¢ : R* — R such that ¢ is bounded from below and for some

constant C' > 0, |p(z)] < C(1+ |z|?) for each z € R%. If U C R? is Lebesgue measurable, then L' (U) will
denote the space consisting of all real measurable functions on U that are integrable on U. By L} .(U)
we denote the space of functions u such that u € L*(V) for all V€ U. We use the standard notation

for Sobolev spaces. For an open set U C R%, denote by W, "*(U) the closure of C2°(U) in the Sobolev
space W1P(U), where C2°(U) is the space of functions in C°°(U) with compact support in U. By L" and
‘H" we denote the r-dimensional Lebesgue and Hausdorff measure, respectively. For each p € Pa(RY), [1]
and var(u) will denote the barycenter and the variance of p, respectively. Namely, [u] = [, = du(z) and

var(p) = [ga lzl* du(@) — |[u]]*.

2.2. Fokker-Planck equation for general measures

Given a pair of measures (o,\) € P2((0,1) x R%) x M((0,1) x R% S7) such that one can disintegrate
0=0: L (0,1), A =X ® LLL (0,1), we say that the Fokker-Planck equation in the weak extended
sense of measure-valued solutions

1
Do = tr (2V2)\> in (0,1) x R? (GFPE)
holds if .
/ IAe](RY) dt < +o0
0

and for each ¢ € C’,}’Q((O7 1) x R?) with (closed) support in (0,1) x R9,

/0 [ onett.x) dou(e) de = - /0 3 QVMt 2) () dt. (2.1)

If (0,\) € P2((0,1) x RY) x M((0,1) x R4, ST) is a solution to (GFPE), then there exists a narrowly
continuous curve (9;)ejo,1] C P2(R?) such that gy = g; for L'-a.e. t € (0,1). Moreover, if ¢ € CZ(R?)
and 0 S tl S tg S 1, then

1
1/) ) doy, (x / () doy, (z / §V21/}(33) sdM\(z) dt (2.2)
t; JRd
(the reader may consult [3, Lemma 8.1.2] and [25, Remark 2.3]). Thus, for a solution (g, \) to (GFPE),

without loss of generality, we shall assume that (9¢):c(0,1) is narrowly continuous.

Proposition 2.1. Let (o,)) solve (GFPE), p = w * —limy0 01 and v = w % —limy ~ ;. If 9 € CZ(RY)
is convez, the function t € [0,1] — [p. 1) doy is nondecreasing. In particular, [z, dp < [pa1) dv.

Proof. For every 0 <t; <ty <1, using 1' and the fact that v is convex and \; € M(R?, Sj), we have

¢($) d,Qt2 (x) = w(x) th1 (.’E) n / 2
Ré Rd

2V2w( z) s dhi(x) dt > | (x) dor, (),

t1 R4 Rd

which completes our proof of Proposition [2.1] O
For convenience, we recall the next definition (see [23]).

Definition 2.2. We say that measures u,v € P(R?) are in convex order, and we write p <. v, if for
each convex function ¢ : R? — R, it holds
0)< [ i) dv(o)
Rd

Remark 2.3. Notice that if u <. v, then [y, ¢ du = [z, ¢ dv for each affine map ¢ : R* — R. Since
every convex function is nonnegative up to the addition of some affine map, p <. v if and only if for each



convex function ¢ : R? — [0, +00), (v—pu, p) > 0. For each convex function ¢ : R? — [0, +-00), there exists
a sequence (o )ren of convex functions ¢y, : R? — [0, +00) such that o (-) = inf{p(y) + k|- —y| | y € R4}
is k-Lipschitz and ¢ ¢ as k — +oo. For each k € N, using convolution with 7.(-) = e~9n(-/¢), where
e > 0 and 7 is a standard mollifier (namely, n € C°(R?), supp(n) = B1(0), n > 0, n(z) = n(—z) and
Jgam dz = 1), ¢ can be uniformly approximated on R? by a sequence of nonnegative convex smooth k-
Lipschitz functions. Again, using the above mollification procedure, each convex smooth Lipschitz function
on R? can be uniformly approximated by a sequence of convex functions lying in CZ(R%). After all, taking
into account the above monotone and uniform convergences, for each convex function ¢ : R¢ — [0, +00)
we can find a sequence (¢ )ren C CZ(R?) of nonnegative convex functions such that Ja Pr dp = [pa 0 dp
and fRd Y dv — f]Rd @ dv as k — +o0o. Therefore, p <. v if and only if (v — p, ) > 0 for each convex
function ¢ € CZ(RY).

2.3. Subharmonic functions

Definition 2.4. A function u : R — R U {—o00} is said to be subharmonic if it satisfies the following
conditions.

(i) w is not identically equal to —oo.
(ii) w is upper semicontinuous.

(iii) For each z € R? and r > 0,
u@ < fuly) ),
OB, (x)

where f&BT(x) u(y) dH " (y) = m faBr(x) u(y) dH ().

A function v : R? — R U {+0oc} is said to be superharmonic if u = —v is subharmonic. A function is
harmonic if and only if it is both subharmonic and superharmonic. If u € C?(R%), then u is subharmonic if
and only if Au > 0 in R? (see, for instance, [21, Section 3.2]). In one dimension, a function is subharmonic
if and only if it is convex; however, in dimension d > 2 the notions of subharmonicity and convexity are
not equivalent (for more details, the reader may consult, for instance, [21]). We shall denote by SH(R?)
the cone of all subharmonic functions on R<.

It is also worth recalling the notion of the so-called subharmonic order, which is stronger and more
natural than the convex order in dimension d > 2 and is equivalent to the convex order in one dimension.

Definition 2.5. We say that measures u,v € Pg(]Rd) are in subharmonic order, and we write p <y, v, if
for each u € CZ(R%) N SH(R?) the following holds

/ udug/ u dv.
Rd R4

If 4 <sp v, using a standard mollification procedure, we observe that fRd udp < fRd u dv for each
bounded or Lipschitz u € SH(RY).

3. A PDE constrained optimization problem

For each p,v € Po(R?), we consider the following minimization problem

1
F(u,v) = inf / / f(‘”) d|At|dt|atg—tr(1v2A),go—u, o=vh. @)
[0} Rd dl)‘t| 2

where the function f : Sy — [0,400] with dom(f) := {M € Sy | f(M) < +oo} C SJ such that
dom(f) N S§™ is dense in dom(f) satisfies the following assumptions.



f is sublinear. (A1)

f is lower semicontinuous. (A2)

Recall that f :Sq — [0, +00] is said to be sublinear (see |14] or Section 4 in |23]) if it is subadditive and
positively 1-homogeneous, which means that

f(A+ B) < f(A)+ f(B) and f(tA) =tf(A) forall A,B € S; and ¢t > 0.

Among the interesting examples of such functions, we emphasize the following.

(i) f(A) =tif A=tl, for some t > 0 and f(A) = oo otherwise.

(ii) For some £ € R, f(A) = A: @€ if A€ S) and f(A) = +oo otherwise.
(iii) f(A) =tr(A) if A € S and f(A) = +oo otherwise.
(iv) f(A) is the largest eigenvalue of A if A € S} and f(A) = 400 otherwise.

Notice that in the example|(i)|dom(f) is a proper convex subset of S;, and in the example the function
f is not coercive.
Using the 1-homogeneity of f, we compute its Fenchel conjugate. For each A € Sy,

0 if A:M < f(M) VM € dom(f)

(3.2)
+00  otherwise.

Remark 3.1. If F(u,v) < +oo, then p <. v (see Proposition and Remark [2.3)), which implies that
(1] = [v].
Using the 1-homogeneity of f, we eliminate the time variable in (3.1) via the equation
1
tr <2V2)\) =v—pu in RY (3.3)
which means that A € M(R?, S7), |A|(RY) < +o0 and

[ 57l a\@) = [ ola) dv@) = [ o@) duta) Ve < CRR. (3.4)

Proposition 3.2. For each p, v € P2(R?) the following holds

F(p,v) = inf{/ f ( ddi|> dIA| | tr GVQA) = V—u}. (3.5)

Remark 3.3. Since f is positively 1-homogeneous, for each positive finite measure m on R? such that

|A| < m, it holds
dX dA
Jor () = [ Carg)

Proof of Proposition[3.3 Let A € M(R%,S7) be a solution to (3.3)). For each t € [0, 1], define
0 = (1 —t)pu+tv € Py(RY). (3.6)

Fix an arbitrary ¢ € Cp*((0,1) x R?) with (closed) support in (0,1) x R%. Then, using Fubini’s theorem
and integrating by parts, we have

/01 Rdatw(tx)dgt( ) dt = /Rd/ (t,x) dt du(z /Rd/ (t,x) dt dv(z). (3.7)



Since tr(3V2\) = v — p and fo o(t,-) dt € C3(R?), using and Fubini’s theorem, we deduce that

1
/ 2Viap(t x): d\(z) dt = / / (t,x) dt dv(z / / (t,x) dt du(z). (3.8)
0 R4 R4 R4

Combining (3.7)) and ( ., we get
1 1
| [ ot deutay at=— | 20(t,2) : d\(3) dt,
0 JR4 0o JRrd 2
and hence the pair (¢, ® £ L (0,1),A® £ (0,1)) is a solution to (GFPE). Thus,

F(u,v) < inf{/ f(dd;|> dIA| | tr (;v2A> = V—u}. (3.9)

Now assume that F(u,v) < +oo and let (o ® £ (0,1), s ® £} L (0,1)) be an admissible pair for
(3.1). Using (2.2) with ¢t; = 0 and ¢, = 1, for each ¢ € CZ(R?), we obtain

1 1, . B i
/0 o §V o(x) : d\(z) dt = /Rd o(x) dv(x) /Rd o(x) du(x). (3.10)

Define
A=mh(AN®L'L(0,1) € M(RY, ST,

where 7% (t, z) = z for each (¢,z) € [0,1] x R%. Then |A|(RY) < 400 and for each & € C,(RY, S,),
1
&(z) : dA\(z) —/ E(m(t,x)) : d\e(x) dt. (3.11)
R 0 JRre

This, together with (3.10]), implies that

1

SV30() s dAa) = [ pl@) dula) - [ ola) duta) Vi € CRY.

R4 R4 R4

Thus, ) is a solution to (3.3). Next, we define the convex functional ¥ : (Cy(R%, S4))’ — [0, +00] by

/ f ( dcllal> dlo] if 0 € MR, S7), |ol(R?) < +o00

+o00 otherwise.

V(o) =

For each ¢ € Cy(RY, Sy),
. 0 if £(R?) C dom(f*)
+o00  otherwise.
Indeed, if £(xg) ¢ dom(f*), then there exists A € dom(f) such that {(zg) : A > f(A). Since & is

continuous, there exists r > 0 such that £(z) : A > f(A) for each z € B, (z¢). Defining 0, = nALIL B, (),
we have

N ) do, B )
w2 [ € dn = [ £ (G2 ) doul=n [ e A=) o

Letting n tend to +o0, we deduce that U*(§) = +o0.
Observe that for each o € M(R%, ST) such that |o|(R?) < +o0, ¥ is (weakly) lower semicontinuous at
o and hence U**(0) = ¥(0) (see [9, Theorem 2.1 (7)]). Thus, the following holds

A =supq [ &z ) | € € Cy(RY, 5y), E(R?) C dom(f*)
fot Gy = [ 6o }

= sup {/ g E(m(t,x)) - dh(z) dt | € € Cp(RY, Sy), E(RY) C dom(f*)}

< sup{/ Rdg (t,x) : dh(z) dt | € € Cp((0,1) x R, Sy), £((0,1) x RY) ¢ dom(f*)}

d,
<[ L1 Ging) v



Using this together with the fact that A is a solution to (3.3) and taking into account (3.9)), we deduce
(3.5)), which completes our proof of Proposition O

As a byproduct of the proof of Proposition we obtain the next

Corollary 3.4. If the infimum in (3.1) is achieved on (g; ® £'_(0,1),A\; ® L1 (0, 1)), then the infimum
in (3.5) is achieved on A = 7% (A ® L'L(0,1)). Conversely, if the infimum in (3.5) is achieved on A, then
the infimum in (3.1)) is achieved on (g; ® £1L (0,1),\s ® L1L(0,1)), where oy = (1 —t)u+tv and Ay = .

Remark 3.5. In general, one cannot find a martingale (X¢);c[o,1] (for the definition, see, for instance,
Section 2 in [18]) with continuous paths whose marginals are g = (1 — t)u + tv for ¢ € [0,1]. Indeed,
if p= 5% and v = $(8, + &), the optimal curve g, = (1 — t)p + tv is absolutely continuous in the 1-
Wasserstein distance, but it is not absolutely continuous in the p-Wasserstein distance with p > 1, which
from the particle point of view means that the particles must jump from % to x or y at a certain rate.
This phenomenon occurs because, in contrast to [18], in our case the cost f is not p-admissible, which
correlates with the fact that for a solution (g, A) of the problem , A does not have to be absolutely
continuous with respect to ¢ (the reader may also consult [10, Remark 3.3]).

3.1. Existence and duality
We introduce a dual formulation to (3.1) and prove the existence of a minimizer when F'(u,v) < +oc.

Theorem 3.6. For each u, v € Po(R?) the following equality holds

1
Fuv) =sup { (v = ) | 0 € CRRY, 1 (57%0) =0 in 1. (312)
Moreover, if F(u,v) < 400, then the infimum in (3.1) (and in (3.5))) is actually a minimum.

Remark 3.7. The function f is not strictly convex and, generally speaking, is not coercive (see, for
instance, the example . Notice that in |18, Theorem 4.3] the strict convexity and p-coercivity (for
some p > 1; see Section 2 in [18] for the definition) of the cost function are used to prove the existence of
a minimizer of the primal problem. In particular, the fact that the Fenchel conjugate of the cost function
is finite on {tI; | t > 0} (since the cost function in [18] is p-coercive) is used to prove that an optimum
of the primal problem in [18, Theorem 4.3] solves the Fokker-Planck equation, where the diffusion term
is weighted accordingly with the mass. In our setting, if dom(f*) contained {tI | ¢ > 0}, we would have
f = 400 identically on S:{Jr. It is also worth noting that our dual formulation cannot be derived
from the results of [24], established using stochastic control theory. Indeed, in view of Remark the
problem and the semimartingale transportation problems studied in [24] are different. Furthermore,
the existence and duality results in [24] are established under the crucial coercivity assumption (see
Assumption 3.3 in [24]), which guarantees tightness of any minimizing sequences of the (primal) problems
in [24] and does not hold for the cost functions behaving like c(a) ~ |a| for a € S, in particular, for our
cost f (notice also that the Assumption 8.1 (3) in [6] does not hold for f). Thirdly, the coercivity of f is
not required in Theorem

Proof of Theorem [3.6 Define the functional ¥ : (Cy,(R%, S;))" — [0, +00] by

do
d|o if 0 € MR, ST, |o|(RY) < +o0
vy = L L () e (B, 57), Jol (R
400 otherwise.

Observe that W is convex and for each o € M(R?, S7) such that |o|(R?) < +o00, ¥ is lower semicontinuous
at o and hence U**(0) = ¥(o) (see |9, Theorem 2.1 (¢)]). Proceeding in the same way as in the proof of

Proposition for each & € Cy(R%, S,), we deduce that

0 if ¢(RY) C dom(f*)

+o00  otherwise.

U(E) =



We write the dual pairing as o (&) for o € (Cy(R?, S4)) and & € Cp(R%, S;). Assume by contradiction
that U**(0) < +oo and o(£) > 0 for some & € Cp(R?, S,) such that —¢ € Cy(R%, S;). Since ¥*(t£) = 0
for each t > 0, U**(0) > to(§) > 0. Letting ¢ tend to +o0o, we obtain ¥**(0) = 400, which leads to a
contradiction. This proves the following fact: if ¥** (o) < +o00, then o(£) > 0 for each £ € Cy(R%, SF).

Next, following [18], we say that ¢ € Cy(R?, Sy) is represented by ¢ € CZ(R?) if ¢ = —%Vzgo. We
define © : Cy(R%, S3) — R U {+00} by

(n—v,) if € is represented by ¢
o) = .
~+00 otherwise.

If 1 and @9 represent &, then %V2(4p1 —2) = 0, and hence ¢1(z) = a+y-x+ p2(x) for some fixed a € R
and y € R?. Without loss of generality, we can assume that [p.(a +y-z) du(z) = [pu(a+y - z) dv(z),
because otherwise F'(u,v) and the supremum in are equal to +o00: F(u,v) = 400 because p and
v would not be in convex order; the supremum in is equal to +oo by letting ¥ (z) = ty - x, which
satisfies —f *(%Vzw) = 0 in R?, and letting ¢ tend to 400 depending on the sign of the difference. This
implies that (1 — v, v1 —@2) = 0. Thus, © does not depend on the choice of . It is also worth noting that
the set of represented mappings & € Cy,(R?, S,) is a linear subspace on which © is linear. In particular, ©
is positively 1-homogeneous with the Fenchel conjugate

©*(0) =sup{o (&) + (v — u, ) | £ is represented }

taking values in {0,400} and ©*(c) = 0 if and only if

1
g iv%: da—/Rdcpdl/—/Rdapd,u Vo € CZ(RY), (3.13)

where we interpret the integral on the left-hand side of the above equality as a duality pairing.

We have proved that if U**(o) < 400, then ¢ is a nonnegative bounded linear functional. We claim
that o is tight and hence induced by a measure. Let g : R — [0, 1] be a smooth nondecreasing function
such that g(t) = 0 for t € (—o00,1/2], g(t) = 1 for t € [1,+00) and |¢'(t)],]g”(t)] < 4 for t € R. Define
the function h : R — [0,400) by h(t) = fioo g(s) ds. Then h is a smooth function, h'(t) = g¢(t) and
B"(t) = g'(t) > 0 for t € R. For L > 0 and x € R? we set pL(x) = h(Jz|*> — L?). Notice that
¢5(z) = —(g(Jz|* — L*) 14+ 2¢'(|z]* — L*)x ® x) is represented by % and —¢~ > I on R*\ B 7277(0).
Since v € Po(R?) and h(|z|?> — L?) < |z]? — L? < |z|> on R?\ B(0), for each fairly small € > 0, there
exists L > 0 large enough such that

/Rd h(|z|* — L?) dv(z) < e. (3.14)

For each ¢ € Cy(R?, Sy) such that [¢| < 1 and supp(§) C R\ B /7277(0), it holds £ < —¢ and —¢ < —¢&.
Using this, the facts that o is a nonnegative linear functional and p is a nonnegative measure, (3.13) and
(3.14), we deduce the following

|o(§)] < o(—€") = /Rd hW(|z? = L?) d(v(z) — (@) <e,

which proves that o is tight and hence induced by a measure.

The mapping I is represented by ¢(z) = —|z|?, ¥* is continuous at —I; and (1) < +oo. After all,
applying the formula for the conjugate of the sum ¥*(—) + O(-) at 0 € (Cy(R%, S4)) (see, for instance,
[9, Proposition 2.3 (i)] or [11, Theorem 1.12]), we obtain

nf{T**(0) +0"(0) | o € (Co(R?, 8a))'} = sup{~T* (=€) — O(¢) | £ € Cy(R?, Su)}, (3.15)

where the infimum is actually a minimum if the supremum, coinciding with the supremum in (3.12)), is
finite. The latter holds if and only if F(u,v) < +oco. Indeed, if the supremum in (3.15) is finite, then
according to [9, Proposition 2.3 (4i)] (or |11, Theorem 1.12]), the infimum in (3.15) is actually a minimum



and if o is a minimizer, then we have proved that o € M(R%,S}), |o|(RY) < +o00, o solves for p
and v (see (3.13))) and V(o) = ¥**(o). This, together with Proposition implies that the left-hand
side in coincides with F'(y,v), and the infimum in (and in (3.5)) is actually a minimum. On
the other hand, if F(u,v) < +oc, then there exists o € M(R%,S]) solving for 1 and v. For each

¥ € CZ(R?) such that —f*(%V%/}) =0 in R, we have %Vzib : % < f(%) |o|-a.e. on R?. Hence

_ [ Loz, o
<V_M7w>_ RY 2V¢ dgg‘/Rdf<d|0'|) d‘0'|,

which implies that the supremum in ([3.15)) is less than or equal to [, f (%) d|o| < +o0. This completes

our proof of Theorem [3.6] O

Corollary 3.8. For each ju,v € Py(R?) the following estimate holds
Fu) = £ ([ aoa(in) - du(w))). (3.16)
Rd

Proof of Corollary[3.8 Let A € dom(f*) be arbitrary and (x) = Az - x for each z € R%. Then we have
—[* (V%) = — f*(A) = 0 in R?, which, in view of Theorem yields
F(u,v) 2/ Az -z dv(z) —/ Az -z du(z) = A: (/ x®x dv(zx) —/ rTRx d,u(:v)) . (3.17)
R4 R4 R4 R4

Since A € dom(f*) was arbitrarily chosen, f* =0 on dom(f*) and f = f** (this comes from (A1), (A2])

and |9, Theorem 2.1 (7)]), (3.17) implies (3.16]), which completes our proof of Corollary
]

3.2. Lower semicontinuity, convexity and subadditivity

Proposition 3.9. The following assertions hold.

(i) F is conver on Pa(R?) x Pa(RY) and lower semicontinuous with respect to the weak topology on
Po(R?) x Po(RY) in duality with ®o(RY) x ®o(RY).

(ii) For each choice of uy, pa, uz € P2(RY),
F(prs pg) < Fpn, po) + Fpg, p3)-

Proof. It is a direct consequence of Theorem that I is convex and lower semicontinuous with respect
to the specified product topology, since it is represented as the supremum of the family consisting of linear
functionals that are continuous with respect to this topology. This proves

Let us prove For each ¢ € CZ(R?) such that —f*(3V?y) = 0 in RY, using Theorem we have

(13 — p1, ) = (2 — w1, ) + (3 — p2, V) < F(u, p2) + F(pz, p3),

which implies and completes our proof of Proposition O
3.3. Associated weak transport problem
We define the cost function G : R? x Py(R?) — [0, +-00] by

G(z,p) = F(dz,p). (3.18)

By Proposition G is lower semicontinuous in (x,p) and convex in p. For each p,v € Po(R%), we
consider the following weak transport problem

inf {/]Rd G(z,7") du(x) | v € II(y, V)} (3.19)
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and define the functional H : Py(R?) x Py(R?) — [0, +00] by
) =i { [ Glar®) dute) |7 € M) | (3.20)
R
Since G(z,8,) = 0 for each z € R? and v* @ p € (i, ) when 4 = §,, for p-a.e. x € RY,

H(p,p) = F(u,p) =0 Vp € Po(RY), (3.21)

which implies that the functional H is proper (i.e., dom(H) # ().

We shall prove the equality F = H. First, we show that H > F, which is a consequence of Theorem 3.6]
To establish the converse inequality, which is a delicate matter, we develop the dual result of [5] and the
theory for subadditive costs that appeared in [2, Section 6], where the role of R? is replaced by the closure
of a bounded open convex subset of R?. The main difficulty is that, unlike [2], we work with the set of
probability measures on R%, which is not compact with respect to the weak topology.

Proposition 3.10. For each p,v € Po(RY), H(u,v) > F(u,v).

Proof. Fix an arbitrary v = v* ® u € I(u,v). According to the definition of G and Theorem for
p-a.e. z € R? and for each ¢ € CZ(R?) such that —f*(1V?y) = 0 in R?, we have

Gl,y") = [ 9(y) dv*(y) — ().
R
Integrating both sides of the above inequality over R? with respect to u, we obtain

Glar) du@)> [ [ vt0) a7 ) dute) = [ 0ta) duto) = (0= ).

Rd
This, since v € H(u,v) and ¢ € CZ(R?) satisfying —f*(3V?¥) = 0 in R?, according to Theorem [3.6
completes our proof of Proposition [3.10] O

For each € R? and for each universally measurable function ¢ : R? — R satisfying the estimate
lo(-)] < C(1+]-]?) for some constant C' > 0, we define

©%(x) := inf {/Rd pdp+ G(x,p) |pe Pg(Rd)} . (3.22)

Remark 3.11. If ¢ € ®;5(R?), then ¢ is lower semianalytic (and hence universally measurable, see
[8, Proposition 7.47]), bounded from below, [¢%(-)] < C(1+|-|?) for some constant C' > 0 and the integral
Jza 0% dp is well defined for all p € Po(R?). In particular, for each 2 € R?, we can define &% ().

Proposition 3.12. The following assertions hold.

(i) H is convex on Po(R?) x Po(R?) and lower semicontinuous with respect to the weak topology on
Po(R?) x Po(RY) in duality with ®o(RY) x ®3(R?). If H(u,v) < +oo, then the weak transport
problem (3.19) admits a solution.

(ii) For each u,v € Pa(R%),
H(u,v) = sup {/ 0% du —/ pdv|pe Cbb,g(Rd)}. (3.23)
R4 R

Proof. According to Proposition (z,p) — G(z,p) is convex in p and lower semicontinuous in
(x,p) with respect to the product topology on R? x Py(R%), where the topology on R? is generated
by the Euclidean distance and the topology on Py(R?) is generated by the 2-Wasserstein distance (see
Definition 6.8 and Theorem 6.9 in [26]). Then, using [5, Theorem 2.9], we deduce that H is lower
semicontinuous with respect to the weak topology on (P(R%))? in duality with (®2(R%))? and prove
that admits a solution whenever H(u,v) < 4o0c0. Applying [5, Theorem 3.1], we obtain the dual
formulation , which implies the convexity of H. This completes our proof of Proposition O
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To develop the theory of subadditive cost functionals, which appeared earlier in |2, Section 6], where
the role of R? is replaced by the closure of a bounded open convex subset of R%, we need to introduce some
additional assumptions on f, namely either the coercivity (see the example , or the growth assumption
(see the example [(ii)), or both (see the examples . In particular, we introduce the following
assumptions.

f is coercive. (A3)
dom(f) = 57 and there exists x; > 0 such that f(A) < xytr(A) forall A€ S;. (A4)

Remark 3.13. Since f satisfies and , the assumption holds if and only if there exists
a constant kg > 0 such that f(A) > kotr(A) for each A € SJ. Indeed, assume that holds. If
A € S and tr(A) > 0, then |[A| > 0 and, in view of (A1), f(4) = |A|f(ﬁ). Using this, and
the fact that dom(f) N S+ is dense in dom(f) # 0, we deduce that there exists £ € S; such that
|E| = 1 and f(E) = min{f(E) | E € S, |E| = 1} < +oo. Then, defining ko = f(E)/vd, we have
f(A) > F(E)|A| > ko tr(A) for each A € St. Clearly, the last inequality implies the coercivity of f.

Next, we prove that G is narrowly lower semicontinuous if (A3)) holds. Recall that (p,)nen C P(R?)
narrowly converges to p € P(R?) if [, ¢ dpn — [ga ¢ dp as n — +oo for each ¢ € Cy(R?).

Proposition 3.14. Let (A3) hold, z,, — = € R, (pp)nen C P2(RY) and p, narrowly converges to
p € Po(R?). Then
G(z,p) < liminf G(z,, pn).

n—+00
Proof. Without loss of generality, there exists a constant C' > 0 (independent of n) such that for each

n € N, G(zy,,pn) < C. Then, by Theorem |3 . for each n € N there exists A\, € M(R?,S7) such that
[An|(RY) < 400, tr(3V2N,) = p — 2y and G, pp) = [ga f( dI/\ 1) d|An|. Using this and (A43)), we obtain

dAy,
|)\n|(Rd)§no/le<d|/\ ) Al < me

for some constant 79 > 0 independent of n (see Remark [3.13). Then, according to the Banach-Alaoglu
theorem, there exists A € M(R?, S;) such that |A\[(R?) < +oo and A, converges weakly to A. Since, for
each p € C%(RY),

[ o dm—ela)= [ 59%: d,
Rd Rd
letting n tend to +oco and using the weak convergences, we deduce that

/]Rd wdp—p(x) = y 2V2<p dA. (3.24)

By direct adaptation of the density argument in [25, Remark 2.3], (3.24) implies that tr(%V2)\) =
Thus, A is a competitor for G(z,p) = F(d.,p) (see (3.5)), which, in view of the lower semicontinuity of
the function o — [, f (%) d|o| on the subset of finite measures in M(R%, S, yields the estimate

Gla) < [ () W <timint [ (52 ) dida] = limint Glan. )

n—-+o0o
and completes our proof of Proposition [3.14] O

Proposition 3.15. Let (A3) hold and ¢ € Sp2(R?). Then the infimum for ¢ in (3.22)) is actually a
minimum and ¢ € Sp 2(RY).

Proof. Let x € R% and (p,)nen C P2(R?) be a minimizing sequence for ¢%(z) € R. Then there exists
a constant C' > 0 (independent of n) such that for each n € N large enough, G(z,p,) < C. Using this,
together with (A3)) (see Remark [3.13)) and Corollary we deduce that

A= sup/ lyI? dpn(y) < 400,
neN JRd
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which, in view of [3, Remark 5.1.5], implies that (p,)nen is tight. Then, by Prokhorov’s theorem (see
[3, Theorem 5.1.3]), there exists a probability measure p on R? such that, up to a subsequence (not
relabeled), p,, converges narrowly to p. Thus,

/ lyl* dp(y) < 1iminf/ lyl* dpa(y) < A
Rd n—+o0 [pd
and p € P2(R?). By the narrow convergence (recall that ¢ € Sy 2(RY)) and Proposition

/ ¢ dp+ G(x,p) < liminf/ ¢ dp, + G(z,pn),
Rd Rd

n—-+o0o

which says that p is a minimizer in the definition of ¢ (z) (see (3.22))).

Next, we prove the lower semicontinuity of 0. Let z, — x, p, € Po(R?) be a minimizer in the
definition of ¢©%(z,) and liminf, ;. ©%(2,) < +0o. Proceeding as before, we can assume that there
exists p € P2(R?) such that, up to a subsequence (not relabeled), p, converges narrowly to p. Using the
narrow convergence, the fact that ¢ € Sb’g(Rd) and Proposition we obtain the following

0% () </ ¢ dp+G(z,p) < liminf/ ¢ dpn + G(wn, pp) = lim inf % (),
R4 R4

n—+o00 n—+4o00
which proves the lower semicontinuity of @ and completes our proof of Proposition O

Under the assumption (A3]), we can, on the one hand relax and, on the other hand, strengthen the
dual constraint in (3.23]) using bounded lower semicontinuous functions.

Proposition 3.16. Let u,v € Po(R?) and (A3) hold. Then
H(,u,zx)zsup{/ ¢ du/ @ dv | npeSb(Rd)}. (3.25)
R R

Proof. Let ¢ € ®;2(RY) and ¢,, = min{n, ¢} for each n € N. Then ¢,, € C,(R?) and ¢,, /¢ as n — +oc.
According to Proposition for each n € N and for each z € R?, there exists p, € Po(R?) such that
95 () = [ga Pn dpn + G(z,py). Since ©§(z) < p(x) < +o00, arguing by the same way as in the proof of
Proposition we deduce that there exists p € Po(R?) such that, up to a subsequence (not relabeled),
prn converges narrowly to p. For each k € N, using the weak convergence and Proposition we obtain

/ wr dp + G(z,p) < liminf/ ok dpn, + G(z,pp) < liminf/ ©n dpn + G(z, pn) = liminf o€ (z).
R R4 Rd

n—+oo n—+oo n—+oo

Letting k£ tend to 400, by the monotone convergence theorem, we have

soG(:v)S/ ¢ dp+ G(x,p) = lim ¢k dp + G(z,p) < liminf ¢§ (z).
R4 d

k—+oo Jp n—+00

On the other hand, ¢S (x) < p%(z) for each n € N and hence ¢S (x) / ¢%(z) as n — +oo. Thus, by the
monotone convergence theorem, [p, 05 dp — [pa 9% dp and [p. @ dv — [pu¢ dv as n — +oo. This,
together with (3.23)), implies that

H(M»V)ZSUP{/ 0 du/ de|¢€Cb(Rd)}~
Rd R4

Since for each ¢ € Sp(R?), there exists a sequence (¢, )nen C Cp(R?) such that ¢, /¢ as n — +o0,
repeating the above procedure, we complete our proof of Proposition [3.16] O

If the G-transform ¢ + ¢ is idempotent on Sy(R?), the following dual formulation for H(u,v) holds.

Proposition 3.17. Let p,v € Po(RY), (A3) hold and ¢ = ¢ for each ¢ € Sp(R?). Then

H(p,v) = sup{(v — p, ) | ¥ € Up(R?), —1p = (=)}, (3.26)
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Proof. In view of Proposition H(p,v) is greater than or equal to the supremum in (3.26). On the
other hand, using the estimate & < ¢ in (3.25)), we deduce the following

H(p,v) < sup{{pn —v,0%) | ¢ € SR} < sup{{n— v, ) | ¢ € Sy(RY), o =},

where the latter estimate comes from the assumption that ¢ = ¢ for each ¢ € S,(R?), since in this
case, taking into account Proposition we have {¢@ | ¢ € SR} C {¢ | ¢ € SH(RY), p = P&}
Thus, the supremum in is greater than or equal to H(u,v) and the dual formulation holds,
which completes our proof of Proposition [3.17] O

The following proposition describes some situations in which the G-transform is idempotent on S, (R?),
which in particular happens when H is subadditive.

Proposition 3.18. Let ({A3) hold. Then the following assertions are equivalent.
(i) For each choice of ju,v,p € Po(R?), H(u,v) < H(u,p) + H(p,v).

(ii) For each v,p € Po(R?) and analytically measurable probability kernel y € R +— A¥ € Py (RY),

G(z,v) < G(z,p) + /Rd G(y,~Y) dp(y) whenever v —/ ~Y dp(y). (3.27)

Rd
(iii) For each ¢ € Sp(RY), G¢ = &,

Proof. The proof of the implication follows by choosing = d,, v = fRd ~¥ dp(y) and using the
definition of H(p,v) as the infimum (see (3.20)).

Now we prove the implication #@} In view of Proposition and since % < ¢, for each
¢ € Sp(R?), we have %, 0%¢ € Sp(R?) and p&Y¢ < p¥. Thus, it is enough to prove the estimate

~—

@) < [ ) o) + Gap) (3.25)

for each # € R% and p € P»(RY). Using the lower semicontinuity of G and the fact that ¢ € Sy(R?), we
deduce that the function (z,p) — [z ¢ dp + G(z,p) is lower semicontinuous on R? x Py(R?), where the
topology on R? is generated by the Euclidean distance and the topology on Po(R%) is generated by the
2-Wasserstein distance. Then, according to [8, Proposition 7.50], for each £ > 0 there exists an analytically
measurable probability kernel y € R? — 4¥ € Py(R%) such that

©%(y) +e Z/ o(z) dy¥(2) + G(y,7").
R

Then defining v(dz) fRd ~v¥(dz) dp(y), integrating both sides of the above inequality with respect to
p € P2(R?) and using we obtain

Gla)+ [ 0w do) +e2 Glap)+ [ G do)+ [ [ o) a7 dola)
> Gla)+ [ o) vtz
> ¢%(x),

which yields (3.28]) and completes our proof of the implication
The implication is a direct consequence of Proposition since for each ¢ € Uy(R?) such

tha‘t —1/1 = (_w)Gu
(V=) <{p—uY)+ v —p) <H(u,p)+ H(p,v).

This completes our proof of Proposition [3.18 O

Under the assumption (A3) the functional H is subadditive, and hence the G-transform is idempotent
on Sb (Rd)
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Proposition 3.19. Let (A3) hold. Then the assertions|(i) of Proposition[3.18 hold.

Proof. In view of Proposition it is enough to prove that for each p € Py(R%), v € Py(R?) and
analytically measurable probability kernel y € R% i+ ¥ € Py(RY),

G(z,v) < G(z,p) + /Rd G(y,vY) dp(y) whenever v :/ ~Y dp(y). (3.29)

Rd
Using the definition of H (see (3.20])) and Proposition we have

g G(y,7Y) dp(y) > H(p,v) > F(p,v). (3.30)

Combining Proposition and , yields , namely
Gla,) £ Glop) + F(pv) < Glap) + [ Gluna) doty)
(see ) This completes our proof of Proposition O
Theorem 3.20. Let pu,v € P2(R?) and hold. Then
H(p,v) = sup{(v — p,v) | § € Up(R"), —v = ()}
Proof. The proof follows from Propositions and O
Remark 3.21. Let E C R%. Then in view of (3.18) and ,
(—)°(x) = —¢(z) Yz eE
& [, =0 dp+Gle.p) = —i(o) Via.p) € B x Pa(RY)

Y RTN

Y(z,p, A

> —
d
d)w>w>

E x Po(RY) x M(R?,S7), tr (;WA) =p— 6,

Assuming (A4]) instead of (A3)), we also obtain the dual formulation for H, where the dual competitors
are invariant under the G-transform but belong to ®;2(R?) (see Theorem [3.26). We first prove the
following key result.

Proposition 3.22. Let (A4) hold. Then for each p € Po(RY),

G([pl, p) < k1 var(p). (3.31)
Furthermore, if f = tr on S:[, then for each p € Py(R?),
G([p], p) = var(p). (3.32)

Proof. In view of Proposition and (A4,

Gl p) < 1 mf{/R tr(dcfi|) AN | tr (;v%) :p—(sm}.

Thus, it suffices to prove (3.32). Assume that f = tr on SCJ[. By Jensen’s inequality, for each concave
function v : R — R,

(p— dpp)u > <0. (3.33)
Since for each A € Sy, —tr*(A) =0 A — I <0 (see (4.22)), according to Theorem
G(lp)p) = {@%wwwmdg ~ 1) <0 on R
= (p— 0, |- [*) +sup {(p Sipp,u) | u € CZ(R?), u is concave on Rd}
= var(p),
where the last equality comes from . This completes our proof of Proposition O
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Corollary 3.23. Let (44) hold. Then for each lower semianalytic function ¢ : R? — R bounded from
below such that ¢ = ¢, the function o(-) + 1| - |? is convex and locally Lipschitz on RY.

Proof of Corollary[3.23. Let ¢ : R? — R be lower semianalytic, bounded from below and ¢ = ¢&.

According to Remark for each p € P2(RY),

o) < [ o dp+Gllp < [ odorr ([ W an) - 07).

where the latter estimate comes from the estimate (3.31)) of Proposition Thus,

o([p]) + kallp)|* < /Rd (e(y) + r1lyl?) dp(y). (3.34)
Since N 5 5
Ty Oz | Oy d
5 = [2 + 2} Vr,y € RY,
(B39) yields
2 2 2
(p(w;y) o x;y < w(w)gw(y) +m(\w\ 2+|y| ),

which, together with the local boundedness of ¢, implies the convexity of ¢(-) + 1| -|? on R%. For the fact
that a convex function is locally Lipschitz on the interior of its proper domain, the reader may consult
[22, Theorem 10.4]. This completes our proof of Corollary O

Proposition 3.24. Let i, v € Po(R?), hold and ¢ = % for each ¢ € ®2(RY). Then
H(p,v) = sup{{v — p,v) | = € Bya(RY), —¢ = (=¢)}. (3.35)

Proof. By Proposition H(u,v) is greater than or equal to the supremum in (3.35). In view of
Remark and Corollary for each ¢ € @y 2(R?), the functions ¢ and 9 are well defined and

0% € @y 5(RY) whenever ¢ = ¢%. Then {p% | ¢ € ®2(R)} C {p | ¢ € ®p2(R?), p = ¢}, since
©GC¢ = % for each ¢ € @} 2(RY) by our assumption. Using this and the estimate

/@Gdu—/ wdvé/ @Gdu—/ 0 dv
R4 R4 R4 R4

for each ¢ € @, 2(R?) in (3.23), we deduce that H(p,v) is less than or equal to the supremum in (3.35).
This completes our proof of Proposition O

The next proposition is a counterpart of Proposition where we replace the assumption (A3)) by
(A4)) and describe some situations in which the G-transform is idempotent on @, 5(R).

Proposition 3.25. Let ({A4) hold. Then the following assertions are equivalent.
(i) For each choice of u,v,p € Po(R?), H(u,v) < H(u,p) + H(p,v).

(ii) For each v,p € Po(R?) and analytically measurable probability kernel y € R +— 4¥ € Pa(RY),

G(z,v) < G(z,p) —l—/

G(y,vY) dp(y) whenever v :/ ~Y dp(y). (3.36)
Rd

Rd
(iii) For each ¢ € ®p(RY), p¥¢ = ©C.

Proof. The proof follows by reproducing the arguments of the proof of Proposition [3.18 with minor mod-
ifications, in particular, using Proposition in the proof of the implication :>@ O

Theorem 3.26. Let u,v € P2(RY) and (A4) hold. Then

H(p,v) = sup{{v — p, %) | =1 € Pp2(RY), = = (=)}
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Proof. Reproducing the proof of Proposition we deduce that the assertions|(i)H(#i3)|of Proposition
hold. Then, applying Proposition [3.:24] we complete our proof of Theorem [3.26] O

If (A3) and (A44) hold simultaneously, we have the following dual formulation.

Theorem 3.27. Let u,v € P2(RY) and (A3), (A4) hold. Then

H(p,v) = sup{{v = ) [ 4 € Co(R7), = = (=)} (3:37)
Proof. The proof follows from Theorem and Corollary O

3.4. Duality for F' in terms of invariant functions under G-transform
Proposition 3.28. Let ¢ € CZ(R?). Then —f* (3V2¢) = 0 in R? if and only if —p = (—).

Proof. According to Theorem for each z € R?, p € Po(R?) and ¢ € CZ(R?) such that — f*(3V2¢) =0
in RY,

Gla) = [ v dp— (o)

and hence

(0% =int{ [~ dp+ Glap) | p € Pa®?) | = ~0(a).

On the other hand, (—¢)%(z) < —(z) for each x € R?, since G(x,5,) = 0. Thus, —1p = (—)C.

Let us now assume that ¢ € CZ(R?) and —¢ = (—¢)¢. Fix arbitrary A = (ay;){;_; € S;* and
zo € R% Let ga(z,y) be the Green function of the elliptic operator L = — Z‘ij:l a;j0;; = —div(AV) on
B,.(z¢), namely, for each y € B,.(z0), ga(-,y) € Wol’p(Br(xo)) whenever p < d/(d — 1) and

~A:V%g4 =6, in D' (B.(z)),

which means that
-/ ATl de = ply) Y € CHBL(z0)
Br,- )

(see, for instance, [19]). Since A € ST, A= Pdiag(\1,...,Aq) PT for some orthogonal real d x d matrix
P and positive numbers \; > 0. Also A~! ¢ Sj“L and there exists the unique matrix B € Sj+ such
that A = B~2 namely B = Pdiag(1/v/A1,...,1/v/Aq) PT. Fix an arbitrary v € CZ(RY) and define
u(:) = v(B71.) so that u € CZ(RY). Then A : V2v(x) = Au(Bz) for each x € R If g is the Green
function of the Laplace operator on BB, (x¢) = {Bzx | © € B,(x¢)}, then ga(x,y) = det(B)g(Bz, By). To
lighten the notation, define U = BB,.(xp). Next, using the Green representation formula, changing the
variables and using that A : V2v(z) = Au(Bx) and ga(x,zq) = det(B)g(Bx, Bxg), we have

v(xg) = u(Bxg) = — /U Au(z)g(z, Bxo) do — /aU w(z)Vg(z, Bxo) - vou(z) dH(z)

= —det(B)/ Au(Bz)g(Bx, Bxg) dx
Br(xO)

(3.38)
—aet(B) [ (B V(B Bao) -vou (BB M) dHO )

= —/ A V3(2)galz, z0) do — / v(2)AVga(z, z0) - v(z) dH T (2),
B (z0) OB, (xo)

where vy and v denote the outward pointing unit normal vector fields along OU and 9B,.(z), respectively.
By Hopf’s lemma (see [17,/20]), —AVga(z,x0) - v(x) > 0 for each © € 0B, (xp). Then, using
with v = 1, we obtain p = —AVga(-, 7o) - v(-)HI 1 L OB, (z0) € Pa(RY).
Altogether, due to and the fact that v € CZ(R?) was arbitrarily chosen, we have

1
tr (2V2)\) =D — 0z,

17



where A = 2A4ga(-,20)L? L B,(z9) € M(R? S) and [A|(RY) < +oo. Since —th(zg) = ()% (z0),

according to Remark [3:21]
d\
[ () an = [ v oo
ra" \ d[A] R

This, together with the positive 1-homogeneity of f (see (A1)) and the fact that 1 € CZ(R?), implies that
1
/ f(A)ga(z,zo) doe > / A: §V21/)(1:)g,4(x,170) dx. (3.39)
B,(x0) By (x0)
Assume by contradiction that A : V2 (z¢) — f(A) > 0. Then there exist ¢,7 > 0 such that for each
z € By(x0), A: $V*(x) — f(A) > e. But this contradicts 1} since [i; ) 94(@,20) dz > 0. Thus,
A : $V2%(z0) — f(A) < 0, which implies that $V?1(z¢) € dom(f*), because A € SI+ was arbitrarily
chosen and S * Ndom(f) is dense in dom(f). Since z¢ € R? was arbitrary, V21 (R?) C dom(f*), which

holds if and only if —f* (3V?¢) = 0 in R?. This completes our proof of Proposition O
Theorem 3.29. For each p, v € Po(R?), we have

F(p,v) =sup{{v — p,9)) | ¥ € CF(R?), —¢ = (=)} (3.40)
Proof. The proof is a direct consequence of Theorem [3.6] and Proposition [3.28] O

4. F versus H

4.1. F = H: the approximation assumptions

Our first type of approximation assumption is related to the assumption (A3]).

Theorem 4.1. Let ji,v € Po(R?) and (A3)) hold. Assume that for each ¢ € Uy(R?) such that —p = (—1))¢
there exist (Vn)nen C CZ(R?) such that —p, = (—1,)€ for each n € N and (v — p,by) — (v — p,9) as
n — 4+o0o. Then F(u,v) = H(u,v).

Proof. By Proposition F(u,v) < H(u,v). Next, using the assumption of Theorem together with
Theorem and Theorem we have H(u,v) < F(u,v), which completes our proof of Theorem 4.1

O
Example For each A € Sy,
t if A=tl,
f(A) = { . (4.1)
400 otherwise.
Clearly, f satisfies (A1])-(A3]). Then for each A € Sy,
. 0 if tr(4) <1
J*(A) = sup{A - M — (M) | M € dom(f)} = { | (42)
400 otherwise.
Given p,v € P2(R?), using Theorem and , we have
1
F(u,v) = sup {<V — ) | b € CERY), tr <2V2¢(33)> <1lVze Rd}
_ _ 2(Rd ooy 2P d
= sup v~ 1) |0 € GGRY, A L)~ 20| <o vaer
1
— (v ngl ) +suplly = n9) | € CHRY, Ap(w) <0 ¥a € B
1 1 .
_ )3 var(v) — p var(p) if p <gp v (4.3)
~+00 otherwise
R x dv(r) — ulr ) if u<gpv
([ rerdve —ue) it s w
400 otherwise,
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where to obtain we have used the fact that if 1t <sn v (see Definition [2.5)), then [u] = [v] and hence
(v —p, 5 - ?) = Svar(v) — % var(u). To obtain ([4.4) we have used the following. Notice that a competitor
A for such that [, f dw) d|A| < 400 with f defined by ([4.1]) has the form A = u Iy m, where m is
a nonnegative measure on R4, u > 0 m-a.e. on R and u € L*(R?, dm). Furthermore, such a measure
A solves tr (§V2A) = v — p if and only if A(fum) = v — p in the weak sense (see (3.4)). Thus, for each
1,7 €{1,...,d} such that i # j, we have

1
/Rd(x2 — x5 ) dv(z) — /Rd(x2 — x5 ) du(z) = §A[1722 - x?]u(m) dm(z) =0 (4.5)

Rd

and

1
/]Rd zixj dv(x) — /]Rd rixy dp(x) = g 2A[m zjlu(xz) dm(z) = 0. (4.6)

If jp <gp v, by [@.3), F(u,v) < 4o00. Then, (4.5) and (4.6) imply that [,z ® z d(v(z) — p(z)) € S is a
diagonal matrix equal to [y, 5|z[* d(v(z) — p(z))lq and hence

1 1 1
£ eeedvie) ) = [ Glaf? dvie) - ua)) = 3 varw) - g var(.
Rd Rd d d d
Thus, for each a € RY, for each ¢ € R? and for each H € Sy such that tr(H) = 0, the function
Iy
Y(E)=a+z £+ H+E T

is the dual optimizer for F(y,v) when f is defined by (4.1)).

Next, we check the assumptions of Theorem For each » > 0 and y € R?, we define the measure
Ayr =214 g(-,y) L B, (y) € M(RY, ST), where g is the Green function of the Laplacian on B,.(y). Let
Y € Up(R?) and —1p = (—¢)“. Using the facts that tr (3V2)\, ) = H¥ (9B, (y)) *HY 'L OB, (y) — 6,

and " )
.

£ ) dl = [ 2yl do =2,

/Rd d‘)‘y,r| | Y | B (y) ( ) d

according to Remark [3:2I] we have

Foovw e @)+ 2 o)
9B:(y)

This implies that

JéB,.(y) (‘W*'d‘z) dH (@) > —y(y) + 'yd'z,

since | 2 | |2
x 2y
dH N z) = — + =
faB o 4 (=) = d d’
Then, by Definition V() = —9() + $| 1?2 € SH(R?). Fix an arbitrary ¢ > 0. Defining for each
x € RY,

Ve(r) = /Rd U(y)n.(z —y) dy,

where 7. (-) = e79n(-/e) € C*(R?) and 7 is a standard mollifier (namely, n € C°(R%), supp(n) = B1(0),
n >0, n(z) = n(—x) and [y, n dz = 1), we observe that U, € CZ(R?) is subharmonic on R? (the reader
may consult the proof of Lemma . For each p € P5(R?) and y € R? such that A(3um) = p — 4, for
some nonnegative measure m on R? and u € Ll(]Rd, dm) such that v > 0 m-a.e. on Rd, it holds 4, <gp, p.
Thus,

[ veta) dol) = w0, (47)
R
since U, € CZ(R?) N SH(RY) (see Definition . Next, observing that 2| - |2 € CZ(R?) N SH(R?), where

2 2 2
KiF :/ M776(:v—y) dy and A|x|5
i d

=2 R?
4 7 Vo € R?,
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if A(3um) = p — &, we have

1 (]2 a2 2
dm= | =ZA £ d — [ ey _ e
/Rd“ m={ 3 (d)uu) m(z) / " dp(a) — ]

Using (4.7), the above formula and the fact that

d d|A
fuwam= L1 () @
where dA\ = ul; dm, we get

/Rd (\Ile(x) - Jf) dp(z) —l—/ f(dd|i|> AN > U, (y) — |?Jd|§

This, in view of Remark [3.21] implies that ¥. — 3| - [2 = (0. — |- |2 ) on R Fix now a sequence of
sufficiently small positive numbers (€n)nen such that en — 0+ as n — +oo. Observe that

2
U, (z) — % — —p(z) VzeR?

(here we use that the convolution of a subharmonic function converges to this function everywhere, in view
of the monotonicity condition of subharmonic functions; see, for instance, [21, Section 2.9]). Altogether, we
have defined the approximation sequence (¢, )neny = (—Ve, + é| . En)nGN for v/ in the sense of Theorem
Therefore, according to Theorem F = H when f is defined by .

Our second type of approximation assumption is related to the assumption .

Theorem 4.2. Let p,v € P2(R?) and (A4) hold. Assume that for each ¢ € ®p2(RY) such that ¢ = %
there exists a sequence (¢n)nen C CZ(RY) such that ¢, = oS for each n € N and (v — p, on) — (v — 1, ¢)
asn — +o0o. Then F(u,v) = H(u,v).

Proof. By Proposition F(u,v) < H(u,v). Next, using the assumption of Theorem together with
Theorem and Theorem we have H(u,v) < F(u,v), which completes our proof of Theorem

Example For some ¢ € R? and for each A € Sy,

. i +
ﬂAy_{A.§®£ fAeS]

+00 otherwise.

Then f satisfies (A1), (A2), (A4) and for each A € Sy,

(4.9)
+o0o  otherwise.

. 0 if A—€®E<0
f (A):sup{(A—g®§):M|MeSj}:{
Given p,v € P2(R%), using Theorem and (4.9), we obtain
1
F(u,v) =Sup{<vu,¢> |4 € GHRY), 57%(0) ~ @€ <0 Vo e R
\x €1 dv(z / |z - &) du(x) + sup{(u — 1, 0) | ¢ € CEHRY), ¢ is concave on Rd}

/ o dvta) = [ o dute) it p<ew
Rd Rd

otherwise,

([ eoedvie) —ua)) it nzy

+00 otherwise,

(4.10)
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where to obtain (4.10) we have used Remark Notice that for each a € R and for each ¢ € R?, the

function
Y(x)=a+z - (+{RE xR

is the dual optimizer for F(u,v) when f is defined by (4.8).

Next, we check the assumptions of Theorem Let ¢ € ®5(R?). We claim that ¢ = ¢ if and only
if the function ¢ € ®(RY) defined by ¢¢(x) = ¢(x) + |z - £|? is convex on R%. Indeed, if ¢ is convex,
using Jensen’s inequality and , for each p € P»(R?), we have

o) < [ (o) +1y-€P) doto) — )€ = [ ¢ dp+ Glln) (1.11)

which, in view of Remark and (£.10)), yields % = ¢ on R?. On the other hand, if ¢ = ¢% on R,
then, according to Remark and (4.10)), for each p € Po(R?), (#.11)) holds and hence

pelli) < [

e dp. (4.12)
R4

For each z,y € R?, choosing p = %(533 +4,) in , we obtain

e <$+y> L pel@) | pely)

2 )= 2 2

which, since ¢ is continuous on R¢, implies that ¢ is convex on R¢. This completes the proof of our
claim.

Let ¢ € ®,2(R?) satisfy ¢ = . Then ¢ is convex on RY. Furthermore, there exists a sequence
(Yr)ken C C2(R?) such that Jpa Uk dpp = [pa pe dpand [, Yn dv — [0 @ dv as k — oo (we refer to
Remark. For each k € N, define ¢y (7) = ¢y (x) —|z-£|? for each x € RY. Since 1y, € CZ(R?) is convex,
or = ¢¢ € C2(R?). This defines the approximation sequence for ¢ in the sense of Theorem since
Jua 1 it = fou(e () = 2-€P) du(@) = fuw o dpand fyu o1 dv — Jia(oel) = |2-E) dz) = Jyu  do
as k — +o00. Therefore, according to Theorem F = H when f is defined by (4.8).

4.2. Viscosity solutions

In this subsection, under the assumption (A3]), we characterize the functions ¢ € Cy(R%) such that
—p = (—4)% as viscosity solutions of the Hamilton-Jacobi-Bellman equation — f*(%v2u) = 0 in R
(notice that f* is discontinuous and takes its values in {0, +00}, see (3.2))).

Remark 4.3. Let (A3)) hold. Since dom(f) N S is dense in dom(f) # 0, for each A € S, we have

[ (A) =supt(T(A) - 1) = {O i T4 <1 (4.13)
t>0 400 otherwise,
where
T(A)=sup{A:E|E€ S/t f(E)=1}. (4.14)

In view of Proposition and , if v € C2(RY), then — = (—¢)¢ on R? if and only if
1- T(%V%/J) > 0 in RY. However, a function ¢ € Cy(R?) such that — = (—)“ may not be regular
enough to define V24 in the classical sense. Using the theory of viscosity solutions, we can define V2 in
the viscosity sense. Taking into account Theorems and to derive the equality between F and
H, we first show that each ¢ € Cy(R?) such that —1 = (—)% is a viscosity supersolution of the equation
1— T (3V?u) =0 in R? (see Definition .

Following [12], we shall say that a function .% : S; — R is degenerate elliptic and, actually, proper if

F(A2) < .Z (A1) whenever A; < As. (4.15)
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Remark 4.4. For each ¢ € R and A € S;Jr, the function #(B) = ¢— A : B, B € Sy is proper.
Furthermore, for each By, By € Sy satisfying By < By, we have

sup{;Bg E|EeSt, f(B)= 1} > sup{;Bl cE|Ee St f(BE)= 1}

and hence ¢ — T(3B2) < ¢ — T(3B1), where T : Sq — R is defined in (4.14). Thus, Z(-) =c— T (%) is
proper for each ¢ € R.

For the reader’s convenience, we recall (the reader may consult [12]) the next

Definition 4.5. Let . : S; — R be proper (see ([4.15])). A lower semicontinuous function u : R — R is
a viscosity supersolution of .% = 0 (a viscosity solution of .# > 0) in R provided that if ¢ € C?(R?) and

x € R is a local minimum of u — ¢, then
F(Vip(z)) > 0.

Similarly, an upper semicontinuous function u : R? — R is a viscosity subsolution of .# = 0 (a viscosity
solution of .# < 0) in R provided that if p € C?(R%) and = € R? is a local maximum of u — ¢, then

F(V2p(x)) 0.

Finally, u € C(RY) is a viscosity solution of .# = 0 in R? if it is both a viscosity supersolution and a
viscosity subsolution of .# = 0 in R%.

Notice that the function .# in (4.15) and in Definition can be discontinuous. Even more, allowing
Z to become infinite (see, for instance, |12, Example 1.11]), we observe that % = —f* : Sy — {0, —occ}
is proper.

Proposition 4.6. Let ¢ € Cy(R?) satisfy —p = (—)¢ on RY. Then 1 is a viscosity supersolution of
1—T (3V?%u) =0 in R

Proof. Let 29 € R4, p € C%(R?%) and g be a local minimum of ¢ — ¢. Then there exists r > 0 such
that 1 (z) — ¥(x) > ¢(z) — () for each z € B,(xg). Fix an arbitrary A = (aij);’l’j:l € S§T such that
f(A) = 1. Let ga be the Green function of the elliptic operator L = — Zij:l a;;0;; on By (x¢). Then,
defining A = 2494 (-, 20)L¢L B,(z9) € M(R?,S)) and p = —AVga(-, o) - v(-YHI L OB, (z0) € Pa(RY),
where v(z) is the outward pointing unit normal to 0B, (z¢) at x, we know that

tr (;VQA) =p— s, (4.16)
(see the proof of Proposition [3.28)). Since ¢ — ¢(x) < ¥ — ¥(xg) on B, (),
[ e do=ptan) < [ 0 dp—blan) < Glawp) (1.17)

where the last estimate comes from the fact that —¢ = (=) (see Remark [3.21)). On the other hand, in
view of (4.16)), A is a competitor in the definition of G(zo,p) = F(d4,,p) (see Proposition . Using this,
(Al]) and the fact that f(A) = 1, we obtain

d\
G(z0,p) < / f() dA =2 / F(A)ga(e, zo) da =2 / ga(@,z0) da.
re "\ d|Al B, (z0) B, (w0)

This, together with (4.17)) and the fact that we can actually use ¢ as a test function for (4.16]) (since the
supports of the measures ), p and §,, are contained in B,.(x¢) and we can multiply ¢ by a cutoff function
equal to 1 on Ba,(xg)), implies that

/ A V%p(x)ga(z, z0) dr < 2/ ga(z,zp) dx. (4.18)
Br(ﬂﬁo)

B'r(xO)
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Then A : %Vzgo(xo) < 1, because otherwise we could choose r > 0 small enough such that for some € > 0
and for each = € B,(zy) we would have A : $V2p(z) — 1 > &, which would lead to a contradiction with
4.18)), since fBr(xo) ga(w,xo) duv > 0. Thus, 1 — A : V?p(z0) > 0 for each A € 5] satisfying f(A) = 1.
Therefore,

1 1
1-7T <2V2tp(mo)) =1—sup {A : §V2tp(x0) | Ae STt f(A) = 1} > 0.
This, according to Definition [4.5] completes our proof of Proposition [£.6] O

Next, we perform a smoothing procedure by convolution with a mollifier for a viscosity solution of
1—T (1V2u) > 0 in R? to obtain the classical solution.

Remark 4.7. Let ¢ € R and w : R? — R be lower semicontinuous. Then w is a viscosity supersolution of
c—T (%VZU) = 0 in R? if and only if for each A € S such that f(A) = 1, w is a viscosity supersolution
ofc—A: %VQu =0 in R?. Indeed, if ¢ € C?(R?), 2o € R? is a local minimum of w — ¢, then

1 1
T (2V2g0(x0)) <cs A §V2<p(m0) <c VAeSIT, f(A) =1,

in view of (4.14).

Lemma 4.8. Let A€ S;T, c€R and w: R? — R be lower semicontinuous. Let B € S be the unique
matriz such that A = B=2 and for each x € RY, define v(z) = w(B™'z) and h(z) = v(z) — £|z|>. Then
the following assertions are equivalent.

i) w is a viscosity supersolution of ¢ — A : 1V?u =0 in R%.

(i) w i iscosity supersolution of c — A: $V?u =0 in R
i) v is a viscosity supersolution of ¢ — +Au = 0 in RY,

i) h is a viscosity supersolution of —1Au =0 in R?.

Proof. We first prove that (i) < (ii). By definition, v : R — R is lower semicontinuous. Assume that
holds. Let ¢ € C%(R?) and yo € R? be a local minimum of v — ¢. Define ¢(z) = ¢(Bz) for each
r € RY Then ¢ € C?(R?) and 29 = B~ 'y is a local minimum of w — v, which, by Definition
yields ¢ — A : $V2(z0) > 0. Observing that A : $V2y(z) = SAp(Bz) for each z € R?, we have
c—A: %VQQZJ(xo) =c— %A@(Ba:o) =c— %Acp(yo) > 0. Then, by Definition holds, which proves
the implication The proof of the implication :>@ is similar. Thus,

Now we prove that By definition, h : R — R is lower semicontinuous. Let ¢ € C?(R%).

Then yj is a local minimum of h— ¢ if and only if yq is a local minimum of v — 4, where ¥(-) = §|-[*+¢(-).
This and the fact that ¢ — %Aw(yo) > 0 if and only if —%Acp(yo) > 0, according to Definition proves

the equivalence between and which completes our proof of Lemma O

Lemma 4.9. Let A € SIT, c € R and w € L (R?) be lower semicontinuous on Re. Let n € C(R?),
supp(n) = B1(0), n >0, n(z) = n(—x), [gan dv =1 and n.(-) = e~n(-/e) for each & > 0. Assume that
w s a viscosity supersolution of ¢ — A : %VQU =0 in R%. Then for eache >0, c— A : %VQwE >0 in R?,
where we () = [pa w(y)n-(- —y) dy.

Proof. Let B € S; T be the unique matrix such that A = B~2. For each x € R?, define v(z) = w(B~z).
Since w is a viscosity supersolution of c— A : %VQu =0in R, by Lemma v is a viscosity supersolution
of c — $Au = 0 in R%. Let us prove that ¢ — Av, > 0 in R, where v.(-) = [, uw(y)7:(- — y) dy and
7e(-) = (det(B))"'n.(B~!.). By definition, 7. € C*(R?), supp(n.) C {Bzx | = € B.(0)}, 5. > 0,
Ne(z) = N-(—2z) and [, 7-(z) dz = 1. By Lemma v is a viscosity supersolution of ¢ — Au = 0 in R?
if and only if h is a viscosity supersolution of —2Au = 0 in R?, where h(z) = v(z) — <|z|? for each = € R%.
The latter holds if and only if faBr(T/O h(z) dH 1 (x) < h(x) for each xy € R and r > 0, namely h is
superharmonic in R? (see Definition . Let us show that ho(-) = [pa h(y)7=(- — y) dy is superharmonic
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in R?, which is equivalent to the property ¢ — %A@e > 0 in R?. Thus, changing the variables and applying
Fubini’s theorem, we obtain

d—1 _ d—1 7 D ds
7£B,.(m) he(y) dH ™ (y) = JéB,.(z) A1 (y) /R W)y~ =) d

_ / dz ][ h(y — 2)ii(2) dHY (y)
Rd 0B, (z)
< /R h(z — 2)ii.(2) d> = he(z),

where we have also used that faB,.(m—z) h(y) dH%¥(y) < h(z — 2), since h is superharmonic in R?. Then,
by Definition h. is superharmonic in R?. This, since h. € C?(R?), implies that —%Ahe > 0 in R¢ and
hence ¢ — %Avs > 0 in R? as desired.

Next, observe that A : V?n.(z) = det(B)A7n.(Bz) for each x € R? Using this and changing the
variables, for each x € R? we deduce the following

0<c— %A’UE(BSC) =c— ;/ v(y)An:(Bx —y) dy
R4
det(B))™? _
=c- ((2))/Riv(y)A : Vine(z — B™y) dy

1 1
:c—/ v(By)A : V2n.(x —y) dy = c — A : =V?w.(x),
2 R4 2

which completes our proof of Lemma O

Corollary 4.10. Let ¢ € R, w € LL _(R?) be lower semicontinuous on R%, € C2°(R?) be the mollifier
of Lemma and 7.(-) = e~ (-/¢) for each ¢ > 0. Assume that w is a viscosity supersolution of
¢c—T (3V?u) = 0 in R?, where T is defined in (4.14). Then for each ¢ > 0, ¢ — T (4V?w.) > 0 in R,

where ws() = fRd w(y)ﬁs(' - y) dy.
Proof of Corollary[{.10. According to Remark and Lemma for each £ > 0 and for each A € S;*

such that f(A) =1, it holds ¢ — A : $V?w. > 0 in R%. Therefore,

¢ > sup {A : %Vzwg(:v) | Ae ST, f(A) = 1} =T (;V2w5(w)> Vr € RY,

which completes our proof of Corollary O
Now we characterize the dual competitors in ([3.37) as viscosity solutions of —f*(3V?u) = 0 in R%.

Proposition 4.11. Let ¢ € Cy(R?) and (A3) hold. Then — = (—)% on R if and only if ¢ is a
viscosity solution of —f*(3V?u) =0 in R%.

Remark 4.12. In |24, Theorem 4.2], in the Markovian case, it was proved that the dynamic value function
is a viscosity solution of the Hamilton-Jacobi-Bellman equation. It is worth noting that, unlike [24], in
our case f* is not continuous and dom(f*) is a closed convex subset of Sy. Furthermore, we provide
an analytical proof of Proposition that is different from the proof of |24, Theorem 4.2], showing in
addition that if ¢ is a viscosity solution of the Hamilton-Jacobi-Bellman equation — f *(%Vzu) =0 in RY,
then —1 is invariant under the G-transform.

Proof. By Proposition and Definition (where we allow .# to be discontinuous and, even
more, to become infinite), if v € Cp(R?) and —¢p = (—)¢ on R?, then 1 is a viscosity solution of
—f*(34V?u) = 0 in RY.

Conversely, if ¢ € Cy(R?) is a viscosity solution of —f*(1V?u) = 0 in R?, by and Definition
1 is a viscosity supersolution of 1 — T(%V2u) = 0 in R?. Next, applying Corollary we deduce that for
each € > 0, ¢ (-) = [pa ¥(y)n:(- —y) dy, where 7 is the mollifier of Lemma it holds 1 — T (3V?4.) >0
in R? and hence —f*(3V?y,) = 0 in R? (see (4.13)). This, according to Proposition yields the

24



equality —1. = (—1.)¢ on R? for each € > 0. According to Proposition for each € R% and € > 0,
there exist p, p. € Po(R?) such that

(~0%@) = | ~b. dp. + Glo.p) (1.19)

and

(—)@) = [ ¢ dp+G(x,p). (4.20)

Rd
Using (4.20)), the fact that 1) € C(R?), Lebesgue’s dominated convergence theorem, ({.19) and the equality
—) = (—=1.)%, for each x € RY, we have

(—)(@) = | —¢ dp+Gla,p)
R
> i —We d € G s Me
=t ) Ve dpe + G(x,pe)
- 51—1>I(r)1+ _1/15 (.%)
= —¢(z).
This, in view of the fact that —i > (—)% on R?, proves the equality —1 = (=) on R? and completes
our proof of Proposition 4.11 O

The next corollary is a direct consequence of Theorem and Proposition [4.11

Corollary 4.13. Let pu,v € Po(R?) and (A3)), (44) hold. Then

1
H(p,v) =sup {<V — 1,0 | ¢ € Cy(RY) is a viscosity solution of — f* <2V2u> =0 in Rd} .

4.3. F = H under the assumptions (A43), (A4)
Theorem 4.14. Let and hold. Then F = H on Py(R?) x Py(RY).

Proof. Let ¢ € C,(R?) be a viscosity solution of —f*(5V?u) = 0 in R%. Then, performing the smoothing
procedure as in the proof of Proposition we obtain a sequence of functions v,, € C? (R?) such that
—f*(3V?4,) = 0 in RY, Jga ¥n dp = [pa® dpand [pupn dv — [p. % dv as n — 4oco. Using this,
Corollary and Theorem we obtain H(u,v) < F(p,v). Therefore, H(p,v) = F(u,v), since
H(u,v) > F(u,v) by Proposition This completes our proof of Theorem m O

Example For each A € S,

tr(A) if Ae ST
flay= A A (1.21)
~+o00 otherwise.
Clearly, f satisfies (A1])-(A4). Then for each A € Sy,
T(A)<1e A—I;<0. (4.22)

Indeed, A : M < 1 for each M € S} such that tr(M) = 1 if and only if (A — I;) : M < 0 for each
M € S, which is equivalent to say that A — I; < 0. Using this and (4.14), one deduces (4.22).
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Given p,v € Po(R?), applying Theorem (4.13) and (4.22)), we compute

F(u,v) = sup {<y — ) | b € CE(RY), %v%(a:) ~1;<0Vze Rd}

(v —p, |- ?) +sup{(v — p,u) | u € CZ(R?), u is concave on R*}
_ var(v) — var(p) if p<.v (4.23)
otherwise
3(: Rxd — u(x > if p<.v
s (v(@) — pl(a)) it p o
otherwise,
where we have used that (v — p, | = var(v) — var(u) if p <. v (in this case [u] = [v]). For each a € R

and ¢ € R?, the function ¥(x) = a + ¢ -x + |z|? is the dual optimizer for F(u,v) when f is defined by
(4.21)). According to Theorem F = H when f is defined by (4.21)).
Example For each A € Sy,

Amax(A) if Ae ST

f(A) = (4) d (4.25)
400 otherwise,

where Apax(A) = max{Az-x | |z| = 1} is the largest eigenvalue of A. Clearly, f satisfies (A41)-(A4). Every

matrix A € Sy has d real eigenvalues Aq,..., A\ such that [A;| > |A2| > ... > |A\4| with corresponding

eigenvectors vy, . ..,vq € R? forming an orthonormal basis of RY. Denote J; = {j € {1,...,d} | A; > 0},

= {L L dN\T AT =3 A @y, AT =300, Ajuj ®u; so that A = AT + A7, We claim that
T(A)<1le ) A< (4.26)
JEJ4

Indeed, if A € Sy, then A = PDPT where D = diag(A1,...,\q) and P = (vy...vq) € Sq is the
orthonormal matrix with columns vy,...,vq. Let ¢ € (0,1) be fairly small. Define M = PEPT, where
E = (eij)ﬁjzl S S;' is the diagonal matrix satisfying e;; = ¢ if \; < 0 and ¢;; = 1 otherwise. Next, we
compute

A: M =t(PDPTPEPT) =tx(DE) = Y Xj+e Y A
JjeEJ 4 JjeEJ_

Thus, assuming that 7(A) < 1 and letting ¢ — 04, we have Zj€J+ Aj < 1. Conversely, suppose that
Zj€J+ Aj < 1. For each M € SdJr+ such that A\pax(M) =1,
A:M=(AT+ A7) M <tr(ATM) = Y NMuj -0, < 3 AjAmax(M) <1
JEJ+ JeJ+

This proves our claim.

Given p, v € Po(R?), using Theorem (4.13) and (4.26]), we deduce that

SN ( ) <1 Vzx eRd} (4.27)

Jjed+

F(M,V)—Sup{@—u,w) | ¢ € CE(RY),

Since % tr(A) < Amax(A4) < tr(A) for each A € S, we have éﬁ(,u, v) < F(u,v) < F(u,v), where

Fu,v) :inf{/R tr<da|li|) d| | tr (;v%) _ yu}.

In particular, if d = 1, then ﬁ'(u, v) = F(u,v) and the expression of F(u,v) in terms of g and v comes

from (4.23)), (4.24). Then, in view of (4.23),

F(p,v) < 400 e p <. .
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Assume that p <. v. Define
o =sup{{v — u, ) | ¥ € CZ(R?) is convex and Az =2 in R},
For each £ € 9B1(0), x € R+ |z - €| belongs to CZ(RY), is convex and Alz - £|? = 2 in R%. Then

f (/ z@x dv(x) — ,u(x))) = max {®¢: x@x dv(x) — pu(x))
R4 £€0B1(0) RA
(4.28)
2

= . d — < a.

x| |z - &7 d(v(z) — p(z)) <
Let 1 € CZ(R?) be a convex function such that Ay = 2 in R?. Define ¢ = ¢ — |- |2 € CZ(RY). Then ¢
is harmonic in R?. Since ¢ € ®3(R?), using [13, Theorem 2.10], we deduce that there exists H € S; such
that tr(H) = 0, H + 44 > 0 and V2p(z) = 2H for each x € R%. Then there exist a € R and ¢ € R? such

that ¥(z) =a+ -z + (H + %d) :x ® x for each x € R%. Thus, taking into account that pu <. v, we have

1, 1,
o= sup{/ <H+ c;l) cx @ dv(x) —p(z)) | H+ Ed €Sy, tr(H) = O}. (4.29)
Rd
For each matrix H + % € Sj, where tr(H) = 0, there exist eigenvalues \; > ... > Ay > 0 and
corresponding eigenvectors vy, . . . , vg forming an orthonormal basis of R? such that H +%d = Zle AU Qu;

and Zle A; = 1. This, together with (4.27)), (4.28)) and (4.29)), yields
£([, 20w dvle) - ) ) =a < Pluy)
Rd

Next, let v € CZ(RY) be such that > ety Aj(3V2(z)) < 1 for each € R% Then there exists a
subharmonic function u € CZ(R%) such that Au = 2 — Aty > 0. Using |13, Theorem 2.10], we obtain a
matrix H € Sy such that tr(H) = 0 and V?u(z) + V3¢ (z) = 2H + 2.2 for each z € R%. Then there exist
a € R and ¢ € R? such that ¢(z) = a+ ¢ -z + (H + %) sz ®x — u(z) for each x € R?. Taking into

account the constraint in (4.27) and the assumption p <. v, we obtain
_ A _ 2 (Tod
F(p,v) =sup ((H + E> r®x — u(a:)) d(v(z) — p(z)) | H € Sy, tr(H) =0, u € Cy(R?),
Rd

Au>0in R and 3 )\j((HJr%) - %V2u(m)) <1Vz GRd}.
JjeJy

Conjecture. If u <. v, then

£( [, 2@ e dvte) - ) =a = Fur)

As in the example in our opinion, a dual optimizer for F(u,v) should be sought among convex
functions when f is defined by (4.25) and p <. v. We expect that such an optimizer exists and that its
Laplacian is equal to 2 in R?. In dimension 1 and in general when p <, v, the above conjecture is true
and

F(pv) = 3var(v) =~ var(u),

where for each a € R, for each ¢ € R? and for each H € Sy such that H + % > 0 and tr(H) = 0, the
function ¢(z) = a+ (-2 + (H + %) : 2 ® z is a dual optimizer for F(u,v).
By Theorem F = H when f is defined by (4.25)).
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