A variational problem involving the distributional determinant

Domenico Muccs

Abstract. We deal with bounded W~ -maps defined in n-dimensional domains, whose graph has finite area and
finite boundary mass. We show that the singular part of the distributional determinant is concentrated on a countable
set of points. A related variational problem is then considered. Finally, we study the analogous problem involving the
distributional minors of fixed order.

Let u: Q@ — R™ be a vector valued map defined on an n-dimensional bounded domain Q C R™. If u is
essentially bounded and belongs to the Sobolev space W1 ?~1(Q2,R"), the distributional determinant Det Vu,
introduced by J.M. Ball in [4], is well-defined in the distributional sense by

n

Det Vu := l Z

n <
i,j=1

(v (adj Vu)!) , (0.1)

L4

where Vu = Du and adj Vu is the matrix of the adjoints of Du.

In [13] S. Miiller and S. Spector studied the distributional determinant in the setting of a theory for
nonlinear elasticity. They showed in particular that if u satisfies the so called "INV condition”, the pointwise
determinant det Du > 0 a.e. in  and the ”geometric image” im(u, ) of u has finite perimeter, then the
distributional determinant is a non-negative Radon measure, with absolute continuous part equal to the
pointwise determinant, compare [11]; also, the singular part (Det Du)® is concentrated in a countable set of
points {z;} C Q and

Det Du = det Du - dz + Z ¢ 0y (0.2)
1=1

where ¢; > 0 and §, is the unit Dirac mass at x. Furthermore
ch(”*l)/” < C(n) - Per(im(u, Q)) < oo,
=1

where C(n) > 0 is the isoperimetric constant. This representation result describes the so called cavitations
at the points x;.

In order to show that the singular part of the distributional determinant (Det Du)® does not contain a
diffuse part, let us say a ”Cantor-type” part, in [13] it is made use of the following isoperimetric inequality
for Caccioppoli sets. If U :=im(u, ), and V :=imr(u, B.(x)) denotes the topological image of the n-ball
of radius r centered at x, then for a.e. r >0

(Det Du)®*(B,(z)) =
LrVA\D)r-D/n < Cn)HH o U NV)

where 0*U is the reduced boundary of U, see [2].

On the other hand, it was proved in Miiller [12] that the singular part of the distributional determinant
may in general concentrate on a set of Hausdorff measure «, for any prescribed 0 < a < n. More precisely, e.g.
in the case n = 2, there exists a bounded function u € W?(Q,R?) for every p < 2, where = (0,1)? C R?,
such that det Du=0 and |Du!||Du?| =0 a.e. in Q, but

Det Du=V'@V’,

where V' is the Cantor-Vitali function. Therefore, the derivatives of u have no masses, but the distributional
determinant has a Cantor-type part and the role played by V’ in the Cantor set C is here played by Det Du



in C x C. The "graph” of u is very similar to the graph of the Cantor-Vitali function V' and, actually, has
infinitely many holes; for instance, in [8, Vol. I, Sec. 4.2.5] it is shown that the current G,, associated to the
graph of u has in fact a boundary of infinite mass, M((0G,,)L Q x R?) = oco.

The main new result of this paper is contained in Sec. 2, where we prove an isoperimetric inequality
related to the singular part of the distributional determinant. According to the previously cited example by
Miiller [12], we shall assume that the graph-current G,, has a boundary of finite mass, i.e.,

M((0G,)LQ xR") < o0, (0.3)
and we shall obtain that for balls B, cC Q)
|(Det Vu)*|(B,) < ¢, M((8G,) L B, x RV (=1

We point out that this isoperimetric inequality is false in general under the hypotheses as in [9, Prop. 3],
see [10] and Remark 3.2 below. However, see Corollary 2.2, it holds true provided that w is a bounded
function in W1m=1(Q,R") and with summable pointwise determinant, det Du € L'(). Actually, it will
be proved for a wider class of maps, see Proposition 2.1.

Our isoperimetric inequality is obtained without assuming additional hypotheses as the "INV condition”,
or the positivity of the pointwise determinant. In our setting, condition (0.3) plays the role of the property
from [13] that the ”geometric image” im(u,$2) of u has finite perimeter, compare [5].

We shall then make use of some results obtained in [9].

Firstly, in Sec. 3, we shall recover the representation formula (0.2), where this time the coefficients ¢
are possibly negative real numbers. Notice that the (at most) countable set of points where the singular part
of the distributional determinant (Det Du)® concentrates may be not finite. More precisely, setting

So(u) = {:cl cQ | @] 7& 0 in (02)},

in general we have H%(Sp(u)) < +o00, whereas the total variation of (Det Du)® satisfies
|(Det Du)*|(2) = Z ley] < o0
=1

Secondly, in Sec. 4, we shall deal with some related variational problems. To this purpose, we denote by
_
|M(Du)|? the sum of the squares of the determinants of all the minors of Du. We will prove the existence
of the minimum of functionals of the type

F(u) ::/Q<b(|]\—/[>(Du)|)d:c+/Q|Du|”_1d:c+7-{0(5’0(u)),

where @ is e.g. a non negative convex function satisfying a p-coercivity condition
cltlP < ®(t), p>1, ¢>0.
Roughly speaking, the minimum is attained on classes of functions of the type
{u e WhHQ,R") N L™ | det Du € L'(Q), ||ulloo + M((0G,)LQ xR") < K},

for K > 0 fixed, under suitable Dirichlet-type boundary conditions.
In Sec. 5, using a slicing argument, we shall finally treat the analogous problem about the distributional
minors of fixed order k= 2,... min(n, N), for vector valued Sobolev maps in W1*~=1(Q RY).

1 Notation and preliminary results

In this preliminary section we collect some notation and results. We refer to [7, 14] for general facts about
geometric measure theory, and to [8, Vol. I] for further details.



RECTIFIABLE SETS. Let U be an open set in R™ and H* be the k-dimensional Hausdorff measure
on R™. We say that M C U is countably H"-rectifiable if it is H*-measurable and H*-almost all of M
is contained in the union of the images of countably many Lipschitz functions from R* to U, compare |7,
3.2.14]. Also, M is said to be k-rectifiable if moreover H*(M) < cc.

RECTIFIABLE CURRENTS. A current T € Dy (U) is said to be of the type (M, 0,¢), T = 7(M,0,¢), if
T acts on smooth compactly supported k-forms w as

T(w) = /M (&(z),w(x))d(x) d'Hk(x) Ywe Dk(U) , (1.1)

where M C U is countably H*-rectifiable, the multiplicity 6 : M —]0, +o0] is H*-measurable and locally
(H* L M)-summable and & : M — ARR™ is H*-measurable with [£| =1 (H* L M)-a.e.. Moreover we will
denote

set(T) := {z € R™ | %(||T||,z) > 0}

and size S of T the number

S(T) := H*(set(T)) = H¥ (M),

so that
Sy(T):=S(TLV) VYV open, VCU.

We say that T is a rectifiable current, T € Ry (U), if T has finite mass, M(T) < oo, and for H*-a.e. x € M
the unit k-vector £(x) € AR™ provides an orientation to the approximate tangent space Tank(/\/l,m). If
moreover the size of T is bounded, i.e., S(T) < oo, we say that T is a size bounded rectifiable current,
T € S;(U). If in particular the density 6 takes integer values, we say that T = 7(M,6,€) is an integer
multiplicity (i.m) rectifiable current, T € Ry(U).

We finally denote by N (U) the class of normal currents, i.e., of k-currents with finite mass and finite
boundary mass, N(T) := M(T) + M(9T) < oc.

LOWER SEMICONTINUITY OF THE SIZE. For our purposes, we recall a lower semicontinuity result for
the size of suitable rectifiable currents with respect to a suitable flat convergence. This result was proved in
[9, Sec. 6], using some ideas from Almgren [1, Prop. 2.10], see also the closure theorems in [3, Thm. 8.5] and
[6]. For T1, Tb € Ry (U) N Ny (U), define the ”flat” metric

A(T1,Ty) == inf{M(Q) + M(R) | Q € Ni(U), R € Ny (U)
Ty — Ty = Q+OR}.

Theorem 1.1 Let T, {Tr} C Rp(U) NNy (U) be such that: (i) sup, N(T,) < oo, and (i) d(T},T) — 0

as h — oo. Then for every open set V. C U we have

NOTATION FOR MULTI-INDICES. Let n, N > 2 integer. In the sequel, if G is an (N x n)-matrix, 3
and a will always denote the multi-indices of row and column of G, respectively. If e.g. a = (a1,...,qp)
is a multi-index of length |a| = p < n, with «; € {1,...,n}, we say that the positive integer ¢ belongs
to « if it is one of the indices a1,...,q,. If ¢ € o we denote by a — ¢ the multi-index of length p — 1
obtained by removing ¢ from «. Also, @ is the complement of « in (1,...,n) and o(o,@) is the sign of
the permutation which reorders o and @. A similar notation holds for 3, with n replaced by N. Then G%
denotes the submatrix obtained by selecting the rows and columns by § and «, respectively. For example,
if |a| + |B| = n, then Gg is a square matrix and we will denote by Mg(G) its determinant

M2(G) := det G2,

and we set Mg(G) =1

CURRENTS CARRIED BY GRAPHS. Let  C R™ be an n-dimensional bounded domain. We shall denote
by AY(Q,RY) the class of vector-valued maps u : Q@ — RY that are a.e. approximately differentiable and



—
such that all the minors of the Jacobian matrix Vu are summable. We also let M (Vu) denote the n-vector
that spans the graph of the linear maps associated to Vu at a given point. More precisely,

N N
M(Vu) = <e1, ZVluj ej) Ao A (en,zvnuj Ej) ,
j=1

j=1
(€1,...,en), (¢1,...,en) being the standard basis in R® and RY, respectively, so that
MV = Y ola,@) MI(Vu)ea nep.
loe|+18]=n

Remark 1.2 In the case n = N, if w € WH"=1(Q,R") and det Du € L*(Q), then u belongs to the class
AL(Q,R™), and the distributional derivative Du agrees with the approximate gradient Vu.

If ue AY(Q,RY), the i.m. rectifiable current G, € R,,(Q2 x RY) of the type (G, ,1, E‘)u) is well defined
[8, Vol. I, Sect. 3.2.1]. It is given by the integration of n-forms over the rectifiable graph

Gy ={(z, () : 2 € L, NAp(u)NQ},

where £, is the set of Lebesgue points, A, () is the Lebesgue value at « and Ap(u) is the set of approximate
—
differentiability points of u. Moreover G, is the tangent unit n-vector

g, - My
|M(Vu)l

Also, denoting (Id >t u)(z) := (z,u(x)), in approximate sense we have
Gy = Id>=u)y[Q].

Moreover, since \J\_j (Vu)| agrees with the n-dimensional Jacobian of Id i u, the area formula yields that
the mass of G, is equal to the area of the graph of u, i.e.,

M(G,) = H™(Gy) = /Q M (V)| dz < oo

SPLITTING OF CURRENTS. For k = 1,...,n, every differential k-form w € D*(Q2 x RY) splits as a
_ min(k,N)
sum w =3 ;7

y-variables. Every current T' € Dy (Q x RY) then splits as T = Z;}:i%(mv) T

w@) | where the w?)’s are the k-forms that contain exactly j differentials in the vertical
), where T(j)(w) := T(w")).
BOUNDARY. Graphs of smooth maps u :  — RY satisfy the null-boundary condition

(0G, )L xRN =0. (1.2)

In fact, for every (n — 1)-form w € D"~1(Q x RY), by Stokes theorem we have
0G, (w) = Gy (dw) = / dw = / w=0,
u Gy

as w is compactly supported in € x RY. On the other hand, if v € A'(©,RY), in general the interior
boundary of G, is non zero, i.e.,
(0G,)LQ xRN £0.

However, if in particular v € WP (€, RY) for some positive integer p € N*, then
(0G)jHLOAXxRY =0 VjeN, j<p-1. (1.3)

This follows from a standard density argument based on the dominated convergence theorem and on condition
(1.2), that holds true for smooth maps.



Example 1.3 If e.g. Q := B", the unit ball, n = N, and u(z) := x/|z|, then u € WHP(B",R") for any
p < n whereas det Du =0 a.e., so that u € A*(B™,R"). In particular, (1.3) holds true for j =0,...,n—2.
However, (1.3) is false for j =n — 1, and we have

(0G,) L B" x R™ = —§y x [S" '],
where S"~! is the unit sphere in the target space, compare [8, Vol. I, Sect. 3.2.2].

CARTESIAN MAPS WITH FRACTURES. In order to discuss some variational problems, we now recall
some facts from [9, Sec. 5], see also [8, Vol. I].
For every p > 1 consider the class

AP(QRY) := {u € LP(Q,RY) | u is L™ a.e. appr. diff.,
ME2(Vu) € LP(Q) Vo, with o] + |3] = n}.

In AP we introduce the "norm”
N
llullae = [Jull Lo rny + [ 1M (V)] || Le ()

and we say that a sequence {up} in AP(Q,RY) weakly converges in AP to u € AP(Q,RY), say up, — u
weakly in AP, if and only if uj;, — u strongly in LP(Q2) and for every « and § with |a| + |8] =n

ME(Vup) = M2(Vu)  weakly in LP(Q).
Note that since €2 is a bounded set, for every p > 1 we have
M(Gu) < e(p, Q) - (19 + [[ull ar) < 0.
Definition 1.4 For every exponent p > 1 denote
CP(Q,RY) := {u € AP(Q,RY)NL> | M((0G,)L 2 x RY) < o0}
the class of p-Cartesian maps with fractures. For u € Cf?(Q,RY) we also define the CfP-norm
lullorn = l[ullar + lull o +M((OG)LQ x RY).
Finally, for every K > 0 denote
CfP(Q,RY) := {u € CP(LRY) | [|ulloo + M((0G,)LQ x RY) < K} .

By the closure theorem for graphs, compare [8, Vol. I, Sec. 3.3.2], we readily obtain that the class
Cf(Q,RY) is closed under the weak convergence in the product.

Proposition 1.5 (Closure). Let p > 1, K > 0, and {un} be a sequence in Cf% (Q,RN). Let u €
LY(Q,RYN) be an a.e. approzimately differentiable map and let fug € LY(Q), where o and B are multi-indices
with ||+ |B| = n. Suppose that up, — u strongly in LP(Q) and Mg(Vuh) - vg weakly in LP(Q) for every
o and B with |a| + |3] = n. Then u € CE2 (L, RN) and vi(z) = ME(Vu(x)) a.e. in €.

The sequential weak compactness of bounded sets in LP, p > 1, together with the previous result, readily
yields the following

Proposition 1.6 (Compactness). Let {uy} be a sequence in CfP(Q,RYN) such that

sup |Jup||cer < 00 (1.4)
h

for some p > 1. There exist a subsequence {up,} of {up} and a map u € CfP(Q,RY) such that up, — u
weakly in AP, with Gy, — Gy weakly in D, (Q x RY).



Taking into account the lower semicontinuity of the mass with respect to the weak convergence in the
sense of currents, we readily obtain the following.

Proposition 1.7 (Lower semicontinuity). Let {u,} be a sequence in CfP(,RY) such that (1.4) holds
for some p > 1. Let u € L*(Q,RY) be an a.e. approzimately differentiable map such that u, — u in
LY(Q,RN). Then

||’LLHCfP < lim inf HuhHCfp .
h—o0

More precisely, ||ul|a» < lminf ||up|ar, ||t]|co < lminf||up|e and
h—o00 h—o00

M(G,LQ xRN) < hmme(Guh LQ xRN,
M((0G,)LQ xRN) < hmlnfM((@Guh) LQ xRN,

Finally, if Q is a bounded open set in R™ such that Q CC (NZ, and ¢ : Q- RY isa given smooth
function in Cf% (2, RY), we shall denote

Cff (O RY) = {u € CIR (4, RY) [ (Gu — Gy) L (2\0) x RY =0}

THE DISTRIBUTIONAL DETERMINANT. Assume now n = N > 2, and denote by R™ the target space.
If ue AY(Q,R") is bounded, the distributional determinant is again well-defined by (0.1), where this time
adj Vu is the matrix of the adjoints of the approximate Jacobian Vu, so that

o R T e T A T

dj Vu)! := (—=1)"" det :
(aJ U)l ( ) ¢ 8xl)"'7xi717xi+17"'7mn)

More precisely, we set for any ¢ € C°(Q)

(Det Vu, @) = —— Z/DM )u () (adj Vu(z))! da .

z] 1
Notice that if u: Q — R is a smooth map, we have

Det Du = det Du - dx . (1.5)

no 9 .
Since in fact Z_il D (adj Du)! = 0, by the Laplace formulas for every j we have

adj Du

Z (adj Du))) = Z

+ adJ Du)! = det Du.

Therefore, by the W1 m-density of smooth maps, (1.5) holds true for maps u € Wt (Q,]@") N L.

Example 1.8 If = B™ and u(z) := x/|z|, one easily verifies that det Vu = 0 while Det Vu = |B"| dp,
where &g is the unit Dirac mass centered at the origin. Notice that the boundary of G, is non zero, see
Example 1.3. Similarly for the map

u(z) := (2" + Ja ")/

x|’
we have det Vu =1 a.e. and Det Vu =1-dz + |B"(0,a)| .

a>0,



2 An isoperimetric inequality

In this section we prove an isoperimetric inequality that is the main new result of the paper. We shall assume
n =N > 2, and we will focus on maps satisfying

M((0G,)LQ x R") < o0. (2.1)

Denote by w,, the smooth (n — 1)-form in R"

n

ST (-1 iy (2.2)

j=1

1
Wp 1= —
n

where Ey\ﬂ =dy' A Ady? U Ady? T A - Ady™. Moreover, in the sequel we will let 7 : R"* x RV — R”
and 7 :R" x RV — RY denote the orthogonal projection onto the = and y coordinates, respectively.

Proposition 2.1 (Isoperimetric inequality). Let u € A'(Q,R") N L be such that (2.1) holds and
(0G) (2L Q2 x R* =0. (2.3)
Then for every xo € Q and for a.e. r > 0 such that B,(xg) CC Q we have
1((0G.) L B, x R™)(7%w,)| < ¢ M((0GW) (n_1) L B, x R?)™/(n=1) (2.4)
where B, = B,(xg) and ¢, > 0 is an absolute constant.
As a consequence of Remark 1.2 and property (1.3), where p = n — 1, we readily obtain the following

Corollary 2.2 (Isoperimetric inequality). Let u € Whn=L(Q R") N L> be such that det Du € L*()
and (2.1) holds. Then (2.4) holds for every xo € Q and for a.e. r > 0 such that B,(xg) CC .

PROOF OF PROPOSITION 2.1: Let S, € D, (2 x ]IA%”) be the n-current
Sy = hx(0G, x [0,1]),

where h:Q x R® x [0,1] — 2 x R™ is the affine homotopy map h(z,y,t) := (z,ty).
Similarly to (2.2), to every vector field g € C°°(R™,R™) we associate the (n — 1)-form

W) =S (- @y, g=(g"...g"),
j=1
so that dw, = div gdy, where dy := dy' A--- A dy"™. We shall make use of the following
Lemma 2.3 For every 1 € DY) and g € C(R",R™) we have S,(n Awg) = 0.
Remark 2.4 Lemma 2.3 is false if (2.3) is not satisfied, as the function u from Remark 3.2 shows.
Proor oF LEMMA 2.3: We write
Su(n Awg) = (0Gy x [0,1])(n A h¥w,)
where f~z(y, t) := ty. Moreover, we can decompose the pull-back of w, as
E#wg =®(y,t) Ndt + U(y,t),

where the forms ®(-,t) € D"~2(R") and ¥(-,t) € D"~ }(R") for every t € (0,1). By definition of cartesian
product of currents we get
(0Gu x [0,1])(n A ¥ (y,t)) =0,



as 7 A ¥(y,t) does not contain the differential dt. Moreover, we have
(0Gu x [0,1])(n A ®(y, ) A dt) = OGu(n(z) A B(y))

for some ”vertical” (n — 2)-form ®(y) € D”*2(]1/§”). Property (2.3) yields the assertion.

Setting II(x,y) := (z,0), we have
85, = (=1)"'0G, + (=1)"14(0G,)  on D" 1(QxR™).
For any ¢ € C°(Q2) and g € CSO(I@",I@"), since I14(0G.)(¢ Awy) = 0, we thus obtain
3Su(p Awg) = (=1)"19G(p Awy) .

By Lemma 2.3 we then obtain
(=)™ PG, (o Awy) = Su(p A dwy).

Let w, be the signed measure on R"
(irsg) = (1" H(0Gu) L B x R™)(@*wy), g € CZ(R™R™).
Since |lwg|l = ||g]loo, by (2.1) we infer that p, has bounded total variation
e |(R™) < M((8Gy) (n—1y L By x R") < 0.

(2.5)

Moreover, taking a sequence {¢;} C C°(2) converging in L' to the characteristic function xp, of the

closed ball B,, by (2.5) we deduce that
(fr,9) = (SuL B, x R")(7# divg dy).

By the boundary rectifiability theorem, the current 9G, is i.m. rectifiable. Therefore, it turns out that
Su € Rn(Q x R™). By using the degree theory from [8, Vol. I, Sect. 4.3.2], for every zy € Q and for a.e.

r > 0 small we have

(try9) = (SuL B, x RM)@* divgdy) = | A.(y) divg(y)dy

&n
for some integer valued L'-function ET, namely
A, (y) := deg(S, L B, x R",7,y) € L'(R", Z).
As a consequence, ﬁ,. is a function of bounded variation in ]/Ién7 with
IDA|(R) = [y (R") < M((9Gu)(n-1) L By x R") < 0.
By Sobolev embedding theorem, and by density of smooth maps in BV(@”), we have
1A+ gsin sy < €0 [DA|R?)

whereas, taking into account that A,(y) € Z,

X X n/(n—=1) 3. _ A n/(n—1)
LAl < [ AP ay = 18,1750 )
We thus have

(gl < [ 1Ay dival)ldy

I div glloc / 1A, ()] dy
R™ - .
| div glloo e (IDA,|(Rr))m/ (=D

IN

N

and hence

((0Gw) LBy x R™)(F%wy)| < ¢ || div glloe M((0G.4) (n—1y L By x R™)™/ (=)
Finally, taking ¢g(y) = y/n on the compact set {y € R™ : lyl < ||ullec} we obtain (2.4).



3 A representation result

In this section, making use of the isoperimetric inequality, we prove that the singular part of the distributional
determinant is concentrated on a countable set of points.

Proposition 3.1 Let n=N>2 and u: Q — R~ satisfy the hypotheses of Proposition 2.1 or Corollary 2.2.
Then for every g € C°(Q) we have

(Det Vu, g) — (det Vu - dz, g) = —m4((0Gu) (n—1) L 7% wn)(g) (3.1)

and Det Vu is a signed Radon measure with finite total variation. The density of its absolute continuous
part is equal to the pointwise determinant of Vu

Det Vu = det Vu - dz + (Det Vu)?®, (Det Vu)® L L™. (3.2)

Moreover the singular part is supported on an at most countable set and

(Det Vu)® = ch Oz, Z ley| < o0, (3.3)
=1 [

where ¢; € R and 0, is the unit Dirac mass centered at the point x; € Q). Finally, for every open set U C Q)
the total variation of (Det Vu)® is given by

|(Det Va)* |(U) = Y |ar] = Im(0Gu) (n1) L T wn) | (U) -
€U

Remark 3.2 On account of (3.1), that holds true even if (2.3) is not satisfied, the isoperimetric inequality
(2.4) reads as
|(Det Vu)*[(B,) < ¢ M((0Gy,) (n—1) L B, x R™)™/ (=1, (3.4)

We now see that (3.4) is false, if (2.3) is not satisfied. In dimension n = 2, this happensife.g. v € BV (Q, @2)
is not a Whl-function. Taking for example Q = (—1,1)x(—1,1) and u(z1,22) = (z1,22) if 71 < 0, whereas
u(zy,x2) = (1 + 1,22) if 21 > 0, we have

(BGU)LQX]@2:’71#I—72#17 I::[[_]-v]-]]a

where v1(A) := (0,1,0,A) and () := (0, A, 1, ), for —1 < XA < 1. Moreover, we have
1
(Det Vu)® = §H1 Ly,  Ju={0} x(=1,1).

As a consequence, (3.3) fails to hold, too, if (2.3) is not satisfied.

Formula (3.2) goes back to [11]. We recall that in general the singular part of Det Vu is not a sum of
Dirac masses, see [12]. However, since Det Vu is a Borel measure, thanks to a classical result by L. Schwartz,
to prove (3.3) it suffices to show that (Det Vu)® is concentrated on a countable set. In view of this let us
first prove

Lemma 3.3 Let A and p be respectively a mon-negative and a signed Radon measure on ), with finite
total variation, such that for every xo € Q and for a.e. v > 0 for which B,(x¢) CC Q we have

|n(Br(zo)| < ¢ A(By(20))”
for some fized constants ¢ >0 and o> 1. Then p is purely atomic.
PrROOF: Let

A= {a € Q| limsup A\(B,(a)) > 0}

r—0+t



denote the set of atoms of A. Since A is finite on compact sets of §2, then A is at most countable. For every

zo €  and a.e. r > 0 small we have o
1(Br) =

r -1
—2 < cABy)* ",
ANB,) ~ (Br)
where B, = B,.(zp), and hence, since a > 1, letting r — 0 we infer that the density of p with respect to A
is zero at all points zy which are not in A. This yields that p is concentrated on A, as required. O

We also recall from [8, Vol. I, Sect. 3.2.3] the integration by parts formula
0C (6 y) dy) = (~1)7! Z / )] () Vu(a))! de (35)

that holds true for every function ¢ € C1(R" x I@”) with bounded derivatives, where j=1,...,n

PROOF OF PROPOSITION 3.1: Taking ¢(z,y) := (—=1)771 g(x)y’ in (3.5), since

Vilg(a)u! ()] (adj Vu(z))] = Diglx) () (adj Vu(z))]
+ g(z) Vv () (adj Vu(z));

by summing over ¢ = 1,...,n and by the Laplace formulas we have
T((0G,) LT ((=1)7 "1yl dy?))(g9) = (=1)' = 0G . (gy’ dy?)
n
= Z/ D;gu? (adj Vu)f dx —|—/ g det Vudx
— Ja Q

hence, by taking the sum over j and dividing by n, we obtain (3.1).

By (2.1), and by the boundary rectifiability theorem, the current 74 ((9G,)L Q x RY) is im. rectifiable
in R,,—1(Q2) and hence it is supported on an (n — 1)-rectifiable set of Q. As a consequence (3.2) holds and
Det Vu is a signed Radon measure in ). Moreover, for every point zg € 2 and a.e. small radius r, so that
B, (z9) CC 2, by (3.1) we have

—(Det Vu)*(B,) 74((0G.) L7#w,)(B,)
(0G,) L 7#w,, B, x R™)

((0G,) LB, x R")(7F*w,),

where B, = B,(x¢), thus by the isoperimetric inequality (2.4) we obtain (3.4).
We then apply Lemma 3.3 with pu(B) := (Det Vu)*(B) and \(B) := M((0G.)(n-1)L B x R"), taking
a := n/(n — 1), to conclude that (Det Vu)® is a purely atomic measure with finite total variation. If
ps+ = ((Det Vu)®)* are the positive and negative part of (Det Vu)®, the Radon differentiability theorem
yields that for each a; € A the limit
of = Tim_ps (Blas, 7))

r—0
exists and hence (3.3) holds as
(Det Vu)*® = Z (f —a;) ba, -

Finally, the last assertion trivially holds. |

Remark 3.4 Proposition 3.1 yields that the 0-current
T4 (0Gw) (n-1) L T wp) (3.6)

is rectifiable in R (). However, in general (3.6) is not size bounded. In fact, in [9, Sec. 7] we showed the
existence of Sobolev functions wu satisfying the hypotheses of Proposition 2.1, actually of Corollary 2.2, such
that (3.3) holds for some countable family {x;} of pairwise distinct points in 2.
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4 A variational problem

In this section we discuss a variational problems that is naturally related to the results of the previous
sections. Assume again n =N > 2.

Definition 4.1 Let u : Q — R» satisfy the hypotheses of Proposition 2.1 or Corollary 2.2. The 0-
dimensional singular set of u is defined by the set of points of concentration of (Det Vu)*, i.e.,

So(u) :={z; € Q| #0 in (3.3)}.

Remark 4.2 Sy(u) is the countable set of points of positive multiplicity of the rectifiable current (3.6), and
it detects the so-called points of cavitation. As a consequence, we infer that H°(S,) agrees with the size of
the current (3.6), i.e.,

HO(Su) = S(m((0Gw) (n-1) LT wn)) .

LOWER SEMICONTINUITY OF THE SIZE. We fix p > 1, K > 0, and ¢ € Cf% ({2, R") smooth.

Theorem 4.3 Let {u,} C Cf}(#(ﬁ,]@”) NWLn=t pe such that

sup M(G,,) < oo, sup M((0G.,, )L Q x R") < 0o (4.1)
h h

and G, — G, weakly in Dy (Q x R™), where u € Cf}a(p(ﬁ,@”) NWLn=1 Then we have

H(So(w)) < liminf 1 (So(un)) -

ProoF: We wish to apply Theorem 1.1 with U = (NZ, m=mn, k=0, and
T := W#((aGu)(n,l) L%#wn) s Ty = W#(<8Guh)(n,1) L/ﬂ:#wn) .

By Proposition 3.1 we have T, {T)} C Ro(Q2) NNy (). Moreover, condition (i) in Theorem 1.1 follows from
(4.1), so that it remains to check condition (ii). To this purpose, notice that 0G,,, 0G, € R,—1(2 x R™),
that supy, (||un]lco + ||Ju]|eo) < 00, and that for every open set W, with Q cC W CC Q,

A(OGy, LW xR —9G, LW xR") =0.

Therefore, as in [14, 31.2], the weak convergence of 9G,,, to G, and (4.1) yield the existence of a sequence
{¥n} C Rn(ﬁ X @”) of integral currents, with support spt(X;) C Q x K for some compact set K C ].@",
such that

0G,, —0G, = 0%, and hler;O M(x2,) =0.

Set now Q= 74 (Sh L7#dy) and Ry, := (—1)" 17y (3) L7%w,). Since {5} C N, (Q x R") satisfies

h—o0

Sl}ip M(0%,) < 0o, lim M(Z,) =0, spt(Sh) C Qx K,
we infer that Qn € Np(Q), Rp € Ni(Q) and lim,[M(Qp) + M(R,)] = 0. Therefore, condition (ii) in
Theorem 1.1 holds true if we show that
T, —T =Qnr+0Ry. (4.2)
To this aim, we notice that for every ¢ € D° (KN) X I?&”)
(—1)" ' Eh (7 wn A de) = S (d(@Fwy A ¢)) — Sp(daFwy A @),
whereas dn#w, = 7#dw, = 7#dy. We thus obtain

(—1)" 1Sy L T#w,) = —X L 7#dy + (0%)) L 7w,

= -, La?dy" + (0G.,) L 77w, — (0G,) L 77w,
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which clearly yields (4.2). As a consequence, by Definition 4.1 and Theorem 1.1 we have
HO(Sop(u)) = S(T) < liminf S(T},) = liminf H°(So(us)),
h—o0 h—o0
as required. |

EXISTENCE RESULTS. We conclude this section by proving an existence result. Let ci,ca,c3 > 0, and
consider the energy functional

F(u) = cl/QCI)(|]\—/>[(Du)|)d:v+02/Q|Du\”71 dz + c3 H°(So(u)) . (4.3)

Theorem 4.4 (Existence result I). Let ® : Rt — RT be a non negative and convex function satisfying
a p-coercivity condition
cltlP < (1), c>0, p>1.

Then for every K >0 and ¢ € Cf%(ﬁ,]@") smooth, there ezists a solution of the problem
inf{F(u) | u € Cff (Q,R") nWn=1},

PrOOF: Let {up} C Cfljﬂw(ﬁ,]@") N W=l be a minimizing sequence. Since (1.4) holds true, then by
the closure, compactness and lower semicontinuity properties of Propositions 1.5, 1.6 and 1.7, and possibly
passing to a subsequence, we find the existence of u € Cff (Q,R") N WH"~! such that uj — u weakly
in A7 and in W11 with G,, — G, weakly in Dn(() X HAQ") Moreover, by Theorem 4.3, by the lower
semicontinuity of u +— fQ |Du|"~! dx, and by the standard lower semicontinuity of convex functionals with
p-coercivity, we obtain

F(u) < liminf F(up)

h—oo

and hence the assertion. O

In a similar way one may consider functionals with more general bulk energies given by the integral
of a polyconvex function of the gradient Du, satisfying a suitable growth condition. Moreover, since the
zero boundary condition (2.3) is preserved by the weak convergence as currents, one may consider similar
variational problems involving the wider class of functions in Cf}@v(ﬁ, RY) satisfying (2.3), this time taking
the constant ¢z =0 in (4.3), and Vu instead of Du.

5 The distributional minors.

In this section we extend the previous results to the case of distributional minors of the Jacobian matrix Vu
of fixed order k. In the sequel u is a bounded function in A'(2,RY), where n, N > 2.

Let us fix the order 2 < k < min(n, N). Also, let @ and 8 be any multi-indices with length |a|+|5] = n,
where |8] = k.

Definition 5.1 The distributional minor of indices @ and (8 of Vu is defined by

DivZui= =373 0 (i () (o V) )

|B| &= &= Ox;

i.e., for every g € CX(Q)

(DivE u, g) = —% S5l () ((ad V)Y, Dig)

jeB ica
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Remark 5.2 In the case k = 1, if § = j and @ = ¢, we have (ad] Vu)g =1 and Divgu = D;u?. Therefore,
we have assumed k > 2, the case k = 1 being reduced to well-known facts from the theory of BV -functions,
compare [2]. Moreover, if u is smooth we infer that

Divlu = M2 (Vu) - dz, (5.1)

where Mg(Vu) is the pointwise determinant of the corresponding minor of Vu. In fact, by the Laplace
formulas, for every j € 3 we have

0 - ; ou? ;
j i Du)2y) = i Du)2y?
> g (7 (DY) = 3050 (i Du
4 0 . Brj
) Byi
+ 2 oz, ((adj Du)ys);
= ME(Vu),

o .
where we used that E e ((adj Du)g)f = 0. Therefore, by the W'*-density of smooth maps, (5.1) holds
Xq
ica

true for maps u € WHF(Q,RY) 0 L.

In Proposition 5.3, we will show that if the boundary of G, has finite mass, see (2.1), and u satisfies the
additional zero boundary condition
(0GW) (r—2) LU xRN =0, (5.2)

then Divgu is a signed Radon measure with density of the absolute continuous part given by the pointwise
determinant Mg(Vu) and singular part concentrated on a countably H" *-rectifiable set of €2, so that

Divgu has no Cantor-type part. We recall that (5.2) is satisfied if u € WHF=1(Q,RY), see (1.3).
To this aim, we associate to every g € C°(€2) the (n — k)-form wg € D"~*(Q) given by

wo(z) = (=)o (a, @) g(z)dz® .

9
Also, we will denote by
1 . N G B—i
wg =1 Y 0§, f— )y’ dy®
R
the (k — 1)-form in D*~1(RY) associated to 3, so that dws = dy”. Finally we will set
O_Z — (_1)(lc—1)(n—k)7
so that, w® and y7dy”~7 being of degree n — k and k — 1, respectively, then
Y dyP I Nwg = of wg A Y dyP=I .

Proposition 5.3 Let 2 < k < min(n, N). Let u € AY(Q,RY) N L>® be such that (2.1) holds. Assume in
addition that u € WHF=1(Q,RYN) or, more generally, that (5.2) holds true. Let o and 3 be multi-indices
with length |a] + 8] =n and |B| = k. Then for every g € C°(Q)) we have

(DivEw, g) — (ME(Vu) - dz, g) = =0 7 ((0G) (p—1) L 7T wp) (W) (5.3)

and Divgu s a signed Radon measure with finite total variation. The density of its absolute continuous part
is equal to the pointwise determinant Mg(Vu)

Diviu = M2(Vu) - dz + (DivEw)®,  (Div2u)® LL". (5.4)

Also, the singular part is supported on a countably H" *-rectifiable set. Finally, for every open set U C
the total variation of (Divg u)® is given by

DIVE ) |(U) = [ (4 (9G) a1y L 7P ) L da®[[(0) (5.5)
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As a consequence, we also have

Corollary 5.4 Let k, u and 3 be as in Proposition 5.3. Then the (n — k)-current
T = 14 ((0Gu) (k-1) L T wp) (5.6)
is rectifiable in R, _ ().
Remark 5.5 In general the rectifiable (n — k)-current (5.6) is not size bounded, if k > 2, see [9, Sec. 7].
PROOF OF PROPOSITION 5.3: The integration by parts formula
G (p(z,y)dz® A dy°~7) =
(D oa® 0.8 -) 3 [ Viloe.uta))] (di(Vu(a)) )] do (.7

ica
holds for every j € B and every function ¢ € C*(R™ x RY) with bounded derivatives, compare [8, Vol. I,
Sect. 3.2.3]. We apply (5.7) with ¢(x,y) := (—1)l*lo(a,@) o (4,8 — j) g(x)y’ and j € B. Since
o(j, B —jws Aydy’ ™7 = ¢(x,y)da™ A dy’~

and . ) ;
Vilg()u ()] (adj(Vu(z))2)] = Dig(x)w (z) (adj(Vu(z))5)!

i

by summing over i € @ and by the Laplace formulas we have
op 14 ((0G,) L7#0(j, 6 — j)y/dy’~7)(wy) =
= aGu(U(jv 5 - ]) w? A yjdyﬂij)
= Z/ Dig v’ (adj(Vu)2)! da —|—/ g ME2(Vu) d .
ica Q@
Therefore, taking the sum over j €  and dividing by || we obtain (5.3). Arguing as in Proposition 3.1, by

(2.1) and by the boundary rectifiability theorem we then deduce (5.4) and that Div2u is a signed Radon

measure in ). It remains to show that (Divg u)® is concentrated on an countably H"*-rectifiable set.
If K =n we have
T ((0Gu) (n—1) LT wp) = 14 ((0Gus) (n-1) LT w35) ,

where u® := (u%,... uP*). Since u” € WH"~1(Q,R™) or, more generally, by (5.2),
(6Guﬁ)(n,2) LOxXR"=0,

the assertion follows from Proposition 3.1 applied to u® : Q@ — R™.
If 2 <k <n-—1, we recall from slicing theory, see [14], that if T € N,_;(Q) is a normal current and
7o : R — R™™F denotes the orthogonal projection onto the a-components of z, i.e., m4(z) = 24, then

TL dz® :/ (T, Ty Toy) ATy (5.8)
Rn—k

where (T, 74, xq) is for a.e. x, the O-current obtained by slicing T' with respect to m,. We may and will
apply (5.8) to the current 7' in (5.6), since 0T = Oz ((Gu) y, L 77y") and hence T € N,,_(92). Moreover,
without loss of generality, we assume z, = (z1,...,2Zn—k), so that & = (24, 27), and we let

Q.. = {2 €RY | (z4,75) € Q}
denote the k-dimensional section of € with the k-plane mo = (24). Let uf : Q. — RF be given by
rg = ul (vx) = (W U (24, 1)

For a.e. choice of x, € R"™* such that (2, is non-empty, we have:
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i) (m4((0Gw) L 7 wg), o, 2a)(9(x)) = m4((0G 5 )L 7T wp)(9(xa,));
ii) u? belongs to A'(Q,,,R¥) N L>;
iii) property M((0G 5 )Ly, X R*) < oo holds;

iv) uf € Wh1(Q,,,R¥) or, more generally, (5.2) yields (0G5 )(k—2)L O, x R =0,

Applying Proposition 3.1 with &k and uf  for of n and u, we infer that (7% ((0Gy)—1)L T wg), Ta, Ta)

is concentrated on a countable set of points. Therefore, by (5.8) we conclude that (Divg u)® is concentrated
on a countably H"*-rectifiable set. Finally, (5.5) trivially follows. O

PROOF OF COROLLARY 5.4: Proposition 5.3 yields that the (n — k)-current (5.6) is of the type (M, 8,&),
see (1.1). Let ¢ be the unit (n — 1)-vector that provides an orientation to the i.m. rectifiable current
(0G,)LQ x RN, Define ¢ := (¢!,...,¢F 1) : R*"N  RF-1 by
g(l', y) = Z U(jv ﬁ - .7) yﬁij )
Jj€eB
and let ¢ := ¢* A---A¢*~1. By Prop. 3 from [8, Vol. I, Sec. 5.2.2], we infer that for H" " '-a.e. (z,y) € G,
the (n—Fk)-vector (L ¢)(x,y) is simple and tangent to ker ¢|5, where X is the approximate tangent (n—1)-

space to 0G,, at (z,y). As a consequence, the (n — k)-vector mx&L ¢, modulo a renormalization, provides
an orientation to M, as required. O

SINGULAR SET. Similarly to Definition 4.1, we now set:

Definition 5.6 Let 2 < k < min(n, N). Let u: Q — RN satisfy the hypotheses of Proposition 5.3. The
(n — k)-dimensional singular set of u is defined by

Sp—n(u) = ] Mg(u),
|61=k

where Mg(u) is the set of points of positive multiplicity of the rectifiable current (5.6), i.e.,
Mg(u) == Set(ﬂ'#((aGu)(k_l) L%#w@ .
LOWER SEMICONTINUITY OF THE SIZE. Fix p > 1, K > 0, and ¢ € Cf% (2, R") smooth.

Theorem 5.7 Let 2 < k <min(n,N). Let {up} C Cf}(w(ﬁ,RN) NW*=1 be such that

supM(G,, ) < oo, sup M((0Gy, )L Q2 x RY) < 00
h h

and Gy, — G, weakly in D, (Q x RN), where u € Cf}(W(Q,RN) NWHk=1 Then we have
HF(Snk(u)) < liminf B8 (S _x(un)) -
PROOF: As in the proof of Theorem 4.3, we apply Theorem 1.1 with n — k instead of k& and
T = my((0G) -1y LT ws), T =m4((0Gu,)(k—1) T wp) ,

for every (. Using a covering argument as in the second part of the proof of [9, Thm. 5.8], we obtain the
assertion. g

EXISTENCE RESULTS. We conclude this section by stating an existence result. Let 2 < k < min(n, N),
and consider the energy functional

Fr(u) =1 /Q <I>(|]\—/I>(Du)|) dx + ¢y /Q |Du* " da 4 c3 H"* (S, (w)) (5.9)

where ¢y, co,c3 > 0. We have:
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Theorem 5.8 (Existence result II). Let ® be as in Theorem 4.4, where p > 1. Then for every K >0
and ¢ € Ch(Q,RYN) smooth, there exists a solution of the problem

mf{fk(u) | u e Cf}lg(,ap(ﬁaRN) n Wl’kfl}.

The proof of Theorem 5.8 is omitted, being similar to the one of Theorem 4.4, on account of Theorem 5.7.
We notice again that one may similarly consider functionals with more general bulk energies given by the
integral of a polyconvex function of the gradient Du, satisfying a suitable growth condition. Finally, since
the zero boundary condition (5.2) is preserved by the weak convergence as currents, one may also consider
similar variational problems involving the wider class of functions in Cf}(ﬁo((),RN ) satisfying (5.2), this
time taking the constant cz =0 in (5.9), and Vu instead of Du.
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