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ABSTRACT. This paper is devoted to the study of the long time behavior of Nash equilibria in
Mean Field Games within the framework of displacement monotonicity. We first show that any
two equilibria defined on the time horizon [0,7] must be close as T — oo, in a suitable sense,
independently of initial/terminal conditions. The way this stability property is made quantitative
involves the L? distance between solutions of the associated Pontryagin system of FBSDEs that
characterizes the equilibria. Therefore, this implies in particular the stability in the 2-Wasserstein
distance for the two flows of probability measures describing the agent population density and the
L? distance between the co-states of agents, that are related to the optimal feedback controls. We
then prove that the value function of a typical agent converges as T' — oo, and we describe this limit
via an infinite horizon MFG system, involving an ergodic constant. All of our convergence results
hold true in a unified way for deterministic and idiosyncratic noise driven Mean Field Games, in the
case of strongly displacement monotone non-separable Hamiltonians. All these are quantitative at
exponential rates.

1. INTRODUCTION

Since the inception of Mean Field Games (MFGs) theory, these models have been explored in
contexts involving finite time horizons, infinite time horizons, and stationary (or time-independent)
frameworks. Already the foundational papers in the field highlight the distinct nature of each approach
(cf. [LLO6a, LLOGb, HMCO06]). Each model type is motivated by specific applications, and the interplay
between them has raised intriguing questions. One such question is concerned with the long time
behavior of solutions to finite horizon MFGs and in particular whether some sort of ‘stabilization’
phenomena could be observed as the time horizon tends to infinity.

Before the conception of MFGs, similar questions have been studied intensively in the context of
classical control problems and the associated Hamilton—Jacobi-Bellman (HJB) equations. Probably
the first account on this matter is documented in [LPV87], which later turned out to be influential in
many profound directions in fields as homogenization, the weak KAM theory a la Fathi, the Aubry—
Mather theory and elsewhere. Without the intention of being exhaustive, we refer to the classical
works [Fat97, BS00, FMO07] and to the monographs and lecture notes [Fat08, Fat12, BCD97, MT17]
for an excellent exposition of some of these directions.

At the same time, the study of the long time asymptotic properties and convergence to equilibrium
of solutions to Fokker—Planck—Kolmogorov (FPK) type or more general parabolic PDEs received great
attention in the literature. It would simply be impossible to mention all the various approaches and
the vast amount of deep results in this context. However, we would like to point to [BGG12], to the
recent work [Por24] and to the references therein for a description of some of these results. The latter
work has a particular connection to our results, as this can be seen as a bridge between the FPK and
HJB worlds.

Returning to MFGs, in the past one and half decades many authors have contributed to the
understanding of asymptotic behavior of MFG systems and the corresponding master equations. The
main actor of this manuscript is the MFG system
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—O0wu — fAu+ H(x,—Dyu, p) =0, in (0,7) x R4,
(1.1) owp — BAp+V - (pDpH(x,—Dyu,p)) =0, in (0,T) x RY,
p(0,) = po; u(T,") = g(T, pr), in R%.

Here the data consists of the Hamiltonian H : R? x R x Z2,(R%) — R, the final cost function
g : R4 x 25(RY) — R, the initial agent distribution py € P5(R?), the time horizon T > 0 and the
intensity of the idiosyncratic noise S > 0 which is allowed to be 0 throughout the text. A solution
to this system is a pair, given by the value function u : [0,T] x R? — R of any typical agent, and
(ps)sejo,r) the actual MFG Nash equilibrium, a flow in P5(R?) representing the evolution of the
distribution of the agents. To emphasize the dependence on the time horizon T' > 0, we sometimes
refer to (u, p) as (ul, pT).

Our goal in this paper is to present a class of sufficient assumptions on the data H and p which
allow the study of the asymptotic behavior of (u”, p”') as T'— 400, in a suitable sense. Our aim is
to obtain results which are independent of 5 > 0, allow a general class of Hamiltonians, which are
non-separable and are valid for general py € P5(R%).

A brief history on the asymptotic behavior of (u”,p?) as T — +oc.

This direction and some of the corresponding ideas were first mentioned by Lions in [Lio09]. A
relatively up to date account on the development of this line of research is given in [CP20, Section
1.3.6]. In what follows we briefly describe this evolution is various contexts. In [GMS10] the limiting
properties were studied for discrete time discrete space MFG. In [CLLP12] and [CLLP13] the authors
studied the long time convergence problem in the case of purely quadratic and separable Hamiltonians,
uniformly parabolic setting (i.e. S > 0) both in the case of Hamiltonians depending locally and
non-locally on the measure variable. [Carl3] was concerned with the limiting behavior of first order
nonlocal models in connection with weak KAM theory, while in [CG15] the authors relied on variational
techniques for first order MFG involving Hamiltonians which are local in the measure variable. Similar
results to those in [CLLP13] were developed in the context of the master equation in the work [CP19].

All these results described above used crucially two facts: (i) the separability of the Hamiltonian,
i.e. that H decomposes as

(1.2) H(x,p, p) = Ho(z,p) — f(z,p),

for some Hy : R x RY — R and f : RY x P5(R?) — R; and (ii) the convexity of Hy with respect to p
and the (strong/strict) Lasry—Lions monotonicity (LL-monotonicity) of the coupling functions f and
g. This means that

[ ) = )l dlor = p)(@) > ¢ [ () = Flapo)l® do. Vprp € 2R,

Rd
for some ¢ > 0. For similar monotonicity conditions we refer also to [Porl8] and [CP21]. In this latter
reference, the authors in particular were able to allow a bit of loss of LL-monotonicity on the price of
increasing the noise intensity and show exponential turnpike type property for solutions.
Such exponential turnpike property typically reads as follows. Let (u”, pT') be the solution to (1.1).
Then there exist C' > 0 and w > 0 (typically depending on the data, and monotonicity constants)
such that

(1.3) lp" (#) = plla + [[Dau” (1) — Dattlly < C e + B*W(T*t)} , Vie (1,T—1),
where (i, g, A) is the solution to the stationary MFG system

A\ — BAU+ H(xz, —D,a,p) = 0, in R?,
(1.4) —BAp+V - (pD,H(x,—D,u,p)) =0, in R%

p>0; [raude=0; [p,pde=1, in R%.

Depending on the concrete settings, the function spaces X and ) have to be chosen suitably. These
typically range mostly from LP or L™ to C* type spaces in the literature. Thus, stability manifests



itself as the presence of a stationary (ergodic) state that attracts finite-horizon equilibria as T' — oc.
Another system that has been used describe the long time asymptotic properties of (1.1) is the infinite
horizon system

—0yii+ A — BAG+ H(x, —Dyii, p) = 0, in (0, +00) x R,
Op—BAp+V - (pDpH (2, —D,1, p)) =0, in (0,400) x RY,
/5(0?) = Po; in R%.

With respect to the stationary system above, this one incorporates more information: while the former
merely describes the stationary state, the latter also clarifies how equilibria starting from any initial
state evolve into the stationary one (provided that one can prove that @(t) approaches @ as t — 00).
In fact, [CP21] shows that under their standing assumptions, there exists (a, p, 5\) solution to this
system such that

ul'(tz) — NT —t) — a(t,x); p'(t,x) — p(t,z), as T — +oo,

locally uniformly in (¢, ), and a(t) itself converges to @ as t — oco.

Departing completely from the LL-monotone regime, the recent paper [BK24] shows asymptotic
characterization for first order MFGs in lack of LL-monotonicity (for a specific class of quadratic
Hamiltonians), under particular assumption on the minima of the associated cost functions. Further-
more, in this direction in [CM20, Mas19] the authors obtained weak KAM type results in the context
of potential second order MFGs, for separable nonlocal general class of Hamiltonians. These results
can in some sense be seen as the second order versions of the results from [GT14] and [GN16].

These references mentioned above (with the exception of [BK24]) consider always data functions
which are Z?-periodic, and hence rely on the compactness of the space Z(T¢). In [BK24], even though
set on the whole space R, there seem to be a hidden compactness argument, which comes from the
assumption on the location of minima of the cost functions. There are further other interesting results
on the long time behavior, asymptotic analysis on discounted MFGs, and different applications on
these, see for instance [PR24, MSM24, CTZ24, BZ23].

When it comes to the long time asymptotic analysis of MFGs with R? as a state space, the literature
is sparse. The very recent manuscript [CCDE24] considers the long time behavior of solutions to MFGs
genuinely set on R?. This work relies mainly on probabilistic techniques (via the so-called ‘coupling
approach’) to obtain exponential turnpike properties. The standing assumptions therein are: a weak
form of asymptotic monotonicity on the drift of the controlled dynamics and regularity and smallness
conditions on the interaction terms. The main results from this paper are for separable Hamiltonians,
and are in the spirit of (1.3). These read informally as

Wi (o7 (1), p) + | Dou” (t) — Dyt < C [e_‘”t +e T vte (0,T 1),

where (@, p, A) is the solution to the stationary MFG system (1.4). It worth mentioning that this
work is also completely outside of the LL-monotone regime, it allows a general uniformly elliptic
smooth state dependent diffusion matrix, and under further assumptions on the data sometimes gives
exponential turnpike properties also for the D?u”.

We finally mention that the general study of the long time behavior of MFG lacking of any monotone
structure is a rather wide open field of research. In particular, in presence of a genuine multiplicity of
stationary states, or more complicated dynamic patterns such as periodic solutions or traveling waves,
only few specific models have been so far addressed ([Cir19, CC21, CC24, GMP23, KMFRB24, PR22]),
and stability /instability properties of those patterns are just partially understood even in these special
cases.

Our contributions and the description of our main results.

As highlighted above, the literature on the long-time behavior of solutions to MFGs remains limited
in the absence of LL-monotonicity (or semi-monotonicity) conditions on the data, particularly outside
the compact regime of Z2(T9). In this manuscript, we address this gap by imposing displacement
monotonicity (D-monotonicity) conditions on the data in the setting of the non-compact state space
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R¢. More specifically, we impose strong D-monotonicity assumptions, as long time stability fails
in general if one requires only D-monotonicity (see Remark 5.8). Since D-monotonicity is generally
incompatible with LL-monotonicity, our results significantly advance the understanding of the long-
time asymptotic behavior of solutions beyond the LL-monotone regime in the non-compact setting of
Py(RY).

To recall, D-monotonicity turned out to be an instrumental sufficient condition for obtaining global
in time well-posedness results for MFGs and the corresponding master equations beyond of the LL-
monotone regime. This condition is particularly versatile, accommodating non-separable Hamiltonians
and degenerate idiosyncratic noise. For a comprehensive overview of this research direction, we re-
fer readers to the works [Ahul6, ARY19, CD18, GM22, GMMZ22, BMM24, BM24, MM24, JT24].
Additionally, [GM23] provides a comparative analysis of various monotonicity conditions.

The key contributions of this work can be summarized as follows:

e We consider a broad class of non-separable Hamiltonians, i.e., the structural condition (1.2)
is not imposed at any point in the manuscript.

e We develop a robust approach capable of handling both deterministic models and models with
non-degenerate idiosyncratic noise, allowing for the case g = 0.

e We obtain exponential decay properties not only for p”', D,u” but also for the value function

ul.

Our first set of main results can be summarized informally as follows. We refer to the precise state-
ments in Theorem 5.7 and Theorem 5.11.

Theorem 1.1. Let H : R? x R? x f@g(Rd) — R be displacement co-monotone with cg > 0 and
suppose that it satisfies our standing assumptions. Let (ui’T,,o;’T)se[O’T] and (ugvT,pi’T)Se[OyT] be
two solutions to (1.1) with initial/final data (p(lhgl) and (p%,gz), respectively. Suppose that p}, p3 €
P5(R?Y) and g', g% : R? x P5(R?) — R are both D-monotone and satisfy our standing assumptions.
Then, there exists C > 0 depending on H, g", g?, [oa |2[*dp§(x), [a |2|*dpg(z) and there exists 6 > 0
depending only on ¢y such that

(1) Wa (pbT, p2T) < C e % +e9T=9)], s€0,T].

1,7 _ 2,7 2
(2) sup sup |Dyutt(t, x) D;u (t,z)| < 0T,
te[0,T/4] weRd 1+ [zl

As a consequence of this theorem, we can formulate our second set of main results. For the precise
statement we refer to Theorem 6.4 and Corollary 6.11.

Theorem 1.2. Let (u”, pT') be the solution to (1.1) with initial datum po and any final datum g which
satisfies our standing assumptions. Then there exist A € R, u : [0,4+00) x R? — R which is of class
Cll.gi in space and Lipschitz continuous in time and p € C([0,4+00); (P2(R?), Ws)), such that

sup W5 (pl, ps) < Ce ™9, vt e [0,7],
s€0,t]
sup [ul (t,x) — \(T —Qt) — u(t,x)| n |DuT (t,2) — Dyult, x)| < CeT
te[0,7/8),z€R? L+ |z 1+ |z]

where C' > 0 depends only on pg, H and § > 0 depends on cg.
Moreover, the triple (u, A, p) is the unique solution to the infinite horizon system

-0 — fAu+ H(x,—Dyu,p) + A =0, in (0, 4+00) x RY,
dp— BAp+V - (pDpH (x,—Dyu, p)) =0, in (0,+00) x RY,

|u(t, z)|
P 0,)= P05 Sup
©,) te[0400) 1+ [2]?

(1.5)

)

where the fist equation is satisfied in the viscosity sense, while the second equation is satisfied in the
sense of distributions.

We now outline the main approach that enabled us to establish our main results Theorems 1.1 and
1.2, which are grounded in techniques based on D-monotonicity. Notably, our analysis does not rely at



all on solutions to the stationary system of type (1.4). For instance, the analysis in [CCDE24] depends
on a stationary system, requiring the separate construction of a solution, which in turn necessitated
additional (e.g., smallness-type) assumptions on the data.

In contrast, our approach is deeply rooted in the Pontryagin maximum principle and a variety
of FBSDE systems that characterize both Nash equilibria and individual agent trajectories. These
systems write as

Xt€ = ¢ +/ D H (X5, V5 prydr + /2BBL,
t

(1.6) T T
szt7£ = _ng(X;£7pT) +/ DxH(ijgu Y:7€7p7’)d7— Y 25/ Zf_,de;f_
s s

The core of our analysis relies on three main ingredients: (i) uniform in time second moment estimates
for the processes (Xﬁ’5 )T €T and (Y;*5 )T i) (ii) quantified D-monotonicity propagation estimates
and (iii) the analysis of the dissipation of the Wa-distance between distinct MFG Nash equilibria.

To achieve (i), we discover new generalized confining properties for non-separable Hamiltonians

which will guarantee a sort of semi-convexity property for the curves s — E [|X§’5|2} and s —

E “Y;’f ﬂ, which in turn will lead to the desired uniform second moment estimates. We demon-
strate in several examples how these generalized confining properties go hand in hand with the D-
monotonicity. » _ _

Let (u®T,p"T), i = 1,2 be two solutions to (1.1), and we consider (XIH€ YIt& Z068) .
1 = 1,2, the solutions to the associated FBSDE systems (1.6).

For steps (ii) and (iii) in our program, we introduce the functions ¢ : (¢,7) — R, ® : (¢,T) —
[0,4+00), given by

p(s) == B [(x14E 2t (yhee! - ypedt) ]

and

®(s) = [‘X;,t@l _ Xg,t,fz‘z] I Uysl,t,fl oy 2] _
A crucial observation is that ¢ and ® satisfy a joint differential inequality, namely

c C
colp(s)] < 50‘I>(8) <¢'(s) + %Wf(pipi),

where ¢g > 0 is the strong D-monotonicity constant of H and C' > 0 depends only on the data. This
inequality will then unfold a series of important consequences, which eventually lead to Theorem 1.1.
Along the way, we are also using the fact that as an implication of the growth conditions imposed
for DH and Dg, we have that D,u growth at most linearly at infinity, and so the decay in Theorem
1.1(2) arises naturally.

While D,u is very naturally connected to the Y/¢ variable in (1.6), the value function v itself
cannot be directly recovered from (1.6). Therefore, its long time behavior cannot be deduced from
Theorem 1.1 in a straightforward manner. So, in order to establish Theorem 1.2, we rely on the
Lagrangian representation formulas along Nash equilibria and optimal stochastic paths.

A very important role in this analysis is played by a suitably chosen average of a (partial) Lagrangian
action, defined as

T/241
AT =R // LXPT Dy H(XOST, YOeT pl), plds b .
T/2

It tuns out that (/\T)T>O becomes a Cauchy family of real numbers, whose limit will appear as A in
the infinite horizon system (1.5) in Theorem 1.2. Our construction provides in fact the existence of
solutions to such a system. We also show in Theorem 6.12 that solutions to (1.5) are (almost) unique:
u is defined only up to translations. The reader may observe that no final condition g appears in (1.5),
hence the long-time behavior of u” (0, ) depends on pg only, as one expects. We stress again that no
stationary behavior in terms of 4 nor invariant measures p are exploited here, though we believe that
these objects could be a posteriori reconstructed.
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We also observe that the method proposed here, i.e. not relying directly on the stationary structure
of the system (that is, the presence of a sole stationary state), could be used to study problems
involving time dependent Hamiltonians, provided that the D-monotonicity is satisfied for all ¢. To
the best of our knowledge, the investigation of the stability of nonautonomous systems (such as those
with time-periodic data) is widely open within the context of MFG.

Note finally that the estimate on the rate of convergence of u” to u is restricted to the time horizon
[0,7/8]. In fact, this estimate could be extended to any interval of the form [0, {T], with ¢ < 1, but
not to the whole [0, 7] as one expects u? to deviate from u in order to achieve the final condition g.
This fact is also evident in the form of the estimate for the distance between p” and p. To describe
precisely what happens at times close to T', we believe that one should study the convergence of u”
to (time shifts of) solutions of the infinite horizon system

—0yt — BAU+ H(x,—Dya,p) + A =0, in (—o0,0) x R%,
owp — BAP+V - (pDpH (x, —Dyi, p)) =0, in (—o0,0) x RY,

fL(O, ) = 9(07/30)7 sup MQ(ﬁt) < 0.
te(—00,0)

As a concluding remark in this introduction, it seems that the method that we propose in this paper
is robust enough to accommodate the study of models with common noise and the time asymptotic
behavior of the associated master equations. To keep this manuscript at a reasonable length, we
decided to pursue these questions in follow-up works.

The structure of the rest of the paper is as follows. In Section 2 we present the setting, recall the
definitions of displacement monotonicity, and we collect a first class of assumptions on the data H and
g. Section 3 is dedicated to the uniform in 7' second moment estimates on the processes (X ﬁ*f)Te[ 1]
and (Yf’E )T 7] from (1.6). This is where we present our proposed generalized confining properties
on H and g and we construct classes of examples of Hamiltonians satisfied these new assumptions.
In the short Section 4 we present some suitable localization argument to recover estimates on D u at
generic points (beyond its property along optimal paths). Section 5 can be seen as the main one of
this paper. Based on the results from the previous sections, this is where we essentially give all the
remaining ingredients for proving Theorem 1.1. Section 6 concerns the analysis of the value function
u, using the Lagrangian representation formula. This is where we also construct the solution to the
infinite horizon system and prove Theorem 1.2. Finally, in Appendix A we have proven a global in
time semi-concavity estimate for value functions arising in stochastic control problems. Such a result
is probably well-known for experts, but in lack of a precise reference (which would be applicable both
for uniformly parabolic and degenerate, first order problems, at the same time), we decided to give
the details on this for the convenience of the reader.
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2. TECHNICAL SETTING AND ASSUMPTIONS

We denote by Z2(R9) the set of Borel probability measures supported on R%. For p > 1 we set
Pp(RY) :={p € P(RY) : [palx|Pdu(z) < +00}, to denote the set of probability measures with finite

1
p-moment. For u € &,(R?), we use the notation M, (1) := (g |2[Pdu(z))” to denote the p-moment



of u. We equip (@p(Rd) with the classical Wasserstein distance W,,, defined as

1
P

W) =it { [ o= ypanens menn

where TI(u,v) stands for the transport plans between p and v, i.e. H(p,v) := {7 € P2(R% x R?) :
(p®)ym = p, (p¥)ym = v}. Here p®, p¥ denote the canonical projections from R? x R? onto R? and f
stands for the pushforward operator.

We consider a complete probability space (2, F,P), equipped with a filtration F = (F;),~, satis-
fying the usual assumptions. We consider furthermore an R<-valued F-Brownian motion (Bt)i>0- We
suppose that (£, Fo,P) is atomless, and so, for any p € Z25(R9) there exists X € L?(Q, Fy, P;RY)
such that £(X) = u. Here, £ : L2(Q, F,P;RY) — 225(R9) stands for the standard law operator.

It is well-known that the W5 distance can be also formulated as

1
Wo(pu,v) =inf {E[|X —Y|?] : L(X)=p,LY)=v}2.

Based on [AGS08], for a function f : Z(RY) — R we say that it is Wasserstein differentiable (or
Wo-differentiable, or simply differentiable) at u € P5(R?), if there exists &€ € L2(u; RY) such that

(2.1) fw)=f(p) + //R%d §(z) - (y — z)dm(z,y) + o(Wa(p,v)), Vr € Iy, v),

as Wy (u,v) — 0. There is a unique solution & € L?(u; R?) of the variational problem
inf {||¢]|p2(uray : € satisfies (2.1)},

and this vector field is referred to as the Wa-derivative of f at y, that we denote as D, f(u,-) == £(-).
It is worth noting that a priori D, f(u, ) is defined on spt(u). If f is differentiable at any u € P5(R9)
and the vector field D, f has a unique jointly continuous extension, i.e. D,f : Z5(R%) x R4 — RY,
then (referring to [CD18, Chapter 5]) we call f to be fully C'. Similarly, for & > 1, one can define
the class of fully C* functions over the Wasserstein space (Z5(R%), Wy). A deep result from [GT19]
implies that f is differentiable at u € Z25(R?) if and only if there exists ¢ € L?(u; R?) such that

fw) = fp) +EEX) - (Y = X)]+o(|X =Y]L2),
for any X,Y € L?(Q, Fo,P; R?) with £(X) =, L(Y) =v and ||Y — X2 — 0.

2.1. Assumptions. We suppose that the non-separable Hamiltonian H : R x R? x Z,(R%) — R is
strongly convex in the p-variable and it is sufficiently regular. More precisely,

(H1) e H(-,-,pu) € C3(RY x RY), Vu e P2y(RY);
e H,D,H,D,H are fully C*;
o Dy H(x,p,p,-), Dy, H(z,p, p,-) € C'R?), V(z,p, ) € RY x RY x P5(RY);
2 2 2 2 2 : .
oD, H D; H D, H D; H D, H are uniformly bounded;
oD} H,D) HD HD3 HD?} H DS H are uniformly bounded.

We immediately notice that the bounds on the second derivatives in (H1) imply that
(2.2) DyH and D, H are globally Lipschitz continuous,

when the Lipschitz continuity is taken with respect to Wi in the measure variable. This further implies
that

(2.3) |DpH (x,p, )| < C (1+ My(p) + ||+ [pl), V(z,p, ) € RY x R? x 25 (RY),
|DIH(x7pa/u')| < C(l =+ Ml(/‘) + |£C‘ + |p|)7 V(:E,p,,u) S ]Rd X Rd X QQ(Rd)v

where C > 0 is a constant depending only on the uniform bounds on D7, H, D} H,D; H, D2 H,D; H
and on |D;H(0,0,d)| and |D,H(0,0, d)|-
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Assume furthermore that H jointly strongly displacement monotone, i.e. there exists ¢y > 0 such
that VX1, X2 Pl P2 € L2(Q,F,P;RY) and py, 2 € Po(RY) such that L(X) = py, L(X?) = pa, we
have

(H2) ]E{( — DLH(XY, PL ) + Do H(X?, P? ) - (X! — XQ)}
+E[ (DH(X, P ) = Dy H (X%, P2 i) - (P!~ P?) |
> E [|X' — X?)? + |P' — P*)?].

We notice that the strong monotonicity assumption (H2) implies that
(2.4) [—DIH(ml,pl,u) —&-DmH(:cQ,pQ,u)] (2t —2?)
+ [DpH(z' pt, p) — DpH (2, p%, )] - (' —p°)
> co [Jlat —2? + ! - p?P],

for all 2!, 22, p!,p? € R? and for all 4 € P5(R%). Indeed, this implication could be deduced from a
straightforward adaptation of [MM24, Lemma 2.5].

For the final cost functions g we assume
(H3) e g € CH(RY x 2,(RY))

° Dim g, ch g are uniformly bounded.

Finally, we assume the displacement monotonicity condition on g, i.e. forall VX!, X? € L2(Q, F,P; R%)
and pi1, iz € Po(R?) such that £(X1) = uy, L(X?) = pa, we have

E [(ng(leﬂl) - Dg:g(XQ,,uz)) ) (Xl - Xz)] > 0.

We note that the bounds on the second derivatives imply that
D.g is globally Lipschitz continuous,
with respect to W7 in the measure variable, and
(2.5) | Dag(w, )] < C(L+ Mi(p) + |z]), V(z, 1) € RT x Py(RY),

where C' > 0 depends only on the uniform bounds on D2,g, D2,g and on |D,g(0,4)|.

3. GLOBAL SECOND MOMENT ESTIMATES ALONG MFG NASH EQUILIBRIA

The solution to the MFG can be fully characterized by the solution of an FBSDE system (which
plays the classical Hamiltonian system in the deterministic case). Let ¢ € [0,7] and let £ be a
random variable. Let moreover 8 > 0 and let (B:),c[o,7] be a given Brownian motion on R¢ and set
B! := By — By, s € [t,T]. For a given flow of probability measures (ps)sej,7], consider the FBSDE
system set on the time interval (¢,T)

X,=¢+ / D,H(X,, Y, py)dr + /2B,
(3.1) ‘

T T
Y. = —Dyg(Xr, pr) + / DLH(X,, Yy, pr)dr — /25 / Z.dBL.

Definition 3.1. We say that the flow of probability measures (ps)sepo,r) is a mean field game Nash
equilibrium, if when solving (3.1) over [0, T| with input (ps)scpo,r and & such that L(§) = po, we have
L(Xs) = ps for all s € [0,T]. As a consequence of the dynamic programming principle, if t € (0,T)
and (Xs,Ys, Zs)sere,m is a solution to (3.1) with L(§) = ps, then L(X,) = ps for any s € (t,T).
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It is well-known that MFG Nash equilibria can be fully characterized by the solutions of the MFG
system: a coupled PDE system of a backward in time Hamilton—Jacobi—Bellman and a forward in
time Kolmogorov—Fokker—Planck equation. This in our setting would write as the system given in
(1.1).

Furthermore, sufficiently regular solution to the HJB equation in (1.1) can be used to construct
decoupling fields for (3.1): in particular, if u € C%2((0,T) x R?), then (ps)sepo,r] is a MFG Nash
equilibrium if and only if (X, Ys, Zs)seo, 1) has the representation

(3.2) Y, = —D,u(s, X,) and Z, = —D2 u(t, X,).

Based on [CD18, Proposition 5.102], we will make use of the following It6 lemma.

Lemma 3.2. Let F: R? x R? x P2,(R?) — R be a fully C' function with the property that for any
compact set K C R x R? x P5(R?) we have

s { [ 0P DPau@) + [ D)) | < .
(z,y,n)EK Rd R4

Let moreover (ps)sepe,r) be a flow in P2(R?) such that ps = L(Rs), where (Rs)sep, 1) solves

(3.3) dRs; = asds + v/26dB,,

with (as)sepe, 1) given process.
Let (Xs,Ys, Zs)sep,m) e the solution to (3.1), where (ps)sepe,1) 95 given as above. Then, we have

dF(X57 Ysa ps) = [DwF(st Y:sa ps) : DpH(XS7 YS7 ps) - DyF(Xs; st ps) : DzH(XS7 Yrsa ps)] d5

+ V28D, F(Xs,Ys, ps) + DyF(Xs,Ys, ps)Z;] - dBs
+ B{ALF(X,, Yy, ps) + Ay F (X4, Yy, ps) + trace [D2, F (X, Ys, ps) Zs] } ds
+ B [DuF(X,, Y pos Ra) - 6] ds
+ B {trace [ DL F(X.. Vi, o, o) | ds,

where the process (Rs,ds)se[t’ﬂ is an independent copy of of the process (Rs,as)sei,m) on a copy

(Q,f', ]f”) of the probability space (2, F,P).

Based on this lemma, we have the following results.

Lemma 3.3. Let H : R? x RY x P5(R?) — R satisfy the assumptions in (H1), let (X, Y, Zs)selt, 1]
be a solution to (3.1) and let (ps)sepe,r) be a flow in Po(R?) such that ps = L(R,), where Ry satisfies
(3.3) for some (s)seft,m) given process. Then, we have

d[Xs - DpyH (X5, Y5, ps)] = [|DpH(Xsa Ys, pS)‘Q + (D;a;H(XmYSvps)XS) 'DPH(X&Y;apS)} ds
— (D}, H (X, Y5, ps)Xs) - DoH (X, Yy, ps)] ds
+ V2B [DpH(X,, Y, ps) + D2, H(X,, Yo, ps)Xs + D2 H(X,, Y, ps) Z:X,] - dB,
+ B{Dytrace[D2, H(Xs,Ys, ps)] - Xs + 2trace[Dme(X5, Yy, ps)]} ds
+ {Dptrace [DipH(XS, Ys, ps] . Xs} ds
+ Btrace { D, H(X,,Ys, ps) Xs + D2 H (X, Ys, ps)] Zs } ds
+E [DWH(XS,YS,,OS,RS)XS : ds} ds

4 BE {trace [D3 _H(X,,Y,, ps, RS)XS} } ds.

puiE
Proof. We will simply apply Lemma 3.2 for F : R? x R? x Z5(R?) — R defined as
F(z,y,p) =x- DyH(x,y, p).
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Lemma 3.4. Let H : R x R? x 225(R?) — R satisfy the assumptions in (H1), let (X,, Y, Zs)selt.1)
be a solution to (3.1) and let (ps)see,r) be a flow in P2(R?) such that ps = L(Rs), where Ry satisfies
(3.3) for some (o) sef,r) given process. Then, we have

d[Ys : DxH(Xst’Ps)] = [(Dle(Xs; }/svps)Ys) : DpH(Xsa 1/37ps) - |D;CH(X57Y;'a ps)|2] ds
- [(Dng(Xm Y;a ps)Y—s) : DIH(X57 }/sv ps)] dS
+ /28 {DixH(XSa Y, ps)Ye + Zs [DxH(XS7 Y, Ps) + D?ng(XSa Y, ps)Ys] } - dBs
+ B{Dytrace [D2, H(X,,Yy,ps] - Ys} ds
+ 5 {Dxtrace[Dng(Xs, Y, ps)] - Ys + 2trace[Df,xH(Xs, Yy, ps)} ds
+ Btrace { [D3,, H(Xs, Yy, ps)Ys + D2 H(Xs,Ys, ps)] Zs} ds
+ B[ DaH (X, Vo, pos Be)Ys - ] ds

TUT

+ BE {trace {D3 H(X,., Yy, ps, RS)YS} } ds.

Proof. We will simply apply Lemma 3.2 for F : R? x R? x Z,(R?) — R defined as

F(:I:a va) =Y D:L’H(xay7p)
O

Remark 3.5. In the statements of the previous lemmas we have abused the notation D3, H (also

in the case of other similar terms involving third derivatives). In particular in the products involving

such terms we denote the action of the tensor D3, H in RIX4xd o the vector Y in Re. The resulting
. . .o dxd . 3 o d 3
object is a standard square matriz in R™?. For instance, (D HY)ij =2 k=102, p H Yk

xTp

3.1. Second moment estimates. A crucial part of the analysis what follows is based on uniform in
time second moment estimates for MFG Nash equilibria. Depending on the Hamiltonian H, it will be

convenient to introduce the functions Q};, Q% : (L*(€, F, P; }Rd))2 x L2(Q, F,P;R*4) x 225 (RY) — R,
defined as
(3.4)
Q4(X,Y,Z,p) = E [|D,H(X,Y, ) + (D2, H(X,Y, p)X) - D,H(X, Y, p)]
—E[(D;,H(X,Y,p)X) - D, H(X,Y, p)]
+ BE {D,trace[D2, H(X,Y, p)] - X + 2trace[ngH(X, Y, p)]}
+ BE { Dptrace [D2 H(X,Y,p)] - X}
+ BEtrace { (D3  H(X.,Y,p)X + D2 H(X,Y,p)| Z}

+EE [(DIQWH(X, Y,p, X)X)- DyH(X,Y, p)} + BEE {trace [D3

puiH(XaKan)X} } .
and
(3.5)
Qy(X,Y, Z,p) :=E [-(D3,H(X,Y,p)Y) - D,H(X,Y,p) + |DH(X,Y, p)|*]
+E[(D2,H(X,Y,p)Y) D,H(X,Y,p)]
— BE { D trace [D2, H(X,Y,p] - Y}
— BE {Dytrace[D2 H(X,Y,p)| - Y + 2trace[ D2, H(X,Y, p)]}
— BEtrace {[D3,,H(X,Y,p)Y + D2 H(X,Y,p)] Z}

TUT

_EE [D?EHH(X, Y,p, X)Y - D,H(X,Y, p)] _ BEE {trace {D?’ _H(X,Y, p, )N()Y} } .

Remark 3.6. In fact, both QY and Q}; will always be evaluated as Q% (X,Y, Z, L(X)), therefore we
in fact just emphasize the concrete dependence on the measure in the last variable for these operators.
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Since our problems are set on the whole space R?, in order to have uniform in time control on
second moments of MFG Nash equilibria, it will be crucial to have suitable ‘confining’ properties on
the corresponding optimal velocity fields (i.e. the drift term appearing in the KFP equation). We can
achieve such desired property by imposing general structural assumptions on the Hamiltonian H and
final cost function g. These will eventually enter into our list of main assumptions.

(H5) VZ € L®(Q, F,P;R¥™%) 3ck; = ¢k (|| Z||L~) € R and §}; > 0 such that

61
Qu(X,Y,Z,p) > ey + FE[|XP’], VX,Y € L2(Q, F,P;R), L(X) = p.

(H6)
VZ € [%(QF BRI, WX € [2(Q, FBRY), £(X) = i, 3¢ = (|1 7], | X]12) € R
and 6% = 64(||Z|| L=, || X||z2) > 0 such that

52
Qu(X.Y, Z,p) > cjy + RV, WY € L*(Q, F, P RY).

(H7) VX € L3(Q, F,P;RY), L(X) =pu,¥ c>0 3¢ = (| X]|z2,¢) €R
and 0% = 63 (c) > 0 such that

3
Ec]Y]?-Y D,H(X,Y,p)| > %I]E [1Y[?] + ¢}, VY € L*(Q, F,P;RY).

(H8) 3Jc¢, € R and 6, > 0 such that

)
E[X - DyH(X,—D,g(X,p), 1)) < cg — EQIE [[X[?], VX,Y € L*(Q, F,P;RY), £(X) = p.

Remark 3.7. Beside their dependence on the data H, we have emphasized the potential dependence
on || Z||pe or || X| L2 of the constants ¢y, %, i = 2,3, appearing in the previous assumptions.

The first main result of this subsection can be formulated as follows.

Proposition 3.8. Suppose that H : R x RY x P5(R?) — R and g : R? x 25(R%) — R satisfy (H1),
(H2) and (H3), respectively. Suppose furthermore that the assumptions (H5) and (H8) are fulfilled.
Let (ps)set,r) be a given MFG Nash equilibrium, corresponding to the solution (Xs,Ys, Zs)seie. 1) of
(3.1). Then we have that there exists C > 0 depending on the data, but independent of T, such that

E[|X,’] <E[|X:’]+C, Vse[t,T].
Proof. Since (ps)seft, 1) is an MFG Nash equilibrium, we have in particular £(X;) = p, for all s € [t, T].
Let (u, p) be the solutions to the MFG system (1.1). As a consequence of displacement monotonicity,
u(s, ) is convex uniformly in s. Furthermore, by Lemma A.1, we have that u(s, -) is semi-concave with

a semi-concavity constant independent of T and 8 (and the initial agent distribution pg). Therefore,
there exists C,, > 0 (independent of T, 5 and pg) such that

sup |Dfmu(t, l‘)| < Cy.
(s,2)€[0,T]xR4

As a consequence of this, from (3.2) we obtain |Z;s| < C,, almost surely, for all s € [t, T].

Let a > 0 whose value will be set later. We define h, : R — R as

(0%
ha(s) = E {§|XS|2 + X, D,H(X,,Y,, ps)}
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and compute

d
EhQ(S) =E [aXs . DpH(Xs,}/;vps)] + aﬁd"_ Q}{(Xs;}/;azsaps)
1)
> oF [X, - DyH(Xo, Y, ps)] + afd + cu + 7HE|XS\2
S — 2
= ahy(s) + afd+ cy + %|X5|2,

where in the inequality above we have used (H5).
We recall that by our assumptions we have that 0z > 0 and ¢4 > 0. Then we choose « € (0,v/0x],
and so, we deduce that

a
ds
Gronwall’s inequality yields

ha(s) < e T (ho(T) + cpr /o + Bd) — cpr /o — Bd
N
= e T=9) [i‘XTP + X1 - DpyH(X7,—D2g(X1, pr), 1) + CH /O + ﬂd} —cp/a—Bd

ha(s) > ah(s) + afd + cg = a(ha(s) + cp/a + Bd).

)
< T [ S0 + ¢y WEIXe P+ cuf+ ] - eufo ~ B,

where in the last inequality we have used (HS8). If necessary, we decrease « further such that o € (0, d,)
and so, we obtain

ha(s) < e T~ [c) +cy/a+ Bd] — e/ — Bd < O,

where C'is a constant independent of time, depending only on the data (in particular, on the constants
g, CH,04,0m). Using the definition of h,, with this choose of a, we have just obtained

E [%‘XSP + X 'DPH(XS,YmPs)] <C.

This further implies that
d1 9 1 9
_— < — -
dszIE[|XS| ] <C+pd a2IE\XS| ,

from where we obtain
E [|X,?] < e IR [|1X,°] +C,

and so the claim follows. O

Remark 3.9. Note that the displacement monotonicity assumption (H2) is used in Proposition 3.8
only to guarantee uniform bounds on D? u. One can prove the same second moment bounds by
assuming directly the control on second derivatives of u, which may hold beyond the D-monotone
setting (for instance as a consequence of uniform parabolic estimates).

We can formulate a similar property for the dual precess (Y5)sep, 7 from (3.1).

Proposition 3.10. Suppose that the assumptions from the statement of Proposition 3.8 and the ad-
ditional assumptions (H6) and (HT7) take place. Let (ps)sep,r) be a given MFG Nash equilibrium,
corresponding to the solution (Xs,Ys, Zs)sere, ) of (3.1). Then we have that there exists C > 0 de-
pending on the data and E [|Xt|2], but independent of T, such that

EY.? <C(1+E[X,)?]), Vset,T).

Proof. The proof follows similar ideas as the one of Proposition 3.8. Let @ > 0, to be chosen later
and consider h,, : [t,T] — R defined as

(0%
hals) = E | SIYil* = Yo - DoH(X,Yep0)] -
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We compute

d

. hal(s) = —E[aY; - Dy H(X,, Y5, ps)] + afd + Q% (X5, Ys, Zs, ps)
S

52
> —aR[Y, - D H(X,,Ys, ps)] + afBd + ¢ + 7HE [1Y.]2]

(63 — o)

> ahg(s) +C + 5

Y2,
where the penultimate inequality we have used (H6), and have set C :=afd+ 2. Now, one chooses
a < /0%, and so, one obtains

d

% (ha(S) + C‘/a) >« (ha(s) + C'/a) )

Thus, e~ *(T=*) (ha(T) + C'/a) — C/a > ho(s) for all s € [t,T]. In addition to this,
a
ho(T) =E {§|YT|2 —Yr D, H(Xr,Yr, PT)}

(07
=E {§|D19(XT»PT)|2 + D.g(Xr, pr) - Do H(X71,—D.9(Xr, pr), pT)
<c+cE[|X7)?],

where we have used the growth properties of D,H and D,g from (2.3) and (2.5), respectively, and
Young’s inequality, and the constant ¢ > 0 depends only on «, and the constants appearing in the
growth inequalities. By Proposition 3.8, we will be able to say that there is a constant C' > 0,
independent of T such that

ha(s) < C+CE[|X,?], Vs€[t,T].
Thus, by the definition of h, and (H7) we obtain from here that

3
%HIE [¥al?] + iy S B[SV = Yo DaH(X,, Yiops)| < C+ CE[1 X,

where the constants §%; and ¢}; depend on « and in addition, ¢}, might depend also on E [|X;[?]. We
conclude by Proposition 3.8. ]

Remark 3.11. (1) Let us emphasize that in general, one must have strict inequalities, i.e. in all
5t >0, 6% >0, 63 > 0 and 5, > 0 appearing in (H5)-(H7) and (H8), in order to be able to
have the previously described uniform in time second moment estimates. This is partly due
to the presence of the idiosyncratic noise. Indeed, one would be able to relax slightly these
assumptions, and allow 6% =0 or 6, = 0, as long as we would be able to have ci,c? > 0 and
cg < 0. However, in the presence of the idiosyncratic noise one has a Z contribution in the
expressions of Q;, Q% (corresponding to D2 ), and so it would be in general impossible to
have the inequality ¢ty > 0 satisfied. In the case of deterministic models, i.e. when 8 =0, we
would be able to use such a slightly relazed version of the assumptions (H5), (H6) and (HS).

(2) In the same time, it is important to remark that these assumptions in fact guarantee a sort
of ‘confining property’ for the driving vector fields in the corresponding MFG models, in the
absence of which in general, one cannot hope for uniform in time second moment estimates
(since we work in the non-compact setting of R?). Therefore, it would in general not be possible
to allow 8% < 0 or 6, < 0, even for deterministic models.

Remark 3.12. It is interesting to observe that the assumptions (H5) and (H8) along the solution
(Xs,Ys, Zs)sepr) to (3.1) in fact characterize a sort of semi-convexity property of s — SE|X|?.

3.2. Examples of H, g satisfying the ‘generalized confining’ assumptions. Now let us pause
to provide natural examples for H and g, which will satisfy the assumptions imposed in (H5), (H6),
(H7) and (HS).
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3.2.1. Mechanical Hamiltonians and general g. The simplest possible example we can think of is when

1
We can formulate the following results.

Lemma 3.13. Suppose that H is of the form (3.6) and f : R? x P5(R%) — R satisfies the standing
smoothness assumptions imposed in (H1).
(i) Suppose that there exists cy € R and 6 > 0

(3.7) EX-D.f(X.0)] > ¢f + JEIX

Then H satisfies (H5).
(ii) Suppose that

(35 E[X - Dag(X,p)] > ¢ + LEIXP,

for some ¢, € R and 64 > 0. Then (HS8) is fulfilled.

(#ii) Suppose that H satisfies (H2). Then (H6) is satisfied.

(iv) All these Hamiltonians satisfy (H7).

Proof. (i) First, the separability implies that DguH vanishes everywhere. In this case we obtain
QU(X.Y, Z,p) =E[|Y]2] + E[X - Do f(X, p)] + BE [traceZ]

and so, the assumption (H5) boils down to (since Z is supposed to be bounded) to the condition (3.7).

(ii) Similarly, the assumption (3.8) implies (HS).

(iii) Let us check that such Hamiltonians would also satisfy (H6). Direct computation yields

Q%[(X, Y,Z,p)=E [(D?mf(X7 p)Y) Y+ |D:L’f(X7 P)|2]
+ BE {D,trace [D7,f(X,p)] - Y}
+ BEtrace { [D2, f(X,p)] Z}
+EE [(wa F(X, p, X)Y) : Y] + BEE {trace [Dfmi F(X, p, X)Y} } .

Now, we notice that as (H2) is satisfied, we must have a strong displacement monotonicity for f, i.e.
E [D, (X", L(X")) — Do f(X? L(X?) - (X' = X?)] > F [| X' — X??], VX', X% € L*(Q, F,P;RY).
Using second order derivatives, this is in fact equivalent to

E[(D2,/(X, £(X))¢) - €] + BE | (D2,/(X, £(X), X)) - €| = coE [1€]*],

for any X,¢ € L%(Q,F,P;R%). We combine this strong monotonicity inequality with the growth
property (2.3) for D, f, with the uniform boundedness of second and third order derivatives of f, to
conclude about (H6) after multiple use of Young’s inequality.

(iv) It remains to check (HT7). For this, we compute
Elc]Y]?-Y D, H(X,Y,p)] =E[c|]Y|?+Y - D.f(X,p)] .
Again, using the growth property (2.3) for D, f together with Young’s inequality, we obtain the desired

property.
(]
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3.2.2. General classes of Hamiltonians. In general, the fulfillment of the assumption (H5) and (H6) can
be achieved by imposing more transparent assumptions on the data. We present sufficient conditions
for this.

Lemma 3.14. Suppose that H satisfies the standing regularity assumptions (H1). In particular,
suppose that the second and third order derivatives of H are uniformly bounded by a constant Cg > 0.
Suppose that Z € L*(Q, F,P;R¥%) is uniformly bounded by a constant Cz > 0.

(i) Suppose that for any c¢; > 0, where exists Szlq > 0 and ¢}; € R, such that

(3.9) —aB [|XP] -~ E[(D},H(X,Y,p)X) - DoH(X,Y, p)] > %E [1X[*] = e,
for all X,Y € L?(Q, F,P;R?) and p = L(X). Then (H5) is satisfied.
(ii) Suppose that for any ¢y > 0, where exists 5?{ > 0 and &% € R, such that
(810)  —aE[|Y[] —E[(DLH(X,Y.p)Y)- DyH(X,Y,p)]
~EBE (D2, H(X.Y,p, X)Y)- DyH(X, Y, p)| = %E [IY[?] - &,
for all X,Y € L*(Q, F,P;R?) and p = L(X). Then (H6) is satisfied.
Proof. (i) After recalling the definition of Q; from (3.4), we have
QU(X,Y, Z,p) = E[|D,H(X,Y,p)]* + (D2, H(X,Y,p)X) - D,H(X, Y, p)]
—E[(D},H(X,Y,p)X) - D,H(X,Y,p)]
+ BE { Dptrace[ D, H(X,Y, p)] - X + 2trace[D;, H(X,Y, p)|}
+ BE {Dytrace [D2 H(X,Y,p)] - X}
+ BEtrace { D3, H(X,Y,p)X + D2 H(X,Y,p)| Z}
+EE [(D?%HH(X, Y, p, X)X) - D,H(X,Y, p)} + BEE {trace [Df;ﬂi,H(X, Y, p, X)X] }
> —iE|X|* — ¢ —E (D}, H(X,Y,p)X) - D, H(X,Y,p)],

where ¢; > 0 depends only on Cy (more precisely, it can be chosen to depend only on the uniform
bounds on Dme and DIQ)HH ), while ¢2 > 0 depends only on Cgr and Cz. Therefore, in order to satisfy
the assumption (H5), we need to ‘compensate’ the term —c;E|X |? with the contribution coming from
—E [(D2,H(X,Y,p)X) D, H(X,Y,p)]. So, to fulfill (H5), a sufficient condition would be precisely
the one imposed in (3.9).

(ii) The proof of the second claim follows similar lines of thought. We recall the definition of Q% from
(3.5), that we estimate below. We have

+E[(D?,H(X,Y,p)Y) - D,H(X,Y,p)]

— BE {D,trace [D2,H(X,Y,p] - Y}

— BE{Dytrace[D} H(X,Y,p)] - Y 4 2trace[D;, H(X,Y, p)] }

— BEtrace {[D3,,H(X,Y,p)Y + D2 H(X,Y,p)| Z}

_EE [waH(X, Y,p, X)Y - D,H(X,Y, p)} _ BEE {trace [Din(X, Y, p, X)Y} }
Z —ClE [|Y‘2] — C2

O

_ER [(Diuﬂ(X7 Y, p, X)Y)- DpH(X,Y/,,o)} > R [[v?] - &,

where we have concluded by (3.10). O
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Corollary 3.15. Lemma 3.14 above gives sufficient conditions on the Hamiltonian, which are straight-
forward to verify. Indeed, Hamiltonians for the form

Co
H(zypvlu) = Ho(x,p,,u) + 7 (|p‘2 - ‘13|2) )

where Hy : R x R? x P5(R?) — R is uniformly bounded, with uniformly bounded derivatives up to
order 8, and Cy > 0 is a sufficiently large constant (depending on the uniform derivative bounds of
Hy) will satisfy all the generalized confining assumptions (H5), (H6) and (HT).

Such Hamiltonians are also prototypical examples of non-separable displacement monotone Hamil-
tonians, as discussed in [MM24, Remark 2.8].

4. LOCALIZATION ARGUMENTS AND GLOBAL IN TIME ESTIMATES ON D,u

Now, we turn our attention to derive ‘localized’ properties for D,u (where (u, p) is the solution to
the MFG system (1.1)). As we have discussed above, this is related to the dual process (Ys)sep,1
from (3.1). In particular, by (3.2), L? estimates on Yy and X, (from Propositions 3.8 and 3.10) result
already in uniform in time L? estimates on —D,u(s, X,). However, we aim to have quantified global
estimates on D,u(t,-) in a stronger, pointwise sense. This is the purpose of this section.

Compared to Section 3, we will need to impose stronger assumptions on the data.

Let (ps)sefo,r) be a given MFG Nash equilibrium. To characterize single agent trajectories starting
at position x € R? at time ¢ € [0, 71, it is convenient to introduce the system

X;’m :x—i_/ DPH(Xi7maY:7I7pT)dT+ \/%BE’
(4.1) ! T g
Y = —D,g(X5", pr) +/ D, H (XL, V", pr)dr — \/ﬁ/ 2" dB;.

This system is a particular version of the more generic one
S
XE =€+ [ DH(XES Y p)dr + V/2BB,
t

(4.2) T T
Vi = —Dg(XEE pr) +/ D,H(X, Y p)dr — «/25/ ZL4dBE,

where & € L?(Q, F;, P; R?). Indeed, if we consider ¢ such that £(£) = d,, we obtain essentially (4.1).
It is important to note that the system (4.2) (and so (4.1) as well) in general does not describe MFG
Nash equilibria (as (ps)sefo,7] is considered to be an input), unless £(£) = p; and L(X[¢) = p; for all
s€[0,T].

It is important to note that just as in the case of (3.2), we also have

(4.3) VI = —Dyu(s, X0%) and Z9¢ = —D2 u(t, X1).

We need to introduce the following quantities, similarly to the ones defined in (3.4) and (3.5), to
be defined as Q3;, Q% : (L2(Q, F,P;RY))? x L2(Q, F,P;R4) x 2,(RY) x (L(Q, F,P;RY))? = R,
defined as

Qu(X,Y, Z,p,R,a) :=E[|D,H(X,Y, p)|* + (D;, H(X,Y,p)X) - D,H(X,Y, p)]
—E[(D2,H(X,Y,p)X)- D, H(X,Y,p)]
+ BE { Dptrace[ D7, H(X,Y, p)] - X + 2trace[D2, H(X,Y, p)]}
+ BE { Dptrace [D2 H(X,Y,p)] - X}
+ BEtrace {[D},,H(X,Y,p)X + D} H(X,Y,p)| Z}
PUT

+EE {(DZQ,MH(X, Y, p, R)X) - @} + BEE {trace [D3 H(X,Y, p, R)X] } .
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and

Qu(X.Y,Z,p,R,a) :=E [~(D;,H(X,Y,p)Y) - D,H(X,Y,p) + |D.H(X,Y, p)|?]
+E[(D,H(X,Y,p)Y) - D H(X,Y,p)]
— BE {Dytrace [D2, H(X,Y,p] - Y}
— BE { Dytrace[D} H(X,Y,p)] - Y + 2trace[D}, H(X,Y, p)]}
— BEtrace {[D3, H(X,Y,p)Y + D2, H(X,Y,p)] Z}
—EE {DEILH(X, Y, p, R)Y - d} — BEE {trace [DE;WH(X, Y, p, R)Y} } .

Remark 4.1. We can observe the following.

(i) Similarly to the case of QY and Q%, Q% and QY will always be evaluated as Q' (X,Y, Z, L(R), R, ),
i =3,4.
ii) We can see Q% and Q% as special cases of Q3 and Q%;. Indeed,
H H H H

Q}?(Xa Ya Zaﬁ(X)) = Q?J(Xa}/a Zv‘C(X)vXa DPH(X> Y,E(X)))

and
Q% (X,Y,Z,L(X)) = Qy(X,Y, Z,L(X), X, D,H(X,Y, L(X))).

We refine the generalized confining assumptions (H5), (H6), (H7) and (HS8) as follows.

(H5') VZ € L=®(, F,P; R Wy € P5(RY), VR, a € L*(Q, F,P; R
3ctr = i (1 Z] b, Ma(p), ||| £2) € R and 67 = 63 (| Z]| L, M2 (), ||| £2) > O such that

5
Qu(X,Y, Z,p, Rya) > e + FLE[X]], VX,V € L*(Q, F,P; R%), L(R) = p.

(H6”)
VZ € L®(Q,F,P;R™) VX, R, a € L*(Q, F,P;RY), L(R) =
3ctr = (2], [ X |2, M2 (), @]l =) € R and &7 = %{(IIZIILOO 1 X122, Ma(p), [laf[L2) > O

64
such that Q% (X,Y,Z, 1, R, o) > ¢y + 7HE [|Y]?], VY € L*(Q,F,P;RY).

(H7) VX € L3(Q, F,P;RY), Vu € Po(RY), Ve >0 e = & (| X z2,¢) €R
and 0% = 6% (c) > 0 such that
%

Ec]Y]*-Y D,H(X,Y,u)| > - E [1Y?] + ¢}, VY € L2(Q, F,P;RY).

H&’ Vueﬂng deg = ¢y(Ma(p)) € R and 6, = §,(Ma(p)) > 0 such that
g 9 g g

1)
E[X - DpH(X, =Dag(X, 1), p)] < ¢g = FEIX[?, VX,Y € L*(Q, F, P;RY).

Remark 4.2. [t is important to note that one of the most important differences between the assump-
tions (H5), (H6), (HT), (H8) and those ones imposed in (H5’), (H6), (H7’), (H&’) is that the random
variable X is in general not related to R and in particular L(X) # p.

As a consequence, the assumptions imposed in (H5), (H6’), (H7"), (H8) will imply those in (H5),

(H6), (H7), (HS).
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Remark 4.3. We note that constructions similar to those in Subsection 3.2 would give us suitable
classes of examples which satisfy also the assumptions (H5’) through (H8’).

Similarly to Propositions 3.8 and 3.10, we can formulate the following result.

Proposition 4.4. Assume that the assumptions of Propositions 3.8 and 3.10 takes place, when (H5),
(H6), (HT), (H8) are replaced by (H5"), (H6’), (H7"), (H8’). Suppose that (ps)sep,r is an MFG
Nash equilibrium and let € € L?(Q, F,P;R?) be given. Let (X1, YEE, Zﬁ’g)se[tyT] be the solution to
(4.2). Then, there exists a constant C > 0 depending on the data (in particular also on Msz(pg)), but
independent of T' such that

E[[X:5?] < CA+E[Igf]), Vs € [t T],
and
E[[YS4]?] <C+E[IEf]), Vs € [t,T],
Proof. The proof of this result follows precisely the same steps as the ones of Propositions 3.8 and

3.10, where one needs to rely similar calculations, and the refined assumptions (H5), (H6’), (H7),
(H&). O

Corollary 4.5. Suppose that the assumptions of Proposition 4.4 are fulfilled. Then, there ezists a
constant C' > 0 depending only on the data and Ma(po) (but independent of T) such that

|Dyu(t, )] < C(1+ |z]), Y(t,z) € [0,T] x RY.
Proof. This is a direct consequence of Proposition 4.4 and (4.3). Indeed, let (t,2) € [0,T] x R? and

consider ¢ € L*(2, F;,P;R?) such that £(§) = 6,. Consider the (X1¢, V¢ Z¢) iy 7 to be the
solution to (4.2). Then, by the quoted proposition and (4.3) we obtain

E [|Dyu(s, XPO)P] =E[[YSP] < C (L+E[|€]) = C (1 +|=]?) .
Sending s — ¢ from above one obtains
[Dou(s, ) < C (1+z?),

from where the result follows. O

5. LONG-TIME BEHAVIOR OF p AND D,u
5.1. Some preparatory results.

Definition 5.1. Let (u', p*) and (u?, p?) be two solutions to the mean field game system over [0, T
with initial and final data (p}, g*) and (p3, g°), respectively. Let t € [0,T] be given and let
(Xg’t75i,§’;i’t75i,Zg’t’gi)se[tyT], i = 1,2, be the solutions to the associated FBSDE systems (3.1), with
initial data €', €% € L2(Q, F;, P;RY) for the first equation (we do not assume in general that L(€') = p}
or L(§2) = p} ). We define the functions @1 g2y : (8, T) = R, ®(e1 g2y : (t,T) — [0, +00) given as

pere(r) =E [(X“”51 - XQvtéz) : (th,El _ Yz,t,gﬂ
and
(5.1) @(51752)(7) = FE [|X7{,t,§1 B Xz’t’§2|2:| IR {|Y7-1’t’51 B Yf’t’52|2] .
When there is no ambiguity regarding the random variables £1,&2, we simply use the notation p, ®
instead of (1 g2), P(e1 e2)-

These functions will be the essential tools to quantify various decay in time estimates for the MFG
system. We can formulate the following result.

Lemma 5.2. Recall the notations from Definition 5.1. Suppose that the assumptions of Proposition
4.4 take place. There there exists a constant C > 0 depending on the data (but independent of T') such
that

(5.2) E[XPP]E [[VP], o], @) < C U+ E[IE R +12P),  vreltTli=1,2
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Proof. By Young’s inequality we have

1
(53) () < 38()  reT)

Under the assumptions of Proposition 4.4, we notice that E [|Xi’t*51|2 + \Yj’tfl|2} is uniformly

bounded on [t, T], by a constant depending only on the data and E [|¢!|? + |¢2|?], and this dependence
is precisely in the form stated in (5.2). The result follows.
O

Lemma 5.3. Let (u', p') and (u?, p?) be two solutions to the mean field game system over [0,T] with
initial and final data (pg, g*) and (,00, 2), respectively. Lett € [0,T) and let £',£2 € L%(Q, F;, P;RY) be
given and let (X5t & Y5t 23 2 g )selt,1], @ = 1,2, be the solutions to the associated FBSDE systems
(4.2), with initial data 51,52 dnd given MFG Nash equilibria and final data (Pi)se[t,T] and g' and
(pg)se[t,T] and g2, respectively . Let o = ©(e1,e2) and ® = @1 g2y be defined as in (5.1). Suppose that
the Hamiltonian H satisfies the standing assumptions (in particular (2.2) and (2.4) are fulfilled).

(1) Then, for any s € [t,T] we have

¢ C
olp(s)] < 5 0(5) < () + 5 W3, 2),

where C' > 0 depends only on the Lipschitz constant of DyH and D,H in (2.2) and ¢y is the
strong monotonicity constant in (2.4).

(2) Assume that pl = p? for all s € [t,T) (i.e. we are considering only one MFG Nash equilibrium,
but two different single agent trajectories), or that £',€? is such that L(£Y) = pi, i = 1,2.
Then, for any s € [t,T] we have
2¢o/p(s)| < co®(s) < ¢'(s).
Proof. A direct computation yields
R )
d:E[( D H(XIE VI ply 4 D H(X20E Y208 2y (X“f - x2et |
B[ (120 _y24€) (DS Y 1) Dy 2 )]
:E[(—wa(Xl’t’fl,Yl’t’E L)y D, H(X2HE y2ee, ) (X“fl vatvf)]
) (e

)
+E[ (v —v2e) (D (x e v ) - D (XSﬁ*finﬁ*f%i))]
H(

2 2
X2 ) |

+E ( D H(X2HE y2tE ply 4 p g (x26€ y2its’

The assumptions (2.4) and (2.2), combined with Young’s inequality further imply
d
o' (s) = @E[(Yf’t’gz _ e (X2 Xg,té?)}

2 2 2 9
Zco]E“Xf’t’5 — X20E 2 4y e _y2hE |2]
c
= 30 Wi (3, 072)
R e o N R e

where C' > 0 depends only on the Lipschitz constant of D, H and D,H. Rearranging and using (5.3)
shows (1). Notice that if p! = p? for all s € [t,T], then there is no need to use Young’s inequality,
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and we have directly by (2.4) that

([ —v2): (e —x2 )}z e apeeafed yzee

2
ds } '
For the rest of the proof of (2) we argue similarly. We observe that the assumption L(EY) = pt,
i = 1,2 will imply that £(X>*¢") = pi for all s € (t,T). Therefore, in the previous computation we
can use the strong monotonicity assumption (H2) directly. As a consequence, we have

iE [(Yli»fl _ YZ&EQ) . (Xl’t’§1 _ XZLEQ)}
ds S S S S

= E|: (*DxH(Xivt{l’Ysl,t,@’p;) + DxH(XsZt’@,Y§2’t’£2,p§)) ) (Xsl"t’gl 7 Xf»téz) :|
+E[ (V€ - v2e) (DB (X VI pl) - D H(XENE v 2 7)) ]
> C()IE“Xl’t’&l — X2at7€2|2 + |Y1’t’£1 _ Y2,t,52|2]

|

Lemma 5.4. Let t € [0,T], let (Pi)se[t,T] (i = 1,2) be two given flows of probability measures, let
¢ &2 € L2(Q, Fo, s RY) and let (X1, Y7, Z8)sepem) = (X008, VI ZI0EY) 1y (i = 1,2) stand for
the corresponding solutions to the FBSDE system (4.2), with Xti’t’él =&, where (pé)se[t’T] are given.

Suppose that H satisfies (2.2).
Then there exists C > 0 depending on H such that for any s1,s2 € [t,T], s1 < s2 we have

(i) E[IX2, - X2,P] <E[IX - X2, P]+C / (R [IXE - X2+ Y - V212) 4 WL, p2)} d,
s1

s2
(i) E[X], - X2 <E[IX,, - X2[2+C [ {E[IX] - X2+ ¥} = Y2P) + W2 (oL, p2)} dr,

S1
(i) E[Y) - V2P <E[Y: — V2P +C [ {E[X! - X2P V! — V2P + W2l p2)} dr,
s1

(iv) E[IV2 —¥2[2] <E[[Y) V2] +C / LR [IXD - X2P 1 |V Y2R] 4+ W2, o2)) dr,
s1

Proof. Taking the difference of the equations from (4.2) written for X' and X2, we compute

da1 1 yv22
d82]EUXS Xz ]

Then integrating the obtained expression from s = s to s = so we obtain
S2
B{IXY X2 =B (X, - X3P +2 [ B (D H(X Y2 ph) ~ DyH(XE Y2 2) - (X - X2)] dr
S1

and equivalently

T T

s2
E[IX] — X212 =E[|XL - X2°] -2 / E [(D,H(XL, Y pb) - D,H(X2 Y2, %)) - (X} — X2)] dr.

s1
Taking absolute values of the right hand sides of the previous two equations, using the Lipschitz
continuity of Dp,H and Young’s inequality, we obtain (i) and (ii).

Similar computations for the Y variables yield (iii) and (iv). O
Corollary 5.5. Under the assumptions of Lemma 5.4 we have the following.

(1) Using the definition of ® from (5.1), we observe that the previous lemma implies that there
exists a constant C > 0 (depending on the data), such that

Bs) < @) +C [ [8()+ WE (oL 2] d
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and
Bs2) < 0s0)+C [ [0(5) + WE(oL. )] s,

for any [s1,s2] C [t,T].

(2) If in addition we have that (p%)seqer), @ = 1,2 are MFG Nash equilibria and (X1, Y}, Z%),
i = 1,2 are the solutions to the corresponding (3.1), we in particular have that L(X!) = pi
and so W3 (pk, p?) < E[|X} — X2|?], for s € [t,T]. Therefore (by potentially increasing the

constants C > 0) the inequalities in the statement of the lemma further imply
S2
B[IXL, - XAP] S E[XL, - X3P+ 0 [ RIXI - X3P+ Y - VAP o
s1

and similarly for all the three other inequalities as well.
(3) Under the additional assumptions in (2), we have

S2

D(s1) < D(s2) + C/S2 ®(s)ds and D(s2) < P(s1) + C/ D(s)ds,

S1 S1
for any [s1, 53] € [t.T].
Proposition 5.6. Let (ul, p') and (u?, p?) be two solutions to the mean field game system over [0,T]
with initial and final data (py, g') and (p3, g?), respectively. Suppose that the assumptions of Lemma

5.8 are fulfilled.

Let t € [0,T) and €', €2 € L2(Q, F;, P;RY) be given and let (X8 Yite' Z?t’fi)se[t,T], i=1,2 be
the solutions to the associated FBSDE systems (4.2), with XZ’t’fi = ¢ Let p = Pere2), = e g2y
defined as in (5.1).

(1) There exists C > 0 depending on the data such that for anyt <t; <te <T

2]
%0 O(s)ds < e T2 ()| 4 e~ D(t))|
t1

t1 to T
+c</ emeolt =2 (oL g2)ds + / W2 (oL, p2)ds + / e—co@—fﬂvvs(p;,pz)ds).
t t1

2

(2) Assuming that L(€%) = pi (i =1,2) and that L(X) = pi, for all s € [t,T), i = 1,2, then
[
CO/ ®(s)ds < e 20T o(T)| 4 e 2070 |oo(t)]
ty

3) Assuming L(€°) = pi, (i = 1,2) or that p} = p2, Vs € [t,T], and that g* = g> = g and g is
Pt Ps Ps
displacement monotone, then

ta
o [ B()ds < e ()

t1
Proof. Setting

C
h(s) :== T%Wr?(pi,pﬂ

where C' > 0 is given in Lemma 5.3 (1). This means that there exist a constant C' > 0, depending
only on the data (that we do not relabel) such that

(5.4) h(s) < CW3(py, p2).
Lemma 5.3 (1) yields the following inequalities for any s € [t, T
(5.5) —cop(s) < FO(s) S @(5) +hls),  cowls) < TB(s) < ¢/(s) + hs)

By integrating the first one on (¢,7) and the second one on (7,7T) we get

- T
e Op(t) — e [ h(s)ds < plr) < T p(T) e [ eeoh(s)d,
t T
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Finally, by integrating (5.5) on (¢1,t2) we obtain
to

D [ @) < plta) —elen) + [ nts)as,

2 t1 t1

The two previous inequalities together with (5.4) show (1).

The proof of (2) is almost identical, noticing that Lemma 5.3 (2) provides the same kind of inequality
with h = 0.

To prove (3) one may argue in the same way as for (2), noticing in addition that integration on
(t1,t2) gives co fttf O(s)ds < @(t2) — ¢(t1), and the inequality

ol B[~ X2 (30 2] <o

can be used in view of the propagation of displacement monotonicity (see [MM24, Theorem 4.2]),
which applies in view of (H2) if £(£%) = pi, or in view of (2.4) if pl = p2, for all s € [t,T). O

5.2. Decay results in time for p and for D, u. We are now ready to prove the first main result of
this work, on the distance between two Nash equilibria for large 7'

Theorem 5.7. Let (ul,pl) and (u27p2) be the unique solutions to two mean field games systems
with the same Hamiltonian and final/initial data (g*, p§) and (g2, p2), respectively, on a given time
interval [0,T].

Let £',6% € L*(Q, Fo,P;R?) be given and let (X008 Y10 Z§’0>51)86[07T}, 1 =1,2 be the solutions
to the associated FBSDE systems (3.1), with Xé’o’sl = &' In particular, we suppose that L(£Y) = py
and L(X20€) = p for all s € [0,T], i = 1,2. Let ¢ = e ¢2),® = P(g1¢2) defined as in (5.1).
Suppose that the assumptions of Proposition 5.6 are fulfilled.

Then we have the following.

(1) There exists C > 0 such that for any t € [0,T],
o) <C (67200(T7t) i 672cot> '

(2) Assuming in addition that p} = p3, for any t € [0,T] we have
B(t) < Cem2c0(T=0),

(3) Assuming otherwise that g* = g*> = g and g is displacement monotone, for any t € [0,T] we
have

(t) < Ce 20k,
The constants C above depend on the data and E [|€1]? + [£2|?].

Proof. We start from the inequality in Proposition 5.6 (2), applied to ¢t = 0, t; = T/2 — 1/2 and
ty=T/2+1/2, ie.

T/2+1/2
o [ Blds < e 2ol ()] 4 e BT o ),
T/2—1/2

Hence, in view of bounds (5.2) and (5.3) and the Mean Value Theorem, there exists (v € [T/2 —
1/2,T/2+1/2] and a constant C' (depending on the data and E [|¢*|? + |£2|2], but independent of T')
such that

(I’(CT) < Cef2c0T/2.

Therefore, by Corollary 5.5 (3) and again Proposition 5.6 (2) we have for any ¢ € [0, (7]
¢r
Bt) S B(Gr) +C [ @(s)ds < O 4 2T (1) 4 7 p(0)])
¢

< C(efco(Tft) + ef2cot)’

where in the last inequality we used that T — {7 > T/2 —1/2 and T — ¢ < T. Arguing similarly, one
obtains the same inequality for any t € [, T], and this shows (1).
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To obtain (2), we note that the additional assumption implies ¢(0) = 0. Hence, Proposition 5.6
(2) gives

t
CO/ ®(s)ds < e T |oo(T))|
0

for any t € [0,T].Setting ¢ = 1 in the previous inequality, we can pick now (r € [0,1] such that
O(¢r) = fol ®(s)ds < Ce 29T, By Corollary 5.5 (3), for any t € [(r, T
t t
B(t) < D(Cr)+C | ®(s)ds < Ce 20T 4 C/ B(s)ds < Ce200(T=1)
¢r 0
and the inequality is easily extended to any t € [0, T.
To prove (3) we can argue as before (using the fact now that ¢(7") = 0), starting from Proposition
5.6 (3) and the existence of ¢y € [T'— 1,T)] such that

T
®(Cr) = co / (s)ds < e 20T V()] < Cem?T.
T-1
The conclusion again follows by applying Corollary 5.5 (3) and Proposition 5.6 (3).
O

Remark 5.8. The previous result says that different equilibria have to “collapse” as T — oo, that
is: two equilibria starting from different initial conditions p§, p3 and approaching different final values
g%, 9% must be exponentially close in the sense of Theorem 5.7(1). This is a consequence of strong
D-monotonicity of the data. We show below that the same conclusion may not hold if one has only
D-monotonicity. This is in contrast with the Lasry—Lions monotone setting, where it is known (see for
instance [CP21]) that the presence of the diffusion guarantees this kind of long time stability even with
the presence of some mild anti-monotonicity. A similar compensation phenomenon does not appear
in the D-monotone setting. Consider indeed the following system

2
—Ou — PO, u+ %|8Iu|2 = (x - / yp(t,y)dy) , in (0,T) xR,
R
atp - 5853"/) -V (paru) = 07 in (OvT) X Ra

which is solved, for all >0 and T > 0, by the couple (u,p), where

2
ult,z) = ggﬂ — B(t -T2,
and p is a normal distribution with zero mean and variance B/\@ Note that the Hamiltonian is
displacement monotone, but not strongly displacement monotone, in the sense that it satisfies (H2)
with ¢g = 0. Note also that any space translation (u(t,- + z), p(t,- + 2)), for z € R solves the same

system of PDE, so we have a continuum of stationary equilibria (with the corresponding final condition
glx,p) = ?(m + 2)2, which satisfies our standing assumptions, and is in fact strongly D-monotone).
We note also that for such MFG systems the measure component is always stationary, Gaussian
centered at —z. Therefore, it is clear that any two such equilibria do not satisfy the stability property,
as their (positive) Wo-distance (in the sense quantified by ®(t)) remains constant in t, uniformly with

respect to the time horizon T.

Remark 5.9. Let (Xé*t’gi,)/j’t’fi,Zi’t’gi)se[t);p], i = 1,2 be solutions to the FBSDE system (4.2), with
Xf’t’gl =& e L2(Q, Fo,P;RY), with the same final data g' = g*> = g and with the same input flows of
measures pt = p? = ps for s € [t,T), where (ps)sepe,r) i an MFG Nash equilibrium. It is immediate
to see that the conclusion of Theorem 5.7 (8) holds true in this case, i.e.

D(s) < Ce 2067 s ¢ (1,T),
where the constant C > 0 depends on the data and E [|¢!> 4 |¢2[2]. Indeed, one may argue as in the
previous proof, and use Proposition 5.6 (3) and Corollary 5.5 (1).

Corollary 5.10. As a consequence of Theorem 5.7, under our standing assumptions we have that if
(pi)te[O’T], 1 =1,2 are two MFG Nash equilibria, then
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(1) W2(pt,p?) < C(e=2c0(T=1) 4 e=2¢0t)  for qll t € [0, T).
(2) If ps = p2, then W2(p}, p?) < Ce=200T=8) for all t € [0,T].
(3) If gt = g2, then Wi(p}, p?) < Ce 2%t for all t € [0,T],
where the constants C' > 0 above depend on the data and Ma(p§) + Mz (p3).

5.2.1. Localization arguments for D,u. We can see that Theorem 5.7 gives decay result for D, u only
along the flow, i.e. for Dacu(t,X,?’E) = fYtO’g, where (XtO’E,YtO’E, Zto’g)te[oﬂ corresponds precisely to
MFG Nash equilibria. In order to have a result which is pointwise in the spatial variable, we need
to have some additional work. In particular, we need to ‘localize’ the initial data £ in the FBSDE
system, and hence consider (4.2) instead of (3.1), and like that the resulting flow is such that £(X%€")
does not correspond to pt.

We can formulate the following result.

Theorem 5.11. Let (ul,pl) and (u27p2) be the unique solutions to two mean field games systems
with the same Hamiltonian and final/initial data (g*, po) and (g2, po), respectively, on a given time
interval [0,T]. Then there exists C > 0 depending on the data (and in particular on Ms(po), but
independent of T') such that

(56) sup sup |D;cul (ta x) - Dxu2(t, Jj)|2

S Ce—CoT/Q.
t€[0,7/4] zeRd L+ [zf?

Proof. First, let us notice that as p} = p3 = po, Theorem 5.7 (2) implies that
(5.7) W2(pl, p?) < Coe 20T for all s € [0,T]

for some Cj that depends on second moment of py (and on the data). Let ¢t € [0,7/4] and let
€ € L?(Q, F;,P; R%) be a random variable. We are going to restrict the two MFGs to the time interval
[t,T]. In particular, we consider the two FBSDE systems (4.2) with ! = ¢2 = ¢ and g', g% as final
conditions. According to Proposition 5.6 (1), there exists a positive constant C¢ > 0 such that

T/2+1
%0 O(s)ds < e T2 D |o(T)| 4 =0T D (1))
T/2
T/2 T/241 T
+Cé (/ e_c“(T/Q‘S)sz(piypﬁ)dH/ W?(piypﬁ)dé’/ e‘c"(s‘T/Q‘”WzQ(pi,p?)dS) :
t T/2 T/2+41

Since ¢(t) = 0, by the estimate (5.7) on W2(pl-T, p2T), the uniform bounds on |¢(T)| and the Mean
Value Theorem we get

T/241 /241 .
®(¢r) =/ ®(s)ds < C¢ (e—coT/2 +/ o—2¢0(T—5) g +/
0 T

o—co(3T/2—5) ds)
T/2 /2+1

S C&e_COT/2

for some (7 € [T'/2,T/2 + 1]. Note that C¢ may vary from line to line, but it always depends in an
affine way on E [|§|2] Arguing similarly on the interval [¢, (1] we get by Proposition 5.6 (1) that

¢r
/ B(s)ds < Cee0T/2.
¢
Let us now apply Corollary 5.5 (1) and plug in the estimates obtained so far:
¢r
D) < D)+ Cr [ [B6)+ WE (oL, )] ds < Cee 072
¢

For any = € R%, choosing L(¢) = d, yields ®(t) = E [D@l’t’5 - Yf’t’gﬂ = |Dyul(t,z) — Dyu?(t, x)|?.

Since C¢ is an affine function of |z|?, we obtain the assertion. O
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Remark 5.12. In the previous results, in general we cannot expect uniform exponential decay for
|Dyul (t,2) — Dyu?(t,z)|? for the whole time interval t € [0,T), as we did not impose any additional
(joint) assumptions on the final data g and g?. Indeed, even in the simplest case when g' and g*
would be independent of the measure variable, we would have

|Dx“1(Tv z) — DxUQ(Ta 33)|2 = |Dx91(1') - ng2(x)|a
which is a function of x. This not only does not have exponential decay in T, but nothing would

prevent that

sup |D,g"(z) — Dyg*(z)| = +o0.
R4

Therefore, in Theorem 5.11 it is indeed expected that we need to consider a potentially smaller time
interval to get such a strong result as the one in (5.6).

6. ASYMPTOTIC BEHAVIOR OF THE VALUE FUNCTION

In this section our goal is to study the long time behavior of the value function. For this reason
we consider the following objects. For a fixed time horizon T > 0, g : R? x Z(R%) — R given
final condition and py € £5(R?) initial measure, let (p?)se(o,r) stand for the MFG Nash equilibrium.
In particular, if (X0¢,V0¢, Z0%) co.7) is the solution to (3.1) with & € L*(Q, Fo,P;R?) such that
L(€) = po, then we have pI = L(X%¢) for all s € [0, T].

In a similar way, we define the associated value function u” : [0, 7] x R — R as

T
ul(t,x) = E {/ L(XY", DpH (X0, Y, pl), pl ) ds + g(X37, pif)} ,
¢
where (X0*, V1" Z0%) ) is the solution to (4.2) with £(§) = d,, and in the definition of u” the

Nash equilibrium (pl)se (0,7 has been used.
The couple (uT, pT) solves the MFG system

—owu” — BAUT + H(z,—Du”, p") =0, in (0,7) x R4,
oipT — BAPT +V - (" D, H (2, —Du”, pT)) =0, in (0,T) x RY,
py = po; u'(T,-) =g, in RY.

In this section we need to assume further hypotheses on H and g. We collect these ones here.

(H9)3C > 0, |D,H (x,p, p, &) < C (1 +|E] + |z + |p]), V(2,p, 11, &) € R x R x 25(R?) x R?.

(H10) 3C > 0, such that
olg(a,w)| < C(1+ M3 (u) +[xf*), V(z,p) € R? x Z5(RY);
® [Dyug (2, p,8) | < C(1+ 2] +a]), ¥(z,1,7) € RT x Po(R) x RY.

Remark 6.1. The inequality in (H9) could be achieved if in addition to the assumptions in (H1) one
would impose uniform bounds on D7, H and waf:H'

Similarly, a sufficient condition for the fulfillment of (H10), in addition to (H3), would be uniform
bounds on Dfmg and Dfﬂg. Both of these additional hypotheses are slightly weaker than imposing
additional reqularity and derivative bounds on the data.

Remark 6.2. In what follows, it will be frequent to estimate the difference
to ta
‘E/ L(X;7D10H(X917Yslapi)vpi)ds7]E/ L(XSQaDPH(X§7Y€27PE)7P§)dS

t1 t1
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where (p%)sepo,r) and the associated (X1, Y], Z%)sci0,m) are MFG Nash equilibria, in terms of the func-
tion ® defined in (5.1), i.e.

O(s) =E [|X; - XIP] +E[[yg - Y77,

having the information that X¢, Y enjoy universal second moment bounds. By employing the Legendre—
Fenchel duality

L(z, DpH(x,p,p),p) = p- DpH(x,p,p) — H(z,p,p), ¥(z,p,p) € RT x RY x P5(RY),
and the fact that Wi (pl, p?) < E [| X! — X2|?], one checks that assumptions (H1) guarantee

to

to
(6.1) ]E / L(X}, D,H(XL Y}, pl), pb)ds — E / L(X2, D, H(X2, Y2, p2), p2)ds

tl tl
ta
< C/ V®(s)ds,
ty

where C' > 0 depends only on H and on the second moment bounds on X', Y. For the sake of
completeness we prove this fact in the following lemma.

Lemma 6.3. Suppose that H satisfies the regularity assumptions in (H1) and (H9). Then (6.1) holds
true for a constant C > 0 depending only on second moment bounds and on H.

Proof. Let (z°,p', p') € R? x R? x 225(R?), i = 1,2 be given. First let us estimate
|H(I27p2a ;02) - H(.’El,pl, Pl)‘ .
For this, let (ps)sejo,1] be a Wa-geodesic connecting p' to p?, so, in particular pg = p' and p; = p*.
In particular, we recall that there exists a family of Borel vector fields (v¢),ejo,1) such that 0054V -

(vsps) = 0 in the sense of distributions, W3 (p!, p?) = fol Jga [vs]?dpsds and for any f: P5(RY) — R,
Ws-differentiable, we have that

1
162 =160 =| [ [ Dus0@ 0. @)dn@ras

- </o1 /R 'D“f(ps)(f)wdps(i)“)é (/01 /R |Us(5£)|2dps(i)d5>;

1
' 3
- </ /]Rd |D“f(ps)(j)|2dps(f)d5> Wa(p', p%).
0
Furthermore as the function p — MZ2(p) is displacement convex, it is well known that
M22(ps) < max {Mg(pl)’ M22(p2)} .

With these tools in hand, we can perform the following computation

1
d
|H(a:2,p2,p2) - H(xl,pl,pl)‘ = / —H ((1 —s)a! 4+ s2?, (1 — s)p' + spQ,ps) ds
0

ds

1
<2t - x2|/ |D.H ((1—s)x" + sa®, (1 — s)p' + sp®, ps)| ds
0

1
+1p' —pz\/ |DyH (1= s)a’ + s2®, (1= s)p' + sp®, ps) | ds
0

1
! 3
+ Wa(p', p%) (/ / |DMH ((1 —s)at 4+ sx?, (1 — s)p' + sp?, ps, )|2 dpsds)
0 Jrd
By (2.3) and by the second moment estimates we have that there exists a constant C' > 0 such that
|DoH (1= s)at + sa?, (1= s)p' +sp?, ps) | < C (1 + max {Ma(p"), Ma(p*) } + |2'] + || + [p'| + [p*])
and

’DQCH ((1 — s)a! + s2?, (1- s)p1 + sp2,p5)| <C (1 + maX{Mg(pl),Mg(pz)} + |x1| + |x2| + |p1| + \p2|) ,
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for all s € [0,1]. Furthermore, as Dme , DguH are uniformly bounded and (H9) is imposed, there
exists a constant C' > 0 depending on these uniform bounds such that

|DuH ((1—s)a" + sa®, (1= s)p' + sp®, ps, @) | < C (14 2| + &' + [2®| + [p'| + [p*]) , s €[0,1].

Therefore, all in all we can conclude that there exists a constant C' > 0 depending only on H such
that

(6.2) |H(2®,p% p*) — H(z',p", p")|
< C (14 My(p') + Ma(p?) + |2t + 27 + [p'] + 1p7]) (2" = 2®| + |p' = p°| + Walp', p%)) -
Then
|L(z, DpH (a*,p", p*), p') = L(z®, DpyH(a?, 9%, p*), p?)]
< |p'-DpH(x',p', p") — p* - DpH(a?,p%, p*)| + |H (', p", p') — H(2®,p?, p°)]
<|p'-DpH(z',p',p") —p' - DyH(a?,p%, p°)| + |p' - DpH(2?,p?, p*) — p* - DpH(2?,p%, p?)|
+|H(z',p', p') — H(2?,p?, p)]
(19" + [DpH (2?02, p%)]) (|2 — 22| + [p' = p?| + Wa(p', p%))
(z',p", p") = H(2?, p?, p?)|
<C(L+1p'+Ma(p?) + 12+ 1p?]) (|2 = 22+ [p" = p?| + Wa(p', %))
(
(

m17p17p1) - H($2»P2»P2)|

where we have used that (H1) implies (2.2) and (2.3), and in particular C > 0 depends only on
Lipschitz constants. O

Our main convergence result in this section reads as follows.

Theorem 6.4. Let pg € P2(RY) and g : R x 25(RY) be given, (u”, pT) be as above. Then, there
exists A € R such that the family of functions

{uT(t,x) - XNT - t)}TZO ,

converges locally uniformly on [0,+00) x R% as T — oo to a function u : [0,+00) x R? — R which
18 Cllo’g in space and Lipschitz continuous in time, and p? converges to a flow of probability measures

p:[0,+00) = P2 (RY) in C([0,t]; (P2(R?), Wa)) for every t > 0. Moreover, the couple (u, p) solves

—Owu — BAu+ H(x,—Du,p) + A =0, in (0, +00) x R4,
Op — BAp+V - (pDpH (2, —Du, p)) =0, in (0,+00) x RY,
|u(t, =)

P(O») = Po, sup

t€[0,400) L+ ]z[? 7

where the fist equation is satisfied in the viscosity sense, while the second equation is satisfied in the
sense of distributions.

From now onwards, we suppose without loss of generality that 7' > 2. Let py € Z5(R%), g :
R? x Z2,(R?) — R be given. We introduce the following quantity

T/2+1
(6.3) = E { /T L, HOOST DT YT ), psT)ds}

where (X067 Y0.6T 7081 ' 1) is the solution to (3.1) with & such that £(£) = po.
We define moreover %7 : [0,T] x RY — R as

(6.4) al(t,x) = ul (t,z) = N(T —t), ¥ (t,z) € (0,T) x R?
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and, for any t € [0,7] we introduce ¥T : [0,7] — R given as
wT(1) = E [a” (1, X047

Lemma 6.5. Let py € P5(R%), g : R4 x P5(RY) — R be given and let (i, p”,\T) be defined as
above. Then there exists a constant C' > 0, depending on the data po, H, g, but independent of T', such
that
(1) sup My(pF) < C,
te[0,T]
() suwp [T (t,2)] < C (1+al?),
t€[0,T)
(3) forany0<t; <ty <T,

2
’)\T(tl - t2) + E |:/ L(Xg,g,T7 DPH(Xgé’Ta }/:90757Ta p:{)? P@ds}
t1

Proof. First, by Proposition 3.8, we find that sup,c ) E [|X$4T]?] is uniformly bounded, from
where we conclude point (1) immediately.

Recall that

t

E[u”(t, X4 = E { / " L(XOST, D H(XDET YOST, 5T pT)ds + g(XDET, p%} :
Using the definition (6.4), we have
E [a7(, X04T)] + AT~ 1) = { [ HOXOST, D HKOST YIST, ), a5 + g(XPST, pé:>} ,
t
hence for any 0 <ty <t, <T,
W) W) = (0 1) +E [ DOQST, DHOKET, YIS T) o)y

t

and so, for any t € [0, T 1

d

(6.5) SUT() = X —B[L(XPET, D H(XPET, YOS ), o))

Claim 1. There exists C > 0 such that for any 0 <t < T we have

d
(ﬂ:\IIT(t)‘ S C |:€700T/2 4 e*Cot =+ e*Co(T*t):| .

Proof of Claim 1. Set, for 0 <t; <ty <T and s € [0,T — t2 + t1],

v0.§,T v0,8T 70,81y . _ 0,£,T 0,§,T 0,8, T T ._ T
(X Y ZgST) = (Xs+t2—t17Ys+t2—t1aZs+t2—t1) and pg = Py, 4, -

Then, we have

d d
—0T(4)) — =07 (¢
T (t1) T (t2)

0,¢,T 50,67 0,6T T\ = 0,6,T 0,6,T 06T
<E[|L(X0ST, Dy H(XEST VST L), o) — LOX0ET, Dy H(X ST V04T o), )

-

Now, arguing as in (6.1) we find

Ly - Lor sy

<CVo(t)<C [e*‘:ﬂ(T*t?) + et
dt dt
where in the last inequality we have used Theorem 5.7 (1) (here, C' > 0 depends on Ms(pg), and in
what follows it may increase from line to line). Indeed, it is crucial to mention that the results from
Theorem 5.7 have been used for the two flows (X967 V06T 706T) and (X067 YO&T Z06T) only
on the time interval [0, T — t5 + ¢1]. In particular, the inequality on ® reads as

(6.6)

D(s) < C o 2c0(T—tat+t1—s) +€72505} , Vs e (0,T —ty+t1).
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Restricting now ¢; < T'/2 and integrating (6.6) on (7/2,T/2 + 1) with respect to dts we deduce

~C [emeo T/ emeon | < %xp%l) —WT(T/241) + WT(T/2) < C [e70T/2 4 7000
but

vI(T/2) =9 (T/2+1) = AT +E

T/2+1
/ L<X2@T,DpH<X£vf’T,nOvﬁvT,p’gf),pads] o
T/2
by (6.3), so we get the claim for ¢t = ¢; < T/2. For t > T/2 we argue similarly, and integrate (6.6)
on (T/2 —1,T/2) with respect to dty, for to > T/2 fixed. The conclusion follows in this case by
substituting to = t¢.

We notice that in this case we need to also use that

AT +E

T/2
[ ORET DTT ) a
-1

is comparable to e=%7/2 Indeed, we have

T/2
AT +IE// L(X%ST D, H(X%ST yOeT o1y pTyds
T/2—-1

E

T/2+1
[, LT DD no’f’T,pb,psT)ds]
T/2

—-E

T/2
[ O DR )

T/2—1
]E |>

where (X067, Y961 pT) .= (ngl’T,Yso_ﬁ’T,psTH) . Now, again, by (6.1) and Theorem 5.7 (1) we
find

T/2+1 _ — —
// [L(Xg’g’T7 DPH(XS’&T7 YVSO’E’Tv pz)’ p?) - L(X:(;)’é’T7 DPH(XS’E’Tv )/SO,&T’ ﬁ?)a ﬁ?)] dS]
T/2

T/2
- AT+ ]E[ / / L(X2ST D H(XOST YT, ph, psT)ds}
T/2—1

T/2+1 T/2+1
<C \/@ds <C [efco(Tfs) +e 08| ds < CvefcoT/Z7
T/2 T/2

as desired.

Claim 2. V7 (t) is uniformly bounded in t,T .
For this, it is sufficient to observe that

T q
\I/T(t):\I/T(T)—/ E\I/T(s)ds,

t

and one concludes by the estimate of Claim 1 and the fact that W7 (7)) is uniformly bounded with
respect to T' using the assumption (H10) on g.

Claim 3. There ezists a constant C > 0 such that |a” (t,z)| < C (1 + |z]?).
‘We have

[ (t,)] < E [[a” (t,2) — " (¢, X04T)|| + B [Ja” (8, x0T
<E|[|D.a" (ty) ’x - X?’E’TH +[eT(1)]

<CE|[(1+]a] + ‘Xf’f’TD ‘x - XE@TH +O<C+ 2P,

7
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where in the penultimate line y is a vector on the line segment connecting = to X? ST and in the last
line we have used that D,a”(t,-) = D,u’(t,-) grows at most linearly at infinity (cf. Corollary 4.5).
This concludes the proof of Claim 3 and shows point (2) in the statement of this lemma.

To get the last point (3) of the lemma, recall that (6.5) reads

to

Mty —ty) +E [/ L(Xg’g’T,DpH(XS’S’TXSO’E’T,PST)7 pl)ds
t1

to d

=wﬂnwuﬂug=—[1®wﬂﬂm,

and again by the estimates on the derivative of U7 in Claim 1 one concludes.

Proposition 6.6. We suppose that we are in the setting of Lemma 6.5. Then the limit

lim AT =\

T—o0
exists and it is finite, and it is independent of py and g. Moreover, |\T — \| < Ce=T/2, where C
depends on the data and the second moment of pg.

Proof. Let us consider two MFG Nash equilibria (p)sc(07) and (pST) (0,7 With data (ps,g") and

se
(p¢, g%), set on time horizons of T' and T, respectively. We set the Hamiltonian to be the same for both
of them, and without loss of generality, we assume th@tAT > T. Recall the definition of AT and AT
from (6.3). Let (X247, Y041 Z06T) o 1y and ()A(g’é’T,ﬁofE’T,ZAE’@T)Se(O,T) be the corresponding
solutions to (3.1) with £(£) = p{ and L(€) = p3. Set

(XO6T yO&T Z0&T) — (X047 0.6, T 70.6.T

)
sH+T/2—-T/2° " s+T/2-T/2’ 5+T/2—T/2) and p, = p

T -
s+T/2—T/2

for s € [0,T]. We notice that if s € [0, 7], then s +7/2 —T/2 € [T/2—T/2,T/2+T/2] C [0,T] , and
so these new curves are well-defined.
Now, arguing as in (6.1), we can deduce

(6.7) ’/\T - AT‘ -

T/2+1 L o .
< [ B[|EOOST D HOXOST YIST T ) — L(XOET, D, HROET YIET 5T, )| s

—Jry2
—coT/2
< Cem0T/2,

where in the last inequality we have used that since the flows are taken on the interval [0, 7], hence
for s € [T/2,T/2 + 1] we have by Theorem 5.7 (1)

(I)(S) <C |:ef2co(Tfs) + 672605] _ CeiCOT,

Now, (6.7) shows that AT is a Cauchy sequence, and yields the desired result. The above arguments
show also that A\ does not depend on py, g. O

Proposition 6.7. We suppose that we are in the setting of Lemma 6.5. Let T' < T? and t < T'/2.
Let (X06T" y0&1" Zg’f’Tl)se(QT) and (X017 y 0.6 T% Z2’57T2)56(07T) denote the corresponding so-
lutions to (3.1) with & € L%(Q, Fo,P;RY) such that L(€) = py, with the same final datum g, on time
horizons (0,T') and (0,T?), respectively. Then,

B [0 0 x76™)] B [07 (6, X06T)] | £ 0 et e 0 o)

for some C > 0 depending on the data po, H, g.
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Proof. Let us consider two MFG Nash equilibria (psTl)se(07T1) and (pfz)se(mp) with data (po,g) set
on time horizons of T and T2. Recall that

T -t
(6.8) E|a” (t,Xff’Tl)} + T =E {/ L(ngile,DPH(XQ&TI,}govaTl,pfl),psTl)ds}
t
—(T" —2t) AT
Tt 71 71 71 71 71 Ole 71
+BS [ LT DT YOS 5T o1 ds + g (X o) §

T —¢

and

S

T2t
(6.9) E|a” (t,Xf’f’Tz)} T+ =K {/ L(XS’E’Tz,DpH(Xg’f’Tz,YSO’E’Tz,pSTz),pTZ)ds}
t
—(T? —20) ™
T2
2 2 2 2 2 , ,T2 2
eud [ BT DT T ), o o3

T2 —t

Notice first that using Lemma 6.5 (3),

[Tt —t
E / L(Xg7£7T17DpH<XL?7£7T1,}/:go,&Tl,le),pzl)dS _ (Tl _ 2t) )\Tl <C {e—cUT1/4 + e—cot:| _
t

[ T2t
Bl [ LOOST D HXDST YOS )T 1) ds | — (17 = 20) AT < € et g o]
t

Furthermore, by time shift s(3) = s — T2 + T" we can compare

Tt T2
E /T LT D XY, o ds - B /T LT D X YT ) T as =
—t —
Tl 1 1 1 1 1 Tl 2 2 0 T2 2 2
B[ DD YA s =B [ LN DX YA o)l s
—t —t

S Oe_CO(Tl_t),
arguing as in (6.1) and applying Theorem 5.7 (3) (note that we are using the crucial fact that, after
time-shift, the two MFG Nash equilibria enjoy the same final condition at time 7). Similarly, we will
have . ,

1 2 1
B [g(X05 ™ o) — E [o(X05 ™, o)) | < cemeo™
Indeed, for s € (t,7") let us consider
ST? S : ,T2 >0, ,T2 _T2 L T2 0,§,T2 *0,§,T2 T2
(Xs 7Y;~OE aZs ¢ ) Ps ) T (XS—T1+T27YS—T1+T2’Zs—T1+T27ps—T1+T2) .
With this choice, we have in particular that both flows, (XSTI,YSO’&TI,Zso’g’Tl,psTl) and

se(t,Th)
(X'ST2, Zo’g’TQ,ng’TQ, ﬁzﬂ) ) are defined on the same time interval (¢, T) and both MFG Nash
se(t,T
equilibria correspond to the same final condition ¢g (and possible different initial conditions). With
this in mind we find that ®, when associated to these two flows will satisfy in particular (see again

Theorem 5.7 (3))
O(T') < Ce 207",
Now, using (H10) and the exact same arguments which led to (6.2), we find that

[E [g(xp&™ )] — B [g(X257, o) || < CV/@(TT) < Cemoo,
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where the constant C' > 0 depends on the data and on Maz(pg), and so our claim follows.

Taking finally the difference between (6.8) and (6.9), and plugging in all the previous inequalities
we obtain

‘]E {aTl (t’X?,g,Tl)} E {aw (t,XtO’f’TZ)” <cC {efcoTl/zl 4emeT?/4 4 geot | efco(Tlft)} :
which shows the desired assertion. O

Now, let us discuss about the convergence of optimal trajectories. We have the following result.

Proposition 6.8. We suppose that we are in the setting of Lemma 6.5. For T > 0 recall that
(X281 Y 08T 7081 o) denotes the corresponding solutions to (3.1) with & € L*(, Fo, P;RY)
such that L(§) = po. Then there exists a unique process (X§)Se(0’+oo), independent of the final
condition g, such that Xg =¢ and

lim sup E [|X§"5’T — X§|2} =0, Vt>O0.
T—+00 5¢[0,4]

Note that, since pr = L(X2%T), we have that there exists a unique continuous curve p : [0, +00) —
P5(R?) starting at py, such that imp_ 4o supse(o.q Wa(ps s ps) = 0 for all t > 0. More precisely,

W3 (pl, ps) < Ce 2Ty 5 € [0,1).

Proof. First, by Proposition 3.8, we know that Supse(o,r) E [|Xg’5’T|2} is uniformly bounded with

respect to T" > 0. Therefore, it is enough to prove that the family (Xg*g’T)se(07T) is Cauchy with
respect to T in C([0,t]; L%(Q, F,P;RY)), for any ¢ > 0. For this, fix ¢ > 0 and let 7" and T be given
with the property t < T < T. Let § : R x Z5(R?) — R be any final datum which satisfies our
standing assumptions. Let us consider ()A(S’E’T,)A’so*g’f, ZAE’E’T)Se(O,TA) be the corresponding solutions
to (3.1) with & € L2(Q, Fo, P; RY) such that £(£) = po and § as a final datum.

Now, when restricting both triples to the time interval (0,7"), they will both describe MFG Nash
equilibria, with the final data given by ¢g and 4(T),-), this being the value function associated to the
second game, at time 7.

Therefore, by Theorem 5.7(2), using the definition of ® from Definition 5.1, we deduce that

a2
(6.10) E UXS@T — X;J’E’T’ ] < Cem20(T=9) < Ce™20(T=1) v 5 € (0, 1).
Then, the result follows. O

Remark 6.9. It is important to remark that the limit process (X§)SE(07+OO) that we obtain in Propo-
sition 6.8 could in general have very low reqularity. Indeed, in particular a priori we do not even know
if (X§(W))se(0,+oo) is a continuous path, for w € Q. However, by construction we must have that X$
is Fs-measurable for all s > 0.

It remains an interesting open question to investigate whether the process (Xg(w))se(oyﬂx,) could
be related to an infinite horizon FBSDE system, such as the ones appearing in [BZ23] for instance.

Proposition 6.10. We suppose that we are in the setting of Lemma 6.5. Then, for any 7 < T /4,
i 7,0) = " (r0)] < O [emoT g e AT
for some C > 0 depending on the data pg, H, g.

Proof. Let us denote by (X;'vo»f,Y;vOf,Z;'vovﬁ)se[om], i = 1,2 the solutions to the FBSDE system
(3.1) associated with the Mean Field equilibria originating from py, on time horizons T* and T?
respectively, and by (X2’7>5,Ysi’7’é, Z;’T’E)SE[T,Ti], i = 1,2 the solutions to the FBSDE system (4.2)
with input p% = £(X0¢") and £ = 6.
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Ce=0(T"=9) for any s € [0, 7).

1

and the associated function ¢ along these flows (as defined in Definition 5.1). First, we observe that
by (5.2) and (5.3) we have that ¢(T!) is uniformly bounded and ¢(7) = 0 (as we consider the same
starting random variable f at time 7).

Then, for any t > 7, we get by Proposition 5.6 (1) (by setting (¢,t1,t2,T) from that proposition as
(1,7,t,Th))

t Tt
(6.11) C’/ s)ds < emeo(T' =) 4 </ e=co(T'=5) 4 +/ e=200(T" =) ds) < C'efCO(Tlft)v
T t

for some C’ > 0 depending only on the data and Ma(pg). Recall that for i = 1,2 it holds

T (r,0) + AT (t — 1) = IE{/
Therefore, taking differences and arguing as in (6.1), with the estimate in (6.11) we get

"&TI(T,O)—’IETQ(TO‘ ‘)\T )\T’(t 7)+CecoT'=0/2 ¢ ‘E{ tXng)} E[ﬁTz(t,Xf’T’é)”.

Step 1. Recall first that by (6.10) we have that Wz(pzl,PsTQ) <
Hence, denoting by

b(s) = E ngmé _ g

2 . . .
] +E UYSLT,E _ Yfm&

t . N .
L(XI™8, Dy H(X, Y07 ol pl ) ds + @™ (¢, XZ”S)} .

By the rate of convergence of A provided in Proposition 6.6 we the conclude

[ (7,0) = @7 (7,0)| < Cem0T /4 4 Cemo =02 4 |E [aT (1, X}79)] — B [a7" 6, £779)]|.

Step 2. We now proceed by estimating the last term of the previous inequality. By the triangle
inequality, that is controlled by

[ [am (¢, X079)] B [a @ x0T + B [7 (6 XP6T)] - B [0 (1, x0T
+ B [a (6 XP4)] - B [ (1, X779 |
We start by the second term, that can be controlled by Proposition 6.7 by
‘]E [aTl (t,XE’f’Tl)] —E [aT2 (t,XS’f'TQ)] ’ <cC (e*cot peeo(T=t) | e*COT/‘*) .

To estimate the first one, define
o(s) =E “ XLné  x0er ﬂ +E Uylf _yoeT ﬂ ,

and apply Remark 5.9 to conclude that for any s € [, T].
(I)(S) < 067260(877')

Therefore, employing the gradient bounds of Corollary 4.5 and uniform second moment bounds we

get
1 A~ T £ 1
per ) [ime - xper]
< CVB(t) < Cecot=7),

Since the term ’E [ﬂT2 (¢, X?’E’Tz)} —E [ﬁTQ (¢, )A(ng)} ’ can be handled analogously, we conclude that

[B[a™ ¢, X 79)] — B [a7 ¢, x06T)] | < OB [(1+ [ %174 +

[ (7,0) = @7 (7,0)] < € [T/ 4 emeolT0/2  gment o genlt=n)]

Choosing finally t = T /4 yields the desired assertion.
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Corollary 6.11. We suppose that we are in the setting of Lemma 6.5. Let \ be as in Proposition
6.6. Then, the family of functions

{uT(t, x) = MNT — t)}Tzo

converges locally uniformly on [0,4+00) x R? as T — oo to a function u which is C’ll.gi is space and
Lipschitz in time. In particular, for every t < T/8, x € RY,

[T (t, ) = MT — t) — u(t,z)| < Ce=T" /3 (1 4 |z[?)

|Dou” (t,2) — Dyu(t,z))| < CeeoT' /4 (14 |z|)
for some C > 0 depending on the data py, H,g. Moreover, u is a viscosity solution to
—0wu — BAU+ H(x,—Du,p) + A =0, in (0,+00) x R?,

lu(t, )|
sup 2
te[0,+00) 1+ |z]

(6.12)

where p is as in Proposition 6.8.

Proof. Let T? > T' > 0 and note first that for all 2 € R and ¢t < Ty,

‘uTl(t, ) = AT' = 1) — (uT" (t,z) — N(T? — t))‘ -

‘aTl () + (AT = AT — ) — T (t,2) — (AT° = A)(T2 - t))‘ < ‘aTl (t,x) —aT (¢, x)‘ F CemeoT' /4,

by Proposition 6.6. Moreover, the Mean Value Theorem, Proposition 6.10 and Theorem 5.11 show
that for t < T /4,

" (tw) = @ ()| < [@ (0,00 = @ (,0)] +lal sup (|Dai” (ty) - Dai” (1,y)])
ly|<|z|

<C [6_60T1/4 4 emco(T/4=1) 4 6_00T1/4\x|(1 + |x|)} .
By combining the two previous inequalities we get that, for all z and t < T /8,
‘uTl (t,x) = A(T" — 1) — (uT" (t,z) — AN(T? — t))‘ < Ce T 3(1 4 [a]?).
Recall also that Theorem 5.11 gives, for all z and ¢ < T /4,
1D,u” (t,x) — Dpu™ (t,2))] < Ce™ T /41 + |a).
Therefore, the sequences
{u” _)‘(T_t)}:rzo’ {Dz (u” _)‘(T_t))}Tzo

are Cauchy in C([0, 7] x Q) for every compact Q C R and 7 > 0 (and T > 87), hence u? — \(T' —t)
(and its gradient D,u”) converges locally uniformly to u (to D,u, respectively) as T — co.

Finally, since (psT)se[()’T] converges locally uniformly (in time) to (ps)se[0,4-00); With sup,so Ma(ps) <

+o00 and H is assumed to be locally Lipschitz continuous in the measure variable, then H(x,p, p})
converges locally uniformly in (¢,z,p)) to H(z,p, pt), and that u is a viscosity solution to the PDE
follows by standard stability arguments in the theory of viscosity solutions. The uniform control (in
time) on the quadratic growth of w is a consequence of Lemma 6.5 (2).

|

We are now ready to conclude the proof of Theorem 6.4, which is Theorem 1.2 of the introduction.

Proof of Theorem 6./4. This almost follows from Proposition 6.8, on the convergence of p?, and Corol-
lary 6.11, on the convergence of u’. We are just left to show that the limit (u, p) satisfies the Fokker—
Planck equation in the sense of distributions, but this is a consequence of the convergence of p’ in
Cloc([0, +00), Z5(R%)), the estimates on the gradients in (6.12) and the regularity assumptions on
D,H. |

We conclude this section with a uniqueness result for the limit system satisfied by (u, A, p).
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Theorem 6.12. For i = 1,2, let \' € R, u’ : [0,+00) x R? — R be Cllo’cl in space and Lipschitz
continuous in time and p* € C([0,+00); (P2(R?), W2)) be solutions of
-0 — fAu+ H(x,—Dyu,p) + A =0, in (0, +00) x RY,

atp - BAP +V- (prH(JU, _Dxu7p)) = Oa in (07 +OO) X Rdv
|u(t, )|

p(07 ) = pPo, sup )
te[0,400) 1 +]2[2

Then, A\' = A2, p! = p? and u' = u® + ¢ for some c € R.

Proof. Note first that, for any T > 0, we can make use of the two triples (X7, YT, ZET) oo 1),
i = 1,2 that solve the FBSDE system (1.6) with g(z) = u'(z,T) and g(z) = u*(z,T) respectively,
and L(&) = pg. Now, since for i = 1,2,

E [u(o, Xg;T)} —E [u(T, X;:T)] —NT+E

T
e
0

we have that
o o057 e ] o 557 « e 257

1 42
NEE -

T
b [ EILOOT D HXETYIT g ) — LT D HOT V2T ), )] s

0
The first term of the right hand side of the previous inequality vanishes as T — oo by uniform
second moment bounds of Proposition 3.8. Similarly, the integral on (0,T") appearing in the second
term remains bounded uniformly in 7', by means of Theorem 5.7(2) and Remark 6.2. Therefore, we
conclude that A\' = A2 by letting 7' — oco.

Fix now an arbitrary ¢t > 0. To show that p; = p?, apply Corollary 5.10(2) and let T — oo.

Similarly, Theorem 5.11 implies that D,u' = D,u?, which means that u!(¢,-) and u?(t,-) differ by a
constant c(t) that may depend on time. Nevertheless, u’ solve

—owu' — BAU' = —H (z, —Dyu', p*) — N, in (0,400) x R?

hence, for any T > 0, u(T,-) — u?(T,-) = ¢(T) forces c(t) = u'(t,-) — u%(t,) to coincide with c(T')
for any ¢t < T (clearly if 8 = 0, and as a consequence of the maximum principle if 8 > 0). Therefore,
¢(t) must be identically constant on [0, +00).

(]

APPENDIX A. UNIFORM IN TIME SEMI-CONCAVITY AND CONVEXITY ESTIMATES

It is well-known that the value function arising in finite time horizon stochastic or deterministic
control problems is in general semi-concave, under suitable semi-concavity assumptions on the data.
However, most classical proofs available in the literature (cf. [CS04, Theorem 7.4.11]) provide semi-
concavity constants that blow up when the time horizon tends to infinity. For our analysis in this
paper it is crucial to obtain semi-concavity estimates which are uniform in 7.

A great number of contributions in the literature address semi-concavity results for value functions.
Besides [CS04, Theorem 7.4.11]), we refer for instance to [GGIS91], [BCQ10], [CP20, Theorem 1.7],
[GPV16, Theorem 5.9] or [CGM24, Theorem 3.11]. However, none of these references address these
estimates in the precise setting suitable for us, i.e. independently of the time horizon or under the
same umbrella regarding first and second order problems. Therefore, for the sake of completeness we
provide the desired semi-concavity results, that are uniform with respect to the time horizon T and
the noise intensity 8. These results might be known for experts, but in lack of a precise reference, we
have decided to include the details of the proof.

Lemma A.1. Let L : (0, +00) x R x R? = R be continuous, convex and super linear in the velocity
variable, and be such that R*? 3 (x,v) = L(t,z,v) is semi-concave with a constant Cr, € R, uniformly
int (i.e. sup,s D(QZ,U)L(t,~,~) < Crlzg in the sense of distributions). Suppose moreover that g :
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R? — R is semi-concave with the constant Cy € R (i.e. D*g < Cyl; in the sense of distributions).
Let T > 0. We define the value function u : [0,T] x RY — R in the classical way as

T
u(t,z) := inf E {/ L(s, X5, a5)ds + g(XT)} ,
t
subject to

(A.1) Xs = x—l—/ a,dr + /2B8B%,
¢

where (t,z) € [0,T] x R, 8 > 0 and (B;)ep,1] is a given Brownian motion and B. := By — B,
s € [t,T]. Then u(t,-) is semi-concave for allt € [0,T], with a semi-concavity constant depending only
on Cr, and Cg4, which is in particular independent of T' and 3.

Proof. First, we notice that our standing assumptions ensure the existence of and optimal control and

an optimal state process (s, Xs)se[t,r] in the definition of the value function.
Let 6 > 0 be fixed and let ¢ € (0,7 — 0) be fixed. Then the dynamic programming principle yields

t+6
u(t,z) = infE{/ L(s,Xs,as)ds+u(t+5,Xt+5)}.
t

Let z,y € R% X\ € [0,1] and set z) := (1 — A\)x + \y. Let (Xs)se,r) and () ser,m) be such that
X; = x) and

t46
u(t,xy) :E{/ L(&Xs,as)ds—l—u(t—i—&XH(s)} )
t

By carefully following the proof of [CS04, Theorem 7.4.11] (in the case of 8 = 0), our assumptions
imply that that wu(t,-) is semi-concave with a constant depending linearly on (T' — ¢). Now, we are
going to show that this semi-concavity constant can in fact be chosen independent of T

Let us consider the processes

X¥:=(1-(s —15)/5)x—|—ac,\(s—t)/5—|—/S ardr 4+ 1/26B = (1 — (s — 1)/6)(x — x3) + X,

t

and
XY= (11— (s—1)/8)y+ar(s —1)/5 + /ts ardr +/28Bt = (1 — (s —1)/8)(y — ) + X..

We notice that X} =z, X{ =y and X}, 5 = X/ ; = X;15. We have furthermore that (1 — \) X7 +
AXY = X, ie.

(1—/\)X;”—|—)\X§,’:m>\—|—/ a,dr + /28BL.

t
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Thus

(1 = Nu(t,z) + du(t,y)

t+48
<(1-NE {/ L(s, X7, (x5 — ) /6 + as)ds + u(t + 6, Xgé)}

46
—I—)\E{/ L(S,Xg,(x,\—y)/6+as)ds+u(t+6,X§’+5)}
t

t+5
E {/ [(1—=XN)L(s, X2, (zx —x)/6+ as) + AL(s, XY, (zx —y)/0 + as)] ds + u(t + 6, xt+5)}

IN

t+6
IE{/ L(s, Xs, (1 = A)(zx —x)/0 + M —y)/é—i—as)ds}
t+6
+%A(1 A)]E{/t " {|X§X§|2+612|xy|2} ds+u(t+5,xt+5)}
t+6
—u(t,:cA)Jrg)\(l)\)/t [(1—(s—1)/6)* +1/6%] |z — y[>ds

:u(t,xx)+%)\(1—)\)|x—y|2/ [6(1—r)*+1/4] dr:u(t,x,\)—|—g(5/3—|—1/5))\(1—/\)|x—y|2.
0

These arguments show that u(¢,-) is semi-concave, uniformly with respect to t € (0,7 — §), with a
constant depending on the data and on (6/3 + 1/4).

Now, for ¢t € [T — §,T], we can use classical arguments to have a semi-concavity estimate with a
constant that depends on the length of the interval, i.e. § in a linear way. Indeed, for z,y € RY, as
above, we consider z) = (1 —A)z + Ay and (X)) and (as)se, ) as in (A.1) optimal for u(t,zy).
Now, we have

(1= Nu(t, z) + Mu(t,y)

T
<(1—)\)IE{/ L(&Xs+x—x>\,as)ds+g(XT—|—;v—x>\)}
¢
T
+ AE / L(s, Xs +y — o, a5)ds + g(Xr +y — x2)
¢

T
=" {/ {L(S’X‘*’O‘” S LUV W] ds -+ g(Xr) + SM1L - Al - y}

C
<u(t,xy) + (1 + 5)5)\(1 — Nz —y)?,

which indeed proves our claim.

Combining the two previous arguments for ¢t € (0,7 — §) and ¢ € [T — §,T], respectively, we can
choose a small (universal) constant d, such that u(¢,-) is semi-concave with a constant depending on
the data (but independent of 5 and T). O

It is also well-known that for fully convex control problems, the value function inherits this con-
vexity. We recall this result here (see for instance [MM24, Lemma 3.4] or [BMM24] on this matter).

Lemma A.2. Suppose that we are precisely in the setting of Lemma A.1. Suppose that the functions
RY x RY > (x,v) = L(t,z,v) and RY > x+— g(x) are conver. Then R 3 x> u(t,x) is convez for all
te0,T].
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This, together with the implications of Lemma A.1 implies that there exists a constant C > 0
depending only on Cr, and C, (but independent of T' or ) such that

esssup  |D2,u(t,z)| < C.
(t,2)€[0,T]xR?
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