REMARKS ON THE RATE OF CONVERGENCE OF THE VANISHING
VISCOSITY PROCESS OF HAMILTON-JACOBI EQUATIONS

ALESSANDRO GOFFI

ABSTRACT. We establish a linear L? rate of convergence, 1 < p < oo, with respect to the
viscosity € for the vanishing viscosity process of semiconcave solutions of Hamilton-Jacobi
equations by regularizing the PDE with the half-Laplacian —E(—A)l/2. Our result reveals a
nonlocal phenomenon, since it improves the known estimates obtained via the classical second
order vanishing viscosity regularization eAu. It also highlights a faster rate of convergence
than the available O(e|log |) rate in sup-norm obtained by the doubling of variable technique
for this nonlocal approximation. The result is based on integral methods and does not use
the maximum principle.

1. INTRODUCTION

It is well-known that viscosity solutions u : R™ x (0,7") — R of the first-order Hamilton-
Jacobi equation

1
M) u(x,0) = ug(x) in R™,
can be obtained by the so-called method of vanishing viscosity [BCD97, [CL83| (CEL84], i.e.
taking the limit as € — 0" of the solution wu. of the parabolic regularization

Opue — eAue + H(Due) = f(x,t)  in R" x (0,7,

ue(z,0) = up(z) in R™.

{atu + H(Du) = f(z,t) inR" x (0,7),

(2)

This method, going back to the theory of scalar conservation laws in fluid dynamics, al-
lows to prove, under certain assumptions on H : R — R and the data of the equation,
the uniform convergence of u. to a solution u of on compact subsets of R™ x (0,7), see
[BCDI7, I[CELS84. [CL83| Lio82]. The rate of the convergence of this process depends strongly
on the interplay between the hypotheses of H, ug and u, and it has been the object of inten-
sive research. The interest on this problem has been renewed recently in the theory of Mean
Field Control and Games, see for instance [CDJM24] Section 3] and [DDJ24].

When H is locally Lipschitz and u € W;,}’OO, which in turn requires certain additional
coercivity conditions on H, one proves the O(/¢) rate [CL84, [Eval0l Kru67, Lio82) [Sou85l,
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see also [Callg],

(3) |te — ul| Lo (mr x(0,7)) < CVE.

This is in general optimal in view of the counterexample recently found in [QSTY24], and
the constant C' can be made explicit, behaving as O(\/]Ts) When the data are less regular,
e.g. H and/or u are Holder continuous, the rate of convergence becomes slower, as shown in
[BCDI7] via the doubling of variable technique.

When u is semiconcave or H is uniformly convex, one expects a better rate of convergence:
in fact, when Au < C one proves the one-side linear rate

ue —u < Ce,

see e.g. [Call8| [CGM23| [Lio82], or an average two-side O(¢) rate [Tra21] when H is uniformly
convex. However, a better lower bound than O(,/¢) on u. —u remains unknown, even when H
is uniformly convex, except for some specific low-dimensional examples [QSTY24]. The recent
paper [CGM23], see also the earlier analysis in [LT01], established, in the case of semiconcave
solutions and the flat torus T", the L! linear rate

|ue — ull oo 0,101 (Tmy) < C,
valid also for some nonconvex Hamiltonians H. As a byproduct, this gave a rate of convergence

for gradients in the vanishing viscosity process and a rate of convergence for certain classes
of quasilinear hyperbolic systems. Notably, it provides by interpolation with the estimate

1,1
e — ul|Loo (0,750 (1)) < Cezan,

This bound deteriorates as p — +oo to the classical O(/¢) rate for Lipschitz solutions. The
aim of this note is to consider the rate of convergence for semiconcave solutions of by
exploiting a different regularization with the nonlocal operator e(—A)®, s € (0,1). Therefore,
we consider the parabolic nonlocal problem for periodic solutions v = u, s of

Orue,s +e(—A)us s + H(Dues) = f(z,t)  inR"™ x (0,7),
Ue s(x,0) = up(x) in R™.

Here (—A)® = (—An)® is the fractional Laplacian on the flat torus T™: this can be defined
via multiple Fourier series and, for suitably regular functions, one has the standard repre-
sentation formula, see [RS16]. Nonetheless, we will never make use of integral formulas in
the sequel and this is a distinctive feature of our method of proof compared to the literature
[Bis13, DGV03, DI0G]. It is well-known that solutions of first-order Hamilton-Jacobi equa-
tions with uniformly convex Hamiltonians are semiconcave, regardless of the regularity of the
initial datum [Kru67, [EvalQ]: this property implies the uniqueness of Lipschitz solutions for
Hamilton-Jacobi equations with convex H, and continues to hold for its nonlocal counterpart,
being the estimate independent of the viscosity, cf. [CG19|.

The study of this nonlocal approximation and the related speed of convergence date back to
[Bis13l [DIO6] and earlier to the study of nonlocal conservation laws [DGV03]. In the case of
Lipschitz solutions and locally Lipschitz Hamiltonians, the authors in [Bis13] [DI06] obtained
the following rates for the nonlocal vanishing viscosity process in sup-norm

(4)

O(e) fo<s< %,
_ : _ 1
”us,s_uHoo— O(E“Oge’f” if s = 5

O(ETls) if § <s<1.
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In particular, we show here that, in the borderline case s = %, this rate can be improved to

O(e) in any LP norm for finite p € (1,00) by means of different methods, see Theorem
This reveals a nonlocal phenomenon highlighting a faster approximation via this nonlocal
vanishing viscosity procedure. Remarkably, it boosts the rate of convergence of the local case
s = 1, as we show the p-independent linear rate

H“g,% - U”Loo(o,T;Lp(Tn)) <Ce 1<p< .

Nonetheless, we are not able to reach the endpoint p = oo, a case which remains open in
general even when s = 1 for semiconcave solutions, see Remark for further comments. As
far as the method of proof is concerned, we will use integral duality methods as initiated by
L.C. Evans [Eval0] and exploit integrability estimates of nonlocal Fokker-Planck equations
with weakly compressible velocity fields b, i.e. satisfying

[div(b)] ™ € Ly (L),

when the space-time drift b(z,t) ~ —D,H (Due(z,t)) (i.e. the drift of the linearization of (2)).
Integral estimates for first-order transport and continuity equations are classical under this
condition within the Diperna-Lions setting, cf. [LBLI19]. This assumption is always satisfied
when the solution u of is semiconcave and H is uniformly convex. Our linear rate is then
deduced by means of the boundedness of Riesz transform appearing in the theory of singular
integrals due to A. P. Calderén, cf. [AH95, [Ste70], namely

AT = A) 2wl e < |Jullwer < AT — A)2ullrp, @« €N, 1< p< oo, 4> 0.
A motivation for this analysis is, among others, the study of the rate of convergence of nonlocal
vanishing viscosity approximations of the first-order Mean Field Games system
-0 + H(Du) = F[m] in Qr,
Oym — div(DpH (Du)m) =0 in Qr,
u(z,T) = ur(z), m(z,0) =mo(z) in T™.
We expect that the result of the manuscript could improve the known speed of convergence
with respect to the classical local viscous approximation, at least in the case of regularizing

couplings F' and under certain assumptions on H and up. These aspects will be the matter
of future research.

2. RATE OF CONVERGENCE OF THE VANISHING VISCOSITY PROCESS FOR HJ EQUATIONS
VIA NONLOCAL OPERATORS

Consider the regularized Cauchy problem satisfied by u_1 1= u.
2

(5) {@ue + 5(—A)%u5 + H(Dug) = f(z,t) in Qpr:=T"x(0,T),
ue(z,0) = up(z) in T".

Here H : R" — R, the so-called Hamiltonian, is a C?, uniformly convex, function. We will
assume that f: Q7 — R is L} (L) semiconcave, i.e.

D2f <¢4(t) € L.

In place of the previous inequality we will sometimes write ||(D?f(¢)) || oo (rn) < cf(t) or use
the compact notation H(DQf)JFHLtl(Lgo) < 0.
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Denote by u the solution of the first-order equation

Owu+ H(Du) = f(x,t) in Qp,
u(z,0) = up(z) in T".

(6)

We prove the following preliminary result: it shows L? integrability estimates for the dual of
the linearization of under suitable assumptions on the negative part of the divergence of
its velocity field:

Lemma 2.1. Let o € LI(T"), 1 < ¢ < 00, « > 0 and p = p,, n > 0, be the nonnegative
solution to the backward problem

{—atp +n(=A)2p+div(b(z,t)p) =0 in Qr :=T" x (0,7),

(@) p(1) =« in T"™.

Assume that
(8) [div(p)]™ € L1(0, 73 L*(T")).
Then there exists a constant Cr > 0, depending on q and ||[div(b)] ™[/ L1 (0,7, 100 (Tny) but not on
n, such that
10() | acrey < Crllp(r)lagenys w € [0,7):
The estimate also holds for ¢ = co and the constant is stable in the limit ¢ — oo.

Proof. We consider p(z,t) = p(x, T —t), so that the Cauchy problem becomes forward in
time. In this case one obtains the estimate by approximation, testing with ¢p?~1, ¢ > 1,
which leads to the following inequality

p!(t) de < (¢ — 1)|[div(b) (T — t)]_HLOO(Tn)/ p(t) d.

This implies the estimate using a Gronwall-type argument. The only difference with the local
case driven by the Laplacian is the treatment of the nonlocal term. While in the local case

s = 1 one has
—nq/ P ) AB(E) de = q(q — 1)/T P2 ()| Dp(t)|* dx > 0

directly by integrating by parts, here we need a lower bound for fractional derivatives. One
can apply for instance Lemma 2.4 and Lemma 2.5 in [CC04] or Lemma 1 in [CCO3]| (see also
Appendix A in [CGHV14] for a proof via the integral formula) to find the inequality

51 L() (= A) 2 5(t) da C “A)IFE ()2 dx .
m [ O 0) doez e, [ |-8) 0P ez 0

Remark 2.2. The existence and uniqueness of weak solutions p in the class
Y = {p e L(0,m H(T")), dp € L*(0,7s H | (T"))}

under can be obtained following the scheme of [Fig08, Theorem 4.3], via an abstract
theorem of J.-L. Lions, see [Fig08, Theorem 4.6]. The well-posedness for nonlocal Fokker-
Planck equations is studied also in [WT15] in the context of the Diperna-Lions theory under
the assumption . We point out that the well-posedness in Y guarantees the use of energy
methods and integration by parts in energy spaces in the next proof, see Remark 3.2 in
[CG19].
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The next is the main result of the paper that we show in the model case of uniformly
convex, smooth, Hamiltonians. It is an a priori estimate on the rate of convergence of the
vanishing viscosity regularization via the half-Laplacian. We refer the reader to the next
Remark for a detailed comparison with the literature.

Theorem 2.3. Assume that ug : T" — R is semiconcave, and let f : Qr — R be L{ (L
semiconcave and H € C*(R™) be uniformly convez, namely 01, < Dng(p) <O, 0
0, 0,0 € R. Then

2)-
0 <
lug s = ull Lo orsLeny) < Ce, 1< p < o0,

where C' depends on n,p, ||(sz)+||Lt1(L%o)797@7T7 H(DQUO)JFHLOO, but not on =

Proof. We drop the subscript s in u. s for brevity. Set w = w. — u,, and note that by the
linearity of the fractional Laplacian the function w solves the PDE

(9) &tw-l-n(—A)%w—b(x t)- Dw = —(5—77)(—A)%u€,
where the drift b is given by b(x,t) = — fo D,H(¢Du.+ (1 —¢)Duy,)d¢. We consider the dual
problem p := p,

(10) {‘atp+ n(=A)Ep+div(bla,)p) =0 in Qr=T" x (0,7),
P

(1) =« in T,

where o € L, o > 0 and lledll o (pny = 1 (it is enough to take (1) = W) p > 1. By
LP(T™)

duality between @ and ( . we have

/nw(T)p(T)dx:/n (0)p(0) dz +(e — n // A)2uc]pdudt .
o .

=0 since w(0)=0

We can write the energy formulation by Remark [2.2 and the fact that the boundedness of
Du, allows us to consider the nonlocal Hamilton-Jacobi equation as a fractional heat equation

driven by 9 - —i—(—A)%-. Hence
w € L*(0,7; HY(T™)), dyu € L*(0,1; L*(T™))
by the maximal L? regularity for fractional heat equations [IP97]. Note now that W'P
coincides with H;, where H; is the space of Bessel potentials with norm
1 1
HgHH},('JT") = (I - A)QQHLP(’]T") = HQHLP(T”) + ||(*A)29||LP(W),
see [CG19, Remark 2.3]. Therefore, we have for g : R — R and a constant A > 0 [Ste70),
Theorem V.3 and Lemma V.3]
1
(11) (I = A)2gll ey < Allgllwre(rn)-
We apply the Holder’s inequality on the last integral to find
1
(e—mI<(e— n)"(*A)QUEHLl(O,T;LP(T"))HPHLoo(o,T;Lp’(Tn))
< A(e— n)Hua”Ll(O,—r;WlaP(T”))”PHLoo(o,T;Lp’('ﬂ‘n))v
where the last inequality follows from . Since the domain is compact, we can bound

[ Duellrr(@ry < C1(T,p)|| Duc|| Lo (@r)
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for a constant C'y > 0, and the right-hand side is bounded by a constant independent of €, by
Lemma 2.5 in [Bis13| (or even by using the gradient bounds in [CG19] via the semiconcavity

estimates, which are independent of the viscosity). It remains to bound ||p|, .. 'y Since
+ x

Ug, uy are L}(LS°) semiconcave independently of the viscosity (see e.g. [CGI9, Proposition
3.6]), we have that

div(b) > —¢(t), ¢(-) € L}, ¢:[0,7] = (0,00),
and thus [|[div(b)]™[[f1pc < oo. Indeed, using that H € C? is uniformly convex and
D?u., D*u,, < k(t) € L}, k: [0,T] — (0,00), we conclude

1
div(b) = — /O ST D2, H(CDu: + (1 = ) Duy) (COayaytie + (1= C)Oayayun) dC > —c(t).
1,7

To show the previous bound we consider only the term involving A := fol (CDng ), which
verifies 01, < A < ©I,, by the assumptions on H, the other being similar. Indeed, we have

D AiOraue = Y Aij(Onieue — k()65 +E(£)i)) = Tr(A Us) + k(t) Y Ay < nOk(t),
2,J ,J (}; 7

where we used that U, < 0 implies Tr(A U;) < 0. We are thus in position to apply Lemma
with ¢ = p’ to find
HPHLoo(oJ;Lp’(Tn)) < CFHP(T)HLP’(Tn)

for a positive constant C'r independent of the viscosity. We then have

[ () de < 0 = n)lal oy
where C' does not depend neither on ¢ nor . By duality, passing to the supremum over
p(t) = a € L we find
[(ue = ug)(T) | Lo(rny < Cle = ).
O

Remark 2.4. The previous computations (see @D) suggest the validity of the following one-side
bound

(g, = )Tl ooy < Ce
under the unilateral (1/2-semi-superharmonic) assumption
—(=A)zu. < C.

This follows by the same duality argument plainly from @ and using the following properties
of p:

p >0 and / p(x,t)dx =1 for all ¢t € [0, 7].

This weakens the order of the regularity condition required for the local case, i.e. Au < C (the
so-called semi-superharmonicity, cf. |[Lio82]), though it changes into a nonlocal requirement.
Furthermore, we do not know if Theorem holds up to p = oo, since the equivalence between
H; and WP fails at the endpoint p = oo, see for instance [Tai63, Theorem 6-(c)].



7

Remark 2.5 (Comparison with the literature). The previous estimate partially improves the
convergence rate for the (nonlocal) vanishing viscosity process of first-order Hamilton-Jacobi
equations. In particular, [Bis13l Theorem 2.8] and [DI0OG, Theorem 6] established that for
Lipschitz solutions (and Lipschitz initial conditions) and locally Lipschitz Hamiltonians one
has

., =l < Ol loge].

In contrast to [Bis13|[DI06], we do not exploit the explicit representation of the half-Laplacian,
but use the equivalence H]} = W p € (1,00). The results of [Bis13, [DI06] depend on
appropriate scaling and decay properties of the kernel of the nonlocal operator.

The importance of our findings also relies on the two-side O(e) rate in LP norms, p € (1, c0),

for semiconcave solutions, since the regularization by the Laplacian yields the rate
1

1
7+7
|ue,1 — uHLOO(O,T;LP(T”)) < Ce2 "2,
which deteriorates as p — oo, see [CGM23]. It is worth mentioning that the recent paper
[QSTY24] Proposition 4.4] highlights some particular one-dimensional cases of Hamiltonians
H and/or initial data uy for which one has a two-side estimate in L® norm with rate O(e)
or O(e|loge|) when the viscosity is eAu.

Remark 2.6. During the proof we used the compactness of the state space to bound || Duc||».
We expect that the strategy can be repeated on the whole space R™ asking only u to be
L} (LS®) semiconcave and using merely a WP estimate, p < oo.
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