FROM DISCRETE TO CONTINUUM IN THE HELICAL XY-MODEL:
EMERGENCE OF CHIRALITY TRANSITIONS IN THE S! TO S$? LIMIT

MARCO CICALESE, DARIO REGGIANI, AND FRANCESCO SOLOMBRINO

ABsTrRACT. We analyze the discrete-to-continuum limit of a frustrated ferromagnetic/anti-ferromagnetic
S2-valued spin system on the lattice A\,Z? as A, — 0. For S? spin systems close to the Landau-Lifschitz
point (where the helimagnetic/ferromagnetic transition occurs), it is well established that for chirality
transitions emerge with vanishing energy. Inspired by recent work on the N-clock model, we consider a
spin model where spins are constrained to k, copies of S' covering S? as n — co. We identify a critical
energy-scaling regime and a threshold for the divergence rate of k,, — +o00, below which the I'-limit of
the discrete energies capture chirality transitions while retaining an S?-valued energy description in the
continuum limit.
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1. INTRODUCTION

Spatial variations in magnetization often arise due to the interplay of competing magnetic interactions,
geometric constraints, and lattice symmetries, which can prevent the system from simultaneously satis-
fying all local interaction preferences. These mechanisms, collectively termed frustration, play a crucial
role in enabling polarization to be induced and controlled. For its importance in the emergence of fer-
roelectricity in multiferroic materials geometric frustration has garnered significant attention from both
the physical and mathematical communities over the past decades (see [21] for a comprehensive review).
A paradigmatic class of systems exhibiting magnetic frustration is provided by classical spin models with
competing ferromagnetic and antiferromagnetic interactions, which can lead to helical ground states. De-
spite extensive investigations, the rigorous understanding of the complete phase diagram of such systems
remains an open challenge. In this paper we focus on the helical XY spin model on the square lattice Z?2,
a prototypical example of frustrated system that we analyze, after appropriately scaling its interaction
parameters near the Landau-Lifschitz point, where helical ground states are expected to emerge.

The energy of the helical XY spin model on the square lattice Z? in the configuration u : i € Z?

ut € §? is
E(u) = — Z (Jo(u’,u' ) — Jy(u', u'T20) + Ja(u’, u't?)) (1.1)

1€ZL2
where (-, -) denotes the scalar product in R® and the constants Jy and .J; are the interaction parameters
for the nearest-neighbors (NN) and the next-to-nearest-neighbors (NNN) interactions in the horizontal
direction e, respectively, while Jo is the interaction parameter for the NN interactions in the vertical
direction e;. Under the assumption Jy, J1, J2 > 0, the system exhibits distinct behaviors along the two
lattice directions. In the ep-direction, the interaction potential —Jo(u?, u'*¢?) promotes a ferromagnetic
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spin order with all spins aligned. Conversely, in the ej-direction, competing effects arise: ferromag-
netic (F) nearest-neighbor (NN) interactions, described by the potential —.Jy(u?, u*¢1), favor alignment,
whereas antiferromagnetic (AF) next-nearest-neighbor (NNN) interactions, with potential Jy (uf, u**2¢1),
favor anti-alignment, that is neighboring spins of opposite orientations. This competition induces a frus-
tration mechanism, evident even along a single horizontal lattice line. The latter is the energy associated
with interactions in the e;-direction and is given by:

Flu)==> (Jo(w,w?*") = Jy(w/, 07 *?)) . (1.2)
JEL

The energy above models a so-called F/AF frustrated chain for which it is well known that no spin
configuration can minimize all interactions simultaneously (see [21] for a comprehensive analysis of frus-
trated spin systems). In order to simplify the geometry of the ground states of the helical XY model we
scale the interaction parameters by letting J, — 400, hence enforcing spin alignment in the es-direction.
As a result, spin configurations u with the energy in (1.1) finite have a one-dimensional profile; i.e.,
u(:2) = ¢’ for some v : Z — S? and their geometry can be understood from the geometry of spin fields
v with finite one-dimensional energy F(v). The analysis of the F/AF frustrated chain model on Z in
the vicinity of the helimagnetic/ferromagnetic transition point and in the so-called discrete-to-continuum
limit was first conjectured in [23] (an extended version of [22]) and subsequently rigorously carried out
via I-convergence. In this direction initial results were obtained for spins constrained to S! in [16] (see
also [28] and see [10, 11] for two possible extensions of this S! model to Z?) and later extended to the
S? case in [15] (see also [27]). Before explaining in details our main results we briefly summarize those
obtained in the papers [16] and [15].

In [16] the continuum limit of the F/AF chain energy in (1.2) has been studied in the case of S!-

valued spins. After scaling the functional by a small parameter % (A, — 0 as n — +00), and setting

Zp=1{j€Z: M\j€0,1]} one defines F,, : {u:j € Z, — v/ € S'} - R as
Fo(u) = —a Y Ap(ul,w/™) + > Ay (uf,u/?) (1.3)

J€Ln JELn

where oo = Jp/Jq is known as the frustration parameter and completely characterizes the ground states
of F,. More precisely, neighboring spins are aligned if o > 4 (ferromagnetic phase), while they form
a constant angle ¢ = tarccos(a/4) if 0 < a < 4 (helimagnetic phase). When the system is in the
helimagnetic phase it shows a chiral symmetry. This means that two different families of ground states are
possible according to the two possible choices of ¢, corresponding to either clockwise or counter-clockwise
handedness of the helical configuration (or analogously spin angular variation) or to what is known as
chirality +1 or —1. When « is close to 4 the system is at the Landau-Lifschitz point, that is at the onset
of frustration. At this point the energy necessary to break the chiral symmetry can be found letting the
frustration parameter a approach 4 from below. In [16] the authors consider this limit within the discrete-
to-continuum analysis of the model. They let « depend on n and replace in (1.3) « by a, = 4(1 — d,)
for some vanishing sequence 6, > 0. They then refer the energy to its minimum by introducing the
functional H,(u) := F,(u) — min F,, and consider the asymptotic behavior as the lattice spacing A,, — 0
of a properly scaled version of H,,. In [16] the minimal energy necessary to brake the chirality symmetry in
the continuum limit is found by computing the I-limit of H,, / ()\ndn?’/ %) with respect to the L' convergence
of the chirality order parameter (a properly scaled version of the angular increment between neighboring
spins) as A, — 0. More precisely for \,/v/d, — 0 (at other scalings chirality transitions are either
forbidden or not penalized) it is proved that states u, with Hy,(up)/(An6n>/?) uniformly bounded, have
chiralities that converge in the continuum limit to piece-wise constant functions. The energy cost of a
chirality transition is then obtained and the T'-limit of H,,/ (/\nén3/ 2) computed, resulting proportional to
the number of jumps of the chirality, namely the number of times the spin configuration changes the sign
of its angular velocity. Since the limiting energy penalizes phase transitions, the result in [16] falls under
the category of discrete-to-continuum problems discussed in the monograph [1]. In the case of S?-valued
spins the picture drastically changes. This time the chirality is a vectorial order parameter entailing
not only the handedness of the helical configuration but also the axis of rotation which can now vary.
While one can still renormalize the energy and show that the modulus of the chirality remains constant
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for ground states, the transition mechanism between ground states of differing chiralities is different. In
[15] it has been proved that the (S?) helical XY system can adjust its chirality continuously over a slow
spatial scale paying little energy in the continuum limit. This phenomenon is rooted in the behavior
of the renormalized energy, which at leading order resembles a discrete vectorial Modica-Mortola-type
functional in the chirality variable. The potential term associated with this functional has connected wells,
enabling low energy transitions. This result aligns with the behavior of Modica-Mortola functionals in
the continuum, as rigorously pointed out in the works [2] and [4].

FiGURE 1. S? and an example of k = 7 admissible copies of S!

It is worth noting that, in the continuum framework, a similar interplay between ferromagnetic and
antiferromagnetic (or alignment and anti-alignment) behavior arises in phase transition problems. This
occurs when the energy includes two (or more) terms depending on derivatives of the phase variable of
different orders, contributing to the total energy with opposing signs (see, for instance, [25, 9, 17, 24]).

In this paper, we aim to better understand the role of the topology of the spin target space in the
emergence of chirality transitions in helical systems. Our work is inspired by the pioneering paper [26]
and [13, 14, 12], where a question was posed in the case of the XY (rotator) model, comparing it to the
so-called N-clock model. Here, we extend this comparison to the S? helical XY model by introducing a
multi-dimensional analog of the N-clock model. We constrain the spins to belong to a finite collection of
k distinct copies of S, obtained by rotating a maximal circle in S? by integer multiples of 27 /k around
a fixed diameter (see Figure 1). We investigate the behavior of these spin systems in the continuum
limit as before close to the ferromagnetic/helimagnetic transition point (for o, = (4 — d,), d, — 0 and
An/V8, — 0) when k = k, — oo. To this end we first introduce the family of energies H* defined
such that HF»(u) = H,(u) if the spin field u respects the constraints while H*"(u) = +oo otherwise.
We then compute via [-convergence (with respect to the L' convergence of a properly scaled chirality
order parameter associated to u as in the S? case) the discrete-to-continuum limit of the family of energies

HFn ) ()\né;o’/ 2). As the lattice spacing \,, — 0, roughly speaking the collection of k,, copies of S' gradually
covers S%. If k, grows sufficiently slowly, the spins cannot modify their chirality continuously over a
slow spatial scale at zero energy cost, unlike in the unconstrained S? case. In Theorem 3.2, assuming
1 <€ ky < 6n 1 4, we show that the admissible chiralities are piece-wise constant BV functions, that
each chirality transition pays a fixed energy cost, and the limiting energy is proportional to the number
of transitions, hence mirroring the behavior of the S! case (see [15] for analogous results on helical XY
models where S? spins are constrained to finitely many S' copies). Furthermore, in Theorem 3.4, we
establish that the upper bound 5;1/4 is sharp. Specifically, for k,, ~ 5;1/4, the limit chirality is still a

function of bounded variation, but it is no longer piecewise constant. Moreover the limiting energy scales
k’ll

as its total variation and when a chirality transition occurs, both the I'-liminf and I'-lim sup of )\H(;%

may depend on the traces of the chirality. A detailed analysis of this dependence lies beyond the scofienof
the present work. From a technical perspective, the variational analysis of the present model amounts to
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analyze the functional HF»/ )\néi/ 2 which, in terms of a properly scaled chirality variable can be written
as a discrete approximation of a vector-valued Modica-Mortola-type functional (we refer to [7] for the
scalar case). In our framework, the considered functionals involve k,, disconnected wells that, as n — +oo
converge to a connected set (see also [20, 19, 8] for the study of phase field functionals with varying wells
in the context of homogenization). In this respect our proof strategy highlights how the topology of the
spin target space in our helical XY model, explicitly examined through the introduction of a higher-
dimensional analog of the N-clock model, can be related to the study of phase-transition functionals
whose potential wells undergo topological transformations as the transition length approaches zero.

2. NOTATION AND PRELIMINARIES

For d,k € N, we denote by £? the Lebesgue measure in R? and by H* the k-dimensional Hausdorff
measure in RY. The Lebesgue measure of a set £ C R is indicated with |E|. For every r > 0 and every
r € R% we denote by B,(z) the open ball in R? of radius » and center x. If x = 0 we only write B,. The
symbol SV stands for the unit sphere in R¥*1. Given two vector a,b € R™ we denote with (a,b) their
scalar product. Given two sequences of real numbers a,,, b, we write a,, ~ b, if there exist two positive
constants ¢; and ¢y such that ¢1b,, < a, < cgb, for every n > 1.

We now briefly recall some basic definitions about bounded variation functions. We refer to [3, Section
4.5] for more details on this topic. Let Q@ C R? be an open set. The space BV(Q,R™) of functions of
bounded variation is the set of v € L'(£;R™) whose distributional gradient Du is a bounded Radon
measure on () with values in R™*?¢. Given u € BV(£2,R™) we can write Du = D% + D*u, where D%
is absolutely continuous and D®u is singular with respect to £¢. The set J,, denotes the jump set of u,
v, stands for the approximate unit normal to u, and [u] := u™ — u~ represents the jump of u, that
is, the difference between the traces u™ and u™ of u on J,, defined according to the orientation of v,.
The set J, is countably rectifiable, while the density Vu € L'(Q,R™*9) of D% with respect to L9
coincides a.e. in  with the approximate gradient of u. The space SBV(£2,R™) of special functions of
bounded variation is defined as the set of all u € BV(Q,R™) such that |D*u|(Q\ J,) = 0. Moreover, we
denote by SBV.(Q2,R™) the space of functions belonging to SBV (U, R™) for every U € 2. Given a set
Q C R" we say that the countable family {E,}, is a Caccioppoli partition of Q if £4(Q\ U,E,) = 0 and
Yo P(Eq; ) =0, where P(E; Q) is the perimeter of the set E relative to €.

We now present the definition of bounded variation piecewise constant functions on ).

Definition 2.1. Given u € SBV({;R™) we say that u € BV,(Q;R™) if there exists a Caccioppoli
partition of 2 such that u is constant on each element of the partition.

Let © be a bounded closed subset of R™ with Lipschitz boundary, such that 0 € Q, and let {\,}, be
a vanishing sequence. We call Z2(9) the set of all i € Z¢ such that \,i € 2, that is

Z8(Q):={iez \i€Q}=Zn)\1Q. (2.1)

We introduce the triangulation 7, of € associated to A, as the triangulation obtained by Freudenthal
(also called Kuhn) decomposition of the cubes with vertices \,i for every i € Z4(Q + B \/E/\”). We also
define the space U%(€2;R™) as the space of functions z: i € Z4(Q2) — R™. Given z € UL(Q;R™) we will
often use 2° to indicate (7).

We also need the notion of affine interpolant.

Definition 2.2. Given z € U%(Q,R™) we call the affine interpolant of 2, and we indicate it with Z, the
piecewise affine function Z: Q — R™ such that #(\,i) = z(i) for every i € Z%(2) and which is affine on
the triangulation 7, of €.

Finally, we recall the notion of Kuratowski limit.

Definition 2.3. Given a sequence of closed sets {E,}, and a closed set E in RV, we say that the
sequence FE,, converges to E in the Kuratowski sense if, given a sequence of points {z,}, with z, € E,
for every n > 1, we have that any cluster point z of {z, }, belongs to E, and every = € E is the limit of a
sequence {z,}, with z,, € F,,. Alternatively, if and only if the sequence of functions dist(-, E,,) converges
locally uniformly to dist(-, F) on RY.



In what follows we introduce the spin model we are interested in and some of the results already
obtained in previous papers.

A configuration for the helical XY S?-spin model on the square lattice Z? is a map u: Z% — S? whose
energy is given by

E(u) = — Z (Jo(ui, u' ) — Jp (ut, w2 4+ Ty (ul, u“‘”)) , (2.2)

1€22?
where the constants Jp and J; are the interaction parameters for the nearest-neighbors (NN) and the
next-to-nearest-neighbors (NNN) interactions in the horizontal direction e;, respectively, while Js is the
interaction parameter for the NN interactions in the vertical direction. We let the three parameters

Jo, J1,JJ2 > 0 be scale independent.
Let © := [0, 1]?. Recalling the definition of Z2 () in (2.1), we define U2 (£2; S?) as the space of functions

u € Z2(Q) — S? and 52(9; S?) as the subspace of those functions u such that, for all m € ZN [0, [1/\,]],
it holds

(uu,m)’u(o,m)) _ (um/xn]’m)?u([l/xnlfl,m) : (2.3)

where [-] denotes the integer part. We moreover set R.(Q) := {i € Z2(Q): i+ 2e; € Z2(Q)} and
R:(Q):={i € Z2(Q): i+ex€Z2(Q)}.

Without loss of generality we scale the energy (2.2) by Ji, := J1/A, and rename Jy, and Jo,
accordingly, obtaining the energy for u € HQ(Q; S?) given by

> N dom(uhuter) = (W ut) = Ty Y A (ufutte), (2.4)

i€RL(Q) ieR2(Q)

We refer to [16, 15] for the computation of the energy E,, ground states. Taking Jy , > 4 leads to trivial
ferromagnetic ground states. Hence, we focus on the asymptotics of the renormalized energy

2
+ Jon E )\i }u”” - uZ’
iERZ(Q)

1 N / . _
H,(u) ;:5 Z /\i ut — O,nuz+el+uz+261

i€RL(Q)

when the parameter Jy ,, is in the vicinity of the Landau-Lifschitz point Jy = 4 and the parameter Js
diverges. To this aim, we introduce §,, — 0 and consider Jy ,, = 4(1 — J,,). We thus rewrite the energy
H,, as

H,(u) = Z Ao uf = 2(1 = G )u' T 4 i |2 + Jon Z A Juiter — u"|2 . (2.5)
i€RL () i€R2 (Q)

Within this choice stable states have a one-dimensional helical structure and may exhibit chirality tran-
sitions in the propagation direction (the horizontal axis in our case). Consequently, the analysis we are
going to perform starts by considering energies on one-dimensional horizontal slices of the domain. To
this aim we introduce some additional notation. Let I = [0,1] and define Z,(I) as the set of points
i € Z such that \,i € [0,1]. Define also R,(I) := {i € Z,(I): i+ 2 € Z,(I)}. Similarly as in the
two-dimensional setting we denote with U, (I;S?) the space of functions u: i € Z,(I) — u* € S?* and with
U, (I;S?) the subspace of those u such that

(u',u’) = (“DMnLU[l/M]_l) ' 20

It is convenient also to consider the following class of piecewise constant functions: given u € U,,(I) we
associate to it a piecewise constant interpolation belonging to the class

Co(I;S?) :i={u € U, (I;S?): u(x) =u" if x € \,(i +[0,1)), i € Z,(I)}.



The one-dimensional (sliced) renormalized energy is denoted by H2': L°°(I;R3) — [0, +00] and it is given
by

1 . . )

3 Z An u’ —2(1 - Sp)uttt 4 ul+2|2 if u € C,(1,S?),

Hyl(u) =S e (2.7)

400 otherwise.
It was proven in [15, Proposition 2.1] that the zero order I'-limit of H;jl is trivial.
Proposition 2.4. Let H': L>®(I;R?) — [0,400] be the functional defined in (2.7). The T'-lim, H!
with respect to the weak*-convergence in L is given by
{0 if lul <1,

Hsl _
(u) +00  otherwise.

This degeneracy of minima for H*! suggests to perform a higher order analysis by I'-convergence. In
order to study the higher order asymptotic behavior of the one dimensional renormalized energy we start

by introducing an order parameter. Given a function u € C,,(I;S?), for all i € {1,...,[1/\,] — 1}, we set
6% (u) = arccos((u®, u*1)) € [0, 7], (2.8)
and w® = u® x u**!. We also introduce a new order parameter z: Z,(I) — R? defined as
o x uit! i
=T T 2
which represents a rescaled angular velocity (to be well defined we set z[1/An] .= 2[1/An]=1) " Such 2 will be

extended in L'(I; R?) by means of a piecewise constant interpolation. We define the map T}, : C,,(I;S?) —
LY(I;R3) as the map that associate to each u the corresponding z according to (2.9). Notice that the
map T, is not injective and if u satisfies periodic boundary conditions in the sense of (2.3), then |z| is
periodic and vice-versa. Thus, we define the energy H2' on L!(I;R?) as

inf  H:'(u) if 2 =T, (u) for some u € C,(I;S?),
Hfll(z) — { Tu(u)=2 (2.10)
+00 otherwise.

Taking the infimum in the definition above has no effect in the asymptotic analysis we are going to
perform (see [15, Remark 3.1]). However, without restriction on the possible values the configuration u
can take on S?, it was proven in [15] that the T-limit of H3! is trivial as well. That is, in contrast to
the S'-valued spin system, for S?-valued spins the functional H3' does not penalize chirality transitions
between ground states and the optimal asymptotic energy for a transition turns out to be zero. The
following result is contained in [15, Theorem 3.1].

Theorem 2.5. Let H3': L*(I;R?) — [0, +oc] be defined as in (2.10). Assume that \}\gj — 0. Then the

sl
rescaled functionals ﬁ I-converge with respect to the weak*-convergence in L*°(I) to the functional

H'Y(2) =

0 if z€ L*™(I, By),
+o00  otherwise.

3. MAIN RESULTS

In order to better understand the role of topology in the emergence of chirality transitions, drawing
inspiration from [26] and [13, 14, 12], we modify the energy H3! introduced in (2.10) by adding a constraint
on the possible values the spin variable u can take on S?. Namely, we impose that u can take values
only on a subset of S? consisting of k copies of S', where k € N. We show that if k = k,, diverge "slowly
enough" as n — +o0o, we can detect a non-trivial limit energy. To carry out the analysis we need to
fix additional notation. Given k € N, let q1,...,qr be a family of k distinct points in S2. For every
le{l,....,k} weset S} :=S*n qf-, where qlJ- is the orthogonal complement of ¢;. We also define

k

k
Qr =A{aq, -, a}, My, = U St L = U span(q.).

=1 =1
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We restrict the spin variable u to take values only in M. Namely, we consider the subset C,,(I; My)
of C,(I;S?), defined as C,(I;S?) but with M}, in place of S?, and we define the energy H3'F: LY(I) —
[0, +00] as
inf  Hi'(u) if 2 =T, (u) for some u € C,(I; My),
Hzlk(z) = { Tn(w)== (3.1)
+00 otherwise.
Along the sequence the value k and the k points {q1,...,qx} can depend on n. Thus, to highlight the

possible dependence of k on n, we will write k, in place of k. Under the assumption knérl/4 — 0 we
show that we can recover compactness and I'-convergence for the functionals H2"*» to a non-trivial limit

functional.
Proposition 3.1. Assume that \,,/+/6,, = 0 and consider a sequence k,, in N such that kné,l/4 — 0. Let
zn = Tp(uy) for some u, € C,(I, My, ) be such that

HbEn (2,) < CA, 0372, for some C > 0. (3.2)
Then, denoting by Q the Kuratowski limit of the sets {Qg, }n, there exists 2 € BVye(I, Q) such that (up

to subsequences) z, — z strongly in L'(I).
Theorem 3.2. Let H:lFn: LY(I) — [0,4+00] be defined as in (3.1). Assume that \,/\/0, — 0 and

sl,kn
kn&ll/zl — 0. Then, the rescaled functionals i =7z L -converge with respect to the strong L'-topology to
the functional

V2A,8,

8 . —
5#5(2) if z € BVpC(IaQ);
400 otherwise.

The proof of Proposition 3.1 and Theorem 3.2 is based on some general results about discrete phase
field functionals with co-domain constraints which we present in Section 4.

Thanks to Proposition 3.1 and Theorem 3.2 we can study the asymptotic behavior of the renormalized
XY-model, that is, the energy H,, defined in (2.5) scaled by )\néf’/ 2, in the limit of strong ferromagnetic
interactions. To be precise, we assume that

A
50, Jone >e>0. (3.3)
) /6n

We embed the energies in a common function space, to this end we identify every function u € U (£2;S?)
with its piecewise constant interpolation belonging to the space

Croa(S?) = {u U (0:S?): u(@) = ulhni) if & € A(i +[0,1)2),i € Zg(m} .
We can extend the functional H,, to a functional defined on L*°(Q;S?) setting

H,(u) ifue C,2(Q;S?),
H,(u) = .
+00 otherwise.
Given u € C,, 2(€2;S?) we define 2 € C,, 2(;R?) as
ul x yiter
26y,

2t =

and write for short z := T}, (u). Given a family of k points Q) C S?, we can define the constrained energy
HE: LY(Q;R3) — [0, +00] setting
inf H,(u) if z="T,(u) for some u € Cy, 2(2; My),
HY(z) o=  Tn(0=2 (3.4)

+00 otherwise.

The following result holds.



Theorem 3.3. Let H*: L'(;R3) — [0, +00] be defined as in (3.4), assume that kenod/* = 0 and (3.3)
hold. Then, the rescaled functionals

. 7 I-converge with respect to the strong L'-topology to the
functional VPoR
ng(Jz) if 2 € BVje(2, Q) and z does not depend on y;
+00 otherwise.
Above, Q is defined as in Proposition 3.1.

Proof. The proof of this result follows by Proposition 3.1 and Theorem 3.2 arguing exactly as in Section
4 of [15]. Hence, we omit it. O

Finally, if k,, ~ d,, /4 we show that the previous considerations do not hold in general. Indeed, we
have the following result.

Theorem 3.4. Assume that /4 — 0 as n — 400 and let k, = 2[5, 1/41. There exist configurations

Qr, and two constants Cy,Co > 0 such that

sl,ky, slk

C1|Dz|(I) < T-liminf —2——(2) < I'-limsup

no4e0 (/3,602 S g ) = CeAPAD.

for every z € BV (I,Q).

Remark 3.5. Theorem 3.4 implies that in the critical case k,, ~ d, 1 4, there exists configurations such
that the I'-limit behaves asymptotically as a total variation. In particular, in the aforementioned case,
we have that for a general z € BV,.(I,Q)
sl kn 8 slkn 8
I-liminf —2%—— -5(z and I-limsup —2%——~ (2
I =572 (2) # 3502 msup s (2) #

Moreover, both the I'-liminf and the I'-limsup may in general depend on the traces 2T and 2z~ of a
function z € BV, (I, Q) on jump points. The analysis of such a dependence requires additional discussions
which would exceed the scope of this paper.

S(2).

4. DISCRETE PHASE TRANSITIONS WITH CO-DOMAIN CONSTRAINTS

This section contains the results regarding phase field functionals defined on a discretized domain and
with co-domain constraints. First, we fix some notation.
Let |- |4: RY — R be a norm on RY such that there exist c;,cy > 0 with the property that

alé] < |€la < el for every £ € RY, (4.1)

and the set {¢ € RV: |¢|4 = 1} =: K is a compact subset of RY. Let ¢, and r, be two vanishing
positive sequences, and let k,, € N a possibly diverging sequence. For every n € N, we consider k,, points
{q} } r) C K. Let Qn = {q} } mand Q C K the Kuratowski limit of the sets Q,, as n — +oo. We set

£ = span(¢)) + B, , for j =1,...,k, and £" := U 1 £7. We make the following assumptions:

(1) EA’;Z is a bounded sequence (the cylinders £7 must not be too close to one another);
ii) for ever > 0, there exists @ = (1) such that for every n > 7 we have
yn ) n y
£rNLL, C By, for every j,m =1,...,k, with j # m.

Set g,: RY — Rt U {+cc} as

gn(§) = {(|€|,24 - 1)2 felh (4.2)

400 otherwise.

We set R, () C Z¢ as the set of all i € Z2(€2) such that i + e, € Z4(Q) for every £ =1,...,d. We are
interested in the asymptotic analysis of the following energies for z, € U4 (Q;RY)
> . (4.3)

d
Ful : Z )\ngn )+ en Z )\Z <Z
En i€ER,(Q) i€R,(Q) =1

8
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The following compactness result holds true.
Proposition 4.1. Let z, € UL(Q;RY) be a sequence such that for every n > 1
Fo(zn) <C for some C' > 0. (4.4)

Then, there exists z € SBV,,c(Q; Q) such that, up to subsequences, z, — z in L1 (;RY).

An

Enth

following lower bound for the I'-limit. We define the function h: Q x Q@ — R¥ as

Thanks to Proposition 4.1, under the additional requirement that lim,,

— 0, we can prove the

4
h(q1, q2) == §(|Q1\ + lg2|)- (4.5)
Theorem 4.2. Let z, € UL (Q;RY) be a sequence such that z, — z in L' (;RY). Then, if 52‘22 — 0,
limJirnf}'n(zn) > / h(z=,z%)dH L. (4.6)
n—-—+0o0

z

Remark 4.3. Notice that the domain of definition of the function A is a subset of K, that is the 1-level
set of the norm |- |4. Moreover, indicating with ¢ the unit vector ¢/|q|, the transition energy h can also

be rewritten as
4 1 1
hQ17Q2:(A + = )
( ) 3 |Q1|A |Q2|A

Remark 4.4. The condition lim,, 6’\% — 0 ensures that the transitions between two different £7’s can

be detected in the limit by the norm of zn, being close to zero.

Finally, an upper bound matching with the lower bound holds. This entails a I'-convergence result
when &, — 0 for the energies defined in (4.3). Notice that the assumptions on \,, e, and r, are weaker
for the upper bound to hold.

Theorem 4.5. Let z € BV,,.(Q;Q). Then, there exists a sequence z, € UI(Q;RY) such that z, — z in
LY(Q;RY) and

limsup]-"n(zn)g/ h(z=,2")dH*!,
J

n—-+oo

where h is the function in (4.5).

We will use the following compactness result for piecewise constant functions defined on Caccioppoli
partitions (see [3]).

Theorem 4.6. Let Q C R? be an open bounded set with Lipschitz boundary. Let {u,}, be a sequence
in SBVyo (G RY) such that sup,, ([[unl| @) + HY ™ (Ju,)) < +00. Then, there exits u € SBV,(;RY)
and a subsequence (not relabeled) such that w, — w in L'(Q;RY).

Proof of Proposition 4.1. Observe that by (4.4) we have z, € £" almost everywhere on (), moreover,
the functions g, are independent of n on the set £", continuous and bounded below by ¢|¢[* for some
¢ > 0 when [¢| > 1. Hence, using standard arguments, we infer that the sequence {z,} is bounded in
LY ($;RY) and equiintegrable on 2. Consider the sequence

2 5" if [zn]a > 2,
T(z) :=1{ l|2nla

Zn otherwise.

By (4.1) and the definition of g, we have F,(T(2,)) < Fn(2,). We claim that if T'(z,) converges in L'

to z € BV(Q;Q), then z, converges to z in L' on Q as well. Indeed, since sup,, F,,(z,) < +00 by (4.4),

we have that |z,|4 — 1 pointwise on 2 as n — +oo. Hence, [{|z,]a > 2}| — 0 as n — +00. Recalling

that |T'(z,)|4 < 2 by construction and the fact that the sequence z,, is equiintegrable on 2, we conclude

that z, — z in L' as well. Thus, since it is enough to prove compactness for equibounded sequences
9



on 2, we may assume that sup,, ||z, | = @mr~y) < C. Let us define the piecewise constant scalar function
v € UL(Q) as vy, == |zn]a. By (4.2), (4.4), triangular inequality and recalling (4.1), we have

d
sup ei Z )\ﬁ((v;)271)2+6n Z XfL (Z

" " i€ER, () i€RL(Q) (=1

U _ Uz+6£

An

) <(1+e)C. (4.7)

Consider piecewise affine function %,, € H'(Q) associated to v, according to Definition 2.2. Given o > 0
small, using the equi-boundedness of z, on Q and (4.7) we estimate

JACSESEENEETIDS Aﬁ((v;)21)2+(1+i> [ (@ = @) da

1€ERL(Q)
1
(1+30) > M(( )2+C’<1+)/(Un—17n)2dx
i€Rn () g/ Ja
1+30‘ Z )\d ( ) Z )\d (Z i :L+ee’ )
1€ERL () 1€RR, (2) (=1
22

< (1+30)Ce; +C(1+c3) <1 + 1)

Hence, fixing o > 0, we have that

1
sup <5/Q(1~)’21_1)2dx+5"/9|v®n|2 dx)

1 4| pi — yite|?
— ~2 2 d n n
= sup a/Q(vnq) d:c+snlz )\,L(Z » ) (4.8)
i€R,(Q) =1
)\2
<C+ZC<Co1+r)<C.
€TL
Using the coarea formula we infer
3 [1/2
02/2(62—1)|V6n|dm27 HEL O D, < s} )\ ON) ds
Q 2 )1
Therefore, by the mean value theorem, for every n > 1 there exists ¢,, € (1/4,1/2) such that
HELH 0 {0, <t} )\ ON) < C. (4.9)
Moreover,
1
o, <t} NQ| < 56/(@,%—1)2dxgen0—>0. (4.10)
Q

We define the set of indexes where the difference between two adjacent points is bigger than r,, /4, namely

In::{iGRn(Q)3 e {[z, =55} = }

Notice that if we define

R I (T et

.....

then we have that #7,, > %. Hence, in view of (4.4) we can estimate

d ) 'L+e1/ d 2
C>en > A (Z A ) >3 M, (Z\z — zite| ) > N2 (#Jn)—".
i€R,(Q) /=1 1€Tn =1
This gives that
#1, < (4.11)

PN 25nr2
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Correspondingly, we consider the set Q,, :=|J (Ani + 10, \,)™) and observe that by (4.11)

i€,
HIH97Q, \ 09Q) < 2dN4! C _oM oo 1o} |<)\d7 < oa, < \C.
" - Y N " A2 2 T e
(4.12)

We define the set K, := (Q, U{0, < t,})NQ. Let E C Q2 be a connected component of Q\ K,,. We claim
that there exists j € {1,...,k,} such that for every i € Z4(Q2) with \,i € \,Z% N E we have 2! € £y
when n > 1 is large enough. Indeed, since o,, > t, > 1/4 on E, by definition of the piecewise affine
interpolation and since E N Q,, = 0, we also have on E that

20| > 1 2] 1 S 1 n o 1

zZ. — |z = — _— —.

" _62 nid Co n_4CQ 4 _862

Moreover, in view of assumption (ii), if we take n > 1 large enough we have that £7 N £, C By 16, for
every j,m =1,...,k, with j # m. Hence, by definition of £7, we deduce that

dist (Ey \ Bi/gess £ \ Bi/ses) = T, for every j,m =1,...,k, with j # m.

Fix i € Z(Q) such that \,i € \,Z9 N E. By (4.2) and (4.4) there exists a fixed index j € {1,...,k,}
such that z/, € £7. In turn, recalling that i ¢ Z,,, we have that 2= € £7 for every £ = 1,...,d as
well. Therefore, since E N Q,, = (), we can repeat the same argument for every i € Z%(Q) such that
Ani € MZ% N E and we conclude the claim.

Let {EZ}, U K,, be the partition of {2 induced by  \ K,,, where E? is a connected component of
Q\ K,,. For every a there exists j = j(a) € {1,...,ky,} such that z, € £} and |2,| > 1/4 restricted to
E'. Let us define the piecewise constant function 2, on € as

j(a) Emn-
3, =% 0N T (4.13)
0 on K,.
We estimate
~ Zn ~
lon — 2allzrcey < lonlligien + \ o — 22 T (4.14)
znlalloy ok, |Zn|A L= (@\K,)

Using (4.10), (4.12) and the fact that the sequence z, is equibounded, we infer that the first right-hand-
side term of (4.14) vanishes in the limit. The second term also goes to zero since the sequence z,, is
equibounded and |z,|4 — 1 in measure on . Finally, the third term vanishes by definition of £.
Recalling (4.9) and (4.12), we infer that 2, € BV,c(Q;RY) is such that [|Z,] gy ry) < C for every
n > 1 large enough. Therefore, using Theorem 4.6 we infer that there exists z € BV,¢(€2; K) such that
wt.s. 2, — z in LY(Q;RY). In particular, by definition of the sequence 2, we must have z(z) € Q for
almost every = € (2. Thus, we conclude that z, — z in L'(;RY) and 2z € BV,,¢(; Q). O

We now prove the liminf inequality using a slicing argument.

Proof of Theorem 4.2. Without loss of generality we can assume that sup,, F,(2,) < C and, arguing as
in the proof of Proposition 4.1, that the sequence z, is equibounded in 2.

First, we show that if z, converges in L'(Q;RY) to z, then also the affine interpolant 2, (recall
Definition 2.2) converges to z in L'(Q; RY) and

lim inf 5, (2, ) zliminfi/ (1215 = 1)° dx+5n/ V2, |2 da. (4.15)
Q Q

n—+oo n—+o0o £,

Recalling that #R,,(Q) < CA,, ¢, we have

/|Zn—2’n|d$< Z )\d <Z‘Z z+ez>§ C)\;Ld Z )\2d< dZ‘ZZ_ z+ez >

1€ER, () 1€ERL(Q)

_ H—ee 2

/\
\ﬁ_

i
Zn

d
<SCh | YD MDY

i€RA () =1




Hence, ||Z, — 2|21 < |20 — 2nllr + ||2n — 2|11, that is, Z, converges in L'(;RY) to 2z as n — +oo.
Arguing similarly to the proof of Proposition 4.1, for ¢ > 0 we estimate

/Q(Iénli—l)de< (1+30) S Mz -1 +dC ( ) 3 Ad(Z’Z z+e@>

1€ER, () 1€ER, ()

. 22
<430 3 NG -1 +c20( HES

En
i€R, (Q)
Thus,
1

En

(- 17 dx+en/ V5,2 de

A2 1
< (1+430)Fu(zn) + 5C(1+ = .
3 g

n

Since o > 0 is arbitrary, we obtain the desired inequality (4.15). Hence, it is enough to prove that

1
lim inf (/ (125 — 1)2 dx—l—en/ |V 2, |2 dgg) > / h(z=,2")dH!
n—-+o0o €n JO Q J,
for z, — z in L*(Q,RY).
We now prove the statement for d = 1 and then we proceed by a slicing argument.

One dimensional estimate: We assume that the set 2 is a bounded open interval I of R. By Proposition
4.1, we have that there exists z € BV (I, Q) such that u.t.s. z, — z and %, — 2z in L(I, RN) Hence,
the set J, is a discrete finite set contained in I. Observe that in (4.11), since d = 1 and =l 0 by
assumption, we have that for n large enough #Z,, = 0. Thus, for every ¢t € J, we have that there exists
a sequence o, — t such that Z,(0,) — 0. Fix ty € J, and assume that z = ¢~ € Q and z = ¢+ € Q in
a left and a right neighborhood of ¢y, respectively. There exist three sequences {t,},{sn}, {0} C I such
that s, < t,, on € (Sn,t,) and

Zn(sn) = q~, Zn(tn) = qt, Zn(opn) — 0. (4.16)
Fix n > 0 small and let 5, := min{t € [s,,0,]: |2.(t)] < n}. Hence, since #Z, = 0, there exists
j €{1,...,ky} such that for every t € [s,,3,], 2,(t) € £}. By definition of Z, we thus have 2,(t) € £}
for every t € [s, + An,Sn — Anl, that is, Z,(t) = pn(t)q} + 0n(t) with p,(t) € R and 6,(t) € RY,
160 (t)] < 74, q}|a = 1 and ¢} — ¢~. Moreover, using again that #Z, = 0 for n large enough and the
fact that |¢~| > ), we infer that the set [s,, + A, S, — A,] is non empty. Therefore, setting w,, := |Z,],
and using the fact that z,, is uniformly bounded on I we estimate

gn _)\n

1 Sn—An Sn—An
— (|2n|’f;—1)2 dt+5n/ \V%n\thZQ/ (1223 — 1) |V, | dt
En Js,+x, Sn+An SntAn
Sn—An
—o / 0 + 5,0 1) Vi
n+tAn
Sn—An |§n _ §n|2 ~ ~ Sn—An R
22/ —m L |an|dt—20\\zn||Loo/ [0, ||V, | dt
Sn+An |qg | Sn+An
Sn—An ~ 12 Sn—An
> 2/ | :‘2 -1 |V1Dn|dt—40||2n||Locrn/ |V, | dt
SntAn ‘q] | Snt+An
g™ |—n 72 4
22/ T — 1| dr —4C|Z,||pernlg | = Slg7 | = Cn— Crp — Clg —q7 |
" g7 | 3 '
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Repeating the same argument for g™ and then for every ¢ € J,, we get the desired inequality

hmlnf]: (zn) > Z g (== @)+ 127 (@)]) .

n—-+o0o
teJ,

d-dimensional estimate: We first fix some notations. Given ¢ € SV~! we define Il; = {z €
RN: (z,&) = 0}. For every y € Il we set

Qg,y ={teR:y+t£ €} Zg’y(t) = z(y + t§).
For every open set U C ) we localize the functionals defining

1
Fn(Z,U) = —/U(|2|?4—1)2d:c+5n/U|V2|2d:c.

En

Given ¢ € SV~ and y € II¢ we also set

1
FSY(3,1) = :/(|257y\2A—1)2dﬂc+6n/|ééyy|2dx
n JI I
and
£ (s EY (s d—1 1 2
Fa(2,U0) = | Fp¥(Z,Ugy) dH (y) = E (125 — 1)* dx + &, IVZ )| da.
Hg n U

Thus, F5(2,U) < Fn(Z,U). Let now z, € UL(Q;RY) such that liminf, ]-'n(zn) < C. Thanks to
Proposition 4.1 we have that there exists = € BV (Q; Q) such that u.t.s. 2, — z and z, — 2z in L*(Q; R").
Recalling the definition of Q,, in the proof of Proposition 4.1, notice that for every ¢ € SV~ we have

HIT ({y € Me: Qeyy N Qp #0}) < HTH(Q,).
Moreover, by (4.11) and (4.12) we have that

2
Q<o W9, < 0,
&

nn nin

hence by assumption H?~1(Q,,) — 0. Fix £ € S¥~! and observe that for H% !-a.e. y € {y € IIe: QeyN
Q,, = 0}, since z, — z on Q¢ ,, by the one dimensional estimate we have

4
F&Y(z, Uey) —hmmf]:éy(zn,Ug y) > Z B (|z+|—|—|z7|)

n—-+oo
teJ.NUe 4

Using the fact that H?"1(0Q,,) — 0 and Fatou lemma, we estimate for every ¢ € SV—1

lim inf F,(%,,U) > liminf F$(Z,, )—hmlnf/ FEY(2,,Ue.,) dHY ™ (y)

n—-+4oo n—-+4oo n—-+oo

4
> [ FOY(2,Ue ) dHY( / = (|27 +127]) dH ()
II

e € te.NUe,,

- / 3 (= @)1+ @) [ 0), 0 H 0),
U

z

w

Therefore, setting F¢(z,U) = Jn, F&Y(2,Ue,) dHY(y), for every ¢ € SV¥~1 and every open set U C
we have

it 750, 0) 2 F20) 2 [ 2@+ 1 @) (). 01 @)

Since F,, are local functionals, by standard arguments (see [5, Lemma 15.2]) we deduce that, given a
dense countable subset {&;} of SV 1, for every open set U C Q

- - 4 . _

lim inf 7, (2, U) Z/ 3 (2 ()] + 2% (2)]) sup{| vz (), &) [} H ™ ().

n—-+4oo
z

Since sup,{|[{v.(z),&;)|} = 1 for every x € J., we conclude.

The following result is contained in [6, Theorem 2.1 and Corollary 2.4].
13



Theorem 4.7. Let Z C RY be a finite set and Q C R? a bounded open set with Lipschitz boundary. Given
z € SBV(Q; Z) there exists a sequence z, € SBV(Q; Z) such that J,, is composed by the intersection of
Q with a finite union of (d— 1)-dimensional simplexes, z, — z in L*(; Z) and H1(J,,) — HI(J],).

We now present an approximation result which will be useful in the proof of the limsup inequality.

Lemma 4.8. Let z € BV, (;Q) where Q C K with K C RY compact. Then, there exists z, €
BV, (4 Q) such that J., is composed by the intersection of Q with a finite union of (d — 1)-dimensional
simplexes, z, — z in LY(Q;Q) and HI=(J,,) — HI7L(J.).

Proof. If z takes only a finite number of values in @) then we can use Theorem 4.7 to conclude. Otherwise,
let us show that for every € > 0 small it is always possible to find 2. € BV,¢(£; Q) such that z. takes
only a finite number of values on Q, ||z — z||11(q) < Ce and H¥ 1 (J.AJ,) <e.

Let {E,}a be the Caccioppoli partition of 2 induced by J,. We have Y. HI"1(0*E, \ 99) < +oo
and ) [Eo| = [Q]. Let ap > 1 be such that

> HITHOEL\ 09Q) <, > B <.

a>ap a>ap

Let ¢ € Q, we define z. = z on Ua<aoFo and z: = g on Ug>a,Eo. By definition of z. we estimate

HETNLAT) < Y HITHO'E\0Q) <&, 2=zl < (2l + |2]) | [Eal < Ce.

a>ag a>ap

Thus we conclude. a
We are ready to prove the limsup inequality.

Proof of Theorem 4.5. In view of Lemma 4.8 we can assume that J, is the intersection of 2 with a finite
union of (d — 1)-dimensional simplexes. Hence, .J, is relatively closed in Q and it coincides with its
Minkowski content. Fix 7 > 0 small. For every n > 1, we define §,, € C(Q) the regularized function such
that 6, € C*(Q\ J.), and, for every x € Q,

(dist(z, J.) — 3vd\,) T

5 < Op(z) < 2(dist(z, Jz)—2\/a)\n)+, Von|lLee(y < 1+T, V25, (z)] < ¢

= dist(x, J,)"

(4.17)
Let f, € C?%(]0,+00)) be the almost optimal profile function such that f.(0) = 0, f,(t) = 1 for every
t>1/7 and

+oo +oo 4
| -araes [ gora< g, (418
0 0

Since z € Q in (, there exists a sequence 2, € BV (Q,Q,,) such that J;, = J, for every n and 2, — 2
uniformly on 2. We define the sequence of functions v,, € C?(f2) as

i) i= [aalsy (222,

For every x € Q\ J, using (4.17) we estimate

1 On () o On() C 1
1 N
PSR < 2 ) 7 Ir Enl2n] + en dist(x, J,)

En gn‘zn|

C

22
5,”

Vo (2)] < V2 (2)] <

de))

.19)
We claim that

9 2

lim sup (1/ ( Un_ _ 1> d:L’Jr&:n/ |an2d1:> < (1+7)? limsup/ 4 (127 (@) + 12} (2)]) dH(2).
n—-+oo En |Zn|2 n—-+oo J. 3

(4.20)
We are going to prove the claim sketching the arguments as they are quite standard. First notice that
the intersection of the interfaces in .J, is a set of finite H¢~? measure. Thus, in an arbitrarily small
neighborhood of this set the energy is arbitrarily small. Moreover, far from J, we have that taking n
large enough the energy associated to v, is arbitrarily small. Let now T be an interface of J, (without
loss of generality we can assume that T lies on {z4 = 0}). Take v > 0 such that (T' x (—y,vy))NJ, =T,
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we can always find such v up replacing T with 7" € T compactly contained in the topology of R4
Assume that 2, = ¢} on T x (—v,0) and 2, = ¢4 on T x (0,7). We estimate for n large enough

1 v2 2
— ( 5 —1) dx—|—an/ |V, | dz
En JTx(—~,0) |Z7l‘ Tx(=7,0)

0 / 2 2 / 2
/ / 1 fT < (x t)> -1 + ifq/_ <5n(x 3t)> |V(Sn(l’/,t)‘2 dtdr}_ldfl(x/)
enla?| En Enlqt

Sn(x

(1+7)|q}| // st (f-(s)? —1) + (fL(s))? ds dH¥ 1 (")

4
< (1+ 7Pl SHOAT).

Repeating the same argument for 7' x (0,7) and then for every interface in J, we conclude the claim.
We now estimate the difference between the energy in (4.20) and the discretized one. Let us define the
discretized function v, € UZ(Q;RY) as v}, := v, (\,i). For every o > 0 small, using the fact that v, is
equibounded and vanishes near J,, we infer

TL

LS )

i€ R, () (4.21)
1 2 ? 1 '
< +39 / ( })"2 - 1) dx + < (1 + ) Z / U — v (Ani)|* d.
en  Jo \|zl En T/ sern(9) ) Anitl0An)?

Let Ky := J, + By for A > 0. We now estimate the reminder term in (4.21). By (4.17) and (4.19)

1 N2 1 A= 2 42
- Z [un (@) — vp(And)|” do < — 515 12 I Vonllz<As d
" iER, (@) Y Anit0AR) " ieR, () T Anit0A)DNKe,, /- enlénl
1 A2 CHI! A2
<C* |K€n/7|</H7(> 5
n n T 671

Hence, since A, /e, — 0 as n — +o0,

1 % ? 1+3 2 ?
lim sup — Z /\fl (A(U"))z — 1) < lim sup tdo / (|AU"2 — 1) dx. (4.22)
ERn(Q) Q@

n—4oo €n i |Zn()\n'L n——4o00 En

Similarly as before, for every o > 0 small we have

d _ ayiteg d "9
Z AL ZL — ¢, Z Al Z Un()\l+86e)d
€Rn () =1 >\n i€ER, =1 7L 0 al'/
<en(1+ 30)/ |V, |? de
Q
! 2 |ou 1 " Qv 2
e <1+) / - (x —(A\i + seg)ds dr
7 ieg(n) Ani+[0,A0)4 gzzl Oz A Oy

(4.23)
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We now estimate the remainder term in (4.23). Using Jensen inequality, (4.17) and (4.19) we get
2

d
3vn An Ow,, _
© -3 —(Ani + sep)ds dx
nieRX”:(Q) /,\nz'+[o,,\n)d ; 8(Ee o Oz "
d A 9
™ |Ov ov
= “(z) — == (Ani+sep)| ds| dz
)\ Rz: /(/\ni+[0m,)d)ﬂKgn/T\K\/gxn (;/O ) Oxy
=€ / Xo o osup VR ()
ieRn(Q) ! Qi 0A)DNK e, \K /gy, Anit[0,A0)?
2 d—1 /T O
< énd Kep/r — dt
< )2 4| el + 5 7—[ J )/ﬂ e
C A2\,
< Sy, ( + )
Therefore,
d i itep |2
v — v
limsup €, Z AL Z LR < limsup(1 +3a)sn/ |V, |? da. (4.24)
n——+00 i€RN(Q) =1 >\n n—s—4o00 O

Combining (4.20), (4.22), (4.24) and the fact that 2, — z uniformly on Q, we conclude

lim sup F, (v,) < (14 30)(1 -|—T)2/J g (|2~ @) + |zt (2)]) dH* (). (4.25)

n—-+oo .

Notice that by definition v, — |2,| in L*(£2). We are now ready to define the recovery sequence z, €
ULQ;RY) as z, == v, é:l‘ Notice that by construction it holds z, — z in L!(Q;R"™). Finally, since v,, =
0 on K /5, and |z,| = v, by definition, we infer that for every n > 1 we have |2}, — 2/,7°| = |v], — v};t*]
for every i € R,,(Q) and £ =1,...,d. Thus,

1 (vi)? 2 d i — yitee|?
Fulzn) = — | s — n AL sk
() S Z " (|2n()‘nl)|2 ) e ; Z ! (Z An )
i€R, () I€ER(Q) =1
That is,
4

limsup Fp,(2zn) < (1 +30)(1 + 7)2/ 3 (|27 ()] + 121 (2)]) dH 1 (z).

n—+oo J.
By arbitrariness of 7 > 0 and ¢ > 0 we conclude the limsup inequality. |

5. CHIRALITY TRANSITION IN THE REGIME 1 < k,, < 5;1/4

This section is devoted to the proof of compactness and I'-convergence for the chirality model defined
in (3.1), in the case knd,l/4 — 0. Finally, at the end of this section we prove Theorem 3.4. We recall
now some important facts we are going to use. The first is a compactness result for scaled energies
proven in [16, Proposition 4.3]. It holds for spin variables taking values in S!, the adaptation for S? is
straightforward.

Proposition 5.1. Let y,, — 0 and let u,, € C,(I,S?) be a sequence such that
sup H! (un) < CApfin, (5.1)
n

for some C > 0. Then, for all i we have
(1= 60) — (uh, wi )] < Cpal/?.

n’'n

In particular, this implies that (ul,u’*t') — 1 uniformly.

n’ n

The next two results are proven in [15, Proposition 3.1 and 3.2] and give useful bounds at the energy
scale /\n&?{/ 2,
16



Proposition 5.2. Let 2z, be a sequence in L>°(I,R3) such that
L H()
Rk
and let u,, € C,(I;S?) be such that z, = T,,(uy) for all n. Then, there exists a sequence of positive real
numbers v, — 0 such that for n sufficiently large the following two bounds hold true:

< C < +oo,

2
Hol(z, wit! i 2 A(1 = i+1 i

e o S s ([ ) o2l 5 A
V2X0n An i€R,(I) n ™ GERL(D) "

2

Hel(z, /28 uitl i|2 il i 2

(2332 = Z An ( /ﬁu _1> /7 Z An e (5.3)
V2An An i€R,(I) n " ieR,(I) An

\}\% — 0 and let z, be a sequence in L>°(I,R3) such that
Hyl(20)

sup —2——/-

n V26

Then, ||zn||re is equibounded and, up to subsequences, z, converges weakly* in L°>°(I) to some z €
L°°(I, By). If in addition z, — z in L(I), then z € L>°(1,S?). Moreover, for every n € N we have

sup |2ttt — 2012 < 2C/6,. (5.4)

< +o0

Remark 5.4. Let z, be a sequence in L>(I,R?) verifying the bound in Proposition 5.3. By definition,
for every n € N we have that

sup (1 - (u;,uﬁl)Q) = sup 20|28 1% < 268, || 2nll L~ < 26,C.

In turn, recalling Proposition 5.1, we infer that
sup ludtt — b > = sup (2 — 2(uitt, ul)) < 46,C. (5.5)
i
The following result will be important in the asymptotic analysis of the energy. In view of this result
we can treat the energy as a phase field type functional.

Lemma 5.5. Assume that \,/+/d, — 0 and consider a sequence k, in N such that k,\/6, — 0. Let z,
be a sequence in L>=(I,R3) such that

HebEn (2,) < CA\632, O > 0. (5.6)
Then,

lim sup ”dlSt(Z”’Efz)”L” <5VC, (5.7)
n—4o00 \/knén/

where C is the constant appearing in (5.6).

Proof. By definition of H3!'*» we have that z, = T},(u,) for some u, € C,(I; My, ). Since the sequence
zy, verifies the bound in Proposition 5.3 and Remark 5.4, we have that (5.4) and (5.5) hold for z, and
Un, respectively.
Step 1: By assumption u,, € C,(I; My,), thus there exists ¢ € {qi,...,qx,} such that u € S Nq*t.
We claim that for n large enough, if dist(20,span(q)) > 2v2VCv/En6x/*, then ul, ¢ S? N gt for every
I=1,... kn.

By rotational invariance, it is not restrictive to assume q = (0,0,1) and u® = (1,0,0). We first
prove that it is possible to find u1 € S? such that dist(22,span(q)) > 22V C/Tndd*. Let ul =
(), 1 Uy o; Uy 3). By definition of zJ it is sufficient to have

u'n,
| 2;' > 2V/2V 06\ k. (5.8)
n
Recalling that by definition of w,, and (5.5) it must holds

(Uylm)z + (U}L,QV + (Uyll,3)2 =1, (Uylll — 1%+ (up o) + (urll,3)2 < 4C56,. (5.9)
17




We observe that for instance the choice u), , = 0 and uy, 5 = 4V /Ty, satisfies (5.8) and (5.9)
when [u), 5| < 1 and |u}, 3|* < 26,C, and these two inequalities are verified for n large enough since by

assumption k,\/3, — 0. Since dist(z2,span(q)) > 2v2VCv/Fndn’*, we have
max |z9w-| > 2V C\/kn 0L 4. (5.10)
i=1,

We may assume that in (5.10) j = 2 is the maximum and that z) , = —u,, 3/v/20, <0 (i.e. uy, 3 > 0).
The other cases are analogous. By triangle inequality, Holder inequality, recalling (5.2) and (5.6), for
every l =1,...,k, we have
o —1 2 o —1
|2, — 20 (Z |zt — 2 ) <kp Z |2t — 212 <k, Z |20t — 2012 < 2Ck,\/6n.
i=0 i€Rn(I)

Hence, recalling (5.10),

C\V/kn6i*
ZLQ < —(2-V2VCVk,8/* < f% for every I = 1,... ky, (5.11)
which proves the claim provided uﬁw > 0 for every [ = 1,...,k,. We prove it by induction. For [ = 1
this is true by assumption on u;, 5. Take I € {1,...,k, — 1}, knowing that u}, ; > 0 we want to prove

that u},"3 > 0. By definition of z}, we have

I Ly l 1 l l l 1 ul"’l B u?ll u?’rll
P +1 _ +1 +1 _ l +1 +1
oy 1= =ty X Uy W(Un —u, ) Xu, = NorH Uy o — Uy | X | uyy
n n n ul _ ulJrl ul+l
n,3 n,3 n,3
Hence, using (5.11),
I+1/ 1 I+1 I+1/, 1 I+1
\/751/4 un,l (un,S — Uy 3) Uy 3 (un,l - un,l ) (5 12)
2 —_— - .
“n 20, 20,

Recalling (5.5) and that u® = (1,0,0) together with the fact that k,\/d, — 0, using triangle inequality
we infer for n large enough

ufn—t_ll 2 1- 2\/5]6”\/(% 2 %’ | l+1| < 2\/>k \/:7 |U%n,1 H_1| + |un3 H_l‘ < 4\/>\/7
(5.13)
To prove that ul§ > 0t suffice to show ul;’§ > un 5- Assume by contradiction that ul, ;—ul;'y > 0. Then,
by (5.12) we have bt (ul, 5 — ulty)| < |ul+1( ui1)[, which by (5.13) implies |2, 5| < 8CV/&, k-

However, this is in contradiction with (5.12), as 671/4\/ kn > \/Onk,. Hence, uffgl > un73 > 0 and the
claim is proven.
Step 2: We are now ready to prove (5.7). In particular, we will prove that for every n large enough we

have

[ dist(zn, £k, e < 5V O\ kn6L/2.
We argue by contradiction. Assume that (possibly passing to a subsequence) there exists ¢ = i(n) such
that dist(z2, £ ) > 5vVCOv/Enon'*. Let I; € {1,...,k,} be such that ui, € S!. By Step 1 we have that
uiti ¢ Slli for every j = 1,...,k,. By triangle inequality and Holder inequality for every j = 1,...,k,
we have

nl

1/2

dist (257, ;. ) > dist(2%, £x,) — |227 — 28| > 4VC\/ k8Lt — Vky, Z |zm L 2m2
meR, (I)
> 5V CV kbt — V2V O\ k6t > 22/ C k814
Owing Step 1, we can now repeat the same argument with zi*7 for every j = 1,... k,. We deduce
that uit/ € Slliﬂ, where ;1; € {1,...,k,} for every j = 0,...,k, — 1 and l;+; # litm whenever
j,m € {0,...,k,—1} and j # m. Therefore, we conclude that u’*» ¢ Slliﬂ_ for every j € {0,...,k, —1}.

That is, utt*» ¢ Mj, . Since u,, € C,(I; My,) this gives a contradiction.
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Before proving compactness for sequences with bounded energy, we recall an useful result.

Lemma 5.6. Let {v,}, be a sequence of functions such that v, € Cp,(I) and v, > 0 for every n > 1.
Let B, € Cp,(I) be a sequence converging uniformly to 1. Assume that A, /v/0, — 0 and that there exists
C > 0 with the property that for every n > 1

V26, Z 12 2 An vitl — oyt
A (|Buvh|” = 1) + S| <cC (5.14)
An i€R, (1) ( ) 2/ i€R, (1) An
Then, if we set
S :={x €Il: there exists x, — x such that liminf,,_, . v,(x,/An) =0}, (5.15)

we have that #S < N¢, where No > 0 is a constant depending only on C; and for every open set
A €I\ S, there exists ny > 0 such that

it ) 2 1
Proof. The proof follows the lines of [18, Lemma 2.5, we only highlight the main differences.

If #5 = 1 we conclude. Let s! < s? € S. By definition there exist sequences s/, € I such that s — s,
lim inf,, v, (8% /\,) = 0 for j = 1,2 and s. < s2 for n large enough. Moreover, since by (5.14) we have
that v, — 1 almost everywhere on I as n — +o0o, we infer the existence of a sequence t, € I such
that t, — s, t, € (s}, s2) and liminf, v, (t,/\,) = 1. Since v,, € Cy,(I), let 8. and %, the nodes such
that vy, (tn/An) = Vn(tn/Mn)s vn(8L/An) = va(sk/\n) and 8L/, € Z, ,,/\, € Z. By definition we have
5L < 1, < s? for every n large enough. Hence, in view of the previous considerations and since 3, — 1
uniformly, we have
2

V20, 02 2 An vt =,
IRSCI S (T M SR C e
i€ R (54 n]) i€ R (8},80))

1 ) , : 1
> lim inf Z — (|ﬂn’l};|2 - 1) |U:L+1 U :
A i V2 w2

Together with (5.14) this gives that #S < 4y/2C + 1. Finally, the second statement follows directly form
the definition of S. |

We are in a position to prove compactness for sequences z, € L>(I,RY) with X ;3/2 Hebkn(2,) < C.

Proof of Proposition 3.1. We divide the proof into three steps. We use the notation 2z := z/|z| for
z € R3\ {0}.
Step 1: Assume that |z}| > 7 > 0 for every [ € {0,...,k,}. We first prove that there exists ¢ € Qy,,
and £ € {0,...,k,} such that

1/4

|25 —dq| < Con’_, (5.16)

n
By definition of u,, € C,,(I;S?), there exist two indexes 1,1z € {0,...,k,} with l; < Iy and g € Qy,, such
that u¥ € SN ¢t for j = 1,2. By rotational invariance it is not restrictive to assume that ¢ = (0,0,1)
and ul} = (1,0,0). We claim that there exists £ € {l1,...,l>} such that |z ,| < 4/CsL/*. Suppose that
this is not the case. By (5.4) we have that

zfl,z < —4V/ 54 for every I € {l1,...,l2}. (5.17)

The case 2z}, 5 > 4/Csi/* s analogous. We want to show that u!, 5 > 0 for every I € {l; +1,...,l5}. This
would give a contradiction since ul, € S? N ¢ and thus u!, 3 = 0. Recalling the definition of z, we have

l l+1) ul-i-l(ul _ l+1)

l
Up, (un 3~ Up3 3\%n,1 Up, 1
— 4O > A = el S md L 5.18
n n,2 26” 26” ( )
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Using (5.5) and that «% = (1,0,0), for n large enough and [ € {1,...,k,} we infer that

Wl > 11— 2V 0k, /6, > ulty | < 2v/Chn/6n, uly y — ub |+ Jul 5 — ulf3| < 4VCV/6,
(5.19)
h1— ul+1)| > ful, o (ul, 5 — ufl+§)| That is, by (5.18) and

(5.19), |2} 5] < Ck:n\/: < 55/* by assumption on k,, which is a contradiction in view of (5.17). Thus,
ul, 3 > 0 for every | € {I1 +1,...,l2}. Therefore, there exists ¢ € {l1,...,lz} such that

|24 5| < 4V/CsL™. (5.20)
For every [ € {ly,.. .,l2} by (5.5) and the fact that v2 = (1,0,0), it holds

N |

1

If it were ul, 5 > ul+ we would have |ul, 5(u

Znal < F (Junfs (o = w2+ g3 (5 — 1)) < Chin /0 < 6,71 (5.21)
Hence, for ¢ = (0,0, sign (2, 3)), combining (5.20) and (5.21) we get
2 2 2
’Z’fl - |Z£,3|Q| = ‘4,1‘ + ’2£,2| < Cy/0n. (5.22)
Observe that for n large enough, by assumption we have |z}, 5| > 7/2, hence by (5.22)
2
g Galhal) BV
. zllensl Zallzn sl U

Finally,

|2t —q <2-2(2kq) <

and (5.16) is proven.

Step 2: Let I; < Iy € N and assume that |z!| > n for every | € {l,...,lo}. Our aim is to prove that
Chndi/?

< for every [ € {l1,...,l2}. (5.23)

n

Notice that an application of Holder inequality would not be enough, as the number of indexes between

1 and Iy may be much larger than k,. Let us split the set of indexes into sets of at most k,, elements,

that is {l1,...,la} = US_| N, where S € N, #N, =k, forall s =1,...,5 —1 and #Ng < k,. Using Step

1 we have that for every s = 1,..., S there exists iy € N, and ¢° € Qi such that |2% — ¢°| < 06,1/4/77.

We define the set N C {l,...,l2} in the following way:

|2

[ € N if there exist s,t € {1,...,8} such that iy <[ < i; and ¢° = ¢".

Since there are at most k,, different elements in @, and in view of Step 1, we infer that
# (s I\ W) <282 4 ke < 382,

Moreover, for 2% and it with ¢° = qt, we have |5% — 5it| < C55/* /. Therefore we estimate using Holder
inequality

n

' s/
Zéff _ 221‘2 < Z ‘Az+1 C;

i€{ln,. la \N

; CVon,
cpfme X loape O
Ui
i€{li,la \N
Using the bound on the energy, for n large enough this gives

CV/on
e

2 < Ck?

- o Yo - s e O

i= l1
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Observe that the estimate does not depend on ls > [l1, hence, repeating the same arguments with
I <1< lg, we conclude (5.23).

Step 3: For every n > 1 let us set v, := |z,| and h,, := 2, /v, when v, # 0. By definition of z, we have
vy € Cp(I), v, > 0 and h,, € C,(I;S?). Moreover, for every n > 1 and i € R,,(I) we have

ent™ = 2P = 2t P+ Lz = 2020 2) = (07 + ()7 = 20, g (R )

r n
> (0,712 + (0,)* = 20"y, = ot — o 2.
Hence, since z, satisfies the bound (5.6), by Proposition 5.2 and Lemma 5.6 there exists J C I and
N¢ € N such that #J < N¢ and for every open set A € I\ J, there exists a constant 174 > 0 such that

liminf inf v, (x) > n4. (5.24)

n—+oo z€A

Let {I,}Y<t! be the family of connected components of the set I\ J. Fix I € {I,}a, we claim that
2n — q in LY(I;R3), where ¢ € Q. To this aim, let A € I be an open set, by (5.24) we can find n > 0
such that v, (z) = |2,[(z) > n for every x € A. In view of Lemma 5.5, we have that for every i € R,,(I)
such that A,i € A there exist t!, > 0 and ¢}, € Q,, such that

|28 — ti gt | < 5V C\kndL/4 (5.25)
Moreover, it holds ¢, > n/2. Indeed suppose by contradiction that ¢!, < 1/2, then we would have

VOV ki = |2 — thdhl = vl — thah| > .

which is clearly impossible for n large, as kndnt =0 by assumption. Using (5.25), for every i € R, (I)
such that \,7 € A we infer

ipd gd i Qpi i 0|2 1/2
(i gy = Cnltnofndn) g [nhn — tnul” ) ORnd™
Uptn, ont, n?
from which we estimate y
L i Cknoy?
iy — > <2 =2(h,, q7,) < Tn (5.26)

Fix 7 € R, (I) (possibly depending on n) such that \,i € A and set g2 := qi € Qy, - Using (5.23), (5.26)
and triangular inequality we estimate, for every i € R,,(I) such that i\, € A,
C\Enoi? N Chadi* _ Chpdi*

U noo- om0
Passing to a subsequence if necessary, we have that q;;‘ — @ € Q. Therefore, for every i € R, (I) such
that \,7 € A, it holds

|BE — g < |hi) — hi| + [, — | < (5.27)

i _al < |ni e i
bl —ql < |hi, — ai| + g7 —al < e g — gl (5.28)

Hence, hi, — G in L>°(A;S?) for every i € R, (I) such that \,i € A, by assumption on k,. Recalling
that v, — 1 in L*(I) since ||z|r~ is equibounded, we get that z, — g in L'(A4;R3). Let now A’ € I be
such that A C A’. Reasoning as before we infer that for the same subsequence we have that 2z, — ¢ in
L'(A’;R3). Hence, we conclude that z, — ¢ in Ll _(I;R?). Combining this with the fact that ||z, L~ is
equibounded, we have proven the claim. For every a = 1,..., No+1 we thus have shown that there exists
da € Q such that (passing to a further subsequence if necessary) z, — Go in L'(I4;R?). Therefore, if we
define 2 := g, in I, for every « = 1,..., No + 1 we get that z, — z in L' (I;R®) and z € BV,.(I;Q). O
% in the regime kné}z/‘l — 0.
Proof of Theorem 3.2. Lower bound. Without loss of generality we can consider a sequence z, =
T (uy) for u, € C,(I, My,) such that z, — z in L'(I,R3) and
H sbFn " HsbFn "

lim inf Hy ™ (zn) _ lim Hy " (2n)

n—+0o \/5)\77,573/2 n—s+o0o \/ﬁAn§i/2
21
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Thanks to Proposition 3.1 we have that z € BV,.(I,Q). Hence there exist N € N values ¢, € S? for

a=1,...,N such that z(I) = {¢q1,...,qn}- We now show that the rescaled energy % along the

sequence z, is asymptotically equivalent to a functional F,, of the type presented in Subsection 4 in the
one dimensional case. For every n we consider the points in S? given by {qi,...,qn}. According to the
notation in Subsection 4 (and with a slight abuse of notation) we set:

An e
K:Sz; Qn:{qla"'aQN}; kn:Na )\n:Ana En = 5 ; 7ﬂnZQCv kn6111/8

We claim that, setting £7 := span(q,) + B, , £" = UN_, &7, i = m,

7 2_12 if Qn’
gn<i7£):{<|5n£| 7 ifge

400 otherwise,
and
2 — it 2
Fl Z Angn(is 24) + en Z An :

n iR (I i€R, (I)

then,
Hsl kn
lim Hy (o) = lim F,(zn). (5.29)

n—too /9N, 53/2 n——4oo

In view of Proposition 5.2 and the fact that
i+l _ i |2 9 , .
D e = 18

26y, 1 + (un ", ub)
we only have to prove that for n large enough it holds z, € £" on I. To show that 2! € £" for every
i € R,(I) when n is large enough, we observe that taking n = Vk,dn 184 n (5.28), we infer the existence

of « € {1,...,N¢} (depending on i € R,,(I)) such that

7
‘ |Zy| < OVEndl/® <14,
Z’Il

by definition of r,. Since , — 1 uniformly on I by Proposition 5.1, the energy estimate gives that
|z,| — 1 almost everywhere on I. Hence, following Step 3 in the proof of Proposition 3.1, we conclude
that if |2%| > Enos'® then 2i € €7 Finally, if 2| < VEnon'® < r, we trivially have that zi € B,
Thus, 2!, € £" for every i € R, (I) and the claim (5.29) is proven. Since by definition, for a # v, £5 N LY
is contained a ball centered in zero shrinking as n — 400 and since ? — 0, thanks to Theorem 4. 2

— Qa

(with some minor modifications as g,, depends also on ¢) we conclude that for every 7 > 0 arbitrarily
small

Hsl kn, (Zn) ) o 1—7 5
lim —2—22 = lim F,(2,) > (liminf4 |1 — |Bnt] ‘ dt | #S(z).
n—+00 \[)\ 53/2 n—+00 n—+o0 T

Using the elementary inequality holding whenever 6 € [O, = ] and t € [1,1 — 7],

1-0*|=1-6t">1—

and since for n large enough 5, < 1 , we deduce that

Hsl kn ( ) 1-7 t2
v o AR = DREE

Using that 7 > 0 is arbitrarily small, we conclude the lower bound inequality

sl,ky
lim Ay (o) > = 8 S(z).
n—+oo f)\ 53/2 3
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Upper bound. The proof follows the lines of [16, Theorem 4.2], we only sketch the main steps. Since
the argument is local, we can assume that z = q x[0,1/2) + ¢'X(1/2,1] With ¢,¢' € Q and ¢ # ¢'. Let ¢ > 0,
we choose z. > 0 such that |tanh(+z.) — £1| < e and

/ (| tanh(z)|? — 1)* + | tanh’(2)|? dz > 2 —e.
|w\§15

Since ¢, ¢’ € Q, there exist g}, q2 € Qi, such that ¢} — ¢ and ¢2 — ¢’. We define

fe(@)lqy if 2 <0;
wy, (x) = 5
|fo(x)|g: if x > 0.
Above, f. € C}(R) is an odd function such that
tanh(x) if z € [0, z.];
fe(z) == < pe(x) if x € (we, xc +€);
1 if x> x. +¢;

where p. is a suitable third order interpolating polynomial with ||p.||r~ < 2. By definition there exists
C > 0 such that

8
/R(|w;|2 — 1?4 |(ws) | dx < 3+ Ce. (5.30)

Let wy, . € Cp(I,R?) and f,, . € C,(I) be defined as follows for every i € R,,(I)
. V26, 1 . V25, o1
wy, . = wy, <)\5 (/\nz - 2>> ) ne = 1f° < )\5 ()\nz — 2)) . (5.31)

By construction we have that w, . — z in L'(I,R?) as n — +oc0 and £ — 0. Setting
. 1 /1 An ) 1 /1 An
i ::)\n<2—25n(xg+s)) and iy ::)\n<2—|—25n(xg+s)) +1,

then |w}, .| =1 for every i <i_ or i >iy. We define the angles

; S
O = ZZ(:)arcsm ( 2|fvjn,e|> .
J:

Observe that o), .—¢) . = A _QIAITY et RE € SO(3) be rotations such that R (cos(6), sin(6),0) €

(¢4)*+ N'S? for every 6 € [0, 2x], for £ = 1,2 and R}(1,0,0) = R2(1,0,0). We define

uj, . = R}, (cos(¢}, .),sin(ep, .),0) fori <0 and up, = Ri(cos(gpiﬁ), sin(}, .),0) for i > 0.

n,e

Notice that by construction we have u, . € U, (I) and 2, . = T),(u,). Hence, u, . is a good candidate
for the recovery sequence. Thanks to (5.3) we have

. . 2 . .
Hfll)kn (Zn) < V20, Z \ ( u}n‘f‘l —ul, 2 1) n An Z A\ Z}{H -2z 2 (5 32)
52 = "\ A | o5 n T :
V26, An i€R(I) 20n 20n i€R, (1) An

We now define an auxiliary sequence of piecewise constant functions as
Wit _ i . .
S if s e |V (Ayi— 3) , Y (A(i+1) — 3)) for i € Ra(D),
Une(s) == 20, » »
0 otherwise.

Notice that by construction |v, c(s)| = 1 whenever |s| > z. + & + 2),. Moreover, since every interval
[—V/\Qf" (Ani— ) B2 (An(i+1) — %)) has length 1/28,, — 0 and since w¢ is uniformly continuous on

p)
R we infer that |v, . — wg| — 0 uniformly in R. Thus,

+oo +oo

Jim (Jome(s)[2 — 1) ds:/ (Jws (5)]2 — 1)2 ds.

n—-+oo o o
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On the other hand, via the change of variables ¢ — % = \/%s we get

/+OO @ _ /25n 1 (

(fone(s)? =1)*ds = [ (Jone(s)]” = 1)%ds =

Un,e ( 20n (t - 7)

j

— 00

PR
. 2
\/25 Z witl — i 2 .
An 26,, '
i€Ry (1)
Therefore,
/25, uitl i|? 2 +00
lim sup S (5“ —1> g/ (Jwe ()2 — 1)2 ds. (5.33)
notoo  An i€ R () 20n —oo

We now define another sequence of piecewise constant functions as
7.+1 7

z
i e e if e [V (A - 4), Y (\(i+1) - 1)) for i € Ru(D),
Zne(s) = 26,, " "
0 otherwise.

Notice that by construction |z, c(s)| = 1 whenever |s| > z. + & + 2)\,. Moreover, since every interval
{ 20n (Nyi — 3), Y (A, (i + 1) — %)) has length /25, — 0 and since (w?)’ is uniformly continuous

An n

on R we infer that |2, . — (wg)’| — 0 uniformly in R. Thus,
+o0o +oo
. A 2 _ e\/ 2
Jim [ o= [y P s
On the other hand, via direct computation we infer

2571 . .2 2

/+OO | |2 ‘ |2 Z :;Ll — Z:’L Z hLl Z:l
Zne( ds > / Znel ds = \ 2 Ap | H—2
- \/7 1€R, (1) 20n VI e R, (1) An
Hence,
P Zi 2 +00
Z An < / |(ws)' (s)|? ds. (5.34)
n—+o00 1ER (1 —00
Combining (5.30),(5.32)—(5.34) we conclude the upper bound
Hsl kn -
hmsupi(jg < -+ Ce.
By arbitrariness of ¢ > 0 we conclude the proof of the upper bound. O
1/4

6. CHIRALITY TRANSITION IN THE REGIME k, ~ &,

1/4

In this last Section we focus on the critical case k,, ~ §~/* proving Theorem 3.4.

Proof of Theorem 3.4. We start by defining suitable configurations Qy, with k,, := 2[4, v 4] For every
n € Nand j,m € {1,...,k,/2} we define the "horizontal" and "vertical" unit vectors as

a; 0
h 1 J and 1 1/4

g =—1 G = —————— | —m& " | ;
1/1+0l§ 0 1/1+m25711/2 1
where «; € [0, 1] is chosen such that
s*n (q?)l‘ = {(sinfcos ¢;,sinfsinp;,cosd): 8 € [0,7], v; € {j\/20n,j26, +7}}.

We set
kn/2 kn/2

=Udul e
j=1 m=1
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and notice that by definition of Qj, we have

1 0 0
Q={ —— |-8|: Be0,1]puU |1
V1+6% | 0
Compactness and I'-liminf inequality. We prove the following statement:
Let z, = Ty,(uyp) for some u, € C,(I, My,,) be such that

HebRn(2,) < OS2, C > 0. (6.1)

Then, there exists z € B‘i(I,Q) such that w.t.s. z, — z in L'(I,R3). Moreover, there exists ¢ > 0 such
that for every z € BV (I,Q)
sl,kny,

I'-lim inf W( z) 2 c|Dz|(I); (6.2)

with respect to the strong L'-topology.
We divide the proof in four steps. We use again the notation 2 := z/|z| for z € R?\ {0}.

Step 1: Assume that there exists 7 > 0 such that |z},| > 1 > 0 for every [ € {0,...,k,}. We prove that
there exists ¢ € Q,, and an index ¢ € {0,...,k,} such that

2, —ql < ———. (6.3)

The proof is similar to Step 1 in Proposition 3.1, we only highlights the main differences.

Since u, € Cy,(I, My,), there exists two indexes l; < Iy € {0,...,k,} and ¢ € Qi, such that ul,ul2 €
S? N ¢t. Without loss of generality we can assume ¢ = (0,0,1) and ul = (1,0, O) We show that we
can find an index ¢ € {0,...,k,} with the property that |z} ,| < 8061/4
Suppose that

. We argue by contradiction.

zfl_’Q < —8C0oL/4 for every I € {l1,...,l2}; (6.4)
the case 2/, 2 > 8Csy/* s analogous. We show that ufﬁ > 0 for every [ € {l; +1,...,l5}. This would
give a contraction as uln 3 = 0. Recalling the definition of z,, we have
il+11(uiz3 - “i:rgl) B Ui:r;( 51,1 - Ui:ﬁl) (6.5)

26, 26, ' '
Using (5.5) and that u® = (1,0,0), for n large enough and [ € {1,...,k,} we infer that

1
ulfl > 1 —2v/Chyn/6, > 5 lul 3] < 2V 0814, jul, y — w4 il g — b3 < 4VCV/5,. (6.6)

If it were u!, 5 > ul’y we would have by (6.5) and (6.6)

U

— 805t > 2L, =

U () I+1
Uy, 3(Up 1 — U
|Z£12‘ S | n,S( n,l n,1)| §4\f205711/4,
' 20y,
which is impossible in view of (6.5). Thus, ul, 3 < ul+1 and ul, > 0 for every [ € {l; +1,...,12}, a
contradiction. Therefore, there exists £ € {l1,...,l2} such that
|26 5 < 8C6L/™. (6.7)

Arguing as in Step 1 in the proof of Proposition 3.1, we also infer |Z£,1| < 805,1/4 and, from this and

(6.7),
2
o < 51202\/@
n

that is, (6.3) for ¢ = (0,0, sign(z} 3))-
Step 2: (Improved estimate) We now improve the estimate in Step 1 showing that in (6.3), for the same
q € Qy,, , we actually have

1 3/8
20 _ C]‘ < M (6.8)

n 772

25



For every | € {0, ..., k,} by triangle inequality, Holder inequality, the energy estimate (6.1) and (6.3) we
have

kp—1 1/2 1/4
N 25C6,
2L —q] < |8L — 241+ 128 — | <V <Z Al+12> L 25C0"
K (6.9)

1/8 1/4 1/8
- V2V Cép L 25087 _ 2VCo”
n n n
Since ¢ = (0,0,sign(z} 3)) in view of (6.9) we have that |z}, 5| > 1/2 and |2}, ||+ ]2}, 5| < C55/® /. Hence,
recalling that by definition it holds 2L - (ul, — ulF!) = 0 and |ulf! — ul | < /25, (6.9) entails that
st w2~ Unallnel _ 160v5,0:"
|2n.3 - U '

Thus, using that uf ; = 0, we have for every [ € {0,...,k,}

160/3,8,"°
s —up sl S === and  Juy | <
' n ' n
Replacing the estimate in (6.6) with (6.10) and reasoning as in Step 1, we get that |2, 5| < 160\@573/8/77.
Moreover, again using (6.10) and the fact that uj , = 0, we have

—unpllun gl iy — whsllunol _16v3CVEE | 320VOS _ 64CVCE)”

20, B U U - U
Finally, arguing as in Step 1, we conclude (6.8).
Step 3: Let F,([z1, 2], ") be the rescaled functional % restricted to the interval J := [z, 22] C I.

Our aim is to prove that there exists an universal constant ¢ > 0 such that given z, = T, (u,) for some
Up € Cp(I, My,,) we have

7un 1HZTL 1| + |u

s — sl <

(6.10)

| Z+1

[l <

sl,k

clzn(22) — zn(z1)] i |2n(x2) — 2n(z1)] > 105,32,

Fo(J,zn) 2 (6.11)
0 otherwise.

We distinguish two cases. First assume that |z, (%)| < 65/*? for some T € J. If |z,(z1)| < 562/ and

|2n (22)] < 5dp +/32 there is nothing to prove. Assume now that max{|z,(x1)|, |zn(x2)|} > 56+, Without
loss of generahty we can assume that |z, (z2)| > |2n(21)]- Arguing as in Theorem 3.2, we get

|zn (22)]/2 |zn (22)1/2 g
Fo(J, zn) > Fpo([T, 22], 2n) > / (1—0%)do > / - da
|

|20 (®)] (ea)l/5 4
S (@)l o (@) + 2n(@2)] o [2n(w2) = 2n(@1)]
=8 = 16 = 16
1/32

Assume now instead that |z,| > 6/ in J. Let iy < ig--- < ix € Z be such that i1\, = x; and
iKkA\n = 2. We partition the set {i1,...,ix} as {i1,...,ix} = UfillNS, where #N, = k,, + 1 for
s=1,...,5 are sets of consecutive indices and #Ng41 < k,, + 1. Using Step 2, for every s = 1,...,5,
we have that there exist i® € N, and an associated ¢° € @, such that

B 1500V C53/®

= sL/16

-5
oy S
Z’ﬂ

= 150CV/ /19, (6.12)

We also recall that for every z! and zJ with |i — j| < 3k, using the energy bound (6.1) and Holder

inequality we have
1/2

i+3kn,
|28 — 22| < \/3k, ( Z |2t — z,ll|> L8, (6.13)
I=i

By Lemma 5.5 we have that for n large enough

||dist (2, span(Qg, ) ||re= < 8\/55,1/8. (6.14)
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We now distinguish three cases: 1. g5 € QQ}L for every s =1,...,5,2. ¢s € Qf, forevery s =1,...,5,
3. there exist s1,s2 € {1,...,5} such that ¢, € Q} and g,, € Q’gn. Notice that in the first case, since

diam(an) < 265/* and in view of (6.12) and (6.13), there is nothing to prove. The third case cannot

happen since dist(QZn,Q};n) > 1 and we assumed that |z,| > 5432 on J. Therefore, we can assume that

q® € Qj foreverys=1,...,5. Let T'€ N be the number of distinct ¢* satisfying (6.12) for s = 1,..., 5.
By definition of @, and (6.14) we have T' < k, /2. There exists an ordered subset of {1,...,S} given
by {s1...s7} such that ¢% # ¢ for [ # j. Let : [1,7] — R? be the polygonal chain with the property
that v(j) = ¢* for j = 1,...,T. Recalling the definition of @} ~and setting L(v) the length of the curve
v, we estimate
T-1 g/
— Sj+1 _ 455 -
L(y) = ; lq ¢ =T (6.15)

We now introduce the set N ¢ {i1,...,ix} as
i € N if there exist s,t € {1,...,S5} such that i* < i < i’ and ¢° = ¢'.

In view of the previous considerations and (6.12), there exist at most 2(k, +1)T+#Ngy1 < 4Tk, indexes
in {i1,...,ix} \ N. Combining this fact with (5.2), (6.12) and (6.15) we have

16L(7) '~ | i1 L o
32L(Y)Fu(J, 2) > DN it i s aTh, Y i o

N 571 . . R n
Von =h i€{in,eyin \N
2 ‘ )
. ) ZKfl ) )
2 Y. lmteal) = < >zt = 2| = 300cV s 16T>
i€ {1, in \N i=iy
2
T—1 ,
> Z g%+ — %] — 4500\/5571/16 > (L(’y) B 571/32) '
j=1

Hence, if L(y) > 263/, we get 32F,(J, z,) > L(v)/4. Notice that by definition of 7, (6.12) and (6.13) it

holds
L() > |¢° = q'| = |25 — 2}t = 300CVC63/10 — 16V C6L/3 > |z (w2) — zn(@1)| — 6)/%2.

1/32 1/32

Therefore, if |z, (x2) — 2z, (21)] > 305’7, then L(y) > 26,/ " and
B _s1/32 _
TP 1 B C EEN IS L S EEAEN ) 616

This concludes the proof of (6.11) with ¢ = 1/256.
Step 4: Recall I =[0,1]. Let 0 =ty,...,tx,tx+1 = 1 be a partition of I with the property that
tigy = f{t € (tj,1): |za(t) — 2a(t;)] > 106532} j=1,... K —1. (6.17)
We define the piecewise constant function w,: I — R? as
Wy (t) = 2,(t5) t et tiv) ji=1,...,K.

By definition of wy, and (6.17) we have ||w, — 2u| o (1,r3) < 10(511/32, moreover,
K-1
Dwl(1) = ¢ 3 [znltian) = zalty)] < Full, 20).
j=1

where ¢ > 0 is the constant in (6.11). Since F,, (I, z,,) is equibounded in n, the sequence {wy, },, is bounded
in BV (I,R?). Hence, there exists z € BV (I, R3) such that, up to a non relabeled subsequence, w,, — 2
in L'(1,R3). Thus, z, — z in L'(I,R?), and
sl kn
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Finally, owing Lemma 5.5 and the fact that |z,| — 1 in I, we infer that dist(z,, Qk,) — 0 in measure on
I. Therefore, z € BV (I,Q). This concludes the proof of the compactness and the I'-lim inf.

I'-limsup inequality. To represent points on S? we use spherical coordinates where p € S? is given by
p = (sinf cos ¢, sin O sin @, cos #) with ¢ € [0,27) and 6 € [0, 7].

The main idea is that if we want to transition from S? N (¢%)* to S* N (gZ1)" (or equivalently,
from z, = gy, to z, = ¢},1), we can slightly modify the chirality direction using all the circles given
by §? N (¢})* without slowing down in the process. This in turn will allow us to transition from two
different "adjacent" chiralities paying an energy which is proportional to the distance between the two.
For every j,m =1,...,k,/2, let p; , be the unique point on S? given by S? N (q}’)J— N (g2)*t N {xy >0}
We first want to find an explicit expression for the point p;,,. Notice that at the intersection, we have
cos(0) = mdy/* sin(0) sin(j+/25,,), that is,

0 = 7/2 — arctan(mdt/ 4 sin(j1/26,)) = 7/2 — m8L*j\/20, + Vj.m,

where ¥}, < méi/ Yisa negligible phase. Hence, the intersection p; ,, in spherical coordinates is given
by

Djm = (cos(jrn\@cf’/4 + jm) cos(§v/26,), (:os(]'rrz\@éi/4 + jm) sin(jv/26,,), sir1(jm\/§5;°’/4 + %‘,m)) .

Moreover, notice that by definition we have (1,0,0) € S? N (¢%,)* for every m = 1,...,k,/2. We set
O;m = mdr/ /25, and @j = j\/20,. Fix m € {1,...,k,/2}, we construct a set of points on the sphere
wl, with j = 0,...,k,/2 such that u%, = (1,0,0), u}, € S* N (¢")* for j = 1,... . ka/2, ui’® = py, j2.mi1
and the energy associated to this "path" transitioning between S? N (¢%,)* to S*N (g4, 41)* is small. Let
f:10,kn/2] — [0, ﬁ62/4kn/2+wkn/2,m+1] be a smooth monotone increasing function with || /|| L~ < 83,
such that f(0) = f/(0) =0, f(1) = ¥1,m,

kn, k., k, kn,
f (2 - 1) = Va5t (2 - 1) FUr iy and S (2) = V2T g

We define v/, as

uf, = (co8(0j.m + f(4)) cos(;), cos(Osm + f(5)) sin(p;), sin(0jm + f(1)))- (6.18)

FIGURE 2. Spin transition between two different chiralities (red and blue) using a family
of meridians

28



o /2

By construction u} € S2 M (¢%,)* and uy” "2l e 2 N (g% 1)+ Thus, 25 = ¢%, and zn = Gpi1-
We claim that there exists C' > 0 such that
kn/2—1 .2 2 kpn/2—
\/W wl Tt — ) 2t =2 1
An - g oL/,
2 M\ Z:: ™

We start by estimating the quantity |u/™ —u/| for j =1,...,k,/2 — 1. Recalling that ¢; = j\/26,, and
Ojm = mél/ 45 JV/20,, for 8,, small enough by prosthaphaeresis formulas we have

| cos(pj+1) — cos(p;)| < 2sin((25 + 1)v/26,,) sin(v/28,,/2) < 456,; (6.19)
|sin(p;41) — sin(¢;)| = 2 cos (2‘7;_ ! 2(5n> sin ( Zén) < /20, (6.20)

Moreover, since f/(0) = 0 and ||f”||p~ < 83,, we infer that f(j) < 4j<5$2/4 and f(j+1)— f(4) < 863/4.
Thus,

|c08(041,m + F(J + 1)) — cos(O.m + F())] < 16(j + 1)m?53/2; (6.21)
1$i0(0; 11.m + f(G + 1)) = sin(@., + £(5))| < 16ms2/*. (6.22)

Combining (6.19), (6.21) and using that m,j < 5/t we get
J+1

|y, 'y UZL 1
< |cos(Bj,m + f(4)) — cos(@jr1,m + (5 + 1)) cos(@jt1)] + [ cos(@jt1) — cos(;)] cos(0j.m + f(5))]
< 456, 4 16(j 4+ 1)m?263/?
< 2063/4.

(6.23)

For the second component reasoning as above, combining (6.19) and (6.21), we first estimate
[l =l o] < /20, +16V2(j + 1)*m?52 + 6, < /20y, + 326, (6.24)
Observing that by (6.19)

sin(p;j41) — sin(p;) > (1 —2(j +1)%6,) (\/25 2(52/2) > /26, — 20y,

we also obtain the lower bound

|uj+1 - un,Z‘
> cos(B,m + f(4)) (sin(pj41) —sin(p;)) — | sin(@j1)l[cos(0j11,m + f(7 + 1)) — cos(b)m + f(5))]
> (1—252m263/2 — 2£(1)2)(V/20, — 26,) — (j + 1)%1/20,,16m?63/2

> (v/26, — 26,)(1 - 4v/5,) - 165

> \/26, — 320,.
(6.25)
Finally, using (6.22), for the third component we have
|u]_Irl — ufls\ < 16mo3/4 for every m = 1,...,kp/2. (6.26)

Combining (6.23)—(6.26), given m € {1,...,k,/2}, for every j = 1,...,k,/2 we estimate

(1 - 32\F) 1< (205}/4)2 + (1 + 32\/5)2 + (16m53/4)2 -~

Therefore,

j 2
J+1 ul

20,

1 .
wlmt —
20,

i — 1>2 < (C’m%/&)2 < Cm*s,,
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where C' > 0 is a constant independent of n and m. Hence, for every m € {1,...,k,/2}, the first part of
the energy to tramsition from ¢y, to q;,,, can be estimated as
u1+1 — u]

\/71@/2 1
> o ([

For the second term of the energy we start noticing that setting 27 := (u/, x u/*1)//25,, we have

o ouwd X (uitt ud T = 2ud)

2 2
— 1) < \/20,k,Cms, < C5L/4, (6.27)

2 =2 n L ne 6.28
-4 - (6.25)

Moreover, the following estimates hold for every m,j =1,...,k,/2 by definition of uJ,
[l ST, Jul ol S5V20, <201/%, Jul 5] < 2jmo/t < 25,/ (6.29)

We are going to use the following fact: let ¢ € C%(R) and let x,y,2z € R with x < y < z, then
|6(2) + 6(2) = 26(y)] < 6|~ (fe,2) 2 + 2 = 29| + 18" | oo (1) |2 — 2 (6.30)
The first component of u/ ! + w71 — 2u/ can be estimated using ¢(t) = cos(t) in (6.30) and the fact
that @11+ @j—1 —2p; =0 as
|cos(B41,m + f(J + 1)) cos(@j1) + cos(0j—1,m + f(j — 1)) cos(ipj—1) — 2 cos(0j.m + f(j)) cos(g;)]
< Jeos(pj+1) + cos(pj—1) — 2cos(p;)| + [cos(B41.m + f(J + 1)) — cos(0.m + £(4))]
+ [cos(0.m + f(5)) = cos(Oj—1m + f(G — 1))
< lpjr1 = yl” +sin(0p1m + F( + D) 05s1,m + £+ 1) = Ojm — F5)]
+ sin(0j,m + f(5)) 105,m + F(G) = Oj—1,m — (5 — 1)
< 86, + 8m(j + 1)03/4ma3/* < 853/4,
Hence,
wh +ud =20 | < 1663/ (6.31)
For the second component, using ¢(t) = sm(t) in (6.30) and arguing as above we get
1c08(05-1.m + £ + 1)) $in(141) + 0050 —1.m + £ — 1)) sin(p;-1) — 2c08(6m + £(7)) sin(i)
< [sin(@j1) +sin(pj—1) = 2sin(p;)] + [c08(0j11,m + f(7 + 1)) — cos(bj.m + f(4))|sin(p;41)
+ |cos(0j,m + f(5)) = cos(bj—1,m + f(7 = 1))[sin(pj-1)
< sin(@y11) [0 = 951 |* + 5005 1,m + FG+ D) 0541m + FG +1) = Opm — F()] sin(p41)
+sin(0j,m + f(1)) 10jm + F(G) = 0j—1.m — F(G = Dsin(p;-1)
< 8(j + 1)33/2 + 8m(j + 1)05mss/ 4 (j + 1)1/26, < 166,,;
that is,

W+l = 2ul 5| < 166, (6.32)

Finally, for the third component, using again ¢(¢) = sin(¢) in (6.30) and ||f”||L~ < 8J,, we estimate
[$i0(0)11,m + f(5+ 1)) +sin(Oj—1,m + f(7 — 1)) — 28in(0;,m + f(4))]
< cos(Oj—1m + G -G +1)+FG—1) = 2f()]
0055 1m + £+ 1) 1m0t + (G +1) = )
< 326, + 64m(j + 1)63/4m263/% < 336,,.

Thus,

ully < 330,,. (6.33)

+u 2un3

Combining (6.28)—(6.33) we get that there exists C' > 0 not depending on j,m and n such that

|20 — 2071 < C\/by.
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Therefore, for the second term of the energy, for every m = 1,...,k,/2 we have

kn/2—1
A, L

20,

< Chpy/6, < C8L/4, (6.34)

j=1

and the claim is proven.
Let now my < ma € {1,...,k,/2}. By definition of ¢?, there exist ay,as > 0 such that

ar(mg —m1)8,/* <y, — ap, | < as(mg —mq)é/*.

We construct a path in order to transition from ¢, and q,,. Let ud = (1,0,0) and 28 = Q.- We
define uf, for every j =1,...,ky,/2 as the path to transition from ¢, to g3, ,, constructed above. Since
ukn/? € SN (gm,+1)* and zk n/2-1 kn /21 ¢ g2

= ¢, 41, we pick up, N (¢m,+1)* such that

‘uk n/2+1 f:ln/2| _ /2(5”.

Next, we complete the revolution around the sphere remaining constrained on S N (g, +1)* in a number
of steps which is proportional to d, /2 and paying (almost) zero energy in the process. That is, we
define w), € S% N (g, 1)+ for every j € {kn/2 +2,...,kn/2 + N, }, where N,, ~ 5, '/%, such that
|ud — ul=t = /20, for every j € {k,/2+2,... . kn/2+ N } and ufr/2™V 1 = (1,0,0) such that

|uéVn+kn/2+1 _ uylyn+kn/2| < \/26,.

Thus, for the revolution around the sphere we paid at most /28, in the last step, which is negligible
with respect to 571/ We now have z2" 2 = Gm,+1 and upr /2NN AL = (1,0,0), therefore, we perform
the same construction as before to transition from ¢;, ., to g, .. Notice that the energy associated to
this path is relevant only in the k, steps we are using to transition between the two chiralities and not
when we are revolving around the sphere. Hence, using , (6.27) and (6.34) we can estimate the energy
associated to the path we constructed in order to transition from g, to g;,, and get

mo \/—k/Q 1 <UJ+1U] 2 )2 kn/2— Z]Jrl Zj2
S (2 ([ 1) v i T ) <
m=m1 5” j=1
< C|q;jn2 - q;jnl ‘
(6.35)
Moreover, observe that in the construction we have used ~ ¢,, Y 250 1/4 points, hence, since by assumption

Ar. — 0, this construction can always be employed locally near the jump points of z. Estimate (6.35)
53/

together with Proposition 5.2 and the fact that the construction of the recovery sequence is local, implies
that given z € BV,,.(I,Q \ {(0,1,0)}) we have

Hsbkn
T~ lim sup ”7(32/2 <
n—+o00 \/5)\n6n

Let now z € BV,,¢(I,Q). By arguing locally we can always assume that z has only one jump point in
I and that z takes two values ¢ € Q \ {(0,1,0)} and (0, 1,0). Using the construction for the upper bound
proof in Theorem 3.2, we get that

sl kn( ) 8
I- I:LIEJSFI;})) Jar g < § < 8dist(Q \ {(0,1,0)},{(0,1,0)}) < 8| Dz|().

Therefore, for every z € BV,,¢(I, Q) it holds

< ClDz|(1).

Hel kn
T'-lim sup (2)

MR e = P

Finally, for a general z € BV (I, Q) we conclude by density of BV,.(I,Q) in BV (I, Q) with respect to
the total variation norm. O
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