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Abstract
In this paper, we introduce a new class of quasilinear operators, which represents a nonlocal
version of the operator studied by Stuart (Milan J Math 79:327–341, 2011), inspired by
models in nonlinear optics. We will study the existence of at least one or two solutions in the
cone X := {u ∈ Hs

0 (�) : u ≥ 0} using variational methods. For this purpose, we analyze
two scenarios: the asymptotic sublinear and linear growth. Additionally, in the sublinear case,
we establish a nonexistence result.

Mathematics Subject Classification 35A01 · 35A02 · 35A15 · 35B09 · 35B38 · 35R11 ·
49J45

1 Introduction

Before introducing the main problem, we will review some classic and recent concepts
regarding the theory of fractional differential operators.

1.1 A brief review of nonlocal differential operators

Fractional differential operators have emerged as fundamental tools in modeling complex
phenomena that exhibit nonlocal properties. These operators are particularly effective for
capturing global effects and long-range interactions, making them indispensable in diverse
fields such as continuum mechanics, finance, biology, physics, population dynamics, game
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theory, machine learning, and advanced approaches to hyperelasticity, among others (see
[2–7]). Among these operators, the fractional Laplacian has been the subject of extensive
study in the literature since early 2000’s. This operator can be defined for s ∈ (0, 1) via its
multiplier |ξ |2s in the Fourier space. For suitable functions like u ∈ L∞(Rd) ∩ C2 s+β

loc (Rd)

it can also be defined through the singular integral

(−�)su(x) := Cd,s P.V.

∫
Rd

u(x) − u(z)

|x − z|d+2s
dz, (1)

for awell-known normalizing constantCd,s > 0, andwhere P.V. stands for the principal value
in the singular integral. As a matter of fact, there are at least ten equivalent definitions of this
fractional Laplacian operator, including the so-called semi-group definition, the celebrated
harmonic extension definition by Silvestre andCaffarelli [8], the Bochner definiton, Dynkin’s
definition, among others; see [9] for a detailed survey on this matter.

The fractional Laplacian together with the integration by parts formula gives rise to natural
notion of fractional Sobolev space W s,p(�), for p ∈ [1,+∞) and an open subset � of Rd .
It is traditionally defined as an intermediary Banach space between L p(�) and W 1,p(�) via
the Gagliardo seminorm

W s,p(�) := {
u ∈ L p(�) : ‖u‖W s,p(�) < ∞} ;

endowed with the natural norm ‖u‖W s,p(�) :=
(
‖u‖p

L p(�) + [u]p
W s,p(�)

) 1
p
, where

[u]W s,p(�) :=
(∫

�

∫
�

|u(x) − u(y)|p

|x − y|d+sp
dxdy

) 1
p

.

A very gentle, yet complete, introduction to the subject of fractional Sobolev spaces can
be found in [10]. The interested reader is also referred to a couple of recently published
books on the subject of fractional Sobolev spaces: [11] for the connection with functional
inequalities, and [12] where the classical Sobolev theory is adapted to this fractional context
with applications to wavelets and existence and regularity theory for the Poisson problem.

On the other hand, the notions of fractional gradient and fractional divergence operator
are relatively new concepts that are still in their early stages of development. The fractional
s-gradient of a function u ∈ C∞

c (Rd), for s ∈ (0, 1), is defined as

∇su(x) := μn,s

∫

Rn

(y − x)(u(y) − u(x))

|y − x |d+s+1 dy, (2)

where μd,s is a multiplicative normalization constant controlling the behavior of ∇su as
s → 1−. An important feature of the fractional gradient (2) is that it satisfies three natural
qualitative requirements as a fractional operator: invariance under translations and rota-
tions, homogeneity of order s under dilations and some continuity properties relative to the
Schwartz’s space D(Rd). A fundamental result shown by Silhavvý [13] is that, in fact, these
requirements characterize the fractional gradient, up to a multiplicative constant; see [13,
Theorem 2.2]. Whence, from both a physical and mathematical point of view, the defini-
tion (2) is well-posed. A detailed account on the existing literature on this operator can be
found in [14, Sect. 1].

Following a similar line as in [15], we define the associated fractional Sobolev space via
approximation, as the closure

Xs,p
0 (Rd) := C∞

c (Rd)
‖·‖Xs,p (Rd )
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endowed with the norm

‖u‖Xs,p(Rd ) :=
(
‖u‖p

L p(Rd )
+ ‖∇su‖p

L p(Rd ;Rd )

) 1
p
,

for all u ∈ C∞
c (Rd). By [15, Theorem 2.2], we know that

Xs+ε,p
0 ⊂ W s,p(Rd) ⊂ Xs−ε,p

0 (Rd)

with continuous embeddings for all s ∈ (0, 1), p ∈ (1,∞) and 0 < ε < min{s, 1 − s}. In
particular, [15, Theorem 2.2] asserts that in the Hilbert case p = 2 there actually holds, for
any s ∈ (0, 1),

Xs,2
0 (Rd) 
 Hs(Rd), with Hs(�) := W s,2(Rd); (3)

In light of the equivalence (3), there exist positive constants C1 and C2 such that

C1‖u‖Hs (Rd ) ≤ ‖u‖Xs,2(Rd ) ≤ C2‖u‖Hs (Rd ), ∀u ∈ Xs,2
0 (Rd).

Furthermore, a similar characterization holds for the so-called fractional divergence
operator for vector-fields. Namely, for any s ∈ (0, 1),

divsϕ(x) := μn,s

∫

Rd

(y − x) · (ϕ(y) − ϕ(x))

|y − x |d+s+1 dy, ∀ϕ ∈ D(Rd ;Rd).

As one could expect, the nonlocal gradient and nonlocal divergence are naturally related to
the classical fractional Laplacian (see [13, Theorem 5.3]), since in particular,

−divs∇su(x) = (−�)su(x).

Moreover, as it is observed in [15, Sect. 6], the fractional and fractional divergence are dual,
in the sense that ∫

Rd
u divsϕ dx = −

∫
Rd

〈
ϕ,∇su

〉
dx,

for all u ∈ C∞
c (Rd) and ϕ ∈ C∞

c (Rd ;Rd), where here and henceforth 〈·, ·〉 denotes the
Euclidean inner product in Rd . A detailed account of these new fractional differential opera-
tors can be found in the seminal work of Shieh and Spector [14, 15], Comi and Stefani [16],
and Silhavý [13].

A different point of view that has been used, over the past decade, to define similar
operators (which turn out to be equivalent to those aforementioned). It is based on exploiting
the continuum nature of the fractional exponent s ∈ (0, 1) over the fractional Laplacian
operator. Concretely, given s ∈ (0, 1) we can define a couple of signed fractional gradient
operators as follows

∇s+ := (−�)
s
2 and ∇s− := ∇(−�)

s−1
2 .

If u ∈ C0,s+ε
loc (Rd) for some ε ∈ (0, 1 − s) and (1 + |x |)d+su(x) ∈ L1(Rd), then

∇s+u(x) = cn,s,+
∫
Rd

u(x) − u(y)

|x − y|d+s
dy and ∇s−u(x) = cn,s,−

∫
Rd

(x − y)(u(x) − u(y))

|x − y|d+s+1
dy

The fractional couple ∇s± is related to the dual pair of fractional divergence couple, via

+divs+ := [∇s+]∗ = (−�)
s
2 and − divs− := [∇s−]∗ = div(−�)

s−1
2 .
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Foundational theory on these operators and related ones, including calculus rules for ∇s± and
±divs±, has been developed by different groups of mathematicians; we refer the interested
reader to [13–15, 17–22], and the references therein.

On a very recent article [23], Liu, Sun and Xiao prove that existence of weak solutions
for the two versions of the nonlocal p-Laplacian operator, namely,

�s,(p,±)u := ±divs±(|∇s±u|p−2∇s±u)

is indeed equivalent to either the analytic Sobolev inequality of fractional order, or the
geometric isocapacitary inequality of fractional order. Furthermore, the authors construct
an explicit fundamental solution, in the entire space, to both fractional (p,+)-Laplacian
and (p,−)-Laplacian, as well as to establish Liouville-type principles for these fractional
operators.

The topic of general nonlocal PDEs (quasilinear and fully nonlinear type) has slowly
grown over the years to a hot topic, with plenty of open problems due to the mathematical
difficulties associated with the study of nonlocal objects.

1.2 Motivation of the problem andmain results

In this article, we focus on a new class of nonlocal operators, drawing inspiration fromStuart’s
and Zhou’s contributions. More specifically, we are interested in studying an appropriate
nonlocal version of the second order quasilinear operator defined by

Lu := −div

[
γ

(
u2 + |∇u|2

2

)
∇u

]
+ γ

(
u2 + |∇u|2

2

)
u,

where γ : [0,∞) → R is a positive continuous function. Stuart introduced this operator (see
[1]) in the study of the eigenvalue problem with boundary condition

{
Lu = λu + h in �,

u = 0 on ∂�.
(4)

The physical motivation for stuying such a problem comes from the mathematical modeling
in nonlinear optics, where the boundary value problem (4) describes the propagation of a
self-trapped beam in a cylindrical optical fiber made of a self-focusing dielectric material.
This PDE is obtained by reducing Maxwell’s systems of equations in electroestatics to a
single equation, under an ansatz of radial symmetry over planes perpendicular to the optical
fiber (for more details, refer to [24–26]).

Building on Stuart’s pioneering work, Jeanjean and Radulescu extended the investigation
to more general settings. In [27], they considered equations of the type

{
Lu = f (u) + h in �,

u = 0 on ∂�.
(5)

where f is a given continuous function and h ∈ L2(�) is non-negative. The task of searching
for solutions to these equations required the use of more sophisticated variational techniques,
reflecting the challenges and insights first presented by Stuart and Zhou.

This type of problem has attracted the interest of the PDE community. Some recent
state-of-the-art results involving generalizations of the operator L , include [28, 29].

We seek to extend the results of Jeanjean and Radulescu to the nonlocal fractional setting.
As a starting point, we analyze the problem in a simplified form, where the operator depends

123



Existence of solutions to a quasilinear nonlocal PDE Page 5 of 18   224 

only on∇su. Our primary objective is to investigate the existence of solutions, in dimensions
d ≥ 2, to the following quasilinear nonlocal partial differential equation:⎧⎨

⎩
− divs

(
γ

( |∇su|2
2

)
∇su

)
= f (u) + h in �

u = 0 in R
d \ �

(6)

where γ : [0,∞) → R is a nonlinear heterogeneity in the fractional diffusivitywith exponent
s ∈ (0, 1), h ∈ L2(�) is non-negative right side, and f : R → R is a continuous reaction
term that exhibits (some of) the following behavior:

(f1) lim sup
t→0

f (t)

t
< γmin λs

1(�),

(f2) lim sup
t→+∞

f (t)

t p
= 0, for some p ∈ (1, 2∗

s − 1).

(f3) lim inf
t→+∞

f (t)

t
≥ γ (∞) λs

1(�),

(f4) lim inf
t→+∞

f (t)

t
< ∞.

where λs
1(�) denotes the first eigenvalue of fractional Laplacian (−�)s over �.

Concerning the coefficient γ , it satisfies

(γ 1) γ ∈ C([0,∞)) and there are positive constants γmin, γmax such that

0 < γmin ≤ γ (t) ≤ γmax, ∀t ∈ [0,+∞).

In addition, the limit γ (∞) := lim
t→+∞ γ (t) ∈ (0,∞) exists.

(γ 2) The map t �→ �(t2) is convex in [0,+∞), where �(t) :=
t∫
0

γ (s)ds.

An example of such coefficient γ is given by

�(t) = At + B[(1 + t)p/2 − 1],
where A y B are positive constants, and 1 < p < 2.

Let us now observe that, in view of (f4), there exists t0 > 0 in such a way that

f (t) ≤ Ct, for t > t0.

Our variational line of arguments require us to assume that there exists R ≥ t0 for which the
following condition holds

R2 ≥ C R2 + ‖h‖L2(�) R. (7)

Our first main result states the following:

Theorem 1 Assume that h ∈ L2(�), h ≥ 0 and that the condition (7) holds. Then,

i. If conditions (f1)–(f2) and (γ 1) are satisfied, then for ‖h‖L2(�) sufficiently small, Prob-
lem (6) admits at least one non-negative solution. Furthermore, this solution is nontrivial
if h �= 0.

ii. If conditions (f1)–(f3)–(f4) and (γ 2) are satisfied, then for ‖h‖L2(�) sufficiently small, the
non-homogeneous problem (6) (i.e. h �= 0) admits at least two non-negative solutions,
and the homogeneous problem (6) (i.e. h = 0) admits at least one nontrivial non-negative
solution.
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The techniques we use to prove the Theorem 1 are variational in nature. We will establish
the existence of two solutions: one by minimizing the energy functional and a second one by
invoking the mountain pass theorem. An interesting observation is that we cannot directly
apply the usual techniques in the space Hs

0 (�), due to a lack of a maximum principle for the
associated nonlocal quasilinear operator. As far as the authors are aware, this issue remains
an open problem. Moreover, another key observation consists of noting that the classical
variational strategy for establishing the nonnegativity of solutions cannot be replicated in
this fractional framework. In order to prove that a solution u of (6) is nonnegative, it requires
that

∫
Rd 〈∇su+(x),∇su−(x)〉 dx ≤ 0.

Indeed, in the one-dimensional case, let us consider the identity function. Notice that

∇su+(x) =
∫ 0

−∞
−(y − x)x

|y − x |n+s+1 dy +
∫ +∞

0

(y − x)2

|y − x |n+s+1 dy > 0, if x > 0.

∇su+(x) =
∫ +∞

0

(y − x)y

|y − x |n+s+1 dy > 0, if x < 0.

∇su−(x) =
∫ 0

−∞
−(y − x)x

|y − x |n+s+1 dy < 0, if x > 0.

∇su−(x) =
∫ 0

−∞
−(y − x)2

|y − x |n+s+1 dy +
∫ +∞

0

(y − x)x

|y − x |n+s+1 dy < 0, if x < 0.

Hence,
∫
R

∇su+(x)∇su−(x) =
∫ +∞

0
∇su+(x)∇su−(x) +

∫ 0

−∞
∇su+(x)∇su−(x) < 0.

Since we are interested in nonnegative solutions, we will seek a solution in the set

X := {u ∈ Hs
0 (�) : u ≥ 0}.

We will apply some results by Precup and Varga [30] to guarantee the existence of solutions
in X .

In addition, we study the case when f has asymptotic sublinear growth, that is, f (t) =
νg(t) for some ν > 0, where g : R → R is a continuous function satisfying

(g1) g(t) = o(t) as t → +∞.
(g2) G(t0) := ∫ t0

0 g(r)dr > 0, for some t0 > 0.
(g3) |g(t)| = O(|t |).
In the case, by a similar argument to that used to obtain (7). There exists t0, obtained from

(g1), such that there is an R ≥ t0 for which the following holds

R2 ≥ C R2 + ‖h‖L2(�) R. (8)

Our second main result is the following:

Theorem 2 Assume that conditions (γ 1)–(γ 2) are satisfied, h ∈ L2(�), h ≥ 0with ‖h‖L2(�)

sufficiently small and that the condition (8) holds. Then,

i. If (g1) holds and h �= 0. Then, Problem (6) has at least one non-negative solution, for
every ν > 0.

ii. In the case h ≡ 0,

(a) If conditions (g1)–(g2) are satisfied, there exists ν1 > 0 so that (6) has at least one
non-negative nontrivial solution, for any ν > ν1.
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(b) If conditions (g1)–(g3) are satisfied, there exists ν0 > 0 so that (6) does not admit
nontrivial solutions, provided 0 < ν < ν0.

The existence of a solution to the boundary value problem (6), in Theorem 2, will be
established by arguing that energy functional attains a minimum in the energy space. For
this, we adapt the strategy used in [30, Theorem 2.10].

As the boundary value problem (6) has variational structure, we introduce the associated
energy functional J : Hs

0 (�) → R as follows

J (u) :=
∫

�

�

( |∇su|2
2

)
dx −

∫
�

F(u)dx −
∫

�

hu dx, (9)

where F(t) :=
t∫
0

f (τ ) dτ . One can readily check that J is Frechêt-differentible in Hs
0 (�),

with derivative J (u) ∈ H−s
0 (�) equal to

J ′(u)[ϕ] =
∫

�

γ

( |∇su|2
2

) 〈∇su,∇sϕ
〉
dx −

∫
�

f (u)ϕdx −
∫

�

hϕ dx, (10)

for any ϕ ∈ Hs
0 (�). In order to adapt the techniques from [30], we observe that it is not

possible to define functionals J and J−1 exactly as in [30], as the operator under consideration
is quasilinear. Nevertheless, we overcome the issue by noting that our operators are equivalent
to those associated with [30]. For this purpose, and henceforth, we denote

J : Hs
0 (�) → R, J (ϕ) :=

∫
�

γ

( |∇su|2
2

) 〈∇su,∇sϕ
〉
dx,

where u ∈ Hs
0 (�) has been fixed a priori (and it will be clear from the context). We also let

J̄ = J−1.

2 Existence of a local minimum ofJ
In this section, we prove the existence of a solution for Problem (6), via minimization.

Lemma 1 J is weakly sequentially lower semi-continuous over Hs
0 (�).

Proof It is sufficient to prove that

�(u) :=
∫

�

�

( |∇su|2
2

)
dx, u ∈ Hs

0 (�). (11)

is weakly sequentially lower semi-continuous. Indeed, the convexity of g(z) := �(z2)
(see (γ 2)) guarantees

�(u1) − �(u2) =
∫

�

g

( |∇su1|√
2

)
dx −

∫
�

g

( |∇su2|√
2

)
dx

≥
∫

�

g′
( |∇su2|√

2

)( |∇su1|√
2

− |∇su2|√
2

)
dx

≥
∫

�

γ

( |∇su2|2
2

)√
2|∇su2|

( |∇su1|√
2

− |∇su2|√
2

)
dx .
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for every u1, u2 ∈ Hs
0 (�). In particular, in light of (10), we see

�(u1) − �(u2) − �′(u2)[u1 − u2]

≥
∫

�

γ

( |∇su2|2
2

) (|∇su2|(|∇su1| − |∇su2|) − ∇su2 · ∇s(u1 − u2)
)

dx

≥ 0. (12)

In other words,
�(u2) + �′(u2)[u1 − u2] ≤ �(u1). (13)

Given now any w ∈ Hs
0 (�) and a sequence (wn)n ⊂ Hs

0 (�) with wn⇀w weakly, choose
u2 = w and u1 = wn in (13). Since limn→∞ �′(w)[wn − w] = 0, we conclude the desired
semi-continuity

�(w) ≤ lim inf
n→∞ �(wn).

��

2.1 The asymptotic sublinear growth case

Recall that the assumption f (t) = νg(t) implies that F(t) = νG(t), in the definition of the
energy (9).

Lemma 2 Assume (g1),(g2),(γ 1), and that ‖h‖L2(�) is sufficiently small. Then, J is coercive
and bounded from below on X ∩ B, for any ball B in Hs

0 (�).

Proof For ν fixed, there exists A > 0 such that

∀t ∈ R : νG(t) ≤ λs
1(�)

γmin

4
t2 + A,

given that G(t) = o(t2) as t → ±∞ (see (g1)). Also, � (t) ≥ γmint , from (γ 1). Hence, for
any u ∈ X ,

J (u) ≥ γmin

2

∫
�

|∇su|2dx − λs
1(�)

γmin

4

∫
�

u2dx − A|�| − ‖h‖L2(�)‖u‖L2(�)

= γmin

2
‖u‖2Hs

0 (�) − λs
1(�)

γmin

4
‖u‖2L2(�)

− A|�| − ‖h‖L2(�)‖u‖2L2(�)

≥ λs
1(�)

γmin

4
‖u‖2L2(�)

− ‖h‖L2(�)‖u‖L2(�) − A|�|,
from which follows from the coercivity and boundedness from below of J . ��
Lemma 3 Assume (g2) and h ≡ 0. Then, there exists ν1 > 0 so that for all ν > ν1

inf
u∈X

J (u) < 0.

Proof Take t0 > 0 as in (g2). By Tietze’s extension theorem, for any compact set K ⊂⊂ �

there is a map wK ∈ X ∩ C(�) such that wK ≡ t0 in K and |wK | ≤ t0 in �. Whence,∫
�

G(wK ) dx ≥ |K | G(t0) − |�\K |( max
s∈[−t0,t0]

|G(s)|).

Fixing now K in such a way that |�\K | ≤ min{|�|G(t0)/(4‖G‖C([−t0,t0])), |�|/2}, we
deduce ∫

�

G(wK ) dx ≥ |�|
4

G(t0) > 0.
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This, combined with (γ 1), allows us to conclude that, for ν sufficiently large, there holds:

J (wK ) ≤ γmax

∫
�

|∇swK |2 dx − ν

∫
�

G(wK ) dx < 0.

��

Lemma 4 Assume (g3),(γ 1), and h ≡ 0. Then, for ν > 0 sufficiently small, Problem (6) does
not admit nontrivial solutions.

Proof Let ν > 0 be such that Problem (6) has a solution u ∈ X . Testing the equation with u,
and using (γ 1), we obtain

γmin

2

∫
�

|∇su|2dx ≤
∫

�

γ

( |∇su|2
2

)
|∇su|2dx = ν

∫
�

g(u)u dx ≤ ν

∫
�

|g(u)||u| dx .

Now, in view of (g3), there exists C > 0 so that
∫

�

|g(u)||u| dx ≤ C
∫

�

|u|2 dx ≤ C(λs
1(�))−1‖u‖2Hs

0 (�).

Putting together the two inequalities above, we deduce
(

γmin

2
− ν

C

λs
1(�)

)
‖u‖2Hs

0 (�) ≤ 0.

We conclude that u ≡ 0 is the only possible solution, provided ν > 0 small enough. ��

2.2 Proof of Theorem 2

For part (i), observe that J is bounded, coercive, and weakly sequentially lower semicontin-
uous by Lemmas 1 and 2.Wewill establish the boundedness condition ofJ by contradiction.
Suppose that there exists some u ∈ X with ‖u‖Hs

0 (�) = R such that J ′ + ρJ = 0 for some
ρ > 0. Then,

∫
�

γ

( |∇su|2
2

)
|∇su|2dx −

∫
�

νg(u)u dx −
∫

�

hu dx +ρ

∫
�

γ

( |∇su|2
2

)
|∇su|2 dx = 0.

From here, we see that

(1 + ρ)γmin‖u‖2Hs
0 (�) ≤ ν

∫
�

g(u)u dx +
∫

�

hu dx

Whence, Hölder’s inequality together with (g3) for R ≥ t0 imply

R2 < (1 + ρ)γminR2 ≤ C R2 + ‖h‖2L2(�)
R,

thus contradicting (7). Thus, by [30, Theorem 2.10], it is guaranteed that J admits a global
minimum. Furthermore, u is nontrivial since h �= 0.

For part (ii.a), the boundedness condition is also satisfied when h ≡ 0. Moreover,
from Lemmas 1 and 2, together with [30, Theorem 2.10], yield that the functional J attains
a global minimum u. In fact, u is nontrivial for ν > 0 large enough, in light of Lemma 3.
Finally, (ii.b) follows directly by Lemma 4. This concludes the proof of Theorem 2. ��
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2.3 The linear growth case

Lemma 5 Assume conditions (f1)–(f2) and (γ 1)–(γ 2). For every h ∈ L2(�) with ‖h‖L2(�)

sufficiently small, there exists rh > 0 such that

inf{J (u) : ‖u‖Hs
0 (�) = rh} ≥ α(rh) > 0.

Proof We begin by observing that, in light of (f1)–(f2), there exists C0 > 1 large enough,
such that

| f (t)| ≤ γmin

2
λs
1(�) |t | + C0|t |p, for all t ∈ R.

This, in turn, implies

|F(t)| ≤ γmin

4
λs
1(�) t2 + C0

p + 1
|t |p, in R.

Now, if u ∈ X , from the definition of the energy (9) and (γ 1), there follows that

J (u) ≥ γmin

2

∫
�

|∇su|2dx − γmin

4
λs
1(�)

∫
�

u2dx − C0

p + 1

∫
�

|u|p+1dx −
∫

�

hu dx

≥ γmin

2
‖u‖2Hs

0 (�) − γmin

4
λs
1(�)‖u‖2L2(�)

− C0

p + 1
‖u‖p+1

L p+1(�)
− ‖h‖L2(�)‖u‖L2(�)

≥ γmin

4
‖u‖2Hs

0 (�) − C0

p + 1
C p+1

s (�)‖u‖p+1
Hs
0 (�)

−
√

λs
1(�)‖h‖L2(�)‖u‖Hs

0 (�),

where we have used the variational characterization of the first eigenvalue λs
1(�) of (−�)s on

�, as well as the fractional Sobolev embedding Hs
0 (�) ↪→ L p+1(�) with Sobolev constant

Cs(�), using p + 1 ∈ (2, 2∗
s ). In other words, we obtained that

J (u) ≥
(

γmin

4
− a‖u‖p−1

Hs
0 (�)

− b

‖u‖L2(�)

)
‖u‖2Hs

0 (�),

for the constants a := C0C p
s (�)/(p + 1) and b := √

λs
1(�)‖h‖L2(�). Let us denote r :=

‖u‖Hs
0 (�) > 0, and observe that r �→ ar p−1 + b/r =: q(r) is smooth for r > 0, strictly

convex as p > 2, limr→0+ q(r) = +∞ and limr→∞ q(r) = +∞. Its only global minimum
is attained at r� = (b/(a(p − 1)))1/p with q(r�) = O(bp−1). Therefore, taking ‖h‖L2(�) =
O(b) small enough to make q(r�) < γmin/4, we conclude the desired inequality inf{J (u) :
‖u‖Hs

0 (�) = r} ≥ α(r) > 0, with α(r) = γ /4 − q(r�). ��
Proposition 3 Assume (f1)–(f2) and (γ 1)–(γ 2), and that ‖h‖L2(�) is sufficiently small. Then,
Problem (6) admits a solution which is a local minimizer of J . In addition, this solution is
nontrivial, provided h �= 0.

Proof Take both h ∈ L2(�) and rh > 0 as in Lemma 5. The problemm := inf{J (u) : ‖u‖ ≤
rh} admits a minimizer u� in view of Lemma 1. Indeed, since B(0, rh) ∈ X is bounded and
weakly closed in Hs

0 (�), we can use the direct method of the calculus of variations to obtain a
cluster point u� ∈ B(0, rh)∩ X from anyminimizing sequence, say (un)n∈N ⊂ B(0, rh)∩ X .
As the energy is weakly l.s.c., it follows that m = J (u�) ≤ lim infn→∞ J (un) = m.
Furthermore, the minimizer u� lies in the interior of B(0, rh) ∩ X , due to the fact that
m ≤ J (0) = 0 < α(rh). Thus, u� is a critical point of J , rendering a solution to (6).
Moreover, if h �= 0, then u� is nontrivial. ��
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3 Amountain pass solution for Problem (6)

In this section, we prove the existence of a solution to the boundary value problem (6) using
the mountain pass theorem. This entails arguing that the energy J satisfies the geometric
conditions required by the mountain pass theorem, which will be a consequence of Lemma 5
together with the auxiliary result.

Lemma 6 Assume (f2)–(f3), and let ϕ1 be the first eigenfunction of (−�)s in Hs
0 (�). Then

J (tϕ1) < 0 for all sufficiently large t ∈ R.

Proof Let us obtain a bound for the first term in the energy J . In view of (γ 1), for all n ∈ N,
|γ (τ) − γ (∞)| < 1/n, provided τ ≥ τn1. Whence, for x ∈ �,

lim
t→∞

1

t2
�

(
t2

2
|∇sϕ1(x)|2

)
= lim

t→∞
1

t2

⎛
⎜⎝

t2|∇sϕ1(x)|2/2∫

0

(γ (τ ) − γ (∞))dτ +
t2|∇sϕ1(x)|2/2∫

0

γ (∞)dτ

⎞
⎟⎠ =

On the other hand, the boundedness of γ implies,

∀t ≥ 1 : 1

t2
�

(
t2

2
|∇sϕ1(x)|2

)
= 1

t2

t2|∇sϕ1(x)|2/2∫

0

γ (τ)dτ ≤ γmax

2
|∇sϕ1(x)|2.

Whence, the dominated convergence theorem yields

lim
t→∞

∫
�

1

t2
�

(
t2

2
|∇sϕ1(x)|2

)
dx = γ (∞)

2

∫
�

|∇sϕ1(x)|2dx = γ (∞)

2
λs
1(�)

∫
�

|ϕ1|2.

The second term in the energy is bounded by observing that there exists δ > 0 such that
F(t) ≥ γ (∞)

2 (λs
1(�) + δ)t2, for any t ≥ 1 (from (f3)). Thus,

lim inf
t→∞

1

t2

∫

�

F(tϕ1)dx ≥ γ (∞)

2
(λs

1(�) + δ)

∫

�

ϕ2
1(x)dx,

Putting together these two bounds,

lim sup
t→∞

1

t2
J (tϕ1) = lim sup

t→∞

⎛
⎝ 1

t2

∫

�

�

(
t2

2
|∇sϕ1|2

)
− 1

t2

∫

�

F(tϕ1)dx − 1

t2

∫

�

h(tϕ1)dx

⎞
⎠

≤ −δγ (∞)

2

∫

�

ϕ2
1dx < 0.

��
We now study the compactness of the functional J , by establishing the so-called

Schechter–Palais–Smale condition. Let us recall that a sequence (un)n∈N ⊂ X R\{0} is said
to be a Schechter–Palais–Smale sequence for J at level c ∈ R, where X R is the closed ball
of radius R centered at the origin in Hs

0 (�), if

J (un) −→
n→∞ c,

and, moreover, if it satisfies any the following conditions
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(a) un ∈ X R for all n, and
J ′(un) −→

n→∞ 0; (14)

(b) un ∈ ∂ X R for all n, and

J ′(un) − 〈J ′(un), un〉
R2 Jun −→

n→∞ 0, while 〈J ′(un), un〉 ≤ 0; (15)

(c) un ∈ ∂ X R for all n, and

J̄J ′(un) − 〈J un, J̄J ′(un)〉
R2 un −→

n→∞ 0, while 〈Jun, J̄J ′(un)〉 ≤ 0. (16)

The following results will end up establishing that, in fact, J satisfies the Schechter–
Palais–Smale condition. The core of the argument relies in establishing the convergence of
bounded Schechter–Palais–Smale sequences for J .

First, we prove that the following conditions are satisfied

u − J̄J ′(u) ∈ X for all u ∈ X ,

min
{〈J ′(u), u〉, 〈Ju, J̄J ′(u)〉} ≥ −ν0 for all u ∈ ∂ X R, for some ν0 > 0.

Indeed,

u − J̄J ′(u) ≥ 0 ⇔ u ≥ 1

γmin

‖E ′(u)‖
‖u‖Hs

0 (�)

.

Using (f4) and ‖h‖L2(�) is small we obtain

u ≥ −C(‖u‖Hs
0 (�) + 1).

Now, by Lemma 2 we have 〈J ′(u), u〉 ≥ −ν0 for some ν0 > 0. Moreover,

〈Ju, J̄J ′(u)〉 ≥ −‖J (u)‖Hs
0
‖ J̄J ′(u)‖H−s

0
≥ −C‖J (u)‖Hs

0
‖J ′(u)‖H−s

0

Since J (u) and J ′(u) are bounded, the condition is satisfied.

Lemma 7 Assume (γ 1)–(γ 2). Suppose that (un)n∈N ⊂ X is so that un⇀u in X, ∇sun →
∇su a.e. on �, and

lim sup
n→∞

∫
�

�

( |∇sun |
2

)
dx ≤

∫
�

�

( |∇su|
2

)
dx .

Then, un → u in X, up to a subsequence.

Proof We follow [31, Theorem 2] adapted to our case. Define, for k > 1 and ε ∈ (0, k) fixed,

Wn,ε(x) := �

( |∇sun |2
2

)
− �

( |∇su|2
2

)
− �

( |∇sun |2
2

− |∇su|2
2

)

− ε

[
�

(
k

( |∇sun |2
2

− |∇su|2
2

))
− k�

( |∇sun |2
2

− |∇su|2
2

)]

Clearly, Wn → 0 a.e. in �. There also exists domination in view of [31, Lemma 3] with
j(s) := �

(
t2
)
,

|Wn,ε | ≤ 2�

(
C2

ε |∇sun |2
2

)
∈ L1(�).
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Thus, the Dominated Convergence Theorem ensures∫
�

Wn,ε(x) dx −→
n→∞ 0,

Now, the convexity of j implies that

lim sup
n→∞

{∫
�

�

(
|∇sun |2

2

)
dx −

∫
�

�

(
|∇su|2

2

)
dx −

∫
�

�

(
|∇sun |2

2
− |∇su|2

2

)
dx

}
≤ ε C

whence∫
�

�

( |∇sun |2
2

)
dx −

∫
�

�

( |∇su|2
2

)
dx −

∫
�

�

( |∇sun |2
2

− |∇su|2
2

)
dx −→ 0.

The latter, added to the hypothesis on the limit superior, allows us to conclude
∫

�

�

( |∇sun |2
2

− |∇su|2
2

)
dx → 0.

Finally, the bound on the integrand, � (t) ≥ γmint shows un → u in X , up to subsequence. ��
The following is a technical result, required to apply the algo property in [32].

Lemma 8 Under (γ 1)–(γ 2), β(z) := γ
( |z|2

2

)
z is a strictly monotone vector-field in R

d .

Proof Let z, z′ ∈ R
d with z �= z′. Since the inner product is bilinear, without loss of generality

we assume |z| ≥ |z′|. Furthermore, we assume |z′| > 0, as otherwise the property follows:
〈
γ

( |z|2
2

)
z − γ

( |0|2
2

)
0, z − 0

〉
= γ

( |z|2
2

)
|z|2 > 0.

The monotonicity of t �→ d
dt �(t2) = 2γ (t2)t (see (γ 2)) together with the Cauchy-Schwarz

inequality, yields
〈
γ

( |z|2
2

)
z − γ

( |z′|2
2

)
z′, z − z′

〉
= γ

( |z|2
2

)
(|z|2 − 〈

z, z′〉) − γ

( |z′|2
2

)
(
〈
z′, z

〉 − |z′|2)

≥ γ

( |z′|2
2

)
|z′|

(
|z| −

〈
z, z′〉
|z|

)

− γ

( |z′|2
2

)
|z′|

(〈
z′, z

〉
|z′| − |z′|

)

= γ

( |z′|2
2

)
|z′|

(
|z| −

〈
z′, z

〉
|z′| −

〈
z, z′〉
|z| + |z′|

)
≥ 0.

��
Lemma 9 Assume (f1)–(f2) and (γ 1)–(γ 2). Then, each bounded Schechter–Palais–Smale
sequence of J admits a convergent subsequence in X.

Proof Let (un)n∈N ⊂ X be a bounded Schechter–Palais–Smale sequence of J . Assume,
without loss of generality,

un⇀u in X and un → u in Lq(�) for q ∈ [2, 2∗).
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If (un)n∈N satisfy condition (15), we can assume that −〈J ′(uk), un〉/R2 → ρ ≥ 0, thus

J ′(un) + ρ�′(un) → 0.

Since J ′(un)(u − un) → 0, we directly argue that �′(un)(u − un) → 0. Hence,

(�′(un) − �′(u))(un − u) =
∫

�

〈
γ

( |∇sun |2
2

)
∇sun − γ

( |∇su|2
2

)
∇su,∇sun − ∇su

〉
dx −→ 0.

Consequently,
〈
γ

( |∇sun |2
2

)
∇sun − γ

( |∇su|2
2

)
∇su,∇sun − ∇su

〉
−→
n→∞ 0 a.e. x ∈ �.

The latter, together with Lemma 8, meet all the hypotheses of [32, Lemma 6]. Thus,

∇sun → ∇su a.e. in �.

We now recall the convexity character of �, (12), that yields

�(u) − �(un) − �′(un)[u − un] ≥ 0.

which, in turn, implies
lim sup

n→∞
�(un) ≤ �(u).

As all the hypotheses of Lemma 7 aremet, the desired convergence unk → u in X is obtained.
If (un)n∈N satisfy condition (16), we assume that −〈�′(un), J̄J ′(un)〉/R2 → ρ ≥ 0,

then
J̄J ′(un) + ρun → 0.

When ρ = 0, it follows that J ′(un)(u − un) → 0, and proceed in a similar way to the
previous case. If ρ > 0, taking

vn := J̄J ′(un) + ρun,

then,

un = 1

ρ
vn − 1

ρ
J̄J ′(un).

This is,

un = 1

ρ
vn − 1

ρ
J̄ (�′(un) − f (un) − h).

ByLemma7and (γ 1), it follows that the sequence�′(un) is relatively compact in H−s
0 (�).

Furthermore, the relative compactness of the sequence f (un) − h in H−s
0 (�) is also clear. ��

Proposition 4 The sequence (un)n∈N is bounded in X.

Proof The criticality of un with respect to J , tested against un , gives∫
�

γ

( |∇sun |2
2

)
|∇sun |2dx −

∫
�

f (un)undx −
∫

�

hun dx = 0, (17)

whence,

γmin

∫
�

|∇sun |2dx ≤
∫

�

f (un)undx +
∫

�

hun dx

in view of (γ 1). This shows that the boundedness of (un)n∈N in X is reduced to proving the
boundedness of the sequence in L2(�).
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To establish the latter, we argue by contradiction, so let us assume ‖un‖L2(�) → ∞. We
define an auxiliary sequence vn := un/‖un‖L2(�) that clearly lies in the unit sphere in L2(�).
We now claim that (vn)n∈N is, in fact, bounded in X . On the one hand, Eq. (17) normalized
by ‖un‖2

L2(�)
implies

∫
�

γ

( |∇sun |2
2

)
|∇svn |2dx ≤ ‖ f (un)‖L2(�)‖un‖−1

L2(�)
+ ‖h‖L2(�)‖un‖−1

L2(�)
.

On the other hand, assumption (f4) yields the bound

‖ f (un)‖L2(�) ≤ C(1 + ‖un‖L2(�)).

The latter inequalities combined with (γ 1) finish the proof of the claim. Hence, up to a
subsequence

∃v ∈ X : vn⇀v in Hs
0 (�) and vn → v in L2(�).

Now, we can test the criticality of un in J against ϕ1/‖un‖L2(�), to obtain
∫

�

γ

( |∇sun |2
2

) 〈∇svn,∇sϕ1
〉
dx =

∫
�

f (un)un
ϕ1

‖un‖L2(�)

dx +
∫

�

h
ϕ1

‖un‖L2(�)

dx

≥ A
∫

�

vnϕ1 dx − B

‖un‖L2(�)

∫
�

ϕ1 dx + 1

‖un‖L2(�)

∫
�

hϕ1 dx,

(18)
for some constants A > γ (∞)λs

1 and B > 0 and n ∈ N asymptotically large, in view of (f3),
since

f (t) ≥ At − B, for all t ∈ R.

Taking limit n → ∞ in (18), we get:

lim inf
n→∞

∫
�

γ

( |∇sun |2
2

) 〈∇svn,∇sϕ1
〉
dx ≥ A

∫
�

vϕ1 dx .

Now, based on the assumptions in (γ 1) of the density, it can be argued that

lim
n→∞

∫
�

γ

( |∇sun |2
2

) 〈∇svn,∇sϕ1
〉
dx = γ (∞)

∫
�

〈∇sv,∇sϕ1
〉
dx

= γ (∞) λs
1(�)

∫
�

vϕ1 dx,

whose proof has been relegated to the Appendix A. Since v �= 0, this contradicts the fact that
A > γ (∞)λs

1. ��

3.1 Proof of Theorem 1

First, we will prove the bounded condition by contradiction. Suppose, that there exists some
u ∈ X with ‖u‖Hs

0 (�) = R such that J ′ + ρ J = 0 for some ρ > 0. Then,

∫
�

γ

( |∇su|2
2

)
|∇su|2dx −

∫
�

f (u)udx −
∫

�

hu dx = ρ

∫
�

γ

( |∇su|2
2

)
|∇su|2dx .

From here, it follows that

(1 + ρ)γmin‖u‖2Hs
0 (�) ≤

∫
�

f (u)u dx +
∫

�

hu dx .
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Thus, using Hölder’s inequality and by (f4) for R ≥ t0, we have

R2 < (1 + ρ)γminR2 ≤ Cr2h + ‖h‖2L2(�)
R.

which contradicts (7).
By Lemma 3, part (i) follows directly. On the other hand, the sequence (un)n∈N is bounded

in X , by virtue of Proposition 4. Additionally, by Lemma 9, the sequence (un)n∈N converges
strongly in X , up to a subsequence. Consequently, the conclusion follows from [30, Theorems
2.9 and 2.10]. ��

Appendix A Convergence of the quasilinear terms

The next is a technical result, used to establish Proposition 4. The proof is inspired in [27,
Proposition 6.1].

Proposition 5 Let (un)n∈N and (vn)n∈N be the sequences defined in Proposition 4. Then,
∫

�

γ

( |∇sun |2
2

) 〈∇svn,∇sw
〉
dx −→

n→∞ γ (∞)

∫
�

〈∇sv,∇sw
〉
dx, ∀w ∈ Hs

0 (�).

Proof Since vn⇀v in Hs
0 (�), taking tn = 1/‖un‖L2(�), what we need to prove is equivalent

to ∫
�

(
γ

( |∇svn |2
2t2n

)
− γ (∞)

) 〈∇svn,∇sw
〉
dx −→

n→∞ 0.

There exists M > 0 s.t. supn∈N
∫
�

|∇svn |2 dx ≤ M , as this sequence is bounded in Hs
0 (�).

Consider now, for n ∈ N and ε > 0 fixed, the following partition of �:

Aε
n := {

x ∈ � : |∇svn(x)| ≤ ε
}

and Bε
n := �\Aε

n .

Now, define the integrals on each component(∫
Aε

n

+
∫

Bε
n

)(
γ

( |∇svn |2
2t2n

)
− γ (∞)

) 〈∇svn,∇sw
〉
dx =: Iεn + IIεn .

Recalling that γ is bounded (see (γ 1)), we directly get a the bound on Iεn ,∫
Aε

n

∣∣∣∣γ
( |∇svn |2

2t2n

)
− γ (∞)

∣∣∣∣ |∇svn ||∇sw|dx ≤ 2γmax ε

∫
Aε

n

|∇sw|dx

≤ 2γmax
√|�| ε ‖∇sw‖L2(Aε

n).

Also, in view of the convergence of γ (z) as |z| → ∞ (γ 1), and noting that |∇svn | > ε on
Bn

m plus tn → 0, there exists Nε ∈ N so that
∣∣∣∣γ

( |∇svn |2
2t2n

)
− γ (∞)

∣∣∣∣ < ε on Bm
n , provided n ≥ Nε .

Thus, we derive a bound on IIεn via Hölder’s inequality
∫

Bε
n

∣∣∣∣γ
( |∇svn |2

2t2n

)
− γ (∞)

∣∣∣∣ |∇svn ||∇sw|dx ≤ ε ‖∇svn‖L2(�)‖∇sw‖L2(�)

≤ √
M ε ‖∇sw‖L2(�).
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We have deduced that, for every ε > 0 and any n ≥ Nε .

|Iεn + IIεn | ≤
∫

�

∣∣∣∣γ
( |∇svn |2

2t2n

)
− γ (∞)

∣∣∣∣ |∇svn ||∇sw|dx ≤ C(�) ε ‖∇sw‖L2(�).

where C(�) = 2γmax
√|�| + √

M . The desired convergence is now established. ��
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