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ABSTRACT. In this paper we study positive solutions to the CR Yamabe equation in
noncompact (2n + 1)-dimensional Sasakian manifolds with nonnegative curvature. In
particular, we show that the Heisenberg group H' is the only (complete) Sasakian space
with nonnegative Tanaka-Webster scalar curvature admitting a (nontrivial) positive so-
lution. Moreover, under some natural assumptions, we prove this strong rigidity result
in higher dimensions, extending the celebrated Jerison-Lee’s result to curved manifolds.
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1. INTRODUCTION

The CR Yamabe equation is the following subelliptic semilinear equation
2

—Ayu =2n%u""  in H*, (1.1)
where H" is the Heisenberg group
H"={¢=(z1t) : z€ C",t € R},

and Ayt = Uag+Uae i the Heisenberg Laplacian (or sub-Lapacian). We refer to Section 2
for precise definitions and details. In [29], Jersion and Lee obtained the following Liouville
theorem: the only positive solution to (1.2) with finite energy, i.e.

we LW (HY)
are the so-called Jerison-Lee bubbles given by

Cn
U ,t == . n
nlz: 1) [t +id|z]2 + 2 p+ A

for some A € C, p € C" such that Im(\) > % and for some explicit constant ¢, =
c(n,A) > 0. Actually, these functions corresponds to the extremals of the Folland-Stein-
Sobolev inequality (see [21] and [29]) and are related to the CR Yamabe problem in the
Heisenberg group (see e.g. [15, 16, 22, 23, 28, 29, 30, 50] and the references therein).
The Liouville theorem in [29] has been extended in various directions (see e.g. [6, 24]
as well as [50, 51] on compact pseudohermitian manifolds with zero torsion). Very recently,
in [10] the Jerison and Lee’s result has been proved in H' for all positive solutions to (1.2)
and in H", with n > 2, under additional assumptions on the behavior of the solution at

infinity (see [10] and [19]).
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Moreover, in the subcritical case, i.e.
—Apyu = 2n*u?  in H", (1.2)

with 1 < ¢ < 2 it is known that the only nonnegative solution is v = 0 in H" (see [35]).

Before presenting our main results we mention the Riemannian analogue of Liouville
theorems for the following semilinear elliptic equation

{—Agu:uq in M, (1.3)

u >0
where (M", g) is a smooth, complete, noncompact, n—dimensional, with n > 3, Riemann-

ian manifold with nonnegative Ricci curvature, A, denotes the Laplace-Beltrami operator
and the exponent ¢ is subcritical, i.e.

n—+ 2
l<g< —— 1.4
1= "2 (1.4)
or critical, i.e.
n+2
= ) 1.5
= (1.5)

We mention that the critical equation (1.3) with (1.5) arises in the well-known Yamabe
problem of prescribing the scalar curvature of a conformal metric when the original one
is scalar flat (see [32] for further details).

In the Euclidean setting, problem (1.3) is now well understood. In [26], Gidas and
Spruck showed that the only solutions to (1.3) in the subcritical case (1.4) is u = 0 in
R™. In [9] (see also [13, 14, 34] and [25, 38| for previous important results), Caffarelli,
Gidas and Spruck proved that any solution to (1.3) in the critical case (1.5) is radial and
is given by

Vi) = (j—M) , (16)

for some A > 0 and 2y € R™. The functions (1.6) were independently constructed in
[1, 41, 47] as minimizers of the Sobolev quotient

fM|Vu\2dVg

n—2
fM |u|% d%) !

where dV;, denotes the canonical volume element and

So(M) := Oq‘éueiglfﬂ(M) (

DYA(M) = {u € Li3(M) : |Vu| € LQ(M)} 7

with M = R™ (see [42] for further details). For this reason the functions (1.6) are usually
called Aubin-Talenti bubbles. Before passing to the Riemannian setting, we mention that
similar Liouville theorems holds when the operator is the p—Laplacian, with 1 < p < n,
and the exponent Z—fg is replaced by n”—f;) — 1 (we refer to [12, 18, 39, 45, 44, 48, 49] for
further details).
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Extending such Liouville theorems for the critical equation to the case of more general
Riemannian manifolds turns out to be a challenging and still open problem (in the subcrit-
ical case the result in [26] works also in any complete noncompact Riemannian manifold
with nonnegative Ricci curvature). The conjecture is the following strong rigidity result:

Conjecture: let (M™,g) be a complete noncompact Riemannian manifold with nonnega-
tive Ricci curvature and let uw € C*(M) be a solution to

nt2
{—Agu =un-2 inM, (1.7)

u>0,

then either w =0 in M or (M, g) is isometric to R™ with the Euclidean metric and u is
an Aubin-Talenti bubble.

This theorem is known to hold when the dimension of the Riemannian manifold is
n =3,4,5 (see [11, 17] and also the already cited [9, 13, 14, 34, 39, 49] for the Euclidean
case) and holds under additional assumptions, such as u € DY?(M) (or even weaker
ones), in every dimension n > 6. We refer to the papers [11, 17, 20, 39, 49] and also for
further details. Finally, the rigidity result still holds true on Cartan-Hadamard manifolds,
assuming that the solution to (1.7) is either radially symmetric and u € DY?(M) or a
minimizer to the Sobolev quotient (see [37] for further details).

In this paper, we consider the critical subelliptic semilinear equation on complete
Sasakian manifolds with nonnegative Tanaka-Webster Ricci curvature (see Section 2). In
particular, given a (2n + 1)-dimensional complete Sasakian manifold (M?"! 0, J, g) we
consider the CR Yamabe equation

—Ayu = 2n%u"  in M (1.8)

where Ayt = Ung + Uaq is the sub-Laplacian (see Section 2).

Our main results are the following. The first is a characterization of the Heisen-
berg group H! as the only (complete) three-dimensional Sasakian space with nonnegative
Tanaka-Webster scalar curvature admitting a (nontrivial) positive solution to the CR
Yamabe equation, without any further assumptions. This theorem generalizes previous
results in [10, 11].

Theorem 1.1. Let (M3.0, J, g) be a 3-dimensional complete Sasakian manifold with non-
negative Tanaka-Webster scalar curvature and let u be a nonnegative solution to the fol-
lowing equation
—Ayu=2u® in M>. (1.9)
Then either u=0 or (M?,0,J,g) is CR isometric to H' with its standard structures and
u 18 a Jerison-Lee bubble, that is
u = Z/l,\#,

2
for some A\, € C such that Im(\) > %.

In the next results we deal with the higher dimensional case where we prove similar
strong rigidity results under additional assumptions.
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Here and in the following we denote by Bg the ball of radius R centered at a fixed
point with respect to the Carnot-Caratheodory distance (see Section 2).

Theorem 1.2. Let (M*1.0,J, g), n > 2, be a (2n + 1)-dimensional complete Sasakian
manifold with the Tanaka-Webster curvature satisfying

Ricy (X, X) >0 for all horizontal vector field X,

and
VolBy < CR*™*%
for some C' > 0 and every R > 0 large enough. Let u € L=
solution to the following equation
—Apu = 2n%u"T in MY (1.10)

such that u tends to zero at infinity.
Then either u =0 or (M*"™1.0,.J, g) is CR isometric to H" with its standard struc-
tures and u is a Jerison-Lee bubble, that is

(M) be a nonnegative

u = Z/{)\,#,
for some A € C, p € C" such that Im(X\) > %.

We actually prove the following result of which Theorem 1.2 is an immediate conse-
quence.

Theorem 1.3. Let (M*1.0,J,g), n > 2, be a (2n + 1)-dimensional complete Sasakian
manifold with the Tanaka- Webster curvature satisfying

Ricy (X, X) >0 for all horizontal vector field X,
together with
VolBr < CR*?

for some C' > 0 and every R > 0 large enough. Let u be a nonnegative solution to (1.10)
i M which tends to zero at infinity and such that

2(n+1)
/ u » <CR°,
AR

for every R > 0 large enough, where Ap = Br\ Bry2, and for some o0 <2 ifn=2,0 =2
if n > 3. Then either w = 0 or (M?"*1 0, J,g) is CR isometric to H" with its standard
structures and u is a Jerison-Lee bubble, that is

u = UA,W

for some A € C, p € C* such that Im(X\) > %.

Remark 1.4. We point out that in the Sasakian context a Bishop-Gromov volume com-
parison is still an open and challenging question for n > 2; the case n = 1 was treated in
[3] (see Theorem 2.3 (1) for further details). It is well-known (see e.g. [33]) that given
(M* %10, J,9), n > 2, a (2n + 1)-dimensional complete Sasakian manifold such that

Ricy (X, X) > R(X,JX, X, JX) >0 for all horizontal vector field X, (1.11)

then
VolBy < CR*™*2
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for some C' > 0 and every R > 0 large enough (see Theorem 2.3 (2)). In particular, we
have that Theorems 1.2 and 1.3 hold replacing the assumptions on Ricy and on VolBg
with (1.11).

Important corollaries of our theorems are the following. We define the Folland-Stein-
Sobolev quotient as

oul?
0£ueD1:2(M) (f ’u|2n7j-2) P |
M

)

where
2n+2

DL2(M) = {u e L2 (M) |ou| e LQ(M)} .

We refer to Section 2 for the definition of du. It is well known the validity of the Folland-
Stein-Sobolev inequality on a complete Sasakian manifold M, i.e. Sg(M) > 0, is equivalent
to an optimal volume growth of balls from below (see [4, Theorem 2.6]). Under this
assumption, a positive finite energy solution to (1.10) vanishes at infinity (see Lemma 2.7

below).

Corollary 1.5. Let (M**10,J,g), n > 2, be a (2n + 1)-dimensional complete Sasakian
manifold with the Tanaka- Webster curvature satisfying

Ricy(X,X) >0 for all horizontal vector field X,

and
cR*™ 2 < VolBr < CR*™*? |

2n+2

for some ¢,C > 0 and every R > 0 large enough. Let u € L™= (M) be a nonnegative
solution to (1.10). Then either u = 0 or (M0, J, g) is CR isometric to H" with its
standard structures and w is a Jerison-Lee bubble, that is

u = Z/[A#,

for some A € C,p € C" such that Im(\) > %.

This result recovers and improves the seminal one by Jerison-Lee [29] for finite energy
solutions in the Heisenberg group to the curved setting. Moreover, for Folland-Stein-
Sobolev minimizers we have the following.

Corollary 1.6. Let (M**1.0,.J, g) be a (2n+ 1)-dimensional complete, nonflat Sasakian
manifold. If

i) n =1 and the Tanaka-Webster scalar curvature is nonnegative, or
ii) n > 2, the Tanaka-Webster curvature satisfies

Ricy (X, X) >0 for all horizontal vector field X,

and
VolBy < CR*™*t%
for some C' > 0 and every R > 0 large enough,
then there exists no 0 < u € DY?(M) which minimizes Sy(M).
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In particular, if n > 2,
Ricy (X, X) =0 for all horizontal vector field X and VolBr < CR*"t?
then there exists no 0 < u € D»?(M) which minimizes the CR-Yamabe quotient:
221 9u|? + Ru?
Yo(M):=  inf Jar 710U :

0ZueC (M) (f |u|2"n+2>"11
M

The proof of our results relies on a generalization of the remarkable differential identity
proved in [29] (see also [35]) to the Sasakian setting (see e.g. [50, 51, 36]) , which involves a
vector field depending on the solution u and its derivatives and the Tanaka-Webster Ricci
curvature of the manifold. From our curvature assumption we have that the divergence of
this vector field is nonnegative. Inspired by [10] (see also [11, 12]), through a test functions
argument we are able to obtain integral estimates which imply that such divergence must
vanish identically, thus giving the desired rigidity result for both the solution and the
manifold M?"*1. When n = 1, our argument goes through without any further assumption
by using the sub-Laplacian comparison which yields to a lower-bound on the solution and
an upper bound on the volume of balls (with respect to the Carnot-Caratheodory distance)
a la Bishop-Gromov. While, when n > 2, to perform our argument we need to assume
that the solution has finite energy (or actually a weaker energy assumption) and goes to
zero at infinity. This is reminiscent of the papers [10, 19].

Organization of the paper. The paper is organized as follows: in Section 2 we collect
some preliminaries regarding CR and Sasakian geometry, then we present the main dif-
ferential identity together with an integral inequality which will be the starting point of
our approach. In Section 3 we prove several integral estimates which are used in Section
4 to prove the main results stated above.

2. PRELIMINARIES

2.1. Notations. We first give a brief introduction to psedohermitian geometry and fix our
notations, following the standard reference [31]. A CR manifold is a smooth manifold M
endowed with a distinguished subbundle T° of the complexified tangent bundle CT M =
TM®C such that [T+, T10] C T (i.e. T is formally integrable) and T-°NT% = {0},
where T%! = T10 (i.e. T"0 is almost Lagrangian). The bundle 7" is called a CR structure
on the manifold M. A CR manifold is said to be of hypersurface type if dimpgM = 2n + 1
and dimeT*? = n. Then H(M) := {X +X : X € T'%} is a real subbundle of TM of rank
2n and called the horizontal distribution. On H (M) there is an almost complex structure
J defined by J(X —1—7) =1 (X —7).

We will consider only CR manifolds M which are of hypersurface type and oriented.
Then it is possible to associate to its CR structure T%° a one form 6 globally defined on
M such that ker(f#) = H(M), which is unique modulo a multiple of nonzero function on
M: a choice of a nonzero multiple of such 0 is called a pseudohermitian structure on M.

The Lewvi form of 6 is defined by
Ly(V,W) := —id0(V,W), forall V,IW € T*°.
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We say that the CR structure is strictly pseudoconvez if the Levi form Ly is positive
definite for some choice of §. We simply call the triple (M?"*! 0, .J) a pseudohermitian
manifold. In this case, 6 is a contact form and Gy := df(-, J-) is a J-invariant positive-
definite bilinear form on H (M), i.e. it defines a J-invariant Riemannian metric on H(M).
The Reeb vector field T is defined by

O(T)=1 and dO(T,X)=0 forall X € TM,

then TM = H(M) @ Span(T"). We have a natural Riemannian metric gy on M such that
this decomposition is orthogonal, g (T',7) = 1 and its restriction on H(M) equals Gy.
The volume form of gy is

dVy = 0 A (d0)" /!,

and is often omitted when we integrate.

As usual, we extend gy as a complex bilinear form on the complexified tangent bundle
CTM =T @ T% @ Span(T). Throughout the paper, we work with the Tanaka- Webster
connection V which is compatible with the metric gy, but it has a nontrivial torsion. The
torsion 7 satisfies

T(ZW)=0, 7(ZW)=w(ZW)T, v(T,J)=-Jr(T,")
for any Z, W € TH (M). We define A : T (M) — T (M) by
AX =7 (T, X) .

It is customary to simply call A the torsion of the CR manifold. 1t is easy to see that A
is symmetric. Moreover

AT =0, AH(M)C H(M), AJX=-JAX.
It is well known that
A=0 <= gy is Sasakian, i.e. the Reeb vector field T is Killing.

Therefore Sasakian manifolds are precisely the strictly pseudoconvex CR manifolds with
a fixed contact form € such that the Levi form Ly is positive definite and the torsion of
the Tanaka-Webster connection vanishes.

On a pseudohermitian manifold (M?"*! 6, .J, gy), a Lipschitz curve v : [0,1] — M is
called admissible if

v (t) € Hywy (M),  for all t where +' is defined.
The Carnot-Caratheodory distance is defined as
d(p,q) =inf {L(v) :v:[0,1] — M is an admissible curve with v(0) = p and v(1) = ¢},
where p,q € M and

Liy) = / Va0 @) dt

is the length of the curve 7.

The Carnot-Caratheodory distance is indeed a distance function that induces the same
topology on (M2 0. .J gg). One can also define geodesics, the exponential map, cut
points etc. in this sub-riemannian setting. We refer to [46] and [2] and references therein
for details.
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To do calculations, it is convenient to work with a local frame {Z,}"_; for T*° such
that )
d0(Zy, Zg) = 26,5 .
Let {#*}"_, be the dual basis. We define, for all =1, --- | n
Zg = Zs and 05 = 05 .

Therefore )
df = 216,50 N 6° .

Throughout the paper we adopt Einstein summation convention over repeated indices.

Moreover, given a Sasakian manifold (M?***1 0, J, gy) and a smooth function f : M —
R we denote its derivatives by

foa=2uaf, fa=2af, fo=TFf, faB:ZB(Zaf)_vZBZafa Joa = ZTf,
and so on. In doing calculations, we freely use the following commutation rules that can
be found in [31]
faﬁ_fﬁazo and faﬁ_fBQIQiéan()v
in addition, since the torsion of the Tanaka-Webster connection vanishes, we have

Joa = fao =0 and  fos0 — faos = faog — fago = 0.
Moreover,
Japy = fars = 2i0p5fa0 + Rpapy fu
where Rypp5 denotes the Tanaka-Webster Riemann curvature, R,53 = R,,;5 denotes the
Tanaka-Webster Ricci curvature and R = R,5 denotes the Tanaka-Webster scalar curva-

ture.
Finally, we define

|af|2 = faf&

and
Apf = faa + faa,
which is the so-called sub-Laplacian.
We recall the Heisenberg group H" is the flat model in the Sasakian setting. We have

H":=C" xR
with coordinates £ = (2,t) = (21, ..., 2n,t) € H" and with the group law o: given £ = (z,t)
and ¢ = (w, s)

(z,t) o (w,s) = (z 4+ w,t + s+ 2Im(z*w")) .

We define the following left-invariant (with respect to o) vector fields in H"

0 0 0 0
Za:@—i—izaa and Zd:@—izaa forozzl,...,n.
The standard CR structure is given by the bundle 7Y spanned by the vector fields Z,,,
fora =1,...,n, and the standard contact form is

O =dt+ Zizo‘déo‘ —izvdze,
a=1
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The Reeb vector field is T" = % and the Tanaka-Webster Riemann curvature and the
torsion are zero.

2.2. A differential identity and an integral inequality. Given u > 0 a solution of
(1.8) we consider the auxiliary function f defined as follows

1

ef =un, (2.1)
then f solves
—Apf = 2n|0f|* + 2ne*  in ML (2.2)
We also introduce the function g : M?**! — C such that
g=0f1>+e —ifo, (2.3)
then (2.2) can be rewritten as
foa = —ng in ML (2.4)
As done in [29] we define the following tensors
Dag = fap — 2fafs Do = Das f3
Eos = fop = 5fr3003 Eo = Easfs (2.5)

Ga = Z.fOoz - Z.fOfa + e2ffoz + ‘af’2fa .

The above tensors, introduced in [29], will be important in our argument. Moreover (see
also [36]) we observe that

Eaﬁzfa5+95a5 Ea:faﬁfﬂ+gfa
Da:faﬁf5_2‘af’2foz Ga:if0a+gfa (2 6)
0f|%2 = Ds + Es + §fa — 2fac* '
g&:D&+E&+G& ga:Da+Ea+Ga-

We are now in a position to present the following differential identity which generalizes
the one in [29] to the Sasakian setting (see e.g. [50, 51, 36])

Proposition 2.1. With the notations above, we have
Q = ReZ, {* ™V [(g+ 3ify) Ba + (9 —ifo) Do — 3ifoGal}
where
Q =¢*" (|Eupl* + | Dasl) (2.7)
+ e (|Gal? + G+ Dal* + |Ga = Eof® + [Dasfy + Eas f5l°)
+ 1S (712|8f|2 + er) Rogfafs-

Proof. On the Heisenberg group, this is exactly formula (4.2) in [29]. The above general-
ization can be proved along the same lines in [51] where a modified version was established

for the equation
n+2

——QAbu +u=un
n
on any pseudohermitian manifold with zero torsion. By scaling the pseudohermitian
structure and u properly, one can get an identity for a positive solution to

n+2

—Npu+Au=un
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were )\ is any positive constant. This is explicitly worked out in [36, Remark 3.2]. Namely,
the following Jerison-Lee identity holds for a positive solution to the above equation:

3 2 n+2 ~ ~ ~ ~ ~
u%ReZ@ {u‘i [(ﬂ Tutn Au) (Do + E,) — niug(2D,, — 2E, + 3Ga)} }
u
| Dty + Buris? + 2L 2 4 (wh 3 (1Dasl? + |Enl? + %
- apy ay¥p u2 u ap af
+|Go 4 Do|? 4 |G — Eu* +1Gal?,
where D, E, G are defined in [36, Section 2], u solves

n+2

“ANpu+Adu=urn |,
and

MAW“F

X = R,guqug —
From (2.1) it is easy to see that
ﬁa =n2e"' D, , Ea =n2e"E,, éa =n2e"@a,

and B B
Dys = ne"fDaﬁ , Pog = ne”fEag )
Eventually, by choosing A = 0 the conclusion follows after some manipulation. O

From this proposition we obtain the next lemma which extends a similar result in
[10].

Lemma 2.2. With the notations above, for every n > 1, every (Teal) nonnegative cut-off
function n with compact support, every s > 2 and every O < < 15 we have

1/2 1/2
/ QU < c(/ QU- 775) (/ S e ] 2) ,
M supp|on| S“PP|8"7|

for some C' > 0, where
U:=gge 2 =g . (2.8)

/Qw—ﬁnssc/ (n1)f | g Py 22
M

Il I:/ Q\P_ T]S.
M
From Proposition 2.1 we obtain

/ QU / ReZ {20 [(g + 3ifo) Ba + (g — ifo) Do — 3ifyGal } 07

In particular

Proof. We define

=0 /M Re {e*™ ™V [(g+3ify) Ea + (9 — ifo) Do — 3ifoGa] Ws} U7 1

— s/ Re {62("_1)f (g4 3ifo) Ea + (g — ifo) Do — 3ifoGa na} g Pyt
M
(2.9)
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where we integrate by parts. We now observe that, on the one hand, from the definition
of g (2.3) we have
(g9 +3ifo) Ea + (9 —ifo) Do — 3ifoGa = (Do + Ga) (g —ifo) + (Ea — Ga) (9 + 3ifo) + i foGa
= (Do + Ga) (|0f + € —2ify)
+ (Bo — Go) (|0f? + €7 +2ifo) + i foGa,

and so, from Cauchy-Schwarz inequality

(g + 3if0) Ea + (9~ ifo) Do — 3ifoGal <[Da+ Gl \/I0]1 + €1V +200f[26% + 413

| Ba — Gal \/IOFI + et + 20012627 + 4f3
+ [ fol|Gal
< 2|g| <|Da + Gal + ‘Ea - Ga| + |Ga|)
<2V3|g|V/ Qe ("1

where we used the fact that

9l = /10714 + 41 + 200262 + f3. (2.10)

Summing up, we have obtained the following

| (g + 3ifo) Eq + (g — ify) Do — 3ifoGa| < 2v/3|g|V/ Qe VS (2.11)
On the other hand, from (2.6) we have

Vo =[(99) e ], = e (§9a + 95s) — 2(99) fac™™
=e [Q (Dd + s + Ga) +g (D& + E5y — Ga + 2§fd)] -2 (9§> fa€_2f
= [Dalg+9)+Es(9+9) +Ga(g—9)]
=e Y [(Da+Gs)(g+9) + (Es—Ga) (94 7) + Ga (g — 9)]
=2¢ % [(Da + Ga) (10f° + ) + (Ea — Ga) (|0f” + €¥) +iGafo] |

where we used the fact that

Ja = Da+ Es — Gs +27fa. (2.12)
Indeed by (2.6) we have

Ga = —ifoa+3fa,
hence

ga = (10f° + e +ifo),,
=Ds + Es + gfa + ifoa
=Ds+ Ea — Ga +27fa.
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Moreover, from Cauchy-Schwarz inequality

[Wal <2¢7 ||Da + Gal VIOSTT+ ¥ + 200 [ 2%

+ | Es — Gal V/IOTTT + €7 + 210/ 1267 + |Gallfol|
<2¢™|g|[|Da + Ga| + |Es — Ga| + |Gs5l]
< 2\/56_2f|g|\/@6_(n_1)f 7
le.
[Wa| < 2v3e” ™D |g[v/Q. (2.13)
Hence, by substituting (2.11) and (2.13) in (2.9) we get, after a Cauchy-Schwarz inequality,

L= ’/ QU Ayt §125/ Q|g|2e2f\1151n5+2\/§5/ e gV QU ol
M M M

2125/ Q‘I’an+2\/§s/ =D/ Qg am |~ .
M

€
M

Since [ < % we find
zi<c [ S IVQlgluanly .
M

We now use Holder’s inequality and we have

1 1
L <C (/ QU~ 773) (/ 62(”1”!9!2\115\377\2?7”) ,
supp|dn| supp|on|

for some C' > 0. Now the conclusion easily follows. O

2.3. Comparison results and applications. We recall the following sub-Laplacian
comparison in the Sasakian setting and we refer to [3, Proposition 5.5] and [33, Theorem
1.1] (see also [5, 27]) for details.

Theorem 2.3. Let (M*"*1 60, J, g) be a (2n+1)-dimensional complete Sasakian manifold.
(1) If n =1 and the Tanaka- Webster curvature satisfies
Ricy(X,X) >0 for all horizontal vector field X,

then, outside Cut(zg) and in the sense of distributions,
4
AbT S -
,

and

VolBr < CR* VR > 1,

for some C' > 0.
(2) If n > 2 and the Tanaka-Webster curvature satisfies

Ricy (X, X) > R(X,JX, X, JX) >0 for all horizontal vector field X,
then, outside Cut(xy) and in the sense of distributions,

n+ 2
T

Apr <
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and

Vol Bp < CR*™ VR > 1,
for some C' > 0.

As a consequence of the Laplacian comparisons in Theorem 2.3 we obtain the following

Corollary 2.4. Let (M?"1,0,J, g) be a (2n+1)-dimensional complete Sasakian manifold
satisfying the curvature assumptions of Theorem 2.3. Let u be a positive superharmonic
function in M, i.e u € C*(M) and

ANyu <0 in M.
Then, there exists a constant C > 0 such that

u(z) > ¢

2 ()

for any x € M with r(z) > 1.

Proof. Let
C = minu
dB;
and consider the function
(7 C
v(z) =u(x) — ()7 for x € BY,

with ¢ = max{3,n + 1}. Then, v > 0 on 9B; and a direct computation shows that
Ab’U < 0 in Bf,
where one has to use the Laplacian comparison in Theorem 2.3. Since

liminfo(x) >0,

r(x)—o0
if infpev < 0, then v attains its negative absolute minimum at a point in Ei. By the
strong maximum principle (see e.g. [7]), then v must be constant and negative on its
domain, a contradiction. Thus v > 0 in Bf and the claim follows. OJ

The next lemma shows that a bound on the L*%"-norm is equivalent to a bound on
the total energy for a positive solution to the equation.

Lemma 2.5. Let (M***1 0, J,g) be a (2n + 1)-dimensional complete Sasakian manifold
such that
Vol B < CR*™™ VR >1,

for some C > 0, and let u be a positive solution of (1.10). Then, if ¢ > 0,
/ R = O(RY) = 0ul®> = O(R%).
Br\BRr/2 Br\BRr/2

Proof. Let ¢ be a smooth real cut-off function such that ¢ =1 in Bg \ Bg2, ¢ = 0 in
Brys U Bsp and such that [0p| < . Multiplying (1.10) by ue®, where s > 2n + 2, and
integrating by parts we obtain

242n

2/ |8u|2<pS + S/ up™! (Uatpa + UaPa) = 2n2/ u n .
Bagr Baor Bar
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Moreover, from Young’s inequality (twice), for every € > 0

1
< 6/ |Oul** + —/ u?p* |0l
Bar de Bar

S&_/ ’auIQ@s_i_g/ ’U/%()OS—FC (p572n72’ago|2n+2
Baor Bar Bar

| e (e + o)
Bar

IN

e/ |Ou*p® —|—5/ u T ot + CR™22"Vol Byg
Bar Bar

Se/ laulzgos—l—s/ Rt 4 O,
Bar Bar

for some C' > 0. Now, assuming
/ W <CR7 VR > 1,
Br\Bpg/2

holds, by choosing € > 0 small enough we have

/ Oul®> < C / w41
Br\Bgr/2 Bar\BRr/4
=C / uﬂn%—l—/ uﬂfn—l—/ u2+n2n+1 < CR?,
Byr\Br B2\Bpg/» BRr/2\Br/4

for all R > 2. By continuity we deduce

/ ou|* < CR° VR>1,
Br\BRg/2

for some C' > 0. The reverse implication can be proved in a similar way. 0

Corollary 2.6. Let (M*1.0,.J, g) be a (2n+1)-dimensional complete Sasakian manifold
such that

Vol Bp < CR* VR > 1,
for some C > 0, and let u be a positive solution of (1.10). Then

2(n+2)
wue L™ n (M) <= |0uleL*(M).
Finally, in the next lemma we show that the decay assumption at infinity on a positive

finite energy solution w is satisfied, provided the manifold supports the Folland-Stein-
Sobolev inequality.

Lemma 2.7. Let (M*1.0,J g) be a (2n + 1)-dimensional complete strictly pseudo-
convex orientable CR manifold of hypersurface type supporting the following Folland-Stein-
Sobolev inequality

2n

(/ f+)+ < c/ OF2  for all f € DY2(M).

Then, any positive solution u € L¥5°

(M) of (1.10) tends to zero at infinity.
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Proof. The result can be proved by using a standard argument as in the elliptic setting in
R™, by testing the equation against suitable compactly supported test functions depending
on arbitrarily large powers of the solution u, and using the resulting integral estimates
to perform a Moser iteration argument, which only requires the validity of the Folland-
Stein-Sobolev inequality. We omit the details and we refer e.g. to [43], [40, Appendix EJ,
[48, Lemma 2.1] and [37, Proposition 2.2]. O

3. INTEGRAL ESTIMATES

In all this section, (M?"*! 6, J, g) will be a (2n + 1)-dimensional complete Sasakian
manifold, f, defined in (2.1), satisfies (2.2) and g, defined in (2.4), satisfies (2.4).

Moreover, given R > 0, n will denote a smooth real cut-off function such that n =1
in Bry2, n =0 in By and such that [0n| < & in Ar := Bg \ Bgy2.

For the reader’s convenience we collect here some notations that we are going to use
in the proofs of several lemmas appearing below. We define

11=/ QU
IQ / nl)f|g|\1[532

an\If B|8f|2 S— 2

(n— l)f\I/ 6|af|2 s—4

||
\\\\

(n—1— B)f|af|2 s—4

(n— 1)f\11_6|8f|4773_2 7

where [ > 0 is small enough, s > 0 is large enough, n > 1 and where f, g, Q, UV are given
by (2.1), (2.3), (2.7) and (2.8), respectively.

Lemma 3.1. Letn > 1, s > 4 and 0 < 8 < 1/12, then there exists a constant C > 0
such that for every R > 0 the following

— S 1 n— S— 1 n— S—
[evr <o (g [ vy g [ isopg).

holds, where Q and V are given by (2.7) and (2.8) and n is a cut-off function as above.
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Proof. Given R > 0 and 7 as above, from Lemma 2.2, (2.4) and integrating by parts we
have

7, - / QU <C / 211 | g 2P |y 22
M M

C . 8 s C
Sﬁ 62( 1)f|g|2\1} Bn 2 _. ﬁz2 (31)
C
- Ae”IfRe(f g) U Py2

% (14 (s=2)To+2(n—1)Ts+ BT ,

where

Ji:

I
—

62(n_1)fRe(faga)\I]_BT]S_2

=

jg . 62(n—1)fRe(fan&g)\I/—ﬁns—3

% = eQ(n—l)fRe( ) ﬁ|8f|2 s—2

R

Ty = — / 2 DIRe(fo,gWs) WP 172,
AR

We now estimate each of the previous integrals by using Young’s inequality and (2.3). We
start with J;, using (2.12) and the definition of Q. Since

|Ds + Es — Ga| = [(Da + Ga) + (Es — Ga) — Ga| < V3VQe "V (3.2)

then
Re(fada) =Re (fa (Da + Ea — Ga) +25|0f[?)
<VBIOfIV QeI 200 f|* + 2(af [Pe*!
<V3|0f|VQe "I 4o f|* + §e4f
Hence,

1
T <V3 [ VIR0 f| TPy - / DI g / S
An 2 AR AR
2
<€R Q\Ij—ﬁns_'_g/ 62(n_1)f\11_6|8f|2n8—4+1/ (7’L+1)f\:[j 577
>~ 2 An R2 Ap 2 AR

+4/ 2(n 1f\Ij ﬁ|af|452
AR

eR?
:—1+ y1+ y2+4y3,
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for every € > 0 and some C' = C(g) > 0. Similarly we obtain

n— —B,,5— ¢ n— - s—
A A Nl R
AR AR

C
:€I2 + ﬁyl )

for every € > 0 and some C' = C(g) > 0. Analogously we have

2(n —1)J3 =2(n — 1)/ AP o f|* 2 4 2(n — 1)/ AP0 f|2n 2

AR AR
SE/ 62(n+1)qu—ﬁns—2 + C/ e?(n—l)f\I;—,B‘af|4ns—2
AR AR
:EyZ + Oy?) )

for every £ > 0 and some C' = C(g) > 0. Moreover we get

j4 §2/ e(nfl)f’g’2 /Qlaf|quﬁflef2fnsf2
Ar
2
SER / qu_ﬂns_i_g/ 62(n—1)f\11—6|8f|2n5—4
2 Ju R? Ap

eR? C
:TL + Eyl 5

for every ¢ > 0 and some C' = C(g) > 0, where we used (2.13). Summing up,
12§5RI1+§3}1+ g te Yo+ CV3+ €1,

We now observe that

1 2 1 2
Ty = =T —T5 > =T —
2 =3 2+3 22 3 2+3y27

hence, for every € > 0 sufficiently small we obtain
C
T, < ORI, + ﬁyl +CYs. (3.3)

Combining (3.1) and (3.3) we get

C C 1
7, < ﬁzz < ﬁ <€R2I1 + ﬁ)ﬁ + y3>

and the claim follows by choosing ¢ sufficiently small. OJ

Lemma 3.2. Letn=1,2, s >4+ 2n and 0 < 8 < n, then there exists a constant C' > 0
such that for every R > 0 the following holds

C
2=V Plo fPp* < ————Vol B
€ n =~ OlDpRr,
/AR 1011 R2(n—p)

where U is given by (2.8) and 1 is a cut-off function as above.
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Proof. Firstly we observe that, being 5 > 0, by (2.8) we have
U = |22 < & (jof|* + M) < e (3.4)

Then,
yl :/ 62(n—1)f\1[—5|af|27]5—4 S/ 6 (n—1— B)f|af|2 s—4 yl (35)
AR AR
We now have from (2.3)

5)1:/ e2(n1,8)fRe(g>7754_/ eHn=h) s =4 (3.6)
AR AR

— l/ e 2(n—1-p) fRe(f )775 4 / eQ(nfﬁ)fnsfll
" JAg AR
2(n—1— - s—4
_ ( 5) yl + / 62(n_1_ﬁ)fRe(fand)ns_5 . / e2(n—ﬁ)f,r]s—4
ARr AR

n n

thus, being 2(1 + 8) — n > 0 by our assumptions,

ﬁ1s0<8_4/"e%%*@ﬂaHWMﬁ*—i/ &wwvf4)
C (5)}1 + C’/ 62("_1—5)fns—6|677|2 _ / 62(n_’8)f175_4) ’
for every £ > 0 and some C, C>0. By choosing ¢ sufficiently small we deduce
5)1 <C (Cf/ ez(n—l—ﬁ)fns—6|an|2 N / eQ(n—ﬁ)fns—4)

<C (C’é/ =R st 4 O ns42n+25|an’2(n5)_/ 62(n6)fns4>
AR ARr Agr

for every 0 > 0 and some C, C,C > 0. By choosing ¢ sufficiently small we deduce, from
(3.5),

V<m<C / 0T | g P < Vol B (3.7)
AR

< R2
which is the thesis. [l

Lemma 3.3. Let (M3,0,.J,g) be a 3-dimensional (n = 1) complete Sasakian manifold
with nonnegative Tanaka-Webster scalar curvature. Let s > 8, 0 < < 1/27 and ¢ > 0,
then there exists a constant C' > 0 such that for every R > 0 the following holds

— S— — S 1
/ T B0f 'y 23()(5}%2/ TQnp +ﬁVolBR) ,
AR AR

where U is given by (2.8) and 1 is a cut-off function as above.
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Proof. By (2.8) we have

Vs — / U0 f |2 < / 281 |9 f 2 =: Py
AR AR
—— [ PR fu)lof Pyt - [0 ogy
AR AR
98+ (s—2) / 21 Re( funa)|0f P

AR

+/ %I Re (f.|0f12) ?752_/ 21=0F |9 f |22 .
Ap AR
Now we note that
/ e *Re (fulf13) 1" = / ¢ *Re (fo(Da + Ea)) 0"
Ag AR
+ / e 10 f’Re (g) n°?
AR
_2/ 21— B)f|af|2 52
AR
_ / e 2 Re (fo( D + Es)) ">
AR

+3>3_/ f|8f|232
AR
where we used (2.6). Using this identity in the previous one we get

28Y; (3—2)/A “2PIRe(fana)|Of)?n° 3 (3.8)

+/ ezBfRe(fa(Da+Ea))7752—2/ 2= ﬁf\af\Q 572
AR AR

Since n = 1, we follow the proof in [10, Section 3|; we include the details in order to make
the presentation self contained. We have

269y ~(s =) [ e Relfura) 0f P
AR
+/ e‘zﬁfRe(fa(Da—l—Ea))ns_Q—2/ 2= Bf\8f|2 572
AR AR

Using Young and the following inequality (which actually holds for every n > 1)

|Ds + Es| < v2v/Qe (1 (3.9)
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we obtain
@5-ady <y [ e orPrt e VE [ e vQlos - [ e jogy
Ar AR AR
C

5 [P asr v [ e losi
AR

_2/ 62(1—B)f|af|2ns—2
AR
C [ 5251 o o2 oy 1+ O [ 8858|1487 2,54
<= e OfI "+ eR U=70n® + —; U2 g|* |0 f | n° .
R ARr AR R AR
We now use the following Young’s inequality

- s— s— _8Bf 2 g A-4p
€ S,Bfg|4/8|8f|2|77 4 < 2/6|g|277 24 (1 — 25)6 1*2B|8‘f|17267] 128

to get
S C o—28f 2 n 4 2 —BOnS
AR AR
C C .
tgm | TR g [ g,
Using the following Young’s mequahty
1 1—48 , 6-8s
—1it 26\1/ Blof|= = -1= 23 < |9 f|Ae 168 2B 52 ST1-4p
together with (3.4) and
el =u' <OR? in Ag, (3.10)
which follows immediately from Corollary 2.4, we obtain
BB f| Py < C (ROt 4 1)
Hence, from (3.7) and (3.3), we get
(28 = €)Vs <(28 — £)Vs
C
§_2/ —2ﬂf|6f|2 S— 4+€R2/ \I/_ﬁQns
R Ag
C _ . C C _ .
+w/ 0| 2+§VOIBR+§ g2y
C C
——yl + 5R2L + oY + Vol Br +
C C
<eR’T) + o5 546 s+ Vol Br+ (5R2L + —y1 + Oyg)
C’
2
<€R II+R2 54632 EVOIBR,

where 7, is defined in (3.1) and where we used Lemma 3.2. Since 0 < < 1/27, choosing
¢ small enough and R large enough we obtain the thesis. 0
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Lemma 3.4. Letn =2, s>4,0< [ <1 and e > 0, then there exists a constant C' > 0
such that for every R > 0 the following hold

1
/ 64f\:[l—ﬁ|8f|2ns—2 S C (/ e(G—QB)fns—Q + ﬁ/ 6(4—2ﬁ)f775—4)
Agr AR AR

and

1
/ Al uPlof 2 < C (/ ML |of P2 + —2/ AP of Py + 532/
AR AR R AR

M

vs Qns) :
where W is given by (2.8) and n is a cut-off function as above.

Proof. We have

o= [ e tlagty s | e ogpye <3,
ARr AR

— / 6(4—25)fRe(g)ns—2 o / e(ﬁ—Qﬂ)fns—Q
ARr AR

1
_ ! / 2D Re( ) — / o (6-20)1 52
AR

2 An
s—2

283+ / @29 Re( £~ — / (620152
Ap AR

Hence,
- _ o s—2 _ .
(1= = [ oy 202 R
AR AR

- C
§€y0+_/ 6(4—25)f775—4+/ 6(6—25)]0775—2’
AR

for every £ > 0 and some C' > 0. By choosing ¢ small enough we have

Vo<W <C (/ e 6= =2 4 %/ e(4—25)1‘775—4’)
Ap R? /4,

and the first estimate follows. Concerning the second one, we have
i [ erutogy
AR

_ ! / XU PRe(fas)|Of P02 — / OB afPy?

2 Ap AR
s—2
2

1
4 50 [ o PRena 5 [ Relfulo
AR A

R

ﬁ —-B- 5= - s
_5/ TP afPRe(fa Vs )1 2—/A U0 f |2 2,
AR R
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1.e.
s—2
2

0=

1
/ U P10 fPRe(nsfa)n® > + —/ e U PRe(folOfZ)n° >
Agr 2 AR

. é e2f‘117671|af|2Re(fa\I,d)nsf2 _/ 4f‘11 B|af|2 5—2
2 AR AR
-2 1
_2 / VP10 fPRe(nafa)n® ™ + —/ U PRe(fo(Da + Es))n' 2
2 A 2 Ja,
1
3 [ enreg)orty
2 Ja,
=50 [ e aspre e —2 [ erwdlogiy
AR AR
-2 1
:8 2 / le\D_ﬁ‘af|2Re(n&fa)ns_3 T 5/ Bquj_BRe(fa(Dd + E@))ns_2
AR AR
1
s g¥i= 5 [ v aspretfava - 3 [ etutagpy.
2 Agr 2 ARr

Therefore, using Young’s inequality, (3.9) and (2.13), we obtain

1 C
5373 §5y3+ﬁ/ e~ 5]8f\2 o 4+€R2/ Ao’

AR AR
¢ 72f B—2 2 s— 4 3 4f B 2. s—2
) U201 gl Ul fn
R 2 Ap
3
<gy3+—/ XU\ f Py 4+5R2/ xyﬁgn8+§/ e UPaf Py,
AR AR AR

since 2|0 f[*g|* < e*/. Hence

C
Vs Sﬁ)ﬁ +eR*T, + CY,
and the conclusion follows. O

Lemma 3 5. Letn > 3 and s > 4+ 2n then, for every € > 0 small enough and for every

0<pB< 12, there exists a constant C' > 0 such that for every R > 0 the following
/ e2(n71)f‘af|277374 < C (/ 2nfns 4 + RTVOIBR> 7
AR AR
mn S— n S— 1 n S—
/ o2 f|8f|277 2§0(/ 62( +1)f,r] 2_,_@/ o2 f’f] 4)
AR AR AR
and

1
/ e2(n71)f|af|477572 < C (/ 62"f|8f]27]82+—2/ 62(”1)f|(9f|27754+£R2/ Qns) :
Ar Ar R Ar M

hold, where n is a cut-off function as above.
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Proof. We firstly observe that, as in (3.6) with 5 =0,

yl :/ (n— 1f|8f’2 s—4 / eZ(nl)fRe(g>?754_/ e2nf,r]sf4
AR AR AR
1
— _/ ez(nfl)fRe(faa)T]sﬁl _/ €2nfnsf4
n AR AR

2(n—1 —4
_ (n )yl / 62(n_1)fRe(fan&)nS_5 _ / e
n Agr AR

Hence,

n—2 s—4
yl — / 62(n71)fRe(fa?7&)77375 +/ 62nf77574
n AR

n Ag

—4
<Z / 2 DINof||onln*° + / Myt
n AR Ar

§€y1+0 62(n1)f|an|2n86+/ 62nf,r]sf47
ARr AR

for every £ > 0 and some C' > 0. By choosing ¢ small enough we have

yl SC (/ 6 (n—1) f‘an‘2 s— 6 / €2nfns4>
AR AR
SC (/ e2nfns—4 +/ 778_4_2n‘877|2n> ’
AR AR
and the first estimate follows where we used Young’s inequality. Similarly,
yo ::/ 2nf|af|2 s—2 / 62nfRe(g)ns—2 . / 62(n+1)f778_2
Ag Ag AR

1 —S n S—
L g [ g
n Agr AR

€2nfRe(fa77&)ns—3 . /A 62(n+1)f778_2 ]
R

AR

Hence,

9 S§—2 n .
yO :/ e2(n+1)fns 2 _/ 62 fRe(faT]a)ﬁ 3
AR n AR

< C [ gyt [y,
AR

AR

for every £ > 0 and some C' > 0. By choosing ¢ small enough we have

yo <C (/ 62(n+1)f,,752+/ 2nf‘a77|2 s—4 )
AR AR

23

2nfns—4 )
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and the second estimate follows. Finally,

ygz/ (n— 1f|af|4 s—2 / 62(n71)fR,€( )‘af|2 5—2 / 2nf|af|2 s—2
Ar AR AR

1
- _ _/ (n— 1fR€(faa)|3f’2 s—2 / 2nf‘af|2 s—2
n ARr AR

1 2(n—1
__ / 62(n_1)fRe(falaf|§>nS_2 + (n ) / 62("_1)f|8f|47]5_2
n Ap n AR

-2
4 S / 2(n 1) fRe(fana)|8f|2 s—3 / 2nf|af|2 s— 2
Ap AR

2

hence

n—2 1
o= [ eogpyrt - [ R0
n Agr n Agr
s—2

2

/A (n— l)fRe(fana)|af|2 s—3

o1 n- -
— / e |0f*n? -~ / e?" VI Re (fo(Ds + Es)) "™
Ag " JAr

1 2
__/ 62(n—1)f]‘:{e( )|8f|2 s— 2 / 2nf|8f|2 5—2
n AR n AR

s—2
2

1
< (1+_>/ e?nf‘af‘2n5—2 y3+_/ (n— 1f|af’\/_778 2
n AR AR

+(5))3+C/ DG £ 12 0m| 2

AR
1 2nf 2 s—2 1 2 s
<(1+= 0f "™ = —Vs+eR” [ Qn
n Agp n Agp

C 2(n—1)f 2 s5—4
+ﬁ/ARe( W of Py = + 65,

for every ,e > 0 and some C' > 0, where we used (2.6) and (3.9). By choosing 0 small
enough we conclude

1
y3 SC(/ 2nf|af|2 s— 2 _2/ 2(n 1f|8f|2 s— 4+5R2/ QT/S) )
AR R AR AR

/A (n— 1fRe(fa77a)|af’2 5—3

4. PROOF OF THE MAIN RESULTS

4.1. Proof of Theorem 1.1. Let (M3,0,J,g) be a 3-dimensional complete Sasakian
manifold with nonnegative Tanaka-Webster scalar curvature and let u be a nonnegative
solution to (1.9) in M. By Bony’s maximum principle (see e.g. [7]) we have that either
u=0oru>0onM. Given R > 0, let  denotes a smooth real cut-off function such that
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n = 1in Bgjs, n = 0in Bf and such that [0n| < & in Agr = Bg\ Bgjs. Let ¢, > 0 small
enough and s > 0 large enough. If © > 0, then by Lemma 3.1, Lemma 3.2 and Lemma
3.3 we obtain

1 1
B < i -8 2ps—4 -8 4, 5—2
/M 0w, _O(R4 / RETEE / R )

C
<o onlBR—l—Ce/ QU + Vol By .

Using the volume estimate in Theorem 2.3 we obtain, for every R > 0,

QU <.

/ QU < o0
M

/ TPg]2 < CR2.

/Q\If F=o,

i.e. @ =0on M. In particular, from (2.7), we have
Roafafs =0 Eojy=Das=0 Go=Dy=E,=0.
Since M is 3-dimensional (n = 1) we have that (M?3,0,J, g) is Sasaki-Einstein and
Roafafa = RIOf]P = 0.

By continuity and equation (2.4) we have {R = 0} is dense in M, thus (M3,0,J,g) is
Tanaka-Webster flat (see e.g. [8]), i.e. its universal cover is isomorphic to the Heinsenberg
group H'. The conclusion follows arguing as in [29, Section 3], see also [10].

Then

and, from (3.3),

From Lemma 2.2 we obtain

4.2. Proof of Theorem 1.3. Let (M**1 0, J,g), n > 2, be a (2n + 1)-dimensional
complete Sasakian manifold with the Tanaka-Webster curvature satisfying

Ricy (X, X) >0 for all horizontal vector field X.

and

VolBp < CR*"*? (4.1)
for some C' > 0 and for all R > 0 large enough. Let u be a nonnegative solution to (1.10)
in M such that

/ W< OR7 (4.2)
Br

for every R > 0 large enough and for some ¢ < 2if n = 2, 0 = 2 if n > 3. By the
maximum principle (see e.g. [7]) we have that either u =0 or u > 0 on M. Given R > 0,
let 1 denotes a smooth real cut-off function such that n = 1 in Bg/, n = 0 in Bj and
such that [On| < & in Agr = Bg\ Brj2. Let ¢, 3 > 0 small enough and s > 0 large enough.
We split the proof in two cases.
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Case 1 (n > 3): if u > 0, then by Lemma 3.1 with § = 0 and Lemma 3.5 we obtain

1 1
s <o — 2(n nf ) 2, s— 4 2(n—1)f o 4, s—2
[ or<c (g [ oot g [ ooy
1 1
<C (_/ 2(n 1)f af2 s— 4 _/ 2nf af2 s— 2 E/ Qns>
7, 071 7 ), 071 y

C ) C
<— [ ety Vol B + — [ X Dips=2 ¢ Og/ Qn*,
R R2n-+4 R [, "

1.e.

C ., C C o
/ Qns < ﬁ/ e2nf775 4 + R2n+4V01 BR+ ﬁ 62( Jrl)f77 2.
AR

AR
By (2.1) and Hélder’s inequality, we get

C 9 C C 2042
/ on® Sﬁ ; U +RQn+4VOIBR+ﬁ u
R

2n+2 2n+2

C 2o\ 7T 1 C C
Sﬁ (/;Ru n ) (VOIBR)"'H + R2n+4VOIBR+ﬁ u n

1 1
<C ( + =5+ 1) C
where we used (4.1) and (4.2). Then

Rn+1 R2
/ Q<
M

/ e2(n71)f|g|2 < CR2
Br

[ oo
M

i.e. @ =0on M. In particular, from (2.7), we have
Ropfofa=0 Eny=Das=0 Go=Do=Ey=0.

and, from (3.3),

From Lemma 2.2 we obtain

The conclusion of the theorem follows from the argument at the end of this section.

Case 2 (n = 2): if u > 0, then by Lemma 3.1 with 0 < § small enough, Lemma 3.2 and
Lemma 3.4 we obtain

1 1
/ vy <C <ﬁ/ Ao f Pyt + RQ/ U |of | 2)
M Ar

1 1
SC (_4/ 62f\1,—5|8f|2775—4+_2/ e4f\11_5|8f|2n5_2+5/ qj—ﬁQns)
R J 4 R? Jup M

C C
—— Vol Bp + — 6-28)f 52 C / (4-28)f ps—4 | / PO
Rs 28 'O R+Rz ¢ n +R4 ARG n "+ Ce y on
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1.e.

C C C
PO < Vol B 4+ —- (6-28)f 52 / (1-28)f s~
/M O = p O PRt an TR LS !

By (2.1) and Hélder’s inequality, we get

C C C
—BOpS 3-8 2-83
/M\II on° < 8_2ﬁV01BR+—2/ w4+ = U

which tends to 0 as R — oo, provided f is small enough. Thus we deduce Q@ = 0 on M.
In particular, from (2.7), we have

Raﬁfﬁfa = O EO‘B = DO&B = 0 Ga — Da = Ea = O (43)

As R,5 > 0, the first identity implies R,zfs = 0.
It remains to show that these identities imply that M = H" and thus the result follows
as in [29, Section 3].

Rigidity: without loss of generality, we assume that M is simply connected. In the

following, we work with a unitary frame {T,}, i.e. df (Th,T3) = dap to get ride of a

factor of 2 in many places. It is also more convenient to work with ¢ = ce™?f = cu=2/".

With the proper choice of a positive constant ¢, the equation (4.3) in terms of the function
¢ becomes

Raggbg =0,
¢Oz,,3 = Oa

bus =0 0u 4 (5 + 971008 + i) 5

0,0 = %le (% + o708 - icbo) Da-

Moreover, ¢ — oo at co by the condition u — 0 at infinity.
Let 6 = ¢~'6. In the following, we continue to work with a local f-unitary frame {7}
and the Reeb vector field 7. Then the Reeb vector field of 0 is

T=¢T +i(¢T, — ¢Ty) .

For 5, we work with the adapted frame{Ta, T} in which the Hermitian metric is given
by ﬁaﬁ = ¢ '0,5. We calculate the Ricci curvature of ] by standard formulas with
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- log ¢7

R3=R5—{(n+2) (w,5+ws.)/2+ [Mw/2+ (n+1)|0w[’] 6,5}
:Raﬁ—{—(””)( S I8¢I2)5a5

1 _ _
+[-5 (307 + 0721068 + 0 1)o7 00| 0,5

(n+1)~
:Rag_'_ —2 haB?

and its torsion

AVQB = Aag + 1 (waﬂ - wawﬁ) = 0.

For a function H, we write H, 5 etc. for covariant derivatives with respect to 0.

Proposition 4.1. The function v := ¢! satisfies the following three tensor equations on

(%)

w;,ﬁ = Oa
1 -
Uig— Y ety = 5 (9 =¥) hop,
U, = 590

where g = %@/} + ! |3¢|§ + iy and the subscript 0 stands for differentiation by T.
Moreover,

(n+1)

5 Ya-

R.7° =

Proof. If we write the Tanaka-Webster connection for 6 and that for 0 as
VT, = w’ @ Ty, and VT, = &% @ Tj,
respectively, then
@i =wh + w507 + (Wb’ — w6567
+i [wf, + waw” + w,w6] 6.

With this, one can verify the following formulas

H;”/j - Ha,ﬁ + gbil (‘baHB + Ha¢ﬁ) )
H=H,5— ¢ 60,05,
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and hence the first two formulas for ¢). We do it for the second formula. As

Ui =—07 (65— 207 0us)
= =67 ($o5— ¢ |00 005 — 207 Puchs)
1/1
=—¢ 7 (—¢1¢a¢5+ B (5 — ¢~ 00" + Z‘450) 5a5)
= wilwawﬂ + % (_%1/1 + wil |a¢|§ + Z@?O) haB7

3 1 1 _ .
— ¢ 11/}a¢5 + 5 (—§¢ + 1/) ! |8¢|§7+ 11/)5) haE
which is exactly the second equation. To see the third equation, we have

Voo =TT
= Ta (_(bil(bO)
= —¢ Yoo + ¢ 2Bo0a

1

= _§¢—2 (% + ¢ |09 — igbo) bo + O 2 Poda

(g
= 2¢ (2+¢ 09| +2¢0) Pa
Al

= % (51/1 + 2oy — i@ﬁo) (URRIUN

1 (1 _ . _
=3 (§¢ +¢7! |3¢‘?7— Z%) Y1,
The last equation follows from the fact R, 505 = 0. OJ

From now on, we work on <M , 5) and a g—unitary frame (we drop the™ and x every-

where). To summarize, the function ¢ is nonconstant and satisfies

(n+1)
2

Ragwﬂ - Q/}a 3

wa,ﬁ - 07
1 1
Yo =¥ Watig + 3 <—§¢ + 97 OY[* + Z'%) 007

i

o= 3 (50 + 07 00l ~ ) 070

N |
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Since w = log v, then

(n+1)
RQBwB = 2 «
waﬁ = —wawﬂ,

1 :

1 (1
Wo,00 = —§w0wa —+ % (5 + \311}]2) We -

The following argument is similar to Section 3 in [50]. We claim that u is CR pluriharmonic
Indeed, when n > 2 this follows from the second equation. When n = 1, differentiating
the second equation and simplifying using all three yields

1 )
Wi = g (w1 1wy + wywyy — iwgy) = 0.

As Ay = 0, it follows that u is CR pluriharmonic by [31, Proposition 3.4]. As M is simply
connected, w is the real part of a CR holomorphic function w + iv:

Vo = —1Wgq, vg = iwg.
We also have

1090 = Uy3— V34

= _ina,B — woéa/j
1 )
= —1 (—5 + |8w| ) (56@.

2

Thus
1
W=g |Ow|
With this we can rewrite the equations satisfied by w as
Wo,3 = —WaWg,
W, 5 = % (—wo + iwp) o

Wo.a = —5Wolla + % (1 —vg) wy -

We have ¢ = ‘e(“’””)ﬂf. As ¢ — 0 at oo, we have w — —oo at co and e(®+)/2 5 0 at
0o. Let

F:e%cos(§)+0,

for some constant C' to be determined. By the decay condition, we know that F' has a
critical point. Moreover F' is nonconstant.
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Proposition 4.2. We have

(n+1)
RQBFﬂ — TFO”
F,3=0,
1 w/2 - .
F.5= 5 [— (e /% sin v/2)0 + iFy] 0o
i
FO,a = §Fom
1
Foo=—= (e“’/z Sinv/Z)O
Proof. These formula are proved by direct calculations. For example, to prove the third
one we first observe as v, = —iw, and 0 is torsion-free
Vo, = Va,0 = _Z.wa,O-

Then we compute using the third equation for w

I L owe 1 +1 v +1 +1 .U
o= z€ Wo,a — =VoVa + ZWoWq | COS = — | Voo + =Wola + VoW, | Sin =
0, 5 0.0 = 5%0 5o 5 0,0 F 5Wo 5 Y0 5

16“’/2 w —i—ivw —l—lww cosv w iww —l—lvw s'nv
== «a N [ = o =5\~ a5 o = o m =
2 O 970 2" 2 o970 27" 2
Lo (1 cosv—i-1 sin -
= —¢e —w — + —w, sin —
2 2 T2 27T 9
e v 1 v
= —¢ — W, COS — — —V,, SIN —
2 2 2 2 2
~'r,
2

The first and second formulas can be proved similarly. To prove the last identity, we
differentiate the third one
1
§Faﬁ = FO,aE
= FO,Boz —+ iFQo&aB
= Fopa +1F000,3
= .
= —§F57a + ZF0,0éaB .
Using the second identity we obtain
1 v
Foo = =5 (¢"sin5),
|

Let D?F denote the Hessian of F with respect to the adapted Riemannian metric 97
By Proposition A.3 in the [50], we obtain from Proposition 4.2

1
D’F = —3 (ew/2 sin %)0 g5- (4.4)
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Let x = § (¢*/?sin¥),. Then D?F = —xgz. Working with a f-unitary frame, we differ-
entiate (using the Levi-Civita connection of g;) the above equation to get

—Xi = Fjij
= Fjji + Rijijw
= (Aw)z + Rilwl

=—2n+1)x; + Eilwla

3|

where R is the curvature tensor of gz and the Latin indices take values 0,1, --n, 1,---,

~

Thus 2ny; = R;w;. More specifically,
2NXo = anFo + EO{,BFE + EQBFB,
2nxo = EOOFO + EOﬁFB + EOBFﬁ'

By the formulas relating ﬁij and the pseudohermitian Ricci curvature (cf. Proposition
A4 in [50]), they reduce to

1
2nXa = RygFs = 5Fa, 2nv0 = gFO.

In view of the equation R zFs = (”gl)Fa, we conclude that x — iF is constant. By

choosing C', we can assume y = iF . Therefore

F
D*F = — 9

This equation was studied by Obata in [38]. If ¥ = {F' = A} is a regular let set, it is easy
to see that the metric locally splits

) ¢ (]
gz = dt” + | B cos 3 — Asin B Prounds

for some constants A, B, where hyounq is the standard metric on S?*, and F = a cos (%) for
some constant a. In other words, (M , 5) is locally isometric to a piece of (S*"*1, 4¢.ound),

where ¢youna is the standard metric, and F'(z) = Re (z - f1) is a linear function. Moreover,
by continuation and the above splittings g is globally spherical. By routine calculations

it is easy to see that (M , 5) has constant pseudohermitian curvature and @ is pseudoher-

mitian flat. Since it is simply connected and complete, (M, 6) is CR equivalent to (H", ©),
where © is the standard contact form on the Heisenberg group. This concludes the proof
of Theorem 1.3 (and of Theorem 1.2).

4.3. Proof of Corollary 1.5. We first recall (see e.g. [4, Theorem 2.6]) that the as-
sumption

VolBp > cR*"? |
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for some ¢ > 0 and every R > 0 large enough is equivalent to the following Folland-Stein-
Sobolev inequality

</ f+)+ < c/ 0f]>  for all f € DY2(M).
M M

Therefore, from Lemma 2.7, u tends to zero at infinity and the result follows from Theorem
1.2.

4.4. Proof of Corollary 1.6. Assume, by contradiction, that there exists u € D'?(M)
which minimizes Sy(M). Without loss of generality we can assume that u is positive. Since
w is a minimizer we have that Sg(M) > 0, then the Folland-Stein-Sobolev inequality holds
and the contradiction follows from Corollary 1.5.
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