
LIOUVILLE THEOREMS ON PSEUDOHERMITIAN MANIFOLDS
WITH NONNEGATIVE TANAKA-WEBSTER CURVATURE

GIOVANNI CATINO, DARIO D. MONTICELLI, ALBERTO RONCORONI
AND XIAODONG WANG

Abstract. In this paper we study positive solutions to the CR Yamabe equation in
noncompact (2n + 1)-dimensional Sasakian manifolds with nonnegative curvature. In
particular, we show that the Heisenberg group H1 is the only (complete) Sasakian space
with nonnegative Tanaka-Webster scalar curvature admitting a (nontrivial) positive so-
lution. Moreover, under some natural assumptions, we prove this strong rigidity result
in higher dimensions, extending the celebrated Jerison-Lee’s result to curved manifolds.
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1. Introduction

The CR Yamabe equation is the following subelliptic semilinear equation

−∆bu = 2n2u
n+2
n in Hn , (1.1)

where Hn is the Heisenberg group

Hn = {ξ = (z, t) : z ∈ Cn , t ∈ R} ,
and ∆bu = uαᾱ+uᾱα is the Heisenberg Laplacian (or sub-Lapacian). We refer to Section 2
for precise definitions and details. In [29], Jersion and Lee obtained the following Liouville
theorem: the only positive solution to (1.2) with finite energy, i.e.

u ∈ L
2n+2

n (Hn)

are the so-called Jerison-Lee bubbles given by

Uλ,µ(z, t) =
cn

|t+ i|z|2 + z · µ+ λ|n
,

for some λ ∈ C, µ ∈ Cn such that Im(λ) > |µ|2
4

and for some explicit constant cn =
c(n, λ) > 0. Actually, these functions corresponds to the extremals of the Folland-Stein-
Sobolev inequality (see [21] and [29]) and are related to the CR Yamabe problem in the
Heisenberg group (see e.g. [15, 16, 22, 23, 28, 29, 30, 50] and the references therein).

The Liouville theorem in [29] has been extended in various directions (see e.g. [6, 24]
as well as [50, 51] on compact pseudohermitian manifolds with zero torsion). Very recently,
in [10] the Jerison and Lee’s result has been proved in H1 for all positive solutions to (1.2)
and in Hn, with n ≥ 2, under additional assumptions on the behavior of the solution at
infinity (see [10] and [19]).
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Moreover, in the subcritical case, i.e.

−∆bu = 2n2uq in Hn , (1.2)

with 1 < q < n+2
n

it is known that the only nonnegative solution is u ≡ 0 in Hn (see [35]).

Before presenting our main results we mention the Riemannian analogue of Liouville
theorems for the following semilinear elliptic equation{

−∆gu = uq in M ,

u ≥ 0
(1.3)

where (Mn, g) is a smooth, complete, noncompact, n−dimensional, with n ≥ 3, Riemann-
ian manifold with nonnegative Ricci curvature, ∆g denotes the Laplace-Beltrami operator
and the exponent q is subcritical, i.e.

1 < q <
n+ 2

n− 2
, (1.4)

or critical, i.e.

q =
n+ 2

n− 2
. (1.5)

We mention that the critical equation (1.3) with (1.5) arises in the well-known Yamabe
problem of prescribing the scalar curvature of a conformal metric when the original one
is scalar flat (see [32] for further details).

In the Euclidean setting, problem (1.3) is now well understood. In [26], Gidas and
Spruck showed that the only solutions to (1.3) in the subcritical case (1.4) is u ≡ 0 in
Rn. In [9] (see also [13, 14, 34] and [25, 38] for previous important results), Caffarelli,
Gidas and Spruck proved that any solution to (1.3) in the critical case (1.5) is radial and
is given by

Vλ,x0(x) :=

(
λ
√
n(n− 2)

λ2 + |x− x0|2

)n−2
2

, (1.6)

for some λ > 0 and x0 ∈ Rn. The functions (1.6) were independently constructed in
[1, 41, 47] as minimizers of the Sobolev quotient

Sg(M) := inf
0̸≡u∈D1,2(M)

∫
M
|∇u|2 dVg(∫

M
|u|

2n
n−2 dVg

)n−2
n

,

where dVg denotes the canonical volume element and

D1,2(M) =
{
u ∈ L

2n
n−2 (M) : |∇u| ∈ L2(M)

}
,

with M = Rn (see [42] for further details). For this reason the functions (1.6) are usually
called Aubin-Talenti bubbles. Before passing to the Riemannian setting, we mention that
similar Liouville theorems holds when the operator is the p−Laplacian, with 1 < p < n,
and the exponent n+2

n−2
is replaced by np

n−p
− 1 (we refer to [12, 18, 39, 45, 44, 48, 49] for

further details).
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Extending such Liouville theorems for the critical equation to the case of more general
Riemannian manifolds turns out to be a challenging and still open problem (in the subcrit-
ical case the result in [26] works also in any complete noncompact Riemannian manifold
with nonnegative Ricci curvature). The conjecture is the following strong rigidity result:

Conjecture: let (Mn, g) be a complete noncompact Riemannian manifold with nonnega-
tive Ricci curvature and let u ∈ C2(M) be a solution to{

−∆gu = u
n+2
n−2 in M ,

u ≥ 0 ,
(1.7)

then either u ≡ 0 in M or (M, g) is isometric to Rn with the Euclidean metric and u is
an Aubin-Talenti bubble.

This theorem is known to hold when the dimension of the Riemannian manifold is
n = 3, 4, 5 (see [11, 17] and also the already cited [9, 13, 14, 34, 39, 49] for the Euclidean
case) and holds under additional assumptions, such as u ∈ D1,2(M) (or even weaker
ones), in every dimension n ≥ 6. We refer to the papers [11, 17, 20, 39, 49] and also for
further details. Finally, the rigidity result still holds true on Cartan-Hadamard manifolds,
assuming that the solution to (1.7) is either radially symmetric and u ∈ D1,2(M) or a
minimizer to the Sobolev quotient (see [37] for further details).

In this paper, we consider the critical subelliptic semilinear equation on complete
Sasakian manifolds with nonnegative Tanaka-Webster Ricci curvature (see Section 2). In
particular, given a (2n + 1)-dimensional complete Sasakian manifold (M2n+1, θ, J, g) we
consider the CR Yamabe equation

−∆bu = 2n2u
n+2
n in M2n+1 , (1.8)

where ∆bu = uαᾱ + uᾱα is the sub-Laplacian (see Section 2).

Our main results are the following. The first is a characterization of the Heisen-
berg group H1 as the only (complete) three-dimensional Sasakian space with nonnegative
Tanaka-Webster scalar curvature admitting a (nontrivial) positive solution to the CR
Yamabe equation, without any further assumptions. This theorem generalizes previous
results in [10, 11].

Theorem 1.1. Let (M3, θ, J, g) be a 3-dimensional complete Sasakian manifold with non-
negative Tanaka-Webster scalar curvature and let u be a nonnegative solution to the fol-
lowing equation

−∆bu = 2u3 in M3. (1.9)

Then either u ≡ 0 or (M3, θ, J, g) is CR isometric to H1 with its standard structures and
u is a Jerison-Lee bubble, that is

u ≡ Uλ,µ,

for some λ, µ ∈ C such that Im(λ) > |µ|2
4
.

In the next results we deal with the higher dimensional case where we prove similar
strong rigidity results under additional assumptions.
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Here and in the following we denote by BR the ball of radius R centered at a fixed
point with respect to the Carnot-Caratheodory distance (see Section 2).

Theorem 1.2. Let (M2n+1, θ, J, g), n ≥ 2, be a (2n+ 1)-dimensional complete Sasakian
manifold with the Tanaka-Webster curvature satisfying

RicH(X,X) ≥ 0 for all horizontal vector field X,

and
VolBR ≤ CR2n+2 ,

for some C > 0 and every R > 0 large enough. Let u ∈ L
2n+2

n (M) be a nonnegative
solution to the following equation

−∆bu = 2n2u
n+2
n in M2n+1 , (1.10)

such that u tends to zero at infinity.
Then either u ≡ 0 or (M2n+1, θ, J, g) is CR isometric to Hn with its standard struc-

tures and u is a Jerison-Lee bubble, that is

u ≡ Uλ,µ,

for some λ ∈ C, µ ∈ Cn such that Im(λ) > |µ|2
4
.

We actually prove the following result of which Theorem 1.2 is an immediate conse-
quence.

Theorem 1.3. Let (M2n+1, θ, J, g), n ≥ 2, be a (2n+ 1)-dimensional complete Sasakian
manifold with the Tanaka-Webster curvature satisfying

RicH(X,X) ≥ 0 for all horizontal vector field X,

together with
VolBR ≤ CR2n+2 ,

for some C > 0 and every R > 0 large enough. Let u be a nonnegative solution to (1.10)
in M which tends to zero at infinity and such that∫

AR

u
2(n+1)

n ≤ CRσ ,

for every R > 0 large enough, where AR = BR \BR/2, and for some σ < 2 if n = 2, σ = 2
if n ≥ 3. Then either u ≡ 0 or (M2n+1, θ, J, g) is CR isometric to Hn with its standard
structures and u is a Jerison-Lee bubble, that is

u ≡ Uλ,µ,

for some λ ∈ C, µ ∈ Cn such that Im(λ) > |µ|2
4
.

Remark 1.4. We point out that in the Sasakian context a Bishop-Gromov volume com-
parison is still an open and challenging question for n ≥ 2; the case n = 1 was treated in
[3] (see Theorem 2.3 (1) for further details). It is well-known (see e.g. [33]) that given
(M2n+1, θ, J, g), n ≥ 2, a (2n+ 1)-dimensional complete Sasakian manifold such that

RicH(X,X) ≥ R(X, JX,X, JX) ≥ 0 for all horizontal vector field X, (1.11)

then
VolBR ≤ CR2n+2 ,
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for some C > 0 and every R > 0 large enough (see Theorem 2.3 (2)). In particular, we
have that Theorems 1.2 and 1.3 hold replacing the assumptions on RicH and on VolBR

with (1.11).

Important corollaries of our theorems are the following. We define the Folland-Stein-
Sobolev quotient as

Sθ(M) = inf
0̸≡u∈D1,2(M)

∫
M
|∂u|2(∫

M
|u| 2n+2

n

) n
n+1

,

where

D1,2(M) =
{
u ∈ L

2n+2
n (M) : |∂u| ∈ L2(M)

}
.

We refer to Section 2 for the definition of ∂u. It is well known the validity of the Folland-
Stein-Sobolev inequality on a complete Sasakian manifoldM , i.e. Sθ(M) > 0, is equivalent
to an optimal volume growth of balls from below (see [4, Theorem 2.6]). Under this
assumption, a positive finite energy solution to (1.10) vanishes at infinity (see Lemma 2.7
below).

Corollary 1.5. Let (M2n+1, θ, J, g), n ≥ 2, be a (2n+ 1)-dimensional complete Sasakian
manifold with the Tanaka-Webster curvature satisfying

RicH(X,X) ≥ 0 for all horizontal vector field X,

and

cR2n+2 ≤ VolBR ≤ CR2n+2 ,

for some c, C > 0 and every R > 0 large enough. Let u ∈ L
2n+2

n (M) be a nonnegative
solution to (1.10). Then either u ≡ 0 or (M2n+1, θ, J, g) is CR isometric to Hn with its
standard structures and u is a Jerison-Lee bubble, that is

u ≡ Uλ,µ,

for some λ ∈ C, µ ∈ Cn such that Im(λ) > |µ|2
4
.

This result recovers and improves the seminal one by Jerison-Lee [29] for finite energy
solutions in the Heisenberg group to the curved setting. Moreover, for Folland-Stein-
Sobolev minimizers we have the following.

Corollary 1.6. Let (M2n+1, θ, J, g) be a (2n+1)-dimensional complete, nonflat Sasakian
manifold. If

i) n = 1 and the Tanaka-Webster scalar curvature is nonnegative, or
ii) n ≥ 2, the Tanaka-Webster curvature satisfies

RicH(X,X) ≥ 0 for all horizontal vector field X,

and

VolBR ≤ CR2n+2 ,

for some C > 0 and every R > 0 large enough,

then there exists no 0 < u ∈ D1,2(M) which minimizes Sθ(M).
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In particular, if n ≥ 2,

RicH(X,X) = 0 for all horizontal vector field X and VolBR ≤ CR2n+2,

then there exists no 0 < u ∈ D1,2(M) which minimizes the CR-Yamabe quotient:

Yθ(M) := inf
0̸≡u∈C∞

0 (M)

∫
M

n+2
n
|∂u|2 +Ru2(∫

M
|u| 2n+2

n

) n
n+1

.

The proof of our results relies on a generalization of the remarkable differential identity
proved in [29] (see also [35]) to the Sasakian setting (see e.g. [50, 51, 36]) , which involves a
vector field depending on the solution u and its derivatives and the Tanaka-Webster Ricci
curvature of the manifold. From our curvature assumption we have that the divergence of
this vector field is nonnegative. Inspired by [10] (see also [11, 12]), through a test functions
argument we are able to obtain integral estimates which imply that such divergence must
vanish identically, thus giving the desired rigidity result for both the solution and the
manifoldM2n+1. When n = 1, our argument goes through without any further assumption
by using the sub-Laplacian comparison which yields to a lower-bound on the solution and
an upper bound on the volume of balls (with respect to the Carnot-Caratheodory distance)
à la Bishop-Gromov. While, when n ≥ 2, to perform our argument we need to assume
that the solution has finite energy (or actually a weaker energy assumption) and goes to
zero at infinity. This is reminiscent of the papers [10, 19].

Organization of the paper. The paper is organized as follows: in Section 2 we collect
some preliminaries regarding CR and Sasakian geometry, then we present the main dif-
ferential identity together with an integral inequality which will be the starting point of
our approach. In Section 3 we prove several integral estimates which are used in Section
4 to prove the main results stated above.

2. Preliminaries

2.1. Notations. We first give a brief introduction to psedohermitian geometry and fix our
notations, following the standard reference [31]. A CR manifold is a smooth manifold M
endowed with a distinguished subbundle T 1,0 of the complexified tangent bundle CTM =
TM⊗C such that [T 1,0, T 1,0] ⊆ T 1,0 (i.e. T 1,0 is formally integrable) and T 1,0∩T 0,1 = {0},
where T 0,1 = T 1,0 (i.e. T 1,0 is almost Lagrangian). The bundle T 1,0 is called a CR structure
on the manifold M . A CR manifold is said to be of hypersurface type if dimRM = 2n+1
and dimCT

1,0 = n. Then H(M) := {X+X : X ∈ T 1,0} is a real subbundle of TM of rank
2n and called the horizontal distribution. On H(M) there is an almost complex structure
J defined by J

(
X +X

)
= i
(
X −X

)
.

We will consider only CR manifolds M which are of hypersurface type and oriented.
Then it is possible to associate to its CR structure T 1,0 a one form θ globally defined on
M such that ker(θ) = H(M), which is unique modulo a multiple of nonzero function on
M : a choice of a nonzero multiple of such θ is called a pseudohermitian structure on M .
The Levi form of θ is defined by

Lθ(V,W ) := −idθ(V,W ) , for all V,W ∈ T 1,0 .
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We say that the CR structure is strictly pseudoconvex if the Levi form Lθ is positive
definite for some choice of θ. We simply call the triple (M2n+1, θ, J) a pseudohermitian
manifold. In this case, θ is a contact form and Gθ := dθ(·, J ·) is a J-invariant positive-
definite bilinear form on H(M), i.e. it defines a J-invariant Riemannian metric on H(M).
The Reeb vector field T is defined by

θ(T ) = 1 and dθ(T,X) = 0 for all X ∈ TM ,

then TM = H(M)⊕ Span(T ). We have a natural Riemannian metric gθ on M such that
this decomposition is orthogonal, gθ (T, T ) = 1 and its restriction on H(M) equals Gθ.
The volume form of gθ is

dVθ = θ ∧ (dθ)n/n! ,

and is often omitted when we integrate.
As usual, we extend gθ as a complex bilinear form on the complexified tangent bundle
CTM = T 1,0⊕T 0,1⊕Span(T ). Throughout the paper, we work with the Tanaka-Webster
connection ∇ which is compatible with the metric gθ, but it has a nontrivial torsion. The
torsion τ satisfies

τ (Z,W ) = 0 , τ
(
Z,W

)
= ω

(
Z,W

)
T , τ (T, J ·) = −Jτ (T, ·)

for any Z,W ∈ T 1,0 (M). We define A : T (M) → T (M) by

AX = τ (T,X) .

It is customary to simply call A the torsion of the CR manifold. It is easy to see that A
is symmetric. Moreover

AT = 0 , AH (M) ⊂ H (M) , AJX = −JAX .

It is well known that

A = 0 ⇐⇒ gθ is Sasakian, i.e. the Reeb vector field T is Killing.

Therefore Sasakian manifolds are precisely the strictly pseudoconvex CR manifolds with
a fixed contact form θ such that the Levi form Lθ is positive definite and the torsion of
the Tanaka-Webster connection vanishes.

On a pseudohermitian manifold (M2n+1, θ, J, gθ), a Lipschitz curve γ : [0, 1] → M is
called admissible if

γ′ (t) ∈ Hγ(t) (M) , for all t where γ′ is defined.

The Carnot-Caratheodory distance is defined as

d (p, q) = inf {L (γ) : γ : [0, 1] →M is an admissible curve with γ(0) = p and γ(1) = q} ,

where p, q ∈M and

L(γ) =

∫ 1

0

√
gθ(γ′(t), γ′(t)) dt ,

is the length of the curve γ.
The Carnot-Caratheodory distance is indeed a distance function that induces the same
topology on (M2n+1, θ, J, gθ). One can also define geodesics, the exponential map, cut
points etc. in this sub-riemannian setting. We refer to [46] and [2] and references therein
for details.
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To do calculations, it is convenient to work with a local frame {Zα}nα=1 for T 1,0 such
that

dθ(Zα, Z̄β) = 2δαβ̄ .

Let {θα}nα=1 be the dual basis. We define, for all β = 1, · · · , n
Zβ̄ := Z̄β and θβ̄ := θ̄β .

Therefore
dθ = 2iδαβ̄θ

α ∧ θβ̄ .

Throughout the paper we adopt Einstein summation convention over repeated indices.

Moreover, given a Sasakian manifold (M2n+1, θ, J, gθ) and a smooth function f :M →
R we denote its derivatives by

fα = Zαf , fᾱ = Zᾱf , f0 = Tf , fαβ̄ = Zβ̄ (Zαf)−∇Zβ̄
Zαf , f0α = ZαTf ,

and so on. In doing calculations, we freely use the following commutation rules that can
be found in [31]

fαβ − fβα = 0 and fαβ̄ − fβ̄α = 2iδαβ̄f0 ,

in addition, since the torsion of the Tanaka-Webster connection vanishes, we have

f0α − fα0 = 0 and fαβ0 − fα0β = fα0β̄ − fαβ̄0 = 0 .

Moreover,
fαβγ̄ − fαγ̄β = 2iδβγ̄fα0 +Rµ̄αβγ̄fµ ,

where Rαµ̄βγ̄ denotes the Tanaka-Webster Riemann curvature, Rαβ̄ = Rµαµ̄β̄ denotes the
Tanaka-Webster Ricci curvature and R = Rαᾱ denotes the Tanaka-Webster scalar curva-
ture.

Finally, we define
|∂f |2 := fαfᾱ

and
∆bf := fαᾱ + fᾱα ,

which is the so-called sub-Laplacian.
We recall the Heisenberg group Hn is the flat model in the Sasakian setting. We have

Hn := Cn × R
with coordinates ξ = (z, t) = (z1, . . . , zn, t) ∈ Hn and with the group law ◦: given ξ = (z, t)
and ζ = (w, s)

(z, t) ◦ (w, s) = (z + w, t+ s+ 2Im(zαw̄α)) .

We define the following left-invariant (with respect to ◦) vector fields in Hn

Zα =
∂

∂zα
+ iz̄α

∂

∂t
and Zᾱ =

∂

∂z̄α
− izα

∂

∂t
for α = 1, . . . , n.

The standard CR structure is given by the bundle T 1,0 spanned by the vector fields Zα,
for α = 1, . . . , n, and the standard contact form is

Θ = dt+
n∑

α=1

izαdz̄α − iz̄αdzα.
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The Reeb vector field is T = ∂
∂t

and the Tanaka-Webster Riemann curvature and the
torsion are zero.

2.2. A differential identity and an integral inequality. Given u > 0 a solution of
(1.8) we consider the auxiliary function f defined as follows

ef = u
1
n , (2.1)

then f solves
−∆bf = 2n|∂f |2 + 2ne2f in M2n+1 . (2.2)

We also introduce the function g :M2n+1 → C such that

g = |∂f |2 + e2f − if0 , (2.3)

then (2.2) can be rewritten as

fαᾱ = −ng in M2n+1 . (2.4)

As done in [29] we define the following tensors

Dαβ = fαβ − 2fαfβ Dα = Dαβfβ̄
Eαβ̄ = fαβ̄ − 1

n
fγγ̄δαβ̄ Eα = Eαβ̄fβ

Gα = if0α − if0fα + e2ffα + |∂f |2fα .
(2.5)

The above tensors, introduced in [29], will be important in our argument. Moreover (see
also [36]) we observe that

Eαβ̄ = fαβ̄ + gδαβ̄ Eα = fαβ̄fβ + gfα
Dα = fαβfβ̄ − 2|∂f |2fα Gα = if0α + gfα
|∂f |2ᾱ = Dᾱ + Eᾱ + ḡfᾱ − 2fᾱe

2f

gᾱ = Dᾱ + Eᾱ +Gᾱ ḡα = Dα + Eα +Gα.

(2.6)

We are now in a position to present the following differential identity which generalizes
the one in [29] to the Sasakian setting (see e.g. [50, 51, 36])

Proposition 2.1. With the notations above, we have

Q = ReZᾱ

{
e2(n−1)f [(g + 3if0)Eα + (g − if0)Dα − 3if0Gα]

}
,

where

Q =e2nf
(
|Eαβ̄|2 + |Dαβ|2

)
(2.7)

+ e2(n−1)f
(
|Gα|2 + |Gα +Dα|2 + |Gα − Eα|2 + |Dαβfγ̄ + Eαγ̄fβ|2

)
+ e2(n−1)f

(
n2|∂f |2 + e2f

)
Rαβ̄fαfβ̄ .

Proof. On the Heisenberg group, this is exactly formula (4.2) in [29]. The above general-
ization can be proved along the same lines in [51] where a modified version was established
for the equation

− 4

n2
∆bu+ u = u

n+2
n

on any pseudohermitian manifold with zero torsion. By scaling the pseudohermitian
structure and u properly, one can get an identity for a positive solution to

−∆bu+ λu = u
n+2
n ,
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were λ is any positive constant. This is explicitly worked out in [36, Remark 3.2]. Namely,
the following Jerison-Lee identity holds for a positive solution to the above equation:

u
2
nReZᾱ

{
u−

2
n

[(
|∂u|2

u
+ u

n+2
n + λu

)
(D̃α + Ẽα)− niu0(2D̃α − 2Ẽα + 3G̃α)

]}
=u−2|D̃αβuγ̄ + Ẽαγ̄uβ|2 +

|∂u|2

u2
R +

(
u

2
n + λ

)(
|D̃αβ|2 + |Ẽαβ̄|2 + R

)
+ |G̃α + D̃α|2 + |G̃α − Ẽα|2 + |G̃α|2 ,

where D̃, Ẽ, G̃ are defined in [36, Section 2], u solves

−∆bu+ λu = u
n+2
n ,

and

R = Rαβ̄uαuβ̄ −
4(n+ 1)

n2
λ|∂u|2 .

From (2.1) it is easy to see that

D̃α = n2enfDα , Ẽα = n2enfEα , G̃α = n2enfGα

and
D̃αβ = nenfDαβ , Ẽαβ = nenfEαβ .

Eventually, by choosing λ = 0 the conclusion follows after some manipulation. □

From this proposition we obtain the next lemma which extends a similar result in
[10].

Lemma 2.2. With the notations above, for every n ≥ 1, every (real) nonnegative cut-off
function η with compact support, every s > 2 and every 0 ≤ β < 1

12
we have∫

M

QΨ−βηs ≤ C

(∫
supp|∂η|

QΨ−βηs
)1/2(∫

supp|∂η|
e2(n−1)f |g|2Ψ−β|∂η|2ηs−2

)1/2

,

for some C > 0, where
Ψ := gḡ e−2f = |g|2 e−2f . (2.8)

In particular ∫
M

QΨ−βηs ≤ C

∫
M

e2(n−1)f |g|2Ψ−β|∂η|2ηs−2 .

Proof. We define

I1 :=

∫
M

QΨ−βηs .

From Proposition 2.1 we obtain∫
M

QΨ−βηs =

∫
M

ReZᾱ

{
e2(n−1)f [(g + 3if0)Eα + (g − if0)Dα − 3if0Gα]

}
Ψ−βηs

=β

∫
M

Re
{
e2(n−1)f [(g + 3if0)Eα + (g − if0)Dα − 3if0Gα] Ψᾱ

}
Ψ−β−1ηs

− s

∫
M

Re
{
e2(n−1)f [(g + 3if0)Eα + (g − if0)Dα − 3if0Gα] ηᾱ

}
Ψ−βηs−1

(2.9)
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where we integrate by parts. We now observe that, on the one hand, from the definition
of g (2.3) we have

(g + 3if0)Eα + (g − if0)Dα − 3if0Gα = (Dα +Gα) (g − if0) + (Eα −Gα) (g + 3if0) + if0Gα

=(Dα +Gα)
(
|∂f |2 + e2f − 2if0

)
+ (Eα −Gα)

(
|∂f |2 + e2f + 2if0

)
+ if0Gα ,

and so, from Cauchy-Schwarz inequality

| (g + 3if0)Eα + (g − if0)Dα − 3if0Gα| ≤ |Dα +Gα|
√

|∂f |4 + e4f + 2|∂f |2e2f + 4f 2
0

+ |Eα −Gα|
√
|∂f |4 + e4f + 2|∂f |2e2f + 4f 2

0

+ |f0||Gα|
≤ 2|g| (|Dα +Gα|+ |Eα −Gα|+ |Gα|)

≤ 2
√
3|g|

√
Qe−(n−1)f

where we used the fact that

|g| =
√

|∂f |4 + e4f + 2|∂f |2e2f + f 2
0 . (2.10)

Summing up, we have obtained the following

| (g + 3if0)Eα + (g − if0)Dα − 3if0Gα| ≤ 2
√
3|g|

√
Qe−(n−1)f . (2.11)

On the other hand, from (2.6) we have

Ψᾱ =
[
(gḡ) e−2f

]
ᾱ
= e−2f (ḡgᾱ + gḡᾱ)− 2 (gḡ) fᾱe

−2f

= e−2f [ḡ (Dᾱ + Eᾱ +Gᾱ) + g (Dᾱ + Eᾱ −Gᾱ + 2ḡfᾱ)]− 2 (gḡ) fᾱe
−2f

= e−2f [Dᾱ (g + ḡ) + Eᾱ (g + ḡ) +Gᾱ (ḡ − g)]

= e−2f [(Dᾱ +Gᾱ) (g + ḡ) + (Eᾱ −Gᾱ) (g + ḡ) +Gᾱ (ḡ − g)]

= 2e−2f
[
(Dᾱ +Gᾱ)

(
|∂f |2 + e2f

)
+ (Eᾱ −Gᾱ)

(
|∂f |2 + e2f

)
+ iGᾱf0

]
,

where we used the fact that

ḡᾱ = Dᾱ + Eᾱ −Gᾱ + 2ḡfᾱ . (2.12)

Indeed by (2.6) we have

Gᾱ = −if0ᾱ + ḡfᾱ ,

hence

ḡᾱ =
(
|∂f |2 + e2f + if0

)
ᾱ

=Dᾱ + Eᾱ + ḡfᾱ + if0ᾱ

=Dᾱ + Eᾱ −Gᾱ + 2ḡfᾱ .
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Moreover, from Cauchy-Schwarz inequality

|Ψᾱ| ≤ 2e−2f
[
|Dᾱ +Gᾱ|

√
|∂f |4 + e4f + 2|∂f |2e2f

+ |Eᾱ −Gᾱ|
√

|∂f |4 + e4f + 2|∂f |2e2f + |Gᾱ||f0|
]

≤2e−2f |g| [|Dᾱ +Gᾱ|+ |Eᾱ −Gᾱ|+ |Gᾱ|]

≤ 2
√
3e−2f |g|

√
Qe−(n−1)f ,

i.e.
|Ψᾱ| ≤ 2

√
3e−(n+1)f |g|

√
Q . (2.13)

Hence, by substituting (2.11) and (2.13) in (2.9) we get, after a Cauchy-Schwarz inequality,

I1 =

∣∣∣∣∫
M

QΨ−βηs
∣∣∣∣ ≤12β

∫
M

Q|g|2e−2fΨ−β−1ηs + 2
√
3s

∫
M

e(n−1)f |g|
√
QΨ−β|∂η|ηs−1

=12β

∫
M

QΨ−βηs + 2
√
3s

∫
M

e(n−1)f
√
Q|g|Ψ−β|∂η|ηs−1 .

Since β < 1
12

we find

I1 ≤ C

∫
M

e(n−1)f
√
Q|g|Ψ−β|∂η|ηs−1 .

We now use Hölder’s inequality and we have

I1 ≤ C

(∫
supp|∂η|

QΨ−βηs
) 1

2
(∫

supp|∂η|
e2(n−1)f |g|2Ψ−β|∂η|2ηs−2

) 1
2

,

for some C > 0. Now the conclusion easily follows. □

2.3. Comparison results and applications. We recall the following sub-Laplacian
comparison in the Sasakian setting and we refer to [3, Proposition 5.5] and [33, Theorem
1.1] (see also [5, 27]) for details.

Theorem 2.3. Let (M2n+1, θ, J, g) be a (2n+1)-dimensional complete Sasakian manifold.

(1) If n = 1 and the Tanaka-Webster curvature satisfies

RicH(X,X) ≥ 0 for all horizontal vector field X,

then, outside Cut(x0) and in the sense of distributions,

∆br ≤
4

r
and

VolBR ≤ CR4 ∀R > 1,

for some C > 0.
(2) If n ≥ 2 and the Tanaka-Webster curvature satisfies

RicH(X,X) ≥ R(X, JX,X, JX) ≥ 0 for all horizontal vector field X,

then, outside Cut(x0) and in the sense of distributions,

∆br ≤
n+ 2

r
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and
VolBR ≤ CR2n+2 ∀R > 1,

for some C > 0.

As a consequence of the Laplacian comparisons in Theorem 2.3 we obtain the following

Corollary 2.4. Let (M2n+1, θ, J, g) be a (2n+1)-dimensional complete Sasakian manifold
satisfying the curvature assumptions of Theorem 2.3. Let u be a positive superharmonic
function in M , i.e u ∈ C2(M) and

∆bu ≤ 0 in M.

Then, there exists a constant C > 0 such that

u(x) ≥ C

r(x)max{3,n+1} ,

for any x ∈M with r(x) > 1.

Proof. Let
C = min

∂B1

u

and consider the function

v(x) = u(x)− C

r(x)q
for x ∈ Bc

1 ,

with q = max{3, n+ 1}. Then, v ≥ 0 on ∂B1 and a direct computation shows that

∆bv ≤ 0 in Bc
1 ,

where one has to use the Laplacian comparison in Theorem 2.3. Since

lim inf
r(x)→∞

v(x) ≥ 0 ,

if infBc
1
v < 0, then v attains its negative absolute minimum at a point in B

c

1. By the
strong maximum principle (see e.g. [7]), then v must be constant and negative on its
domain, a contradiction. Thus v ≥ 0 in Bc

1 and the claim follows. □

The next lemma shows that a bound on the L
2n+2

n -norm is equivalent to a bound on
the total energy for a positive solution to the equation.

Lemma 2.5. Let (M2n+1, θ, J, g) be a (2n + 1)-dimensional complete Sasakian manifold
such that

VolBR ≤ CR2n+2 ∀R > 1,

for some C > 0, and let u be a positive solution of (1.10). Then, if σ ≥ 0,∫
BR\BR/2

u
2n+2

n = O(Rσ) ⇐⇒
∫
BR\BR/2

|∂u|2 = O(Rσ) .

Proof. Let φ be a smooth real cut-off function such that φ ≡ 1 in BR \ BR/2, φ ≡ 0 in
BR/4 ∪ Bc

2R and such that |∂φ| ≤ c
R
. Multiplying (1.10) by uφs, where s ≥ 2n + 2, and

integrating by parts we obtain

2

∫
B2R

|∂u|2φs + s

∫
B2R

uφs−1 (uαφᾱ + uᾱφα) = 2n2

∫
B2R

u
2+2n

n φs .
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Moreover, from Young’s inequality (twice), for every ε > 0∣∣∣∣∫
B2R

uφs−1 (uαφᾱ + uᾱφα)

∣∣∣∣ ≤ ε

∫
B2R

|∂u|2φs +
1

4ε

∫
B2R

u2φs−2|∂φ|2

≤ ε

∫
B2R

|∂u|2φs + ε

∫
B2R

u
2+2n

n φs + C

∫
B2R

φs−2n−2|∂φ|2n+2

≤ ε

∫
B2R

|∂u|2φs + ε

∫
B2R

u
2+2n

n φs + CR−2−2nVolB2R

≤ ε

∫
B2R

|∂u|2φs + ε

∫
B2R

u
2+2n

n φs + C ,

for some C > 0. Now, assuming∫
BR\BR/2

u
2n+2

n ≤ CRσ ∀R > 1 ,

holds, by choosing ε > 0 small enough we have∫
BR\BR/2

|∂u|2 ≤ C

(∫
B2R\BR/4

u
2+2n

n + 1

)

= C

(∫
B2R\BR

u
2+2n

n +

∫
B2\BR/2

u
2+2n

n +

∫
BR/2\BR/4

u
2+2n

n + 1

)
≤ CRσ ,

for all R > 2. By continuity we deduce∫
BR\BR/2

|∂u|2 ≤ CRσ ∀R ≥ 1 ,

for some C > 0. The reverse implication can be proved in a similar way. □

Corollary 2.6. Let (M2n+1, θ, J, g) be a (2n+1)-dimensional complete Sasakian manifold
such that

VolBR ≤ CR2n+2 ∀R > 1,

for some C > 0, and let u be a positive solution of (1.10). Then

u ∈ L
2(n+2)

n (M) ⇐⇒ |∂u| ∈ L2(M) .

Finally, in the next lemma we show that the decay assumption at infinity on a positive
finite energy solution u is satisfied, provided the manifold supports the Folland-Stein-
Sobolev inequality.

Lemma 2.7. Let (M2n+1, θ, J, g) be a (2n + 1)-dimensional complete strictly pseudo-
convex orientable CR manifold of hypersurface type supporting the following Folland-Stein-
Sobolev inequality(∫

M

f
2n+2

n

) 2n
2n+2

≤ C

∫
M

|∂f |2 for all f ∈ D1,2(M) .

Then, any positive solution u ∈ L
2n+2

2 (M) of (1.10) tends to zero at infinity.
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Proof. The result can be proved by using a standard argument as in the elliptic setting in
Rm, by testing the equation against suitable compactly supported test functions depending
on arbitrarily large powers of the solution u, and using the resulting integral estimates
to perform a Moser iteration argument, which only requires the validity of the Folland-
Stein-Sobolev inequality. We omit the details and we refer e.g. to [43], [40, Appendix E],
[48, Lemma 2.1] and [37, Proposition 2.2]. □

3. Integral estimates

In all this section, (M2n+1, θ, J, g) will be a (2n + 1)-dimensional complete Sasakian
manifold, f , defined in (2.1), satisfies (2.2) and g, defined in (2.4), satisfies (2.4).

Moreover, given R > 0, η will denote a smooth real cut-off function such that η ≡ 1
in BR/2, η ≡ 0 in Bc

R and such that |∂η| ≤ c
R
in AR := BR \BR/2.

For the reader’s convenience we collect here some notations that we are going to use
in the proofs of several lemmas appearing below. We define

I1 =

∫
M

QΨ−βηs ,

I2 =

∫
AR

e2(n−1)f |g|2Ψ−βηs−2 ,

Y0 =

∫
AR

e2nfΨ−β|∂f |2ηs−2 ,

Y1 =

∫
AR

e2(n−1)fΨ−β|∂f |2ηs−4

Ŷ1 =

∫
AR

e2(n−1−β)f |∂f |2ηs−4

Y3 =

∫
AR

e2(n−1)fΨ−β|∂f |4ηs−2 ,

where β ≥ 0 is small enough, s > 0 is large enough, n ≥ 1 and where f, g,Q,Ψ are given
by (2.1), (2.3), (2.7) and (2.8), respectively.

Lemma 3.1. Let n ≥ 1, s ≥ 4 and 0 ≤ β < 1/12, then there exists a constant C > 0
such that for every R > 0 the following

∫
M

QΨ−βηs ≤ C

(
1

R4

∫
AR

e2(n−1)fΨ−β|∂f |2ηs−4 +
1

R2

∫
AR

e2(n−1)fΨ−β|∂f |4ηs−2

)
,

holds, where Q and Ψ are given by (2.7) and (2.8) and η is a cut-off function as above.
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Proof. Given R > 0 and η as above, from Lemma 2.2, (2.4) and integrating by parts we
have

I1 =

∫
M

QΨ−βηs ≤C
∫
M

e2(n−1)f |g|2Ψ−β|∂η|2ηs−2

≤ C

R2

∫
AR

e2(n−1)f |g|2Ψ−βηs−2 =:
C

R2
I2 (3.1)

=− C

R2

∫
AR

e2(n−1)fRe(fαᾱḡ)Ψ
−βηs−2

= :
C

R2
[J1 + (s− 2)J2 + 2(n− 1)J3 + βJ4] ,

where

J1 :=

∫
AR

e2(n−1)fRe(fαḡᾱ)Ψ
−βηs−2

J2 :=

∫
AR

e2(n−1)fRe(fαηᾱḡ)Ψ
−βηs−3

J3 :=

∫
AR

e2(n−1)fRe(ḡ)Ψ−β|∂f |2ηs−2

J4 :=−
∫
AR

e2(n−1)fRe(fαḡΨᾱ)Ψ
−β−1ηs−2 .

We now estimate each of the previous integrals by using Young’s inequality and (2.3). We
start with J1, using (2.12) and the definition of Q. Since

|Dᾱ + Eᾱ −Gᾱ| = |(Dᾱ +Gᾱ) + (Eᾱ −Gᾱ)−Gᾱ| ≤
√
3
√
Qe−(n−1)f , (3.2)

then

Re(fαḡᾱ) =Re
(
fα (Dᾱ + Eᾱ −Gᾱ) + 2ḡ|∂f |2

)
≤
√
3|∂f |

√
Qe−(n−1)f + 2|∂f |4 + 2|∂f |2e2f

≤
√
3|∂f |

√
Qe−(n−1)f + 4|∂f |4 + 1

2
e4f .

Hence,

J1 ≤
√
3

∫
AR

e(n−1)f
√
Q|∂f |Ψ−βηs−2 +

1

2

∫
AR

e2(n+1)fΨ−βηs−2 + 4

∫
AR

e2(n−1)fΨ−β|∂f |4ηs−2

≤εR
2

2

∫
AR

QΨ−βηs +
C

R2

∫
AR

e2(n−1)fΨ−β|∂f |2ηs−4 +
1

2

∫
AR

e2(n+1)fΨ−βηs−2

+ 4

∫
AR

e2(n−1)fΨ−β|∂f |4ηs−2

=:
εR2

2
I1 +

C

R2
Y1 +

1

2
Y2 + 4Y3 ,
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for every ε > 0 and some C = C(ε) > 0. Similarly we obtain

(s− 2)J2 ≤ε
∫
AR

e2(n−1)f |g|2Ψ−βηs−2 +
C

R2

∫
AR

e2(n−1)fΨ−β|∂f |2ηs−4

=εI2 +
C

R2
Y1 ,

for every ε > 0 and some C = C(ε) > 0. Analogously we have

2(n− 1)J3 =2(n− 1)

∫
AR

e2(n−1)fΨ−β|∂f |4ηs−2 + 2(n− 1)

∫
AR

e2nfΨ−β|∂f |2ηs−2

≤ε
∫
AR

e2(n+1)fΨ−βηs−2 + C

∫
AR

e2(n−1)fΨ−β|∂f |4ηs−2

=εY2 + CY3 ,

for every ε > 0 and some C = C(ε) > 0. Moreover we get

J4 ≤2

∫
AR

e(n−1)f |g|2
√
Q|∂f |Ψ−β−1e−2fηs−2

≤εR
2

2

∫
M

QΨ−βηs +
C

R2

∫
AR

e2(n−1)fΨ−β|∂f |2ηs−4

=
εR2

2
I1 +

C

R2
Y1 ,

for every ε > 0 and some C = C(ε) > 0, where we used (2.13). Summing up,

I2 ≤ εR2I1 +
C

R2
Y1 +

(
1

2
+ ε

)
Y2 + CY3 + εI2 .

We now observe that

I2 =
1

3
I2 +

2

3
I2 ≥

1

3
I2 +

2

3
Y2 ,

hence, for every ε > 0 sufficiently small we obtain

I2 ≤ εCR2I1 +
C

R2
Y1 + CY3 . (3.3)

Combining (3.1) and (3.3) we get

I1 ≤
C

R2
I2 ≤

C

R2

(
εR2I1 +

1

R2
Y1 + Y3

)
and the claim follows by choosing ε sufficiently small. □

Lemma 3.2. Let n = 1, 2, s ≥ 4+ 2n and 0 < β < n, then there exists a constant C > 0
such that for every R > 0 the following holds∫

AR

e2(n−1)fΨ−β|∂f |2ηs−4 ≤ C

R2(n−β)
VolBR ,

where Ψ is given by (2.8) and η is a cut-off function as above.
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Proof. Firstly we observe that, being β > 0, by (2.8) we have

Ψ−β = |g|−2βe2βf ≤ e2βf
(
|∂f |4 + e4f

)−β ≤ e−2βf (3.4)

Then,

Y1 =

∫
AR

e2(n−1)fΨ−β|∂f |2ηs−4 ≤
∫
AR

e2(n−1−β)f |∂f |2ηs−4 =: Ŷ1 . (3.5)

We now have from (2.3)

Ŷ1 =

∫
AR

e2(n−1−β)fRe(g)ηs−4 −
∫
AR

e2(n−β)fηs−4 (3.6)

=− 1

n

∫
AR

e2(n−1−β)fRe(fαᾱ)η
s−4 −

∫
AR

e2(n−β)fηs−4

=
2(n− 1− β)

n
Ŷ1 +

s− 4

n

∫
AR

e2(n−1−β)fRe(fαηᾱ)η
s−5 −

∫
AR

e2(n−β)fηs−4

thus, being 2(1 + β)− n > 0 by our assumptions,

Ŷ1 ≤C
(
s− 4

n

∫
AR

e2(n−1−β)f |∂f ||∂η|ηs−5 −
∫
AR

e2(n−β)fηs−4

)
≤C

(
εŶ1 + Ĉ

∫
AR

e2(n−1−β)fηs−6|∂η|2 −
∫
AR

e2(n−β)fηs−4

)
,

for every ε > 0 and some C, Ĉ > 0. By choosing ε sufficiently small we deduce

Ŷ1 ≤C
(
Ĉ

∫
AR

e2(n−1−β)fηs−6|∂η|2 −
∫
AR

e2(n−β)fηs−4

)
≤C

(
Ĉδ

∫
AR

e2(n−β)fηs−4 + C̃

∫
AR

ηs−4−2n+2β|∂η|2(n−β) −
∫
AR

e2(n−β)fηs−4

)
for every δ > 0 and some C, Ĉ, C̃ > 0. By choosing δ sufficiently small we deduce, from
(3.5),

Y1 ≤ Ŷ1 ≤ C

∫
AR

ηs−4−2n+2β|∂η|2(n−β) ≤ C

R2(n−β)
VolBR (3.7)

which is the thesis. □

Lemma 3.3. Let (M3, θ, J, g) be a 3-dimensional (n = 1) complete Sasakian manifold
with nonnegative Tanaka-Webster scalar curvature. Let s > 8, 0 < β < 1/27 and ε > 0,
then there exists a constant C > 0 such that for every R > 0 the following holds∫

AR

Ψ−β|∂f |4ηs−2 ≤ C

(
εR2

∫
AR

Ψ−βQηs + 1

R2
VolBR

)
,

where Ψ is given by (2.8) and η is a cut-off function as above.
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Proof. By (2.8) we have

Y3 =

∫
AR

Ψ−β|∂f |4ηs−2 ≤
∫
AR

e−2βf |∂f |4ηs−2 =: Ŷ3

=−
∫
AR

e−2βfRe(fαᾱ)|∂f |2ηs−2 −
∫
AR

e2(1−β)f |∂f |2ηs−2

=− 2βŶ3 + (s− 2)

∫
AR

e−2βfRe(fαηᾱ)|∂f |2ηs−3

+

∫
AR

e−2βfRe
(
fα|∂f |2ᾱ

)
ηs−2 −

∫
AR

e2(1−β)f |∂f |2ηs−2 .

Now we note that∫
AR

e−2βfRe
(
fα|∂f |2ᾱ

)
ηs−2 =

∫
AR

e−2βfRe (fα(Dᾱ + Eᾱ)) η
s−2

+

∫
AR

e−2βf |∂f |2Re (ḡ) ηs−2

− 2

∫
AR

e2(1−β)f |∂f |2ηs−2

=

∫
AR

e−2βfRe (fα(Dᾱ + Eᾱ)) η
s−2

+ Ŷ3 −
∫
AR

e2(1−β)f |∂f |2ηs−2

where we used (2.6). Using this identity in the previous one we get

2βŶ3 =(s− 2)

∫
AR

e−2βfRe(fαηᾱ)|∂f |2ηs−3 (3.8)

+

∫
AR

e−2βfRe (fα(Dᾱ + Eᾱ)) η
s−2 − 2

∫
AR

e2(1−β)f |∂f |2ηs−2 .

Since n = 1, we follow the proof in [10, Section 3]; we include the details in order to make
the presentation self contained. We have

2βŶ3 =(s− 2)

∫
AR

e−2βfRe(fαηᾱ)|∂f |2ηs−3

+

∫
AR

e−2βfRe (fα(Dᾱ + Eᾱ)) η
s−2 − 2

∫
AR

e2(1−β)f |∂f |2ηs−2 .

Using Young and the following inequality (which actually holds for every n ≥ 1)

|Dᾱ + Eᾱ| ≤
√
2
√
Qe−(n−1)f (3.9)
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we obtain

(2β − ε)Ŷ3 ≤
C

R2

∫
AR

e−2βf |∂f |2ηs−4 +
√
2

∫
AR

e−2βf
√
Q|∂f |ηs−2 − 2

∫
AR

e2(1−β)f |∂f |2ηs−2

=
C

R2

∫
AR

e−2βf |∂f |2ηs−4 +
√
2

∫
AR

e−4βfΨ−β|g|2β
√
Q|∂f |ηs−2

− 2

∫
AR

e2(1−β)f |∂f |2ηs−2

≤ C

R2

∫
AR

e−2βf |∂f |2ηs−4 + εR2

∫
AR

Ψ−βQηs + C

R2

∫
AR

e−8βfΨ−β|g|4β|∂f |2ηs−4 .

We now use the following Young’s inequality

e−8βfg|4β|∂f |2|ηs−4 ≤ 2β|g|2ηs−2 + (1− 2β)e−
8βf
1−2β |∂f |

2
1−2β ηs−

4−4β
1−2β

to get

(2β − ε)Ŷ3 ≤
C

R2

∫
AR

e−2βf |∂f |2ηs−4 + εR2

∫
AR

Ψ−βQηs

+
C

R2

∫
AR

e−
8β

1−2β
fΨ−β|∂f |

2
1−2β ηs−

4−4β
1−2β +

C

R2

∫
AR

Ψ−β|g|2ηs−2 .

Using the following Young’s inequality

e−
8βf
1−2βΨ−β|∂f |

2
1−2β ηs−

4−4β
1−2β ≤ 1

2(1− 2β)
|∂f |4e−16βfΨ−2βηs−2 +

1− 4β

2− 4β
ηs−

6−8β
1−4β

together with (3.4) and

e−f = u−1 ≤ CR3 in AR , (3.10)

which follows immediately from Corollary 2.4, we obtain

e−
8βf
1−2βΨ−β|∂f |

2
1−2β ηs−

4−4β
1−2β ≤ C

(
R54β|∂f |4Ψ−βηs−2 + 1

)
.

Hence, from (3.7) and (3.3), we get

(2β − ε)Y3 ≤(2β − ε)Ŷ3

≤ C

R2

∫
AR

e−2βf |∂f |2ηs−4 + εR2

∫
AR

Ψ−βQηs

+
C

R2−54β

∫
AR

Ψ−β|∂f |4ηs−2 +
C

R2
VolBR +

C

R2

∫
AR

Ψ−β|g|2ηs−2

=
C

R2
Ŷ1 + εR2I1 +

C

R2−54β
Y3 +

C

R2
VolBR +

C

R2
I2

≤εR2I1 +
C

R2−54β
Y3 +

C

R2
VolBR +

C

R2

(
εR2I1 +

C

R2
Y1 + CY3

)
≤εR2I1 +

C

R2−54β
Y3 +

C

R2
VolBR ,

where I2 is defined in (3.1) and where we used Lemma 3.2. Since 0 < β < 1/27, choosing
ε small enough and R large enough we obtain the thesis. □
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Lemma 3.4. Let n = 2, s > 4, 0 < β < 1 and ε > 0, then there exists a constant C > 0
such that for every R > 0 the following hold∫

AR

e4fΨ−β|∂f |2ηs−2 ≤ C

(∫
AR

e(6−2β)fηs−2 +
1

R2

∫
AR

e(4−2β)fηs−4

)
and∫
AR

e2fΨ−β|∂f |4ηs−2 ≤ C

(∫
AR

e4fΨ−β|∂f |2ηs−2 +
1

R2

∫
AR

e2fΨ−β|∂f |2ηs−4 + εR2

∫
M

Ψ−βQηs
)
,

where Ψ is given by (2.8) and η is a cut-off function as above.

Proof. We have

Y0 =

∫
AR

e4fΨ−β|∂f |2ηs−2 ≤
∫
AR

e(4−2β)f |∂f |2ηs−2 =: Ŷ0

=

∫
AR

e(4−2β)fRe(g)ηs−2 −
∫
AR

e(6−2β)fηs−2

=− 1

2

∫
AR

e(4−2β)fRe(fαᾱ)η
s−s −

∫
AR

e(6−2β)fηs−2

=(2− β)Ŷ0 +
s− 2

2

∫
AR

e(4−2β)fRe(fαηᾱ)η
s−3 −

∫
AR

e(6−2β)fηs−2 .

Hence,

(1− β)Ŷ0 =

∫
AR

e(6−2β)fηs−2 − s− 2

2

∫
AR

e(4−2β)fRe(fαηᾱ)η
s−3

≤εŶ0 +
C

R2

∫
AR

e(4−2β)fηs−4 +

∫
AR

e(6−2β)fηs−2 ,

for every ε > 0 and some C > 0. By choosing ε small enough we have

Y0 ≤ Ŷ0 ≤ C

(∫
AR

e(6−2β)fηs−2 +
1

R2

∫
AR

e(4−2β)fηs−4 ,

)
and the first estimate follows. Concerning the second one, we have

Y3 =

∫
AR

e2fΨ−β|∂f |4ηs−2

=− 1

2

∫
AR

e2fΨ−βRe(fαᾱ)|∂f |2ηs−2 −
∫
AR

e4fΨ−β|∂f |2ηs−2

=Y3 +
s− 2

2

∫
AR

e2fΨ−β|∂f |2Re(ηᾱfα)ηs−3 +
1

2

∫
AR

e2fΨ−βRe(fα|∂f |2ᾱ)ηs−2

− β

2

∫
AR

e2fΨ−β−1|∂f |2Re(fαΨᾱ)η
s−2 −

∫
AR

e4fΨ−β|∂f |2ηs−2 ,
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i.e.

0 =
s− 2

2

∫
AR

e2fΨ−β|∂f |2Re(ηᾱfα)ηs−3 +
1

2

∫
AR

e2fΨ−βRe(fα|∂f |2ᾱ)ηs−2

− β

2

∫
AR

e2fΨ−β−1|∂f |2Re(fαΨᾱ)η
s−2 −

∫
AR

e4fΨ−β|∂f |2ηs−2

=
s− 2

2

∫
AR

e2fΨ−β|∂f |2Re(ηᾱfα)ηs−3 +
1

2

∫
AR

e2fΨ−βRe(fα(Dᾱ + Eᾱ))η
s−2

+
1

2

∫
AR

e2fΨ−βRe(ḡ)|∂f |2ηs−2

− β

2

∫
AR

e2fΨ−β−1|∂f |2Re(fαΨᾱ)η
s−2 − 2

∫
AR

e4fΨ−β|∂f |2ηs−2

=
s− 2

2

∫
AR

e2fΨ−β|∂f |2Re(ηᾱfα)ηs−3 +
1

2

∫
AR

e2fΨ−βRe(fα(Dᾱ + Eᾱ))η
s−2

+
1

2
Y3 −

β

2

∫
AR

e2fΨ−β−1|∂f |2Re(fαΨᾱ)η
s−2 − 3

2

∫
AR

e4fΨ−β|∂f |2ηs−2 .

Therefore, using Young’s inequality, (3.9) and (2.13), we obtain

1

2
Y3 ≤εY3 +

C

R2

∫
AR

e2fΨ−β|∂f |2ηs−4 + εR2

∫
AR

Ψ−βQηs

+
C

R2

∫
AR

e−2fΨ−β−2|∂f |6|g|2ηs−4 +
3

2

∫
AR

e4fΨ−β|∂f |2ηs−2

≤ εY3 +
C

R2

∫
AR

e2fΨ−β|∂f |2ηs−4 + εR2

∫
AR

Ψ−βQηs + 3

2

∫
AR

e4fΨ−β|∂f |2ηs−2 ,

since Ψ−2|∂f |4|g|2 ≤ e4f . Hence

Y3 ≤
C

R2
Y1 + εR2I1 + CY0

and the conclusion follows. □

Lemma 3.5. Let n ≥ 3 and s ≥ 4+ 2n then, for every ε > 0 small enough and for every
0 ≤ β < 1

12
, there exists a constant C > 0 such that for every R > 0 the following∫

AR

e2(n−1)f |∂f |2ηs−4 ≤ C

(∫
AR

e2nfηs−4 +
1

R2n
VolBR

)
,

∫
AR

e2nf |∂f |2ηs−2 ≤ C

(∫
AR

e2(n+1)fηs−2 +
1

R2

∫
AR

e2nfηs−4

)
and∫
AR

e2(n−1)f |∂f |4ηs−2 ≤ C

(∫
AR

e2nf |∂f |2ηs−2 +
1

R2

∫
AR

e2(n−1)f |∂f |2ηs−4 + εR2

∫
M

Qηs
)
,

hold, where η is a cut-off function as above.
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Proof. We firstly observe that, as in (3.6) with β = 0,

Y1 =

∫
AR

e2(n−1)f |∂f |2ηs−4 =

∫
AR

e2(n−1)fRe(g)ηs−4 −
∫
AR

e2nfηs−4

=− 1

n

∫
AR

e2(n−1)fRe(fαᾱ)η
s−4 −

∫
AR

e2nfηs−4

=
2(n− 1)

n
Y1 +

s− 4

n

∫
AR

e2(n−1)fRe(fαηᾱ)η
s−5 −

∫
AR

e2nfηs−4 .

Hence,

n− 2

n
Y1 =− s− 4

n

∫
AR

e2(n−1)fRe(fαηᾱ)η
s−5 +

∫
AR

e2nfηs−4

≤s− 4

n

∫
AR

e2(n−1)f |∂f ||∂η|ηs−5 +

∫
AR

e2nfηs−4

≤εY1 + C

∫
AR

e2(n−1)f |∂η|2ηs−6 +

∫
AR

e2nfηs−4 ,

for every ε > 0 and some C > 0. By choosing ε small enough we have

Y1 ≤C
(∫

AR

e2(n−1)f |∂η|2ηs−6 +

∫
AR

e2nfηs−4

)
≤C

(∫
AR

e2nfηs−4 +

∫
AR

ηs−4−2n|∂η|2n
)
,

and the first estimate follows where we used Young’s inequality. Similarly,

Y0 :=

∫
AR

e2nf |∂f |2ηs−2 =

∫
AR

e2nfRe(g)ηs−2 −
∫
AR

e2(n+1)fηs−2

=− 1

n

∫
AR

e2nfRe(fαᾱ)η
s−s −

∫
AR

e2(n+1)fηs−2

=2Y0 +
s− 2

n

∫
AR

e2nfRe(fαηᾱ)η
s−3 −

∫
AR

e2(n+1)fηs−2 .

Hence,

Y0 =

∫
AR

e2(n+1)fηs−2 − s− 2

n

∫
AR

e2nfRe(fαηᾱ)η
s−3

≤εY0 + C

∫
AR

e2nf |∂η|2ηs−4 +

∫
AR

e2(n+1)fηs−2 ,

for every ε > 0 and some C > 0. By choosing ε small enough we have

Y0 ≤ C

(∫
AR

e2(n+1)fηs−2 +

∫
AR

e2nf |∂η|2ηs−4 ,

)
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and the second estimate follows. Finally,

Y3 =

∫
AR

e2(n−1)f |∂f |4ηs−2 =

∫
AR

e2(n−1)fRe(g)|∂f |2ηs−2 −
∫
AR

e2nf |∂f |2ηs−2

=− 1

n

∫
AR

e2(n−1)fRe(fαᾱ)|∂f |2ηs−2 −
∫
AR

e2nf |∂f |2ηs−2

=
1

n

∫
AR

e2(n−1)fRe(fα|∂f |2ᾱ)ηs−2 +
2(n− 1)

n

∫
AR

e2(n−1)f |∂f |4ηs−2

+
s− 2

2

∫
AR

e2(n−1)fRe(fᾱηᾱ)|∂f |2ηs−3 −
∫
AR

e2nf |∂f |2ηs−2 ,

hence
n− 2

n
Y3 =

∫
AR

e2nf |∂f |2ηs−2 − 1

n

∫
AR

e2(n−1)fRe(fα|∂f |2ᾱ)ηs−2

− s− 2

2

∫
AR

e2(n−1)fRe(fᾱηᾱ)|∂f |2ηs−3

=

∫
AR

e2nf |∂f |2ηs−2 − 1

n

∫
AR

e2(n−1)fRe (fα(Dᾱ + Eᾱ)) η
s−2

− 1

n

∫
AR

e2(n−1)fRe(ḡ)|∂f |2ηs−2 +
2

n

∫
AR

e2nf |∂f |2ηs−2

− s− 2

2

∫
AR

e2(n−1)fRe(fᾱηᾱ)|∂f |2ηs−3

≤
(
1 +

1

n

)∫
AR

e2nf |∂f |2ηs−2 − 1

n
Y3 +

√
2

n

∫
AR

e(n−1)f |∂f |
√
Qηs−2

+ δY3 + C

∫
AR

e2(n−1)f |∂f |2|∂η|2ηs−4

≤
(
1 +

1

n

)∫
AR

e2nf |∂f |2ηs−2 − 1

n
Y3 + εR2

∫
AR

Qηs

+
C

R2

∫
AR

e2(n−1)f |∂f |2ηs−4 + δY3 ,

for every δ, ε > 0 and some C > 0, where we used (2.6) and (3.9). By choosing δ small
enough we conclude

Y3 ≤ C

(∫
AR

e2nf |∂f |2ηs−2 +
1

R2

∫
AR

e2(n−1)f |∂f |2ηs−4 + εR2

∫
AR

Qηs
)
.

□

4. Proof of the main results

4.1. Proof of Theorem 1.1. Let (M3, θ, J, g) be a 3-dimensional complete Sasakian
manifold with nonnegative Tanaka-Webster scalar curvature and let u be a nonnegative
solution to (1.9) in M . By Bony’s maximum principle (see e.g. [7]) we have that either
u ≡ 0 or u > 0 onM . Given R > 0, let η denotes a smooth real cut-off function such that
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η ≡ 1 in BR/2, η ≡ 0 in Bc
R and such that |∂η| ≤ c

R
in AR = BR \BR/2. Let ε, β > 0 small

enough and s > 0 large enough. If u > 0, then by Lemma 3.1, Lemma 3.2 and Lemma
3.3 we obtain∫

M

QΨ−βηs ≤C
(

1

R4

∫
AR

Ψ−β|∂f |2ηs−4 +
1

R2

∫
AR

Ψ−β|∂f |4ηs−2

)
≤ C

R6−2β
VolBR + Cε

∫
M

QΨ−βηs +
C

R4
VolBR .

Using the volume estimate in Theorem 2.3 we obtain, for every R > 0,∫
BR

QΨ−β ≤ C .

Then ∫
M

QΨ−β <∞

and, from (3.3), ∫
BR

Ψ−β|g|2 ≤ CR2.

From Lemma 2.2 we obtain ∫
M

QΨ−β = 0 ,

i.e. Q ≡ 0 on M . In particular, from (2.7), we have

Rαᾱfαfᾱ ≡ 0 Eαβ̄ = Dαβ = 0 Gα = Dα = Eα = 0 .

Since M is 3-dimensional (n = 1) we have that (M3, θ, J, g) is Sasaki-Einstein and

Rαᾱfαfᾱ = R|∂f |2 ≡ 0.

By continuity and equation (2.4) we have {R ≡ 0} is dense in M , thus (M3, θ, J, g) is
Tanaka-Webster flat (see e.g. [8]), i.e. its universal cover is isomorphic to the Heinsenberg
group H1. The conclusion follows arguing as in [29, Section 3], see also [10].

4.2. Proof of Theorem 1.3. Let (M2n+1, θ, J, g), n ≥ 2, be a (2n + 1)-dimensional
complete Sasakian manifold with the Tanaka-Webster curvature satisfying

RicH(X,X) ≥ 0 for all horizontal vector field X.

and
VolBR ≤ CR2n+2 , (4.1)

for some C > 0 and for all R > 0 large enough. Let u be a nonnegative solution to (1.10)
in M such that ∫

BR

u
2(n+1)

n ≤ CRσ , (4.2)

for every R > 0 large enough and for some σ < 2 if n = 2, σ = 2 if n ≥ 3. By the
maximum principle (see e.g. [7]) we have that either u ≡ 0 or u > 0 on M . Given R > 0,
let η denotes a smooth real cut-off function such that η ≡ 1 in BR/2, η ≡ 0 in Bc

R and
such that |∂η| ≤ c

R
in AR = BR \BR/2. Let ε, β > 0 small enough and s > 0 large enough.

We split the proof in two cases.
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Case 1 (n ≥ 3): if u > 0, then by Lemma 3.1 with β = 0 and Lemma 3.5 we obtain∫
M

Qηs ≤C
(

1

R4

∫
AR

e2(n−1)f |∂f |2ηs−4 +
1

R2

∫
AR

e2(n−1)f |∂f |4ηs−2

)
≤C

(
1

R4

∫
AR

e2(n−1)f |∂f |2ηs−4 +
1

R2

∫
AR

e2nf |∂f |2ηs−2 + ε

∫
M

Qηs
)

≤ C

R4

∫
AR

e2nfηs−4 +
C

R2n+4
VolBR +

C

R2

∫
AR

e2(n+1)fηs−2 + Cε

∫
M

Qηs ,

i.e. ∫
M

Qηs ≤ C

R4

∫
AR

e2nfηs−4 +
C

R2n+4
VolBR +

C

R2

∫
AR

e2(n+1)fηs−2.

By (2.1) and Hölder’s inequality, we get∫
M

Qηs ≤ C

R4

∫
BR

u2 +
C

R2n+4
VolBR +

C

R2

∫
BR

u
2n+2

n

≤ C

R4

(∫
BR

u
2n+2

n

) n
n+1

(VolBR)
1

n+1 +
C

R2n+4
VolBR +

C

R2

∫
BR

u
2n+2

n

≤C
(

1

R
2

n+1

+
1

R2
+ 1

)
≤ C

where we used (4.1) and (4.2). Then ∫
M

Q <∞

and, from (3.3), ∫
BR

e2(n−1)f |g|2 ≤ CR2.

From Lemma 2.2 we obtain ∫
M

Q = 0 ,

i.e. Q ≡ 0 on M . In particular, from (2.7), we have

Rαβ̄fβfᾱ ≡ 0 Eαβ̄ = Dαβ = 0 Gα = Dα = Eα = 0 .

The conclusion of the theorem follows from the argument at the end of this section.

Case 2 (n = 2): if u > 0, then by Lemma 3.1 with 0 < β small enough, Lemma 3.2 and
Lemma 3.4 we obtain∫
M

Ψ−βQηs ≤C
(

1

R4

∫
AR

e2fΨ−β|∂f |2ηs−4 +
1

R2

∫
AR

e2fΨ−β|∂f |4ηs−2

)
≤C

(
1

R4

∫
AR

e2fΨ−β|∂f |2ηs−4 +
1

R2

∫
AR

e4fΨ−β|∂f |2ηs−2 + ε

∫
M

Ψ−βQηs
)

≤ C

R8−2β
VolBR +

C

R2

∫
AR

e(6−2β)fηs−2 +
C

R4

∫
AR

e(4−2β)fηs−4 + Cε

∫
M

Ψ−βQηs ,
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i.e. ∫
M

Ψ−βQηs ≤ C

R8−2β
VolBR +

C

R2

∫
AR

e(6−2β)fηs−2 +
C

R4

∫
AR

e(4−2β)fηs−4.

By (2.1) and Hölder’s inequality, we get∫
M

Ψ−βQηs ≤ C

R8−2β
VolBR +

C

R2

∫
BR

u3−β +
C

R4

∫
BR

u2−β

≤ C

R8−2β
VolBR +

C

R2

(∫
BR

u3
) 3−β

3

(VolBR)
β
3 +

C

R4

(∫
BR

u3
) 2−β

3

(VolBR)
1+β
3

≤C
(

1

R2−2β
+

1

R2−σ−(2−σ
3 )β

+
1

R2− 2σ
3
−(2−σ

3 )β

)
which tends to 0 as R → ∞, provided β is small enough. Thus we deduce Q ≡ 0 on M .
In particular, from (2.7), we have

Rαβ̄fβfᾱ ≡ 0 Eαβ̄ = Dαβ = 0 Gα = Dα = Eα = 0 . (4.3)

As Rαβ̄ ≥ 0, the first identity implies Rαβ̄fβ = 0.
It remains to show that these identities imply thatM = Hn and thus the result follows

as in [29, Section 3].

Rigidity: without loss of generality, we assume that M is simply connected. In the
following, we work with a unitary frame {Tα}, i.e. dθ

(
Tα, T β

)
= δαβ to get ride of a

factor of 2 in many places. It is also more convenient to work with ϕ = ce−2f = cu−2/n.
With the proper choice of a positive constant c, the equation (4.3) in terms of the function
ϕ becomes

Rαβϕβ = 0,

ϕα,β = 0,

ϕα,β = ϕ−1ϕαϕβ +
1

2

(
1

2
+ ϕ−1 |∂ϕ|2 + iϕ0

)
δαβ,

ϕ0,α =
i

2
ϕ−1

(
1

2
+ ϕ−1 |∂ϕ|2 − iϕ0

)
ϕα.

Moreover, ϕ→ ∞ at ∞ by the condition u→ 0 at infinity.

Let θ̃ = ϕ−1θ. In the following, we continue to work with a local θ-unitary frame {Tα}
and the Reeb vector field T . Then the Reeb vector field of θ̃ is

T̃ = ϕT + i
(
ϕγTγ − ϕγTγ

)
.

For θ̃, we work with the adapted frame
{
Tα, T̃

}
in which the Hermitian metric is given

by h̃αβ = ϕ−1δαβ. We calculate the Ricci curvature of θ̃ by standard formulas with
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w = − log ϕ,

R̃αβ =Rαβ −
{
(n+ 2)

(
wα,β + wβ,α

)
/2 +

[
∆bw/2 + (n+ 1) |∂w|2

]
δαβ
}

=Rαβ −
{
−(n+ 2)

2

(
1

2
ϕ−1 + ϕ−2 |∂ϕ|2

)
δαβ

+

[
−n
2

(
1

2
ϕ−1 + ϕ−2 |∂ϕ|2

)
+ (n+ 1)ϕ−2 |∂ϕ|2

]
δαβ

}
=Rαβ +

(n+ 1)

2
h̃αβ,

and its torsion

Ãαβ = Aαβ + i (wα,β − wαwβ) = 0.

For a function H, we write H∗
α,β etc. for covariant derivatives with respect to θ̃.

Proposition 4.1. The function ψ := ϕ−1 satisfies the following three tensor equations on(
M, θ̃

)
ψ∗
α,β = 0,

ψ∗
α,β

− ψ−1ψαψβ =
1

2
(g − ψ) h̃αβ,

ψ∗
0̃,α

=
i

2
gψ−1ψα,

where g = 1
2
ψ + ψ−1 |∂ψ|2θ̃ + iψ0̃ and the subscript 0̃ stands for differentiation by T̃ .

Moreover,

R̃αβψ
β =

(n+ 1)

2
ψα.

Proof. If we write the Tanaka-Webster connection for θ and that for θ̃ as

∇Tα = ωβ
α ⊗ Tβ, and ∇̃Tα = ω̃β

α ⊗ Tβ,

respectively, then

ω̃β
α =ωβ

α + wγδ
β
αθ

γ +
(
wαθ

β − wβδαγθ
γ
)

+ i
[
wβ

,α + wαw
β + wγw

γδβα
]
θ.

With this, one can verify the following formulas

H∗
α,β = Hα,β + ϕ−1 (ϕαHβ +Hαϕβ) ,

H∗
α,β

= Hα,β − ϕ−1ϕγHγδαβ ,
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and hence the first two formulas for ψ. We do it for the second formula. As

ψ∗
α,β

= −ϕ−2
(
ϕ∗
α,β

− 2ϕ−1ϕαϕβ

)
= −ϕ−2

(
ϕα,β − ϕ−1 |∂ϕ|2 δαβ − 2ϕ−1ϕαϕβ

)
= −ϕ−2

(
−ϕ−1ϕαϕβ +

1

2

(
1

2
− ϕ−1 |∂ϕ|2 + iϕ0

)
δαβ

)
= ψ−1ψαψβ +

1

2

(
−1

2
ψ + ψ−1 |∂ψ|2θ̃ + iϕψ0

)
hαβ,

= ψ−1ψαψβ +
1

2

(
−1

2
ψ + ψ−1 |∂ψ|2θ̃ + iψ0̃

)
hαβ

which is exactly the second equation. To see the third equation, we have

ψ∗
0,α = TαT̃ ϕ

−1

= Tα
(
−ϕ−1ϕ0

)
= −ϕ−1ϕ0α + ϕ−2ϕ0ϕα

= − i

2
ϕ−2

(
1

2
+ ϕ−1 |∂ϕ|2 − iϕ0

)
ϕα + ϕ−2ϕ0ϕα

= − i

2
ϕ−2

(
1

2
+ ϕ−1 |∂ϕ|2 + iϕ0

)
ϕα

=
i

2

(
1

2
ψ + ψ−2 |∂ψ|2 − iϕψ0

)
ψ−1ψα

=
i

2

(
1

2
ψ + ψ−1 |∂ψ|2θ̃ − iψ0̃

)
ψ−1ψα.

The last equation follows from the fact Rαβϕβ = 0. □

From now on, we work on
(
M, θ̃

)
and a θ̃-unitary frame (we drop the˜and ∗ every-

where). To summarize, the function ψ is nonconstant and satisfies

Rαβψβ =
(n+ 1)

2
ψα ,

ψα,β = 0,

ψα,β = ψ−1ψαψβ +
1

2

(
−1

2
ψ + ψ−1 |∂ψ|2 + iψ0

)
δαβ,

ψ0,α =
i

2

(
1

2
ψ + ψ−1 |∂ψ|2 − iψ0

)
ψ−1ψα.
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Since w = logψ, then

Rαβwβ =
(n+ 1)

2
wα.

wα,β = −wαwβ,

wα,β =
1

2

(
−1

2
+ |∂w|2 + iw0

)
δαβ,

w0,α = −1

2
w0wα +

i

2

(
1

2
+ |∂w|2

)
wα.

The following argument is similar to Section 3 in [50]. We claim that u is CR pluriharmonic
Indeed, when n ≥ 2 this follows from the second equation. When n = 1, differentiating
the second equation and simplifying using all three yields

w1,11 =
1

2

(
w1,1w1 + w1w1,1 − iw0,1

)
= 0.

As A11 = 0, it follows that u is CR pluriharmonic by [31, Proposition 3.4]. AsM is simply
connected, w is the real part of a CR holomorphic function w + iv:

vα = −iwα, vβ = iwβ.

We also have

iv0δαβ = vα,β − vβ,α
= −iwα,β − iwβ,α

= −2iwα,β − w0δαβ

= −i
(
−1

2
+ |∂w|2

)
δαβ .

Thus

v0 =
1

2
− |∂w|2 .

With this we can rewrite the equations satisfied by w as

wα,β = −wαwβ,

wα,β =
1

2
(−v0 + iw0) δαβ,

w0,α = −1

2
w0wα +

i

2
(1− v0)wα .

We have ψ =
∣∣e(w+iv)/2

∣∣2. As ψ → 0 at ∞, we have w → −∞ at ∞ and e(w+iv)/2 → 0 at
∞. Let

F = e
w
2 cos

(
v
2

)
+ C ,

for some constant C to be determined. By the decay condition, we know that F has a
critical point. Moreover F is nonconstant.
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Proposition 4.2. We have

RαβFβ =
(n+ 1)

2
Fα,

Fα,β = 0,

Fα,β =
1

2

[
−
(
ew/2 sin v/2

)
0
+ iF0

]
δαβ,

F0,α =
i

2
Fα,

F0,0 = −1

2

(
ew/2 sin v/2

)
0
.

Proof. These formula are proved by direct calculations. For example, to prove the third
one we first observe as vα = −iwα and θ is torsion-free

v0,α = vα,0 = −iwα,0.

Then we compute using the third equation for w

F0,α =
1

2
ew/2

[(
w0,α − 1

2
v0vα +

1

2
w0wα

)
cos

v

2
−
(
v0,α +

1

2
w0vα +

1

2
v0wα

)
sin

v

2

]
=

1

2
ew/2

[(
w0,α +

i

2
v0wα +

1

2
w0wα

)
cos

v

2
−
(
−iw0,α − i

2
w0wα +

1

2
v0wα

)
sin

v

2

]
=

1

2
ew/2

(
i

2
wα cos

v

2
+

1

2
wα sin

v

2

)
=
i

2
ew/2

(
1

2
wα cos

v

2
− 1

2
vα sin

v

2

)
=
i

2
Fα.

The first and second formulas can be proved similarly. To prove the last identity, we
differentiate the third one

i

2
Fα,β = F0,αβ

= F0,βα + iF0,0δαβ

= F0,βα + iF0,0δαβ

= − i

2
Fβ,α + iF0,0δαβ .

Using the second identity we obtain

F0,0 = −1

2

(
ew/2 sin

v

2

)
0

□

Let D2F denote the Hessian of F with respect to the adapted Riemannian metric gθ̃.
By Proposition A.3 in the [50], we obtain from Proposition 4.2

D2F = −1

2

(
ew/2 sin

v

2

)
0
gθ̃. (4.4)
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Let χ = 1
2

(
ew/2 sin v

2

)
0
. Then D2F = −χgθ̃. Working with a θ̃-unitary frame, we differ-

entiate (using the Levi-Civita connection of gθ̃) the above equation to get

−χi = Fji,j

= Fjj,i + R̂ijljwl

= (∆w)i + R̂ilwl

= − (2n+ 1)χi + R̂ilwl,

where R̂ is the curvature tensor of gθ̃ and the Latin indices take values 0, 1, · · ·n, 1, · · · , n.
Thus 2nχi = R̂ilwl. More specifically,

2nχα = R̂α0F0 + R̂αβFβ + R̂αβFβ,

2nχ0 = R̂00F0 + R̂0βFβ + R̂0βFβ.

By the formulas relating R̂ij and the pseudohermitian Ricci curvature (cf. Proposition
A.4 in [50]), they reduce to

2nχα = RαβFβ −
1

2
Fα , 2nχ0 =

n

2
F0.

In view of the equation RαβFβ = (n+1)
2
Fα, we conclude that χ − 1

4
F is constant. By

choosing C, we can assume χ = 1
4
F . Therefore

D2F = −F
4
gθ̃ .

This equation was studied by Obata in [38]. If Σ = {F = λ} is a regular let set, it is easy
to see that the metric locally splits

gθ̃ = dt2 +

[
B cos

(
t

2

)
− A sin

(
t

2

)]2
hround,

for some constants A,B, where hround is the standard metric on S2n, and F = a cos
(
t
2

)
for

some constant a. In other words,
(
M, θ̃

)
is locally isometric to a piece of (S2n+1, 4ground),

where ground is the standard metric, and F (z) = Re (z · µ) is a linear function. Moreover,
by continuation and the above splittings gθ̃ is globally spherical. By routine calculations

it is easy to see that
(
M, θ̃

)
has constant pseudohermitian curvature and θ is pseudoher-

mitian flat. Since it is simply connected and complete, (M, θ) is CR equivalent to (Hn,Θ),
where Θ is the standard contact form on the Heisenberg group. This concludes the proof
of Theorem 1.3 (and of Theorem 1.2).

4.3. Proof of Corollary 1.5. We first recall (see e.g. [4, Theorem 2.6]) that the as-
sumption

VolBR ≥ cR2n+2 ,
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for some c > 0 and every R > 0 large enough is equivalent to the following Folland-Stein-
Sobolev inequality(∫

M

f
2n+2

n

) 2n
2n+2

≤ C

∫
M

|∂f |2 for all f ∈ D1,2(M) .

Therefore, from Lemma 2.7, u tends to zero at infinity and the result follows from Theorem
1.2.

4.4. Proof of Corollary 1.6. Assume, by contradiction, that there exists u ∈ D1,2(M)
which minimizes Sθ(M). Without loss of generality we can assume that u is positive. Since
u is a minimizer we have that Sθ(M) > 0, then the Folland-Stein-Sobolev inequality holds
and the contradiction follows from Corollary 1.5.
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