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Abstract

In this article, we address the problem of determining a domain in R that minimizes
the first eigenvalue of the Lamé system under a volume constraint. We begin by establishing
the existence of such an optimal domain within the class of quasi-open sets, showing that in
the physically relevant dimensions N = 2 and 3, the optimal domain is indeed an open set.
Additionally, we derive both first and second-order optimality conditions. Leveraging these
conditions, we demonstrate that in two dimensions, the disk cannot be the optimal shape
when the Poisson ratio is below a specific threshold, whereas above this value, it serves as a
local minimizer. We also extend our analysis to show that the disk is nonoptimal for Poisson
ratios v satisfying v < 0.4.
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1 Introduction

The Faber—Krahn inequality is one of the most fundamental results in spectral geometry. It
states that, among all sets of a given volume (in any dimension), the ball uniquely minimizes
the first eigenvalue of the Dirichlet-Laplacian, see [23], [31]. Similar results hold for other
boundary conditions. For instance:

e the ball maximizes the first non-trivial eigenvalue of the Neumann-Laplacian (Szego-
Weinberger see [40], [41]),

e the ball minimizes the first eigenvalue of the Robin-Laplacian (Bossel-Daners (when the
boundary parameter is positive) see [2], [17]),

e the ball maximizes the first (non-trivial) eigenvalue of the Steklov-Laplacian (Brock see[5]).

In all of these problems, a volume constraint is imposed. For further discussion on eigenvalue
optimization problems, see [26], [27].

The question of minimizing or maximizing the first eigenvalue in the case of systems is far less
understood. Notably, unlike the scalar cases discussed earlier, the ball does not necessarily serve
as the extremal domain. Recent studies have explored this question for the Stokes operator.
It is shown that in three dimensions, the ball does not minimize the first eigenvalue among
sets of a given volume. In two dimensions, however, the disk is found to be a local minimizer
and is conjectured to be the global minimizer. A numerical investigation of this problem is
presented in [35]. Another operator that has recently attracted attention in a series of studies
is the curl operator, see [12, 13],[24], [22], [21]. These studies also examine various properties
of potential optimal domains, revealing that the ball does not minimize the first eigenvalue.
In [22], the authors demonstrate, under certain regularity conditions, that an optimal domain
cannot possess axial symmetry. Conversely, it is conjectured in [12] that the optimal domain is
a spheromak, namely a torus in R? with its central hole minimized to form an almost spherical
shape, often likened to a cored apple.

In the recent paper [32], the authors investigate the Maxwell operator (or vectorial Laplacian)
with the boundary condition v x ¥ = 0. They demonstrate that, in three dimensions, the
ball is neither a minimizer nor a maximizer for the first eigenvalue under volume or perimeter



constraints. Specifically, the authors show that the infimum of the first eigenvalue is zero, while
the supremum is 400 under both constraints.

In this article, we focus on the Lamé system with Dirichlet boundary conditions, which is
fundamental to the theory of linear elasticity. Let Q be a bounded open set in RY and H} ()Y
denotes the space of vectors u = (u1, ..., uy) where each u; belongs to the Sobolev space H}(Q).
The first eigenvalue of 2 for the Lamé system is defined by

AQ) = i 1 fq IVul? dz 4+ (A +2M) Jo(div(u))? dyc7
ueH3 ()N {0} Jo lul? dz

(1.1)

where A, u are the Lamé coefficients that satisfy u > 0, A\ + p > 0. In the previous expression,
|Vu|? denotes |[Vui|? + ... |Vuy|? and |u|? denotes u? + ... u%,. The associated PDE solved by
the minimizer v is

{ —pAu — (A4 p)V(div(u)) = Au in Q, (1.2)

u=20 on Of).

We will explain below that a natural motivation for introducing the first eigenvalue A arises
from the famous Korn inequality. In that context, let us mention the paper [34] where optimal
constants for the Korn inequality are also computed but under tangential boundary conditions.

It is worth noting that it will be convenient to introduce the Poisson coefficient v, as it is
related to the Lamé parameters through the following formulae:

FEv E

A arna-w)y Mt

(1.3)
where E is the Young modulus and v € (—1,0.5) (for many materials v € [0.2,0.4]). Indeed,
dividing the eigenvalue A by p lead us to introduce the ratio

Atp 1
w o 1—2v

and therefore, we can see that the minimization of A will primarily depend on the Poisson
coefficient v. In some papers, like [30], the authors look at an eigenvalue defined as

AQa):=  min  JelVuldrtafo(div(w) do

, 1.4
ueHY (N\{0} Jo lul? dz (4

where a stands for 1/(1 —2v). To make the underlying physics more apparent, we will explicitly
retain the Lamé parameters and the Poisson coefficient in our paper.
Thus, this paper is dedicated to the study of the following shape optimization problem:

inf{A(Q),Q c RY bounded , || = Vp} (1.5)

or equivalently (since A(tQ2) = A(Q)/t?) to the unconstrained optimization problem
inf{|Q>VA(Q),Q c RV} (1.6)

Here || denotes the Lebesgue measure of the open set (or quasi-open set) 2. The precise
definition of quasi-open set will be given at the beginning of Section 3.



In Section 3, we first establish an existence result for quasi-open sets in any dimension. To
achieve this, we employ the standard strategy based on a concentration-compactness argument,
that we had to adapt in a vectorial context. Subsequently, we demonstrate some mild regu-
larity, specifically that the optimal domain is an open set in the physical dimensions 2 and 3.
This is accomplished by proving the equivalence of the minimization problem with a penal-
ized problem and introducing the concept of Lamé quasi-minimizers. We then show that these
quasi-minimizers are globally Holder continuous. Therefore our first important result is

Theorem 1.1. There ezists a quasi-open set O* solution of (1.5) or (1.6). Moreover in dimen-
sion N = 2 and N = 3 this set is open and any eigenfunction associated with the eigenvalue
A(Q*) belongs to V(RN for all a < 1 if N =2, and for all o < % if N =3.

In Section 4, we derive first and second order optimality conditions by calculating the first
and second shape derivatives of the eigenvalue. These computations prove to be particularly
useful in the subsequent Section 5, where we examine the potential optimality of the disk in two
dimensions. In this context, we are able to prove:

Theorem 1.2. If the Poisson coefficient v is less than 0.4, the disk is not the minimizer of A
(among sets of given area,).

The proof involves several steps. First, we explicitly compute the first eigenvalue of the disk,
which is a non-trivial task, and show that if v < 0.349..., the first eigenvalue is double. This
finding allows us, through a straightforward variational argument, to conclude that the disk
cannot be optimal in this case. It is worth noting that the value 0.349... is explicitly related to
the first zero of the Bessel function J; and its derivative.

Next, in Section 6.1, we identify explicit rhombi that yield a better first eigenvalue than the
disk for the range 0.349... < v < 0.3878.... We further extend our analysis by considering
suitable rectangles in Section 6.2.

For these rectangles, we cannot compute the first eigenvalue explicitly, but we can provide
precise estimates through a clever choice of test functions. This approach allows us to rule out
the disk as a possible minimizer for v < 0.4. For values of v between 0.4 and 0.5, we cannot
reach a conclusion using analytical arguments. However, in Section 5.3, we demonstrate that
once the first eigenvalue is simple (i.e., for v > 0.349...), the disk serves as a local minimizer for
our problem. This is established by showing that the second shape derivative is non-negative,
and we can also estimate the quadratic form using the H'-norm of the perturbation.

Finally, we present heuristic arguments suggesting that there exists a threshold v* such that
the disk could be a minimizer when v* < v < 0.5. This conclusion is based on the property that
the Lamé eigenvalue I'-converges to the Stokes eigenvalue as v — 1/2, in conjunction with the
previously established local minimality of the disk.

2 Motivation and elementary comparisons

2.1 Reminders on the Korn inequalities

Let Q denote any bounded open set in RY. For u : @ ¢ RY — RY we denote by e(u) the
symmetric gradient defined by
~ Vu+ Vul

e(u) : 5



Let us recall two standard Korn inequalities.

Theorem 2.1. For all u € H}(Q)N, one has

IVullL2@) < 2lle(w)lL2(0), (Korn)

and
lullz2(q)) < C(Q)|le(w) || r2(q)- (Poincaré-Korn)

Moreover we can take C(Q) = 2/A\P(Q), where AP () is the usual scalar first eigenvalue for the
Dirichlet Laplacian.

Proof. An elementary “integration by parts” reveals that the following identity is always true

for any u € C(Q,RY),
/Q|e(u)|2dx = % </Q Vul|? + (div(u))2> )

Inequality (Korn) follows immediately. Notice that here the constant does not depend on €.
Now for a proof of (Poincaré-Korn), we apply (Korn) and the following Poincaré inequality,
for a scalar function v € H}(Q)):

)\1(9)/ v? da:g/ |Vo|? d.
Q Q

We deduce that, for u = (uq,ug,...uy):

JolelwP dz -} (JoIVuf + (div(u »2) 4 (e @-N_1|Vuir2)
fQU2 e fﬂ i= 1 U,Z B fQ i= 1 uz

min <W> > })\I(Q).

i=1,2,.N \ [ (u)? 2

v

O
Therefore, looking at the best constant in the (Poincaré-Korn) leads us to compute the
eigenvalue A defined in (1.1) for the particular choice y = 1/2 and A = 0.
2.2 Link with other eigenvalues
2.2.1 Link with the eigenvalues of the Stokes operator

For €, a bounded open set, let us introduce the so-called Dirichlet Stokes first eigenvalue
)\?tokes(g) by

A%tokeS(Q) — inf fQ |VU‘2
w0} Jo Il
div(u)=0 in Q
Then for all € it holds
AR > A(9). (2.1)



Indeed this inequality comes from the fact that the space on which we minimize is a subspace
of H}(2)Y on which the energy coincides with our Rayleigh quotient.

In some sense, the divergence term may appear as a penalization term, in particular when
the Poisson coefficient goes to 1/2 (or equivalently when the Lamé coefficients are such that
(A )/ — +00). We will make this more precise in Section 7 by proving the strong convergence
of the Lamé operator to the Stokes operator when v — 1/2. For that purpose, we will use the
tool of I'-convergence.

2.2.2 Comparison with Dirichlet Eigenvalues

In this section we retrieve some results that already appeared, for example in [30]. We recall
that AP (Q) denotes the first eigenvalue of the Dirichlet-Laplacian.

Proposition 2.1. For any bounded domain ) it holds

A+ (N+1)p)
N

P(9) < A©) < | AP (@) (2.2

Moreover,
: ( )
f =
gk )‘{3 (€2) .

and is achieved by a sequence of thin cuboids shrinking to a line.

Remark 2.1. From the left inequality in (2.2) and the famous Faber-Krahn inequality, we
observe that
QPVAR) 2 p P TAP(Q) 2 1Rya-ra

where jn/a—1,1 18 the first zero of the Bessel function Jy/o_1. Thus we see that the infimum in
(1.6) s strictly positive.

Proof. The inequality
IAP(Q) < AQ)

follows the chain of inequalities that appear in the proof of Theorem 2.1 (multiplied by p instead
of 1/2).

Now we demonstrate that the inequality must be strict. Indeed, assuming that u)\{j Q) =
A(©Q) and applying the previously established chain of inequalities, we observe that each u; must
be a Dirichlet eigenfunction associated with AP (). But since we also have div(u) = 0 we will
get a contradiction according to Lemma 2.1 below, and this achieves the proof of the strict
inequality.

We now prove the upper bound. For that purpose we consider u; being the (normal-
ized) Dirichlet eigenfunction associated to A1(£2) and we consider the vector test functions
(0,0,...,u1,0,...) composed of null functions except u; in i-th position. Then

A< qu |Vu1|2 dr + (A + p) fﬂ(aiu1)2 dz
- fQu% dx '

Summing these N inequalities yields

NAgNu/ Vg |? d:c+()\+,u)/ IVup > de = (A + (N + D)u)AP,
Q Q



which finishes the proof of (2.2).
Let us now prove the last assertion. For that purpose, we consider the cuboid Qf, = (0, L) x
Hf\i 5(0,1) and take a first Dirichlet eigenfunction of Q, namely

s N
u1(X) = sin (W%) Hsin(mci).

1=2

We will use the fact that )

)
Now, we plug in the Rayleigh quotient defining A(€2z) the vector u = (uq,0,...,0). Since

L
/ lu|? dz = N
Q 2

Lr? 1 L
2 _ 2 _ _ D
/QL|VU| daz—/QL|Vu1| daz——zN (N—1+—L2)——2N)\1 (Qr,

M@Q)=r(N -1+

2
. 2 o s L
/QL (le(U)) diU = ﬁﬁ

we deduce that

2

par M () + A+ 1)k
i

AQp) <
oN

or 2

A(©L) < pAP(OL) + Ot 1) 7y
and finally letting L — 400 we conclude that

A(Q
W 3P

as claimed in the proposition. O

Lemma 2.1. Let u = (uy,us,...,uy) be a N-uple of functions in H} () such that div(u) = 0
and for all i, u; = ayuy for some a; € R. Then ui and then all the u; are identically zero.

In particular, if Q is connected and all the u; are eigenfunctions associated to the first eigenvalue
AP(Q), it is not possible that div(u) = 0.

Proof. From the assumptions div(u) = 0 and u; = a;u; we deduce that u; satisfies

8u1 N 8u1
omy T 2%y, =
=2
which means that u; must be constant on all affine lines directed by (1, s, ...,ay). Since all
those lines touches the boundary of €2, from the Dirichlet condition on u; we deduce that u
must be identically 0.
The last assertion comes from the fact that the first Dirichlet eigenvalue (for the Laplacian) of
a connected domain is simple. O



3 Existence and regularity

3.1 Existence of an optimal quasi-open set

In this section, we will fix the values of the Lamé coefficients, specifically choosing u = 1/2
and A = 0, which corresponds to the Korn inequality. This choice does not affect the proof
of existence (since the general case would simply involve multiplying the terms by positive
constants), but it simplifies the proof and enhances its clarity.

We establish the existence of an optimal shape within the class of quasi-open sets, employing
a standard concentration-compactness strategy first introduced by Lions [36]. This approach has
been utilized to solve shape optimization problems for the Laplace operator, initially by Dorin
Bucur (see [6, 8, 7, 20]), and subsequently by several other authors. Recently, this strategy has
also been applied to the Stokes operator [28]. We denote by Cap(A) the H'-capacity of A (for
instance the Bessel capacity). A set A C RY is said to be quasi-open if, for every ¢ > 0 there
exists an open set (2. such that A C . and Cap(Q. \ A) <e. We first introduce the class

O := {Q c R quasi-open such that 0 < |Q| < +00}.

The space H{(Q) is defined as functions u € H'(RY) such that u = 0 quasi-everywhere on °.
Notice that a domain Q € O is not necessarily bounded. However, the space Hg () is known
to be a closed subspace of H!(RY) which is compactly embedded into L?(R"), when || < oo
(because by definition of being quasi-open there exists an open set F with |E| < 400 such that
Q) C E thus H}(Q) C H}(E) and the standard compact embedding of H}(E) into L? applies).

Notice also that thanks to Proposition 3.1 below, the space of all u € L?(Q2)" such that
e(u) € L*() and u = 0 Cap; 5-q.e. in Q° coincides with the space Hg ().

Then we can relax the definition of A(Q2) for Q € O by considering

2
AQ):= min M.
weHY QN [pn [uf? dz

Notice here that 2 is merely quasi-open and not necessarily open, but the definition coincides
with the standard one when 2 is open.

Also, it is easy to check that the minimum in the definition of A is achieved by an H}(£2) func-
tion, thanks to the compact embedding of H}(€2) into L?(RY) and the semicontinuity behavior
of the convex functional u + [y |e(u)[?* dz for the weak topology of H'.

In the sequel we will need the famous Korn inequality but now in the whole RY | in particular
valid for u € H}(Q)V with Q € O quasi-open, as stated in the following proposition.

Proposition 3.1 (Korn inequality in RY). If u € L2(RM)N is such that e(u) € L?>(RYN), then
u € HY(RM)N and

2 = ul? iv(u))? de. .
2 [ el da= [ [VuP+ (i) d (31)

Proof. Let R > 0 be given and let pr € [0,1] be a cut-off function such that pyr = 1 on
B(0,R), ¢x.r =0 on B(0,2R)¢, and

1
\Y% < (C—.
IVorr| < 7



Then the function ug := pru clearly belongs to H}(B(0,2R))Y and Korn’s inequality (3.1)

holds true for the function pru. For simplicity we will by now denote by ¢ the function ¢g.

Notice that A ,

u'djp +uw Oip
2

so pointwisely in R¥ it holds the following estimate

e(pu)ij = + we(u)i j,

C
le(up)l < [ull Vel + lelle(w)] < Zlul + le(w)],
: C :
[div(up)| < 5 lul +|div(u)],

C
1D(up)| < lul +[D(w)].

Recall also that uy = w in B(0, R). Now applying (3.1) in B(0, R) to the function ¢u we
obtain

2/ le(u)[? da = / Vul? + (div(u))? dz + E(R), (3.2)
RNNB(0,R) RNNB(0,R)

with
c

E(R g/ ul? dz.
|E(R)| 7 Q\B(O,QR)‘ !

We now let R — 400 which yields,

|[E(R)] — 0.
R—+4o00

Thus passing (3.2) to the limit, and using that e(u) € L?(RY) we can use Fatou lemma to get
first Vu € L2(RY), after which the monotone convergence theorem allows to conclude

2 = ul? iv(u))? dz.
2 [ el da= [ [VuP+ (iv(w)? d

This proves that « € H'(RM)Y and finishes the proof. O
The purpose of this section is to prove the following result.

Theorem 3.1. For all V > 0 there exists a solution for the problem

min A(Q).
QeO such that |QI<V
Proof. The proof follows the same approach as in [28] reasoning on the scalar function |u| and
using the concentration-compactness strategy of Lions [36]. More precisely, we let Q be a
minimizing sequence with [Qx| <V and we consider wy, := |uy| where wuy, is a chosen normalized
eigenvalue for A(§2). In other words, ||wg||f2rry =1 and by Proposition 3.1,

/ |V (wy)|? dz < / |Vug|* de < 2/ le(ug)]? dz = 2A(Q) < Co, (3.3)
RN RN RN



so that wy, is uniformly bounded in H'(R™). Let Q,, : Rt — R* be the sequence of concentration
functions' defined by
Qn(R) := sup / lug|* da.
yeRN J B(y,R)
Then @, is a sequence of nondecreasing functions on R” which are uniformly bounded by 1. By
Dini’s theorem, up to extract a subsequence (not relabelled), (@), admits a pointwize limit
function which is nondecreasing, bounded by 1, and that we denote Q : Rt — R™. Then we let

= RE)IEOOQ(R) € [0,1].

The value of « is usually referred to the “maximal concentration”. Depending on the value of «,
we know that one of the following occurs by the concentration-compactness principle of Lions
[36, Lemma I.1].

e If o = 1: Compactness: There exists a sequence (yj)ren such that |wg|?(- —y) is tight:

Ve > 0,3R < +o0, Vk / w? dr>1—e.
Yk +BRr

e If o € (0,1): Dichotomy: There exist (yx)ren and two sequences of positive radii (Rg)g,
(R},)k satisfying
R}, — Ry — +oo and Ry, Rj, — +o0,

and such that

/ wi — a, / wi —1—a. (3.4)

e If a = 0: Vanishing. For every R > 0,

lim sup / w? = 0.
o0 yerN JB(y.R)

As usual, our aim is to prove that only the compactness case can occur, by ruling out the
two other cases. Let us first prove that the compactness situation implies the desired existence.

Step 1. Compactness implies existence. We consider the sequence of translated functions
ug (- — yr) that we still denote by u;. We know by assumption that this sequence is uniformly
bounded in H'(RY) thus admits a weakly converging subsequence. Since H!(R") is compactly
embedded in L? (RY), using a diagonal argument we can extract a subsequence (not relabelled)

loc

and a function u € L2 (RY) such that uy — u strongly in L? = and weakly in H'(R"). Now we

use that (wg) is in the situation of compactness, and in particular for every € > 0 there exists
R > 0 such that
/ lup|? dz > 1 —«.
Bgr

! According to Lions [36] this notion was first introduced by Lévy.

10



Passing to the limit and using the convergence of uy, in L?(Bg) we deduce that [ B lu|? do >
1 — ¢, which means in particular that

/ lul? de > 1 — ¢,
RN

and since € is arbitrary, we finally get fRN |u|? dz > 1. But of course the reverse is also true so
in conclusion |[ul|p2gyy = 1. But we already knew that uy was converging weakly in L*(RM) to
u. We just have proved that the sequence of norms are also converging so finally u; converges
strongly in L?(RY) to u. Passing to the limit in the Rayleigh quotient, strongly in L? for uy
and weakly in L? for e(uy,) we deduce that

inf Aq) = ey e dr.

= 3.5
Q€O such that |Q|<V Jan [uf? dx (3.5)

Let us denote 2 = {|u| > 0}, which is a quasi-open set, and from the equality in (3.5) we know
that u must be an eigenfunction associated to A(2). Furthermore, since [pn [u* dz = 1 we
know that |©2] > 0. We can also assume that |uy| converges a.e. in RY to |u|. This implies, for
a.e. x € RV,

Lfju>0 () < liminf L, 50y (2),
and since [{|ug| > 0}| <V, we deduce by Fatou Lemma that [©2] <V and finally 2 is a solution.

Step 2. Vanishing does not occur. This case is easy to exclude by standard arguments. Indeed,
Lemma 3.3 in [10] says that up to a subsequence, wy (- +yx) does not weakly converge in H!(RY),
which is a contradiction with the uniform bound in (3.3) together with the fact that ||wg||2 = 1,
implying that wy, is uniformly bounded in H'(RV) thus admits a weakly converging subsequence.

Step 3. Dichotomy cannot occur. Assume that (wg)ren is in the dichotomy situation. Then
the idea is to split the minimizing sequence in two disjoint pieces. For that purpose we define
ni = (R}, — Ri)/4 and then we construct two cut-off functions: the first one ¢y ; supported
in B(yk, Ry + 2n;) is such that ¢, = 1 in B(yg, Ri), and the second one ¢y equal to 1 in
B(yk, R}, — 1) and 0 on B(yx, R}, — 2n,) satisfying

\Veoril + [Vere| < 1/nx — 0.

Next, we define
Vg1 = Priur and Vg2 = Qf 2Ug.

We want to prove that the sum vy 1 + v 2 has almost the same L? norm as the original function
uy, because wy, is in a dichotomy situation. Let us define the annulus Ay, := B(yg, R})\ B(yk, Rk)-
Because of (3.4) and the fact that ||Jwg|2 = 1 for all k, we directly get

/ lwg|* dz — 0,
A

and since |ug| = |wg| we also have for i = 1,2,

/ lukpri|* do < / lug|* do = / lwg|* dz — 0.
Ay, Ay Ay

11



We deduce that

/ |’L)]€71|2 dx = / |wk|2 dx + / |ukgpk,1|2 — Q1 (3.6)
RN B(yy,Rx) Ap

‘/hmﬁmz/ |wﬁm+/|W%ﬁ—u—m. (3.7)
RN B(yk,R},) Ag

Then we want to estimate the difference of the symmetrized gradients. For that purpose we
compute e(pu) as follows. From the identity

9;(pu’) = u'djp + poju’,
we get

u'd;p + poju n w 0;0 + O
2 2

w0 + w0,
H + pe(u); ;. (3.8)

e(pu)ij =

Therefore, pointwisely in RY it holds the following estimate
1
le(urer,1)| < [ul|Veor| 4 [oralle(ur)| < %IUI + [e(ug)]

and the same holds true for vy o,

1
le(urpr,2)] < —lul + [e(ur)].
Nk
Taking the square we get, for i = 1,2,

1 1
le(vr,i)[* < = Jug]? + 2—Jugle(ur) | + |e(ur)[*. (3.9)
U Nk
Now remember that vy 1 and vy o have disjoint support, and that their sum coincide with wuy,
outside A, in which we can use (3.9) to estimate

/ e(ur)|? d / (o )2 dz — / e(vp0)|? da
RN RN RN

1 1
> <2 Sl 2 fude(u)] di. (3.10)

Since nik — 0 and both wuy, and e(uy,) are uniformly bounded in L?, we deduce that the term on
the right-hand side converges to zero thus

k—+4o00

1mm/|mwﬁm—/\mme—/\mmmmzu (3.11)
RN RN RN

This allows to compare the Rayleigh quotient of u;, with the one of vy 1 + vi 2. More precisely,
using (3.11), the standard inequality on real nonnegative numbers a, b and positive numbers c,

d,
a+b . fa b
> g
c+d _mm{c’d}7

12




and also (3.6) and (3.7), we obtain

A= inf A(Q) = i 2d
gy A =B fo el de

> liminf/ le(vg1)|* da +/ le(vg2)|? d
RN RN

Jrv le(en)* + Jpw le(vr2)?

f]RN ’Uk’1|2 dzx + fRN |Uk’2’2 dx

2
el\v el\v
M . lim infM
fRN |Uk,1‘ dx fRN |Uk,2‘ dz

= liminf

(3.12)
|2
> min {Iim inf } . (3.13)
Notice that applying the concentration principle on the sequence v,i, we obtain that v,i is in the
compactness situation, with concentration value a.. In particular, arguing as in the compactness
case, we can assume that fu,i converges strongly in L? (and weakly in H') to a function v €
H'(RY). Then, if the minimum above is achieved for vg,1, we deduce that the quasi-open set
0 = {|v| > 0} is an optimal domain, and the proof is concluded from the compactness situation.
So we have to consider that it is not the case.
But then it means that v, being the L? limit of v}, satisfies

S~ [VO|? do oy
Jr [v]? dx 7

or differently,

/ Vol de > a)*.
]RN

We also know that )
fRN |vk2|? da

because by assumption the minimum in (3.13) is achieved with the sequence vy 2, and since
limg 1 o0 fRN \vk72]2 dr =1 — « we deduce that

A,

lim inf

k—+o0

liminf/ le(vp2)]? = (1 — a)\*.
RN
Now returning back to (3.12), we have obtained

fRN ]e(wﬁl)\Q + IRN |6(Uk72)|2 - fRN |Vo|? dz + liminfj,_s 4 o fRN |e(vk72)|2

A* > lim inf = > N\,
= kot fRN [vg,1|? dz + [pu [vg2|? dx a+(1—a)
a contradiction. This achieves the proof of the Theorem. O

3.2 Regularity

The purpose of this section is to prove that any quasi-open solution of our shape optimisation
problem, is actually an open set. We will achieve this conclusion only for N =2 or N = 3. The
reason is that we need an apriori LP bound on an eigenfunction which, up to our knowledge, is
not know in any dimension (see also Remark 3.1) below.

Here is a general regularity result valid in any dimension.
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Theorem 3.2. Let Q* C RY be a quasi-open solution to the problem

min A(Q).
QeO such that |QI<V
Assume moreover that u € LP(RN) with p > N. Then u € €"(RY), for alla < 1 — %. As
a consequence, )* is an open set.

In particular in dimension N = 2 and N = 3 we obtain the following.

Corollary 3.1. Assume that the dimension N = 2 or N = 3. Then for all V > 0 there exists
an open solution 2* for the problem

min {A(Q) , Q C RY open set such that |Q] < V.

Moreover, any eigenfunction associated with A(2*) belongs to €°*(RN) for all a < 1 if N = 2
and for all a < % if N =3.

Proof. Let u be an eigenfunction associated with A(Q*). Since u € H'(RY), by the Sobolev
embedding we know that u € LP(RY) with p arbitrary large for N = 2 or p = 2* = % for
N > 2. Then by Proposition 3.3 below we know that u is a Lamé quasi-minimizer with exponent

vy=N — %. To conclude that u € €% we would need that p > N. This is true for N = 2 or

N = 3. For N = 2 we deduce from Proposition 3.4 that u € €% for all « < 1. If N = 3 we
deduce, from Proposition 3.4, that u € €% for all a < % O

Remark 3.1. Let us stress that the conclusion of Theorem 3.2 does not imply that u € L™ (RY).
In other words by u € €% (RN) we mean, that for a representative of u it holds |u(z) — u(y)| <
Clz — y|* which is enough to prove that u is continuous. Since Q* may not be a bounded set,
we do not conclude that u is bounded. Let us mention that in the scalar case it is well known
that any eigenfunction associated to the first eigenvalue of the Dirichlet Laplacian belongs to
L®(RN) together with the following nice bound, for which one usually refers to [19, Example
2.1.8]:
1D N
[ull Lo < 57 A7 (2) 7 [Jul]2.

It would be very interesting to know whether a similar bound is true for the Lamé eigenfunctions.
This would directly imply the existence of an open solution in any dimension.

The strategy of proof for Theorem 3.2 is inspired by the seminal paper of Briancon, Hayouni
and Pierre [3], also declined later in different directions, see for instance [4, 9]. The general
approach involves showing that a solution to the original problem is also a solution to a penalized
version of the problem. We then exploit the regularity theory for free-boundary-type problems
to conclude that the eigenfunction is globally Holder continuous. In our case, however, this
strategy requires a non-trivial adaptation due to the presence of the symmetrized gradient. For
instance in [3], the first step is to use a truncated test function and the co-area formula, which
are not available for the symmetric gradient, thus in our context we have to argue differently
from [3]. In particular we are not able to arrive up to Lipschitz regularity but merely continuous
regularity, which is enough to conclude that the optimal set is open.
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3.2.1 Equivalence with a penalized problem

Proposition 3.2. Let V > 0 be given and u be a solution for the problem
Ay := min {/ le(u)?dz  st. uwe HYRY), / lul> =1, and |{|u|] > 0}| < V} . (3.14)
RN RN

Then for all X > )‘7", and all v € H'(RY) we have

/RN le(u)[? da < /RN le(v)|*dz + Av <1 - /RN W)+ + )\(|{|v] > 0}] — V)+. (3.15)

Proof. For v € HY(RY) and A > 0 we introduce

Fy(v) = /RN|6(U)|2dx+AV (1_/@ |v|2>++>\<{|v| >0y~ v)"

We first notice that, arguing as in Theorem 3.1, F admits a minimizer uy € H*(RV).

Our next goal is to prove that for A\ large enough, then |{|uy| > 0}| < V. Assume for a
contradiction that |[{|uy| > 0} > V. In the sequel we will write Q := {|uy| > 0}. Then we
compare uy with the competitor v := wy(tx) with the choice

b ()Y 5

Since uy € H{(12), it follows that v € HJ(7€2). Moreover,
o] > 0}l = 1591 = ylo = V.
Next, we use that u) is a minimizer thus
Fy(un) < Fx(v),
which yields in particular,

.
[ el do 21l > 0] = 1) < B < [P detav (1= [ 1oR) @10)

because
Jr
({lv| >0} =V)" =0.

Now notice that

[P as =2 [ e o= (K200 - [ JetwPas < [ el @
and

A R et
RN RN [{|ux| > 0}|
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Therefore, we deduce from (3.16) that
+ 1% +
A uy| >0} -V < A l— 77— . 3.17
(1t > 01-v)" < o (1= ) (3.17)

But then we obtain a bound A < M, where

_ 1 VA Av Ay
MO_Ianaxi'c ()\VSV <1 s>> —rsnza‘ic? =3

We arrive to the conclusion that for A > ’\7‘/, then we necessarily have
{lual > 0} < V.

Now let us fix A > >‘7V, and finish the proof of the Proposition. We denote by u the minimizer
for the problem (3.14), and we pick any v € H'(R"™). From the inequality

Fy(uy) < Fx(u),

and the fact that [{ju > 0}] <V and [pn |u[* =1, we deduce that

Fy(uy) < /RN \e(u)]chL‘.

On the other hand by the definition of Ay, we know that

/ le(uy)|? dz — )\V/ lux|* dx >0,
RN RN

Fa(u) = /RN le(w)? dz = Ay < /RN le(u)? dz + Ay (1 _ /RN uy 2 da:) < Fy(uy),

where for the last inequality we have used that [{|uy| > 0}| < V. All together we have proved
that

F(u) = Fx(uy),
and therefore v is also a minimizer of Fy. But then (3.15) holds true for every v € H'(RV)

because F)(u) = [z |e(u)[* dz and F)(u) < Fy(v). This achieves the proof of the proposition.
O

3.2.2 Lamé quasi-minimizers

In order to investigate the regularity properties of an optimal domain we introduce the following
definition.

Definition 3.1 (Quasi-minimizer). We say that v € HY(RM)N is a quasi-minimizer for the
Lamé energy if and only if u satisfies the following minimality property: there exists C' > 0 and
v > 0 such that for all ball B, C RN of radius v € (0,1) and for all v € H*(RN)N such that
u=v on RN\ B, we have

/ |Vul* + (div(u))? de < / Vol + (div(v))?dx + Cr7. (3.18)

T T
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The definition is motivated by the following observation.

Proposition 3.3. Let u be a solution for the problem
min {/ le(u)?dz st. uwe HY(RV)Y, / lul> =1, and |{|u| > 0}| < V} . (3.19)
RN RN

Assume moreover that u € LP(RV)N with p > 2. Then u is a quasi-minimizer for the Lamé

energy in the sense of Definition 5.1 with v = N — % .

Proof. By Proposition 3.2 we already know that u satisfies the following minimality property:
for all v € HY(R™)N we have

le(uw)|* do < le()?dz + My (1 — [ o? ++A(\{yv|>o}y—v)+, (3.20)
RN RN RN

or equivalently, using (3.1),

1 1
/ |Vul? + (div(u))? de < / |Vo|? + (div(v))? dz
2 RN 2 RN

+Av (1 —/RN v2>+ +A<\{yu| > 0} —V>+. (3.21)

Then let v be equal to u outside By, so that the volume |{|v| > 0}| has at most increased by
wnr?, and since [y [u|? dz = 1, we can compute

1—/ |v|2=1—/ |u|2+/ \u|2—/ rv|2=/ |u\2—/ ]2,
RN RN RN RN B B,

In other words from the minimality of v we obtain
+
/ IVul|? + (div(u))? do < / (Vo2 + (div(v))%dz + C </ lu|? — / ]v|2) +crlY.

If moreover u € LP (RN )N with p > 2, then denoting by ¢ the exponent satisfying 2¢ = p we can

estimate
+ . é N P
(/ ul? -~ [ v|2) <[ we<iBl (/ ng) — O i = Cr
B By By B,

withy = ¥ = N — %. Since v < N and r < 1, it follows that CrY < Cr7 and finally u is a

quasi-minimizer for the Lamé energy in the sense of Definition 3.1 with v = N — %. O

Now Theorem 3.2 follows from gathering together Proposition 3.3 with the following one
after noticing that the condition v > N — 2 with y = N — % is equivalent to p > N.

Proposition 3.4. Let u € H' (RV)N be a quasi-minimizer for the Lamé energy with exponent
v € (N —2,N]. Then u e CO*RNN for all a < w
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Proof. The proof is inspired by standard arguments in free boundary theory, such as for instance
[18, Theorem 2.1.]. The novelty here is that we have to take care of the Lamé energy instead
of the standard Dirichlet energy. However, since the Lamé system is elliptic in the sense of
systems, (which means that it satisfies the strong Legendre-Hadamard ellipticity condition), we
can conclude by use of similar techniques from the regularity theory for elliptic equations.

In this proof we will keep denoting by C' > 0 a universal constant that could change from
line to line. Let B, C R be a given ball of radius r € (0,1) and let v be the solution for the
problem

min {/B V() + (div(v))? do}.

'UGUJFH(%(BT)
In other words v is the replacement of u in B,, by a function satisfying v = v on 0B, and
solution for the homogeneous Lamé system

—Av — V(divv) =0 in B,. (3.22)

Since the Lamé system satisfies the strong Legendre-Hadamard ellipticity condition, then v
enjoys some nice decaying properties. Indeed by applying standard regularity theory for elliptic
systems (see for instance [25, Theorem 4.11]) we know that

1
sup |[Vv|* < C
B'r/Z |Br| B,

Vol da. (3.23)

Let now Qs(v) be the quadratic form defined by

Qs(v) = / |Vo|? + (div(v))? da.

s

Then for s < r/2, using (3.23) we get

Qs(v):/ Vo2 + (divw)2dz < (14 N2) sup |[Vol2|Bi]

s B2
< c(j)N/B Vo2 da,
< () @, (320

where C' depends only on dimension N.
Moreover, the weak formulation of (3.22) says that for all ¢ € HZ(B,)",

Vv : Vo + (dive)(dive) dz = 0.
Br
In other words, if A, (u,v) denotes the bilinear form associated with @, and defined by

A (u,v) := Vu : Vv + div(u)div(v) dz,
By
we have A, (v, p) = 0 for all ¢ € H}(B,)"N. This applies in particular to o = u — v € H}(B,)V
and we deduce from Pythagoras equality that Q,(u — v) + Q,(v) = Q(u) or differently,

Qr(u—v) = Qr(u) — Qr(v). (3.25)
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We will use this property later.
Notice also that Qs is a nonnegative quadratic form for any s > 0 and using that Qs(b—a) > 0
we obtain, for arbitrary a, b,

2|As(a,b)| < Qs(a) + Qs(b),
so that, for all s < r/2,

Qs(u) = Qs(u —v +v) <2Qs(u —v) + 2Qs(v).

Then using (3.24) we arrive to

Qs(u)

IN

N
20:(u—v) +2Qx(0) < O (2) " Qrlv) +2Q(u—v)

S
r

¢ (%) Q) + 20, (u ).

IN

where for the last line we have used that v is a minimizer of @), and wu is a competitor. Now we
recall that Q,(u —v) = Q,(u) — Q,(v) (by (3.25)) and we use that u is a quasi-minimizer, so
that

Qr(u - v) = Qr(w) - Q,(v) < Cr”.

All in all, we have proved that for all s < r/2 we have

Qs(u) <C (;)N Qu(u) + Cr7. (3.26)

Of course we can assume C' > 2. The decaying in (3.26) looks promising but we would prefer
s7 on the last term instead of 7. We can obtain this up to decrease a bit the power v and use
a technical dyadic argument. This is standard (see for e.g. [38, Lemma 5.6.]) but let us write
the full details for the reader’s convenience.

Indeed, to lighten the notation we denote by f(s) the non-increasing function f : s — Qs(u).
Let a € (0,1/2) be chosen later and let rj, := a*ry. Let us prove by induction that for all k € N
it holds

ck—1
cC—1"

For k£ = 0 the inequality is obvious. Now let us assume that it holds true for some k. Then from
the decaying property (3.26) we infer that (using in particular that v < N in (3.28)),

f(akro) < CkaNkf(ro) + Ca(k’l)vrg

(3.27)

f(ak+17'0) < C’aNf(akro) + C'(czkr()fY

N ( ik, Nk (b-1)7, CF = 1 k
< Ca(CraM f(ro) + Cal* i ) + Clatro)
k+1 _ C
< CHHNER f(rg) + Ca*rg = —— + C(a*ro)? (3.28)
Cktl —1
= N £(rg) + Cati] <01> ’

which proves (3.27). To simplify a bit we can write it differently, taking into account that C' > 2,

N
flrg) < O (S) f(ro) + C** o™, (3:29)
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The nice thing with (3.29) is that we have now r} on the last term (compare with (3.26)), but
the price to pay is the C* in factor. We will beat this factor by choosing well the constant a,
and decreasing a bit the powers N and +.

Indeed, let o € (0,1) be given and let us fix

so that
Then from (3.29) we deduce that
- N—«a - a
f(ry) < C* () (7’0) f(ro) + C’kHa_er_ar,?

r N—a
(’“) f(ro) +C'r ™, (3.30)

where

Now let s € (0,1/2) be given. There exists k such that 7,1 < s < rj. In particular, ry < 1s.
Moreover, s +— f(s) is non decreasing so

N—«
F(s) < f(m) < <§> f(ro) + O’y
N—«
< o) (5) F(ro) + a-0- s,
To

In conclusion we have proved that there exists a constant C' > 0 (depending on N, «, 7, 7¢)
such that for all s < 1/2 we have

f(s) < CsNf(ro) + Cs"~* < O f(ro) + Cs7 ™,

where for the last inequality we have used N > ~. Returning back to u, and estimating f(rg)
by [pn |e(w)]? dz, we conclude, using also the Poincaré inequality, that for all r < 1/2,

/ lu — mu‘Q dx < CTQ/ ‘Vu]Z dx < Or¥t—o — C’rN"'(z""'Y_N_O‘),

T B

where m,, denotes the (vectorial) average of u. Remember that here « is arbitrary close to 0.
Then by standard results about Campanato spaces (see for e.g. [38, Theorem 5.4]), provided
that

24v—N—-—a>0,
then u € €%°(RN) with g = W Since « is arbitrary, this means that u belongs to
€OP(RN) for all B < w, as soon as v > N — 2, and the Proposition follows. O
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4 Characterization of minimizers

4.1 Optimality conditions: first and second orders

We give first general formulae for the first and second order shape derivative of the Lamé eigen-
value. We will then apply it to get optimality conditions (assuming that the minimizer is smooth
enough to justify our computations). As kindly mentioned by D. Buoso, these computations
(and the criticality of the ball) already appeared in the review paper [11]. Moreover, they use
weaker regularity assumptions on the domain €2 in this paper. For sake of completeness, we
give the main results here that will be useful in Section 5. Let €2 be a bounded domain with
%3 boundary. This regularity assumption allows us to ensure that all quantities we will handle
belong to L?(982). Let V € W4>(RY RY) and introduce, for any ¢ € (—1,1) small enough,

Q= (Id + tV)Q.
Recall that, for any ¢ small enough, (Id + ¢®) is a smooth diffeomorphism.

First order optimality conditions. For a given shape functional F' and a given shape €2,
we say that F is differentiable at € if, for any V € W4*(RN RY) compactly supported, the
limit

(dF(Q),V) := lim F(y) — F()

t—0 t
exists and if it is a linear form in V. In this case, this limit is called the first-order shape
derivative of F' at () in the direction V.
We consider the case of the general eigenvalue

AQ) = inf 1 fo [Vul? dz + (A +2,u) Jo(div(w))? d:v'
ue(HY (@)Y Jo lul?dz

Let us assume moreover that  is such that A(2) is simple. The associated PDE solved by the
minimizer u is

u=20 on 0f). (4.1)

It is standard that W4<(RY, RV) 3 V — ua4v) € [H L)) is differentiable, see for example
[11], [29]. Its Eulerian derivative 4y, solves

{ —pAu — A+ p)V(div(u)) = Au  in Q

—uAty — (A + p)Vdivay = Auy + AQ)ay  in Q
uy = —Vuon(V - n) on 02, (4.2)
fQ uQ - le =0.
Let us multiply the main equation by uq and then integrate by parts. We get
,u/ Vug : Vay + ()\-l—,u)/ divay divug = A(Q)/ uQ - Uy +A/ lug|?.
Q Q Q Q

Similarly, let us multiply the main equation (4.1) solved by uq by 4y and then integrate by
parts. Using the boundary conditions, we get

,u/VUQ:VQLV—I-()\—J—;L)/diVanivuV = A(Q)/ug-ﬂv—,u/ |(Vua)n>(V - n)
Q Q Q o9

—(A+p) /Q(div uQ)*V - n,
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by using that Vugn - n = divug on 02. Finally, combining the two identities above yields

A — — uo)n|2(V -n) — ivug)?V - n.
A= MA;KVQ>10’> <A+mA¥d 0)2V

We have then obtained the following result.

Proposition 4.1. Let Q denote a €3 domain such that A(SY) is simple. Let ugq be its associated
(normalized) first eigenfunction. For any V € W4 (RN RN), the mapping WA (RN RY)
V = A(Qy) is differentiable. Denoting by A its differential, the first order derivative of A is

A= (dAQ),V) = —p /6Q |(Vuo)n>(V -n) — (A + p) /GQ(diqu)QV -n. (4.3)

Remark 4.1 (Shape gradient). Observe that Vuqr-n = divug on 0Q and denote by [Vu; qlr ==
Vu; o — aggfn the tangential part of the gradient Vu; . According to the result above, the shape

gradient VA(Q) reads

VA(Q) = —p|(Vug)n|” — (A + p)(div ug)? (4.4)

and can be decomposed as:

VA(Q) = _’“‘Z [Vuialr)? — (A + 2u)(divug)?.

Corollary 4.1. Let Q* by a solution with €3 boundary of the extremal eigenvalue problem

min A(2)
[21=Vo

such that A(QY*) is simple. Then, denoting by uq~ any associated eigenfunction,
pl(Vug)nf? — (A + p)(div ug)®
is constant on 0*.

Proof. This is a consequence of Proposition 4.1. Indeed, since we work with a volume constraint,
there exists a Lagrange multiplier such that the shape gradient of the eigenvalue is proportional
to the derivative of the volume, namely |, a0+ V - m whence the result. As a particular case, if we
take > 0 and A = 0 we obtain that |e(uq+| in that case is constant on the boundary. O

Second order optimality conditions. According for instance to [37], for any 4® domain
Q such that A(Q) is simple, the mapping Q +— A(Q) is twice shape differentiable at €2 in
the following sense: for any compactly supported vector field V€ W4*(RN RY), the map
t— A((Id + t®)Q) is twice differentiable at ¢ = 0. We will use the notations

(dA(Q),V) == f1(0),  (PAQ)V,V):= f"(0).

Similarly, the mapping €2 — ugq is twice shape-differentiable at €2, where uq is the first normalized
eigenfunction of System (4.1) on €2, in the sense that the mapping g : t = ugqiv)o is twice
differentiable at ¢ = 0. We let @y be its first order derivative at ¢ = 0 (often called Eulerian
derivative in the standard shape optimization literature).
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Proposition 4.2. For any €3 domain 2 such that A(Q) is simple, let ug be its associated first
eigenfunction. For any V€ W4 (RN RY) compactly supported, the shape derivative iy, solves

the PDE
—pAty — (A + p)Vdivay = AQ)ay + (dA(Q),V)ug  in Q

wy = —Vugn(V - n) on 0N, (4.5)
fQ uQ - av = 0.

If, in addition, the vector field V' is normal to OS2, meaning that V.= (V - n)n on 0S), the
second-order shape derivative of A at Q is given by

2 ?ug  Ouq
(BPAQV, V) = _N/QQ (H +2 5T ) (V - n)?
) d(div ug)?
—(A+p) /aﬂ <H(d1VUQ)2 + 871) (V -n)?

—2A/ tu12+2u/ ]Vﬂv]2+2()\+u)/(divuv)2 (4.6)
Q Q Q

ouq
on

where H is the mean curvature of 0f).
Furthermore, when N = 2, one has

div ug)? 2 i
Oldivug)” __ 2u diqu<H8“”-n+8“Q‘n> on 09.
At p

on on on?

Proof. Let us denote by ug = (ug,...,uy)" the solution of (4.1). General formulae for the
shape differentiation of Dirichlet boundary value problem yield that iy solves (4.5), we refer to
[29, Chapter 5] for the detailed computations.

Let us apply the Hadamard formula for integrals on variable boundaries [29, Proposition
5.4.18] to (4.3). This yields

ug)n|?
(PAQV, V) = —2u /m(vuv)n - (Vug)n(V -n) — ,u/aQ <H|(VUQ)n2 - W) (V-n)?

—2(A+ ) / divuq divay (V - n)
Q
. 2
e [ (v + 280D
o0 6n
where H denotes the mean curvature of 92 and
R o= =2 [ {@uua)n, @)V m) o [ @l *(V )
o0 a0

—(A+p) /aQ(diV uq)*(V -n)

where 7/ is the Eulerian derivative of n. The expression of d?A(€2) is independent of the specific
extension chosen for n, which allows us to consider a regular extension of n, that is unitary in a
neighborhood of 992, without loss of generality. As a consequence, n’ = —Vp(V -n), the notation
Vr standing for the tangential gradient. First, note that (V - n)" = 0 since we are dealing with
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vector fields V' that are normal to 9. Furthermore, because ug = 0 on 92 and n’ is orthogonal
to n, it follows that Vu; -n’ =0 for i € {1,2,... N}, which implies (Vug)n’ = 0. From this, we
deduce that R = 0.

Let us multiply the main equation of (4.6) by 4y and then integrate by parts. We obtain

M/Q|vav|2+ﬂ/m(vuv)n-(qu)n(v-n)+(A+M)/Q(divav)2

+(A+ ,u)/ divay (Vug)n -n(V -n) = A/ Uy - ug + A/ |y |2
o0 Q Q
Using that fQ uy - ug = 0 and that
(Vug)n -n = 2 Q—%nmj = ) %nmz = i o n; = z@: 2, =divug

on 012, the equality above simplifies into

W /aQ(Vde)n - (Vu)n(V-n) + (A + p) /BQ div ay divuq(V - n)

- A/ L —M/ Vi |2 — ()\JrM)/(diV’itv)Q-
Q Q Q

As a result, the second order derivative of A rewrites

uQ )n 2
@a@viy) = < [ (i@ + A 2
—QA/Q !ﬂvferQH/Q !Vitv!2+2(A+u)/Q(divav)2
ivug)?
—(A+p) /89 <H(divm)2 - a(dang)> (V-n)2

Let us simplify the term
e 8|(VUQ)7’L|2'
on

By expanding |(Vug)n|?, we get

(Vug)nl? =3 @g)Q.

%

Now since u; = 0 on 0f2, one has

D ([ Ou 2 5 Qu; O%u;
on\on) on on?

2
and therefore A = 2%& . Oug
n on

Now we look at the term

I(div ug)?

B =
on
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To simplify this term, we will use the main equation in (4.1). We have

0 d1V ddivug Z 0 div ug
0zx; -

According to (4.1) and the decomposition of the Laplacian

ou; 82uZ
Au; = Au; + H n 8n2 on 0f),
we get
9 div uq Oug D*ugq
= H . . O
AN+ ) o ,u( o n+ 5.2 " on 012,
and thus o(d )2 5 52
v uq 2u (%9} uQ
_ = di H——. . o0
on A+ v < on " o n) on e85
whence the last claim of the theorem. O

4.2 Multiplicity of minimal eigenvalues

Lemma 4.1. Assume that N = 2 and let Q* be a minimizing domain with €> boundary for the
problem

min A(Q).
2=V ( )

Then, A(2*) is at most of multiplicity 2.

Proof. In what follows, let us denote by [y(x)]; the tangential part of a vector field y €
L?(09,R?) at z € 99, in other words

Let us assume that A(£2) has multiplicity m > 3. According to classical results for the derivative
of multiple eigenvalues (see e.g. [26], [L1], [15]), the first order optimality conditions read: let
V' denote a smooth vector field, then the directional derivative of |Q2]A(f2) exists and it is the
smallest eigenvalue of the m x m matrix M whose entries are

VoM — A/ (V-n)ly, where M, = —/ [u[Vu': V] + (A + p) dive dive! | V- n,
o 0N

where (u!,...,u™) is an orthonormal basis of associated eigenfunctions. By minimality, this
directional derivative has to be nonnegative. Since we can take both V and —V, this shows that

M= VAO Jo(V - n)I5. In particular,
p[Vu' s Vul] + (A4 p)divu' dive’ =0 on 99, for i # j,
which rewrites

Man on

+ A+ p)diveidive! =0 on 99 for i # 7,
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by using the Dirichlet boundary condition. Observe moreover that du’/On-n =, Oul /Onny =
div ¢’ and therefore, the condition above rewrites

i J ) .
L Ou . % + (A +2p)divu'dive! =0 on 09 for i # j,
on|_  [On|._

or equivalently

<\/ﬁ {ZZ] + Mdiv(ui)n)> : <\/ﬁ [%‘5]7 + Mdiv(uﬂ‘)n)> =0 on dQ fori#j.

We have obtained a family of (at least) three orthogonal vectors in R?, and thus a contradiction.
O]

5 The case of the disk

Our first aim is to compute the first eigenvalue of the unit disk in R2. We recall that the Lamé
coeflicients A, p are such that > 0, A+ p > 0. The first eigenvalue is then defined by

1 ([fo |Vur? dz + [ [Vuo|? dz) + (A + p) [ (div(w))? d

A= min 5.1
u=(u1,uz)€ HL ()2 Jo(u1)? dz + [ (ug)? da (5:1)
and the PDE solved by the minimizer u = (u1, ug) is
—pAu— A+ p)V(div(u)) =Au  in Q (5.2)
u=20 on 0. '

5.1 Eigenvalues and eigenvectors of the unit disk

We follow the strategy proposed in Capoferri et al, [14]. We will need some Helmholtz decom-
position of the vector u. Let us state a more general Lemma that will be also useful for the
derivative later.

Lemma 5.1. Let v = (v1,v2) be a smooth function satisfying the equation
—pAv — (A4 p)V(div(v)) = Av + f (5.3)

in a smooth domain Q with a given function f. There exist two function 11 and 1y in C°°(2)
such that

1
v+ X f =V +curlys  in Q. (5.4)
Furthermore 11 and 1y respectively satisfy the PDE
—(A+ 20 A% = Ay in Q,

and

— Ay = Apg — %curlf in €.
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Proof. This proof has been suggested by M. Levitin. Let us first set
A+ 24

P = — div v and 1 = —%curlv = —%(&Cvg — Oyv1).

According to (5.3), one has

v+£ =

x (—pAv — (A + p)Vdiv(v))

==l

(—p (Av =V div(v)) — (A4 2p)V div(v)) .

Note that
Av — Vdiv(v) = (ayy V1= axy”) - (_8y> (a2 — Dy01).

OrzV2 — 81@/7-71 Ox
Combining the identities above, we thus infer that v satisfies (5.4).
Now, observe that we can write the equation (5.3) as

peurl curl(v) — (A + 2p) grad div(v) = Av + f

Now, passing to the divergence in this equation and using div curl = 0 and div grad div = A div
yields
—()\ + 2M)Aw1 = A¢1 in Q.
In the same way, taking the curl in this equation and using curlgrad = 0 and curlcurl = —A
yields
— Ay = Apg — %curl f, in Q.

The conclusion follows. O

Now, to compute the eigenvalues and eigenvectors of the unit disk, we use the decomposition
provided by Lemma 5.1 (with v = u and f = 0),

Oy | O
u = Vi + curlepy = gfl & (5.5)
Oy ~ Oz
and we use that the scalar potentials v;,7 = 1,2 satisfy an Helmholtz equation
—Ay; = wlp; inQ (5.6)
where A A
L B
A+ 2u 7
We introduce
1 1

= A = — = —_—
w \/>, aq %/\—}—2#’ a9 \/ﬁ

therefore, wi = a1w, ws = asw.
In polar coordinates, the general solution of (5.6) is given, for i = 1,2 by

i(r,0) = aioJo(wir) + Y Ji(wir)[ai i cos kO + by, sin k6. (5.7)
k=1
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It remains to express the Dirichlet boundary conditions w1 = ue = 0 for » = 1. Using the
expression of the derivatives in polar coordinates, this leads to the system

Ccos G[EM1 + aw] - Sln@[% - %] =0

sm@[aw1 + a%] + cos 0[% - %] =0
for which we infer o0 o o o

1 2 1 2

Ly Lo 5.8

o "0~V a0 or (5:8)
these equalities being true for 7 = 1. Using the expression of 11,15 given in (5.7), we get by
identification for the constant term (and using the fact that Jj = —J;):

aLoJl(alw) = 0, a270J1(a2w) =0.

This provides the sequence of eigenvalues (A + 2pu) j% . and ,ujf  Where jj j is the sequence of

zeros of the Bessel function J;. Among all these values, the smallest one is ,ujil since A\+2u > p
by assumption. Therefore,

a candidate to be the first eigenvalue A is ,ujil. (5.9)

Now we look at the coefficients in cos kf and sin k. coming from (5.8). We obtain the two
systems

{ wiJp(wi)ag1 + kJg(w2)bre =0 (5.10)
kJi(wi)ag + wa ) (w2)bg 2+ =0 '
and
{ w1} (w1)bg1 — kJi(w2)ake =0 (5.11)
kJ(w1)bk,1 — w2 Jp (we)ag 2+ = 0. '

The determinant of these two systems is the same and it must vanish if we look for a non-
trivial solution. This leads to the following transcendental equations that determines the other
eigenvalues

ayasw® J(a1w) Jp(asw) — k> Ty (a1w) Jx (asw) = 0. (5.12)

Using the classical relations for the derivative of Bessel functions, we can rewrite (5.12)

k k
—Jk(alw)Jk_l(agw) + —Jk_l(alw)Jk(aQw) — Jk_l(alw)Jk_l(agw) =0 (5.13)
a1w asw
or & 1
—Jk(alw)JkH(agw) + 7Jk+1(a1w)t]k(a2w) — Jk+1(a1w)Jk+1(agw) =0. (5.14)
alw aowW

Now to determine the first eigenvalue of the elasticity operator, we need to know whether the
smallest solution of the previous transcendental equations can be smaller than the value ,ujil
already obtained. In that case, the first eigenvalue would be double, systems (5.10) and (5.11)
providing two independent solutions associated to the same eigenvalue.

Let us state the following characterization where we see that the first eigenvalue actually
depends on the Poisson coefficient v:
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Theorem 5.1. Let v* be the number

i1~ 2014
fi= el (.349895 (5.15)
2]1,1 - 2]1,1

where j1,1 1s the first zero of the Bessel function Ji and jil is the first zero of its derivative Jj.
Assume that the Poisson coefficient v satisfies

v < vt (5.16)

then the first eigenvalue is given as a solution of the transcendental equation (5.13) for some k

and then it is at least double. Assume that the Poisson coefficient v satisfies
v>v (5.17)
then the first eigenvalue is A = ,ujil. Moreover, it is a simple eigenvalue as soon as v > v*.

Remark 5.1. Note that when v = v* the first eigenvalue is (at least) triple and equal to Nj12,1'

Proof. Let us introduce the function Fj defined by

k k
F(w) = —Jk(a1w) Jp—1(a2w) + — Jk—1(a1w) Ji(asw) — Jp—1(a1w)Jg—1(asw).
ajw asw

When w is small, using the Taylor expansion of the Bessel function near 0, we obtain

ai~tay " (af + a3)
[(k — 1)1222%5+ (% + 1)

Fi(w) = w? + o(w?)

that shows in particular that Fy(w) > 0 for w > 0 small.
Now let us look at F; and evaluate it at w* = ,/ujil = j171/a2. Since Ji(agw*) = 0 we get

*
Fi(w") = M (J1(a1w*) — ayw* Jo(arw™)) .
ajw

If we can prove that Fj(w*) < 0, then F} changes its sign between 0 and w* that implies the
fact that the first eigenvalue is a zero of the transcendental equation.

Now Ji(x) — zJo(x) = —2Ji(z) and this is negative between 0 and j] ; and positive between
ji1 and jj 5. On the other hand, the term Jo(aow*) = Jo(j1,1) < O therefore, we want to find
the case where x = a;jw* belongs to the interval [j; 1, j] 5. Now

/W 7 12 1-2v _J1 22
a w* — . 6 -/ -/ <:> .a < < .»
1 )\_1_2“]1,1 [J1,1,J1,2] ]il =5 _9, = J%,l

where we use the expression of p/(A + 2u) in term of v. Solving the previous inequality in v
provides the desired result from the left inequality. The right inequality is automatically satisfied
since —1 < v < 0.5.

Now, it remains to prove that, when v > v* the first eigenvalue is ujil (and is simple when
v > v*). Let us introduce ¢y () := xJi()/Ji(x). It is known that the function vy, is decreasing
on all interval in R4 where it is defined, and in particular on [0, ji 1). We refer to [39] or [33] for
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that assertion. Moreover ¢,(0) = k. This implies that ¢ (z) < k for = € (0, ji,1) and for any
k. Now, let us assume that w is such that w < 4 /,ujil. Since A + 2u > p, we have a; < ag and

therefore
aw < agw < a4 /uj%l =J11 < Jjr1 forall k> 1.

Therefore Ji(aijw) > 0 and Jg(agw) > 0 for all w < ,/ujil. Now, let us rewrite the transcen-
dental equation (5.12) as (we can divide by Jx(a1w)Ji(asw) that is positive)

Y (a1w) vy (asw) — k2 = 0. (5.18)

Now, the properties we recalled on 13, and the fact that a;w < ji 1 show that the first member
of (5.18) is strictly negative when w < ujil. This proves the thesis. O

5.2 Optimality of the disk: first order arguments

We wonder whether a Faber-Krahn type inequality holds for the elasticity operator. We will see
that it depends actually of the Poisson coefficient. Roughly speaking, when the first eigenvalue
A is double, we can prove that the disk is not a minimizer, while when A is simple, we can prove
that the disk is at least a local minimizer. Let us start by the first possibility:

Theorem 5.2. Assume that the Poisson coefficient v satisfies (5.16) with a strict inequality.
Then the disk does not minimize A among open sets of given volume.

Proof. We will use a first order optimality argument for which we need the expression of the
eigenvectors. As we have seen in Theorem 5.1, when v satisfies (5.16), the eigenvalue is (at least)
double and the two eigenvectors can be obtained through the systems (5.10) and (5.11) with w
defined as the smallest solution of all the equations (5.12) (or (5.13), (5.14)). The value of the
integer k will not be really important here.

Let us choose for example

ary = kJp(w2), bo = —wiJp(w1)
that satisfy system (5.10). (we recall that w; = ajw and w2 = asw). Then
YP1(r,0) = ay g Ji(wir) cos k6, Po(r, ) = b Ji(war) sin k6.
Using (5.5), we obtain v = (uy, ug2) with

ksin @

U = aq <w1 cos 0 cos kOJ;,(w1r) + sin k:HJk(wlr)> +

r

k 0
ba i (wg sin 6 sin k0.J;, (war) + €05Y cos kOJ,, (wgr))
T
kcosf
Uz = ay g <w1 sin 0 cos kO J;, (w1 r) — C:S sin k@.]k(wlr)> +
ksinf

ba (—wz cos 0 sin kO.J;, (war) + cos k@Jk(wzr)> .
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In principle, we must multiply the previous expressions by a normalization factor in order to
satisfy fQ u? +u3 = 1, but it turns out that this factor has no importance in the computation
we present now.

The shape derivative of a multiple eigenvalue is now a classical topic: in the case of the
elasticity operator, we refer for example to the recent paper [15]. To sum up, let us assume that
the eigenvalue has multiplicity m and denote by u',u?,...u™ a set of orthonormal eigenvectors.
Then if we perturb the boundary of 2 by a vector field V, the first eigenvalue has a semi-
derivative (or directional derivative) that is given as the smallest eigenvalue of the m x m matrix
M whose entries are

M; ;= —/ (u[Vu' s Vul] + (A + p) dive' dive! | V- n
oN

(where n is here the exterior normal vector). So our thesis will be proved if we can prove that
this matrix has a negative eigenvalue for a vector field preserving the area, i.e. a vector field V
such that [, sq vV -n = 0. For that purpose, it is sufficient to look at the first term My ; and prove
that it can be chosen negative (that will imply that the symmetric matrix M is not positive
and therefore has a negative eigenvalue). This term being given by

)

Mg =-— /au) [1(Vur* + [Vual?) + (A + p)(dive)*] V- n

we have to compute on the unit circle |Vui|?, [Vug|? and (divu)?.

From the Helmholtz decomposition (5.5), it comes
divu = Ay = —wiy) = —ay gwiJy(wir) cos kO

so, on the unit circle
(divu)?® = af ywiJy(w1)? cos® k. (5.19)

2
Now, u; and up being constant on the unit circle, we have |Vu;|? = (%) with » = 1. Using

the formula of uq, us, we can write

% = A cosf cos kf + By sin 0 sin k6 (5.20)

with
Ay = ay iy (w1) — kb g Ji(wa) + bo kkwa gy (w2)
B = —k‘alkak(wl) + akale,’c(wl) + bQ’kW%Jk//(WQ).

Using the Bessel differential equation to replace Ji"(w;),7 = 1,2 by a combination of Jj (w;) and
Ji(wi), together with the choice we have done for a; j and by, and the transcendental equation
(5.12), we can simplify the previous expressions as

Al = —kw%Jk(wl)Jk(wQ), Bl = wlwgJIQ(wl)Jk(wg). (5.21)

In the same way, we obtain

aaw = Ay sinf cos k8 + By cos 0 sin k6 (5.22)
.
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with
Ay = —kwiTp(w1)Jp(we) = A1, Ba = —wiwaJj(w1)Jx(ws) = —By. (5.23)

Therefore
|Vup |2 + |Vug|* = A2 cos? kO + B? sin® kf =
wiJ? (wo) (wfk2J,§(w1) cos® kO + w%Jf(wl) sin’ k:@) .
With (divu)? given by (5.19) we finally get
2
My = wiJP(ws) / (()\ + 20) k%w? T2 (w1) cos® k6 + ,uw%J,f(wl) sin? k‘@) Vn. (5.24)
0

As explained before, in order to conclude the proof, it suffices to find a deformation field V' such
that fo% V.-n=0and M;; <0. Let us choose V such that V(1,0) = a cos(2kf). Plugging this
value in My ; yields

T

Mg =W (w) T (O 2)k%d TR () — puid P (1) ) (5.25)
The quantity M 1 being linear in «, in order to conclude we just need to prove that the right-
hand side of (5.25) cannot be zero. According to Theorem 5.1 we know that the eigenvalue
satisfies A < ,ujfl, therefore wy = \/% < ji,1 and then Ji(w2) > 0 (for k£ > 1, the first zero of
Ji, is always greater or equal to ji,1). It remains to consider the quantity (A + 2u)k*w? J3 (w1) —
uw%J,’CQ(wl). Using the expression of w1, ws and up to the factor w?, it is equal to

2
w 2
Q = K> J2(aw) — ” L (aw).

Since a1 < a2, we know that Ji(ajw) > 0. Therefore, Q = 0 means
kJp(aiw) — aswJp(aiw) =0 or  kJg(ajw) + aswJi(ajw) = 0. (5.26)
Let us analyze the first case. From the transcendental equation, we see that
kJk(aiw) = aswJi(a1w) = kJx(asw) = ayw i, (asw).
Rewriting this in term of the function v, already introduced, this means
Yr(agw) = kay
aq

but since kas/a; > k and ¢ (z) < k in this range we see that it is impossible.
Now in the other case, in the same way thanks to the transcendental equation, we get

Vi (agw) = “a (5.27)

When k > 3 this is impossible since then Jj(asw) and Jj (asw) are both positive (we recall that
we are in the case where w < \/uj1,1 = asw < J1,1). It remains the case k = 2. In that case, due
to the fact that v is decreasing, we infer 19 (agw) > 12(j1,1). But since ji 1J5(j1,1) = —2J2(j1.1)
this would imply with (5.27)

2(12

——2>2-2=w<ag

ai

a contradiction since we know that as > a;.
This finishes the proof of non optimality of the disk in that case. O
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5.3 Optimality of the disk: second order arguments

Let us assume that Q is the unit disk {2 = By and assume that A is simple. We know, according
to Theorem 5.1 that it is the case as soon as v > v* and moreover A(Q2) = ujil. We also know,
from the proof of Theorem 5.1 that the associated eigenspace is spanned by the normalized
vector U = [ug,us] ", reading in polar coordinates (r, ) as

up = —asin@Ji(j117) and wup = acos0Jy(j1,17)

where a = Our aim is to prove that in that case, the first order shape derivative

1
Valdo(ji,)l
of the functional F(Q) := |Q|A(f) is zero (for any vector field V') while the second order shape
derivative is a positive quadratic form.

A consequence of the general formulae for the second shape derivative given in Proposition 4.2
is:
Proposition 5.1. Assume that Q = By is the unit disk in R?. Assume that the Poisson
coefficient v satisfies v > v*. Then, the second order derivative of A at Q = By reads

d%uq Gug
2 — —
(EAQV V) = —p o On2  on ——(V-n)?
—2A/ \uv\2+2ﬂ/ \Vuv\2+2(>\+u)/(divuv)2. (5.28)
Q Q Q

Proof. This follows by observing that, in such a case,
e one has divug =01in Q ;

e furthermore, using the standard decomposition of the Laplacian on 02 yields

0=—-AQuqg — AN+ p)Vdivug = pAug = aau;) + Haa + Apquq,

where Agq stands for the Laplace-Beltrami tangential operator on 0€2. It follows that
Agoun = 0 on 092, and thus,
aQUQ ouq 82UQ Oug

AL - Q.
on?2 on on?2 On on 9

ougq 2
on

4

O

Our first task is to compute explicitly the second derivative of A. According to Proposi-
tion 5.1, one has

@A@V.V) = gty =22 [ P+ s+ 200+ 10 4a,
Q

where

Al == 20, 877,2 . %(V . n)

Ay = 2u/\vuv\2
Q

As = /(divuv)Q.
Q
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Let us compute each term separately. To this aim, it is convenient to denote by ¢ the function
V - n, defined on the boundary of By, expanding in the #-coordinate as

“+oo
p(0) = ay cos(kO) + By sin(ko). (5.29)
k=0

A simplified expression of (d?A(Q)V,V). According to the Green formula and Proposi-
tion 4.5, one has

B
Ay = zu/ uv-“‘/—w/uv-mv
o0 on Q
Y
_ 2u/ uv-w+2A(Q)/ av]2+2()\+y)/uv-Vdivuv.
o9 on Q Q

Let us now use the equation satisfied by 4. We obtain

N
Ay = 2 [ i S a@ [ JavP 20k [ @ivie? s 2000w [ divy Gin).
o0 on Q Q

o0
Note that
wy -n = —pVuon-n = — Z%n'n‘—— Zauﬂ’in‘—— divug =0 on 092
1% = PvuQ —@ijarjjz—@i an i= — Q= .
We get
Ay = 2 AL |2 )2
9 = 2u uv-a——i—ZA(Q) [ay e —2(A 4+ p) [ (divay)”. (5.30)
a0 n Q 9)

As a consequence,
.
(2A(Q)V, V) = —pA; + 2#/ ay - SV
o0 an

Let us now expand this expression into a sum of squares.

Computation of A;. One has

Puq  Oug 9.3
- . = . J/ . J// . _ _ 2.2 J . 2
o2 on 11 1(J1.1)J7 (41.0) a”ji1Jo(j1,1)7%,

by noting that Ji(j1,1) = Jo(j1,1) and jilJ{’(le) = —j11J1(j1,1). It follows that

Ay = Ma2j%,1<]0(j1,1)2/
20

“+oo
(V-n)2=A (2&3 + Z(ai + ﬁ%)) :
k=1
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Computation of I := fan uy - ag"—ry. Recall that 1y satisfies

ty = aji1Jo(j1.1)e(0)[sinh, —cosf]”  on Q. (5.31)

To compute @y inside the domain €, we will use Lemma 5.1 with v = 4y and f = dA(Q, V)uq.
According to formulae (4.1) and since divug = 0, we finally obtain for the unit disk

dA(Q,V) = =2u57 100 = —2A(Q)a. (5.32)

Since the first derivative of the area is dA(Q,V) = [, V - n = 2mag, we recover the fact that
the first derivative of the functional F is zero at the disk (in other terms, the disk is a critical
point).

We now use the decomposition of Lemma 5.1 on the unit circle taking profit that uq vanishes
on the boundary. Therefore, by writing 11 and 1 in the polar coordinates (r, ), one has on
the boundary

{ uy,1 = Oyt — 8y77/)2 = cos 6 (&""ﬂl - %89¢2) —sin6 (%8077/)1 + 87“77/)2)
Uy2 = OytP1 + 012 = sinf (&1/11 — %891#2) + cos 6 (%897#1 + 87»7#2) .

By using (5.31), we infer that

Db — Bpos =0 and gty + Oy = —‘i}%@(@)- (5.33)

For the sake of notational clarity, let us introduce

w= o
A+2u

According to Lemma 5.1, the functions ¥; and 9 solve the PDEs

Ay =W’ and  — Agy =i in Q.

We infer that 1 and - expand as

—+00
¢1 = al,ojo(wjl,lT) -+ Z (al,k COS(/CQ) -+ bl,k sin(k@)) Jk(ijlT‘)
k=1
—+00
1/)2 = CL270J0(]'171’I“) + Z (agyk COS(kQ) + b27k sm(k‘@)) J]C(leT).
k=1

Plugging these expressions into (5.33) allows us to compute the Fourier coefficients characterizing

Y1 and a:
a0 =0, by is arbitrary
a1 kJiawdy(J1,1w) — jJ1(j1,1)bee =0,  k>1
—kay g T (j1,19) + 11T (1,0)ba g = = B
kby g Ji(J1aw) + j1ady,(J11)az s = —

bikjriwJg(j1aw) + EJg(j1,1)ag, =0
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which, after easy computations, reduces into

B kji1dk(51,1) 5,
V(53w (wina) Ty () — k2 Tk (G11) Je(winn)

_ kjiaJdy(j1,1)
a2 = D) YN TV 5 - ; Qg
V(T w i (win ) J (1) — k2 Jk (1) Je(win)

b wj%,l‘]k‘(jl 1w) o
= - : : : : : k
b V(53w (wina) T (1) — k2 Jk(G11) Je(winn)

!/

b _ Wj12 IJk(]l 1W) 3
2k Va(iE wlp(win ) JhG) — k2 Gia) Je(@ing)

ark =

We know the explicit expression of 11 and 1. We are now in position to compute I. One has

2m Oy Oty
I = W iy 2 ) df
[ (et 52

: 27 2m
= B [T (O (S D) )i+ ooy [ un e an

VT lo \ 00 orof ' or? 0 or
Note that
o0 = wjl,lkzlkjk(wjl,l)(bljkcos(k:G)—alyksm(kG))
82w2 +oo
5z = 311D () (ak cos(kO) + by sin(k6)) + 53 1az,0J7 (j1,1)
k=1

on 0f). Now, using
FEaTi () = =i (i) + (B2 = 510 (),
it follows from easy, but lengthly computations that

. 2T 2 2
Ji,1 0“1 | 0%1o
- 0)dd = -—
NZ (37"(99 + or? > #(0) w‘h ! Z ]1 W

k2 (j1,1) T (win ) (o + BR)
(wit,1) I} (J1,1) — k2 Tk (d1,1) Tk(winn)

(k% = 33 )Tk (G1,0)) Ty (wira) (o + B7)

}

—J1 1Jk Ji1) +
+w - -
i Z Jtawdp(win )y (1) = k2 Jk(j10) Je(winn)
X (L) + i de(in) T (wia) (ed + BE)

= jtwJp (Wit ) Ji (G1,1) — k2 Tk (i) Je(win)

= —lel

Similarly, since

+o0o
881/;1 = Z kJi(wji1) (b1,k cos(kO) — ay g sin(k8)) on 09},
k=1
it follows that
j].,]. ad}l d9 _ ] Z k Jk- (,t)]l 1)‘]]6(]1 1)(0% + Bk;)
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Conclusion. Finally, we obtain the following expression of (d>A(2)V, V) by combining all the
results above:

“+00
<d2A<Q)V7 V> = :U'jil (60‘3 + Z Ck(az + BI%)) )
k=1
where
k2 Ji(win 1) Jk(G1,1) — wit 1 Jp () Jp(wing) = 2kwst 1 Tk (G1,0) Jj (wii, 1)
Jtawdp(winr )y (1) = 2Tk (j10) Je(winn)

C —

These computations allow us to state:

Theorem 5.3. Let F the shape functional defined by F(2) = |QA(Q) and Q be the unit disk.
Then dF(Q2,V) =0 and )
(dPF(2),V,V) = AllV31 90 (5.34)

where V denotes the projection of V-n on the orthogonal space to span{l,cos8,sin0}. Therefore
the unit disk is a local minimum in a weak sense.

Proof. The fact that the first derivative of F vanishes at the disk has already been proved. Let
us compute the second shape derivative. Denoting by A the area, we have

d*F = Ad* A + 2dAdA + Ad?A.

Using dA = [, ¢, d*A = [, Hp® where the mean curvature H equals 1 and dA = —2A [, ¢,
we finally get with the above expression of d?A the following expansion for the second derivative

+o0
(PFQV, V) =7A> Crlaf + B7)
k=1

where oy, and [, are the coefficients in the expansion (5.29) of ¢ and

kJp(wit1) Jk(d1,1)
k2T (wir ) Je(j1n) — 531w (win ) Iy, (1)

with w = \/u/(A+2u) < 1. We remark that no terms come from k£ =0 and &k =1 (C; = 0).
This is due to the invariance of the functional F under dilation and rotation. We claim that
each CY is positive for £ > 2. Indeed, we have already seen in the proof of Theorem 5.1 that the
denominator of C}, is positive. The first term in the numerator is also positive since, for k > 2,
Jk(j1,1) > 0. For the second term we need to be more precise. Since we are in the case where
the first eigenvalue of the disk is ujil we know that v > v*. Now,

1-2v \/1—21/* ]11<1

>\+2u 2 — 2 2— 2t g1 2

Therefore wji1 < j1,1/2 < j,;,1 for any k > 2 and Jj (wji,1) > 0.
To conclude the proof, we look at the asymptotic behaviour of C} for k large. When z is
fixed, we have for k large
k k+2 k—1 k4 9) gk

A - and  Ji(z) ~ i _ (k42 .
2kk1 2k H2(k +1)! 2k(k — 1)1 2K+2(k +1)!

Cr = 2j1 1w

Jk(.%') ~
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Then the numerator Ny, of C}, satisfies

N jikl-‘rlwk‘
P k(R — 1)1
while the denominator Dy, of C} satisfies
k42 & 2,2
i W 9 w711
Dy ~ : 2(1 — : k— .

Finally (k4 1)
+

2,2
Ji (2(1 + w?) — wzi“)

The conclusion follows since the H' norm of the projection of ¢ on the orthogonal space to
span{1, cosf,sin @} is

C ~ >k(k+1) ask— +4oc.

+o0

lellFn = Dk + 1)(af + 57)-
k+2

6 Some particular domains

The aim of this section is to find (simple) domains which may have a lower first eigenvalue than
the disk, at least when v > v*. For that purpose, we will give first explicit examples for which
we can give the exact value of A. Let us mention that these examples are very similar to the
ones found by Kawohl-Sweers in [30]. Then we will consider the case of rectangles. In that case,
we are not able to give the exact value of A but we can estimate it from above with a good
precision.

6.1 Rhombi

In this section, we discuss the following question: does there exist some domain in the plane for
which the eigenvector is given by twice the same function, i.e. U(z,y) = (u(z,y),u(z,y)). As we
will see, this is possible and we can even, in that case, find an explicit eigenvector and an explicit
eigenvalue. More precisely we will find some parallelograms, actually rhombi, (depending on the
Lamé coefficients A, p) fulfilling this condition and the associated eigenvalue will be quite simple
and only depend on the area of the parallelogram.

We work by analysis and synthesis.

Analysis. Let us assume that the domain Q C R? has the property that its eigenvector is
given by U = (u(z,y),u(x,y)). Thus div(U) = g—g + %Z' We replace in the eigenvector equation
(4.1) and we make the difference of the two equations to obtain

0 .. o .. .
%dIVU — @leU =0. (61)
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Therefore (locally, but then globally by analyticity), we have

8u%

leU = % —+ 8y

= fz+y) (6.2)

for some analytic function f. Solving this transport equation (6.2) provides the existence of two
analytic functions ¢ and ¢ such that finally

u(z,y) = p(r —y) + Yz +y). (6.3)

Now we come back to the system (4.1): we have Au = 2(¢"(z — y) + ¢¥"(z + y)) and divU =
2¢'(x +y). Therefore, using the change of variable v = x — y,w = x + y we see that ¢ and v
must satisfy

—2u(¢" (v) + ¢ (w)) — 2(A + p)¥" (w) = A(p(v) + P (w)).
In this equation, we can separate variables to get the existence of some constant C' such that

—2(A +20)¢" (w) — Arp(w) = C = 2u(¢" (v) + Agp(v)).

Solving this equation separately in ¢ and ¢ yields

C A
P(w) = Ay coswiw + By sinwjw — n with w} = e (6.4)
and
. C . 2 A
p(v) = —Aycoswav — Bosinwov + —  with wjy = —. (6.5)
A 20
Adding (6.5) and (6.4), we get by (6.3)
u(z,y) = u(v,w) = Ay coswiw + By sinwjw — Ay coswov — Bg sinwav
that can also be rewritten as
u(v,w) = Cysin(wrw — 61) — Cysin(wav — 62). (6.6)

With this expression of u we have completely taken into account the eigen-equation. It just
remain to express the Dirichlet boundary condition. In other words, domains §2 that will satisfy
the property (that the eigenvector is of the kind (u,u)) are those domains on which a function
u(v,w) given by (6.6) vanishes on the boundary of (.

Synthesis. We will prove below that necessarily C; = C9 in the expression (6.6). So let us
assume that C1 = Cs and let us investigate the set of points where u vanishes. In that case we
have to solve sin(wjw — 61) = sin(wov — 62), therefore, coming back to the variables x, y:

0o wi(x+y) —walr—y) =01 — 02+ 2km, k€ Z
N wi(z+y)twe(z—y)=01+0+ 2K +1)r, K €Z

or, it can also be written using the definition of wi,ws and introducing the real numbers a1 =
91—92 and a2:91+02
1
A2u

- L)a
(A + )+ (=)

(a1 —|—2]€7T), keZ
(ag + 42K + 1)), K € Z.

]

(6.7)

+
/N
,_.j:,_.
=
+
S
~—




This corresponds to equations of line segments with two specific normal vectors. Therefore, the
domain €2 should be a parallelogram delimited by such parallel line segments. But we have to
make more precise what line segments. To simplify the notations, let us introduce

1 1 1 1
o= ———-—, B=———t—
VAt2n VR NN

a=(3) (1)

Let us assume that the parallelogram is defined by the four equations

{61'X=§1 {GZ'X:§2

and the normal vectors

e - X =& ex- X =&

According to (6.7), we must have

§1= \/i(m + 2km) 51 = \/z(al +21%w)

therefore él —& = \/%Qmﬂ' for some integer m that cannot be zero. Let us take the smallest

possible value m =1 (or m = —1). This shows that

& -6 = \/i%r. (6.8)
. 2
§2—& = \&271 (6.9)

In particular we see that the parallelogram must satisfy fl —& = 52 — & and therefore, it is
a rthombus. We are going to give a simple relation between the area of the parallelogram and
the eigenvalue A. Assume that the parallelogram has vertices A, B,C, D with B = A + pje;+
and D = A + p2e2L where e11 and ex® are the vectors respectively orthogonal to e; and es
with the same norm. The line (AB) corresponds to & and the line (AD) to & in the previous
notations. Then the length of the basis AB is AB = pi|ler*|. On the other hand, the height
h of the parallelogram is given by the distance between B and its orthogonal projection By on
the line (CD). In other words the height is given by

1

~ leall

Exactly in the same way, we get

h BB1 - €eq.

Now BB -e1 = ABy -e] = él — & by definition of the two lines. Finally the area of the
parallelogram §2, that is AB X h is given by

1 2
920 = prlet (6 - 60 = puy

It remains to express p; taken into account the relation (6.9). Let Bj be the orthogonal projection
of B on the line (AD). By definition we have BBs - e2 = —& + £3. Now

pier ez = AB-ex = ByB -ea = 9 — &.
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Thus
p1 =

(62— &) \/> VI >\+2M

J_e2

Therefore we have proved that the area of the parallelogram is given by

212/ (X + 2
o)== u ¥ 2p) (6.10)
A
Let us rephrase this formula in stating the following theorem:
Theorem 6.1. Let 2 be a parallelogram defined by the four lines
{el-X:§1 {92‘X:§2
e X =& ez X =&
where
() == (0)
and
S SRS U B
VAE2n i VAT 20 \F
Assume that él —& = 52 —&. Then an eigenvalue of the parallelogram is given by
212/ (X + 2
AT (A +2p) (6.11)
1€
with an eigenvector U of the form U = (u,u) where
u(z,y) = sin(wi(x + y) — 01) — sin(wa(z — y) — 02) (6.12)
with
W2 = A W2 = A
V7ot 72T 2

Remark 6.1. In the above synthesis, we have studied the case Cy = Co. We claim that in the
case Cy # Cy there are no (bounded) domain ) in the plane such that

u(v,w) = Cysin(ww — 61) — Cysin(wav — 2) =0  on the boundary OS2.

Indeed if we would have two level lines of the function u(v,w) crossing at some point A, neces-
sarily the gradient of u must vanish at A. That would provide the three relations

Cy sin(wyw — 01) — Coysin(wav — 02) =0
Cy cos(wiw —01) =0
Cy cos(wav — 02) =0

that are clearly incompatible since we can assume Cy # 0 and Co # 0 for a bounded domain.

41



Let us come back to the possible minimality of the disk. We have seen in Theorem 5.2 that
the disk cannot be a minimizer if the Poisson coefficient is less than v* ~ 0.349... but we were
not able to conclude for larger values of the Poisson coefficient (between v* and 0.5) since we
know that in this case the first eigenvalue of the disk is simple and the disk is a local minimizer
(at least in a weak sense). Now our previous analysis allows us to increase the interval of values
of the Poisson coefficient for which the disk is not optimal:

Corollary 6.1. Assume that the Poisson coefficient v satisfies

4 2
Jig —8m

< ——— ~0.3879
2(]%,1 — 4m?)

then the disk is not a minimizer of A (among sets of given volume).

Proof. According to Theorem 5.2, it suffices to compare our previous parallelogram of area m with
the first eigenvalue of the disk that is ,uj%l. Thus we get the thesis as soon as 27/ (X + 2u) <

-4
ujil. This is equivalent to 2 + 2 < 117’;. Now using the relation between the Lamé coefficents
and the Poisson coefficient, we know that A/u = 2v/(1 — 2v). Therefore

A Jia ) " jty —8m?
—+2< 5 8171 — l-2nyer< —2——.

6.2 Rectangles

Now in the range % <v< %, that corresponds to a = 1/(1 —2v) in the range [4, 5], we are going
to consider convenient rectangles. Note that 3/8 < 0.38, therefore we will be able to cover the
whole range v € (—1,0.4] and prove the disk is not optimal in this range with these different
arguments.

We consider a rectangle Q7 = (0, L) x (0,¢) of area m. It will be useful to write the length
and the width of the rectangle as

L:ﬁ and (= +/tr, t € (0,1].

Let us denote by ¢ the first (normalized) eigenfunction for the Dirichlet-Laplacian of €y,

defined by
Ty

v1(x,y) = \37? sin (%) sin( ; ) ,

2 . (2mx\ . [2my
gpg(a:,y):ﬁsm - )sin{ = )

This other eigenfunction could be the fourth one (for a rectangle not too far from the square),
but can also have a larger index. We will explain below why we do this particular choice.

and another eigenfunction
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Now the idea is to plug in the variational formulation defining A(€2;) a family of vectors, for

X = (041,042,51,52):
Uy = ( ({251 ) _ < 11 + a2 )
U Brpr + Papa )

Since the eigenfunctions of the Laplace operator define an orthonormal basis, we have

7T2 7T2
/Q (Vg |2 + |[Vug|* = (L2 + £2> (af + 403 + B7 +453)
L

and
/ W2+l = o? + ol + B2 + B2,
Qr

It remains to compute fQL (div(Ux))?. We obtain

2 2
/Q (div(Ux))? = % (of +4a3) + % (B +463) — % (182 + azfh). (6.13)

Using a = 1/(1 — 2v), this implies using this admissible test function, that

AR _ QW)
7 a%—ka%—i—ﬂ%-i—ﬂ%

(6.14)

where @ is the quadratic form defined by

2 2 2 2 2
QX)=a? ((1+a)77+ EQ) + a3 (4(1+a)z2+4;> + B2 <7T2+(1+a)7£2> +
2
8 (4 10+ 0% ) - 2 (a1 + asty)

Now we have to choose X = (a1, ag, 51, 82) that give the lowest possible value for the ratio in
(6.14). This lowest value exactly corresponds to the smallest eigenvalue of the 4 x 4 matrix of
the quadratic form ). This matrix M has the simple structure

ai 0 0 b

. 0 a9 b 0
M= 0 b a3 O
b 0 0 ag

Its characteristic polynomial factorizes as P(x) = [(as — x)(az — z) — b*][(a1 — x)(aq — ) — b?]
with b = —64a/97 and

ar =m(l+a)t + 7

az =4m(1+a)t + 4%

as = 7t + (+a)r

We observe that asas = ajas and a1 + a4 > as + ag because ¢ < 1. Therefore the trinome
(a1 — z)(as — x) — b? is always less than (ay — x)(ag — ) — b and the smallest root of P(z) is
the smallest root of ¢ (a,t,z) := (a1 — x)(as — ) — b%. More precisely, the question is to know
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whether the smallest root of g; is smaller than jil because our aim is to compare the rectangle
Q, with the unit disk. Since ¢;(a,t,0) = ajas — b?, we see that

1 10242
qﬂmaquﬂmzﬁ)—MQ(f+4a+4—éﬂ;f>>&

Therefore, we get the thesis as soon as we can find some t* € (0, 1] such that ql(a,t*,jil) <0
for all a € [4,5]. It turns out that the particular choice t* = 2/5 = 0.4 achieves this aim. This
is an elementary analysis to prove that the polynomial expression

2 _ o (29 52a 169 409642
q(a, 57]%,1) = Jf1 - 7E712,1 (2 + 5> + 47° <a2 + 36 (a+ 1)) S

remains negative for all a € [4,5]. Thus we have proved

Theorem 6.2. Let Q, be the rectangle of length L = \/57/2 and width ¢ = /27 /5. Then its
first eigenvalue satisfies
AQr) < ﬂjil

for all values of the Poisson coefficient v € [%, %] Therefore the disk is not a minimizer in this
range of values of v.

Remark 6.2. Let us explain why we chose the association of p1 and @2 as test functions. The
aim is to get a cross product coming from the divergence term strong enough to make the first
etgenvalue of the matrix M as small as possible. It turns out that a choice of the two first
etgenfunctions of the rectangle would not realize this and a simple analysis convince us that our
choice was the better.

6.3 The case of ellipses

In the case where the domain € is an ellipse, we do not have an explicit expression for the
eigenvalues (nor a good upper estimate) and eigenfunctions, as we did in Sections 6.1 and 6.2.
Therefore, we have aimed to extend the previous analysis using numerical simulations, in which
we computed an estimate of the eigenvalue A(€2,), where €, denotes the ellipse with semi-axes
a and 1/a. For a = 1, this corresponds to the eigenvalue of the disk, equal to ,ujil as long as
v > 0.35, as stated in Theorem 5.1. Numerical observations summarized on Figure 1, performed
with the software Matlab, suggest that the disk is not optimal while v < 0.41, and it appears
to be optimal among ellipses with area w when v > 0.41.

7 Conclusion

7.1 A conjecture

In our numerical simulations, we are not able to give a lower first eigenvalue than the disk when
v > 0.41. For example, the best rectangles are better than the disk only when v is less than a
value not far from 0.41. It is the same for the best ellipse. This leads us to think that it may
exist a threshold value o such that the disk becomes the solution of our minimization problem
when v > . An heuristic argument that supports this conjecture is the following:
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(a) Case v =0.39 (b) Case v =0.40 (c) Case v =0.405

v=0.42 v=0.45
1

(d) Case v =0.41 (e) Case v =0.42 (f) Case v =0.45

Figure 1: Graph of A(Q,) with respect to a. The dotted line corresponds to the first eigenvalue
of the disk.

1. First we prove in Section 7.2 below that the eigenvalues of the Lamé system converge to
the eigenvalues of the Stokes system when v — 1/2.

2. If we assume that the disk minimizes the first Stokes eigenvalue (this is another conjecture
as explained in [28]),

3. if we could then use the local minimality of the disk for our problem in a strong sense (for
example for the Hausdorff convergence),

we would get the result. Indeed, by the I'-convergence result stated below, we see that the
minimizer for the Lamé system must converge to the minimizer for the Stokes system. Therefore,
for v close enough to 1/2, the minimizer should enter in the neighborhood of the disk where the
disk is the solution. This could provide the expected result.

7.2 TI'-convergence as v — 1/2

As explained just above, it is interesting to prove that when v — 1/2, the eigenvalues of the
Lamé system converge to those of the Stokes system.

For that purpose we will renormalize the eigenvalue A(€2) and work with the parameter
a = )‘iu“ = 17121/ that we consider satisfying a — +o00. In other words the right quantity to

study becomes

M) = A = i JalVH At fo(divi)? de
H u€Hg (2)\{0} Jq [ul? dz
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In this section we would like to investigate the limiting behavior as a — +o0 (or equivalently
v — 1/2) of A%(§2). In particular we will show that for  fixed, A%(€2) converges to the Stokes
eigenvalue, and moreover under some standard geometrical restrictions on the admissible sets €2,
the shape functional Q + A%(Q) I'-converges to  ~— AJ*ks(Q). Here, AJ*k5(Q) is the Stokes

eigenvalue already defined in Section 2.2.1 as
2
A?tokes(Q) — min fQ ’vu2| dl’
weHY(Q\{0} s.t. div(w=0 [q |u]? da

We first establish the convergence of A*(Q2) for Q, fixed. For this purpose we define the
following two quadratic forms on H{(Q) :

Qa(u) == /Q |Vul|? al:zc—ka/g(div(u))2 dzx.

Jo |Vul? dz if div(u) =0
400 otherwise.

@l = {

Proposition 7.1. Let ) be a bounded open set. Then Qq I'-converges to Quo for the L? topology.
when a — +0o As a consequence, the associated Lamé operator converges in the strong resolvent
sense to the Stokes operator and in particular

lim A%(Q) = Atokes(Q).

a—0o0

Proof. The proof is somehow standard. Let us write the details.

Step 1. T-limsup. Let u € H}(Q) be such that Qo (u) < +0o (otherwise there is nothing
to prove). Then we take as a recovery sequence the constant sequence uy = u and we use that
div(u) = 0, together with Korn inequality to deduce that

Qa(u) = Qoo(u)
and a fortiori,

lim sup Q4 (u) = Qoo(u),

a—r—+00
which directly proves the limsup inequality.
Step 2. T-liminf. Assume that u, — u in L?(2). We can assume that

sup Qa(ua) <C,

otherwise there is nothing to prove. But this means thanks to Korn inequality, that u, is uni-
formly bounded in H'(£2) thus converges weakly in H' and strongly in L2, up to a subsequence,
to some function u € H}(Q2) and

/ |Vul? < liminf/ Vg |* de.
Q a Jo
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Passing to the liminf in the inequality

Y

/(div(u))2 dx < ¢
Q a

we deduce that div(u) = 0 thus
Qoo(u) = / \Vu|*dx
Q

which finishes the liminf inequality, and the proof of I'-convergence.

Then the end of the statement of the Proposition follows from the standard theory of I'-
convergence that asserts that I'-convergence of quadratic forms implies the convergence in the
strong resolvent sense of the associated operators (see [16, Chapter 12]). A review of these
properties can also be found in [1, Section 1.1]. In particular, the convergence of the eigenvalues
follows from the fact that the associated operators have compact resolvent. More precisely, we
first notice that the quadratic forms ), and () are equi-coercive thanks to Poincaré-Korn
inequality. They are also semi-continuous with respect to the L? topology. The associated
operators are thus self-adjoint, invertible and thanks to the compact embedding of H}(f2) into
L%(Q), their inverse are compact operators. We then apply Proposition 7 in [1] with X = H{(Q)
and H = L*(Q) which establishes the convergence of the spectrum for the inverse operators, from
the I'-convergence of (), to Qo. The spectrum of the operators itself then follows immediately.

O

Now we consider the I'-convergence of A%(€2) but with respect to the variable Q. For simplic-
ity we will work in the restricted class of domains €2 that are uniformly Lipschitz, more precisely
that satisfies a uniform e-cone property (see [29, Definition 2.4.1]). We will endow this class
with the complementary Hausdorff distance (see [29, Definition 2.2.8]) and we already know that
the Dirichlet problem is stable along any such converging sequence in this class ([29, Theorem
3.2.13]) which will help a lot in the following proposition.

Proposition 7.2. Let D C RV, g9 > 0 and V > 0, fized, and let Ay be the class of domains
Q C D that satisfy the g9-cone property together with the further constraint |2 = V. Then
as a — +oo, the family of functional A® : A — R, I'-converges to )\ft‘)kes with respect to the
complementary Hausdorff distance.

Proof. Step 1. T'-limsup. For Q € A being given we take the constant sequence 2, = () as a
recovery sequence. Thanks to Proposition 7.1 we know that

lim A%(Q) = A}**(Q),

a——+00

which proves the I'-limsup property.

Step 2. T'-liminf. Let ), converging to () for the complementary Hausdorff distance. Since
A is closed for the complementary Hausdorff convergence (see [29, Theorem 2.4.10]), it follows
that Q € A, and it is easily seen that |Q] = V.

Let u, be a sequence of normalized eigenfunctions, associated to A%(€,). In particular,
uq € H}(Q,) and

AY(Qg) = /Q Vg |* da + a/ (div(ug))? de.
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We may assume without loss of generality that (A%(€2,)), is a bounded sequence. Therefore, the
sequence 1, is uniformly bounded in H{ (D) and converges up to a subsequence (not relabelled)
to a function u € Hy(D), weakly in H'(D) and strongly in L?(D). In particular ||jul|;2(py = 1.
Moreover by the Mosco convergence of €2, (see [29]) we know that u € H}(). Finally, the
bound on A%(Q,) tells us that

/ (div(ug))? da < % —a—s400 0,

a

and we deduce from the weak convergence of u, to u in H'(D) that div(u) = 0 thus u is an
admissible competitor for the Rayleigh quotient that defines AJtokes(Q).
Therefore, the following sequence of inequalities holds:

APORS(Q) - < /Q Vul? da

IN

lim inf / Vg |* da
D

IN

liminf/ |Vt | da:-l—a/ (div(ug))? dz
D D
= liminf A%(Q,),

which finishes the proof of the liminf inequality, and so follows the proof of I'-convergence. [
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