STABLE s-MINIMAL CONES IN R? ARE FLAT FOR s ~ 0
MICHELE CASELLI

ABSTRACT. For s € (0,1) small, we show that the only cones in R? stationary for the s-perimeter
and stable in R? \ {0} are hyperplanes. This is in direct contrast with the case of the classical
perimeter or the regime s close to 1, where nontrivial cones as {zy > 0} C R? are stable for inner
variations.
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1. INTRODUCTION

In this note, we prove that in R? and for s close to zero, half-spaces are the only s-minimal
cones that are stable in R?\ {0}. Here, by an s-minimal cone, we mean an open cone E C R? that
is an s-minimal surface (that is, stationary for the s-perimeter under inner variations). This result
is purely nonlocal since it is in direct contrast with both the classical case (formally s = 1) and
the regime where s is close to 1, where the cross X = {xy > 0} is a non-flat stationary cone in the
plane that is stable for inner variations, in any reasonable sense. Nevertheless, for s close to zero,
the cross X is unstable in R? \ {0}, and has infinite index (see Corollary 1.2). Our proof relies on
the behavior of the best constant in Hardy’s inequality for the H?(R) seminorm as o | 1/2.

The classification s-minimal cones in R? has been previously studied for s € (0, 1) under stronger
hypotheses. Specifically, Savin and Valdinoci [SV13a,SV13b] proved that half-spaces are the unique
cones locally minimizing the s-perimeter in R? for all s € (0,1), in accordance with the classical
case. Our result achieves the same rigidity for cones that are just stable compactly away from the
origin, albeit in the restricted regime of small s.

In higher dimension 3 < n < 7, the classification of stable s-minimal cones in R™ smooth
outside the origin is only expected for s close to 1. Indeed, in [DdPW18], among other things, the
authors construct a nontrivial, stable, s-minimal cone in R7 for s close to zero. On the other hand,
this classification for s close to 1 has been proved for n = 3 in [CCS20] and recently for n = 4
in [CDSV23, Theorem 1.5].

The main result of this note is the following.

Theorem 1.1. There exists s, € (0,1/2) with the following property. Let s € (0,5,) and E C R?

be an s-minimal cone stable in R?\ {0}. Then E is a half-space.
1
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Moreover, using the fact that s-minimal cones with finite Morse index outside the origin are
stable outside the origin (which is a trivial observation in the classical case of the perimeter, but
not entirely trivial for s-minimal cones, see the beginning of Section 5), we deduce that the same
holds for finite Morse index cones.

Corollary 1.2. The classification of Theorem 1.1 holds for s-minimal cones of finite Morse index
in R?\ {0}.

In Appendix 6, we give direct proof that the cross X is unstable outside the origin, for s close
to 0. Since X is not flat, this fact is already contained in Theorem 1.1. Nevertheless, we provide

a very short independent proof since we believe it captures the main idea in the proof of Theorem
1.1.

2. PRELIMINARY TOOLS

Our proof relies on the Hardy inequality for the H?(R) seminorm and, specifically, on the
asymptotic behavior of its optimal constant as o | 1/2. The sharp constant in this inequality has
been established in [FS08] (equation (1.6)), and it is also stated in [CCS20, Theorem 3.3]. We
will also use the fact that radially symmetric functions in C2(R \ {0}) nearly saturate Hardy’s
inequality; this is proved in Section 3.3 of [F'S08].

Theorem 2.1 (Hardy’s inequality). Let n > 1, 0 € (0,1) and u € HJ(R™ \ {0}). Then

Ju(z) — u(y)?
L e d“c””// in \x— e g W

where (n/ 122
I'(n/4+0/2
no — 220’—1 _ 2 2
o, =) A —s2 1 1)
and F(n/2 )
_ 2-1_—nj2i(N/2+ 0 B
Cno =27""T T2 o) o(1—o).

Moreover, the inequality is saturated by radial functions, that is: for every € > 0 there exists a

radial function £(x) = £(|z]) € C2(R™ \ {0}) such that
§(x) [€(=) — €@)I?
o) [ Gtz enc [, S o

In particular, forn =1, s € (O, 1/2) and o = 1= the constant reads as

2052 L (C52)?
H = g2052 4/
1442 T(42)2

and, by elementary properties of the Gamma function, it is easily checked that

M1t Cs?
o S Clrs(q — Lts <Cs,
¢ Lis S (1-32)

for some absolute C' > 0 and every s € (0,1/2).
Summarizing, taking the & relative to € = H_ 14, in the saturation statement above, for every

)

s € (0,1/2) there exists an even function ¢ € C2(R\ {0}) such that

£(a)? | £(@) — E)P
A|x\1+sdeW/AxR z—gzrs W
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Lastly, for the same &, this directly implies
0 £y 2 1 0o 00 ) — 2
[T s L [T, "
o T Cs* Jo Jo |z =y
Before stating precisely all the tools that we will need on the first and second variation of

the fractional perimeter, we recall the notion of fractional s-perimeter, which was introduced by
Caffarelli, Roquejoffre, and Savin in [CRS10].

Definition 2.2. For s € (0,1), the fractional perimeter (or s-perimeter) of a measurable set
E CR"™ is defined as

1 9 1
PerS(E) = i[XE]Hs/Z(Rn) = //ExEc W dxdy.

The s-perimeter also has a natural localized version in a bounded open set {2 C R™, in the same
spirit of the localized fractional Sobolev spaces H*(€2). This is of use because, for example, one
would like to say that a hyperplane in R™ is an s-minimal surface (see Definition 2.4 below) even
though a half-space has infinite s-perimeter for Definition 2.2.

Definition 2.3. For s € (0,1), the fractional perimeter (or s-perimeter) of a measurable set
E C R"™ in a bounded, open set ) is defined as

1 _ 2
RrxRm\QexQe T — Y[

Note that for 2 = @ we recover Definition 2.2.

Definition 2.4 (s-minimal surface). Let 2 be a bounded open set and E C R™ be a set with locally
finite s-perimeter in Q. Then, E is said to be an s-minimal surface in ) if, for every vector field
X with compact support in 2 there holds

d

X —
o Pers(¢; (E),) = 0.

t=0

By the first variation formula, see for example [FFM™15,FS24], if F is an s-minimal surface
and OF is C? then

P.V./ Xee(y) = Xf(y) dy =0, forall x € OF. (2)
no o=yt

The left-hand side is called the s-mean curvature of E at .

Remark 2.5. It follows by inspecting the proof of the first variation formula in [FFM" 15, FS24]
that if OF is C? only in a neighborhood of some x € OF, then (2) holds at x.

If © is a bounded open set and EF C R™ is an s-minimal surface in €2, then FE is said to be stable
in Q if, for every vector field X with compact support in €2, there holds

2

6%Per,(E; Q)[X] : Per,(¢;X (E), Q) > 0.

L B

If OF is smooth, the second variation can be written in a form very reminiscent of the second
variation formula for classical minimal surfaces. This second variation formula for smooth s-
minimal surfaces was proved in [DAPW18, FFM*15] , and has recently been generalized to ambient
Riemannian manifolds in [FS24].
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Theorem 2.6. Let E be an s-minimal surface in R™, and assume that OF is C? in some open set
Q. Then, for every X € C2(0E N Q'R"), setting ¢ = X - vyg, we have

2 () =@ |vor(z) — vor(y)|* 2
0"Per,(E //aEaE< o~ g P (9”))‘1"‘9””"(”’ )

where vyp is the outer unit normal to OF. In particular, if E is stable in ), there holds

1% — U, 2 ) — 2
//BExaE | 8E|33 _ ‘rii( w)l o(x)? do(x)do(y) < //aEXaE Wda(x)da(y),

for every p € C2(2).

3. THE BV-ESTIMATE FOR SMALL §

It is known [CSV19,FS24] that stable s-minimal surfaces enjoy a uniform interior BV-estimate,
and that the same holds for stable solution of the fractional Allen-Cahn equation [CCS21, CFS23].
The results in these references only control the dependence of the constant from s as s — 1. In
this work, we need the same type of BV-estimate with a control of the constant as s — 0.

Theorem 3.1. Let R > 0, s € (0,1/2), and E C R™ be an s-minimal surface which stable in
Bgr(z) and such that OF is C? in Bg(z). Then

Per(F, BR/Q(a;)) <

%\Q

for some dimensional constant C' > 0.

We first recall a useful interpolation inequality for the s-perimeter that accounts for the
dependence on s both for s — 1 and s — 0. The inequality in the form we use here is not explicitly
stated anywhere; it is written throughout the lines of the proof of Theorem 3.1 in [Jac24], or it
follows from [F'S24, Lemma 3.13] and Young’s inequality.

Lemma 3.2. Let s € (0,1), R > 0 and E be a set with locally finite perimeter. Then

Per,(; Ba(x)) < C (f’l_sPedE; Bsn(w)) + 1 ) ,

-5 S
for some dimensional constant C' > 0.

With this inequality, we can deduce the BV-estimate for small s.

Proof of Theorem 3.1. Similarly to [CCS20], the theorem follows by inspection of the proof of
Theorem 1.7 in [CSV19], taking care of the explicit dependence of the constants as s — 0. For
the sake of clarity, we rewrite here the crucial estimates in the proof of Theorem 1.7 in [CSV19],
with the precise dependence of all constants on s, as s — 0. In the proof that follows C > 0 is a
dimensional constant that can change from line to line.

Since the statement is scaling and translation invariant, we can assume R = 1 and x = 0. Since
E is stable in By, by Theorem 1.9 in [CSV19] applied to the kernel K (2) = 1/|2|""%, we get

Per(E; B;) < C (1 + \/Per, (E; B4)> . (4)

Moreover, by Lemma 3.2 applied with R = 4 we have

Perg(F; By) < C (1 !

Per(E; By) + 1) <C <Per(E; Byg) + 1) .
s s
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Thus, by (4) and Young’s inequality we get

1 1
Per(E,B) < C (1 + \/Per(E; By) + s) <C (1 + 6Per(E; Bag) + g + (5>

o 1
—-C (1 + - + 5) + §Per(E; Ba),

for every 6 > 0. From here, arguing exactly as the end of the proof of [CSV19, Theorem 1.7]
or [CFS23, Proposition 3.14], choosing ¢ smaller than a dimensional constant d, = do(n) > 0 and
a covering argument one concludes the uniform bound

0o 1 C
Per(E; Byj;) < C <1 +—+ ) < —.
s O S
4. CLASSIFICATION OF STABLE CONES FOR SMALL s

Let us fix the notation that we will use for cones in the plane. For a cone E C R?, we write
> = OF and observe that ¥ is a union of half-lines from the origin. Write

N 2N
E = UEZ‘, E:UEZ‘, 8Ei:{2i,2¢+1},
=1 i=1

with the convention that Yon41 = X1. Here E; are disjoint conical sectors from the origin, that is
AE; = E; for every A > 0, X; are rays from the origin with the induced orientation from FE;, and
the number N could be +oco in general, but will be finite in our proof.

We also denote by 0 the counterclockwise angle from ¥; and X;.

Lemma 4.1. In the notation above, there is ¢ > 0 such that for every x € ¥; there holds

/ 1 do(y) > &
———do(y) > . .
5, Jz — o[ 2] +(1 — cos(67)) 1+
Proof. We have

1 do(y
pp |z —y S (|22 + |y)? — 2cos(07)|z||y]) 2

— /OO dz _ 1 /oo dt
0 (|2 + 22 — 2cos(0))]alz)>" 2l S0 (1412 — 2t cos(6]))
where we have substituted z = t|z| in the last line. Moreover

/00 dt /°° dt
o (14+t2—2t cos(@ij))% o ((t—1)2+2t(1— cos(@f)))wgs

>/3/2 dt S 3/2 dt
“ iz ((E—1)2 + 2t(1 — cos(67))) 2 _/1/2 ((t—1)2 + 3(1 — cos(67))) 2"

- / j 2+s Z / i 2+s
-1/2 ((t — 1)2 + 3(1 — cos(67))) 2 1/2 (82 4+ 3(1 —cos(8)))) 2
1/10
> 1 ‘ / dt > c_ .
(1 —cos(8)))1*s J-1/10 (2 + 3) 2 (1 — cos(67))"+s
This concludes the proof. ]
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Now, we have all the ingredients to prove our main result Theorem 1.1. In the proof, we plug in
the stability inequality a radial test function that nearly saturates Hardy’s inequality on (0, c0),
in the sense that (1) holds.

Proof of Theorem 1.1. By Theorem 3.1, that is the BV-estimate for stable s-minimal surfaces for
s € (0,1/2), and a standard covering argument we get that

C
2N = PGI‘(E BQ \ Bl) S
Hence ¥ = JF is a finite number of rays from the origin, Whose number is bounded by
v < €. (5)
S

Recall the stability inequality (3), and let v; be the outer unit normal to ¥; from F;. For the
left hand side, for every ¢ € C2(R?\ {0}), we have

lvs(z) — v (y))? 2, vi(x) — v(y)|? 2
//Exz |z — y|?ts pla) d Z://E ‘5, = ’§+5 o(x)” do(x)do(y)
L : z)?
= 22(1 — (=1)"* cos(67)) //Z-XZ- m do(x)do(y).

i#]

By Lemma 4.1 we can estimate

IR c o),
T, s ot > G [ i

Now, taking ¢(z) = &(|x|) with £ saturating Hardy’s inequality on (0,00) as in (1), gives

)2 1 x) — 2
Limmewzeg [ EEEER b
thus

va(@) — ve@)P
//M WS (])? do (x)do(y)

(@) — EW)I 1 — (=1)"*7 cos(6))
- 372 (//2 X% |5U e -y da(m)da(y)) Z (1- cos(Gij))HS .

1<i<2N,i#j

([ )y 1(1(_1)291))1?]) )

J=1{1<i<2N,i#j}

Claim. There exists s, < 1/2 sufficiently small with the following property. For every
s € (0,s,), there exists j € {1,2,...,2N} such that

1 — (=1)" cos(6?
5 U eod)) L .
{1<i<2N,i#j} (1 —cos(6;)) !+

Indeed, suppose this is not the case. Then, for s arbitrary small, (6) implies

//EX2 |V2’x_y’1+(s)| ¢(|z))? do(z)do 10052/ / ’£|x— |2+S‘2 dzdy.
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From this inequality, using that E is stable gives

10032// |€\x— ‘2+52dd
< [[[ OO o wyanty)

(Stablhty // ‘f ’x‘ (’ymz dg(x)da(y)
YxX

\w —y|*ts

[&(x) =€) * () — £y
_N/ / \x— ‘2+S dx dy—i—E://E . = g2+ do(x)do(y).

i#]

Moreover, since |x — y| > ||| — |y||, we have

€ () = £y, €(|z]) — €(ly))[?
Mo, = ], b Ao

[€(z) — &(y)
= —d:ndy,
/0 /0 |z =yl
for every i # j. Thus

L ELUI Y o LS
10032 \x— \2+5 rey ]a;— ]2+3 rey,

which implies, together with (5), that

32>L>L3
~ 100N — 50C "’

which gives a contradiction if s is small. Hence, the claim is proved.

Now, we conclude the proof of our theorem by contradiction, with s, the one given by the claim
above. Assume by contradiction that N > 2. Then, for the index j such that (7) holds we get
that (here the indices are modulo 2V)

1= (1) 0+2) cos(91*?) I I
: = . < —,
(1 — cos(67+2))1+s (1= cos(67+2))s ~ 100
holds for every s < s,. Clearly, this is not possible for any value of ¢ [0,27), and hence we

conclude that N = 1 and F is made only of one conical sector of angle 6.
With no loss of generality, up to rotation and complementation, assume that 6 € (0, 7| and

E={(p,p) : p>0,0€(0,0)}
Consider the set E := E + e1. Since E C E and e € 9E N E we have, for every ¢ > 0, that

/ xXE<(y) — xEB(Y) dy 2/ Xz (y) — X5) J
B:(e1) B (e1)

ly —e1]?+s ly —e1]?*s

_/ xee(2) = xp(2)
(0)

‘Z|2+S

_27‘(’/00 (27T—9)—9d 747r(7r—9)‘

rlts se8
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Since F is an s-minimal surface and is smooth in a neighborhood of e; € OF, by the first variation
formula (2) at © = e; (see Remark 2.5) we get

e(y) — dm(m — 6
0 = lim e W) = x5 4 i 2T 6)
e—0 Bg(El) |y — 61| +s e—0 868

Since 6 € (0, 7], this implies § = 7 and thus E is flat.

5. EXTENSION TO CONES OF FINITE INDEX

First, let us recall the definition of finite Morse index for smooth s-minimal surfaces as introduced
in [CFS23] or [FS24].

Definition 5.1. Let E be an s-minimal surface in R™, and assume that OF is C? in some
open set Q. Then, E is said to have Morse index at most m in Q if for every (m + 1) vector
fields Xq,..., Xpq1 with compact support in 2, there exists coefficients ai,...,am+1 such that
ai+...+a2,; =1and

(52Pers(E; Q)[ale +...+ am+1Xm+1] > 0.

In this section, we show that our classification for s-minimal cones stable in R?\ {0} implies the
classification of cones with finite Morse index in R? \ {0}. However, to establish this implication,
we must verify that any regular cone F C R™ stationary for the s-perimeter and with finite Morse
index in R™\ {0} is stable in R™ \ {0}.

Proposition 5.2. Let s € (0,1) and E C R™ be cone with C? boundary in R™ \ {0}, stationary
for the s-perimeter, and with finite Morse index in R™ \ {0}. Then E is stable in R™\ {0}.

In the classical case of the perimeter (formally s = 1), this property follows easily by a scaling
argument; if £ were unstable in R™\ {0}, one could construct infinitely many disjoint scaled copies
of an unstable variation, contradicting the finite index assumption. The fractional setting presents
additional difficulty since the nonlocal interactions between different scales prevent such a direct
argument, as functions with disjoint support are not orthogonal for the H?® scalar product.

This kind of result has been previously established in [CFS23] for blow-ups of s-minimal surfaces
arising as limits of the fractional Allen-Cahn equation. Our proof follows a similar strategy and is
essentially already contained in the union of [CFS23] and [F'S24]. Nevertheless, since the result as
needed in this work is never stated explicitly nor proved, we provide a proof in this section.

Lemma 5.3. Let E C R" be a set stationary for the s-perimeter, and with finite Morse index
m in Q. Assume also that ¥ = OF is C? in Q. Let X1, Xo,..., X;ns1 be smooth vector fields
on Q with disjoint compact supports A1, ..., Amy1 C Q, and denote Dyy := dist(Ag, Ag). For
1 <i< €< m+1, fix positive weights N\jyy > 0. Then, for at least one of the i (depending on E)
we have that

1 —(nN—r+s —(n-rs
52Pery(E)[X;] > —C|| X; |2 diam(A4;)2"~ 1 (Z EDM( 3" neD; "t >) ,
o<i T >i

for some constant C = C(n,s,m) > 0.

Proof. The statement is a more precise version of Lemma 5.8 in [FS24], and the proof proceeds
similarly. Using the second variation formula, we compute the second variation of E for linear
combinations of m + 1 vector fields X; , supported each in the corresponding A;. We denote by
& = X, - vy the scalar normal component of these vector fields.
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By the second variation formula of Theorem 2.6 we have
52Pers(E) [a1X1 +asXo+ ...+ am+1Xm+1]
= a16°Pery(E)[X1] + ... + a2, 10°Pers(E)[X 1]

(&i(z) — &i(2)(&(y) — &)
20 / /(EﬂAl)x(EﬁAg) d7(@)doy)

|z — y|"ts
T,

(fm(m) - Em(w))(gm-&-l(y) - fm-&-l(y))
+ 2amana [ /( e e do(x)do(y).

Recall that the supports of & and &; are the disjoint subsets of A; and A;, respectively. Then, the
term containing the double integral over A; x A; with ¢ < j can be bounded as

(60— &) EH) - &0,
2ai j//(ZﬂAi)x(EﬂAj) dote)dow)

|z —y["te
= —2a,a; // Mda(m)da(g)
(SnA)x(En4;) 12— y["F®
< 2laias| D5 "€l 1 mnap 1€ 121z,

. 1o,
+ Dt
< )\ijazzDij(n 8)||§i”%l(zm,4i) )\ai ij(n S)ngH%l(EﬂAj)’
ij

where we have used Young’s inequality in the last line. Substituting this into the second variation
expression above gives
52PGFS(E)[G1X1 + a9 Xo+ ...+ am+1Xm+1]

m+1

]. —(n+s —(n—+s
< Z a; |6°Pers(E)[X,] + ”fiH%l(zmAi) Z ;Dij( it Z)‘ijDij( )
i=1 j<i Tt >0

The condition that the Morse index is at most m implies that the expression cannot be < 0 for
all (a1,...,am+1) # 0. Hence, we find that there must exist some ¢ such that

1 —(n+s —(nrs
§%Per,(E)[X;] > —||§Z-||2LI(EHAZ,) E T-Dia‘( +s) +§ :AijDij( +s)
71

1<t 7>

holds for all & € CH(X N A;). Moreover, for z € A;, we have

2
6ty = ([ Xeovdo) < X (40 9y
A;NS
< [|1Xi 1 Per(E; Baam(a,) (2))? < CJ| Xi[ 1 diam(A;) 1,
Putting everything together concludes the proof. O
Recall also the following result, which is [CFS23, Lemma 4.15].

Lemma 5.4. Let s € (0,1) and E C R" be a cone with Pers(E; B1(0)) < +00. Assume that E is
stationary for the s-perimeter and that it satisfies the property in Lemma 5.3. Then E is stable in

R"\ {0}.

With this, we can easily deduce Proposition 5.2.
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Proof of Proposition 5.2. Since E has finite Morse index, it satisfies the conclusion of Lemma 5.3.
Moreover, by [FS24, Theorem 5.4] and a simple covering argument we have that

Per,(E; B1(0)) < +o0.
From here, the result follows by Lemma 5.4. g

6. APPENDIX
Here we give a direct proof that
X = {zy > 0} C R?

is unstable for variations compactly supported in R?\ {0}. First, note that by symmetry, it is clear
that X satisfies (2) at every x € 0X and for every s € (0,1). Hence, since X is smooth away from
the origin, X is an s-minimal surface for every s € (0,1).

Proposition 6.1. There erists s, € (0,1/2) such that, for s € (0,5s,), X is unstable in R?\ {0}.

Proof. Let L, := {(z,0) € R? : z > 0} and L, := {(0,y) € R? : y > 0}. Choose a radial test
function ¢ = p(|z|) € C2(R?\ {0}). With a little abuse of notation, we still denote by ¢ its trace
on the lines in 0X.

On the one hand

:4/ /OO - _22’%5 dmdy+8/m/L ’2+8 o(|2])2do(2)do (y)
_ 16/ /Oo - ‘2+s dxdy—|—16/x/L - —‘Z’P“ o (2)do(y).

J /L x_'x',m r(@yir(y) = [ () do(a) / y @:d:(f)
- /Ooo o(x)? <x11+3 /0°° 1 +CZZ)2§S> dx

NZ2 % its x)?
(2(+§))/0 xl-i-)s dz,

Note that

oo r0 2 [e’9) 2
o(x) 1 / o(x)
— 2 dxdy = dx.
/o/_oo\x—y\2+s ET g e

( )’2 _ 1 (i) ($)2
//danx |x— B ©*(z) do(x )da(y)—16<1+8+ 2r(2i§) )/0 v (8)

On the other hand, for the Sobolev part in the stability inequality

feliz) - ol * [ lola) - o)l
e T A

and similarly

Hence
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Now, we use the fact that Hardy’s inequality is saturated. Choose ¢(z) = &(|x|) where &
saturates the Hardy’s inequality as in (1). Applying (8) and (9) with ¢(x) = £(|z|) we obtain

() —v)P 1 VAL () ) [ &(x)?
//3X><8X |z — y|2+s Tz s ¢ @dolndoly) =16 7 s 2T (32) o xS dm
16 1 (55 [ @) — )
= Cs2 \1+s + / /0 | — y|2ts dudy

16 1 =) 1€(x) — &(y )|2
= 100C s2 1—|—s+ //8X><6X ’x_ Y2+ do(x)do(y).

Thus, in order to contradict stability, it is suﬂﬁment that

16 1 VD (42)
100052 \ 145 T (242) =1

which is clearly the case if s is sufficiently small. Hence, X is unstable in this range. O
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comments on a preliminary version of this work.
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