STRUCTURE OF THE FREE INTERFACES NEAR TRIPLE JUNCTION
SINGULARITIES IN HARMONIC MAPS AND OPTIMAL PARTITION
PROBLEMS

ROBERTO OGNIBENE AND BOZHIDAR VELICHKOV

ABSTRACT. We consider energy-minimizing harmonic maps into trees and we prove the
regularity of the singular part of the free interface near triple junction points. Precisely, by
proving a new epiperimetric inequality, we show that around any point of frequency 3/2, the
free interface is composed of three C*“-smooth (d — 1)-dimensional manifolds (composed
of points of frequency 1) with common C***-regular boundary (made of points of frequency
3/2) that meet along this boundary at 120 degree angles. Our results also apply to spectral
optimal partition problems for the Dirichlet eigenvalues.

1. INTRODUCTION

This paper is dedicated to the structure of the singular set of harmonic energy-minimizing
maps u : By — ¥, defined on B; C R? and with values in singular spaces ¥. We consider the
model case in which the target space is of the form

(1.1) YN = {X cRY: X;X; =0 for all j # z}

endowed with the distance
dey (X,Y) = [Xi =il ?fXj:Yj:Ofor auj.?éi.’
| X5+ 1Y5], if X;,Y; > 0 for some ¢ # j.
By the works of Gromov-Schoen [GS92], Caffarelli-Lin [CL0O7, CL08], Tavares-Terracini [TT12]
and Soave-Terracini [ST15] it is known that if
F(u)={z € By : u(x) =0},

is the nodal set of a local minimizer u = (u1,...,uy) of the energy

E(u, By) Z/ |V, de

then F(u) can be decomposed into regular and singular parts according to the values of the
Almgren’s frequency y(u, z) (see Section 2.2) as follows:

Reg(u) = {z € F(u) : v(u,x) =1} and  Sing(u) = {z € F(u) : v(u,z) > 3/2}.

By [GSQZ, CLO08], in every dimension d > 2, the regular part Reg(u) is a smooth (d — 1)-
dimensional manifold, while the structure of the singular set was studied in [GS92] and
[Alp20, Dee22], where it was shown that Sing(u) has Hausdorff dimension d — 2 ([GS92])
and is (d — 2)-rectifiable ([Alp20, Dee22]). In dimension d = 2, Conti, Terracini and Verzini
showed in [CTV03] that the singular set is discrete and gave a complete description of the
nodal set F(u) around any singular point (see also the recent paper [LMNS24] for the case
of generic solutions).

In this paper we study the regularity of the lowest stratum of Sing(u), that is
(1.2) Fap(u) := ={z e F(u) : y(u,z) =3/},
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and the structure of the entire free interface F(u) around singular points in F,(u) in any
dimension d > 2. Our main result is the following:

Theorem 1.1. Let u : By — Yy be an energy-minimizing map in By C R%, for some d > 2
and N > 1. Then, the singular set of Sing(u) of the free interface F(u) can be decomposed
as

Sing(u) = Fapa(u) U{z € F(u) : y(u,2) > 32+ da},

where 04 > 0 is dimensional constant. The set Fsj(u) is an open subset of Sing(u) and,
locally, a (d — 2)-dimensional C%*-smooth manifold. Moreover, around any x € Fap(u),
the nodal set F(u) consists of three (d — 1)-manifolds T'12, T'ag, T'sy with common boundary
Fsp(u), which are all CYHregular up to Fsp(u) and form 120 degree angles at Fsj,(u).

Results in the spirit of Theorem 1.1 exist in the context of area-minimizing currents, where
the nodal set F(u) is replaced by the support of an area-minimizing current (mod p = 3);
in this framework, description of the triple junction singularities is known thanks to the
historical works from the 70s of Jean Taylor [Tay73, Tay76], for hypersurfaces in R®, and
from the early 90s of Leon Simon [Sim93], in any dimension d > 3 (see also the lecture
notes [Min24]); we also remark that the analysis for general co-dimension 1 area-minimizing
currents mod p was completed only recently in [DHMS20], [DHM*21] and [DHM™"22]. To
our knowledge Theorem 1.1 is the first instance of a study of triple junction singularities in
the contexts of free boundary problems and harmonic maps in dimension d > 2.

The main ingredient in the proof of Theorem 1.1 is the following epiperimetric inequality
(Theorem 1.2) for the 3/2-Weiss energy

N 3N
Wi (u) := /Vuﬁda:—f / u? dS
jw)= ) [, Wuifde =53 [

near homogeneous triple junctions Y (x) = Y (z4_1,x4) with 2-dimensional profile defined as

(1.3) Yi(r,0) = {Tg cos (36)

, forw—%(i—l)gegﬁ—%ﬂi,

0, elsewhere,
fori=1,2,3.

Theorem 1.2 (Epiperimetric inequality). There exists d,e,7 € (0,1) depending only on
the dimension d such that the following holds. For any N € N and any 3/2-homogeneous
c € HY(By;Xn) N C%Y(By; RY) such that

3 N
D dy ({ei >0} {Yi > 0}) + > dw ({ei > 0}, {wa1 =2a =0}) <7
i=1 =4

and
s (V) < 6
there exists u € H'(By; X n) N CY%Y(By;RY) such that uw = ¢ on 0B, and

Ws(u) < (1 —¢)Ws(e).
2 2
The proof of Theorem 1.2 is obtained via a contradiction argument in the spirit of Weiss
[Wei99] (see also [FS16, GPS16]). The epiperimetric inequality approach to the analysis of
the singular points in the context of harmonic maps is, to our knowledge, new in this field.
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1.1. Two consequences of Theorem 1.1. We now discuss two corollaries of Theorem 1.1
for harmonic maps with values in metric graphs and for spectral optimal partitions.

First of all we notice that an immediate corollary of Theorem 1.1 is that the same result
holds for harmonic maps with values in a locally finite tree ¥. Indeed, by [GS92, Dee22], if
u: By — ¥ is an energy-minimizing map defined in B; € R¢ with values in a locally finite
metric tree, and if p is a vertex of ¥, then the set F(u) := u~!({p}) can be decomposed into a
regular and a singular parts, Reg(u) and Sing(u), where Reg(u) is a a smooth (d—1)-manifold
that consists of the points of order (frequency) Ord" = 1, while Sing(u) is (d — 2)-rectifiable
and consists of of points of order (frequency) Ord" > 1; furthermore, for every z € F(u),
there is a neighborhood 2 C Bj such that u : 2 — X has values in a subtree X of the form
(1.1). Thus, we have the following.

Theorem 1.3. Let X be a metric tree which is locally finite and let u : B1 — 3 be an energy-
minimizing map in By C R, for some d > 2. Then, for every vertex p of ¥ the singular set
of F(u) := u~t({p}) can be decomposed as

Sing(u) = {a: € F(u) : Ord“(x) = 3/2} U {a; € F(u) : Ord“(x) >3+ 5d},

where 64 > 0 is a dimensional constant. The set Fsp(u) == {x € F(u) : Ord"(z) = 3/2} is an
open subset of Sing(u) and is locally a (d — 2)-dimensional C**-smooth manifold. Moreover,
around any x € Fs,(u), the set F(u) consists of three (d—1)-manifolds with common boundary
Fap(u), which are all CYregular up to Fsp(u) and form 120 degree angles at Fsj,(u).

Another consequence concerns the regularity of the following optimal partition problem
studied in [CLO7], [CTV03, CTV05a] and [OV24]. Given a bounded open set D C R, d > 2,
and a natural number N > 2 we consider the optimal partition problem

N
(1.4) min{ Z)\l(Qj) : Q; —open, Q; C D, Q;NQ; =0 for i #j},
j=1

where A\ (€);) is the first eigenvalue on §2; with Dirichlet boundary conditions on 0€2;. If the
N-uple of disjoint sets (1,...,Qy) is a minimizer of (1.4) and if v = (uy,...,uy) is the
vector of the normalized first eigenfunctions (each u; is extended by zero outside 2;), then
the free interface

N
Fu):=Dn(|Jooy)
j=1
can be decomposed as a regular part and a singular part as follows (see [CL07, ST15, Alp20]):
the regular part Reg(u) consists of all points x € F(u) of frequency y(u,x) = 1 and is a
smooth manifold of dimension d — 1; the singular part Sing(u) is a closed (d — 2)-rectifiable
set composed of all the points of frequency v(u,x) > 3/2. We have the following theorem.

Theorem 1.4. Let (Q1,...,Qn) be a minimizer of (1.4) and w = (u1,...,un) be the corre-
sponding vector of the normalized first eigenfunctions. Then, the singular set of Sing(u) of
the free interface F(u) can be decomposed as

Sing(u) = {x € Flu) : y(u,z) = 3/2} U {:c € F(u) : y(u,x) >332+ 6d},

where 64 > 0 is dimensional constant. The set Fsp,(u) := {x € F(u) : v(u,x) = 3/2} is an
open subset of Sing(u) and is locally a (d — 2)-dimensional C1*-smooth manifold. Moreover,
around any x € Fsp(u), the set F(u) consists of three (d—1)-manifolds with common boundary
Fsp(u), which are all CY-regular up to Fsp(u) and form 120 degree angles at Fsj,(u).

The rest of the paper is organized as follows. In Section 2 we fix the notation, the functional
setting and we recall some known facts about segregated solutions. In Section 3, we classify
the 3/2-homogeneous solutions and we find, as a corollary, the shape of minimizers of a certain
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optimal partition problem on the sphere (see Corollary 3.6). Section 5 is devoted to the proof
of our main tool, the epiperimetric inequality Theorem 1.2 and, finally, in Section 6 we
conclude the proof of our main regularity result Theorem 1.1.

2. PRELIMINARIES

In this section we introduce the functional setting and we define the main tools in our
framework, such as monotonicity formulas.

For any N > 1, let ¥y be as in (1.1). For any open set D C R% we define the Sobolev
space

HY(D;Zy) = {u € (H'(D)N: wju; = 0 a.e. in D for all i ;éj},
with the space H{ _(D;Yy) being analogously defined; we refer to [KS93] for the theory of

Sobolev spaces in this setting. Now, to each open D C R? and each function u € H'(D; X y)
we associate the corresponding Dirichlet energy, defined as

N
E(u,D) := Z/D|Vui|2dx.
i=1

In the present paper, we work with certain non-negative stationary points of E, hence we
first define the space of admissible functions as

A(D;N) := {ueHﬁ)C(D;EN):ui > 0 for allizl,...,N}.

We consider two classes of “critical points”. The first one is the class of minimizers: we say
that u € HL .(D;Xy) is a local minimizer, and we write u € M(D; N), if

E(u,Q) < E(v,9Q)

for all open Q € D and all v € HY(Q;Xy) such that u — v € H(;Xy). We also introduce
the class S(D; N) of functions u € A(D; N) satisfying

—Aui < 0, in D,
—A(ui — Zu]) >0, in D,
i

in the sense of distributions, for all ¢ = 1,..., N. In particular, there holds M(D;N) C
S(D; N) (see e.g. [CTV05b, Theorem 5.1]).

We now recall the main basic properties of critical points v € S(D;N) and energy-
minimizers u € M(D; N) and of the free boundary F(u). Most of the properties we re-
call were proved in a series of papers, namely [GS92, CLO7] for the class M(D;N) and
[CTVO05b, TT12, ST15] for S(D; N); for what concerns the regularity of different classes of
segregated solutions we refer to [NRS24, ST24b, ST24a].

2.1. Lipschitz continuity. If v € S(D;N), then it is locally Lipschitz continuous, i.e.
u € C’lgo’cl(D; RY), which implies that the sets

O :={z € D: ui(x) >0}

are open and well-defined and that u; are harmonic on .
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2.2. Almgren and Weiss monotonicity formulas. For any non-trivial u € S(D; N) one
can define the Almgren frequency function for any zo € D and any r < dist(xg, 0D) as

E(’LL, Zo, 7")

N(u,xg,7) = Huwzo.1)’

where

1 1 Y
B(u,20,17) = —=5 E(u, By (w0)) = WZ/B )]Vui‘Q da
=1

r(Z’O

is the scaled energy and

1
H(u,xo,7) ::—_IZ/ u?ds

is the scaled height function. It is known that for v € S(D; N) the function r — N (u, zg,7)
is monotone non-decreasing and so the frequency of u at zg

v(u, xo) := lim N (u,xqg,7)
r—0+t

is well-defined at any point xg € F(u). As a consequence, one can derive unique continuation
properties implying that F(u) has empty interior and that

N
F(u) = U 0{x € D: u;(z) > 0}.
i=1

Hence, we can also split the points of the free boundary in terms of their frequency; namely,
for any v > 0 we let

Fy(u) :={z € F(u): y(u,x) =~}
Finally, we point out that also the Weiss energy

H
W, (u, zo,1) = W(N(u,xo,r) — ’y)

is monotone non-decreasing with respect to r > 0, for any ~v > 0.
2.3. Blow-up analysis. Let u € S(D; N), respectively M(D; N), and let zg € F,(u), for
some v > 1. We define the Almgren rescalings as
u(zo + 1)
H(“a Zo, ’F) ‘

As a consequence of the Almgren monotonicity formula, by a standard procedure, we know
that for any sequence r,, — 0 there is a subsequence (still denoted by r;,) such that

uxo,r($) =

Uz r, — U uniformly in Bg and in H'(Bg; RY)
as n — o0, for all R > 0, for some U: R — ¥ belonging to
S,(R%N) = {u € S(RYGN): uis v—homogeneous} ,

respectively,
M, (REN) = {u e MR N): wis 7—h0mogeneous} .

3. SINGULAR BLOW-UPS OF MINIMAL FREQUENCY

The aim of this section is to classify homogeneous singular solutions with minimal frequency
3/2, i.e. functions in Ss,(R% N).
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3.1. A topological lemma. This section is dedicated to a topological lemma, which we use
both in the classification of the 3/2-homogeneous blow-ups (Proposition 3.5) and in the proof
of the no-holes lemma (Lemma 6.6).

Definition 3.1. Let M be a smooth m-dimensional manifold and let 7 C M be a C!
submanifold of dimension m — 1 (that is, for every zp € F there is an open neighborhood
w C M of 2y and a C'-diffeomorphism ® : w — B; C R? such that ®(F) = By N {z,, = 0}).
For any z,y € M \ F, we denote by C(z — y) the family of piecewise C! curves transversal
to F. Precisely, we say that ¢ € C(x — y) if:

(1) £:[0,1] - M, £(0) =z and ¢(1) = y;

(2) ¢ € C([0,1]; M) and there are k = k(¢) points 0 = Ty < T} < --- < T}, = 1, such that:

0 e CY(Tj-1,T;); M) and ¢’ # 0 on (Tj_1,T;) for every j =1,...,k, and

UT;) ¢ F forevery j=0,...,k;

(3) if £(t) € F for some t € (0, 1), then £ is transversal to F at £(t), that is, £'(t) & Ty)F,
where T ;) F is the tangent space to JF at £(t).

Lemma 3.2. Let M be a smooth manifold of dimension m. Suppose that F is an (m — 1)-
dimensional C' submanifold of M and suppose that F is a relatively closed subset of M. Let
x,y € M\ F and let £ € C(x — y) be a curve in M. Then, the set of intersection points
Z(0):={te(0,1) : L(t) € F} is finite.

Proof. Suppose that the set Z contains an infinite sequence (¢y),>1. Then, we can suppose
that t,, converges to some t € (0,1). By continuity of v and the fact that F is closed, we
have v(tx) € Z. But ~ is transversal to F at to. Thus, for ¢ # to in a neighborhood of t,
v(t) ¢ F, which is a contradiction. O

Lemma 3.3. Let M be a simply connected smooth manifold of dimension m. Suppose that
F C M is a relatively closed subset of M and a C'-submanifold of dimension m—1. Suppose
that x € M\ F and that £ : [0,1] — M is a closed curve in C(x — x). Then the set Z(¢) has

an even number of elements.

Proof. Since M is simply connected, we can find a continuous homotopy I : [0, 1] %[0, 1] — M
that deforms ¢ into the constant curve x. Precisely,

ro,-)=1¢©.) and ra,:) =

We proceed in several steps.
Step 1. Discrete homotopy. Since F is a C! embedded submanifold, we can find points (s;, tj)
of the form

i j , .
(si,t5) = <n’n> i=0,....,n, j=1,...,n,
such that for every set of “consecutive” 4 points:
Qij = {Xi,j = D(si,t5), Xiv1j = (si+1,t5), Xijr1:=T(si,t541), Xip1j41 = F(Si-i-latj-i-l)}
we have that either:

(Q1) Qi is contained in an open set w; C M \ F diffeomorphic to a ball;
(Q2) Q;; is contained in an open set wy C M for which there is a C'-diffeomorphism
¢ : wy — By C R™ such that ®(F) = B; N {z,, = 0}.
We next notice that by perturbing slightly each of the points X; ; we can construct another
family of n X n points

{Xi,jeLt\f L 0<i<n-—1, ogjgn—l},
such that any set of the form

Qi j = {Xi,j, it1,5s Xij+1, Xi+1,j+1}>
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satisfies (Q1) or (Q2) above. Moreover, we can also suppose that

X(0,7) € £([0,1]) for every j=0,...,n;

X(n,j) =z forevery j=0,...,n.

Step 2. Construction of a piecewise C'-reqular net with vertices Xl] In what follows we will
use the following notation, for every 0 <4,5 <n

e w;; is the open set
wy if (Q1) is verified for the set @ij ;
W;qs = ~

Y wy if (Q2) is verified for the set Q;; .
® o € C()Z'm — Xi,jJrl) is a curve lying in w;; (so a;; does not cross F);
. ﬁ;; € C(Xij — Xit1,5) is a curve lying in w;; and B;;(t) := 55;(1 —t).

Finally, for every ¢ = 1,...,n, we set
Ui i= iy * Qg % - % Q1)

where * denotes the usual concatenation of curves. We notice that, up to a reparametrization,
we can choose the curves agj, 7 = 1,...,n, to be pieces of £. Moreover, we can choose oy,
j=1,...,n, to be the constant curves oy;(t) = x for all t. Thus, for all ¢, we have:

Lo(t) = £(t) and  l,(t) = x.

Step 3. The map M. In what follows, for any curve ¢ : [0,1] — M with ¢ € C(x — y) for
some x,y € M\ F, we will denote by M (¢) the number of elements of Z(¢). The map M has
the following properties:

(M1) Let z,y,z € M\ F. If {4 € C(x — y) and ¢ € C(y — z), then ¢1 %l € C(x — z) and
M4y % ly) = M(41) + M(£2).
(M2) Let z,y € M\ F. If {4 € C(x — y) and £_ is defined as
0_(t) =£(1—1),

then /_ € C(y — x) and M ({4) = M(L-).
(M3) Let z,y,z,w € M\ F be 4 points in a set wy as in (Q2) and let the curves «, 3,7v,9
be as follows:

aellx—y), pelCly—z), v€llz—w), dellz—w).
Then, we have that
M(6) = M(a* 8 +7) = M(a) + M(8) + M(7).

Step 4. Conclusion. Now, using the properties (M1), (M2) and (M3), we obtain that, for
every pair of consecutive indices ¢ and ¢ 4+ 1 with 0 <+ < i+ 1 < n, the following holds:

n—1
M(Lig1) =Y M(agiry;) = Y M(B;; * aij  5;)
=0 =

so that
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Since ¢ is arbitrary, this implies
(—1)ME) — ()M o) — (—1)M(©),

Finally, since ¢, is the constant curve /4, (t) = x for every t, we get that M (¢,) = 0. This
concludes the proof since M (¢) by definition is the number of elements of Z(¥). g

3.2. Classification of the blow-ups of frequency 3/2. In this section we prove that any
3/2-homogeneous function u € Sa/Z(Rd; N) is of the form Y (see Proposition 3.5). We stress
that even if this result is not explicitly stated in [ST15], the key elements (the dimension
reduction argument and Lemma 3.4) are already contained in the proof of [ST15, Lemma
4.2]; here below we give the details since we need Proposition 3.5 in Theorem 1.1.

Lemma 3.4. Let d > 3 and N > 2. Suppose that u = (u1,...,uy) € Sy(R% N) is a non-
trivial y-homogeneous function. Suppose that all the free boundary points on the unit sphere
are reqular, that is
F(u) = Fi(u) on 0By,
and that all the sets Q! NOBy1, i =1,...,N are connected. Then, there is a function
o:{1l,...,N} —» {-1,1},

such that the function o - u, given by

(o-u)(x) := Z o(1)u;(x)

i=1
is harmonic in R®. In particular, v is an integer.

Proof. Without loss of generality we can suppose that
QYNoBy #0 forevery i=1,...,N.

We define the function o as follows. We set o(1) = 1 and we fix a point xg € Q} N B,.. For
every point z1 € 0B \ F(u) we take a curve ¢ € C(xzg — x1) (where C(xop — z1) is as in
Definition 3.1 with M = 0By and F = F(u)) and we define

O—(xl) = (_1>M(£)7
M (?) being the number of times ¢ crosses F(u):

(3.1) M(0) = t{t € [0,1] : £(t) € F(u)}.

By Lemma 3.3 (applied to the sphere M = 0By and F = F(u)) the value of o(z;) does not
depend on the choice of the curve £. In order to prove the harmonicity of ¢ - u we notice that
if B, (x0) is a ball such that F(u) N B, (x¢) = 0§2;N0Q; N B,(x0) is a smooth graph in B, (zo),
then for every pair of points z; € Q; N B,(xg) and z; € Q; N By(zg), we can find a curve in
C(xz; — x;) that crosses F(u) only once. Thus, by construction o(z;) = —o(z;) and so the
function o - w is harmonic across F(u). This concludes the proof of Lemma 3.4. O

Proposition 3.5. Let u € Ss/Q(Rd; N). Then, up to relabeling the components of u, we have
that u; = 0 for j > 4, and, up to a rotation of the coordinate system, (u1,uz,us) is of the
form (u1,u2,u3) = cY for some constant ¢ € R and Y = (Y1, Y2,Y3) as in (1.3).
Proof. Let u € Ss,(R% N). By Lemma 3.4, there is a point 2o € (F(u) \ F1(u)) N dB;. But
then, the upper semicontinuity of v(u,-) and the homogeneity of u give

3

5 =V, 0) 2 lim ~(u,tzo) =(u, o).

Since, by [ST15], 3/2 is the minimal frequency, we get that

3
5 = ’Y(ua 0) = ’Y(Ua 'CCU)a
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which implies that w is invariant in the direction of xg. Up to a rotation of the coordinate sys-
tem, we can suppose that o = €. Then @(za,...,xq) := u(0,z2,...,x4) is a 3/2-homogeneous
global solution in R4™1, i.e. it belongs to Ss /2(Rd*1; N). By repeating this argument in every
dimension d — k, k > 1, we finally get that, up to a rotation of the coordinate axes, we have

U<$1, -y Ld—1, xd) = W(.Td_l, l‘d),
where w is a 3/2-homogeneous solution in dimension 2. This gives the specific form of w and
the fact that w has exactly three non-zero components. O

We notice that as a consequence of Proposition 3.5, we obtain the uniqueness of the
minimizer (in any dimension) to the optimal 3-partition of the sphere for the min-max problem
studied in [CTV05a, HHT09, HHT10, ST15].

Corollary 3.6. The Y -configuration is the unique minimizer of

L3 = min{ IF%Xg} A (wi): wi € OBy open, connected and s.t. w; Nwj =0 for i # j} ,
1€41,2,

where \1(w;) is the first eigenvalue of the spherical Dirichlet Laplacian on w;.

Proof. Let (w1,ws,ws3) be a triple achieving the minimum (see for instance [HHT09]). We
know that w; C dBj is measurable and H% ! (w;) > 0, for every i. Moreover, if ¢; is a first
normalized eigenfunction on w;, then by [HHT09, Theorem 3.4], there are constants a; > 0,
i =1,2,3, such that ¢ := (a1¢1, as¢2, azps) satisfies

— Ay < L3y, in 0By,

—A(% - Z%‘) > 53(%‘ — ij), in 0B;.
J#i J#i
By [HHT09, Theorem 3.4] that (a1, az2,a3) # (0,0,0). We now claim that a; > 0 for all i.
Suppose by contradiction that as = 0, so that also ¥3 = 0. By, the equation above, we
get that —A(y1 — ¥2) = L3 (¢1 — ¥2) on 0B;. By the unique continuation principle for
eigenfunctions, we get that H~!({¢); — 2 = 0}) = 0, which leads to a contradiction since
HY Y (w3) > 0. Now, in view of [HHT09, Remark 3.14 (d)] and [ST15, Theorem 1.10], we
know that L3 = A\ (w;) = 2 (% +d— 2) for all 4. Thus, the 3/2 homogeneous extension u of
1) belongs to the class Ss /Q(Rd; 3), so the conclusion follows from Proposition 3.5. O

4. LINEARIZATION AROUND TRIPLE JUNCTIONS

We now introduce the linearized problem at points of frequency 3/2, which plays a crucial
role in the proof of the epiperimetric inequality. For i = 1,2, 3, we set

2 2
Q; = {(rcos@,rsin@): r>0and 0 € <7r— (i — 1)%,% —i;)},
so that R? is the disjoint union
R?=0,UQUQUY.

Moreover, we may identify Q; with its cylindrical extension R%2 x €;. Now, the linearized
problem around the triple junction solution Y = (Y1,Y,Y3) € Ss,(R%; 3), which we recall to
, formr—2(Gi-1)<h<7m— 2

be defined as
3 3
}/;;(7'7 9) = {T2 cos (§9> 3

0, elsewhere,

is the following;:
—Aw = 0, in Q for every k € {1,2,3},
(4.1) w; = —wj, on J; NOQY;, for every i # j € {1,2,3},
Vw; = —Vw; on 0Q; N 08y, for every i # j € {1,2,3}.
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More precisely, we say that w = (w1, w2, w3) is a solution of (4.1) if

w; — wj € Hypo(Qj),

—A(wl - wh) =0 in Qi]’,
where

Qij =0 U Qj U (092; N 8Qj) \ {0}
for all 7,5 € {1,2,3}, i # j.
We remark that the linearized problem can also be rephrased with the cut space as domain,

drawing a parallel with the thin obstacle problem. Namely, if we let

P = {(z", xq-1,2q) € RY: 241 <0, zq = 0}

and W := —w1 + wo — w3, then we have the following;:
e @ € HL (R?\ P) solves

—Aw =0, inR¥\P,

lim w4+ lim w=0, onP,

xd—>0+ zq—0~
lim Op,w+ lim O,,w=0, onP;
CCd—)OJr xg—0~

e we can write W = we + wo, Where we and w, are, respectively, even and odd with
respect to xq:
/ /
w(az axd) + U)(J,‘ ) —$d)
2 M

w(z', xq) —w(a', —xq)
2 )

we(x', 2q) = wo(2',1q) =
e the even part we solves
—Aw, =0, in R\ P,
{ we =0, on P;
e the odd part w, solves
—Aw, =0, in R?\ P,
{ Oz ,wo =0, on P.
A key observation is that, if we consider the even extension of the restriction of w, to Ri
and exchange r4_1 with —z4_1, that is we let
B 2y, 1) = {wo(x”, —Zg_1,%q), for zq >0,
wo(2", —xq_1,—xq), for x4 <0,
then one can see that w solves the same equation as the even part we, namely
—Aw =0, inR¥\P,
{ w=20, onP.

On the other hand, this coincides with the linearized problem of the thin obstacle problem
and so, for what concerns the classification of 3/2-homogeneous solutions, we can appeal to the
known results in this setting (see e.g. [GPS16, FS16]). Therefore, we proved the following.

Proposition 4.1. Let @ € HL_(R?\ P) be a 3/2-homogeneous solution of
—Aw =0, inRI\P,

lim w+ lim w=0, on?P,

xd—>0+ rq—0~
lim O,,w+ lim 0,,w =0, onP.
:I?d—>0+ rq—0~

Then W = we + wo, where we is even with respect to xq and takes the form
d—2

we = aY (Tq4-1,74) + Uo(T4-1,7a) Y a;w;
=1
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and wy s odd with respect to x4 and takes the form
d—2
wo = bY (—xg—1,24) + Uo(—2a—1,Tq) Z bix; forxzg >0,
i=1
where
> 3 3 1 0
Y (r,6) =r2 cos (29) =-Y1+Ys—Y;s and Uy(r,0)=r2cos <2) .
In particular, we and w, are 3/2-homogeneous solutions of
—Aw, =0, inR\P, p —Aw, =0, inRY\P,
an
Op,wo =0, on P.

we =0, onP
5. EPIPERIMETRIC INEQUALITY AT POINTS OF FREQUENCY 3/2

Lemma 5.1 (Distance on X y). For anyu,v € H*(By; Sn)NCY% (B1; RY) such that ug,v; > 0
in By foralli=1,...,N, we have

dsy (u,v) = |v; —u; + Zu]’ =|v; —o;-ul in {v; >0},
i
Moreover, we also have
ds, (u,v) Z\u] i| in Bi.

Proof. Let x € {v; > 0}. If © € {u; > 0}, then

vi(x) — u(x +Zug’ %m (@) — u ()],

JFi J=1

sy (u,0)(2) = |vi(2) — wi(z)| =

while, if z € {ug > 0}, with k # ¢, then
N
vi(@) —wi(@) + Y ui(@)| = 3 [via) — u(a)].

If up(z) =0 for all k =1,..., N the statement is trivial. O

dsy (u, v)(2) = vi +up =

Lemma 5.2. Suppose that v € S,(R% N). Then, for every u € C%(By) and every i =
1,...,N, we have that

/ Vu; - Vudx =~ viudS + w0y v; dS,
Blﬂ{vi>0} aB1ﬂ{Ui>0} Blﬂa{v¢>0}

where v is the normal to Reg(v) N 0{v; > 0} pointing outwards {v; > 0}.

Proof. Before starting, we first recall that we know some basic structure of the free boundary

of v; more precisely, from [TT12] we know that v € C%!(B1; R") and that we can decompose
N

v) = U 0{v; > 0} = Reg(v) U Sing(v),
i=1

where Reg(v) is the union of (d — 1)-dimensional manifolds of class C1'* and Sing(v) has zero
H?1 measure. Moreover,

(5.1) |Vv;| = |Vv;|  on Reg(v) and |Vv;| =0 on Sing(v).
Hence, for every € > 0 we can find a finite family of balls By, (xj) such that:
Sing(v) N By C UBm (xk) and Zrd L<e
k

For every ball we consider a smooth function ¢, € C°(R%) such that:
¢r=1 on By (z1), o =0 on R? \ Boy, (2k), V| < 27“,;1.
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and we set ¢ = ¢, := supy, ¢r. Then, since u(1l — ¢) is identically zero in a neighborhood of
Sing(v), we have that

/ V(u(l = ¢)) - Vv, = 7/ (1 - 9¢)vudS+ (1 — ¢)udyv; dS.
Bin{v;>0} 0B1N{v;>0} B1Nno{v; >0}

Thus, in order to conclude the proof, it is sufficient to estimate the error term

€= (@Vu+uVe) - Voi + pvudS + pudy,v; dS.
Blﬁ{vi>0} aBlﬂ{Ui>0} Blﬁa{’ui>0}

By the definition of ¢ we have that

<> () oul| V| T + | Vnlu T
k B2ﬁ"k (xk)mBlm{’Ui>0} Bgrk (mk)ﬂBlﬂ{U2‘>0}

+9 [ xllvillul S + (x|l [V dS)
Bar, (zr)NOB1N{v; >0} Bar, (zr)NB1NO{v; >0}

< CZ (r,@l + r,‘f,r,;l + Wg—l + r,‘i_1> < CZrﬁ‘l < Ck,
% %

where the constant C' depends on d, ||v||re, ||Vv||Le, ||u]L~, and ||Vu||Lee. O

Lemma 5.3. For any u € H'(By;3N) and any v > 0, we let

N N
W, (u) = Z/B |Vug|? da — VZ/BB u? dS.
i=1"B1 i=179B1

Then, for any u € H*(B1; Sn) N CY¥Y(B;RY) and v € S, (R N) such that u;,v; > 0 for all
i=1,...,N, there holds

W’Y (u) = W'Y(dZN (u7 U)) + 6(“7 1))7

where

(5.2) Blu,v) :=4

1<i<j<N

\Vvi\( Z uk) ds.

/Bma{w>0}ﬁ8{vj>0} ki,

Proof. We prove the result by direct computations. In view of Lemma 5.1 we have that

N 2
W, (s, (u, v)) = / V(v — ui + d
(dsy (u,v)) ;[ Bm{vi>0}‘ (v u %A:ZUk)‘ T
2
_’Y/aBm{va} vi—ui+;#uk’ dS}

and so, by explicit computations, we derive that

Wy (dsy (4, 0)) = W (u) + W, (v)
N

;/B1ﬂ{vi>0} Vv V(u kZﬁw) T+ ’y/aBm{Ui>0}v (u ,;ZUO S
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Now, in view of Lemma 5.2, (5.1) and by homogeneity, we have that

3 N
; /B1ﬂ{vi>0} V’Ui . V(uz - ;Ulc) dz = ; /Blma{vi>0} 8,/01' (ul _ kz#luk) de
N
£ [t Sw) as
N
= — ;/Blma{yi>0} ’VM(uZ — ;uk) dzr
N
i(ui = ds
+’7;/8311)(u ;#uk>

Therefore, since also Wy (v) = 0 (again from Lemma 5.2), we have

|V (ul — Zuk> dx

N
Wo(dsy (1, v)) = Wa(u) +2 /
y(dsy (u,v)) +(u) Z:Zl B1nd{v;>0} ki

N N
=Wy(u)+2 / Vil lu; — uy | do
() ;; B1n0{v;>0}nd{v;>0} | Z‘( kzﬂ k>
J#i
=Wy(u)—4 / |V uy | de,
K \<iFen I Binafu>0yna{v;>0) ( k;;j )
thus concluding the proof. O

Theorem 5.4. There exists ,e,7 € (0,1) depending only on d such that the following holds.
For any N € N and any 3/2-homogeneous ¢ € H*(B1; ) N C%Y(By;RY) such that c,; > 0
foralli=1,...,N,

3 N
Zdy ({CZ > 0}, {Y; > 0}) + Zd'H ({CZ > O}, {m‘d,1 =g = 0}) <T

and
[dsy (¢, Y) g1,y < 0
there exists uw € H'(By; X n) N COYY(By; RY) such that u; > 0 for all i, w = ¢ on 0By, and
W% (u) < (1-— 5)W% (c).
Proof. In the whole proof, with an abuse of notation, for the sake of simplicity, we write §2;
in place of 2; N By, for i =1,2,3.

We reason by contradiction, and assume that there exist sequences {,,}, C Ry, {ep}n C
Ry, {mn}n SRy, {Np}n € Nand {c,}n € HY(B1;Zn,) N C’O’l(Bl;RN”) such that

cni >0 forallneNandalli=1,...,N,,
Ony,EnyTn — 0 as n — oo,
3 Nn,

(5.3) ZdH ({cni > 0},{Y; > 0}) + ZdH ({ci > 0}, {zg—1 = 24 =0}) = T,
i=1 i=4
‘dZNn (Cn’Y)HHl(Bl) = 0n

(5.4) (1= ) Wa (en) < W (u)
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for all u € HY(By; Xy, ) N C%Y(By; RY7) such that u = ¢, on dB;. Moreover, without loss of
generality, we can assume that

T M e

H1(B1)

Now, first of all, we apply Lemma 5.3 with v = Y and divide both sides by 62, thus obtaining
that

. d.
o Lhe My (R ,3)}.

1 dZ n(u7Y) 1
(1 - 571) (Wg (fn) + (STQLB(CmY)) < W% (N% + %5(% Y)7
forallu € H'(By; Xy, )NC%Y (By; RM) such that u = ¢, on 9By, where &, := dsy, (cn, Y)/0n.
In other words,

2
(-2 ([, VP as+ Goteny)) < [ V(W)' dot g8 y)+25 [ eas.

On, 62 2
We also let v
i — Cn,i Cn,j
) TE T
ny J#i
0, in Bl \ Qz‘,
for ¢ = 1,2,3. Since
> (C 7Y)
|wn,z| = N L = gna m Qla

see Lemma 5.1, in particular,

3

2 2
Z Hwnﬂ'HHl(Qi) = ”gn”Hl(Bl) =1
=1

Therefore, there exist functions w; € H'(€;) such that, up to a subsequence,
Wy — w; weakly in Hl(Qi), as n — 0o,

for i = 1,2,3. Hence, we can rephrase the contradiction assumption as
3 1
(5.5) (1—ep) Z/ Vwni* dz + = B(cn, Y)
i=1 Qi 571
d u,Y
V( EN.,L( )

<
o [9C25,

as n — oo, for all u € HY(By; 3y, ) N C%(By;RM) such that u = ¢, on 9By, where the
reminder term o(1) is independent from u. We now proceed in the following steps, which, at
the end, lead to a contradiction:

)‘2 dx + (slq%ﬁ(u,Y) +o(1),

Step 1: 6,,28(cy,Y) is uniformly bounded with respect to n;

Step 2: w = (wy, we,w3) is a solution of the linearized problem, see Section 4;
Step 3: w; =0 for all e = 1,2, 3;

Step 4: w,; — 0 strongly in H(Q;), as n — oo, for all i = 1,2, 3.

Proof of Step 1. For any n € N, we define a suitable “competitor” u, € H'(B;Xy,) such
that u, = ¢, on 0By as follows. First, in an inner ball, we let u,, = Y, namely

up, =Y in Bi.
2

In the outer annulus B; \ Bi, we consider the interpolation between Y and c¢,; namely, we
2
first set

1
t:tr::2<r—2), with r = |z|.

Now, we let
Un(,0) =12 (teni(1,0) + (1 — Yi(1,0)) &;
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(Yi(1,0) = t(Yi(1,0) + cn5(1,0))) &, for 0 <t < pppii?)

if 1/2 <r < 1and Yj(0) =cp;(1,0) =0 for all j # i and, on the other hand, we let
1,0)+cp,;(1,0)°
(=Yi(1,0) + t(Yi(1,0) + 0 5(1,0)) &), for gl <t <1,

r
U (r,0) = {
r 0)+cn., (1,0)

if 1/2 <r <1 and Y;(d) > 0 and ¢, ;(1,0) > 0 for some j # i. If we now let
Y; — Uny; +Z]7éz Un, 5

W Njw

Up; 1= 5 in €,
then there holds
d Up, Y
|1’In,z| - >N (7714 ) in Qi,
on

see Lemma 5.1, and one can easily check that
i =twn; Q0 (Bi\By) and ;=0 inB;.
Moreover, we have that
up =te, on {(Y7,Ys,Y3) =(0,0,0)}.
Therefore, from (5.5) we derive that

B((1—ep—t)cn,Y

) ° / 2 ° / 2
(5.6) 52 < (e );Zl o |Vwn i dx—i—i:gl o, |V (twy,;)|* dz + o(1)

as n — oo. On one hand, being wy,; bounded in H!(£);), the right hand side is uniformly
bounded with respect to n € N, while, on the other hand, by direct computations we have

(5.7) B((1=en —t)en, Y) = (d+ 1) /01 U1 — 2y — 1) dr Blen, Y).

Therefore since t < 11in By \ By sy, from (5.6) we conclude the proof of the step.
Proof of Step 2. We are going to prove that
(5.8) —A(w; —w;) =0 in Q;,
for all ¢,j =1,2,3, i # j, where
Qi = (2 UQ; U (09 N0Qy)) N By.

For the sake of simplicity, we prove it for ¢ = 1 and j = 2. First of all, we fix any zg € (12
and r > 0 in such a way that B, () C Q2. Moreover, for fixed 7 > 0, we let

C; = {(x”,a:dl,xd) e R?: Vi + i< T}

and we assume that Ba,(z9) N Cr = 0 and that ¢, ; = 0 in Ba,(x0), for j = 3,..., N,. This
is possible by choosing 7 sufficiently small and n sufficiently large, in view of the Hausdorff
convergence assumption (5.3). We now use (5.5) with v € H'(By;3y,) being such that
u = ¢ in By \ Bay(x9) and u; = 0 in By, (xg) for j = 3,...,N,. Since ¢,; = up; = 0 in
By, (x0), we have that

Bu,Y) = Blen,Y),

which, in view of Step 1, gives

1 1—¢, n
(5.9) SBU,Y) = 5" Ben, ¥Y) = 25 Blen,Y) = o(1),

as n — 4+o00. Moreover, we observe that

dENn (um Y) 1

b g V1 e 2

J#i

=wp,; in Q;\ Bar(o),
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for i = 1,2,3. Now, from (5.5) and (5.9) we deduce that

/ Ve |? de + Vawn 2|2 dz + o(1)
Q1ﬂBzr(x0) QZHBQT(‘ZO)

2
Y, —
V(l u1+u2)’ dx +

2
. V(}@—uﬁul)‘ az,

On

<J
QlﬂBzr(wo)

for all w € H'(By;Ys) such that u = ¢, on 0Ba,.(xg), where the reminder term does not
depend on u. In particular, if we let

QoNBa,. (1’0)

Wy i=wp1 —wp2 and U :=u; —us2

this implies that

(5.10) / VW, |2 de < /
Bar(z0) Bar(z0)

for all U € H'(Ba,(z0)) such that U = Cn,1 — Cn2 On 0B, (xp). One can also see that, by
definition,

2
Y1 -Y, —
V<152U>| dz 4+ o(1)

Wp1 = —wpa and Vwpi=—Vw,s on (00 NoQ)N By (xp),
so that W, € H'(Ba(x0)) N C%'(By,(x0)); moreover, its H' norm is bounded and so, up to

a subsequence,
W, = wy —wy weakly in H'(Ba,(20)), as n — co.
At this point, we define
U=nY1-Ys —6,0)+ (1 - n)(cn,l - Cn,2)a

where 1 € CS°(Ba,(10)) is such that n = 1 in B,(zg) and ¢ € H'(Ba,(0)). Plugging this
choice into (5.10), we get

[ vWalde< [ 9= W+ 56) P da + o).
Bar(z0) Bar(z0)

By direct computations, one can see that

[ == VW e+ o)
Bar(z0)

= /B (w0) (WRIVAP =200 = W VWi - Vi + [V (09) +29((1 = ) Wa) - V(n9)) de

and, since we can pass now to the limit as n — oo in the inequality above, after rearranging
the terms back we obtain that

[ N wPdes [ V(= ) - w) 4 o) da.
BQT(IO) B2r($0)

Finally, we take ¢ = w; — wy in Ba,(xg) \ Br(xg), so that
/ IV (w1 — wy) |2 dz < / Vé|? da.
By (z0) By (z0)

Hence, we proved that A(wy — we) = 0 in B,(z9). Up to moving the ball, we get (5.8).

Proof of Step 3. We use the classification of the 3/2-homogeneous solutions of the linearized
problem, namely Proposition 4.1. More precisely, if we denote

W := —wy + wo — w3,
which, we recall, belongs to H!(Bj \ P), then in view of Proposition 4.1 we have that

W = We + Wo,
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where w, is even with respect to x4 and is of the form
R d—2
We(x) = agY (xg—1,2q) + Up(x4-1,2q) Z ajxj, forxg >0,
j=1
for some a; € R, j =0,...,d — 2, and w, is odd with respect to x4 and is of the form
d—2

wo(x) = boi}(—wd_l, .%'d) + Uo(—xd_l, xd) Z bjxj for x4 > 0,
j=1

for some b; € R, j =0,...,d — 2, where
S 3 3 1 0
Y (r,0) = rz cos (20> =-Y1+Ys—Y; and Uy(r,0) =r2cos <2> .

Moreover, if we denote by Z and Vj, respectively, the odd extensions of f/(—:z:d_l,a:d) and
Up(—x4-1,24) and if we pass to polar coordinates in the last two variables, i.e.

T4_1 = rcosf 1 01 40
g = rsing, with r € (0,1) and 6 € (-7, 7),
then we have
3 . (3 1. (0

(5.11) Z(r,0) = —r2sin 50 and Vp(r,0) = r2 sin 3
We also observe that, by explicit computations

N 0 - 0
(5.12) 0.Y (r,0) = gr% cos (2> and 0,Y (r,0) = —gr% sin (2> .

We now prove that all the coefficients aj,b;, with j = 0,...,d — 2 vanish, by exploiting the

fact that Y is the projection of ¢, onto the space of blow-up limits M s (R% 3). We know that
2

|z, (e V)

< |, (e, b)| for all h € M (R 3)

HY(B; HY(B1)

and, since

dENn (cnyh) =

hi — cni + Z cnj| on €,
J#i
we can rephrase it as follows

On &
5.13 iy — <
(5.13) 2 (w T Op )Hl(Qi) 2 ;

i=1

hi —Y;
On

for all h € Ms(R%3).
H () 2

At this point, we consider as h suitable perturbations of the blow-up Y (depending on the
parameter 6,) and pass to the limit as n — oo. This will provide a set of orthogonality
conditions which the limit w must satisfy; in view of the classification, this leads to conditions
on the coefficients a; and b;. More precisely, we are going to choose a multiple of the blow-up
limit ¥ and the infinitesimal rotations inside the coordinate planes x;z;, withi =1,...,d—1
and j =d—1,d (i # j). This way, we get a total of 2(d — 2) equations which coincide with
the degrees of freedom of the problem. We proceed in the following steps.

(1) ap = 0: we choose h(x) = (1 £ 6,)Y (x4_1,zq).

(2) aj =0for j=1,...,d—2: we choose h(z) =Y (x4_1 cos(d,) £ z;sin(d,), zq).

(3) bp = 0: we choose h(x) =Y (xq_1 cos(0n) F x48in(dy), xqcos(dy,) £+ x4_1 sin(dy,)).

(4) bj=0for j=1,...,d—2: we choose h(z) =Y (x4_1,24c0s8(0,)  x;sin(d,)).
We observe that perturbations (1) and (2) leave the last coordinate x4 untouched, and so the
generate conditions only on the even part of w. Let us now perform the various computations.
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Plugging h into (5.13), we get that

3 3
:FZ (wn, Y . S ?nz |Yz||§{1(9
=1 =1
and, passing to the limit as n — oo, this leads to
3 A~ A~
Z(@, Y)Hl(Q,) - (I/U\, Y)Hl(Bl\'P) - 0
i=1

being @,Y € H'(B1\P). In view of the classification of the solutions of the linearized
problem, since Y is even with respect to x4 and independent from x;, for j = 1,...,d—
2, the terms in @ which linearly depend on z; do not contribute; thus, we have

aol[Y |51 g\py = (@, Y) i1 (1) = 0,
which implies that ag = 0.
First of all, we observe that
Y (41 c08(8,) & xjsin(0,), zg) — Y (Ta_1,2q)
On

strongly in H'(€);), as n — oo, for all i = 1,2,3 and j = 1,...,d — 2. Therefore,
plugging h into (5.13) and passing to the limit as n — oo yields

3
— :Eg.?Uon(xd,l, xd)

3
> (@, 2U0) 1 () = (@, 2300) (s, \py = 0
=1

On the other hand, since Y is even with respect to x4 and since x ;U is independent
from the variable x; for k = 1,...,d — 2, k # j, thanks to the explicit form of @w we
infer
_ 2
(wy-rjUO)Hl(Bl\P) = aj ijUo”Hl(Bl\P) =0,
thus proving that a; = 0.
By (5.11) and (5.12) we deduce that
Y (#g—1 c0os(6n) F xqsin(8y), 24 c08(0n) + 2q_15in(6,)) — Y (2a—1, 24)
On

converges to +7(xy_1,x4) weakly in H'(€;), for i = 1,2,3, as n — oo. Hence,
reasoning analogously to the previous step, from (5.13) we get

(@, Z) g1 g\ py = 0-

Since the second term of the scalar product is odd with respect to x4 and since the
right term does not depend on x; for any j =1,...,d — 2, in view also of the explicit
form of w, this implies that

bo |23 (8y\p) = 0.
thus implying that by = 0.
Again, in view of (5.11) and (5.12) we have that
Y (24 n) £ x:sin(5,)) — Y (zg_1,
(xg—1,zqco8(dp) xg sin(dy,)) (xg—1,2q) . :F%xjvo(xdfhl"d)

weakly in H'(Q;), for i = 1,2, 3, as n — oo. Passing to the limit in (5.13), reasoning
as in step (2) and (3), we get

b ||33jV0H12ql(Bl\7>) =0.

which forces b; = 0, thus completing the proof of the claim.
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Proof of Step 4. For any n € N, we define u,, € H'(B1;Xy,) and @y, i = 1,2,3, as in Step
1. Now, we compute the energy of wy, ; and u, ; on each ; (setting € := 9Q;NIB, v := 3/2
and extending ¢t = 0 for r < 1/2), obtaining that

1 1
/ |an7i|2da::/ Td_1|8r(r7)|2dr/ wf”;dSqL/ rd+27_3dr/ IV o, wn |2 dS
Q; 0 Q 0 Q!
and that

/]Vﬁm\de:/ IV (twn0)|? da
Q;

i\B1
2
1 1
= [P ar [ wlids s [ ar | VaswafdS.
0 @ 0 %

Plugging these computations into (5.5) and recalling (5.7), we get that

1 3
/0 rdt2r=3(1 —t2)dr2/ﬂl |Vop, wni|>dS
=1 i

1 3
</ rd=1 (\&(tr”)]Q — yar(w)ﬂ) er/ w? . dS
0 =

1
_(d+ 1)/ rd(l—en—t)drﬁ(cgz’y)+o(1),
0 n
as m — 00. Since
1 1
/ rdT2=3(1 — 42 dr > 0, (d+ 1)/ ri(1— e, —t)dr ﬁ(c(?QY) >0
0 0 n

for n sufficiently large and since, by compact trace embedding,

/

i), as n — oo,

wy; — 0 strongly in L*(Q
we deduce that w,, ; — 0 strongly in H L(Q;), for all i = 1,2, 3, thus reaching a contradiction

and concluding the proof. (|

6. REGULARITY OF THE FREE BOUNDARY AROUND POINTS OF FREQUENCY 3/2

In this section we complete the proof of Theorem 1.1 by proving the regularity of the
free interface F(u) around points of frequency 3/2. The main ingredients are the classifica-
tion of the 3/2-homogeneous blow-ups (see Proposition 3.5) and the epiperimetric inequality
Theorem 1.2.

6.1. Rate of convergence of the blow-up sequence. We will show that we can apply
the epiperimetric inequality to the rescalings of u of the form u"® (z) = r—"2u(z¢ 4+ rz). In
order to do so, we need to show that the conditions of Theorem 1.2 are fulfilled uniformly, at
all points xg and at all small scales r, by multiples of v"*°. We start with the following.

Lemma 6.1 (Uniform Hausdorff distance estimate). Let d > 2 and N > 1 be fized. For
any € > 0 there exists § > 0 (depending on d, N and €) such that, if u € H'(B1;Xn) N
COL(By;RY) is a minimizer, u € M(By; N), that satisfies

HdEN(u7Y)HL°°(Bl) <9,

then
3
(6.1) > du({wi > 0} N Bi, {¥i > 0} N By, <o,
i=1
and
N
(6.2) Z dy ({Ul >0} N Bl/z, {zg-1=24=0}N B1/2> <e.

=4
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Moreover, in B1 N {x € R%: ,/xz_l + xi > 5} the free boundary F(u) is the disjoint union
of the three surfaces T'j; = 0{u; > 0} N d{u; > 0}, for i,j € {1,2,3}, i # j, which are CH*
graphs over 0{Y; > 0} N o{Y; > 0}.

Proof. Suppose by contradiction that there are ¢ > 0 and a sequence u, € H'(By;Xy) N
CO%Y(By; RN) N M(By; N) such that

HdEN (UTHY)HLOO(Bl) =0p — 0,
and for which (6.1) or (6.2) fail. For any 7 > 0, we denote
O, = {z e R%: dist(z,{Y =0}) < 7},

C; = {J; e R%: Vi + i< T}.
Notice there exists ¢ = t. > 0 such that dx, (Y,0) > ¢ on the set By \ O./6- On the other
hand, by the uniform convergence of u, to Y we get that for n large enough
{Y; > O}QBl\Oa/G C {Y; > t}ﬁBl - {un,i > 0}ﬂBl for i=1,2,3.

In particular, this excludes the possibility that (6.1) fails for u, as n — 4o00. In order to
show that (6.2) cannot fail for large n, we notice that for every ball B, 3(z) with center
v € By, NO{Y; > 0} Nno{Y; > 0} \ Cpp (for 4,5 € {1,2,3} with i # j), we have that
Y =Y,e; + ijé} and
HdzN(Un,Y)HLoo(BE/S(x)) —0 asn — oo.

Thus, by the epsilon-regularity lemma [OV24, Lemma 9.8], we get that uy = 0 in B, /6 (z) for
all k # i, and F(u) N B.s(x) = L'y N B.jg(x) is a C1* graph (with small C' norm) over the
hyperplane 0{Y; > 0} N 9{Y; > 0}. In particular, this implies that (2) cannot happen and it
proves that second part of the claim. O

Lemma 6.2 (Uniform convergence of rescalings with variable center). Let u € M(B1; N) be
such that y(u,0) = 3/2. Then, for all € > 0 there exists p,m9 > 0 (depending on d, N and ¢)
such that for all z € B, N Fsy,(u) and for all r < rq there exists Y € Ms;,(R%3) such that

HdzN(uz,T7Y)HLOO(B1/2) <e,
where u, . (x) := H(u,z,7)" Pu(re + z).

Proof. Let us assume by contradiction that there exists sequences r, — 0 and z, € fs/z(u),
with |z,| — 0, such that

(6.3) sy (" Yl e,y > & for all n € N

for all Y € Ms;,(R%;3), for some € > 0, and that y(u®",0) = 3/2 for all n € N. First of all,
we observe that

N
(6.4) Z/ \V (s, 1 )il2 dz = N (us, 1, 0,1).
i=17bB1

Thus, up to a subsequence

(6.5) Uy, r, — ug  strongly in H'(By; ¥y) and uniformly in By,

for some ug € H'(B1;Xn), up # 0. Moreover, since us, ., € M(By;N) for all n, also
ug € M(By; N). We now observe that, since z, € Fs,(u) and by monotonicity, we have

3
5= N (u, 2, 07) < N (u, 2, Rr) = N (uz, 1,0, R),
for any R > 0 and n sufficiently large. Passing to the limit as n — oo, we get

g < N(up,0,R) for all R > 0.
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By the continuity of z — N (u, z,r), the monotonicity of r — N (u,z,r) and Lemma 3.4, we
have that for all R,7 > 0 sufficiently small, there holds

g < N(up, 0, R) < N(u, 0, 7R).

Sending 7 — 0 implies that ug is 3/2-homogeneous, which, in view of Lemma 3.4 and (6.5)
contradicts (6.3). O

We are now in position to prove the uniqueness of the blow-up limit and rate of convergence
of the blow-up sequence.

Proposition 6.3. Let a := ¢(d + 1), with € > 0 being as in Theorem 1.2 and let v €
M(By1;N). Then, for all compact K C Bj there exists R > 0 such that for all xo € K N
Fip(u), there exists Crate > 0 depending on d and sup,ec g N (u, x,dy (K, 0B1)) such that

N
2
I (002, ) 22 ) € S 7 =207 2 ) < sl = 1)
i=1
for all 0 < . < 1y < R where u™"(z) = r~"Pu(rz + x9). In particular, there exists

Y™ € Ms,(R%3) such that

N
2 s 2
HdEN (uxo,TjYﬂco)HLz(aBl) < Z Hufo r_ }/;xo“LQ(BBl) < Chater®,
=1

for all r < R.

Proof. Thanks to Lemma 6.1 and Lemma 6.2, there is a radius R such that we can apply
the epiperimetric inequality to all the rescaling of the form u®0"(z) = r—*?u(xq + rz) with
r < R and ¢ € K. The uniqueness of the blow-up and the rate of convergence now follow
by a standard argument (see e.g. [OV24, Proposition 8.1]). O

As a corollary, we also obtain the following.

Proposition 6.4 (Oscillation of the 3/2-blow-up limits). Let & := 2o/ (v + 3), where « is as
in Proposition 6.3 and let u € M(By; N). Then, for all compact K C By there exists g > 0
(depending on d and K) and Cosc > 0 (depending on d and sup,yep N (u,z,dy(K,0B1)))
such that

3
YNV =Y 25,y < Cosclwo — 20|
=1
for all zo, 20 € Fsp(u) N K such that |vo — 20| < 70, where

YP =limu”" and uP"(x):= T*%u(rx +p).
r—0

Proof. We first estimate

3 N

, 2

(6.6) Z |y®o — YZOH%?((?BQ < QZ ( ||u250 r Yiwo”L?(BBl)
i=1 =1

2 2
+ T — YionLQ(aBl) + flu™" = uiZOW”L2(8Bl) )

The first two terms can be bounded in view of Proposition 6.3 as follows

N

) 2 , 2
(6.7) Z (”ufO r_ Y;IOHL2(8B1) + f|lu>" — Y;ZOHLQ(E)Bl)> <Cre,
i=1

for r sufficiently small depending on d and dy(K,0B;) and C > 0 depending on d and
sup,c N (u, z,19). On the other hand, if Lx > 0 denotes the Lipschitz constant of u in K,
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we have that

N 2
b b 2
(6.8) Z I " = u®" ‘LQ(BBI) < T?’l"O — 2.
i=1
Therefore, we can choose 7 in such a way that
2
,,,,Oé: |.CU[) 320’ , that iS r = ’.:UO_ZO‘%%
r
The claim follows by combining (6.8) and (6.7) with (6.6). O

6.2. Regularity of Fs/;. In this section we conclude the proof of Theorem 1.1.

Lemma 6.5 (Frequency gap from above). There exists 54 > 0 such that, if u € M. (R% N)
is a y-homogeneous minimizer with vy > 3/2, then there holds v > 3/2 4 d4.

Proof. Suppose that this is not the case and that there is a sequence of 7, homogeneous
solutions u,, with =, — 3/2. Then, up to a subsequence, u,, converges to a 3/2-homogeneous
solution Y. By Lemma 6.1, for n large enough we can apply the epiperimetric inequality
from Theorem 1.2 to u,. But this is a contradiction with the minimality of u,,. O

Lemma 6.6 (No holes lemma). For any ¢, p € (0,1/2) there exists 6 > 0 (depending on d, N
and €) such that, if u € H'(By; n) N CYY(By; RY) N M(By; N) satisfies

1 3
HdzN(U,Y)HLOO(B ) S (5 and sup N (U,l’, ) < =+ 5,
! IEB% 2 2

then for all " € Bl := {y € R"2: |y| < p} there exists x = (", 2q_1,24) such that

Vi +ai<e and y(u,z) = 3/.

Proof. We argue by contradiction and assume that there exist €,p € (0,1/2), vanishing se-
quences {6,} C R, and u, € H'(B1;Xx) N C%(By; RY) such that

1 3
||dZN (un>Y)||Loo(Bl) S 6n and sup N (U,$, ) <5+ 5n7
r€B1 2 2
2

for all n € N and there exist x; € Bj such that there holds v(un,z) # 3/2 for all points
z € F(uy) of the form = = (2, z4-1,24) € B, N Ce. In view of Lemma 6.5 and the fact that

1 3
V(un,x) <N <un,fﬁ, 2) <5t on,
for all x € B, N C. N F(uy,), we derive that y(u,,x) < 3/2 for n sufficiently large for all
x € B,NC. N F(uy). On the other hand, by the optimal frequency gap we also know that
Y(un,x) =1 for all x = (27, x4-1,2q) € B,NC: N F(uy). As a consequence, for some n large
enough, we can find ¢ > 0 such that in the set

1
U= {(a:”,:nd_l,xd) Dl =g <ty \J2d +ai< 5},

the whole free boundary JF(u,,) consists only of points of frequency 1 and the number of con-
nected components of U \ F(uy,) is finite. Let now w be the connected component containing
Byja N {upa > 0} \ Ce and let y € By N {up1 > 0} \ C: be fixed. By Lemma 3.3 (applied to
M =U and F = F(u,)) every closed curve starting from y, contained in I, and intersecting
F(uy,) a finite number of times (and in a transversal way) should cross F(u,) an even number
of times. This is a contradiction since a closed curve circling around C. crosses F(u,,) exactly
three times, in view of Lemma 6.1. O
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Proof of Theorem 1.1. Let z9 € Fs,(u) and let ug be the 3/2-homogeneous blow-up of
u at xg, which is unique and non-zero by Proposition 6.3. Up to multiplying v with a
constant, we can suppose that ug = Y. By Lemma 6.5 we know that in a neighborhood
of zo there are only points of frequency 1 or 3/2. By the no-holes lemma Lemma 6.6, we
know that for every z” € R%2 with |2”| small enough, there exist (z4_1,74) € R? such
that © = (2", 24-1,24) € Fsp(u). By Proposition 6.3, we know that the point (x4-1,7q) is
unique, so in a neighborhood of xg, Fs/(u) is a graph of a function 7 : R?2 — R2. The C'he-
regularity of 7 follows from Proposition 6.3, Proposition 6.4 and Lemma 6.1 by a standard
argument. Finally, the regularity of F(u) around z( is a consequence of the regularity of 7,
the uniqueness of the blow-up and the epsilon-regularity for F;(u) ([OV24, Lemma 9.8)); the
argument is standard and for the details we refer for instance to [OV24, Section 9. O
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