STRUCTURE OF THE FREE INTERFACES NEAR TRIPLE JUNCTION
SINGULARITIES IN HARMONIC MAPS AND OPTIMAL PARTITION
PROBLEMS

ROBERTO OGNIBENE AND BOZHIDAR VELICHKOV

ABSTRACT. We consider energy-minimizing harmonic maps into trees and we prove the
regularity of the singular part of the free interface near triple junction points. Precisely, by
proving a new epiperimetric inequality, we show that around any point of frequency 3/2, the
free interface is composed of three C*“-smooth (d — 1)-dimensional manifolds (composed
of points of frequency 1) with common C***-regular boundary (made of points of frequency
3/2) that meet along this boundary at 120 degree angles. Our results also apply to spectral
optimal partition problems for the Dirichlet eigenvalues.

1. INTRODUCTION

This paper is dedicated to the structure of the singular set of harmonic energy-minimizing
maps u : By — ¥, defined on B; C R? and with values in singular spaces ¥. We consider the
model case in which the target space is of the form

(1.1) YN = {X cRY: X;X; =0 for all j # z}

endowed with the distance
dey (X,Y) = [Xi =il ?fXj:Yj:Ofor auj.?éi.’
| X5+ 1Y5], if X;,Y; > 0 for some ¢ # j.
By the works of Gromov-Schoen [GS92], Sun [Sun03], Caffarelli-Lin [CLO7, CLO08], Tavares-
Terracini [TT12] and Soave-Terracini [ST15] it is known that if
F(u)={z € By : u(x) =0},

is the nodal set of a local minimizer u = (u1,...,uy) of the energy

E(u, By) Z/ |V, de

then F(u) can be decomposed into regular and singular parts according to the values of the
Almgren’s frequency y(u, z) (see Section 2.2) as follows:

Reg(u) = {z € F(u) : v(u,x) =1} and  Sing(u) = {z € F(u) : v(u,z) > 3/2}.

By [GS92, Sun03, CLO8], in every dimension d > 2, the regular part Reg(u) is a smooth (d—1)-
dimensional manifold, while the structure of the singular set was studied in [GS92, Sun03]
and [Alp20, Dee22|, where it was shown that Sing(u) has Hausdorff dimension d — 2 ([GS92,
Sun03]) and is (d — 2)-rectifiable ([Alp20, Dee22]). In dimension d = 2, Conti, Terracini and
Verzini showed in [CTV03] that the singular set is discrete and gave a complete description
of the nodal set F(u) around any singular point (see also the recent paper [LMNS24] for the
case of generic solutions).

In this paper we study the regularity of the lowest stratum of Sing(u), that is
(1.2) Fap(u) i= ={z e F(u) : y(u,z) =3/},
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and the structure of the entire free interface F(u) around singular points in F,(u) in any
dimension d > 2. Our main result is the following:

Theorem 1.1. Let u : By — Yy be an energy-minimizing map in By C R%, for some d > 2
and N > 1. Then, the singular set of Sing(u) of the free interface F(u) can be decomposed
as

Sing(u) = Fs),(u) U {9: € Flu) @ y(u,z) > 32+ (5d},

where 04 > 0 is dimensional constant. The set Fs;,(u) is an open subset of Sing(u) and,
locally, a (d — 2)-dimensional C“*-smooth manifold. Moreover, around any x € Fap(u),
the nodal set F(u) consists of three (d — 1)-manifolds T'12, T'ag, T's1 with common boundary
Fsp(u), which are all CYregular up to Fsp(u) and form 120 degree angles at Fsj,(u).

Results in the spirit of Theorem 1.1 exist in the context of area-minimizing surfaces; in this
framework, description of the triple junction singularities is known thanks to the historical
works from the 70s of Jean Taylor [Tay73, Tay76], for hypersurfaces in R?, and from the
early 90s of Leon Simon [Sim93] in any dimension d > 3. The techniques from [Tay73,
Tay76, Sim93] have been abundantly explored in the last decade (see for instance [DHMS20,
DHM 21, DHM"22] and the references therein), but fine results as Theorem 1.1 have been
obtained only for the area functional and its generalizations so far. In fact, to our knowledge
Theorem 1.1 is the first instance of a study of triple junction singularities in the contexts of
free boundary problems and harmonic maps in dimension d > 2.

The main ingredient in the proof of Theorem 1.1 is the following epiperimetric inequality
(Theorem 1.2) for the 3/2-Weiss energy

N 3 N
Ws(u) := / Vu;|*de — = u?dS
s (u) ;Bl\ il 2; o,
near homogeneous triple junctions Y (z) = Y (x4-1,z4) with 2-dimensional profile defined as

(1.3) Yi(r,0) = {7“3 cos (36)

0, elsewhere,

, forﬂ—%(i—l)gegﬂ—%ﬂi,

fori=1,2,3.

Theorem 1.2 (Epiperimetric inequality). There exists d,e,7 € (0,1) depending only on
the dimension d such that the following holds. For any N € N and any 3/2-homogeneous
c € HY(By;Xn) N CYY(By;RY) such that ¢; >0 for alli=1,..., N,

3 N
D odw({ei > 04,{Yi >0} + > dy ({e; > 0} {zg 1 =24 =0}) <7
=1 i=

and
||dEN(C7 Y)HHl(Bl) < 57

there exists u € H'(By; X n) N CYY(By; RY) such that u; > 0 for all i, w = c on 0By, and
W% (u) < (1-— 5)W% (c).

The proof of Theorem 1.2 is obtained via a contradiction argument in the spirit of Weiss
[Wei99] (see also [F'S16, GPS16, Tay76, Tay73]). The epiperimetric inequality approach to
the analysis of the singular points in the context of harmonic maps is, to our knowledge, new
in this field.

One of the main consequences of Theorem 1.2 is the uniqueness of the (3/2-homogeneous)
blow-up at every point of frequency 3/2. We notice that the uniqueness of the tangent maps
was claimed in [CL10, Section 3]. The argument in [CL10] is based on a Monneau-type
formula obtained via the Weiss-energy linearization identity from [CL10, Lemma 3.2]. Un-
fortunately, there is a missing term in [CL10, Lemma 3.2], which compromises the conclusion
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in [CL10]. The correct formula is given in Lemma 5.3 and contains an extra term /3. This
term is linear and positive, and requires particular attention in the proof of the epiperimetric
inequality. Finally, we also point out that the term g from Lemma 5.3 is specific for our
functional and contains information on the interaction between the different phases.

Our epiperimetric inequality shares some common features with the epiperimetric inequal-
ities from [Tay76, Tay73], for instance, the concept of “linearization” and the difficulties
related to the “parametrization” over the limit cone. On the other hand, our functional is of
different nature, which is reflected, in particular, in the classifications of the solutions of the
linearized problem in Section 4, in the Weiss-energy linearization identity from Lemma 5.3,
and in the constructions of the competitors in Step 1 and Step 4 of the proof of the epiperi-
metric inequality in Section 5, where we face structural problems caused by the segregation
constraint which is not present in [Wei99, Tay76, Tay73].

Once we have the epiperimetric inequality Theorem 1.2, the conclusion in Theorem 1.1
follows mainly from the classification of the 3/2-homogeneous tangent maps (Proposition 3.5),
from the frequency gap from above (Lemma 6.5), and from a topological argument (Lemma 6.6)
similar to [Sim93, Tay76, Tay73], which guarantees the persistence of singularities over the
triple junction model.

1.1. Two consequences of Theorem 1.1. We now discuss two corollaries of Theorem 1.1
for harmonic maps with values in metric graphs and for spectral optimal partitions.

First of all we notice that an immediate corollary of Theorem 1.1 is that the same result
holds for harmonic maps with values in a locally finite tree ¥. Indeed, by [GS92, Dee22], if
u: By — ¥ is an energy-minimizing map defined in B; € R¢ with values in a locally finite
metric tree, and if p is a vertex of ¥, then the set F(u) := u~!({p}) can be decomposed into a
regular and a singular parts, Reg(u) and Sing(u), where Reg(u) is a a smooth (d—1)-manifold
that consists of the points of order (frequency) Ord" = 1, while Sing(u) is (d — 2)-rectifiable
and consists of of points of order (frequency) Ord" > 1; furthermore, for every = € F(u),
there is a neighborhood €2 C Bj such that u :  — 3 has values in a subtree Xy of the form
(1.1). Thus, we have the following.

Theorem 1.3. Let ¥ be a metric tree which is locally finite and let u : B1 — X be an energy-
minimizing map in By C R, for some d > 2. Then, for every vertex p of ¥ the singular set
of F(u) :=u~t({p}) can be decomposed as

Sing(u) = {:1: € F(u) : Ord“(x) = 3/2} U {:c € F(u) : Ord“(x) >3-+ 5d},

where 64 > 0 is a dimensional constant. The set Fsj,(u) == {x € F(u) : Ord"(z) = 3/2} is an
open subset of Sing(u) and is locally a (d — 2)-dimensional CH®-smooth manifold. Moreover,
around any x € Fsp,(u), the set F(u) consists of three (d—1)-manifolds with common boundary
Fp(u), which are all CY-regular up to Fap(u) and form 120 degree angles at Fs,(u).

Another consequence concerns the regularity of the following optimal partition problem
studied in [CLO7], [CTV03, CTV05a] and [OV24]. Given a bounded open set D C RY, d > 2,
and a natural number N > 2 we consider the optimal partition problem

N
(1.4) min{ZAl(Qj) : Q; —open, Q; C D, Q;NQ; =0 for i #j},
j=1

where A1 (£2;) is the first eigenvalue on ; with Dirichlet boundary conditions on 0€;. If the
N-uple of disjoint sets (Q1,...,Qy) is a minimizer of (1.4) and if w = (u1,...,un) is the
vector of the normalized first eigenfunctions (each u; is extended by zero outside 2;), then
the free interface

N
Fu):=Dn(|Jowy)

J=1
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can be decomposed as a regular part and a singular part as follows (see [CL07, ST15, Alp20]):
the regular part Reg(u) consists of all points x € F(u) of frequency y(u,z) = 1 and is a
smooth manifold of dimension d — 1; the singular part Sing(u) is a closed (d — 2)-rectifiable
set composed of all the points of frequency y(u,z) > 3/2. We have the following theorem.

Theorem 1.4. Let (Q4,...,Qn) be a minimizer of (1.4) and w = (u1,...,un) be the corre-
sponding vector of the normalized first eigenfunctions. Then, the singular set of Sing(u) of
the free interface F(u) can be decomposed as

Sing(u) = {x € Flu) : y(u,z) = 3/2} U {x € Flu) : y(u,z) >3-+ 5d},

where dg > 0 is dimensional constant. The set Fsp(u) := {z € F(u) : y(u,x) = 3/2} is an
open subset of Sing(u) and is locally a (d — 2)-dimensional CY®-smooth manifold. Moreover,
around any x € Fs,(u), the set F(u) consists of three (d—1)-manifolds with common boundary
Fap(u), which are all CYreqular up to Fsp(u) and form 120 degree angles at Fsp,(u).

1.2. The Bishop-Friedland-Hayman’s conjecture for the min-max. Consider, for p €
(0, +00], the family of optimal partition problems

N P
(OP,) min (Z Al(wi)p> : w; € OBy open, connected and s.t. w; Nwj =0 for i # j »,
i=1

where \1(w) denotes the first Dirichlet eigenvalue of the spherical Laplacian in w C 0By, and

N P
(; Al(wi)p> = z‘e{r?,?.},(N} A1(wi) when p=+o0.

In the particular case of the 3-partition, i.e. N = 3, we have the following conjecture.

Problem 1.5 (Bishop-Friedland-Hayman-Helffer-Hoffmann-Ostenhof-Terracini). For N =
3, prove that the Y -configuration is the unique minimizer of (OP)), for any p € (0,400].

This conjecture was posed in [Bis92] in the case p = 1, but can be generalized for any
p € (0,400] (see [FH76] and [HHT10]) and is related to shape optimization and other op-
timal partition problems [CTV03, CTV05a, BBH98, Hell0, HH10, HHT10]. Problem 1.5
was solved for p = +o00 in dimension d = 3 by Helffer, Hoffmann-Ostenhof and Terracini in
[HHT10]. In Section 3.2 we solve Problem 1.5, for p = 400 and in any dimension d > 3, as a
consequence of the classification of 3/2-homogeneous tangent maps (first obtained in [ST15]),
see Corollary 3.6.

Organization of the paper. The rest of the paper is organized as follows. In Section 2 we
fix the notation, the functional setting and we recall some known facts about segregated solu-
tions. In Section 3, we classify the 3/2-homogeneous solutions and we find, as a corollary, the
shape of minimizers of a certain optimal partition problem on the sphere (see Corollary 3.6).
Section 5 is devoted to the proof of our main tool, the epiperimetric inequality Theorem 1.2
and, finally, in Section 6 we conclude the proof of our main regularity result Theorem 1.1.

2. PRELIMINARIES

In this section we introduce the functional setting and we define the main tools in our
framework, such as monotonicity formulas.

For any N > 1, let X be as in (1.1). For any open set D C R%, we define the Sobolev
space

HY(D;Zy) = {u € (HY(D))V: uju; = 0 a.e. in D for all i ;éj},
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with the space H .(D;¥x) being analogously defined; we refer to [KS93] for the theory of
Sobolev spaces in this setting. Now, to each open D C R? and each function u € H'(D; X y)
we associate the corresponding Dirichlet energy, defined as

N
) = j{:”/n|‘7UiF1j$.
i=17D

In the present paper, we work with certain non-negative stationary points of E, hence we
first define the space of admissible functions as

A(D;N) := {u € HL .(D;XN): u; >0 for all i = 1,...,]\7}.
We consider two classes of “critical points”. The first one is the class of minimizers: we say
that u € HL (D;Xy) is a local minimizer, and we write u € M(D; N), if
E(u,Q) < E(v,Q)

for all open Q € D and all v € H'(Q; X y) such that u — v € H(; X y). We also introduce
the class S(D; N) of functions u € A(D; N) satisfying
—Au,; < O, in D,
—A(ui — Zu]) >0, in D,
J#i
in the sense of distributions, for all # = 1,..., N. In particular, there holds M(D;N) C
S(D; N) (see e.g. [CTV05b, Theorem 5.1]).

We now recall the main basic properties of critical points v € S(D;N) and energy-
minimizers u € M(D; N) and of the free boundary F(u). Most of the properties we re-
call were proved in a series of papers, namely [GS92, CLO7] for the class M(D;N) and
[CTVO05b, TT12, ST15] for S(D; N); for what concerns the regularity of different classes of
segregated solutions we refer to [NRS24, ST24b, ST24a].

2.1. Lipschitz continuity. If v € S(D;N), then it is locally Lipschitz continuous, i.e.
ngcl (D;RY), which implies that the sets
QO :={zx e D: ui(z) >0}

are open and well-defined and that u; are harmonic on 2}'.

2.2. Almgren and Weiss monotonicity formulas. For any non-trivial © € S(D; N) one
can define the Almgren frequency function for any xy € D and any r < dist(zg,dD) as

_ E(u,z0,7)
J\[(1L7x0,7ﬁ «— }gi;;:&i;:;j’
where
1
E(u,xg,7) := v 5 E(u, Br( ) Z/ V| da
T(Z'O

is the scaled energy and

H(u,xqg,r) : rdlZ/

is the scaled height function. It is known that for v € S(D; N) the function r — N (u, zg,7)
is monotone non-decreasing and so the frequency of u at xg

r(xO

’}/(U,.CU()) = lim N(u,xo,r)
r—0+
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is well-defined at any point zog € F(u). As a consequence, one can derive unique continuation
properties implying that F(u) has empty interior and that

N
F(u) = U O{x € D: ui(x) > 0}.
i=1
Hence, we can also split the points of the free boundary in terms of their frequency; namely,
for any v > 0 we let

Fy(u) == {z € F(u): y(u,z) =~}
Finally, we point out that also the Weiss energy

H
ny(u,.’,ﬂo,’l“) = W(N(U,$O,T) - ’7)

is monotone non-decreasing with respect to r > 0, for any v > 0.
2.3. Blow-up analysis. Let u € S(D; N), respectively M(D; N), and let g € Fy(u), for
some v > 1. We define the Almgren rescalings as
uw(zo + rz)
H(u,x0,7)

As a consequence of the Almgren monotonicity formula, by a standard procedure, we know
that for any sequence r,, — 0 there is a subsequence (still denoted by 7,,) such that

Uz, (2) =

Uz r, — U uniformly in Bg and in H*(Bg; RY)
as n — o0, for all R > 0, for some U: R — ¥y belonging to
S,(R% N) = {u € S(RLGN): w is 7—homogeneous} ,

respectively,
M, (REN) = {u € MREN): uis 'y—homogeneous} .

3. SINGULAR BLOW-UPS OF MINIMAL FREQUENCY

The aim of this section is to classify homogeneous singular solutions with minimal frequency
3/2, i.e. functions in Ss,(R% N).

3.1. A topological lemma. This section is dedicated to a topological lemma, which we use
both in the classification of the 3/2-homogeneous blow-ups (Proposition 3.5) and in the proof
of the no-holes lemma (Lemma 6.6).

Definition 3.1. Let M be a smooth m-dimensional manifold and let F C M be a C*
submanifold of dimension m — 1 (that is, for every zp € F there is an open neighborhood
w C M of zg and a C'-diffeomorphism ® : w — B; C R? such that ®(F) = By N {z,, = 0}).
For any z,y € M \ F, we denote by C(z — y) the family of piecewise C! curves transversal
to F. Precisely, we say that ¢ € C(x — y) if:

(1) £:[0,1] - M, £(0) =z and £(1) = y;

(2) ¢ € C([0,1]; M) and there are k = k(¢) points 0 = Ty < T} < --- < T, = 1, such that:

0 e CY(Tj-1,T;); M) and ¢’ # 0 on (Tj_1,T;) for every j =1,...,k, and

((Ty) ¢ F forevery j=0,...,k;
(3) if £(t) € F for some t € (0,1), then £ is transversal to F at £(t), that is, £'(t) & Ty F,
where Ty ;) F is the tangent space to F at 0(t).

Lemma 3.2. Let M be a smooth manifold of dimension m. Suppose that F is an (m — 1)-
dimensional C* submanifold of M and suppose that F is a relatively closed subset of M. Let
x,y € M\ F and let £ € C(x — y) be a curve in M. Then, the set of intersection points
Z(l):={te€(0,1) : L(t) € F} is finite.
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Proof. Suppose that the set Z contains an infinite sequence (,),>1. Then, we can suppose
that ¢, converges to some to € (0,1). By continuity of v and the fact that F is closed, we
have v(tx) € Z. But « is transversal to F at to,. Thus, for ¢t # to in a neighborhood of t.,
v(t) ¢ F, which is a contradiction. O

Lemma 3.3. Let M be a simply connected smooth manifold of dimension m. Suppose that
F C M is a relatively closed subset of M and a C'-submanifold of dimension m—1. Suppose
that v € M\ F and that £ : [0,1] — M is a closed curve in C(x — x). Then the set Z(¢) has
an even number of elements.

Proof. Since M is simply connected, we can find a continuous homotopy I : [0, 1] %[0, 1] — M
that deforms ¢ into the constant curve x. Precisely,
ro,-) =1« and i, ==

We proceed in several steps.
Step 1. Discrete homotopy. Since F is a C'! embedded submanifold, we can find points (s;, tj)

of the form .
1] . .
.’t4 — —, = :0’..,’ 5 :1,..-, 5
(si,t5) <n n) 1 n,J n

such that for every set of “consecutive” 4 points:
Qi,j = {Xi,j = F(Si,tj), X”H—l,j = F(si+17tj)7 Xi,j—l—l = F(Si,tj+1), Xi+1,j+1 = F(8i+1,tj+1)}

we have that either:

(Q1) Qi is contained in an open set w; C M \ F diffeomorphic to a ball;
(Q2) Qs  is contained in an open set wy C M for which there is a C'-diffeomorphism

® : wy — By C R™ such that ®(F) = By N {x,, = 0}.
We next notice that by perturbing slightly each of the points X; ; we can construct another
family of n x n points
{XijeU\F :0<i<n-1,0<j<n—1},
such that any set of the form
@i,j = {X’i,jv Xi-‘rl,ju X’Lj-‘rla Xi+1,j+1}7
satisfies (Q1) or (Q2) above. Moreover, we can also suppose that

X(O,j) € ((]0,1]) forevery j=0,...,n;

X(n,j)=x forevery j=0,...,n.
Step 2. Construction of a piecewise C'-reqular net with vertices Xl] In what follows we will
use the following notation, for every 0 <14,5 <n
e w;; is the open set
wy if (Q1) is verified for the set @ij ;
Wsqs 1= ~
“ wy if (Q2) is verified for the set Q;; .
° o € C()Z'M — sz"j_i_l) is a curve lying in w;; (so a;; does not cross F);
. ﬁ;; € C(Xi; — Xit+1,5) Is a curve lying in w;j and S;(t) := Z(l —t).
Finally, for every ¢ = 1,...,n, we set
Ei = QG R Qg ke sk O‘i(nfl)v

where * denotes the usual concatenation of curves. We notice that, up to a reparametrization,
we can choose the curves apj, j = 1,...,n, to be pieces of £. Moreover, we can choose o,
j=1,...,n, to be the constant curves ay,;(t) = « for all t. Thus, for all ¢, we have:

lo(t) = £(¢t) and O (t) = x.
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Step 3. The map M. In what follows, for any curve ¢ : [0,1] — M with ¢ € C(z — y) for
some x,y € M\ F, we will denote by M (¢) the number of elements of Z(¢). The map M has
the following properties:

(M1) Let z,y,z2 € M\ F. If {1 € C(x — y) and ¢5 € C(y — z), then ¢; xf5 € C(x — 2) and
M€y + £y) = M(ty) + M (£).
(M2) Let 2,y e M\ F. If £, € C(z — y) and /_ is defined as
0_(t) =001 —-1),

then /_ € C(y — x) and M ({4) = M(L-).
(M3) Let z,y,z,w € M\ F be 4 points in a set wy as in (Q2) and let the curves «, 3,7, 9
be as follows:

aclClz—y), PelCly—z), velClz—w), del(z—w).
Then, we have that
M(0) = M(a* px7) = M(a) + M(B) + M(v).

Step 4. Conclusion. Now, using the properties (M1), (M2) and (M3), we obtain that, for
every pair of consecutive indices ¢ and ¢ 4+ 1 with 0 <1¢ < i+ 1 < n, the following holds:

n—1 n—1
M(liz1) =D M(agi1y;) = > M(B;; * aij * B;5)
=0 =0

n—1
= Z (M(ﬂz;) + M () + M( :;))
=0

n—1
> (M(ay) +2M(5))
§=0

n—1
M) +2) M(B),
j=0

so that
(—1)MEr1) = (—)M(&),
Since ¢ is arbitrary, this implies

(=1)ME) — ()M to) — (_1)M(©),

Finally, since ¢, is the constant curve ¢, (t) = x for every ¢, we get that M (¢,) = 0. This
concludes the proof since M (¢) by definition is the number of elements of Z(¢). O

3.2. Classification of the blow-ups of frequency 3/2. In this section we prove that any
3/2-homogeneous function u € Sg/z(Rd; N) is of the form Y (see Proposition 3.5). We stress
that even if this result is not explicitly stated in [ST15], the key elements (the dimension
reduction argument and Lemma 3.4) are already contained in the proof of [ST15, Lemma
4.2]; here below we give the details since we need Proposition 3.5 in Theorem 1.1.

Lemma 3.4. Let d > 3 and N > 2. Suppose that v = (uy,...,uy) € SW(Rd;N) 8 a non-
trivial y-homogeneous function. Suppose that all the free boundary points on the unit sphere
are reqular, that is

F(u) = Fi(u) on OBy,
and that all the sets Q3 NOBy1, i =1,...,N are connected. Then, there is a function
o:{1l,...,N} = {-1,1},
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such that the function o - u, given by

(o-u)(x) := Z o(1)u;(x)

i=1
is harmonic in R®. In particular, v is an integer.

Proof. Without loss of generality we can suppose that
QYNoBy #0 forevery i=1,...,N.

We define the function o as follows. We set o(1) = 1 and we fix a point xg € Q} N B,.. For
every point 1 € 0B; \ F(u) we take a curve ¢ € C(xg — x1) (where C(xg — x1) is as in
Definition 3.1 with M = 0B; and F = F(u)) and we define

o(z1) = ()M,

M () being the number of times ¢ crosses F(u):
(3.1) M) :={t€[0,1] : €(t) € Fu)}.

By Lemma 3.3 (applied to the sphere M = 0By and F = F(u)) the value of o(z;) does not
depend on the choice of the curve £. In order to prove the harmonicity of o - u we notice that
if B, (x0) is a ball such that F(u) N B, (x¢) = 0§ N0Q; N B,(x0) is a smooth graph in B, (zo),
then for every pair of points z; € Q; N B,(xo) and x; € Q; N By(zg), we can find a curve in
C(xz; — x;) that crosses F(u) only once. Thus, by construction o(z;) = —o(z;) and so the
function o - w is harmonic across F(u). This concludes the proof of Lemma 3.4. O

Proposition 3.5. Let u € S;z/Q(Rd; N). Then, up to relabeling the components of u, we have
that u; = 0 for j > 4, and, up to a rotation of the coordinate system, (ui,us,us3) is of the
form (u1,ua,u3) = cY for some constant ¢ € R and Y = (Y1, Y2,Y3) as in (1.3).
Proof. Let u € Ss;,(R% N). By Lemma 3.4, there is a point g € (F(u) \ F1(u)) N dB;. But
then, the upper semicontinuity of v(u,-) and the homogeneity of u give

3 .

5= v(u,0) > t£+m007(u’m0) = v(u, xp).

Since, by [ST15], 3/2 is the minimal frequency, we get that

3 (1, 0) = 7 (us, o),

2
which implies that w is invariant in the direction of xy. Up to a rotation of the coordinate sys-
tem, we can suppose that xg = €;. Then @(xa, ..., x4) := u(0,x2, ..., x4) is a 3/2-homogeneous

global solution in R%~! i.e. it belongs to Sa/z(Rd_l; N). By repeating this argument in every
dimension d — k, k > 1, we finally get that, up to a rotation of the coordinate axes, we have

w(@y, ..., T4—1,2q) = w(Tq—1,Tq),

where w is a 3/2-homogeneous solution in dimension 2. This gives the specific form of w and
the fact that w has exactly three non-zero components. O

We notice that as a consequence of Proposition 3.5, we obtain the uniqueness of the
minimizer (in any dimension) to the optimal 3-partition of the sphere for the min-max problem
studied in [CTV05a, HHT09, HHT10, ST15].

Corollary 3.6. The Y -configuration is the unique minimizer of

L3 = min{ I{nax }Al(wi): w; € OBy open, connected and s.t. w; Nwj =0 for i # j} ,
i€{1,2,3

where \1(w;) is the first eigenvalue of the spherical Dirichlet Laplacian on w;.
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Proof. Let (w1,wsz,ws) be a triple achieving the minimum (see for instance [HHT09]). We
know that w; C dBj is measurable and H% ! (w;) > 0, for every i. Moreover, if ¢; is a first
normalized eigenfunction on w;, then by [HHT09, Theorem 3.4], there are constants a; > 0,
i =1,2,3, such that ¥ := (a1¢1, asd2, azps) satisfies
7A¢Z < £3’¢ia in 831)
—A(%‘ - Z%’) > 53(?/% - ij), in 0B;.
J#i J#i
By [HHT09, Theorem 3.4] that (a1, az2,a3) # (0,0,0). We now claim that a; > 0 for all i.
Suppose by contradiction that ag = 0, so that also 3 = 0. By, the equation above, we
get that —A(11 — ¥2) = L3 (Y1 — 12) on 0B;. By the unique continuation principle for

eigenfunctions, we get that H9~!({¢); — ¥ = 0}) = 0, which leads to a contradiction since
HYY(ws3) > 0. Now, in view of [HHT09, Remark 3.14 (d)] and [ST15, Theorem 1.10], we

know that L3 = A\ (w;) = % (% +d— 2) for all i. Thus, the 3/2 homogeneous extension u of
1) belongs to the class Ss /Q(Rd; 3), so the conclusion follows from Proposition 3.5. O

4. LINEARIZATION AROUND TRIPLE JUNCTIONS

We now introduce the linearized problem at points of frequency 3/2, which plays a crucial
role in the proof of the epiperimetric inequality. For ¢ = 1,2, 3, we set

Q; = {(Tcosﬁ,rsin@): r>0andf e <7T— (i - 1>2;)ZT’7T_i2i’:T)}’

so that R? is the disjoint union
RP=0;UQUQ3UY.
Moreover, we may identify €; with its cylindrical extension R%~2 x ;. Now, the linearized
problem around the triple junction solution Y = (Y1, Y2,Y3) € S, (R2; 3), which we recall to
be defined as
cos(%@) , fOFW—%(i—l) §0§7r—2§i,

0, elsewhere,

is the following:
—Awy, =0, in Q for every k € {1,2,3},
(4.1) w; = —wj, on 0Q; NIQ;, for every i # j € {1,2,3},
Vw; = =Vw; on 0Q; N0QY;, for every i # j € {1,2,3}.
More precisely, we say that w = (w1, ws, w3) is a solution of (4.1) if
wi — wj € Hype(Qj),
—A(wi — ’wh) =0 in Qij,
where
Qij =0, U Qj U (8QZ N 693) \ {O}

for all 4,j € {1,2,3}, i # j.
We remark that the linearized problem can also be rephrased with the cut space as domain,
drawing a parallel with the thin obstacle problem. Namely, if we let

P = {(a", w41, 2q) €ER?: 2g_1 <0, zq =0}

and @ := —w1 + we — w3, then we have the following:
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e @ € HL . (R?\ P) solves
—Aw =0, inR¥\P,

lim w4+ lim w=0, onP,

xd~>0+ zq—0~
lim 0w+ lim O,,w=0, onP;
:cd—>0+ rq—0~

e we can write W = we + wo, Where we and w, are, respectively, even and odd with
respect to xq:
/ /
w(z’, zq) + w(@', —xq)
2 )

w(x', xq) — w(a', —xq)
2 b

we(x', xq) = wo(2',1q) =

e the even part w, solves

—Aw, =0, in R\ P,
we =0, on P;

e the odd part w, solves

—Aw, =0, in R\ P,
Op,wo =0, on P.

A key observation is that, if we consider the even extension of the restriction of w, to Ri
and exchange r4_1 with —xy4_1, that is we let

o wo(2", —xq_1,2q), for zq4 >0,
w(z", xg_1,xq) = ”
wo (2", —xq_1,—14), forxzy <O,
then one can see that w solves the same equation as the even part we, namely
—Aw =0, inR\P,
w=0, onP.

On the other hand, this coincides with the linearized problem of the thin obstacle problem
and so, for what concerns the classification of 3/2-homogeneous solutions, we can appeal to the
known results in this setting (see e.g. [GPS16, FS16]). Therefore, we proved the following.

Proposition 4.1. Let @ € HL_(R?\ P) be a 3/2-homogeneous solution of
—Aw =0, inRI\P,

lim w4+ lim w=0, onP,

md—>0+ rq—0~
lim O,,w+ lim O,,w =0, onP.
xd—>0+ rq—0~

Then W = we + wo, where we 1s even with respect to xq and takes the form
R d—2
we = aY (x4-1,2a) + Uo(xa-1,2a) Y aix;
i=1
and w, s odd with respect to x4 and takes the form
R d—2
wo = bY (—2a—1,%a) + Uo(—Ta—1,7a) D biwi for xq >0,
i=1
where
S 3 3 1 0
Y (r,0) =rz cos 59 =-Y1+Ys—-Y;s and Uy(r,0) =r2cos 3)

In particular, we and w, are 3/2-homogeneous solutions of

{—Awe:(), in R\ P, {—Awoz(), in R\ P,
and

we =0, onP Oz, wo =0, on P.
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5. EPIPERIMETRIC INEQUALITY AT POINTS OF FREQUENCY 3/2

In this section we prove Theorem 1.2; we start with the following general lemma, which
will be useful in the construction of the competitors in Step 1 and Step 4 of the proof.

Lemma 5.1 (Distance on ¥y). For anyu,v € H'(By; X n)NCO (By; RY) such that u;,v; > 0
in By foralli=1,...,N, we have

dsy (u,v) = |v; —u; + Zu]’ = |v; —o;-ul in {v; > 0},
J#i
Moreover, we also have
ds, (u,v) Z‘“J i| in Bj.

Proof. Let x € {v; > 0}. If © € {u; > 0}, then

o) ) + ] = 3 o) — ),

sy (u,0)(2) = |vi(2) — wi(z)| =

JFi J=1
while, if z € {ug, > 0}, with k # ¢, then
ds,y (u, ) (7) = v; + u = |vi(7) — wi( +Zu] ‘— \v] ) — uj(z)].
JF#i
If up(z) =0 for all k =1,..., N the statement is trivial. O

The following lemma contains a general integration by parts identity for tangent maps.

Lemma 5.2. Suppose that v € S,(R% N). Then, for every u € C%(By) and every i =
., N, we have that

/ Vo; - Vudx = ’y/ viudS + udyv; dS,
B1ﬂ{vi>0} aBlﬂ{’Ui>0} Blﬂ(’){vi>0}

where v is the normal to Reg(v) N 0{v; > 0} pointing outwards {v; > 0}.

Proof. Before starting, we first recall that we know some basic structure of the free boundary
of v; more precisely, from [TT12] we know that v € C%!(B1; R") and that we can decompose

N
= U 0{v; > 0} = Reg(v) U Sing(v),

i=1
where Reg(v) is the union of (d — 1)-dimensional manifolds of class C1® and Sing(v) has zero
H?1 measure. Moreover,

(5.1) |Vv;| = |Vvj|  on Reg(v) and |Vv;| =0 on Sing(v).
Hence, for every € > 0 we can find a finite family of balls B, (xf) such that:

Sing(v) N By C | Br, (k) and Zrd L<e.
k

For every ball we consider a smooth function ¢, € C°(R%) such that:
or=1 on Br(u),  ¢p=0 on R\ By (an), Vx| <2

and we set ¢ = ¢, := supy, ¢r. Then, since u(1l — ¢) is identically zero in a neighborhood of
Sing(v), we have that

/ V(u(l—¢)) - Vo, =7 (1 - @)vudS + (1 = ¢)udyv; dS.
Bin{v;>0} 0B1N{v;>0} B1no{v; >0}
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Thus, in order to conclude the proof, it is sufficient to estimate the error term

€= (¢Vu +uVe) - Vou; + v pvudS + pud,v; dS.
Bin{v;>0} 0B1N{v;>0} B1Nno{v; >0}

By the definition of ¢ we have that

<> (/ 04/ V[V + | Vonul[ Vv,
k B2rk (xk)mBlm{’Ui>0} B2rk (xk)ﬂBlr‘l{Uz‘>0}

Bulleiul a5 + |

8w/l [Vv:| dS)
BQrk (l‘k)ﬁB1 ﬂa{’ui>0}

+ 7/
BQTk (Ik)ﬂaBlﬂ{vi>0}
< CZ (r;‘f + r;‘ir,;l + 'y?"g*1 + rg’l) < Cerl < Ck,
% %

where the constant C' depends on d, ||v||ze, ||V, ||u] Lo, and ||Vu||pee.

13

O

The next lemma is the Weiss-energy linearization identity which is a key element in the

argument in the proof of Theorem 1.2.

Lemma 5.3 (Weiss-energy linearization identity). For any u € H'(B1;Xy) and v > 0, let

N N
W, (u) := Z/B |Vug|? do — 72/83 u?ds.
i=1""1 i=1 1

Then, for any u € H'(B1;Xn) N CY%Y(B;RY) and v € S,Y(Rd; N) such that u;,v; > 0 for all

i=1,...,N, there holds

Wy (u) = Wy (dsy (u, v)) + B(u, v),

where

(5.2) Blu,v) =4 Wm( 3 uk) ds.

1<i<j<N /Blﬁﬁ{vi>0}ﬁ8{vj>0} ki,

Proof. We prove the result by direct computations. In view of Lemma 5.1 we have that

N 2
W (d s = / Vv, —u; + d
(dsy (u,v)) ;[ Bm{vi>0}‘ (v u ;WM T
2
- i — Ui d
’Y/(')B1ﬂ{’ui>0} Y Ui kz#luk‘ S‘|

and so, by explicit computations, we derive that

Wy (dsy (1, 0)) = Wy (u) + W, (v)
N

-2 Z /élﬁ{'vi>0} vvi ' V<Ul B Z Uk> dz + 2,)/ ABlﬁ{Ui>O} v (uz - Z Uk) ds.

i=1 ki ki
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Now, in view of Lemma 5.2, (5.1) and by homogeneity, we have that

al N
; /B1ﬂ{vi>0} Vi v(ui - Zuk) dz = ; /B Dy v; (uZ -> uk) dx

ki 1NO{v; >0} ki

N

+ ; /8B1 Oy v; (uz — ;#uk) ds
N

= _ ;/Bma{ww} |V (uZ - gﬁ;uk) dz
N

+ il w; — ds

7;/0311) (u kzﬂuk)

Therefore, since also W, (v) = 0 (again from Lemma 5.2), we have

|V (uZ — Zuk) dz

N
W, (s (1, 0)) = Wi (u) + 22/3
=1

1N{v; >0} )
N N
— w233 [ Vil (wi = 3w ) da
v ;jz::l B1No{v;>0}Nd{v; >0} ( k;Z#z )
J#i
= W, (u) —4 / Vol (3 w) de,
! 1<i<j<N 7 B1no{vi>0}No{v;>0} (k;y )
thus concluding the proof. -

We conclude this section with the following.

Proof of Theorem 1.2. In the whole proof, with an abuse of notation, for the sake of
simplicity, we write €2; in place of 2; N By, for i = 1,2, 3.

We reason by contradiction, and assume that there exist sequences {9, }n, C Ry, {en}n C
Ry, {mn}n C Ry, {Np}n € Nand {c,}n € HY(B1;Zn,) N C%Y(By; RV such that

cni>0 forallmeNandalli=1,..., Ny,

OnyEn,Tn — 0 as n — oo,

3 Np,
(5.3) > dy ({eni > 01, {Yi > 0}) + ) dy ({ei > 0}, {wg—1 = 4 = 0}) = 7,
i=1 =4
’dan (Cn’Y)HHl(Bl) = On
and
(5.4) (1= en)Wa(en) < Wa(u)

for all u € H'(By; Xy, ) N C%Y(By; RM) such that u = ¢, on dB;. Moreover, without loss of
generality, we can assume that

On = HdEN"(cn’Y)HHl(Bl) = inf {Hdan (C"’h))HHl(BI) the Mg(Rd; 3)} :

Now, first of all, we apply Lemma 5.3 with v = Y and divide both sides by 62, thus obtaining
that

2 On 52

n

(1~ 20) (W3(60) + g Blen 1)) < 73 <W> o Bw.Y),
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forallu € H'(By; X, )NCY!(By; RN») such that u = ¢,, on OBy, where &, := dsy, (cn,Y)/On.
In other words,

2
1 dyy (w,Y) 1 3e
1—ep VéulPde 4+ = B(en, Y /VL de+—B(u, Y)+—=2 248.
(1=e) ([, IV6uPar + (1)) < [ 9(FB20)) aregsu et [ g
We also let v
. 50”’7’ C(’;’” in €,
Wn,i n j#i
0, in Bl\Qi’
for ¢ = 1,2,3. Since
d Y
|wn,z-|=ENnd(c)=fn, in €,

see Lemma 5.1, in particular,

3
2 2
=1

Therefore, there exist functions w; € H'(€;) such that, up to a subsequence,
Wy — w; weakly in HY(Q;), as n — oo,

for ¢ = 1,2,3. Hence, we can rephrase the contradiction assumption as

3 1
(5.5) (1—¢p) (; /ﬂ Vw2 da + E5(cn, Y))
v(dENn (u, Y)

<
 I9 25,

as n — oo, for all u € HY(By; 3y, ) N C%(By;RM) such that u = ¢, on 9B, where the
reminder term o(1) is independent from u. We now proceed in the following steps, which, at
the end, lead to a contradiction:

)‘2 dx + (slq%ﬁ(u,Y) +o(1),

Step 1: §,,28(cy, Y) is uniformly bounded with respect to n;

Step 2: w = (w1, wy,w3) is a solution of the linearized problem, see Section 4;
Step 3: w; =0 forall i =1,2,3;

Step 4: w,; — 0 strongly in H(£;), as n — oo, for all i = 1,2, 3.

Proof of Step 1. For any n € N, we define a suitable “competitor” u, € H'(B;;Xy,) such
that u, = ¢, on 0By as follows. First, in an inner ball, we let u,, =Y, namely

up, =Y in Bi.
2

In the outer annulus B; \ Bi, we consider the interpolation between Y and c¢,; namely, we
2
first set

1
t:tr::2<r—2), with r = |z|.

Now, we let

Un(r,0) = 72 (tni(1,0) + (1 — )Yi(1,6)) &

if 1/2 <r <1 and Y;(#) = cp;(1,0) =0 for all j # i and, on the other hand, we let
3 1,0
w6 — {rz(y( 0) = t(Yi(1,0) + ¢ (1,0)) &, for 0 <t <yl
r2(

.0
Yi(1,0) +t(Yi(1,0) + cnj(1,0))) €, for WM <t<l,
if 1/2 <r <1 and Y;() > 0 and ¢, (1,0) > 0 for some j # 4. If we now let

Y — Un,; + Z];&z Un, 5
on

in Qi,

un,i =
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then there holds

dsy, (un,Y)
On

see Lemma 5.1, and one can easily check that

ﬂnﬂ' = twn; in Q; N (Bl \B%) and an,i =0 in B%

in QZ’,

|Un,i| =

Moreover, we have that
up = ten, on {(Y1,Ys,Y3) =(0,0,0)}.
Therefore, from (5.5) we derive that

B((1 —ep —t)en, Y

: 3 / ; 3 / i
. —1 . ) 1
(5.6) 52 < (en );1 o |Vwn i da:—i—igl o |V (twn,;)|* dz + o(1),

as n — oo. On one hand, being w,; bounded in H L(Q;), the right hand side is uniformly
bounded with respect to n € N, while, on the other hand, by direct computations we have

(5.7) B((1 = en — e, Y) = (d+1) /01 (1 = en — 1) dr Blen, V),
Therefore since t < 11in By \ By /g, from (5.6) we conclude the proof of the step.
Proof of Step 2. We are going to prove that
(5.8) — A(w; —wj) =0 in Qy,
for all ¢,j =1,2,3, i # j, where

Qi = (QUQ; U (0 NOQ)) N By.

For the sake of simplicity, we prove it for ¢ = 1 and j = 2. First of all, we fix any zg € 12
and 7 > 0 in such a way that Ba,(z9) C Q2. Moreover, for fixed 7 > 0, we let

C; = {(x",mdl,xd) e R%: Vago i< T}

and we assume that Ba,(z9) N Cr = () and that ¢, ; = 0 in Bo,(zo), for j = 3,..., N,,. This
is possible by choosing 7 sufficiently small and n sufficiently large, in view of the Hausdorff
convergence assumption (5.3). We now use (5.5) with v € H'(Bj;Xy,) being such that
u = ¢y in By \ Bar(20) and u; = 0 in Ba,(zg) for j = 3,...,N,. Since ¢, ; = u,; = 0 in
B, (x0), we have that

B(u,Y) = B(en, Y),
which, in view of Step 1, gives
1 1—¢,
5.9 — Y)—- ——
(59) 0y~
as n — 4+00. Moreover, we observe that
dENn (um Y) 1

o O

En
- 52
6n

Blen,Y) Blen,Y) = o(1),

=wp; in Q;\ Bar(zo),

Y — Cn,i + Z Cn,j
JF
for i = 1,2,3. Now, from (5.5) and (5.9) we deduce that

/ Va1 |? de + / Vawnsl? de + o(1)
QlﬁBzr(xo) QQOBQT(‘TO)

2
Y —
</ v(l u1+u2) de +
Q1ﬁB2T(I0)

on
for all u € H'(By;Ys) such that u = ¢, on dBa.(xg), where the reminder term does not
depend on u. In particular, if we let

2
- (YZ—ZM) ’ iz,

QoNBa,- (Io)

Wy i=wp1 —wp2 and U :i=u; —up
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this implies that
2
Y1 —-Y, —
(5.10) / VW, |2 da < / v<12U> dz + o(1)
Bar(z0) Bar(x0) On

for all U € H'(Ba,(z0)) such that U = ¢, 1 — cp2 on 0B, (7). One can also see that, by
definition,

wp1 = —wp2 and Vwp,; = —Vw,2 on (02 N9OQ) N By (x),

so that W,, € H'(Ba,(z0)) N C%!(Bsy,(x0)); moreover, its H' norm is bounded and so, up to
a subsequence,
W, — wy —we  weakly in HI(BQT(.T())), as n — 0o.
At this point, we define
U=nY1—Y2—6,0) + (1 —n)(cn1 — cn2),

where 1 € C2°(Ba, (1)) is such that n = 1 in B,(z0) and ¢ € H'(Ba,(z0)). Plugging this
choice into (5.10), we get

[ vWalde< [ 9= )W+ 50) P da + o).
Bar(z0) Bar(x0)

By direct computations, one can see that

[ A= =)W de +o()
Bar(z0)

= /B (w0) (WRIVAP =200 = W VWi, - Vi + [V (09) +29((1 = ) Wa) - V(n9)) de

and, since we can pass now to the limit as n — oo in the inequality above, after rearranging
the terms back we obtain that

[ N wPdes [ V(- ) - w) o) da.
BQT(I()) BQ’I‘(IO)

Finally, we take ¢ = w; — wq in Ba,(x0) \ Br(z0), so that

/ IV (w1 — wo)|? dz < / Vé|? da.
By (x0) By (zo)

Hence, we proved that A(w; —wsz) = 0 in By(zg). Up to moving the ball, we get (5.8).

Proof of Step 3. We use the classification of the 3/2-homogeneous solutions of the linearized
problem, namely Proposition 4.1. More precisely, if we denote

W = —wy + wo — w3,
which, we recall, belongs to H'(B; \ P), then in view of Proposition 4.1 we have that
W = We + Wo,
where w, is even with respect to x4 and is of the form
R d—2
we(x) = agY (xg-1,2q) + Up(xg—1,xq) Z a;x;, for xq >0,
j=1
for some a; € R, 7 =0,...,d — 2, and w, is odd with respect to x4 and is of the form
R d—2
wo(x) = boY (—xg—1,24) + Uo(—T4—1,%q) Z bjx; for zg >0,
j=1
for some b; € R, j =0,...,d — 2, where

Y(r,0) = r cos <§9> — Y, +Y,—Ys and Up(r,6) = r? cos (g) '
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Moreover, if we denote by Z and Vj, respectively, the odd extensions of ?(—xd_l,xd) and
Up(—x4-1,24) and if we pass to polar coordinates in the last two variables, i.e.

T4—1 = rcosf L 01 10
g = rsind, with r € (0,1) and 6 € (-7, 7),

then we have
3 (3 1. (0
(5.11) Z(r,0) = —rzsin (20) and Vy(r,0) =r2sin (2) .

We also observe that, by explicit computations
~ 0 ~ 0
(5.12) 0.Y (r,0) = gr% cos (2> and 0,Y (r,0) = —;7’% sin (2> .

We now prove that all the coefficients a;, b;, with j = 0,...,d — 2 vanish, by exploiting the
fact that Y is the projection of ¢, onto the space of blow-up limits M s (R%; 3). We know that
2

sy, (cn, Y)HHl(BI) < ||dsy, (en, h)HHl(BI) for all h € M3 (R%;3)
and, since
dsy, (en, h) = |hi = cnji + ch,j on €,
J#i
we can rephrase it as follows
3 Y, — b, 5. 3 2 .
(5.13) 22::1 (wm, 5n>H1 o < 5 2:: 50 o for all h € M%(R :3).

At this point, we consider as h suitable perturbations of the blow-up Y (depending on the
parameter ¢0,) and pass to the limit as n — oo. This will provide a set of orthogonality
conditions which the limit w must satisfy; in view of the classification, this leads to conditions
on the coefficients a; and b;. More precisely, we are going to choose a multiple of the blow-up
limit ¥ and the infinitesimal rotations inside the coordinate planes x;z;, withi =1,...,d—1
and j =d —1,d (i # j). This way, we get a total of 2(d — 2) equations which coincide with
the degrees of freedom of the problem. We proceed in the following steps.

(1) ap = 0: we choose h(x) = (1+6,)Y (x4-1,xq).

(2) aj=0for j=1,...,d—2: we choose h(x) =Y (x4-1 cos(d,) £ x;sin(d,), zq).

(3) bp = 0: we choose h(x) =Y (x4_1 cos(6n) F z4sin(dy), x4 cos(dy,) £ x4—1sin(dy)).

(4) bj =0for j=1,...,d —2: we choose h(z) =Y (241,24 cos(0y) £+ x;sin(dy,)).
We observe that perturbations (1) and (2) leave the last coordinate x4 untouched, and so the
generate conditions only on the even part of w. Let us now perform the various computations.

(1) Plugging h into (5.13), we get that

3 3
¥Z(wn,z‘,Yi o S %ZHYiH%P(Qi)a
i=1 i=1
and, passing to the limit as n — oo, this leads to
3 ~ ~
D (@, Y) giq,) = (@,Y) i s\p) =0,
i=1

being @,Y € H'(B;\P). In view of the classification of the solutions of the linearized

problem, since Y is even with respect to x4 and independent from z;, for j = 1,...,d—

2, the terms in @ which linearly depend on z; do not contribute; thus, we have
CLOHYHHl (B1\P) = (W, V)meop) =0,

which implies that ag = 0.
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First of all, we observe that
Y (24-1 cos(6y,) £ xjsin(dy), xq) — Y (241, 24q)
On

strongly in H'(£);), as n — oo, for all i = 1,2,3 and j = 1,...,d — 2. Therefore,
plugging h into (5.13) and passing to the limit as n — oo yields

3
— i§$on($d—1,$d)

3
Z(@aZE]UO)Hl(Qz) = ({l}?ijO)Hl(Bl\P) =0.
=1

On the other hand, since Y is even with respect to x4 and since x;U is independent
from the variable x; for k =1,...,d — 2, k # j, thanks to the explicit form of w we
infer
(0, 2;U0) 1 (By\P) = @4 ||!Eon||§{1(Bl\p) =0,
thus proving that a; = 0.
By (5.11) and (5.12) we deduce that
Y (@41 c08(6n) F zqsin(dy), 24 cos(8n) + zq_15in(6,)) — Y (Ta—1, 24)
on

converges to +Z(xq_1,74) weakly in H'(€;), for i = 1,2,3, as n — oo. Hence,
reasoning analogously to the previous step, from (5.13) we get

(@, Z) g1 (8, \p) = 0-

Since the second term of the scalar product is odd with respect to x4 and since the
right term does not depend on z; for any j = 1,...,d — 2, in view also of the explicit
form of w, this implies that

bo 121171 (,\p) = 0-

thus implying that by = 0.
Again, in view of (5.11) and (5.12) we have that

?m_,m cos(6y,) £ xsin(dy, —?m_,az 3
(Zd—1,24c08(dn) g () = Y (zg—1 d)—ﬂFijVo(xd_hwd)

weakly in H'(Q;), for i = 1,2,3, as n — oco. Passing to the limit in (5.13), reasoning
as in step (2) and (3), we get

bj HmjVOH?{l(Bl\p) =0.

which forces b; = 0, thus completing the proof of the claim.

Proof of Step 4. For any n € N, we define u,, € H'(B1;Xy,) and @y, i = 1,2,3, as in Step

1. Now, we compute the energy of wy,; and u, ; on each ; (setting € := 9Q;NIB, v := 3/2
and extending ¢t = 0 for r < 1/2), obtaining that

1 1
/ |Vwm~|2 dz = / rd_1|6r(r7)|2 dr/ wiidS +/ pdt2r=3 dr/ |V331wn,i|2 ds
Q; 0 Q7 0 Q

and that

/ Vit
Q;

2 4z :/ IV (b )2 dee
Q\B1

1 1
= [P ar [ wdids+ [ ar | Waswal ds.
0 Q7 0 Q)
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Plugging these computations into (5.5) and recalling (5.7), we get that

1 3
| rrta—eyary [ Vonwaas
1=1 i

1 3
</ r (10, () — 10, ()1 er/ w?, S
0 =

1
—(d+ 1)/ rd(l—en—t)drﬂ(cgéy)—&—o(l),
0 n
as n — 00. Since
1 1 y
/ r =31 — ) dr >0, (d+ 1)/ ri(1—e, —t)dr 5<Cg2’ ) >0
0 0 n

for n sufficiently large and since, by compact trace embedding,

wp; — 0 strongly in L€

i), as m — 00,

we deduce that w,, ; — 0 strongly in H L(Q;), for all i = 1,2, 3, thus reaching a contradiction
and concluding the proof. O

6. REGULARITY OF THE FREE BOUNDARY AROUND POINTS OF FREQUENCY 3/2

In this section we complete the proof of Theorem 1.1 by proving the regularity of the
free interface F(u) around points of frequency 3/2. The main ingredients are the classifica-
tion of the 3/2-homogeneous blow-ups (see Proposition 3.5) and the epiperimetric inequality
Theorem 1.2.

6.1. Rate of convergence of the blow-up sequence. We will show that we can apply
the epiperimetric inequality to the rescalings of u of the form u™*0(z) = r—"u(zq + rz). In
order to do so, we need to show that the conditions of Theorem 1.2 are fulfilled uniformly, at
all points ¢ and at all small scales r, by multiples of «™*°. We start with the following.

Lemma 6.1 (Uniform Hausdorff distance estimate). Let d > 2 and N > 1 be fized. For
any € > 0 there exists 6 > 0 (depending on d, N and €) such that, if w € H'(By;Xy) N
COL(By;RY) is a minimizer, u € M(By; N), that satisfies

sy (1Y) o g < .

then
3
(6.1) Zd?—[({uz >0} N By, {Y; > 01N B1/2) <e,
i=1
and
N
(6.2) Zd?—[ ({Uz > 0} N BI/Q, {.%‘d,l =xq = 0} N Bl/z) <e.

i=4

Moreover, in B1 N {x € R%: ,/xz_l + xi > 5} the free boundary F(u) is the disjoint union

of the three surfaces T'j; = 0{u; > 0} N d{u; > 0}, for i,j € {1,2,3}, i # j, which are CH*
graphs over 0{Y; > 0} N o{Y; > 0}.

Proof. Suppose by contradiction that there are ¢ > 0 and a sequence u, € H'(B1;Xy) N
CYY(B1;RN) N M(By; N) such that

HdEN (UWY)HLOO(Bl) =0p — 0,
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and for which (6.1) or (6.2) fail. For any 7 > 0, we denote
O, = {z e R%: dist(z,{Y =0}) < 7},

C, = {x eR%: (/22 | +a? <T}.

Notice there exists t = t. > 0 such that dx, (Y,0) > t on the set By \ O./6. On the other
hand, by the uniform convergence of u,, to Y we get that for n large enough

{}/i>0}ﬂ31\0a/6C{Yi>t}mBlC{un,i>0}ﬁBl for i=1,2,3.

In particular, this excludes the possibility that (6.1) fails for u, as n — 4o00. In order to
show that (6.2) cannot fail for large n, we notice that for every ball B, 3(z) with center
v € By, NO{Y; > 0} No{Y; > 0} \ Cpp (for 4,5 € {1,2,3} with i # j), we have that
Y =Y,e; + ijé} and
HdgN(un,Y)\|Loo(B€/3(x)) —0 asn— oo.

Thus, by the epsilon-regularity lemma [OV24, Lemma 9.8], we get that uy, =0 in B, /¢(z) for
all k # i, j and F(u) N Bejg(x) = 'y N B, j6() is a C19 graph (with small C! norm) over the
hyperplane 0{Y; > 0} N 9{Y; > 0}. In particular, this implies that (2) cannot happen and it
proves that second part of the claim. O

Lemma 6.2 (Uniform convergence of rescalings with variable center). Let u € M(B1; N) be
such that v(u,0) = 3/2. Then, for all € > 0 there exists p,m9 > 0 (depending on d, N and ¢)
such that for all z € B, N Fsj,(u) and for all r < rq there exists Y € Ms;,(R% 3) such that

HdzN(uz,T?Y)HLOO(BL/z) <e,
where u, . (x) := H(u,z,7)" Pu(re + z).

Proof. Let us assume by contradiction that there exists sequences r, — 0 and z, € Fsp(u),
with |z,| — 0, such that

(6.3) |ds (uz”’T”,Y)HLOO(BI/Z) >¢ forallneN

for all Y € Ma;,(R%; 3), for some € > 0, and that y(u®",0) = 3/2 for all n € N. First of all,
we observe that

N
(6.4) S [ IV il i = Nz, 0., 1).
i=1"51

Thus, up to a subsequence
(6.5) Uz, rn — Uo strongly in HY(By;Xy) and uniformly in By,

for some ug € H'(B1;¥Xn), up # 0. Moreover, since us, ., € M(By;N) for all n, also
ug € M(By; N). We now observe that, since z, € Fs,(u) and by monotonicity, we have
g — Nty 20, 0F) < Nty 2my Ri) = N (11, 1. 0, R),
for any R > 0 and n sufficiently large. Passing to the limit as n — oo, we get
; < N(up,0,R) for all R > 0.

By the continuity of  — N (u,x,r), the monotonicity of r — N (u,x,r) and Lemma 3.4, we
have that for all R, 7 > 0 sufficiently small, there holds

g < N(U(],O,R) < N(U,O,TR)-

Sending 7 — 0 implies that wug is 3/2-homogeneous, which, in view of Lemma 3.4 and (6.5)
contradicts (6.3). O
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We are now in position to prove the uniqueness of the blow-up limit and rate of convergence
of the blow-up sequence.

Proposition 6.3. Let a := ¢(d + 1), with € > 0 being as in Theorem 1.2 and let v €
M(By;N). Then, for all compact K C Bj there exists R > 0 such that for all xo € K N
Fip(u), there exists Crate > 0 depending on d and sup,e g N (u, x,dy (K, 0By)) such that

N
2
HdEN (ua:o,rzjuzo,n)”iz(aBl) < Z ||uf07T2 _ ugcoml ”LQ(BBl) < Crate(rg o T‘f‘)
i=1
for all 0 < 1 < 1y < R where u™"(z) = r—"Pu(rz + x9). In particular, there exists
Y™ € Ms,(R%3) such that
al 2
2 K
HdEN (ua:(m‘7 YxO)HLQ(OBl) < Z Hufo T }/ixOHLQ(BBl) < Cratera’
=1

for all r < R.

Proof. Thanks to Lemma 6.1 and Lemma 6.2, there is a radius R such that we can apply
the epiperimetric inequality to all the rescaling of the form u*"(z) = T*B/Qu(wo + rz) with
r < R and x9 € K. The uniqueness of the blow-up and the rate of convergence now follow
by a standard argument (see e.g. [OV24, Proposition 8.1]). O

As a corollary, we also obtain the following.

Proposition 6.4 (Oscillation of the 3/2-blow-up limits). Let & := 2a/(a + 3), where « is as
in Proposition 6.3 and let w € M(By; N). Then, for all compact K C By there exists rg > 0
(depending on d and K) and Cosc > 0 (depending on d and sup,ex N (u,x,dy(K,0B1)))
such that

3
Z HYimo - }/;20”%2(8B1) < Cosc’370 - Zo\a
i=1
or all xg, zog € Fsp(u) N K such that |xg — 29| < ro, where
/

YP =limu”" and uP"(x):= r_%u(m +p).
r—0

Proof. We first estimate

3 N
2 , 2
(6.6) Z ”YIO _ YZOHLQ(aBl) < QZ ( HUZCO r_ YionL2(831)
i—1 i=1

) 2 5 s 2
+ [|uio" — v HL2(831) + ludor =y THL?(aBl) )

The first two terms can be bounded in view of Proposition 6.3 as follows

N
) 2 s 2
(6.7) Z (Hufo T_ YixOHL2(BBl) + f|lu®" — }/;;ZO||L2(831)) <Cre,
i=1
for r sufficiently small depending on d and dy(K,0B;) and C' > 0 depending on d and
supger N (u, ,79). On the other hand, if Lx > 0 denotes the Lipschitz constant of u in K,
we have that
> 2 L 2
xo,r 20,T
(68) ZHUZO —’UJZ.O ||L2(aBl) S 7“73|1:0_Z0| .
i=1

Therefore, we can choose 7 in such a way that
2

xo — 20 . _2_

re = %, that is 7 = |xg — z0|2+3.

r

The claim follows by combining (6.8) and (6.7) with (6.6). O
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6.2. Regularity of Fs,. In this section we conclude the proof of Theorem 1.1.

Lemma 6.5 (Frequency gap from above). There exists 64 > 0 such that, if u € M. (R% N)
is a y-homogeneous minimizer with vy > 3/2, then there holds v > 3/2 4 4.

Proof. Suppose that this is not the case and that there is a sequence of 7, homogeneous
solutions u, with v, — 3/2. Then, up to a subsequence, u,, converges to a 3/2-homogeneous
solution Y. By Lemma 6.1, for n large enough we can apply the epiperimetric inequality
from Theorem 1.2 to u,. But this is a contradiction with the minimality of u,,. |

Lemma 6.6 (No holes lemma). For any e, p € (0,1/2) there exists 6 > 0 (depending on d, N
and ¢) such that, if u € H'(By; X n) N C%(B; RY) N M(By; N) satisfies

1 3
HdgN(u,Y)HLOO(B ) <d§ and sup N(u,:r, ) < =+,
! xGB% 2 2

then for all 2" € By :={y € RI=2: |y| < p} there exists x = (2", 24_1,24) such that

Vai o tai<e and  y(u,x) =3/

Proof. We argue by contradiction and assume that there exist e, p € (0,1/2), vanishing se-
quences {0,} C Ry and u, € H'(By;Xy) N C%Y(By; RY) such that

1 3
HdEN(UmY)HLoo(B ) <6, and sup N (u,a:, ) < =+ 0,
! CBEB% 2 2

for all n € N and there exist x5 € Bj such that there holds ~(u,,z) # 3/2 for all points
x € F(uy) of the form & = (z(, £4—1,24) € B, N Ce. In view of Lemma 6.5 and the fact that

1
'Y(Umx) < N (Umxy 2) < ;‘i‘(sm

for all z € B, N C: N F(up), we derive that y(u,,x) < 3/2 for n sufficiently large for all
x € B,NC.N F(uy). On the other hand, by the optimal frequency gap we also know that
Y(un,x) =1 for all x = (z(, x4-1,24) € B,NC: N F(uy). As a consequence, for some n large
enough, we can find ¢ > 0 such that in the set

1
U := {(x”,xd,l,xd) Dla" —ag) < t, \J2d o +ai< 5},

the whole free boundary F(u,) consists only of points of frequency 1 and the number of con-
nected components of U \ F(u,) is finite. Let now w be the connected component containing
Bija N {un1 > 0} \ Ce and let y € Byjo N {up1 > 0} \ Ce be fixed. By Lemma 3.3 (applied to
M =U and F = F(u,)) every closed curve starting from y, contained in I, and intersecting
F(uy) a finite number of times (and in a transversal way) should cross F(u,,) an even number
of times. This is a contradiction since a closed curve circling around C. crosses F(uy,) exactly
three times, in view of Lemma 6.1. O

Proof of Theorem 1.1. Let z9 € Fs,(u) and let ug be the 3/2-homogeneous blow-up of
u at xg, which is unique and non-zero by Proposition 6.3. Up to multiplying u with a
constant, we can suppose that ug = Y. By Lemma 6.5 we know that in a neighborhood
of zy there are only points of frequency 1 or 3/2. By the no-holes lemma Lemma 6.6, we
know that for every z” € R% 2 with |2”| small enough, there exist (z4_1,24) € R? such
that z = (2", 24-1,24) € Fsp(u). By Proposition 6.3, we know that the point (v4-1,7q) is
unique, so in a neighborhood of xg, Fs/(u) is a graph of a function 7 : R4=2 5 R2. The C1°-
regularity of n follows from Proposition 6.3, Proposition 6.4 and Lemma 6.1 by a standard
argument. Finally, the regularity of F(u) around xq is a consequence of the regularity of 7,
the uniqueness of the blow-up and the epsilon-regularity for Fi(u) ([OV24, Lemma 9.8]); the
argument is standard and for the details we refer for instance to [OV24, Section 9]. O
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