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vanishes. We identify five significant scaling regimes, for all of which we characterise the
energy scaling and identify the asymptotic behaviour of the domain wall. Finally, we
notice the emergence of sub-regimes that are not present in the previous works due to
restrictive symmetry assumptions.

Communicated by Xxxxxxxx, XXXX; Received Xxxx XX, XXXX.

GF was partially supported under NWO-OCENW.M.21.336. This study was carried out within the
Geometric-Analytic Methods for PDEs and Applications project (2022SLTHCE, CUP E53D23005880006),
funded by European Union — Next Generation EU within the PRIN 2022 program (D.D. 104 - 02/02/2022
Ministero dell’Universita e della Ricerca). This manuscript reflects only the authors’ views and opinions
and the Ministry cannot be considered responsible for them.

AMS Subject Classification: 49J10, 35C20, 74K30.

Keywords: Geometrically constrained walls, energy minimisation, asymptotic profile, variational prob-
lems, micromagnetics.



9 1 INTRODUCTION
1 Introduction

Magnetic domain walls are regions in which the magnetisation of a material changes
from one value to another one. In the presence of extreme geometries, such as that of a
dumbbell-shaped domain (see Figure , the magnetic wall is more likely to be found in
or around the neck; in this and similar geometry-driven situations, one usually speaks of
geometrically constrained walls, to stress the fact that the domain shape plays a pivotal
role in the localisation of the transition region of the magnetisation, for instance, when
prescribing it in the bulky parts of the dumbbell.

The study of the behaviour of the magnetisation in a dumbbell-shaped domain is
relevant in micro- and nano-electronics application, where the neck of the dumbbell models
magnetic point contacts. We refer the reader to [111, [17, 18] 20} 25 26] for an incomplete list
of applications and contexts of relevance of geometrically constrained walls. If one imposes
two different values of the magnetisation, one in each of the two macroscopic components,
a transition is expected in the vicinity of the neck, as initially observed by Bruno in [5]:
if the neck is small enough, so that the geometry of the material varies drastically when
passing from one bulk to the other, it can play a crucial role in determining the location
of the magnetic wall, by influencing the mere minimisation of the magnetic energy. Three
scenarios are to be considered: the transition may happen either completely inside the
neck, or partly inside and partly outside the neck, or completely outside the neck.

Figure 1: A pictorial representation of a typical domain of interest.

The model features a sufficiently smooth potential which is minimal at the imposed
values of the magnetisation in the bulk parts of the dumbbell, and a gradient term pe-
nalising transitions; the two are competing as soon as the values of the magnetisation in
the bulks are not the same. To model the geometries that are of interest in the appli-
cations, we will consider an infinitesimally small neck, whose size is determined by three
parameters €,6,n > 0:

Nei={x=(z,y,2) eR*: |2] <e |yl <4, |2| <n}, (1)



1.1 Related literature 3

with the understanding that all three of them vanish when ¢ — 0, that is 6 = d(¢) — 0
and n =n(e) — 0, as ¢ = 0. The full domain is described by

Q.= QLUN. UQ, (2)

where Qf = Qf — (£,0,0) and QF = QF + (¢,0,0), for certain open sets Q¢ C {z < 0} and
O C {z > 0} such that 0 € 9Q°NIQ*. This geometry makes the x direction the preferred
one, whereas the y- and z-direction can be interchanged upon a change of coordinates;
this motivates the fact that we will use, throughout the work, the subscript ¢ alone as an
indication of the smallness of the neck.

We are interested in understanding the asymptotic behaviour, as € — 0, of stable
critical points (see Definition [2.2)) of the energy

Flu, ) ::% [ Va0 x| Wuto)ax. (3)

defined for u € H'(.), where dx = dzdydz and

W: R — [0,400) is a function of class C? such that

W=1(0) = {a, 8} for some o < 3 and mlllf W(t) = +oo. (4)
In , the function u represents a suitable quantity related to the magnetisation field
defined on €. and the potential W favours the values u(x) = « and u(x) = § for the
magnetisation, corresponding to those to be imposed in the bulks. Here, the competition
between the potential and the gradient terms is significantly influenced by the geometry
of .. The energy was considered in [5] as a simplified model for studying the mag-
netisation inside a thin dumbbell domain under the assumption that the magnetic field
is of the form

m(x) = (0, cos(u(z)),sin(u(z))) . ()
Despite this simplifying assumption, the mathematical analysis is rich enough to exhibit
non-trivial behaviours of the magnetisation.

1.1 Related literature

The body of literature on this problem counts many physical contributions stemming from
Bruno’s work [5] and a few mathematical items, which we are going to briefly review to
give a context to our novel results.

In [5], Bruno considers the special geometry of a thin (0 < h < 1) three-dimensional
wall Q@ = S x (—h,h), where S is a planar region with a dumbbell shape whose neck
is located at the origin and the bulks are in {x < 0} and {x > 0}. He assumes that
the preferred directions of the magnetisation vector are m = (0,0, £1) and makes the
Ansatz that it varies only in the y-z plane, as a function of the x-coordinate alone.
The energy that Bruno minimises is the one usually describing Bloch walls and turns
out to be a functional of u alone, with two emerging length scales when imposing that



4 1 INTRODUCTION

m ~ (0,0,£1) in {£z > 0}: one driven by the shape S of the domain, the other
one dictated by the physical parameters entering the expression of the energy. Despite
Bruno’s insightful intuition, the special form of the magnetisation has some limitations,
some of which were removed (for instance, by allowing m to vary also in the z-z plane
and considering fully three dimensional geometries) in [21].

Among the mathematical literature on this topic, we mention [1], 2, 3, 4], @] 13}, 14} 15,
16] as far as the PDE aspect is concerned, and [0, 8, [7, 24] for variational approaches.
Finally, we discuss two more recent contributions in detail, since the results we obtain are
related to them.

In the work by Kohn & Slastikov [19], the problem is studied in the full three-
dimensional setting, with the assumption that the geometry be axisymmetric: the dumb-
bell €2, is a rotation body around the x axis, so that the shape parameters of the neck are
essentially its length € and its radius 6. In their work, they also consider an e-dependent
parameter 7. in front of the potential term, and study the behavior of stable critical points
also in this case. Moreover, they consider also more general geometries for the neck N.. By
taking advantage of a scale-invariant Poincaré inequality for Sobolev functions and by re-
ducing the problem to a one-dimensional variational one, the authors proved the existence
of three possible regimes, according to the value of the limit lim. ,od/c = A € [0, +o0]
and singled out a thin neck regime (A = 0), a normal neck regime (A € (0,+00)), and
a thick neck regime (A = 400). In the first case the transition happens entirely inside
the neck and is an affine function of the x-coordinate, in the second case the transition
happens across the neck, partially inside and partially outside, depending on the value
of A\, whereas in the third case the transition happens entirely outside the neck. These
behaviours are found by studying the energy of particular competitors (essentially, an
affine transition inside the neck and a harmonic transition in a spherical shell just outside
the neck) and then rescaling the minimiser in the vicinity of the neck.

In the works by Morini & Slastikov [22] 23] the same problem was addressed in the
case of magnetic thin film, that is when the domain has the shape of a dumbbell, but
it is two-dimensional, that is, in Bruno’s setting in the limit as A — 0. Mathematically
speaking, the endeavour is more difficult on two accounts: the scale-invariant Poincaré
inequality is not available in dimension two, and the problem loses its variational character.
Methods that are typical from the study of PDE’s were employed to construct suitable
barriers to estimate the solutions. Moreover, due to the slow decay of the logarithm
(the fundamental solution to Laplace’s equation in two dimensions), sub-regimes became
available in addition to the thin, normal, and thick neck regimes already analyzed by Kohn
& Slastikov: the sub-critical, critical, and super-critical thin neck regimes were found
according to the value of the limit lim. (0] Ind|)/e € [0, +o0], displaying a richer variety.
In the case of sub-regimes, the rescaling of the minimisers to study their asymptotic
behaviour is not trivial; nonetheless, the authors managed to characterise the profiles as
the unique solutions to certain PDE’s where the boundary conditions track the expected
asymptotic behaviour.

Both in Kohn & Slastikov’s and in Morini & Slastikov’s papers the technique involves
two steps: (i) estimate the energy of minimisers to understand if the wall is located



all inside, all outside, or across the neck, and (ii) rescaling the whole domain . to an
appropriate €}, in a way that either a variational problem or a PDE can be studied in 2.,
which brings to the attention that the boundary 0., must be a set in which boundary
conditions can be prescribed.

2 Main result

2.1 Set up of the problem

We study a mathematical model to characterise magnetic domain walls in a three-dimensional
dumbbell-shaped domain (see Figure |I). The two bulks are modelled by two bounded,
connected, open Lipschitz sets Qf, " C R? such that

(H1) the origin (0,0,0) belongs to 90 N 9QF;

(H2) Qf C {x <0} and Q" C {z > 0};

(H3) there exists o > 0 such that (9Q°)NB,,(0,0,0) and (9Q")NB,,(0,0,0) are contained
in the plane {x = 0}, i.e., the bulks are flat and vertical near the origin, where the
conjunction with the neck will be located [

We let ¢ > 0 and define the neck region as in (|1)), so that the dumbbell-shaped domain
Q. is defined as in (2), where QX = Q° — (£,0,0) and QF = Q" + (¢,0,0), We notice that
Q). is a bounded, connected, open set with Lipschitz boundary.

We now give the relevant definitions of critical points and isolated local minimiser for
the functional F(-,.) introduced in (3.

Definition 2.1. We say that a function u. € H*(€.) is a critical point of F(-,€.) if it
15 a weak solution to the system

Aue. = W'(u,) in ).,

ou,
ov

=0 on 0f)..

Definition 2.2. For e > 0, let u. € H'(S2.) be a critical point of F(-,Q.). We say that
the family (u.). is an admissible family of nearly locally constant critical points if

(a) there exists € > 0 such that sup {||u.||s : € € (0,€]} = M < +o0;
() |ue — allL1ey = 0 and [|ue — Bl|z1x) — 0, as e — 0.

Moreover, we say that (u.). is an admissible family of local minimisers if it satisfies,
additionally,

*We point out that this assumption is made for mere convenience and it does not affect the generality
of our results. While allowing the reader to focus on the main qualitative geometrical properties of the
domain, it can be removed following the strategy outlined in [22].
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(c) there ezist £g > 0 and 6y > 0 such that for e € (0,e0] we have

F(v,Q.) > F(u., Q)  for allv € H' () such that 0 < ||v — Uel| 210y < 0o -

Remark 2.3. In [23, Definition 3.1] the authors introduced the same notion by requiring
the L? convergence in (b). Due to (a), our definition is equivalent to theirs. We chose to
use the L' convergence because it is a weaker notion to be checked.

Regarding the existence of minimisers, [19, Theorem 3.1] can easily be adapted to our
setting.

Theorem 2.4. Fore > 0, let up.: 2. = R be defined as

o if x € QF,
Upe(x) = a—;—ﬁ ifx e N,
if x € Q.

If u. € HY(S.) is such that F(u.,Q.) < F(v,Q.) for every v € B., where
B. ={u€ H'(Q:) : [Ju— uoellra,) < d, Jullp.) < oo}, (6)

with d < min{|a||Q¢|Y/2, |B3]|Q°[V/2}, then the family (u.). is an admissible family of local
minimisers according to Definition and ||ue — uoc|lr2) — 0, as e = 0.

Unlike [19], we do not assume axial symmetry of the domain and this results in a richer
variety of regimes. In particular, we find that some of these regimes admit sub-regimes,
as was discovered for magnetic thin films in [22] 23]. We discuss all the possible cases in
the next section.

2.2 Heuristics

In this section, we show how to heuristically guess where the main part of the energy
concentrates, just by looking at the asymptotic relationships between the three geometric
parameters €, §, 1.

First of all, we note that, given the privileged role of the parameter ¢, it is trivial to
see that the roles of 9 and n can be interchanged upon switching the coordinate axes y
and z. The regimes investigated in [19] corresponds to the cases where § ~ 7. Therefore,
here we limit ourselves to consider the other following regimes:

(i) Super thin: € > § > n;

(19) Flat thin: € = § > n;
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(13i) Window thick: 6 > n > ¢;
(tv) Narrow thick: 6 > e =~ n;

(v) Letter-box: 6 > e > .

We now want to guess where the transition will happen: completely inside, completely
outside, or in both regions. To understand this, we reason as follows. First of all, we
expect the main part of the energy to be the Dirichlet integral. Therefore, we consider
two harmonic functions that play the role of competitors for the minimisation problem

min{ F(v,§) : v € B.};

one where the transition from « to 8 happens inside the neck, and the other one where it
happens only outside (and the competitor is constant inside the neck). We then compare
their energies (whose computations will be carried out in Section [3) to get a guess of
where the transition will occur. The first harmonic function will be referred to as the
affine competitor, and has energy of order

)
Energy of the affine competitor = oan
€

The second harmonic function will be referred to as the elliptical competitor, and has
energy of order

Energy of the elliptical competitor = —————.
In(n/0)|

When one of the two energies is dominant with respect to the other, it is clear where we
expect the transition to happen. In the case they are of the same order, we guess that the
transition is both inside and outside the neck. This will be later confirmed by rigorous
analysis.

The comparison of the energies of the two harmonic competitors leads to the following
heuristics:

(1) Super thin neck: In this case, we have

as ¢ — 0. Then we expect the transition to happen inside /V..

(79) Flat thin neck: In this case, we obtain

20 L)) 0,

thus the transition is occurring inside V..
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191) Window thick neck: The comparison of the energies of the harmonic competitors
g
gives

on|In(n/é)| 7
bt VA R |
R . In(n/d)| = 400,

as ¢ — 0. The transition is expected to happen entirely outside the neck.

(iv) Narrow thick neck: In this case, we have

on [In(n/6)|
€ )

as € — 0. Therefore, we expect the transition to happen outside the neck.

= [In(n/d)| = +oo,

(v) Letter-box neck: In this case, we have the presence of sub-regimes. Indeed, the
comparison of the orders of the energies of the harmonic competitors gives

on [n(n/d)| _n

€ ) e

[n(n/9)],

whose asymptotic behaviour is not clear. Therefore, we have to consider the follow-
ing sub-regimes:

(a) Sub-critical letter-box neck, when
on [In(n/9)]
3 4]

as € — 0. In such a case, we expect the transition to happen inside the neck.
(b) Critical letter-box neck, when
o [In(n/6)]
€ )

as € — 0. In this case, we expect the transition to happen both inside and
outside the neck.

— 0,

— £ € (0, +00),

(¢) Super critical letter-box neck, when

on [In(n/d)|
€ 0

as € — 0. Here, the transition is expected to happen outside the neck.

— 400,

2.3 Novelty of the present contribution and main results

In this paper, we study the full three-dimensional case of the problem with no symmetry
assumption on the shape of the neck: it will be a parallelepiped as in with all three
dimensions independent from one another and all vanishing to zero as ¢ — 0. When
considering the mutual rate of convergence to zero of the three parameters e,d,n, we
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single out five regimes that do not emerge in the analysis of Kohn & Slastikov, and
for each of them we study the energy scaling. We notice that in our three-dimensional
setting the scale-invariant Poincaré inequality is not always available. This inequality
ensures that, given a bounded, connected open set A C R?, there exists a constant C' > 0

such that s R
(LG =l ) < e ([ [e (I o)

for all A > 0, and all u € H'(A). Here, us denotes the average of u in A. Note that
the argument to get such inequality is the same to guess the conjugate exponent in the
Gagliardo-Nierenberg inequality. Despite that, we are able to investigate the behaviour
of local minimisers and the associated rescaled limiting problem, which possesses a vari-
ational structure in every regime.

Due to the peculiar geometry of our problem induced by the mismatch between 1 and
0, namely 1 < 0, the cross section of the junction of the neck with the bulks is a rectangle
with a very large aspect ratio; this allows us to find an ellipsoidal competitor carrying less
energy than the spherical one proposed in the previous works. As it depends on |In(n/d)],
the energy scaling turns out to exhibit sub-regimes in some of these cases, as described
in Section

The main achievements of the paper are the following.

(A1) For all of the above-mentioned regimes, we identify where the transition happens.
More precisely, we find sequences (o). depending explicitly on the parameters €, d, 7,
with 0. — 400, as € — 0, such that

ll_r)% QEFE(uE7 QE) =K E (Oa +OO)7
lim o, F.(us, N.) =: 6y € [0, K].
e—0

Their interpretation is the following: & is the asymptotic energy in the whole domain,
and ky that in the neck. Therefore, if Ky = K, we say that the transition happens
entirely inside the neck, if ky = 0, the transition happens entirely outside the neck,
while if ky € (0, k), the transition happens both inside and outside the neck. In
particular, we rigorously justify the expectations derived from the above heuristics.

(A2) In all of the regimes, we consider the profile in the region where the transition
happens. We identify a proper rescaling of the independent variables that allow us
to prove that such rescaled profile converges to a solution of a Dirichlet energy in a
limiting domain with suitable boundary conditions. Only in the critical letter-box
regime, we need to assume convergence to a limiting profile (see Theorem [1.9i)),
and we prove that the latter solves a minimisation problem (see Remark . In all
cases, local minimisers will converge to a constant in the region where the transition
does not happen.

We refer the reader to Section |4 for the precise statements and proofs of these results.
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Remark 2.5. The reason why in the critical letter-box regime we cannot prove compact-
ness of a sequence of local minimisers, is the following. We do expect to see part of the
transition inside the neck. Therefore, we rescale the local minimiser u. as v.(x,y,z) =
us(ex, 0y, mz). In such a way, we get that

= . 2 & (D) 4 S (Bu,)?
207 /NE |Vu|” dx = 5 /[_171]3 ((811)5) t5 (Oyve)” + e (0.ve) ) dx.

The left-hand side is bounded thanks to the energy of the affine competitor. Unfortunately,
since in this regime € < 9, we do not get a lower bound of the y-derivative of the function
ve, even if we prove that each limit of the sequence (v.). will only depend on the first
variable.

3 Competitors

The goal of this section is to build two harmonic competitors and to compute the order
of their energies. For clarity, we present the affine and elliptic competitors separately.
However, at the end of the section, they are mixed together in a more general way.

3.1 Affine competitor

Here we build the affine competitor inside the neck and we compute its energy. Let
A, B € R, and define the affine function &.: R® — R as

A if x € Qf,
B-A B+ A
£(x) = r+ 27 ifx e N, (7)
2e 2
B if x € Q.
Then, we have that
1 0
—/ |V§E|2dX: —n(B—A)Q. (8)
2 . €

3.2 Prolate competitor

In [19], the authors built a harmonic competitor by imposing boundary condition on
half-spheres centred at the edges of the neck. The choice of the spherical geometry was
dictated by the fact that the authors required § = 7. In our case, the geometry will be
that of an ellipsoid, suggested by the fact that one of the parameters  and 7 is larger
than the other.

In order to define our prolate competitor, we first need to introduce the so-called
prolate spheroidal coordinates. Consider, for a > 0, the change of coordinates (z,y, z) =
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Wa(p, v, ), given by
x = asinh psin v cos @,
y = acosh p cosv, (9)
z = asinh psin vsin @,

where (0, +a,0) are the coordinates of the foci, ¢ € [0, 27| is the polar angle, v € [0, 7| is

the azimuthal angle, and ¢ > 0. The Jacobian matrix and the Jacobian determinant of
the transformation ¥, are, respectively,

acosh psinvcosp asinh pcosvcosy —asinh psinvsin g
Ju, (1, v, ) = asinh p cosv —acosh psinv 0 (10)
acoshpusinvsing asinhpcosvsing asinh psinv cos g

and
det(Jg, (1, v, 9)) = —a®sinh psin v(sin® v + sinh® p). (11)

For M > 0, define the ellipsoid
E(a, M) = {Wa(p, v, ) : p < 2M}. (12)

Moreover, we need consider the left and the right halves of the set Ej; translated at the
edges of the neck. Namely, we consider the open sets

Efa, M) = (E(a, M) N {x < 0}) — (&,0,0),
and
EX(a, M) = (E(a, M) N {z > 0}) + (¢,0,0).

Note that if acosh(2M) < 1y, where 19 > 0 is given by assumption (H3), we get that
Ef(a,M) C Qf, and that E*(a, M) C Q. For 0 < m < M, we define the function
£:RP - Ras

in \Ei(a,M),
+5

Q

—h(z +¢e,y,2) in E(a, M),

o
=+ o
=
—
=

£E(X> - 58(17,%2:) =

in NV,

o
=+ o
=™

+h(x —e,y,2) in Ela, M),
in X\ E.(a, M),

sy
\V]

\

where h: E(a, M)\ E(a,m) — R is the solution to the problem
Ah=0 in E(a, M)\ E(a,m),

h = B%a on 0E(a, M),

h=0 on 0E(a,m).
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Now, our goal is to find the function i explicitly and to estimate, asymptotically, its
Dirichlet energy. We look for the solution in the form h(x,y, z) = h(). Then the Lapla-
cian in prolate spheroidal coordinates is given by

- 1 ~ =
Ahu) = a2(sin? v + sinh? ) <h““(ﬂ) + (coth u)h“w)) =9

or equivalently (sinh ph,), = 0. Tt follows that

- c
h = 14

and thus 3
h(p) = cln |k tanh(p/2)]. (15)

Enforcing the boundary conditions

h(2M) = ﬂ%a and  h(2m) =0

yields
1 b —«
k= - and c= NG (16)
21n ( )
tanhm
Hence, we can write
T (B —a) tanh /2
hn) = tanh M : ( tanh m >
21In < )
tanhm
We are now in position to compute the Dirichlet energy of the function £ . By ,

}v(xyzgexya }_|V:cyzh(xay7z)a
operator on the variables. By changing variables with @D and by recalling that

(J‘Ifa (:ua v, SO))TV(Ly,Z)h(QJ’ Y, Z) = v(uw,tp)ﬁ(ﬂ)a

owing to , , and , we obtain that

c — cosh psin v cos ¢

Vi€ = — : - sinh o cos v
PERE g sinh p(sin? v 4 sinh® p) | cosh 1 sin v sin

Therefore, by using che change of variables theorem and recalling and , we

obtain
1
5 / |V€a|2 dx
(a,M)\E(a,m)

c? 2“/ /2M cosh? pusin? v + sinh? p cos? v
T 22 sinh? y1(sin” v + sinh? p

M giny ma(f — a)
=nc’a inh - tanh M\’
s (s

tanh m

| det Jy, (u, v, ‘ dpdrde (17)
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where, in the second equality, we have used the elementary relations between trigonometric
and hyperbolic functions. In the above expression, there are still two choices that we can
make: that of the parameters a and m. We now want to choose them in such a way that

(N.N {z = +e})° € E(a,m) N {z = 0} + (&,0,0). (18)

To enforce ([L8)), we note that (9)) implies that, for all (z,y, z) € dE(a, m) such that z = 0,

it holds ) )
Yy z

+ =1. 19

a2 cosh?(2m) a2 sinh?(2m) (19)

Therefore, choosing a and m to satisfy
asinh(2m) = 2n, acosh(2m) = 26 (20)

implies that holds with < and therefore guarantees the validity of .

We now want to get an asymptotic estimate of , taking into account the fact that

all the regimes in this paper consider the case in which n < §. By (0], a? = 4(6 — 7?),
and then

a~26 as €—0. (21)

Moreover, from (20)),
tanh(2m) = —. (22)

3

Observe that in our regimes, when n < 4, then m < 1 and implies that tanh(m) ~
n/20 as € — 0, so that

) :lntanhM—lntanhm%—lntanhm%—ln%%—lng, (23)

(tanh M
In

tanh m

for € small enough. This, together with implies that, for £ small enough,

g L1 Ve[ dx = (B - a)2 (29
=0 0 2 JgaM\E(am)

Finally, we note that the elliptic competitor just built gives a better upper bound
on the energy of the minimiser u. than the one that could be obtained in [19], with a
spherical harmonic function. Indeed, in the spherical harmonic case, they obtained an
upper estimate with a term of order d. Therefore, we can notice that

0
[ In(n/6)]

as € — 0. Thus, we obtained a competitor whose order of energy is asymptotically lower
than the previous one. This is particularly relevant since such a competitor follows the
geometry of our problem, in which the shape of the neck presents the y coordinate way
smaller than the z coordinate, ruled by ¢ and 7 respectively.

<0,
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3.3 Mixed competitor

The idea now, is to mix the affine competitor in the neck, together with the ellipsoidal just
built. The purpose of this new competitor, is to describe whenever the transition happens
simultaneously inside and outside the neck. Consider A, B € R such that « < A < B < .
Let h: Ef(a, M)\ E'(a,m) — R be the solution to

Aw=0 in E'(a, M)\ E (a,m),
w=a ondEa, M),
w=A ondEa,m),

and g: E"(a, M) \ E*(a,m) — R the solution to
Aw=0 in E*(a, M)\ E (a,m),
w=p ondE(a, M),
w=DB ondE"(a,m);

let he(x,y,z) = h(x +e,y,2) and g.(z,y, 2) = g(x — €,y, z). Recalling and (9)), we
define the function & : R® — R as

( —

a in Q4 \ E_(a, M),

he(x,y, 2) in Ef(a, M) \Ee(a, m),

A in E(a,m),

)= B4 BEA N (25)
2e 2

B in EX(a,m),

ge(,y, 2) in EX(a, M) \Er(a, m),

3 in QL \ E(a, M).

\
We note that £ is an admissible test function for the minimization problem satisfied
by u.. Indeed, by the maximum principle, the functions g and A are uniformly bounded
in . Therefore, we also get that

/ & — up.[Pdx < C(E| + |ET)),
Qe

for € small enough. We now want to estimate, asymptotically, its energy. Using the same
argument used to obtain ([15]), we can write the explicit solution of the problems above as

h(p) = ¢ In |k tanh(p/2)], and g(p) = " In |k tanh(p/2)|.

We can explicitly obtain cf, k%, ¢, k" € R by imposing the boundary conditions and we
get

€= tanh M\’ €= tanh M
In ( > In ( )
tanh m tanh m
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and
<1 tanh M| « ) <1 tanh M| f )
exp | In exp | In
. P tanhm | a— A o P tanhm | 5 — B
N tanh M N tanh M

Arguing like in and recalling , we get that

1 / 9 ma(A — a)?
- IVhe|Pdx = —— (26)
2 JEt(a,MN\E (am) In(n/0)|
and
1 / 2 ma(B - f)°
= Vg |” dx = ———— (27)
2 JBr (e, M\E (am) |In(n/d)]
as € — 0. Therefore, from , , and , we obtain
Ta on
F(&, Q) = Tin(y/8)] [(A—=a)’+(B—p)"] + ?(B —A)%.
Recalling , for € small enough, we can write
21 on
F(&, Q) = Tin(n/3)] [(A=a)*+(B=B)’] + —(B—A)". (28)

Now we compute the minimum of the right-hand of under the constraint that o <
A < B < (. It is possible to see that a solution is in the interior of the admissible region,
and thus the optimal A and B are given by the solution of the system

2w B a—
)~ B A =0

2 n
— (B — ~(B—-A)=
) B =0
which are
T no+p w3 N no+p
A |ln(n/57)r| 6+ QQ and B — |1n(n/57)r| 5+ 22 ' (29)
In(n/6)| & In(n/6)| &

The explicit values of A and B in will be crucial in the various regimes when we will

need to infer the boundary conditions of the rescaled profile at the edge of the neck. In
conclusion, from , if u. is a local minimiser, we then have

21

Flu.0.) < 220

7T In(n/9))

Finally, notice that the right-hand side of has a clear separation between the energetic

contribution of the competitor inside and outside the neck, as well as their orders of the

energy.

on
9

[(A—a)*+(B-p8)°] + —(B—A)~ (30)
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4 Analysis of the problem in the several regimes

In this section we carry out the rigorous analysis of the asymptotic behaviour of the
solution, obtaining information on its energy and its behaviour inside and close to the
neck. To this aim, define

N = [-1,1],

which is the neck N, rescaled to size of order 1, that is, under the change of coordinates
(x,y,2) = (x/e,y/0,z/n). In the following subsections, we will perform various rescalings
and we will always denote by (). the corresponding rescaled domains.

4.1 Super-thin neck

In this regime the parameters are ordered as € > ¢ > 1. Namely, we have

lim-=0 and limﬂ =0.
e—0 ¢ e—0 5

According to the heuristics in Section [2.2] we expect the transition to happen entirely
inside the neck. If u, is a local minimiser of the functional , the convenient rescaling is

ve(z,y, 2) = u.(ex, dy,nz).

Define 55, ﬁﬁ, and ﬁf: as the rescaled domain €., Q. and QF, respectively. Note that, as

e — 0, the closure of the set Qg converges locally in the Hausdorff sense (see Definition
to the closure of the set

Qoo = QL UNUQ,

where QY = {z < —1} and Q7 = {z > 1}. The strategy of the proof of Theorem
and of Theorem [4.2]is similar to that employed in [19, Theorem 4.1]. For clarity, we chose
to present it in full details also in here.

Theorem 4.1. Let (u.). be an admissible family of local minimisers as in Definition .
Assume € > 6 > n. Then,

. € IERTENGC (A _ )2
lim %F(uE,QE) = lim &IF(ue, Ne) = (B — ).

Moreover, for e > 0 let v, : Q. > R be defined as
ve(z,y, 2) = u.(ex, Iy, nz).
Then, the following hold:
(1) veXge — axge — 0 in LY(R?) and vexg: — Bxg: — 0 in LY(R?), as e — 0;

(11) There exists © € H'(N) such that v. — 0 weakly in H*(N), as € — 0;
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(iii) It holds that ©(z,y, z) = v(x), where v € H'(—1,1) is the unique minimiser of the
variational problem

min{%/l W2 dr: ve HY(-1,1), v(-1)=a, v(l) = 5}.

-1

b —a a+p

In particular, v(z) = 5 Tt

Proof. Step 1: existence of v. Note that, using assumption (H3), for ¢ > 0 sufficiently
small, it holds that B
2N NQy C Q..

The reason why we take 2NV and not only N is because we need the boundary conditions
to converge, and this is an easy way to ensure such a convergence. We claim that

SUD [ Ve 1 (2nn0n0) < 00
e>0

First of all, using the fact that € > § > 7, we get that

c 52 0’
IVeloncan =5 [ (O + Z00 + G00)7) ax

g%F(us,Qe) < C < o0,

(31)

where the first step follows by using a change of variable, while the second from with
A =a and B = . Moreover,

/ |v|? dx = 1 e |? dx < (supxean.no. [ul?) 2NN Q| .
&€ - e < _
2NN £0m Jon.na. o

Thus, we get that, up to a subsequence, v, converges weakly in H'(N) to a function
© € HY(N). The independence of the subsequence will follow from Step 2, where we show
that the limit is the unique solution to a variational problem.

Step 2: limiting problem and behavior inside the neck. We now want to characterize the
function v as the unique solution to a variational problem. We do this in two steps:
first, we identify a functional that will be minimized, and then we identify the boundary
conditions.

We have that

liminfiF(uE,QE)>liminfi(1/ V|2 dx + W(ue)dx>
) 2 Jn. N

e—0 ’]7 e—0 77
limﬁinf 2 ((5 ve)’ 52 (Oyve)? + —2 (0,v )2) dx + &2 [ W(v.)dx
50 rve 2 yve 2 zYe N £

N
> liminf = [ Vo2 dx > - |Vv|?d 32)
> liminf o N| V| X 2 g : v|* dx, (
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where in the last step we used the fact that € > 6 > 7. Notice that, from the bound
and the fact that ¢/n — oo and €/6 — oo, we necessarily have that v does not depend
on y and z. Namely, v. converges to a function ¢ € H'(N), of the form o(z,y, z) = v(z),
where v € H'(—1,1). Therefore, from (32)), we can write

1 1
%/ |Vv|2dx:2/ ()2 dx>2min{/ (wde: we HY(-11), w(£1) = i(+1)}
N -1 1

2

= (0(1) = 9(=1))", (33)

where last step follows by an explicit minimisation.

Now we claim that 0(—1) = « and 0(1) = 5. We prove the former, since the latter
follows by using a similar argument. The idea (introduced in [19]) is to use the scale-
invariant Poincaré inequality

(] u—apax) < /|Vu5|2dx | (34)
QZ

where C' > 0 and 4, is the average on Q¢ of u.. Using a change of variable, we estimate
(by neglecting the potential term as in (32))) the right-hand side of as

5 2 2 3
5577/ lve — 0| dx < C( 77/ (00 ) %(Gyvg)Q—{—%(@zvg)de)

3

< 0(5:) (57717(%,9 ))3.

Now, using the fact that dn/e* — 0 as € — 0, using , we get that

_ om\2 [ e s
/@e v, — 5.5 dx < C(?) <%F(ug,§2€)) 0, (35)

as ¢ — 0. Therefore, v-xg: — Vexge — 0 in LS(R3), as ¢ — 0. We now claim that

UeXge — aXge — 0 in LS(R?), as ¢ — 0. Indeed, by definition of local minimiser we have
that
e — al[p1ey — 0,

as ¢ — 0. Therefore, . xq¢ — axqe — 0 in L°(R?), which yields that o.xg, — axg — 0 in
L5(R3). Thus, since v. — 9 strongly in L?(2N N Q) as € — 0, we get that 9(—1) = «.

Step 3: asymptotic behaviour of the energy. From (32) and we can conclude that

.. L€ )
h]gl_)lonf %F(us, Q)= (—a)r. (36)

On the other hand, denoting by &. the affine competitor in ([7]), we have that

lim sup — F'(u., €2.) < lim sup (55, ) =(8—a) (37)

e—0 577 e—0
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Thus, from , and , we get

lim ;F(ua, Q) = (B —a)

e—0 n

In particular, we get that all inequalities in are equalities, proving that

. 3 . 5
llir(l) %F(ua, Q.) = llg(l) %F(ua, N.).

This concludes the proof. O

4.2 Flat-thin neck
In this regime the parameters are ordered as € ~ § > 7. Namely, we have

J
lim-—=me€ (0,+00) and lim )
e—=0 ¢ e—=0¢

In this case, the behaviour of an admissible family of local minimisers is similar to the
super-thin regime and strategy of the proof is similar to that of Theorem 4.1 Therefore,
we only highlight the main differences. Since we expect the transition to happen entirely
inside the neck, we would like to use a rescaling for which the neck N. transforms in
N = [—1,1]* (where we take, without loss of generality, m = 1). Given a local minimizer
u. of the functional , the convenient rescaling is

ve(z,y, 2) = uc(ex, ey, nz).

If we rescale in this way, the limiting domain (in the sense of local Hausdorff convergence)
becomes
Qo = QL UNUQL,

where Q= {z < —1} and O*_ = {z > 1}.

Theorem 4.2. Let (u.). be an admissible family of local minimisers as in Definition .
Assume € = 0 > n. Then,

o1 .1 2
}:g% EF('U@QE) - }:IL% EF(UayNa) - (ﬁ - a) .

Moreover, for e > 0 let v, : Q. = R be defined as
Ve(,y, 2) = uc(ex, €y, nz).
Then, the following hold:
(1) veXge — axge — 0 in LY(R?) and vexg: — Bxg: — 0 in LY(R?) as e — 0;

(ii) There exists a function © € H'(N) such that v. — © weakly in H'(N) as € — 0;
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(iii) It holds that ©(z,y, z) = v(x), where v € H'(—1,1) is the unique minimiser of the
variational problem

min{%/1 [V [*de: v e HY (=1,1), v(=1) =a, v(l) = 5}.
-1
b —a a+p

In particular, v(z) = 5% + 5

Proof. In the same way as in Theorem [4.1], we can prove that

sup || V. |22y < 5iF(ug,Qg) < C < . (38)
e>0 77
and
sup [|ve|z2(vy < C.
e>0

Therefore, by compactness there exists v € H'(N) such that, up to a subsequence, v, — v
in H'(N). The independence of the subsequence will follow from the fact that the limit
is the unique solution to a variational problem.

Thus, we can write

1 1 2
lim inf = F(ug, N.) = lim inf = / (<axv€)2+(ayv6)2+E—Q(azva)Q) dx + €% / W (v,) dx
2 /N n N

e—0 n e—0

> 9,0)* + (9,0)?) dad
|, @i+ 00)) dray
> min { /[1 . ((Ow)? + (Oyw)?) dzdy : w € H'([-1,1]?),

w(*l,y) =0(£1,y), Vy € [-1, 1]}, (39)

where in the previous to last step we used and the fact that ¢/ — +oo. Then
we necessarily have that v does not depend on z. Namely, v. converges to a function
0 € H'(N), of the form o(x,y, z) = v(z,y), where v € H'([-1,1]?).

Now, would like to show that the boundary conditions v(+£1,y) are independent from y.
This is done by acting similarly as in and . Indeed by using the scale-invariant
Poincaré inequality , we get

lve — 0.|°dx < 0(2)2(%17(115, Q€)>3.

Q

From (38)) and the fact that n/e — 0 as € — 0 we can conclude that v = a on Q and
v = on QL , independently on y. Therefore, from (39)) we get

lim inf 1F(ug, N.) > min { / ((Opw)? + (Oyw)?) dzdy : w € H'([-1,1]?),
[7171}2

e—0 n
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w(_]-vy) =, w(]-?y) = 67 ‘v’y S [_]-7 1]}
> min {/ (0pw)? dady : w € HY([-1,1)%),
[-11]?

wviw)zmQMLw=w%Vy€PLH}

= (8- a)” (10)

where the last step follows by an explicit computation. On the other hand, denoting by
&. the affine competitor in (7)), we have that

1 1
lim sup _F(us> Qs) < lim Sup _F(£E7 NE) = (ﬂ - O‘)Q' (41>
n

e—=0 7] e—0

Finally, using and ([41)), we get

1 1
lim — F(ue, Q.) = lim —F(u., N;) = (8 — a)*.

e—0 n e—0 Ui

This concludes the proof. O

4.3 Interlude: convergence of Neumann problems

In this short interlude, we recall a convergence result for solutions to elliptic problems
with Neumann boundary conditions that will be crucial to carry out the analysis of the
asymptotic behaviour of the rescaled profiles outside the neck. We first recall the notion
of Hausdorff convergence.

Definition 4.3. We say that a sequence of closed sets (A,), C R? converges in the
Hausdoff metric to a closed set A if

lim max {sup d(x, Ay), sup d(y,A)} = 0.

n—0o0 x€A yEA,

Here, d(x, A) denotes the distance between the point x € R® and the set A. We denote
this convergence by A, LA We say that the convergence is local if it holds on every
compact set, namely if A, N K 5 An K, for every compact set K.

The result is the following. For a proof, we refer to [22] Proposition 6.2] (see also
[T0, 12]). Note that the argument in there is only detailed for the case of R?. Nevertheless,
all of the computations carry out also in the three-dimensional case, including the W>?
convergence, which follows from standard interior regularity estimates.

Theorem 4.4. Let (Q.). C R? be a sequence of bounded open sets with Lipschitz boundary
such that, as € — 0,

Xa. = Xa. in Llloc(]R3) and R? \ Q. AR \ Qs locally,
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for some open set Q. Moreover, assume that €. C Q. , for everye > 0. Let p > 2, and
let (f.). C LV (R3) be such that, as e — 0,

loc

f&‘XQs — fOOXQoo in L{)OC(R?))?

for some fo € LV (R3). Let u. € H' () be a weak solution to

loc
Aue = fe in Qsa
dyu. =0  on 0f,.

Assume that (u-xq,)- is locally equi-bounded in L>=(R3). Then, up to a subsequence,

UsXa. = Uxa. i LL (R?) for all q € [1,00),

as € — 0, and
Vucxa, — Vixa. i Ly (R R?),

loc

as € — 0, where i € H (Q) is a weak solution to

A= fr  in Qo
d,u=0 on 0.

Moreover, u. — i in WP (Qs), as € — 0.

loc

Remark 4.5. The reason why in the above result the convergence of the complements of
the open sets ). is required, and the fact that the limiting set has to be open, is in order
to ensure that at each point of the limiting set there is only one side where the limiting
set is. For instance, we want to avoid situations of the type

Q. = {(cosb,sinh) : 0 € (0,27 — &)},
or of the type
Q.= (0,1)*U([1,2) x (—¢,¢)) .

In both cases, the limiting set has part of the topological boundary that creates troubles in
defining the limiting PDE.

4.4 Window thick regime

Here we consider the scaling of the energy in the window thick regime ¢ > n > ¢, namely
where

limﬂ =0 and limﬂ = +00.

e—=0 e—=0 ¢
Since the ellipsoidal competitor outside the neck provides an energy whose order is lower
than the energy of the affine competitor in the neck, we expect the transition happening
outside the neck. If u. is a local minimiser of the functional , the convenient rescaling
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that allows us to both see a nice limiting space, and to use the scale-invariant Poincaré

inequality is
ve(z,y, 2) = u(dz, 5y, 02).

Using this rescaling, the limiting domain (in the sense of local Hausdorff convergence)
becomes

Qoo = {2 < 0} U ({0} x [-1,1] x {0}) U {z > 0}.
However, note that
R\ Q. 5 R\ Q.

where .
Q. = s, Qo= {z<0}U{z >0}

We are now in position to prove the main result of this section.

Theorem 4.6. Let (u.). be an admissible family of local minimisers as in Definition .
Assume that 0 > n > ¢e. Then,

lim MF(UE, Q) = lim L?/(S”F(u87 QN\N) =7(8—a)

e—0 ) e—0
Moreover, for e > 0 let v, : Q. > R be defined as
ve(,y, 2) = u.(0x, 0y, 02).
Then, the following statements hold:

(i) v — “TJFB uniformly on Bg, as e — 0, for all 2R < ro, where rqy is given by (H3);

(ii) There exists © € H\

e (Qoo) sUCh that vexg — Vxa., strongly in Hy (R?), ase — 0;

loc

(i1i) The function 0 is the unique minimiser of the variational problem

1
min{—/ |VU|2dZL‘ZU€.A},
2 Ja.

A= {v € Hﬁ)C(QOO), v —axor, — Bxar, € L(Qu), v = b on Br N QOO},

where

and Q= {z < 0}, and Q% = {z > 0}.
Proof. Step 1: lower bound of the energy outside the neck. We claim that

lim inf MF(UE, Q\N) = 7(8—a) (42)

e—0
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The strategy to prove it is the following. We fix p < R, and take vanishing sequences
(a:)e and (M.). such that

a-sinh(2M.) = 2n, a. cosh(2M,) = 26. (43)

Note that this choice ensures that

(N.N{x = —¢e})° C E(ac, M.)N{x = —c}, (N.N{zx=¢})°C Ea., M.)N{x =¢},
where we define

Ef(a., M) = (E(ac, M) N {z < 0}) + (0,0, —¢),
E*a., M) = (E(ac, M) N {z > 0}) + (0,0, ).

In Step 1.1, we prove that, for all § > 0, there exists ¢y > 0 such that

mi—0<u <mi+60 onE(a, M), (44)

mo — 9 g Ue < ma + 9 on E;(aay Ma)a (45>
for all € < gy. In Step 1.2, we prove that, for all v > 0, there exists g > 0 such that

a—y<u <a+y on OE (a., p), (46)
B -7 < Ue < B + 8 on 8Er(a£,p), (47>

for all € < g9. In Step 1.3, we then use this information to first prove that there exists
mi, my € R such that

lim inf MF(UE, Q. \ N.) = 27 [(my — @)® + (ma — B)?]. (48)

e—0 (5

Finally, we obtain the claim of the step by optimizing in m; and ms on the right-hand
side of .

Step 1.1: boundary conditions on the internal ellipsoid. Here, we want to prove the
validity of and of . We want to understand the limiting behaviour of v.. The
idea is to obtain such information by looking at the limit of the PDE satisfied by the limit
of the sequence (v.).. First, we notice that since u. is a critical point of the energy Fr,
we have that u. satisfies the Euler-Lagrange equation

Vu. - Vodx — [ W'(u.)pdx =0,
Qe Qe

for all p € H'(€Q.). We claim that

/~ Vo, - Vipdx = (52/~ W' (ve ) dx, (49)
Qe Qe
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for every ¢ € H*(€).). Indeed, fix p € H*(€).). Using the change of variable (62, §y/, §2") =
(:I;, y’ Z)? we get
1

| 5V Vi dx, (50)
Qs

/ Vi, - Vodx = §°

where ¥(z,y, z) = ¢(dx,dy,dz). Moreover,
W' (u)pdx =6 | W (v.)p dx'.
Qe Qe

This proves that v. is a weak solution to

Av. = W' (v,) in Qg ,
ov.

e =0 on 8(25,

as desired.

Now we want to obtain the limiting equation. Since, by assumption, (u.). is uniformly
bounded in L, the sequence f. = §*W’(v:)xg, converges strongly in i .(R?) to f =0,
for all p > 1. Moreover,

R3\§NZELR3\QOO, as € — 0.

Thus, using Theorem , we get that there exists © € H () such that, up to a
subsequence,
V:Xg, — OXa. in LI (R?) for all g € [1,00),

and
(R%;R?),

as € — 0. This proves (ii). In particular, if we fix R > 1, we get that

VUsXQE — Vixq, in L?

loc

e—0 Q.NBsr

/ |Vo]? dx = lim Vo[ dx = 0, (51)
QocNBag

where we used with v, as a test function, together with the fact that ||’ (v.)v.|| L
is uniformly bounded in €.

Therefore, recalling that €2, has two disjoint connected components, we get that there
exist my, mo € R such that

ve = my  locally uniformly in Q. N Bog N {x < 0},

and
ve = mgo  locally uniformly in Q. N Bog N {x > 0},

as € — 0. Moreover, for any choice of a and M such that E(a, M) C Byg, we get that

v. — my locally uniformly in E*(a, M)
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and
ve — mgo locally uniformly in E*(a, M),

as ¢ — 0. Going back to the original coordinates gives us the desired result. We re-
mark that, to obtain the locally uniform convergence, we may choose p large enough in
Theorem {4.4] so that the Sobolev embedding theorem can be invoked.

Step 1.2: boundary conditions on the external ellipsoid. Note that by assumption, we get
that u. is a weak solution to

Aue = W' (u,) in Q. ,

ﬁau; =0 on 0f), .

Moreover, W (u.)xq. € L} (R?) for all p > 1, since by assumption, (u.). is uniformly

bounded in L*. Therefore, arguing as in the previous step, we get that u.yq¢ converges
uniformly to o and ucxq: converges uniformly to 8. In particular, let ro > 0 be given by
assumption (H3). Define

El,=E,N{z<—e} and El =E,N{x>c}.
Then, from the above argument, we get that

a—v'<u.<a++' ondE'

€ 0
B =7 <u. < B+7. ondE:

€0

as ¢ — 0, where
vE = ||ue — a||poo(ge ) = 0 and Ve = ||ue = Bl|(Er,) = 0.

This gives the desired result.

Step 1.3: mq = my. In order to prove that the two values are the same, we argue as
follows. First, we want to use the upper bound . Note that both the optimal values
for A and B given by converge to (a + (3)/2. Therefore, from (30)) we get that

1
liH(l) MF(%, N.) < +o0. (52)

Now, we want to get a lower bound as follow. Without loss of generality, we can assume
my < my. Fix 6 > 0, and let ¢g > 0 be given by Step 1.1. Using and , for € < g,
we estimate the energy inside the neck from below as follow:

1
Flus, N.) > = [ |Vu| dx
2 Jx.

1
>inf{§ (Vol* dx : v e HY(N.),v <my +6 on ON. N {x < 0},
Ne
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v}mg—gonaNaﬂ{m>O}}

= %(ml — My + 20)2

This lower bound yields that

RO oo, ) > 1 no0) oy — o+ 2677

Thus, taking the limit as # — 0" and recalling that in our regime
: n
lim | In(n/d)|= = +o0,
e—0 g
the only possibility in order to satisfy is that m, = my as desired.

Step 1.4: lower bound of the energy. Fix ~,0 > 0, and let ¢y > 0 be the parameter
given by Step 1.1 and Step 1.2. Recall that Step 1.3 yields that m; = ms in and
. We will denote the common value by m € R. Then, for € < gy, we have that

1
F(uayga\Na) 2 ).

2
2/‘Z 72 |Vu.|” dx
Ef(ac,p)\E (as,Mc)

1
|Vue|? dx + = /
2 JEr(ae p\F (ac,Mz)

> inf{l

5 / By Vo|” dx : v e HY(E(a., p) \EZ(aE,ME)),
EZ(“SvP)\E (ae,Mc)

v <m+ 60 ondE(a., M), v=a—~on aEz(aE,p)}
1 —r
+ inf {—/ IVo|* dx : v e HY(E (a., p) \ E (ae, M),
Er(aa,p)\Er(aE,ME)
v<m+6ondE(a., M), v=05—on 3Er(a5,p)}
1 —
= inf {—/ \Vol” dx : v e HY(E(ac, p)*\ Ee(ae, M.,)),
Bt (az p)\E' (0=, Mz)
v=m+6on dFE(a., M.), v=a—~on aEf(aE,p)}
1 —r
+ inf {—/ IVo|* dx: v e HY(E(az, p)* \ E (ae, M),
E*(ac,p)\E" (ae,Me)

v=m+0 on OE (a., M), v=L—~ on aEr(aa,p)}
=: L.+ R.. (53)

Note that L. and R. depend also on m,, 6, but we prefer to avoid specifying all of these
parameters for the sake of notation.
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We now want to compute L. and R.. We show the argument for L.. The result for
R. will follow by using the same reasoning. Arguing as in Section [3.2] we get that the
solution to the problem defining L. is given, in prolate coordinates, by

w(p) = cIn |k tanh(/2)|

where (see ([16]))

<1 tanh p m+ 6 )

exp ( In

o P tanh M. | oo —~y—m —10 C_a—’y—m—ﬁ
B tanh p ’ B '

( tanh p )
n
tanh M,
In particular, (see (26)), we get that
_ ma(a—y—m—0)>
N ( tanh p >

n

tanh M,

Now, we want to understand the asymptotic behaviour of L.. First, we want to compute

the asymptotic behaviour of the denominator on the right-hand side of . Note that
the positions in yield that

(54)

tanh(2M,) = g and  a? = 46% — 4> ~ 46%, ase — 0. (55)

As consequence, we get the following asymptotic estimate

Qe

1 tanh p 1 1In(d/n)|

In <tanh Ma> = a_g(lntanhp —Intanh M, ) ~ 5 (56)
Therefore, from , and using the fact that we can take arbitrary v > 0 and 6 > 0, we
get

lim inf MLE > 27(m — a)?;
e—0 5
in a similar way, we obtain that
. [n(d/n)] 2
hlan_}glf TRE > 21(m — B)*.

These two estimates together imply . To conclude, we consider the function f: R — R
given by

f(s) =2n((s — a)* + (s — B)’]. (57)
Then, the minimum of f over the set a < s < [ is given by

/ (5‘2““) — 7(5 - )
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Thus, from , we obtain that

lim inf WF(%, Q. \N) > 78— )

e—0 5

This proves the claim.

Step 2: energy estimates. Let & be the function defined in (13]). Then, using and
(48), we get that

W(ﬁ—a)2:limwl/ Ve[ dx
e—=0 ) 2 E(a,M)\E(a,m)

> lim inf MF(%, Q. \N.) > 78— )

e—0

This proves that
1
lim ‘n(fsﬂp(ug, O\ V) =7(8 — a)2.

e—0

In particular, since the minimizer of the function f defined in is unique, this yields

that
a—+p

2
Therefore, using the result of Step 1.1, we get the validity of (i).

my = Mo =

Moreover, by noticing that all the inequalities in are equalities, we get that

tim 20 gy, ) = g 1202/0) ln(g/ N (e, 0.\ V) = (5 — )2

e—0 (5 e—0

This proves the first part of the result.

Step 3: limiting problem. Let © € W2P(),) be the function obtained in Step 1.2. First,
we prove that ¢ is an admissible competitor for the problem in (iii). From (i), we know

that
a+f

2 Y
We now prove that it satisfies also the boundary conditions at infinity. Using the scale-
invariant Poincaré inequality , we get that

0=

OHBRQQOO.

v — 6sHLfi(ﬁa) < CHVUEHH(QE) ’

which, together with the fact that 7. — axge + Bxar, € L°(Qx), as € = 0, yields that
0 is an admissible competitor for the problem in (iii).

Finally, we prove that ¢ solves the minimisation problem in (iii). The argument is
similar to that of Step 3 of the proof of [19, Theorem 4.1]. Fix M > |a|,|8|. We can
assume, without loss of generality, that every function ¢ € A1is such that ||¢||Le@.) < M.
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Indeed, given ¢ € A, by considering the truncation ¢ = (¢ A M)V (—M) we get that

0 € A and
1

- 1
5/ V3R dx < 5/ Vol dx.

oo}

Thus, let us take ¢ € A with ||¢||e(.) < M. Define the function ¢, : Q. — R as

o (T,y,2) = ¢ (g, %, %) .

Then, there exist constants C, C > 0, such that, for all £ > 0 it holds

~ 1
e — uoellz2(.) < Clloe — uoel Loy = Co2.

Therefore, for ¢ sufficiently small, we get that . is an admissible competitor for the
minimisation problem solved by u.. Thus,

F(ue, ) < Fp., Q). (58)

Note that

B
F(ug, ) = 2 /- |V | dx + ) W (u,) dx,

and (recall that Q. C Q)

)

Floo ) =5 [ Vel ax+ [ Wiadx
2 Ja. 0

Thus, taking the liminf on both sides of , and using the fact that ¢., u. converges in

L? to zeros of W, we get

1 12 o - 1 2
— < < = =
5 /Oo |Vo|*dx < hrsn_gglf F(ue, ) < hrgn_gglfF(gos, Q) 5 /Qoo |Vl dx,
where we used a change of variable to relate the Dirichlet energy of u. with that of o.
This proves that that © solves the claimed minimisation problem. This concludes the
proof. O

Remark 4.7. We highlight that, from Step 1.1 of the proof (see (51))), it follows that the

transition happens outside any ball of radius § around the neck.

4.5 Narrow thick regime

Here we consider the scaling of the energy in the narrow thick regime 6 > ¢ ~ n, namely
when

lim2 =0 and lim~=1¢ (0, +00).
e—0 5 e—0 g
Since the ellipsoidal competitor outside the neck provides an energy whose order is lower

than the energy of the affine competitor in the neck, we expect the transition happening
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outside the neck. Denoting by u. a local minimiser of the functional , the convenient
rescaling that allows us to both see a nice limiting space, and to use the rescaled Poincaré
inequality is
ve(2,y, 2) = u (0, 0y, 62).
Using this rescaling, the limiting domain becomes
Qoo = {2 < 0} U ({0} x [<1,1] x {0}) U {z > 0}.
However, note that, as ¢ — 0,
R\ Q. 5 R\ Qu,

where

-1
0, = SQE’ Qo ={z <0} U{z > 0}.

The same argument used in the proof of Theorem yields the following result, therefore
we omit the proof.

Theorem 4.8. Let (u.). be an admissible family of local minimisers as in Definition .
Assume that 6 > e ~n. Then,

lim MF(UE, Q) = lim MF(%, QN\N) =7(8—a)

e—0 ) e—0 0
Moreover, for e > 0 let v.: Q. > R be defined as
ve(z,y, 2) = u(dz, 5y, 2).

Then, the following hold:

(i) ve — O‘T”LB uniformly on Bg, as e — 0, for all 2R < ro, where rqy is given by (H3);

(it) There exists 0 € Hy,.(Qo) such that vexg — Oxa., strongly in Hy

loc

(R3), as e — 0;
(71i) The function v is the unique minimiser of the variational problem

1
min {5/ IVul*da v € Hiyo(Qu), v — axar — Bxar, € L),
Qoo

a+p
2

v =

on BROQOO},

where QY = {z < 0}, and Q% = {z > 0}.
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4.6 Letter-box regime

We now consider the regime in which § > ¢ > n, namely when

lim - = 400 and limﬂ = 0.

e—0 ¢ )
In this regime, the transition will happen all inside, all outside, or everywhere, depending
on the parameter

(= lim on Infn/o|
e—0 € (5

. (59)

In particular, we will prove that if £ € (0, +00), then the transition happens everywhere,
while if £ = 0 then transition occurs all inside and if £ = +o00 all outside.

4.6.1 Ceritical letter-box regime

This sub-regime, corresponds to the case ¢ € (0,+00). We capture the transition in the
bulk by applying a similar argument to the one in Theorem in which around the
neck, the rescaled profile v. converges to the average of the two phases, namely (a+ f3)/2.
In the critical letter-box regime we have instead that the rescaled profile converges to
different constants m; on {x < 0} and my on {z > 0}. Once we have this information,
we can understand how to describe the transition in the neck, by taking into account the
fact that we know the boundary conditions. Then, a similar technique used in Theorem

[4.1] applies.

Theorem 4.9. Let (u.). be an admissible family of local minimisers as in Definition .
Assume that 0 > € > n, and that

o g 81 (/)

e—=0 ¢ 1) < <07 —|—OO)
Then,
e (/) _ (o)
In particular
£ (8 — a)’
1' _F £y Ng = T o
50 on (e, Ne) (m+0)?
" In(r/) (8- )
. |In(n/é (B — «
lim ———~ =
L AR iy e

Moreover:
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(i) Consider the rescaled profile w. : Q. — R defined as
we(2,y, ) = uc(ew, 6y, nz), (61)
where Q. is the rescaled domain of Q.. Let us assume that w, — w in H'(N), for

some w € HY(N). Then, w(x,y,z) = w(x) where w € H'([—1,1]) is the unique
mainimaser of the variational problem

a+p
min{§[1 [v'[dz: v e H'(=1,1), v(-1) = p—y; :
_'_
o+ (a 2 B>£
(1) = b
T+/L
(7i) Let
-1
Q. = 595, Qo = {x <0} U {z > 0}.
Define the rescaled profile v. € H1(§NZ€) as
ve(,y, 2) = u(0x, 0y, 02). (62)
Then, there esists 0 € H'(Qs) such that voxg, — Uxa., strongly in Hy, (R?) as
e — 0, where ¥ is the solution of the minimisation problem
: 1
min {5/ |VU!2 dx : ve HY(Qu), v — AX{z<0} — BX{z>0} € L°(Q),
Qoo
T+ <oz_—2kﬁ)£
v = p— on By N{x < 0},
w e (50)
v = — onBMﬂ{:E>O}},

for some M > 2.

Remark 4.10. Notice that in part (i) we need to assume the weak convergence of the
sequence (we). to a limit function w in H'(N) because in this regime the energy bound is
not strong enough to ensure compactness (see Remark .



34 4 ANALYSIS OF THE PROBLEM IN THE SEVERAL REGIMES

Proof of Theorem[{.9. First of all, note that, using (30)), for any given constants A, B € R
with A < B, we have

/N o, 0.) < 2m[(A — a) + (B 5] + %”—““(’7/ Np-ap. (3

) )
Therefore, by (59)), for every A > 0 there exists g9 > 0 such that for every ¢ < g5 we have
1 )
WF(UE, Q) <21[(A— )’ + (B=B)’] + (L +\)(B— A~ (64)

Step 1: lower bound of the energy in the bulk. The same strategy used in Theorem [4.0]
in which we obtained the boundary conditions at the edge of the neck, applies.

Consider the rescaling v. € H'(€).) defined in and the limiting domain Q.. By
following the strategy in Step 1 of Theorem we obtain that there is R > 0 and
0 € H'(Qy) such that v.xg. — xa., in Hy, (R?) and that o is constant on each connected
component of ({z < 0} U{z > 0}) N Bg. In other words, there are my, my € R such that

X my if  x <O,
VB = .
moy if  x>0.

Therefore, we can show that the following lower bound estimate holds (see )

lim inf MF(UQ .) > liminf MF(US, Q.\ Vo)

> 27 [(my — @)® + (ma — B)?]. (65)

Step 2: lower bound of the energy in the neck. From the previous step, we infer that for
any 6 > 0, there exists £; > 0 such that, for every ¢ < e1,

m;y—60 <u. <my+06 on 0Eg(a5,M€),

mo—0 <u. <my+0 on 0E"(a., M.),

for a suitable ellipsoid E(a., M.). From that, we obtain a lower bound of the energy in
the neck. Indeed,

1
%/Nswusy? dx}inf{é/jve Vol? dx : v e HY(N),
v}ml—eon{x:—a}andv<m2+90n{x:€}}
o fl 2 1
>1nf{— Vo] dx: v e H (N,),
2 Jn.

v:ml—ﬁon{x:—g}andv:mQ—i-@on{x:e}}
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= (my —my — 20)7, (66)

where in the last step we used the fact that the minimiser of the above minimisation
problem is given by the affine function.

Step 3: limit of the energy. By putting together , and making use of , we
obtain

liminf’ 77/5’/ V. |” dx > hmmf‘ n(n/o)l |Vu.|” dx
e—0 —0 20 Qlunz

+ lim inf In(n/9)] |Vau|* dx
e—0 20 N.
= 21 [(ml — Oé)2 + (mg — ﬁ)ﬂ + @(ml — My — 26)2 (67)

On the other hand, from (64)), we have

21 [(m1 — @)® + (ma — B)] + (€ + X) (mq — m2)2 > limsup % V| dx.
e—0 Q.

By letting #, A — 0 in the above two inequalities, we obtain

lim ———— [In( 77/5 | / V. |” dx = 21 [(my — @)® + (ma — B)?] + £(my — ma)?. (68)

e—0

The right-hand side is minimized for

7ra+<a—£ﬁ>€ w5+(o‘;ﬁ)£
my = —y and mg = p—— , (69)
which gives
(8 — a)?
lim — F )= ————.
50 o1 on (u ) T+ /

In particular, by noticing that all the inequalities in , , and @ are equalities,
we get

(B — a)?

lim — F(ug,N): CFvIEE

e—0 (5’17
and

|In(n/9)] _ (B —a)?
iy s QAN = (m 402

Step 4: limiting problems. Now we investigate the variational problem that the rescalings

Ve, defined in , in the bulk and w,, defined in , in the neck satisfy asymptotically.
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Step 4.1: limiting problem in the neck. By acting like Step 1.1 of Theorem [4.6] let R > 0
be such that, as € — 0,

ue — my  uniformly on Bsp N {x < —¢},
ue — mo uniformly on Bsg N {x > €},

with mq, ms defined in . In particular, u. has asymptotic boundary conditions ad the
edge of the neck m; and msy respectively. Using the fact that § > ¢ > 7, it follows that,
if we consider the rescaling ,

w, — my uniformly on {z = —1} x [-1,1]%

(70)

w, — my uniformly on {z = 1} x [~1,1]?,
as € — 0, which gives us the asymptotic boundary conditions at the edge of the neck
satisfied by the limiting profile. By assumption, there exists w € H'(N) such that
w. — W in H'(N) as ¢ — 0 and, from (70, w is an admissible competitor for the
variational problem in (7). Moreover,

(my — my)? /—hmmf/ |Vau|* dx

e—0

RS ) € ) € 2
_hmlnfﬁ/N((agcwg) +§(8ng) +ﬁ(8zw€) )dx. (71)

e—0

Since €/n — oo, we have that @ do not depend on the variable z and since we know that
w, — w we have, from , that

(g = m2)? > linigt 5 [ (00, - / (0uib(r,y))* dady
e— N (—1,1
/ O w(z,y) dm

// (0,0 (z,y))* dady >
-1

=§/1| w(1,y) —(—1,y)| dy

dy

- (ml - m2)27
where in the second inequality we used Jensen inequality. Therefore, we conclude that

w(z,y,2) = w(z) for w € H'([-1,1]) and w solves the variational problem in (3).

Step 4.2: limiting problem. We use a similar argument to the one employed in Step 3 of
Theorem applies. More specifically, v is admissible competitor for the problem in (%)
and

(7'('06—1— (a_—i—ﬁ>£
. - +€2 on {x <0},
|BRQQOO
a+p
w0+ l
( 2 ) on {z>0}.

\ T+ /4
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By using the rescaled Poincaré inequality, we get that
Jve = EEHLG(()E) < CHVU&HL?(@)'

In analogy with Step 2 of Theorem [.1| we get T. = axor + Bxar, € L°(Q), as € = 0.
Finally, by applying the last part of Step 3 of Theorem [4.6] we have that © solves the
variational problem in (7). O

Remark 4.11. Note that in this case, we do not have compactness of the rescaled profile
w, inside the neck. This is due to the fact that the chosen rescaling, that allows us to see
the neck at scale one, does not give a uniform bound on the gradient of the rescaled profile
(in particular, the derivative with respect to the variable y cannot be bounded).

We now investigate the remaining two sub-regimes.

4.6.2 Super-critical Letter-box regime

In this sub-regime, we have

)y 01 I(n/6)

lim — 5 = +o0. (72)

In this case, we recover the same result as in Theorem [4.6]

Theorem 4.12. Let (u.). be an admissible family of local minimisers as in Definition
(2.9, Assume that § > e > n and that { = +oco. Then,

lim MF(UE, Q) = lim MF(U{_:, QN\N) =7(8—a)

e—0 ) e—0 0
Moreover, let

~ 1
Q, = SQg, Qo = {x <0} U {z > 0}.

Define the rescaled profile v, : Q. > R be defined as
ve(z,y, 2) = u(dz, 5y, 02).
Then, that the following hold:

(i) ve — ch+6 uniformly on Bg, as e — 0, for all 2R < ro, where rq is given by (H3);

(R?), ase — 0;

loc

(i) There exists 0 € Hy, (Qoo) such that vexg, — OXa., strongly in Hy

(71i) The function v is the unique minimizer of the variational problem
. J1 2
min § o |Vol*de:v e Ay,

A= {U € Hlloc<Qoo>7 U= aXae — 5XQ§,O S LG(Qoo)a v = /8 on Br N QOO}’

where

and Q= {x < 0}, and O, == {z > 0}.
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Proof. The proof follows the ones for Theorems [£.9] and [4.6]

Step 1: bound of the energy. By , for any given constants A, B € R with a < A <
B < 3, we have

—|1n(g/5)|F(u€, Q.) <2r[(A—a)*+ (B - B + %%;/5)'(3 —A)°

Since - 5
figg 27 /O _
e—=0 € 5
the only way to get that the right-hand side of the above inequality is bounded uniformly

in €, is to choose A = B. This gives the estimate

wma, Q) < 27[(A—a)*+ (A-B)).

Step 2. Lower bound of the energy. From , we get

lim inf In(n/9)] |Vau.|* dx > lim inf Iin(n/9)) |Vau|* dx
e—0 20 O, e—0 20 QtluQr
+ lim inf In(n/0)] V.| dx
e—0 2(5 N.
> lim iglf [QW[(ml —a)® + (my — B)°]
In(n/d)| o
L (g/ )|?77(m1 B m2)2]

Therefore, as in Theorem [4.6] we have an optimality condition on m; and ms, which,
together with , leads to
_a+f

A:mlzmg— B .

Therefore

lim MF(%, Q) = lim MF(UE, QN\N) =7(8—a)

e—0 ) e—=0 )
The rest of the proof is identical to the one in Theorems [4.6] and [4.9] and we obtain the
desired result. O

4.6.3 Sub-critical Letter-box regime
In this sub-regime, we have

0 =t 22 OO _ (73)

e—0 € (5 o

In this case, we recover the same result as in Theorem [4.1]
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Theorem 4.13. Let (u.). be an admissible family of local minimisers as in Definition
(2.4 Assume that 0 > e > n and that { = 0. Then,

. € e — (A _ )2
ll_r)% nF(ans)—g_{% nF(usta)—<5 a)”.

Define the rescaled profile v.: Q. — R as
ve(2,y, 2) = ue(ew, 6y, nz),
where Q. is the rescaled domain of Q.. Then the following hold:
(i) VeXge — OXge — 0 im L5(R3) and VeXg: — Bxa: — 0 in L5(R3), ase — 0;
(11) There exists © € H'(N) such that v. — 0 weakly in H*(N), as ¢ — 0;

(iii) It holds that ©(z,y, z) = v(x), where v € H'(—1,1) is the unique minimizer of the
variational problem

min{%/1 W Pde: ve HY(-1,1), v(-1) = a, 0(1)25}7
-1

In particular, v(z) = g ; S+ —g B

Proof. The proof is an adaptation of Theorem and we remark only the differences.
Regarding the bound of the energy, we have that for any given constants A, B > 0 with
A < B, we have

%F(us, Q.) < 2W%W5/M [(A—a)*+ (B—p5)*] + (B - A)

Since holds, we obtain a bound for the energy which is compatible with a transition
inside the neck by choosing A = a and B = f.

By using the same techniques as in Theorems (4.6) and (4.9), we obtain the desired
result. O]
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