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ABSTRACT. We study a relaxed formulation of the quasistatic evolution problem in the
context of small strain associative elastoplasticity with softening. The relaxation takes
place in spaces of generalized Young measures. The notion of solution is characterized
by the following properties: global stability at each time and energy balance on each
time interval. An example developed in detail compares the solutions obtained by this
method with the ones provided by a vanishing viscosity approximation, and shows that
only the latter capture a decreasing branch in the stress-strain response.
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1. INTRODUCTION

In the study of quasistatic evolution problems for rate independent systems a classical
approach is to approximate the continuous time solution by discrete time solutions obtained
by solving incremental minimum problems (see the review paper [14] and the references
therein).
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In this paper we apply this method to the study of a plasticity problem with softening,
where the new feature is given by the presence of some nonconvex energy terms. For a general
introduction to the mathematical theory of plasticity we refer to [7], [8], [9], [10], and [12].
To focus on the new difficulty, due to the lack of convexity, we consider the simplest relevant
model, namely small strain associative elastoplasticity with no applied forces, where the
evolution is driven by a time-dependent boundary condition w(t), prescribed on a portion
Iy of the boundary of the reference configuration Q C R2.

The unknowns of the problem are the displacement u:  — R2, the elastic strain e: Q —
MZ2x2 (the set of symmetric 2x2 matrices), the plastic strain p: Q — M%? (the set of trace
free symmetric 2x2 matrices), and the internal variable z: Q@ — R. For every given time
t € [0,T] they are related by the kinematic admissibility conditions: Fu = e + p in
(additive decomposition) and u = w(t) on I'y. The stress depends only on the elastic part
e through the usual linear relation o := Ce, where C is the elasticity tensor.

Given a sequence of subdivisions of a time interval [0, T]

O=th <th<--<tit<th=T,

we assume that an approximate solution (u};l, e?l, p};l, 2}51) is known at time t};l . The

approximate solution (uf,ei, pi, 2i) at time ¢! is defined as a solution of the following
incremental minimum problem:
inf  {Q(e) +H(p—pi 2=z +V(2)}, (1.1)
(u,e,p,2)EA(w(t}))
where @ is the stored elastic energy, H is the plastic dissipation rate, V is the softening
potential, while A(w(ti)) is the set of functions (u,e,p,z) such that Fu = e +p in Q,
u=w(tl) on I'g, and z € L}(Q).

The details of the definition of Q, H, V, together with the technical assumptions which
are needed for our analysis, are given in Section 2. For the present discussion it is sufficient
to know that Q is a quadratic form, H is positively homogeneous of degree one, and V is
strictly concave with linear growth.

Due to the nonconvexity of the functional the infimum in (1.1) is not attained, in general.
To overcome this difficulty, in this paper we consider a relaxed formulation of this approach
(see Proposition 4.11). To preserve the continuity of the energy terms it is convenient to
cast the relaxed problem in the language of Young measures. An additional difficulty is due
to the linear growth of H and V', which may cause concentration effects. For this reason we
formulate the problem in a suitable space of generalized Young measures (see [4, Section 3]).

The next step in our analysis is the study of the convergence of the relaxed approximate
solutions as the time step t;; — t;@_l — 0 as k — oo (uniformly with respect to ). We prove
that, up to a subsequence, these solutions converge to a solution of a quasistatic evolution
problem formulated in the framework of generalized Young measures. This is characterized
by the usual conditions considered in the variational approach to rate independent evolution
problems, namely global stability and energy balance (see Definition 4.6), suitably phrased
in the language of Young measures. The notion of dissipation required for this purpose is
quite delicate and relies on the theory developed in [4].

We also prove that the barycentres of these Young measure solutions define a function
(u(t),e(t),p(t), z(t)), where (u(t),e(t),p(t)) is a quasistatic evolution of a perfect plasticity
problem (see [3]) corresponding to a relaxed dissipation function, denoted p — Heg(p,0),
which can be computed explicitly in terms of H and V. Some other qualitative properties
of the solutions are investigated at the end of Section 4.

This result allows to compare the globally stable solutions obtained in this paper with
the solutions delivered by the vanishing viscosity approach of [5]. In particular, we study in
Section 5 the globally stable evolution corresponding to the same data considered in [5,
Section 7]. The main differences are the following. While the globally stable solution
involves generalized Young measures, the vanishing viscosity evolution takes place in spaces
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of affine functions, since the data in the example are spatially homogeneous. The stress
o(t) corresponding to the vanishing viscosity solution exhibits a decreasing branch, which
accounts for the softening phenomenon. On the contrary, the stress of the globally stable
solution is nondecreasing and, after a critical time, it becomes constantly equal to the
asymptotic value of the stress of the viscosity solution.

2. NOTATION AND PRELIMINARY RESULTS

2.1. Mathematical preliminaries. We refer to [5] for the standard notation about mea-
sures, matrices and functions with bounded deformation. In particular, for every measure p
the symbols p* and p® always denote the absolutely continuous and the singular part with
respect to Lebesgue measure. The former is always identified with its density. The symbol
|| - |2 denotes norm in L2, while || - ||; denotes the norm in L', as well as in the space M,
of bounded Radon measures. The symbol (-,-) denotes a duality pairing depending on the
context.

Generalized Young measures. We refer to [4] for the definition and properties of gen-
eralized Young measures and of time dependent systems of generalized Young measures.
The underlying measure \ will always be the two-dimensional Lebesgue measure £2. In
particular we refer to [4, Section 6] for the definition of barycentre of a generalized Young
measure, and to [4, Section 3] for the notion of weak* convergence on the space GY (U; =)
of generalized Young measures on the closure of an open subset U of R? with values in a
finite dimensional Hilbert space =.

Given v € M (U), p € LLU;E), and a € LX(U), let awy be the element of
M, (UxZExR) defined by

<ﬂmw:%gmﬁwmmmwu> (2.1)

for every f € Ch*™(UxExR). Note that aw’ does not belong to GY (U;E) since it does
not satisfy the projection property (3.3) of [4].

Given p € LY(U;Z), let 7,: UXExR — UxExR be the map defined by 7,(z,£,n) =
(z,€& +np(z),n). The translation of u € GY (U;E) by p is the image 7,(u) of u under 7,,,
that is,

(f; Tp(w)) = {f (2, & +np(x),n), wlx, & n)) (2.2)
for every f € CM™(UxZxR).
Lemma 2.1. Let py,p € GY (U;Z). Assume that py — p weakly* in GY (U;Z). Then
Ty() = Ty(p)  weakly” in GY (T %) (2.3)
for every p € LY(U;Z).
Proof. For every € > 0 there exists p. € C§(U;E) such that ||p.—pl|/1 < e. By the definition
of weak™ convergence

(f (@, &+ npe (), ), pe (2, €,m)) — (f (2, € +npe(x),m), (2, €, m)) -
for every f € C"™(UxZ=xR). By the projection property (3.3) of [4] we have

[(f(z, & +npe(x),n), s (2, §m)) — (f (@, § + mp(x),m), pe(z, €, )| <
< {anlpe(z) — p(@)], pr(z, &, m)) = /Ualps(w) —p(@)|dr < ae,

whenever |f(x,&1,m) — f(x,&2,m2)| < a(|€&1 — &|+ |m — n2]), and the same inequality holds
for p. Since € is arbitrary, under the same hypothesis on f we obtain

<f(33‘,€—|— np(m)’n)vﬂk(xvgan» - <f($,§ + 7717(3?)777)7#(3375,7]» .

The conclusion follows from the density result proved in [4, Lemma 2.4]. O
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2.2. Mechanical preliminaries. We now introduce the mechanical notions used in the
paper.
The reference configuration. Throughout the paper € is a bounded connected open set
in R? with C? boundary. Let 'y be a nonempty relatively open subset of 92 with a finite
number of connected components, and let I'; := 9Q\Ty.

On I'y we will prescribe a Dirichlet boundary condition. This will be done by assigning
a function w € H'/?(I'p;R?), or, equivalently, a function w € H'(Q;R?), whose trace on
Ty (also denoted by w) is the prescribed boundary value. The set I'; will be the traction
free part of the boundary.

Admissible stresses and dissipation. Let K be a closed strictly convex set in MQDX2><R
with C! boundary. For every value of the internal variable ¢ € R, the set

K(¢):={o e Mp?: (0,¢) € K} (24)

is interpreted as the elastic domain and its boundary as the yield surface corresponding
to ¢. We assume that there exist two constants A and B, with 0 < A < B < oo, such that

{(0,¢0) e MEPxR: |o]* + [(* < A%} C K C {(0,() € ME®xR : [of” +[¢|* < B*}. (2.5)
We assume in addition that
(0,0)) e K = (0,¢)eK, (2.6)
(0,0)) e K = (0,—()€K.
Together with convexity, (2.7) yields
(0,0)) e K = (0,006 K <<= o0€K(0). (2.8)

Let ngr: Mszsz — R be the projection onto R. The hypotheses on K imply that there
exists a constant ax > 0 such that

mr(K) = [-ak, ak] . (2.9)
The support function H : M%MXR — [0,+00) of K, defined by
H(E,0) = sup {o:6+CO}, (2.10)
(o,0)EK
will play the role of the dissipation density. It turns out that H is convex and positively
homogeneous of degree one on M%Xz xR. In particular it satisfies the triangle inequality
H(& + 62,01 +02) < H(E1,01) + H(62,02). (2.11)

Let ® be the gauge function of K according to [18, Section 4]. Since ®? is strictly convex
and differentiable, and 1H? = (3®%)*, by [18, Theorem 26.3] the function H? is strictly
convex and differentiable, so that the set {(¢,0) € ME xR : H(&,0) < 1} is strictly convex
with C' boundary. The same property holds for the sets

{(&,0) e ME3xR : H(E,0) +cf < 1} (2.12)

for every c € R.
From (2.5) it follows that

AVIEP + 02 < H(E0) < BVIE* + 602, (2.13)
from (2.6) and (2.9) we obtain

H(E,0) = H(0,0) = akl], (2.14)
while (2.7) implies
H(¢,0)=H(E —0). (2.15)
It follows from (2.8) and (2.10) that
H(&,0)= sup o:¢&, (2.16)

ceK(0)
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so that H(-,0) is the support function of K (0) in M3,
Using the theory of convex functions of measures developed in [6], we introduce the
functional H: My(; M3?)x My,(Q) — R defined by

Hp.z) = ﬁ H(22 (2), 42 (2)) dA(z) (2.17)

where A € M,"(Q) is any measure such that p << A and 2z << X (the homogeneity of H
implies that the integral does not depend on \). Using [6, Theorem 4] and [19, Chapter II,
Lemma 5.2] we can see that H(p, z) coincides with the integral over Q of the measure studied
in [19, Chapter II, Section 4], hence H is lower semicontinuous on M;(€); MQDXQ)be(ﬁ)
with respect to weak* convergence of measures. It follows from the properties of H that H
satisfies the triangle inequality, i.e.,

H(p1 +p2, 21 + 22) < H(p1,21) + H(p2, 22) (2.18)
for every p1,p2 € My(Q; MZDX2) and every 21,2y € My(Q).

The elasticity tensor. Let C be the elasticity tensor, considered as a symmetric positive
definite linear operator C: M?;n% — M?;n% . We assume that the orthogonal subspaces M7,
and RI are invariant under C. This is equivalent to saying that there exist a symmetric
positive definite linear operator Cp: MQDX2 — I\\/I[2D><2 and a constant x > 0, called modulus

of compression, such that

C¢ :=Cpép + r(tré)I (2.19)
for every £ € Mf;ﬁ . Note that when C is isotropic, we have
C¢ =2uép + K(tré)I, (2.20)

where p > 0 is the shear modulus, so that our assumptions are satisfied.
Let Q: M2X2 — [0,+00) be the quadratic form associated with C, defined by

sym
Q&) == 3CE: ¢ =3Cplp:ép + &(tré)?. (2.21)
It turns out that there exist two constants ac and [c¢, with 0 < ac < B¢ < 400, such that
aclé’ < Q(€) < Bel¢f (2.22)

for every ¢ € M2)%. These inequalities imply
|C¢| < 28c¢]- (2.23)

The softening potential. Let V: R — R be a function of class C'?, which will control the
evolution of the internal variable ¢, and consequently of the set K (¢) of admissible stresses.
We assume that there exist two constants by > 0 and My > 0 such that for every 6 € R
and 6 € R\ {0}

— My <V"(0) <0, (2.24)

eiir_noo V'(0) = — 0ET00 V'(0) = by, (2.25)

0<by <ag, (2.26)

V() < V(0 +6) - V() (2.27)

where ag is the constant in (2.9), and V> denotes the recession function of V', defined by
Vo) = tiieroo @ = —by|d]. (2.28)

Note that (2.25) is satisfied when V is even, while (2.27) is satisfied when V is strictly
concave. From (2.27) it follows that for every R > 0 there exists a constant cg > 0 such
that ~ ~ ~

V'(0)0 — V() > cgld] (2.29)
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for every 0,0 € R with |0 < R.
From (2.14) and (2.26) it follows that there exists a constant C{f > 0 such that

H(& —&1,02 — 01) + V(62) — V(01) > CF &2 — &1 + CFF 62 — 64 (2.30)
for every &;,& € M52 and every 0,05 € R (see [5, Subsection 2.2]).

It is convenient to introduce the function V*°: M3(£2) — R defined by
V>(z) = /7V°°(j—§) dX,
Q

where A € M, () is any measure such that z << X, and the function V: L'(2) — R
defined by

V(z) == / V(z(z)) dzx.
Q
The definition is extended to M;(Q) by setting
V(z) :==V(z%) + V>(2%)

for every z € Mp(Q).

The prescribed boundary displacements. For every t € [0,400) we prescribe a bound-
ary displacement w(t) in the space H'(£2;R?). This choice is motivated by the fact that we
do not want to impose “discontinuous” boundary data, so that, if the displacement develops
sharp discontinuities, this is due to energy minimization.

We assume also that w € AC),.([0, +00); H1(£2;R?)), which means, by definition, that
for every T > 0 the function w belongs to the space AC([0,T]; H*(Q;R?)) of absolutely
continuous functions on [0,7] with values in H'(£;R?), so that the time derivative w
belongs to L'([0,T]; H'(;R?)) and its strain Ew belongs to L' ([0, T]; L*(; MZ2x?2)). For
the main properties of absolutely continuous functions with values in reflexive Banach spaces
we refer to [2, Appendix].

Elastic and plastic strains. Given a displacement © € BD(Q2) and a boundary datum
w € HY(Q;R?), the elastic strain e € L?(Q;M2%2) and the plastic strain p € M,(Q; M%)

sym

satisfy the weak kinematic admissibility conditions
Eu=e+p inQ, (2.31)
p=(w—u)onH' onTy, (2.32)

where n is the outward unit normal, ® denotes the symmetrized tensor product, and H! is
the one-dimensional Hausdorff measure. The condition on I'g shows, in particular, that the
prescribed boundary condition w is not attained on I'y whenever a plastic slip occurs at
the boundary. It follows from (2.31) and (2.32) that e = E% — p® a.e. in Q and p* = E*u
in Q. Since trp = 0, it follows from (2.31) that divu = tre € L*(Q2) and from (2.32) that
(w—wu)-n=0 H'-a.e. on Iy, where the dot denotes the scalar product in R?.

Given w € H'(Q;R?), the set A(w) of admissible displacements and strains for the
boundary datum w on I'g is defined by

A(w) = {(u,e,p) € BD(Q)xL?(Q; M%) x My(; ME?) : (2.31), (2.32) hold}.  (2.33)

sym

The set Ayeq(w) of reqular admissible displacements and strains is defined as

Apeg(w) = A(w) N (WEHQR?) x L2 (Q; M22 ) x L1 (Q; M3 %)) . (2.34)

sym

Equivalently, (u,e,p) € Ayeq(w) if and only if u € Wli’l(Q;H@)ﬂBD(Q), e€ L2(;M222),

c sym
pE Ll(Q;MQDX2), Eu=e+pae on Q,and u=w H'-a.e. on I'g.
The stress. The stress o € L?(;M2%2) is given by

sym

o:=Ce=Cpep +x(tre)l, (2.35)
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and the stored elastic energy by

Q@%iéQM®Mx:am@. (2.36)

2X2

It is well known that Q is lower semicontinuous on L2(Q;Msym

convergence.
If 0 € L(Q;M2%2) and divo € L?(Q;R?), then the trace of the normal component of

sym

o on 9Q, denoted by [on], is defined as the distribution on 9 such that
(fon], B)on = (divo, $) + (o, B) (2.37)

for every 1 € H'(Q;R?). Tt turns out that [on] € H-Y2(9Q;R?) (see, e.g., [19, Theo-
rem 1.2, Chapter I]). We say that [on] = 0 on Ty if {[on],¥)sq = 0 for every ¢ € H'(Q;R?)
with ¢ =0 H!-a.e. on Ty.

) with respect to weak

3. RELAXATION OF THE INCREMENTAL PROBLEMS

In this section we study different forms of relaxation of the incremental minimum prob-
lems.

3.1. Convex envelope of the nonelastic part. In this subsection, given (£p,6y) €
MQDX2 xR, we study the convex envelope of the function

F(£,0) = H(§ — &0,0 — 00) +V(0). (3.1)

Setting € = £ — & and 6 = 0 — 6y and subtracting the constant V(0o), it is enough to
study the convex envelope of

G(£,0) = H(E,0)+ V(0 +60) — V(0) - (3.2)
Let G*° be the recession function of G, defined by

G>(£,0) := lim w

By the homogeneity of H it follows that

G(,0) = H(E.0) +V>=(9). (3.3)
Lemma 3.1. For every (£,0) € ME2xR we have
coG(£,0) = coG>(E,0), (3.4)
2x2

where co denotes the convex envelope in M7y “xR. In particular, coG does not depend on
0o and is positively homogeneous of degree 1 in (&,6).

Proof. As V is concave, we have V(6 + 0y) — V(6y) > V°°(f), which gives

G >G> and coG > coG™®. (3.5)
Since G > 0 by (2.30) and G(0,0) = 0, we have coG(0,0) = 0, so that by convexity
coG < (coG)™, (3.6)
where (coG)*° is the recession function of co G, defined by
o(F A 1 co G(t€, t0)
(0 G)*(€,0) i= tim L)

On the other hand, since coG < G, we have (coG)>® < G*°, which implies (coG)*>® <
co G . Therefore, (3.6) gives coG < co G™, which, together with (3.5), yields (3.4). O
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Let us define Heg : My ?xR — R by
He :==coG™. (3.7)

By the previous lemma the convex envelope co F' of the function F introduced in (3.1) is
given by

co F(£,0) = Her(§ — 0,0 — 60) + V(o) . (3.8)
As H.g is convex and positively homogeneous of degree 1, it can be written in the form
Heg(§,0) = sup  {o:{+ (0}, (3.9)

(0,¢) € Ketr

where Keg = {(0,¢) € MEZxR : H’3(0,() < 0} (see, e.g., [18, Theorem 13.2]), and
Hls = XK.y, where for every set £ C MQDX2><R the indicator function yg is defined by
xe(0,0) =0 if (0,() € E, xg(0,{) = 400 otherwise. Since Heg = co G*°, we have that
H}s = (G*)*, so that
Kesp ={(0,) € Mp™xR : (G®)"(0,() < 0}
Since V°°(0) = min{by 0, —by 0} by (2.28), the function G*° can be expressed as the
minimum of two convex functions, namely
G*(&,0) = min{H(£,0) + by0, H(,0) — byb}. (3.10)
Therefore
(G*)*(0,¢) =max{H*(0,{ —by), H" (0,{ + by)}.
Since H* = x g, we obtain
XKor = (G™°)" = max{Xx1(0,bv)s XK—(0,bv) ] »
which implies
Keg = (K4 (0,by)) N (K —(0,by)) . (3.11)

Using (2.26), (3.11), and the strict convexity of K, it is easy to check that Keg is a bounded
closed convex set and that

(0,0) € Kegg C Kegg C K . (3.12)

Lemma 3.2. For every (£,0) € M3;2xR we have
Hef‘f(fa 0) = G(ga 0) Aand (57 9) = (Oa 0) ) (3 13
Hew(€,0) =G*(,0) < £=0. 3.14

Proof. By (2.10), (3.9), and (3.12) we have
Heg(€,0) < H(E,0) for every (¢,0) # (0,0). (3.15)

If Heg(€,0) = G(£,0), by (3.5) and (3.7) we have G(§,0) = G*(£,0), which gives V> (0) =
V(0+600)—V (0o) thanks to (3.2) and (3.3). By (2.27) this implies 8 = 0, so that Heg(£,0) =
G(£,0) = H(&,0). By (3.15) we deduce that & = 0. This concludes the proof of (3.13).

On the other hand, if Hex(£,0) = G*°(£,0), from (3.3) we obtain Heg(£,0) = H(E,0).
By (3.15) we deduce £ = 0, which concludes the proof of (3.14). O

Lemma 3.3. For every (€,0) € M3 2xR we have
coG™(&,0) = copG™(€,0), (3.16)

where cog denotes the convex envelope with respect to 6. Moreover there exist 6 €R and
o€ [1,1], such that

0=af+(1—a)-0), (3.17)
Heﬂ(fa 0) =G> (53 é) . (318)
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Proof. Let
A® = {(£,0) e M5 xR : 0 <0, H(£0) +byd <1},
A® = {(£,0) e ME xR : 6 >0, H(£0) — by <1},
and A := A° U A® = {G> < 1} (see (3.10)). By (2.15) we have
(£,0) € A°® = (£,-0) € AP, (3.19)

Since G*° is positively homogeneous of degree 1, we have co A = {co G*> < 1} and copA C
{cogG*> < 1}, where copA is the smallest set containing A, which is convex with respect to
0, i.e., its intersections with all lines {{ = const.} are convex. To prove that co A = cogA,
it is enough to show that cogA is convex. By (3.19) we have that (£,0) € cogA if and only
if there exists 9 € R such that |0] < 6% and (&,0%) € A®. Since A? is convex, from this
property it is easy to deduce that cogA is convex, hence co A = cogA. It follows that

copA C {cogG™® <1} C {coG™ <1} =coA.

This implies that {coG™ < 1} = {cogG™ < 1}. Since both functions coG> and copG*>
are positively homogeneous of degree 1, we conclude that co G = cogG™.

By homogeneity, to prove (3.17) and (3.18) it is not restrictive to assume that Heg(€,0) =
1, so that (£,0) € co A. From the previous discussion it follows that there exists 0% € R
such that [0 < 6% and (£,0%) € A®. In particular we have Heg (&, —0%) < G>(£,—-09) <1
and Heg(€,0%9) < G*(£,0%) < 1. By convexity we have Heg (€, —0%) = Hog(€,0%) = 1,
which implies G (£, —0%) = G>(£,0%) = 1. To conclude the proof of (3.17) and (3.18) it
is enough to take 0 = 0% if >0, and § = —0% if § < 0. O

Lemma 3.4. Let (&,00) € M5 2R with (£,00) # (0,0). Assume that Heg(&o,00) =
G™(&,00). Then 69 # 0 and the common tangent hyperplane to the graphs of Heg and
G at the point (&g, 600, G (&0, 60)) is the graph of the linear function

L(&,0) := 0:G™ (&0, 00)& + 06G™ (&0, 60)0 .

Let C:={(&£,0) € MEZxR : L(£,0) = G®(£,0)}. Then either C = {(X\o, \p) : A > 0} or
C= {()\fo, )\90) TA> 0} @] {()\fo, —)\90) TA> 0}

Proof. The inequality 0y # 0 follows from (3.14). Therefore G™ is differentiable at (&, 6p).
Using the convexity of Heg and the inequality Heg < G*°, we deduce that H.g is differ-
entiable at (&p,0p) and its partial derivatives coincide with those of G*°. The formula for
the tangent hyperplane follows easily from the Euler identity.

By (2.15) and (2.28) we may suppose 0y > 0. By the homogeneity of the problem it is
not restrictive to assume that Heg(€o,600) = G™(£0,60) = 1. Then the set {L = 1} is the
common tangent hyperplane to the hypersurfaces {Hog = 1} and {G* = 1} at the point
(€0,00). As G=(£,0) = H(&,0) — by 0 for 6 > 0 and the set {(£,0) € MEZxR : H(,0) —
by < 1} is strictly convex by (2.12), we deduce that {L = 1} N {G>* =1} n{0 > 0} =
{(€0,00)}- If the set {L =1}N{G> =1}N{0 < 0} is empty, then C = {(A\y, A\0y) : A > 0}
by homogeneity.

Suppose {L =1} N{G>® =1} N{0 <0} # . Since L < Heg by convexity, if (£1,601) €
{L = ].} n {Goo = ].} n {9 < 0} we have 1 = L(§1791) < He{-f(fl,el) < G°°(§1,91) =1.
Therefore, the same argument used for (&g, 6p) shows that

{L=1}n{G> =1} n{0 <0} = {(&,01)} (3.20)
This implies
[L=111{G™ =1} = {(£0,00), (€1,0)} (3.21)

Let us prove that & = & and 6 = —6y. Let S be the open segment with endpoints

(&0,60) and (&1,601). As L =1 on the endpoints, it is L =1 on S. As Heg = 1 on the

endpoints, by convexity we have Heg < 1 on S. On the other hand, since the graph of L
is tangent to the graph of Heg, by convexity we also have L < Heg. Therefore Heg = 1
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on S. By (3.21) we have G™® #1 on S. As Heg < G*°, we conclude that Heg = 1 < G
on S.

Let us fix (£,0) € S. Then (&,0) € {Heg < 1} = co{G™ < 1}. As G™(£,0) > 1, by
the previous lemma there exist #° and 0% with 0° < 0 < 6%, such that 6° < 0 < 6%,
(£,09) € {G= < 1}, and (£,0%) € {G™® < 1}. As L < Heg by convexity and Heg < G™
by definition, we have L(£,0°) <1 and L(£,0%) < 1. Since 0° < 0 < 0% and L(£,0) =1,
we deduce from the linearity of L that L(&,0°9) = L(£,0%) = 1. Using again the inequality
L <G*, we find G*®(£,0°) > 1 and G*(,0%) > 1. Since the opposite inequality follows
from the definition of #° and 6%, we also obtain G*(£,6°) = G>(£,0%) = 1. Therefore,
(3.21) yields & = & = &, 60° = 01, and 69 = fy. This implies that the straight line
{(&0,0) : 6 € R} belongs to the hyperplane {L = 1}. Since by (2.15) and (2.28) the
point (&, —0p) belongs to {G>° = 1}, we deduce that §; = —6y by (3.20). This concludes
the proof of the equality {L = 1} N {G*> = 1} = {(&,60), ({0, —b6o)}, which implies that
C = {(Ao, Mbp) : A > 0} U{(A&,—Abp) : A > 0} by homogeneity. O

Lemma 3.5. Let (&, 00) € M3* xR with (£,60) # (0,0). Assume that there exist 6 > |0o]
such that Heg (€0, 00) = G=(&,0). Then 0 > 0. Let L: M%XQXR — R be a linear function
such that L < Heg and L(&,00) = Hegr(£0,00), and let C := {(£,0) € ME xR : L(£,0) =
G>®(€,0)}. Then C C {(\o,A0) : A >0} U {(\&, —A0) : A >0} .

Proof. If 6 = ||, the result follows from the previous lemma. If 6 > ||, the affine
function 6 — L(&,0) is bounded from above by G™ (&, ) at the endpoints of the interval
[—0,0] (recall that L < Heg < G*) and coincides with G*(&,0) at the interior point 6.
Therefore, L(&,0) = Heg(€0,0) = G*¥(&9,0) for every 6 € [—0,0]. The result follows by
the previous lemma with 6y replaced by 6. O

3.2. Relaxation with respect to weak convergence. We begin with a result that can
be easily deduced from [1]: every (u,e,p) of the admissible set A(w) introduced in (2.33)
can be approximated by triples (ug,er,pr) in the set A,.q(w) introduced in (2.34), so that
uy, satisfies the boundary condition ur = w H'-a.e. on I'g.

Theorem 3.6. Let w € H'(;R?) and let (u,e,p) € A(w). Then there exists a se-
quence (U, €k, Dk) € Areg(w) such that up — u weakly* in BD(Q), ex — e strongly in
L2(Q;M222), pr — p weakly* in My(QM53), |lpells = llplly, and |lpr — p®lly — [[p°[|1-

sym

Proof. By [1, Theorem 5.2] for every k there exists a function 1, € W11(€;R?) such that
i1 <+, ¥p =w —u H'-ae. on Iy, |divey2 < £, and

1Bkl < Zsllw —ullirg + % = lp*lr + %,

where || - |]1,r, denotes the norms in L}, (I'o; R?) and in My(To; ME?). We define vy, :=
u+, and we note that vy = w H'-a.e. on I'g. By [1, Theorem 5.1] there exists a sequence
vpt in BD(Q)HVV;’S (4 R?), with v]* = vy = w H!'-a.e. on I'g, such that v]* — vy, strongly
in LY(Q;R?), divof® — divu, strongly in L%(Q), Ev® — Evy, weakly* in M;(Q; M2x2),
and

lim |[[Bvp" — B — By = lim [[Evi* — E%vlly = [[E*vkll10 = P[0,
m—o0 m—o0

where | - ||1,o denotes the norm in M;(€;M%?). By approximation it is clear that we can
find a sequence mj, — oo such that, setting us := v, , we have uy, € BD(Q)OVV;O’E(Q; R?),
up =w H'-a.e.on Iy, up — u weakly* in BD(2), divuy — divu strongly in L?(Q), and

li]rcnsup |Eur — E%ullr < ||p°[1 - (3.22)
Setting ey := ep + %divuk I and pi := FEuyp — e, we clearly have that ey — e strongly
in L2(Q;M2X2) and py — p weakly* in M,(Q;M%5?). Since Fuy — E% = & (divug —

sym
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divu) I + pr, — p*, from (3.22) it follows that
timsup [|py = p® 1 < %[l

By lower semicontinuity this implies that ||px — p®|l1 — |lp®|lx and ||pk|x — ||lp||1- O

To deal with the inner variable z we need a technical lemma concerning the approximation
of measures on product spaces.

Lemma 3.7. Let =1 and Zg be ﬁmte dimensional Hzlbert spaces. Let p; € My(;E;) for
i=1,2 and let p¥ be a sequence in L*(Q; =) such that p1 — p1 weakly* in Mb(Q, =) and
||p1||1 — ||p1lli. Then, there exists a sequence p& in L'(2;Z3) such that pk — pa weakly*
in My(;Z2) and |95, p5)|l1 — ||(p1,p2)|l1, where the norms are computed in the product
Hilbert structure of Z1XZo.

Proof. First of all we observe that |[p§| — |p1| weakly* in M;(Q). We decompose pa as

D2 = p21 + pa2,
with po1, pas € My(9;E2), |par| << |P1|, and [p2a| L |p1]. B
Let us construct a sequence p§;, in L'(Q; =) such that p§; — po; weakly* in M;(Q; =)
and [|(p¥, p5 )1t — [[(p1,p21)|l1- As |par| << [p1[, we have pa1 = ¢[p1| for a suitable density
(NS L‘p1 (Q;Z2). Let 1, be a sequence in C(£2;Z5) which converges to 1 in Llp |(Q,H2)

so that (\/14|¢m[? [p1]) — \/1+ 1012, Ip1]) = [I(p1;p21)ll1, as m — oco. For every m

let p5" = Ymlpf|, so that p§* — Yy |p| weakly” in My(2:E2) and ||(pf,p57")[l1 —
(V14 [Yvml? |p1]), as & — oc. Let Bp := {p € Mp(%;Z2) : |Ipllx £ R}, with R > ||p2|l1-
Since 1, converges to ¥ in L\1p1|(Q§E2) we have ¥,,|p1| € Br for m large enough. As

Ip¥| — |p1| weakly* in M, (), for these values of m we also have p5i" € Bg for k large
enough. Since the weak convergence is metrizable on B, we can construct a sequence
my — oo such that p§, = pkm’c satisfies the required properties.

Using convolutions it is easy to construct a sequence p%, in L*(Q; Z2) such that p§, — pao
weakly* in My(2;E2) and [[p5,]li — [[p22]1-

Let p& := p& + ph,. Then p& — py weakly* in M;(;Z5). It remains to prove that

1iglsup|l(p’f7p’§)||1 < ||(p1,p2)]1 - (3.23)

By the triangle inequality and by the properties of p&, and p5,, we have
lin sup 15, Pl < Jim [I(pF, p50) 11+ Jim (0, p5,)11 =

= [[(p1,p20) 1 + [[(0, p22)[l1 = [[(P1, P2)]]1
where the last equality follows from the fact that the measures (pi,p21) and (0,p22) are
mutually singular. O

Let Heff : My (0 M%) x My,(€2) — R be the functional defined by (2.17) with H replaced
by H.
Theorem 3.8. Let eg € L*(M2)2), let 2 € My(Q), let w € HY(Q;R?), let (u,e,p) €

A(w), and let z € My(QY). Then for every e — e weakly in L?(€2; Mi;ﬁ) pr — p weakly*
in My(Q;M%?), 2z — 2z weakly* in My(Q), we have

Qleg + €) + Hemr(p, 2) + V(20) < likrn inf{Q(eo + ex) + H(pr, zk) + V(2o + 2zx)}.  (3.24)
Moreover, there exist a sequence (uy,er,pr) € Areg(w) and a sequence z, € LY(SY) such

that uy — u weakly* in BD(S), ex — e strongly in L*(Q; M?;n%) pr — p weakly* in
My(Q;ME?), 21, — 2 weakly* in My(Q), and

Qeg +€) + Hert(p, 2) + V(20) > lizn sup{Q(eo + ex) + H(pk, zk) + V(20 + 2z)}. (3.25)
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Proof. Owing to the lower semicontinuity of Q and Heg (see the comments after (2.17) and
(2.36)), inequality (3.24) follows from the inequality Heg (k. 2k) < H(pk, 21) + V(20 + 21) —
V(z0), which is a consequence of (3.4) and (3.7).

We observe that it is enough to prove (3.25) when zo belongs to L!(2) and is piecewise
constant on a suitable triangulation. Indeed, there exists a sequence z{ of piecewise constant
functions which converge to z§ strongly in L'(Q2). For every n let (uf,el,py,zl') be a
sequence satisfying the second statement of the theorem as k — oo, with zy replaced by
2. Then

Qleo +¢) + Her(p, 2) = Tim {Qleo +¢f) +H(pf ) + V(5 + ) ~ V(). (3.26)
By (2.25) and by the definition of ¥V we have
V(zi +2) = V(zg) — V(a1 + 20) = V(20)) < 2bv |25 — 25111 -
Therefore, for every n

timsup{Q(e +cf) + Hlp. #) + V(a0 + ) ~ V(zo)) < o)
< Qeo + €) + Horr(p, 2) + 2bv |28 — 22| - '

By a standard double limit procedure it is then easy to construct a sequence (ug, ek, Pk, 2k)
satisfying the second statement of the theorem.

Moreover, we may also assume that (u,e,p) € Ayeq(w) and z € L'(Q). Indeed, in
the general case, combining Theorem 3.6 with Lemma 3.7 we can construct a sequence
(Umy €my Pm) € Areg(w) and a sequence z,, € L'(Q) such that u,, — u weakly* in BD(Q),
em — e strongly in LQ(Q;szX,?L), Pm — p weakly* in My (Q; MQDXQ), zZm — z weakly* in

Mp(Q), and ||(pm,zm)|l1 = ||(p,2)|l1- By [17, Theorem 3] (see also [11, Appendix]) these
properties imply that

Q(eO +em) +Heff(pmazm) — Q(eo —|—€) +Heff(pvz)

and the conclusion of the theorem can be obtained by a standard double limit procedure.
Let us fix a piecewise constant function zg € L'(€). Let

Go(z,&,0) == H(E,0) + V(0 + z0(x)) — V(20(2)),
let

Gi(x,&,0) = (A,gl,gi%f;,ez)eA{/\GO(x’f+§1’9 +601) + (1= NGo(z,§+&2,0 +02)},

and let

Ga(z,&,0) == inf {AGi(2,§ + 61,0 4+ 01) + (1 = N)G1(2,§ + &,0 + 62)},

(/\7517621791,92)6/\

where A is the set of vectors (\,&1,&2,01,02) with 0 < X\ <1, &,& € M52, 0;,0, € R,
Aa+ (1= X)& =0, and My + (1 — N)f2 = 0. As Gy is globally Lipschitz continuous in
(£,0), uniformly with respect to z, it follows that G; and G2 satisfy the same property.
Moreover, G; and Go are piecewise constant in x, uniformly with respect to (£,6). It is
easy to see that

4
coe,0)Go(7,&,0) < Ga(x,€,0) < Z)\iao(%fiﬁi)
i=1
whenever (£,60) = 2?21 Ai(&:,0;) with A; > 0 and Zle Ai = 1. By the Carathéodory
Theorem we conclude that Gy = CO(&@)GO = Hg.
To conclude the proof, using a standard double limit procedure, it is enough to show
that for every i = 1,2, (u,e,p) € Areg(w), z € L*(Q), and 1 > 0 there exist a sequence
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(uk, €k, D) € Areg(w) and a sequence z, € L'(Q) satisfying the properties of the second
statement of the theorem and such that

gi(pa Z) +77 Z hll;nsup gifl(pkvzk)7 (328)

where
Gi(p,2) = /Q Gi(w, pla), 2(2)) de

for i =0,1,2.

Using the approximation argument introduced in [13] we can also assume z € C*(Q) N
LY(Q), u € C®(R2) N BD(Q), p € C°(QME5?) N LY (Q;M3?). Using the Lagrange
interpolation on a locally finite grid composed by isosceles right triangles which becomes
finer and finer near the boundary, we can replace these functions by new functions u, e,
p, and z, with (u,e,p) € Areq(w), such that u is piecewise affine on this triangulation 7,
while e, p, and z are piecewise constant. Since zq is piecewise constant, it is not restrictive
to assume that G;(-,&,0) is piecewise constant on 7, so that G;(z,€,0) = G;r(£,0) for
every x € T and every T € 7. We may assume that every triangle T of the triangulation
T is relatively compact in .

Let us fix i =1,2 and T € 7. Then

u(x) =&rax+cp foreveryxz €T,
where &7 is a 2x2-matrix and cp € R2. Moreover, we have
e(r)=er, px)=pr, z(@x)=z2r foreveryzeT,

where er € Mf;ﬁl, pr € M%“, and zp € R. Then we have {7 = e + pr + wr, where wr
is a skew symmetric 2x2-matrix.
For every & > 0 there exists (Ar,pk, p%, 2k, 2%) € A such that

Gir(pr,2r) +e > MGio1,0(pr +ph, 27+ 28) + (1 = A\p)Gim1,7 (b + Py 27+ 27) . (3.29)

By an algebraic property of MQDXQ there exist ar, by € R? such that p2 —pt. = ar ®br +qr
with gr a skew symmetric 2x2-matrix. Note that this is the only point where the dimension
two is crucial. By a standard lamination procedure with interfaces orthogonal to by we can
construct two sequences vk € VVllofo (R%;R?) and 2k € L{° (R?) such that vk (0) = 0,
vk — pra weakly* in Wltcoo (R%R?), 2k — 21 weakly* in L (R?), Evk = pr + pi and
b = zp+ 2k on Ak Bk = pr+pk and 28 = 20+ 22 on R?\ AL and Lok — Ap weakly™
in L2 (R?). Let us define uk(z) := erx + vk (z) + wra + cr. Recalling our definitions we
find that uf — u weakly* in W5h°(T;R?) and 25 — 2 weakly* in L>(T).

For every T' € 7 and every § > 0 let T5 be the triangle similar to 7" with the same
centre and similarity ratio 1 — 4, and let % € C°(T) a cut-off function such that ¢ =1
on Ts and 0 < go‘% <1 on T. Let us fix a finite subset 7/ C 7T, let

o= 71 o= B,

TeT’ TeT’
up = Y b+ (1= ehu,  m= Y i (1- ) o)z
TeT! TeT’ TeT’ TeT’

It is clear that ux — u weakly* in BD(Q) and ux = w H!-a.e. on I'y. We set
pri= Y GrEvE+ (1= Y ¢b)p,
TeT’ TeT’

ep = FEup —pr,=e+ Z Vi @ (ub —u).
TeT’
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It follows that py — p weakly* in L>°(Q; M%) and e, — e strongly in L°(Q;M2x2).
For every T € 7' we have e, = er a.e.on Ty, pr = pr —|—p1T a.e. on TgﬂA’%, 2 = zT—l—z%

a.e.on T ﬂA’%, Pk = P + D% a.e. on T(;\Ag, and zp = zr + 2% a.e. on T(;\Al%. Therefore

Gio1(pr21) < O Gicvr(pr + phy 20 + 20)L2(Ts 0 Af) +
TeT!
+ Y Gioir(pr +p7, 2 + 27) L3 (T \ AR +
TeT’
+/ Gi-1(pk, 21) dv + Gi-1(p, 2)dz.
Q’\Qg Q\Q/

We observe that there exists a constant C(7’) such that G;_1(pk,2r) < C(7') a.e. on Q'
for every k. As 1,4c — Ar weakly™ in L>°(T) as k — oo, using (3.29) we obtain

1i£nsup Gi—1(pr, 2) < Z (Gir(pr,21) + e)L*(Ts) +
- TeT’

HOTIE@\G) + [ Gialpz)do <
Q\Q

< Gi(p, 2) +eL2(Q) + C(T") L2(Q'\ Q) + Gi-1(p,2)dx,
o\

which gives (3.28) with

n:=eL3(Q) + C(TL>(V\Q) + Gi—1(p, z)dx .
Q\Q/
Passing to the limit first as § — 0, then as € — 0, and finally as Q' £, we can make 7
arbitrarily small, and this concludes the proof. O

3.3. Relaxation in spaces of Young measures. The following theorem shows the rela-
tionships between the incremental problem in A, (w) with H and V', the same problem in
A(w) with Heg, and a similar problem in a suitable space of generalized Young measures.
The statement of the theorem uses the decomposition = ¥ + /i of [4, Theorem 4.3], the
notion of translation introduced in (2.2), and the homogeneous function {V}: RxR — R
defined by

@/n) ifn>0,

@) ifn<o. (3:30)

nV
V3i,n) =
{VH,n) {Voo
Theorem 3.9. Let wo,w € H'(4R?), let (ug,eo,p0) € A(wo), let zg € My(Q), let
po € GY (Q; M52 xR) such that bar(ug) = (po,z0). Assume that Gy = O(py.z0) With
Doy € Ll(Q;M%XQ) and Zo € LY(Q). Then the following equalities hold:

e [Qleo + ) HG D) (VO T )] = (331

=  min_ [Qeo+ &)+ Hert(p, 2) + ({V}(00,m), p0)] = (3.32)
(@,€,p)EA(W), ZEM,(Q)

= it [0+ (& - .0~ )+ (V) Oumhmg)], (339

where the measure T(; zy(po) acts on (x,&1,01,n), the measure po acts on (x,%o,00,7),
while the measure p, , acts on (x,8o,00,&1,01,m). Here B denotes the class of all triplets
(u, e, ), with u € BD(Q), e € L2(M2%2), u € SGY ({to,t1}, ;M3 ?xR), such that

sym

My, = o and (u,e,p) € A(wo + W), where (p, z) := bar(p,, ).

Proof. We start by showing that the infimum in (3.31) is less than or equal to the minimum

in (3.32). Let (a,é,p) € A(w) and Z € Mp(€2) be a minimizer of (3.32). By Theorem 3.8
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there exist a sequence (@, €m, Pm) € Areg (W) and a sequence Z,, € L'(Q) such that é,, — é
strongly in L*(Q;M2X2), pn, — p weakly™ in My (Q; MZ?), 2, — Z weakly* in M,;(Q),
and
H(DPm»Zm) + V(2o + Zm) = V(Zo) — Hex(p,2). (3.34)
We claim that
H(Dm: Zm) + {V301,1), T3, 2) (0)) - — Herr (D, 2) + {V 100, ), pro) -

Indeed, using the definition of 7; . z ), we have

{V3(01.1), T(5,,.2,0) (10)) = {V B0, 1), o) = {V (B0 + nZm (), m) — {V 0, m), o) -
As {V}(0y + nZm(x),n) — {V}(0o,n) vanishes for n = 0, we obtain

V3O ). Ti5,0,2) () = ({V H B0, ), o) = {V IO + nZm(2),m) = {V} (00, 1), Tg ) -

By the assumption 7y = d(py,20) We find

{V3}01,m), T(5,, 2,.) (10)) — ({V'} (B0, 1), o) = V(Zo + Zm) — V(Z0) - (3.35)
From (3.34) and (3.35) we obtain the claim, which, in turn, together with the strong con-
vergence of €, to €, shows that the infimum (3.31) is less than or equal to the minimum
3.32).
( Legc (u,e,u) € B. By the Jensen inequality for generalized Young measures (see [4,
Theorem 6.5]) we have

Het (P — P, 2 — 20) < (Het (§1 — &0, 01 — 00), Myyr,) <
< <H(§1 - 507 91 - 90) + {V}(Qla 77) - {V}(aovn)a p’tot1> .

Since (u—1ug, e—eg,p—po) € A(W), the minimum (3.32) is less than or equal to the infimum
in (3.33).

On the other hand the infimum in (3.31) is greater than or equal to the infimum in
(3.33), since for every (i,é,p) € Areq(w) and every Z € L'(Q) we can construct a triple
(u,e,p) € B by setting u := uo + @, e := ey + €, and py,;, = 7'(]15’2) (o), where
Tih .z OXMBZXRXR — Qx (M5 xR)*xR is defined by

Ti5.2) (@, 0,00, 1) := (z,&0, 00, &0 + np(x), 00 + nZ(x),7) -
This concludes the proof of the theorem. O
3.4. Some structure theorems. We prove now two structure theorems for generalized

Young measures whose action on H + {V'} equals the relaxed functional Heg evaluated on
their barycentres.

Theorem 3.10. Let po € L' (M%), 20 € LY(Q), 1 € GY (G ME*xR), let (p1,21) :=
bar(u1), let A be the total variation of the measure (p3,z3), and let (p},27) be the Radon-
Nikodym derivative of the measure (p3,z5) with respect to A. Assume that

<H(£1 - T]po(x)7 91 - 7720(33)) + {V}(elv 77)7 M1 (Z‘, 517 91) 7I)> =
= Hesr(p1 — Po, 21 — 20) + V(20) -

By Lemma 3.3 there exist z € LY(Q2), with 2(2§ — 20) > 0 a.e. on Q, and a € L>=(Q), with
% <a<1 ae on §, such that

z2f=a(zo0+2)+ (1 —a)(zo — 2), (3.37)

Het (Pt — po, 21 — z0) = H(p{ — po, 2) + V>=(2) (3.38)

a.e. in 0, and there exist z\ € L\(Q), with zy2 >0 A-a.e. on Q, and ay € LL(Q), with
% <ayx<1 Xae on Q, such that

20 = axzn + (1 —an)(—2y), (3.39)

Heg(p1, 21) = H(py, 22) + V= (22) (3.40)

(3.36)
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A-a.e. in Q. Then
2

_ L? L A A
11 = Opg z0) T AW Gepg 2y + (1= Q)e_py oy Fanwipa Ly + (1 —an)wipy .y

that is, according to (2.1),

(fm) = /Q £ po(a), z0(x), 1) da: + /Q o(@)f (@, (@) — pola), 2(x), 0) da +

+ / (1 — (@) f (&, p2 () — po(x), —2(x), 0) da +
o (3.41)

+ [ ar@)f . p}e) @) 00 dN@) +

Q

+ /_ (1 — ax (@) (@, p (), —22 (), 0) dA(2)
Q
for every f € Bhom(QxM3xRxR) (see [4, Definition 3.14]).

Proof. According to [4, Remark 4.5] there exist A € M,F (), a family (1 )peq of
probability measures on M%XQX]R, and a family (u7"™),cq of probability measures on
Y= {(&0) € MH2xR : [€]2 + |0|* = 1} such that

G = [ ([, s 000 dnd .0))de +
([ 000 dur(6.00) (@)

Q

(3.42)

for every f € Bho (OxMEZxRxR). According to [4, Remark 6.3], we also have
W)t @) = [ (€00 dY (6.0 + X7 [ (€00 dut (61,00
M2 xR )

00,a

for £2-a.e. x € Q, where A\]”“ is the absolutely continuous part of A$°. This implies

(1 (%) — po(x), 21 () — 20(2)) = / (& —po(x), 01 — z0(@)) i (&1,61) +
M xR (3.43)

+Aio’a(x)/E(flael)dﬂgf’oo(fl,%)~

Let A\J”® be the singular part of A°. By [4, Remark 6.3] we also have that A << A{”® and

)‘mz)‘x&xz 1,01 T (&, 01
(@), (@) s ) JAGRALERIGED (3.44)

for AJ%%-a.e. z € Q.
Let G* be defined by (3.3). From (3.36) and (3.42) we obtain

/Heff(P?(fr)—po(:r),Z‘f(fr)—zo(x))d;z;+/_Heﬂ(p%(x),zf(x))d>\(m) _

“ Q

:/ (/ o (H(E@=po(), 01— z0(2) + V(01) = V(z0(@))) dpii™ (1,61) ) do +
QMM xR

) (3.45)

+A (LGoo(gl,gl)duf!oo(é-l’gl))ACfO,a(x) dr +

+/ﬁ(/EG°°(£1791)duf’w(&,el))dwﬁ(x).
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As Heg = co G*°, using the homogeneity of Heg and the Jensen inequality, we deduce from
(3.43) that for a.e. x € Q we have

Hoa(p2(2) — po, 28(z) — 20(x)) < /M o G760 = ) = 20(e)) dif (61,00) +
A ) / G(&1,01) du™ (£.0) <
§/2><2 (H(& = po(@), 01 — 20(x)) + V(01) = V(20())) dpii™ (&1,601) +
MD xR
+ 2% (2) / G (€1,00) A2 ™ (€1,6,)

where the second inequality follows from (3.5). Analogously, from (3.44) we deduce that

Her(p) (), 2 (2)) / G (61, 61) dud ™ (€1, 61)

dADo 9

for A\}°-a.e. z € Q. Therefore, we deduce from (3.45) that
Hegr (pf(2) — po(), 21 () — 20()) =
- /MR (H(& —po(@), 01 = 20(x)) +V(01) = V(20(x))) dui™ (&1,61) +  (3.46)
AT @) [ (600 (.01

for a.e. x € Q,

Her(p (@), 210) gy @) = [ G000t ~(61.00) (3.47)

for \J%%-a.e. z € Q.
Let us define A := {z € Q: p¢(z) = po(z), 2{(z) = z0(z)} and Ay :={x € Q:p}(z) =
0, 27 (z) = 0}. By (3.46) and (3.47) we have

/szz(g(& —po(x),91—zo(x))+V(91)—V(zo(x)))dugf’y(fl,01) =0 forae xz €A, (3.48)
/\‘foa(x)/ G™(&1,01)duy™ (&1,61) =0 forae. z € A, (3.49)
)
/ G (60, 00) dut ™ (€1, 00) = 0 for X -ae. @ € Ay (3.50)
)

By (2.30) and (3.48) uf"" is concentrated on (po(x), zo(x)), hence

,uﬂf’y = 5(;00(95)&0(95)) for a.e. x € A. (3.51)

xT,00

Since G*° is strictly positive on ¥ and p;’" are probability measures, we deduce from

(3.49) and (3.50) that

A% (z) =0 forae z€A, (3.52)
AT (AN) =0. (3.53)
Let us consider now p7Y for z € B := Q\A. Forevery z € B let L(z, -, -): ME2xR — R

be a linear function such that L(z, p§(x)—po(x), 28 (x) —20(x)) = Hegt (p§(x) —po(x), 2§ (z) —
2o(x)) and L(z,€,0) < Heg(€,0) for every (¢,0) € ME2xR. Using (3.43), (3.46), and the
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linearity of L, for a.e. x € B we obtain

[ o L6 = ooy = 20(0) i (61,60 +
+/\To’a(l“)/EL(%flaal)de’oo(fl,@l) =
- /Mm (& = poe). 61 = 20(2) + V(61) = V(o)) dia?”™ (61, 61) +
+)\To’a(ff)/ G (&1, 01) dpy™ (&1, 61) -
b
Using (3.5) we find L(x, & —po(x),01 —20(x)) < H(&E1—po(x), 01 —20(x))+V (61) =V (20(x)).
Therefore, equality (3.54) implies that for a.e. € B we have
L(z, & —po(x), 61 — 20(x)) = H(& — po(w), 01 — 20()) + V(01) — V(20(x))  (3.55)
for p¥Y -ace. (&1,01) € M%2xR, and
AT (@) L, &1, 01) = A7 (2) G (€1, 01) (3.56)

for pi">*-ae. (§1,01) € X. As L(2,& — po(),01 — 20(2)) < Herr(§1 — po(x), 01 — 20(x)) <
H(& — po(x),01 — 20(x)) + V(01) — V(20(x)), we deduce from (3.55) and Lemma 3.2 that
(&1,01) = (po(x), 20(x)) for piY -ae. (€1,61) € ME2xR. This implies that u}"" is con-
centrated on (po(z), z0(x)). Since uP*Y is a probability measure, we conclude that

(3.54)

,uﬂf’y = 5(po($),Zo(w)) for a.e. z € B. (3.57)

We now consider the measures p]”. We first observe that z(z) # 0 for a.e. z € B by
(3.37), (3.38), and Lemma 3.5. For every x € B we define

p(x) = \/|P?($) —po(@)]? +2(x)* and  (p(z),2(x)) := (pY(x) — po(x), 2(x))/p(x) .
By (3.56) and Lemma 3.5 for a.e. x € B with A\7“(x) # 0 we have
(61,01) € {(p(x), 2(x)), (P(x), —2(x))}  for p7"-ae. (§1,01) € X,

so that
177 = B(2)0(p(2) 2(2)) + (1= B(2))d(p(2),—2(2)) (3.58)
for a suitable (x) € [0,1]. Using (3.43) we find that
Pi—po =AY, 2 —z0= (20— 1A (3.59)
a.e. in B. Since p§ — po = Py, the first equality implies that
A7 =¢ ae in{xeB:px)#0}. (3.60)

Since 2§ — zp = (2a — 1)z = (2a — 1)z and £ # 0, the second equality in (3.59) implies
that o = 8 a.e. in {x € B : p(x) # 0}. Therefore,
17 = ()0 (), 2(2)) + (1 — (@))0(5(2),—2(x)) a-€. in {x € B:p(x) #0}. (3.61)
As Heg(0,0) = G*(0,0) = (ax — by)|0] for every 6 € R by (2.14), if p(z) = 0 we deduce
from (3.38) that z(z) = 2{(z) — zo(x) and a(z) = 1. Then the second equality in (3.59)
implies that
(26(z) — DAT"(z) = |2(z)] a.e.in {z € B: p(x) =0}. (3.62)
Therefore, from (3.46) and (3.58) we deduce that
G*(0, z(z)) = Hegr (0, 2(x)) =
= A7 (2) (B(2) G (0, £85) + (1 = B(2))G (0, —25)) =

= 25(;)—1Goo (0,2(2)),




GLOBALLY STABLE QUASISTATIC EVOLUTION IN PLASTICITY WITH SOFTENING 19
hence 3 = a =1 ae. in {z € B : p(r) = 0}. By (3.62) we have \[7" = |z| = ¢ a.e. in
{z € B: p(x) = 0}. Using also (3.58), (3.60), and (3.61) we conclude that

11" = al@)0 () 2(2)) + (1 — (@))0(p(2),~5(x)) a-e. in B,

3.63
A7 =¢ ae. in B. (3.63)

Let us consider now the properties of the measure pi°> for AJ**-a.e. z € Q. For every
x € By =0\ A\ we define

= /I @) +2a(@)? and (pa(). 2 (2)) = (0 (@), 22 (2)) foa ()

and notice that @y (z) > /|p}(2))2 + 27 (z)2 = 1. As in the previous step we consider a
linear function Lj(x, ) MQDXQXR — R such that Ly(z,p}(2), 27 (2)) = Heg(p7 (), 27 (2))
and Ly(z,£,0) < Heff(g,ﬁ) for every (£,0) € M3 2xR. Using (3.44), (3.47), and the
linearity of Ly, for A]”°-a.e. x € By we obtain

[ 1w dur =60 = [ G600 du™(6.00). (364
2 2
Since Ly(x,&,0) < G=®(&,0), for A\]™°-a.e. z € By we deduce that

Lx(x,81,601) = G (&1, 61)
for p7"™-a.e. (£1,01) € . By Lemma 3.5 for \{”*-a.e. x € By we have z,(z) # 0 and

(&1,601) € {(Ba(x), 2a(2)), (DA(x), —2x(2))}  for pi"T-ae. (&1,01) € X,

so that
11 = BA@)8(ps (2),20(@)) F (1= Ba(2))8(p5 (@), ~21(2)) (3:65)
for a suitable 8x(z) € [0,1]. Using (3.44) we find that
dA R X .
A®%-a.e. in By . Since p} = prgx, the first equality implies that
dA
@AW =1 A7%ae. in {z € By :pr(z) #0}. (3.67)

Since 27 = (2a —1)z) = (2a) — 1)pa2y, the second equality in (3.66) implies that ay = B
A% -ace. in {x € By : pr(x) # 0}. Therefore,
1™ = ax(@)0(py (@) 2a(2)) (1= A (@))d(p5 (@), 21 (2))
A7%-ae. in {x € By : pa(x) # 0} .
As Heg(0,0) = G*(0,0) for every 0 € R, if py(z) = 0 we deduce from (3.40) that z)(z) =
22 (x) and ay(z) = 1. Then the second equality in (3.66) implies that

2Bx(x) — 1= |z>\(x)|%(x) AT%-a.e. in {x € By : pa(x) = 0}. (3.69)

(3.68)

Therefore, from (3.47) and (3.65) we deduce that
G>(0,2x(x)) = Hest (0, 2x(x)) =
= 2L (Br(2) G (0, 2215 + (1 = Ba(2))G=(0, - 25) =
= ggk(m),lG (0, 2a(2)),
hence By = ay =1 A[%%-ae. in {z € By : pa(z) = 0}. By (3.69) we have @A% =
|z)\|% =1 A[”%-ae. in {z € By : pa(z) = 0}. Using also (3.53), (3.65), (3.67), and
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(3.68) we conclude that

x

1% = ax(@)d(p @), T (1= ax(@)0(p (), —21(a)) AT -ave. in O,
dA

00,5 S (3.70)
@Am =1 A -ae. in Q.
It follows that A" << A and that
dA\T”° —
dl)\ =) Mae. inQ. (3.71)
The conclusion follows from (3.42), (3.51), (3.52), (3.57), (3.63), (3.70), and (3.71), using
the homogeneity of f. |

To prove the next theorem we need two technical results.
Eemma 3.11. Let E1,Z5 be finite dimensional Hilbert spaces and let m;: OxE;xEsxR —
OxEixR, i = 1,2, be the projections defined by m;(x,&1,82,m) = (x,&,n). Let p €
GY (21 xE3) and let p € LY(Ey). Assume that w1 (p) = 6, and let pg := mo(u). Then
<f($, flv 625 7])7 M(.’E, 615 527 77)> = <f(xa np('r)’ 525 7])7 MQ(J?, £25 77)> (372)

for every f € Bhom(QxE; xEyxR).

0,1

Proof. Using [4, Definition 3.16] and standard arguments in measure theory, it is enough to
prove (3.72) for every f € Chom(QxZ; xZyxR).
By the definition of us we have

<f($, 7]]?(33)’ 52; 7])7 MQ(Z', 527 77)> = <f($7 7717(33)7 527 77)7 /.L(Z‘, 517 §2a TI)> :
Therefore, to prove (3.72) it is enough to show that

<f(x7§15€25n) - f(xvnp(m)vg%7])7”(3:751)52777» =0.

By approximation it suffices to prove this equality when f is Lipschitz continuous with
respect to &1,&2,n with a constant L independent of x (see [4, Lemma 2.4]). In this case
we have

|<f($7§1,€2, 7]) - f(xa 7719(33)’52, TI)7M($7§1,€2777)>| < L<|77P(33) - §1|a u($,€1,§2, 77)> :
As my(p) = dp, we have
(Inp(x) — &, w(@, &1, 82,m) = (Inp(x) — &l 6p(2,&1,m)) =0,
which concludes the proof. O

Corollary 3.12. Let E1, Eo, w1, w2, i, and p be as in Lemma 3.11, and let pq := w1 (1)
and jiz := ma(p). Assume that iy =35,. Then

<f(.’13,£1,§2,7’]),ﬂy($,51,52,7’]» = <f($77717(33)752777)7ﬁ;/(33a52777)>

for every f € Bhom(QxE; xEyxR).

0,1
Proof. Tt is enough to apply Lemma 3.11 to 77¥ , using [4, Lemma 4.8]. |

Theorem 3.13. Let p € SGY ({to,t1}, ;ML ZxR), let (po,z0) = bar(py,), and let
(p1,21) := bar(p,, ). Assume that

(6 = .01 = 00) + (VIO = VYO0t (060000 =
= Hest(p1 — po, 21 — 20)

and that
Fiiy = 0z, 70) (3.74)

with Py € L' (4 M5?) and Zo € L'(Q). Then B}, = 0, =) -
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Proof. If py =Py € L* (M3 ?), 20 =20 € L1(Q), and py, = 8(py,20) then (3.73) implies
(3.36) by Lemma 3.11 with p; := p,, , and the conclusion follows from Theorem 3.10.

We consider now the general case. Let ¢(x,&o,00,&1,01,71) := (x, &, 00,6 — &0, 601 — 60, 7m)
and let 7 (z, &, 00,0, n) = (x,é, 0, n). We define v := (7 0 ¢)(p,,,,) and observe that

bar(v) = (p1 — po, 21 — 20) - (3.75)
By (3.73) we have
<H(ga é) + {V}(00 + éa 77) - {V}(ao, 77)3 ¢(u’t0t1)> = HEH(pl — Po, 21 — ZO) ) (376)

where the measure @(u, ;) acts on the variables (J;,ﬁo,ﬁo,é, 0, n). Moreover, since v =
T(d(M4,4,)), We have that

(H(E,0),6(meyr,)) = (H(E,0),v), (3.77)
where the measure v acts on the variables (z, é , 0~, 7). We consider the decomposition
{V3}(0 +0,n) = {V}(00,m), d(B1gr,)) = ({VI(O0 + 0,1) = {V}(00,m), 6r00,)" ) +

+ ({VH(00 + 0,m) = {V}(00, ), $(heyr,)>°) (3.78)

given by [4, Theorem 4.3]. As p, is the image of the measure ¢(p,; ;) under the map
(z, &, 0, &, 0, n) — (x,&o,00,m), by (3.74) we can apply Corollary 3.12 and we obtain

{VH(O0+6,1) —{V} (80, m), D1t41,)") = ({V} (0 (2) +0.1) —{V} (%0 (), m), 7¥) . (3.79)
Since by concavity {V}(6o 4 6,71) — {V}(80,1) > V>°(8), we have

(V300 +0.) — {VHO0.m), 6la,0,)) = V(0. 6latg,)) =
= (V220), 1(1401,)°)) = (V>°(0),0°) = (3.80)
= ({V}(nZo(z) + 0,m) — {V}(iZo(x), ), 0> ,
where the second equality follows from [4, Lemma 4.8], taking into account that v =
T(P(M4,,)) - By (3.76)-(3.80) we obtain

Hesr (p1 — po, 21 — 20) = (H(E,0) + {V}(nZo(x) + 0,1) — {V}(11Zo(x),m), ).
By the Jensen inequality for generalized Young measures [4, Theorem 6.5] we deduce from
(3.75) that

Her(p1 — po, 21 — 20) = (H(E,0) + {V}(nZo(x) + 0,n) — {V}(nZo(x),m),v).  (3.81)
Let us fix x € Q and let G: M%XQX]RXR — R be the function defined by
G(&,0,m) = H(E0) +{V}(nZo(x) + 0,1) — {V}(nZo(),n).

It follows from (3.4) and (3.7) that the function Heg (€,0) is the convex envelope of G(€,6,7)
with respect to (£,6,n). Moreover, by (3.13) we deduce that for every n > 0 the equality

Hesr(€,0) = H(E,0) + {V}(nZo(x) + 0,m) — {V}(nZo(x), m)
holds if and only if (£,0) = (0,0). Therefore (3.75), (3.81), and [4, Lemma 6.7] imply that
suppv C {(2,0,0,n) : 2 € Q, n >0} U (QxME2xRx{0}),

and, in particular,

supp?® C {(z,0,0,n):z €Q, n>0},

hence 77 = 9(0,0) -
From the definitions of v and from [4, Lemma 4.8] it follows that

(f:05,.20)) = Af($7ﬁo($)7fo($)7 1) dz = (f(2,& + npy(x),0 + nZo(x),m), 7" ) =
= (f(z,& — & +npo(x), 01 — o + 1Z0(x),n), L, )

(3.82)



22 G. DAL MASO, A. DESIMONE, M.G. MORA, AND M. MORINI

for every f € Chom(ﬁxMzDXZX]RxR). By (3.74) we can apply Corollary 3.12 and we
obtain that the last term in the previous formula equals (f(z,&1,601,n),1;,). Therefore,

—Y _
B, = 0(5,,%0) - O
4. GLOBALLY STABLE QUASISTATIC EVOLUTION FOR YOUNG MEASURES

4.1. Definitions and main result. We begin with the definition of the set of admissible
triples in the Young measure formulation, with boundary datum w on Ty.

Definition 4.1. Given a set © C R and a map w: © — H1(Q;R?), we define AY (0, w)
as the set of all triples (u,e,p) with u: © — BD(Q), e: © — L*(Q;M22), pu €
SGY (0,; MQDXQX]R), with the following property: for every finite sequence ti,...,t, in
O, with t; < -+ <t,,,and every i = 1,...,m there exist a sequence (u},el,pi) € A(w(t;))

and a sequence zi € My(Q) such that
ul — u(t;) weakly” in BD(Q),
e}, — e(t;) strongly in L*(Q;M2x2),
and
S((ph o2y (o) — By, Weakly™ in GY (9; (ML xR)™) . (4.1)

ko

Remark 4.2. Since the weak* convergence in GY (Q; (M%*xR)™) implies the convergence
of the norms || - ||« (see [4, Remark 3.12]), it is not restrictive to assume that

llekllz < lle()ll2 + 1, [1(Pks zi) 1 < llpag, [l +1

for every i and k. As (u},el,pi) € A(w(t;)), there exists a constant C;, depending only
on w, 1, le(te)l2, 1t [nr such that

lulls + [ Buills < Ci
for every k.
Remark 4.3. It follows from [4, Remark 6.4] that
pi —p(t;) weakly™ in M;(€;M%?),

2i = z(t;)  weakly™ in My(Q),
where (p(t;), z(t;)) := bar(p,,). As (u, e}, p}) € A(w(t;)), by [3, Lemma 2.1] we conclude
that

(ults), e(ti), plt)) € Alw(t,)) (42)

Remark 4.4. The inequalities proved in Remark 4.2 allow to use the metrizability of the
weak™ topology on bounded subsets of the dual of a separable Banach space and to prove
that the set AY (O, w) satisfies the following closure property: if u: © — BD(Q2), e: © —
L2(;M2X%), pe SGY (0,%; MZ%2xR), and (uy, ek, ;) is a sequence in AY (6, w) such
that

ug(t) = u(t) weakly™ in BD(Q), (4.3)
er(t) — e(t) strongly in L?(€; MZ2x?”) (4.4)

for every t € O, and
(Bi)ta.ctn = By, Weakly” in GY (8; (MBZxR)™) (4.5)

for every finite sequence t1,...,t, in O, with ¢t < --- <, then (u,e,u) € AY (0, w).
More in general, if u: © — BD(Q), e: © — L*(;M2x2), p € SGY(0,0; M7 ?xR),

and (ug,eg, ;) is a sequence in AY (0, wy) such that (4.3)—(4.5) hold and wg(t) — w(t)

strongly in H'(;R?) for every t € O, then (u,e,u) € AY (O, w). This follows from the

closure property, observing that (uy —wg + w, ex, — Fwy + Fw, ;) belongs to AY (0, w).
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Remark 4.5. Using Theorem 3.6, Lemma 3.7, and [17, Theorem 3] (see also [11, Ap-
pendix]), it is easy to see that the definition does not change if we replace A(w(t;)) by
Areg(w(ti)).

Given p € SGY ([0, +c0), Q; MQDXQX]R), its dissipation Dy (p;a,b) on the time interval
[a,b] C [0,400) is defined as

k
sup Z<H(£7, - gifla 01‘ - 91‘71)7 Moty .ty (if, an 007 s 75]@7 gka 77)> ) (46)
i=1
where the supremum is taken over all finite families tq,t1,...,tx such that a = tg < t; <

-+ <ty = b. As in the case of the variation Var(p;a,b) considered in [4, Section 8], we
have

k
DH(N? a, b) = sup Z<H(€7 - fi—la 01 - 01—1)5 My, ¢, (J?, gi—l ) 01—1; fiv 9717 77)> ) (47)
i=1
where the supremum is taken over all finite families tq,t1,...,tx such that a = tg < t; <
e tk) = b.

In the following definition we use the homogeneous function {V} defined by (3.30) and
the notion of weakly* left-continuous system of generalized Young measures introduced in
[4, Definition 7.6].

Definition 4.6. Given w € AC},.([0, +00); H(2;R?)), a globally stable quasistatic evolu-
tion of Young measures with boundary datum w is a triple (u,e, ) € AY ([0, +0), w),
with w, e, u weakly™* left-continuous, such that the following conditions are satisfied:

(evl) global stability: for every ¢ € [0,+00) we have
Qle(t)) + {VHO,m), (2, 0,m)) <
< Q(e(t) + &)+ H(p, 2) + {VHO +n2(x),n), mi(2,€,0,m))
for every (@, €,p) € Ayeq(0) and every z € LY(Q);
(ev2) energy balance: for every T € (0,400) we have Var(u;0,T) < 400 and
Q(e(T)) + D (p:0,T) + {V 0, m), pr (2, €, 0,m)) =
T
= Qe(0) + {VHO.0). oo &.0.0) + [ (o (t), Brie) .
where o(t) := Ce(t).
We are now in a position to state the main theorem of the paper.

Theorem 4.7. Let w € AC,([0 + o0); H (4 R?)), (uo,e0,p0) € A(w(0)), and zo €

My(2). Assume that
Q(eo) +V(20) < Qleo +€) +H(p, 2) + V(20 + 2) (4.8)

for every (ii,é,p) € Areg(0) and every z € LY(Q). Then there exists a globally stable
quasistatic evolution of Young measures (u,e, ) with boundary datum w such that uw(0) =
ug, €(0) =eo, and pg = d(py, ) -

4.2. The incremental minimum problems. The proof of Theorem 4.7 will be obtained
by time discretization, using an implicit Euler scheme. Let us fix a sequence of subdivisions
(t}.)i>o of the half-line [0, +00), with

0=t) <t} <---<ti!'<ti - 4oo asi— oo, (4.9)
T 1= sqp(t}; —tih =0 ask— oo, (4.10)

For every k let w} :=w(t}) for i > 0 and let @} := w(t}) — w(ty") for i > 1.
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We define uj € BD(Q), e, € L*(M22), and p € SGY({t9,...,ti}, % Mp2xR)
by induction on i. We set u = ug, €} := eg, p = O(po,z0)» and for i > 1 we define

(ui,el, pui) as a minimizer (see Lemma 4.9 below) of the functional
Qe)+ (H(& — &1, 0, —0ia) +{V}(6i,m), Vi (@, &ia,0i1,&,6i,m)) (4.11)
over the set A% of all triplets (u,e,v) with u € BD(Q), e € L?*(;M2X2), and v €

_ sym
SGY({tg, e ,t};}, Q; M%XZX]R), with the following property: there exist a sequence
(G y Emy D) € Areg(W}) and a sequence Z,, € L'(Q) such that
up !t + iy — u weakly® in BD(Q),

eit +ém — e strongly in L2(Q;M2%2),

sym

T(i;mgm)((ﬂ;:l)tg,,,tz—l) — Vo weakly” in GY (€ (M%XQXR)Hl) )
where T(% 5 Ox(MEZXR) xR — Ox(M%?xR)™*! xR is defined by

152 (,€0,00, - - &1, 0i1,m) = (2,0, 00, - - - &1, 051, &1 +p(x), 01 + nZ(x),7) -
We note that if (u,e,v) € A%, then
Vo it = (N?I)t%..tfj ) (4.12)
(u,e,p) € A(wi), (4.13)
where (p, z) := bar(v; ). Then we define (pi,21) = bar((u};)ti).
Remark 4.8. The following equalities hold:
inf  [Q(e) + (H(& — &, 05 — 0ia) + {V (i, m), Vt;;_—lt';)] =

(u,e,v)€A],
= inf v [Q(ez_l +é)+ (H(& — &, 0 —0ia) +{V}(0;,n), T(%,g)((l‘z_l)tg__tglm =

(@,6,) € Areg (W},)
zeLY(Q)

= if[Qe &)+ HB.2) + [V IO ). T (wh)n)] =
(@,8,p)EAreg(Wy,) v
zeL(Q)
= inf [Q(€)+<H(€i—€z‘f179i—9i—1)+{V}(9i777),'/t51t;>},

(u,e,v)EB]

where B} is the class of all triplets (u,e,v), with v € BD(Q), e € L*(Q;M2%2), v €

sym
SGY ({19, ..., ti}, Q; M3*xR), such that Vyg 41 = (Hz_l)tg.“t;‘c—l and (u,e,p) € A(wl),
where (p,z) := bar(v;; ). The first two equalities follow from the definition of A% and the
continuity properties of the functional (4.11). On the other hand the infimum in the last
line is greater than or equal to the infimum in the previous line by Theorem 3.9, and is less

than or equal to the infimum in the first line, since A} C Bi by (4.12) and (4.13).

The existence of a minimizer (ut,el, ui) to (4.11) is guaranteed by the following lemma.
Lemma 4.9. For every i the functional (4.11) has a minimizer on A};, every minimizer
(ul, el ui) satisfies (u};)tz = d(pa,za), and

Qley) + Merr (Pl — iy 2k — 21, 1) < Qle) + Hea(p — 1), 2 — 2 ) (4.14)
for every (u,e,p) € A(w(tl)) and every z € My(Q).
Proof. The lemma will be proved by induction on 4. Assume that uz_l is defined and

—Y S

()i = d(pz.za)- We shall prove that the functional (4.11) has a minimizer (uj,ej, py,)
. k

in A}, and

(Bk)e = Ovg.=5) - (4.15)
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Thanks to Remark 4.8 there exists a minimizing sequence (U, e, ™) in AL with
”Zj...t; - T(;;mgm)((l‘;:l)tg...tijl) and (U, €m, Pm) € Areg(W},). By (2.30) we have

H(& =&, 0i—0a) +{V}(0im) 2 CF & —E&a| + CF 0= 0ia| + {V} (0, m) ,
hence by the compatibility condition (7.2) of [4] the sequence
Q(e™) + OF (& — &ia| +10: — Oia|, V7, (2,601, 051, &, 02,m)) +

te 't
+ { V381, n), VZZ—I (@, &1,01,m))

is bounded uniformly with respect to m. By (4.12) we have U:'i;l = (,u,};_l)tr;j , so that
Q™) + CV (|6 — &l + 105 — O], Vit s (@, €1, 01, &, 0y)) (4.16)
is bounded uniformly with respect to m. Since by [4, Remark 2.9 and (7.2)]
w < (16l + 0] v (2, &, 03,m)) =
= (&l +10:], vt (@, 61,060, &, 03,m)) <
< A€ =&l + 10i = O], i (2,661, 060, i, 03 m)) +
+ {|&a ]| + 105, nglt}‘c (x,&i1,0,8,0:,m) =
= (& = &ial +10: =0l i, (@, 61, 00, &3, 0,)) +

+ (|&iz1| + [0ia ], (H;:l)t;‘;l (@, &1,0i0,m)) ,
it follows from (2.22) and (4.16) and that e™ is bounded in L*(; MZ2?%) and v} is bounded
k

vy

sym
in GY (Q; M%52xR). Using (4.12) and [4, Lemma 7.8] we obtain also that v
— . k

in GY (Q; (ME2xR)H).

Passing to a subsequence, we may assume that e,, — e weakly in L%Q;Mg;j) and
W 4 — vo.i weakly” in GY (Q; (MEExR)™H). Let v € SGY ({t,...,ti}, ;M5 *xR)
be the system associated with 1y..; according to [4, Remark 7.9] and let (p,z) := bar(v; ).
Note that (p ' + pm, 2 ' + Zm) = bar(u%) — (p,2) weakly* in M;,(; M%) x My(Q)
by [4, Remark 6.4]. Since (um,em,v™) € Ay we have |Eu™||; < |le™|1 + [[bar(vi})]l1

. k
and [Jw(t}) —u™[1,r, < [[bar(v]})[l1. By [19, Proposition 2.4 and Remark 2.5] it follows
‘k
that u™ is bounded in BD(f2). Therefore, passing to a subsequence, we may assume that
u™ — u weakly* in BD(2). By [3, Lemma 2.1] it follows that (u,e,p) € A(w), hence
(u,e,v) € Bi.
We claim that

b is bounded

v

e —e strongly in L2(Q;M2%?). (4.17)

sym

Indeed, if not, then we can find a subsequence (not relabelled) such that
Q(e) < lim Q(ey,) - (4.18)

Since the other term in (4.11) is continuous with respect to the weak* convergence of V:Z_lt,i
k k

to vy (4.18) would imply that

Q(e) + (H(& = &, 05 = 0ia) + {V}(0:, 1), vy (0, i1, 001, 63, 03, m)) <
< inf [Q(E) + (H(& — &, 05 — 0ia) +{V}H(0im), Dy, )]

(a,6,0)€ AL

which contradicts the equalities in Remark 4.8, since (u,e,v) € Bi. Therefore, (4.17) is
proved.
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We deduce from (4.17) that (u,e,v) € AL and that it is a minimizer of (4.11) in A%.
From now on we set (u},et, ut) := (u,e,v). By Remark 4.8 and Theorem 3.9 we obtain

o omin Qe 4 @) + Her (5, 2) + (VIO m), (i ),0)] =
(u,e,p)GA(w,;),ngh(Q) 4 k
= Q(ey,) + (H(& — &1,0; — 0p1) + {V}(0:,m), (143),1,: ) = (4.19)
> Qep) + Hen(ph — 2k 2k — 2 ) + (V00 m), (7))

where the last inequality follows from Jensen inequality. Since (uf, —uf;l, et —e?;l, pi— p?;l) €

A(@}), we deduce that the previous inequalities are in fact equalities. Theorem 3.13 now
yields (4.15). Finally, (4.14) easily follows from (4.19). O

Corollary 4.10. For every i and k we have
Q(e}) + Hest (pf, — pj, 5 0) < Q(e) + Hert (p — p; ', 0)
for every (u,e,p) € A(w(t})).

Proof. Tt is enough to take z = z; " in (4.14) and to use the inequality Heg (€,6) > Heg(€,0),
which follows from the fact that 0 — Heg(&,0) is convex and even. O

The following theorem shows that the incremental problems can be considered as a re-
laxed version of incremental problems defined on functions. For different approaches to the
relaxation problem in the context of rate-independent processes we refer to [15] and [16].

Proposition 4.11. Let us fix k. Let (u™,e™,p™) be a sequence in Aycq(w(0)) and let 2™
be a sequence in L*(Y). For every i > 1 let us consider two sequences (with respect to the
index m) (@5™, 5™, p™) € Apeg(wh) and 4™ € LY(Q). For every multiinder my ... m;
with i +1 components we define

7 7
QMO M0 Zﬂ],mj ’ Mo L Mo Z &l ’
Jj=1 Jj=1
[ 1
pmo...m,; — pmo + Zﬁ],m_j , 20w . o Zg],mj .
j=1 j=1

Note that
(umo...mi,emo...mi’pmo...mi) c Areg (w}c) .
Moreover, we define p™o™ € GY (Q; (M52 xR)* 1) by

mo...mM;

I

Suppose that there exist & € L*(Q;M2x2) and e SGY ({tY,... th}, 4 MEZXR) such
that for every i > 0

= 5((pm0 ,Z2M0),(pMOT™1 ZMO™M1) | (p™0--Ti Z MO Mg )Y .

lim ... lim e™o™i = ¢’ (4.20)
mM;—00 mo— 00
: 3 mo...mq __ )
mlilino<> . .mlolgoo,u = Lo 4i 5 (4.21)

where in the former formula all limits are with respect to weak convergence in L*(; M?;n%) ,

while in the latter they are taken in the weak* convergence in GY (; (MB2xR)™). Then
for every i > 1

liminf...liminf [Q(emo“'m”’) + H(ph™, Z0™) + V(Zmo”'mi)} >

mi—co  mo—oo ; (4.22)
> Q(€") + (H (& — &1, 0 — Oia) +{V}(0:, 1), gy )

acts on the variable (x,&;1,0,1,&,0:,1).

where fiyi,;
k k
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Conversely, if é' and ff coincide with the function el and the measure pi obtained
in the incremental construction, then there exist two sequences (u™,e™,p™) € Ayeg(w(0)),
2™ e LY(Q) and for every i > 1 two sequences (@"™,&"™,p"™) € Ayeq(wh) and Z4™ €
LY () such that for every i > 0 (4.20) holds with respect to strong convergence and (4.21)
holds with respect to weak™ convergence, while

lim . hm [Q(emo...m,,) +H( zm1 3 mi) —|—V( mo...mi)} —
e (4.23)
= Q( ) < (fv fv—lv - 7—1) {V}(Qun) ( ) = lfk>

for every i > 1.

Proof. Inequality (4.22) follows from (4.20) and (4.21) by the lower semicontinuity of Q in
the weak topology of L2(£; Mi;ﬁ) and the continuity of the duality product in the weak*
topology of GY (Q; (M3 ?xR)?).

By Theorem 3.6 and Lemma 3.7 there exist a sequence (u™,e™,p™) € Ayeq(w(0)) and
a sequence z™ € L'(2) such that u™ — wug weakly* in BD(), e™ — eg strongly
in L2(;MZ22) p™ — po weakly™ in M (& MZ¢?), 2™ — z; weakly* in M,;(Q), and
[[(p™, 2™)||1 — ||(p0, 20)||1. Using [17, Theorem 3] (see also [11, Appendix]) we obtain that
5(pm’z"m,) — O(po,20) Weakly* in GY (Q; M5 2xR).

For every i > 1, by definition of A% there exist a sequence (@>™,&"™, p"™) € Ayeq(Wh)
and a sequence 4™ € L'(Q) such that

ubt + @™ —ul  weakly” in BD(Q),
7—1 4 éb™m — el strongly in L2(Q;M2%2), (4.24)

sym
7’(%'i,'m72i,'m) ((u}; )tO I_1) (ll’k;)t(zf}c Weakly 1n GY( ) (Mszz XR)Hl) . (4'25)
Condition (4.20) is trivially satisfied thanks to (4.24). To prove (4.21) we observe that for
every ¢ > 1
'umom, — /]‘(lﬁi”ni ’Ei,'mi ) (Mmg...m,;_l) .
We now proceed by induction on i. Equality (4.21) for ¢ = 0 is true by construction.
Assume that (4.21) holds for ¢ — 1. Then by Lemma 2.1

lim ... lim_p™o™ = 'T(iﬁi,m,i_gi,mi)((ugl)fo s 1)
m;_1—00 mg— 00 ’ k
The conclusion for 4 follows from (4.25). O

4.3. Further minimality properties. We now prove that the solutions of the incremental
problems satisfy some additional minimality conditions.

Lemma 4.12. For every i and k and every t > ti we have

Qeg,) + ({V}Oi,n), (1) (2.6, 05m)) <

4.26
< Q)+ (H(E ~ 6.0~ 0wy (2. 6.0, £0.0) + (VIO oy
Jor every (u,e,v) € BD(Q)xL*(Q; M2)2)x SGY ({tQ, ..., t},t}, M2 xR) such that
Vo i = (B i s (4.27)
(u,e,p) € A(w(th)), (4.28)

where (p,z) := bar(vy).

Proof. Let us fix (u,e,v) as in the statement of the lemma, and let & be the system
. — (0] i —

in SGY ({t)... 1.}, % M3 xR) associated with 55, (10 i) € GY (Q; (M3 xR) 1)
(4.2

according to [4, Remark 7.9]. Since p} satisfies (4.12), by (4.27) and 8) the triplet
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(u,e, D) satisfies (4.12) and (4.13), hence (u,e, ) belongs to the set Bj defined in Re-
mark 4.8. By minimality we have
Qe},) + (H (& — &, 0: — 0i1), (1) iy (2, €1, 051, &, 03, m)) +
+ (V3O m), (i) (2,1, 05,m)) <
< Q(e) + (H(& — &, 0 — 0i), Dt?;_lt}i (x,6i,04,&,0i,m)) +
+ {V3}0i,m), vy (%,&,0i,m)) -

: AV e — -
Since (uk)t;c_lt,;c = Vi, Dy = Vi, and Dy = vy, we get

Qel) + (H(& — &1,0; — 0i9), Vi (x,6i,0,&,6i,m)) +
VO ), (1) (06, 05,m)) <
< Q(e) + (H(§ = &, 0 = 0ia), vy, (2,660,060, €, 0,m)) +
+ {V}O0.n),ve(x.&60,m)) .
From the compatibility condition (7.2) of [4] we obtain
Qeg,) + (H(& — i1, 0: — 0i1), vy, (2,601,051, §3, 05, 6,0, m)) +
+ (V3O m), (i) (2,1, 05,m)) <
< Q(e) + (H(§ —&i1,0 — 0i1), Vt;;—lt;ct(x,ﬁifl, 0i1,€:,0:,6,0,n)) +
+ {V}0.n),ve(x,&0,n)) .
By the triangle inequality (2.11) we deduce that

Q(ep) + ({V}H(0i,m), (1) (&, 03,m)) <
< Q(e) + (H(§ =& 0 = 0:), vy y (3,661, 051, 63, 03, €,0,m)) +
+ VO, ), vi(x,€,0,m)),
which gives (4.26) by the compatibility condition (7.2) of [4]. O

For every i and k we set o} := Cel and for every t € [0, +0c0) we consider the piecewise
constant interpolations defined by

(2

uk(t) = U €k t) = e;:(;) DPi t) = p}L{;) Zk(t) = zliga

on(t) =0k, wi(t):=wl, [t =1L, (4.29)

for t € [t};,tiﬂ). We define also p;, as the unique system in SGY ([0, +00), €); MQDX2><]R)
whose restrictions to the time intervals [0,:] coincide with the piecewise constant inter-
polations of ui € SGY({t?,... ti}, M%XQXJR) introduced in [4, Definition 7.10]. As
(py(t), zr(t)) = bar((p;),), we have also

(uk(t), ex(t), pi(t)) € A(wy(t)) (4.30)

for every ¢ € [0, +00).
Lemma 4.13. Let t,t € [0,+00) with t <t. Then

Qer(t) + (VIO (m)i(rE0) <
S Q(ek(g) - Ewk(f) + Ewk (t)):’_ <H(£ - 57 gA_Aa)a (ll’k)tf(x7 53 03 5; 0; 77)> + (431)
+ <{V}(0a 7])7 (:u’k){(xv &, 0, 7])>

for every k.

Proof. Let u := up(f) — wy(f) + wi(t) and e := ey(f) — Fwy(t) + Ewi(t), and let i be
the greatest index such that ¢{ < ¢. Since the triplet (u,e, (uk)t%“t;cfj) satisfies (4.27) and
(4.28), the result follows from Lemma 4.12. O
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Lemma 4.14. Let t € [0,+00). Then

Q(ek(t)) + <{V}(9777)’ (“k)t(xafv 9777)> <
< Qlex(t) + &) + H(p, 2) + {VHO +nz(x),n), (1y), (2, 0,m))

for every (1, &,p) € Areg(0) and every zZ € L1(Q).

(4.32)

Proof. Let us fix (@, €,P) € Areg(0) and Z € L1(Q). Let i be the greatest index such that
ti <t andlet £ >t . Weset i :=ul + 1 =ur(t)+a, é:=el +¢&=et)+¢, Vo 4if =
72215)((“2)162...152) = T(gflg)((uk)t%“ti"), and we define v € SGY({t),...,t}, &}, QM5 xR)
as the system associated with v;0 ;i ; according to [4, Remark 7.9]. Since the triplet (i, é, v

)
satisfies (4.27) and (4.28), the conclusion follows from Lemma 4.12. O

4.4. Energy estimates. We now prove some energy estimates for the solutions of the
incremental minimum problems.

Lemma 4.15. For every T > 0 there exists a sequence wg — 0% such that

Qler(t)) + Du (i3 0,1) + {VHO,m), (1i)e(2,€,0,m)) <
(4.33)

[t]k
< Qo) + V(z0) + /0 (ok(t), Bio(t)) dt + T

for every k and every t € [0,T].
Proof. Let us fix T > 0 and ¢ € [0,T]. Arguing as in [4, Remark 8.5], we can prove that

i

DH(Nk? 0, t) = Z<H(€T —&r1,0r — 07’—1)7 (/Lk)t’;‘flt; (xa &r1,0r1,&r,0r, 77)> )

r=1

where ¢ is the largest integer such that ti < t. Therefore, using the definition of piecewise
constant interpolation of a generalized Young measures, we have to show that there exists
a sequence wj — 0T such that

Q(e}c) + Z<H(£r - frfla 9r - grfl); (”2)15}2"175)2 (:E, frfla 9T71, frv gra 77)> +
T O )y 0m) < (4.34)
< Qleo) + V(z0) + /0 (o), Bu(t)) dt + wT

for every k and every i with t} <T.
Fix an integer 7 with 1 < r < i and let 7(": Qx(MEZxR)" xR — Qx (M35 xR)"*!
xR be the map defined by

7T(r) (Z‘, (507 90)) R (fT—lv GT—l)a 7]) = (l‘, (&Ja 00)) R (fr—l; 07’—1)7 (gr—la 07’—1)777) .

N -1 -1 5 -1 -1 N -1
Let @ :=up  —w, +wy, é:=¢;  —EBw, + Bwy, and fi0 4 = 7 ((ufy )tg...tz—l).

Let i1 € SGY ({t,...,t1}, M3 xR) be the system associated with fio_¢r by [4, Re-
mark 7.9]. It is easy to check that
ﬁt%...t']':l = (”Zil)tg...t;jl :
Let (p, %) := bar(fi,;). Since p = p. ', we find that (4,é,p) € A(w}), hence (i,é, f1)
belongs to the class B,Z, introduced in Remark 4.8. By minimality we have
Q(€Z) + <H(§r - g’r‘fla 9r - grfl) + {V}(Qra 77)7 (NZ)tkf—ltz (IE, 57‘717 grfla g’r‘a 9r7 77)> S

4.35
S Q(é) + <H(£r - frfla 9r - grfl) + {V}(9r7 77)) [l'tz_lt'z ({E, grfla grfla gra 9r7 77)> . ( )
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N ...t —
As Hyroryr = (77,5:5—1,55 o ™) ((uy 1)1‘,2...1‘,;:1) and

(ﬂ:%—ltfzc o 7T(’r)) (J?, (an 00)7 R (gf’—la 07’—1)7 77) = (xa (57“—1 ’ 07’—1); (f?“—lv 97“—1)) 7]) 5

we have
<H(§r — &1, 0, — Gr—l)v plt';flt; (xa &r1,0r1,&,0r, 77)> =0
and

<{V}(9m77)aﬂt;;—1t',g (2,&1,001,&,0r,m) = {V}(0r1,m), (H;ﬁl)tk’f—l (x, &, 0r1,m)) -
Therefore (4.35) gives, thanks to the compatibility condition (7.2) of [4],
Qer) + (H(& — &1, 0 — 0,1), (HZ)tg—lt; (x, &1, 0r1, 6,00, m))+
+ {VHOr, ), ()i (2, &, 0rm)) < (4.36)
< Qe + Buwp — Bwp ™) + ({VHOra,m), () s (2, 1, 01, )
where the quadratic form in the right-hand side can be developed as
Qe; ' + Ewj, — Bw, ") = Qep ™) + (07!, Ewj, — Bw, ™) + Q(Bw, — Ew}, " '). (4.37)

From the absolute continuity of w with respect to ¢t we obtain

i
w;—w;—lzf w(t)dt,
-t

k

where we use a Bochner integral of a function with values in H!(Q;R?). This implies that
th

Ewj, — Bw;, ' = FEw(t)dt, (4.38)
tyt

where we use a Bochner integral of a function with values in L?(Q;MZ2¢%). By (2.22) and
(4.38) we get
t

Qb ~ Bup ) < pe( [ | 1w dr) (4.39)

r—1
tk

By (4.36)—(4.39) we obtain

9(62) + <H(§T - fr—l; 07’ - Gr—l)a (Nz)f,;:lt;; (337 57’—17 97“—17 fra 97“) 7])>+
+ <{V}(9T7 77)) (p’};)tli (IE, &y Or,s 77)> <
< Qe ™) + {V3HOr1,m), (i) g (2, 6, Ora ) +

i
+/ <a£*1,Ew(t)>dt+ﬂ<c(/
tr ! tt

< Qe ) + ({V3HOr1,m), (i) (2,6, Ot ) +

(4.40)

s

2
| Bio(t)]z ) <

r
tk,
-1

th
 [C ot maaya s of [ 1B,
t

r—1 s
k tk
where i
Ly,
ot = max e [ [Bw@]ad — 0
t

t, <T r—1

by the absolute continuity of the integral. Iterating now inequality (4.40) for 1 <r <i, we
get (4.34) with wf := pF' [ || Eav(t)|2 dt. O
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4.5. Proof of the main theorem. Let us fix a sequence of subdivisions (¢});>0 of the
half-line [0, +o0) satisfying (4.9) and (4.10). For every k let (ui,el, ui), i=1,...,k, be
defined inductively as minimizers of the functional (4.11) on the sets A%, with (u2, e, u?) =
(10, €0, 0(pg,20)) » and let uy(t), ex(t), or(t), wi(t), and [t be defined by (4.29) and let p,
be the unique system in SGY ([0, +00); Q; M3? xR) whose restrictions to the intervals [0, ¢i]
coincide with the piecewise constant interpolations of pf (see [4, Definition 7.10]). Using
Lemma 2.1 and the definition of A% we can prove by induction on i that (u,ex, ;) €
AY ({t9,t}, ...t },wy,) for every i and k. This implies that

(ug, ex, py,) € AY ([0, +00), wi,) (4.41)

for every k.
Let us prove that for every T > 0 there exists a constant C7, independent of k, such
that

sup |lex(t)|]2 < Cr, Var(p,;0,7) < Crp. (4.42)
t€[0,T]

By (2.30) we have

Dp(py; 0,) + (V3O m), (ki) (2,6, 0,m)) >
> (H(§ —&o,0 — 00) + {V3}(0.n), (11)o (7, €0, 00,€,0,m)) >
> (CF 1€ = &ol + CF10 — o] + {V} (00, ), (13) 0 (€0, 60, €, 0,m)) =
= CF(1€ — &l + 10 — bol, (11.) ¢ (2, &0, 00, €, 0,1)) +V(20)

where the last equality follows from the fact that (p)q = (py,z,)- From (2.22), (2.23),
(4.33), and (4.43) we deduce that

(4.43)

T
acller(®)l3 < Belleoll3 +26c sup IIek(t)||2/ | Bw(t)]]2 dt + wi
te[0,T] 0
for every k and every t € [0,T]. The first estimate in (4.42) can be obtained now by using
the Cauchy inequality.
By (4.33) and the first inequality in (4.42) we have that

is bounded uniformly with respect to k& and ¢ € [0,7T]. By (4.43) this implies the bounded-
ness of

(1€ = &ol + 16 = bol, (ker)or (2, S0, 00, &, 0, 1)) - (4.45)
By the compatibility condition (7.2) of [4] and by the equality (g;,)g = d(p,,2,) We have

(IS0l + 160, (1r) ot (, €0, 00, €, 0,m)) = [Ipollr + llzoll1

which, together with the boundedness of (4.45), gives that (|¢| + |0|, (py,):(2,€,0,7)) is
bounded. This implies that ({V}(0,n), (ps):(x, &, 6,m)) is bounded too, so that (2.13) and
the boundedness of (4.44) yield the second estimate in (4.42).

By the Helly Theorem for compatible systems of generalized Young measures proved in [4,
Theorem 8.10] there exist a subsequence, still denoted p,, a set © C [0,400), containing 0
and with [0, +-00)\© at most countable, and a left continuous p € SGY{([0, +00), Q; ME 2 xR),
with

sup |l <400, Var(u;0,T) < 400 (4.46)
te[0,T)
for every T > 0, such that
()tr. e = By, Weakly” in GY (0 (M5 xR)™) (4.47)

for every finite sequence ti,...,t, in O with t; <--- <t,,.



32 G. DAL MASO, A. DESIMONE, M.G. MORA, AND M. MORINI

Let p,(t) € My(Q;M35?), zi(t) € My(Q), p(t) € My(Q;ME?), and z(t) € My(Q) be
the measures defined by

(pi (1), 25 (1)) :=bar((py),)  and  (p(t), 2(t)) := bar(p,). (4.48)
By (4.47) and by [4, Remark 6.4] we have
p(t) = p(t) weakly® in My (Q; M%?) (4.49)

for every t € O.

By Corollary 4.10 the sequence (uy(t),er(t),p,(t)) coincides with the discrete-time ap-
proximation of the quasistatic evolution corresponding to the function & — H.g(€,0) ac-
cording to [3, Definition 4.2]. Using [3, Theorems 4.5, 4.8, 5.2] we obtain that there exist a
subsequence, still denoted (uy, ey, py,), a continuous function ¢ — (u(t), e(t)) from [0, +o00)
into BD()x L?*(Q;M22) and an extension of ¢ — p(t) to [0,+00), still denoted by the
same symbol, such that ¢ — (u(t),e(t),p(t)) is a quasistatic evolution of the problem cor-
responding to the function £ — Heg(€,0), and

exr(t) — e(t) strongly in L?(;M2)2), (4.50)
ug(t) — u(t) weakly” in BD(Q), (4.51)

for every ¢ € [0, +00).

By Remark 4.4 and by (4.41) the triple (u,e, ) belongs to AY(©,w). By the left
continuity of uw, e, p we have also (u,e, ) € AY ([0, +00), w).

Let us fix (@,é,p) € Areg(0) and Z € L'(Q). Passing to the limit in (4.32) thanks to
Lemma 2.1 we obtain that (evl) is satisfied for every ¢ € ©. By left continuity the same
inequality holds for every t € [0, +00).

By (4.42) and by the weak* lower semicontinuity of the dissipation we can pass to the
limit in (4.33) and we obtain

Q(e(T)) + Du(1;0,T) + ({VHO,m), (2,8, 0,m)) <
(4.52)

T
sq%mwww+é<demeu

for every T € ©. By left continuity the same inequality holds for every T € [0,400).
Passing to the limit in (4.31), we obtain

Qe(t)) + ({V}(O,m), e (2,€,0,m)) <
< Q(e(®)) — (o (i), Bw(l) — Bw(t)) + Q(Ew(f) — Ew(t)) + (4.53)
+ <H(é - 53 é - 0)) p’tf(xa 57 97 éy év 77)> + <{V}(éa 77)7 Nf(ﬂfy éy év 77)>
for every t,f € © with ¢t < £. By left continuity the same inequality holds for every

t,t € [0,+o0) with ¢ < i.
Using this inequality, we want to prove that

Q(e(T)) + Pu(p; 0, T) + {V}0,m), pr (2,8, 0,m)) =

T (4.54)
> Qleo) + V(o) + [ (or(t) Buv(t) .
0
for every T € (0, +00).
Let us fix T € (0,+00) and a sequence of subdivisions (s )o<i< of [0,T] with
0=s% <sl <. .. <sh? <st=T,
S Sy (4.55)

lim max (st —si71) =0.
k00 1§i§k( Bk )
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For every i = 1,...,k we apply (4.53) with times 52_1 and s, and we obtain

Qe(siy ) + {V}(0i1,m), g (2, &1, 050, m)) <
< Qe(sy)) — (o (si,), Bw(sy) — Bw(sp ™)) + Q(Ew(sy) — Bw(sy ')+ (4.56)
+ (H (& = &, 00 — Oi), i i (2,861,050, &6, 05,m) + {V3H05,m), gy (2,63, 05, m) -
We notice that

(o(sk). Bulsh) — Buls ) = [ (o (sh). Bibls) ds.

Q(Ew(sy,) — Bw(s; ™)) < 6«:(/7 | Eais(s) |2 d8)2 , (4.57)

(H(& — &i1,0; — 0:a), Pt gi (2,&1,0i1,&,0:,m)) < Dy(p; s, sh)

On [0,T] we define the piecewise constant function & (s) := o (si), where i is the smallest
index such that s < sz Summing the inequalities (4.56) for 1 < i < k, we obtain

T
Q(e(T)) + D (p;0,T) + {V}(0,m), i (2, €, 0,m)) +Pk/0 [Ew(s)|2 ds >

. (4.58)
> Qea) + Vieo) + [ @(s). Buo(s)) ds.

where

i

Sk
Pk = sup fc /i_1 |[Ew(s)||2ds .
Sk

1<i<k

Now conditions (4.55) and the continuity of o guarantee that pr — 0 and that & — o
strongly in L?([0,7T]; L2(€; M2%2)). Hence, taking the limit as k — oo in (4.58), we obtain

sym

inequality (4.54), which, together with (4.52), gives (ev2).

4.6. Some properties of the solutions. We conclude this section by proving some qual-
itative properties of the Young measure solutions to the evolution problem.

Theorem 4.16. Let (u, e, ) be a globally stable quasistatic evolution of Young measures.
For every t € [0,+00) let (p(t),z(t)) := bar(p,). Then (u,e,p) is a quasistatic evolution
corresponding to the function & — Heg(£,0) according to [3, Definition 4.2].

Proof. Let us fix t € [0,+00). We want to prove that
Q(e(t)) < Qe(t) + €) + Her (5, 0) . (4.59)

for every (i, €,p) € A(0). Let us fix (@, é,p), let (u), ug®) be the pair of measures associated
with g, by [4, Theorem 4.3], let (47" )peq be the disintegration of pY considered in [4,
Remark 4.5], let

Fa &)= [ HED+VO+) - VOl (€0).

let F'*° be the recession functiozl 9f F with respect to (é , é), and let co F' be the convex
envelope of F' with respect to (£,0). It is easy to see that F'>° = H + V°°. We claim that
coF = Hegr . (4.60)

Indeed, as V is concave, we have V(0 + 6) — V(8) > V>°(6), which gives

F(a,6.0) > / (H(E,0) + V(@) dup Y (€,6) = H(E B) + V=(0) > Hea(E,0)
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where the intermediate equality follows from the fact that ,uf’y is a probability measure.
This implies co F' > Heg. The opposite inequality can be obtained arguing as in the proof
of (3.4).

By Theorem 3.8 there exist a sequence (g, €k, Pr) € A(0) and a sequence 7, € L'(Q2) such
that pr € L'(Q;M%?), & — € strongly in L2(Q;M2X2), fp — p weakly* in M;(Q; M3?),

sym

Zr — 0 weakly* in M,(Q2), and
H(Pr, 2k) + V(Zr) —  Hex(D,0) +V(0).

Passing to a subsequence, we may assume that d(;, z,) converges weakly” to some v €
GY (Q;M%?xR). We note that bar(v) = (5,0) and that

(H(E,0) + {V}(8,n), v(,€,0,n)) = Heu(5,0) + V(0).
By Theorem 3.10 we deduce that
2 2
V= 5(0,0) + %W(Eﬁa72) + %W(ﬁﬁa7_z) + %wg\ﬁxyz/\) + %w(x;ﬁx,fz,\) s (461)
where A := [p°| and " is the Radon-Nikodym derivative of 5* with respect to |p°|, while
z and z) are two nonnegative functions such that

He(p%,0) = H(p% 2) + V>(2) a.e.in Q

— 4.62
Her(5,0) = H(, 20) + Vo(z2)  Aae. in Q. (4.62)

As 85, 5, — v weakly* in GY (Q;M75*xR), we have

L/F@@maMx — (P},
Q

where

2o nF(E/m,0/m) ifn>0,
Uﬂﬁﬁm%_{Fm@ﬁ) >0,

As F>* = H + V>, using (4.61) and (4.62) we obtain ({F},v) = Hes(p,0), hence using
also the strong convergence of ¢ to €, we deduce

Ole(t) + &) + /Q Flo.pu i) de  —  O(e(t) + &) + Hou (5, 0) .

From the definition of F(z,¢,0) this is equivalent to saying that
Q(e(t) + k) + H(Pr, Zr) + ({VHO + nZe(2),n) — {V}I(O,n), my(2,€,0,m))
converges to Q(e(t) + €) + Heg(p,0). Since
Q(e(t)) < Q(e(t) + éx) + H(pr, ) + (VIO + nzk(x),n) — {V}HO.n), w2, &, 0,m))

by (evl), we obtain (4.59) by passing to the limit as k¥ — oc.
Thanks to [3, Theorem 4.7], to conclude the proof of the theorem it is enough to show
that

T
Q(e(T)) + Dre (P, 0);0,T) < Q(eo)+/0 (o(t), Ew(t)) dt (4.63)

for every T € (0,400), where Dy, ((p,0);0,T") is defined as in [3, Section 4]. By (ev2) it
suffices to prove that

DHeff((p7 O)a OvT) < DH(,U’; 07T) + <{V}(9’77)7/1'T(xa€7 97”)) -

— {V}O,m), mo(x,€,0,m)) . (4.64)
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To show this we fix any subdivision (¢;)o<i<k of the interval [0,7]. From the definition of
Dy we obtain, using the compatibility condition (7.2) of [4],

Dy (p;0,T) + (VO m), pr (2, €,0,m) — {V (O, m), po(,€,0,m)) >

k
Z Z<H(£l - fi—la 01 - 01—1) + {V}(eh 7]) - {V}(ei—la 7])7 l’l’ti_lti (Z‘, fi—lv 971—17 gia 017 77)> Z
=1 k
> Z<Heff(fi —&im1,0i = 0i1), g, 4, (2,821,051, &3, 05,m) >
=1 k
> ZHeH(p(ti) —p(tic1), z(t:) — 2(ti—1))
i=1

where the last inequality follows from the Jensen inequality. Recalling that Heg(€,60) >
He5(€,0) for every € and 6, from the arbitrariness of the subdivision we obtain (4.64). O

Every globally stable quasistatic evolution of Young measures is absolutely continuous
with respect to time, as made precise by the following theorem.

Theorem 4.17. Let (u, e, ) be a globally stable quasistatic evolution of Young measures.
Then for every T € [0,400) the functions u and e are absolutely continuous on [0, T] with
values in BD(Q) and L*(Q;M22), respectively, while p is absolutely continuous on [0,T]

according to [4, Definition 10.1].

Proof. The assertion on u and e follows from Theorem 4.16 and [3, Theorem 5.2].
By (2.30) we have

CXI/(V&T(H, tl; t2) SDH(Ha tla t2)+<{V}(92, 77)7 :u’tg (.23, £25 02) U)>_<{V}(91a 77)7 :u’t1 (Z‘, 517 91) 7I)> .

It follows from the energy balance (ev2) that the right-hand side of the previous inequality
is equal to

Qle(t1)) — Q(e(t2))+/2<U(t),Ew(t)>dt,

t1
therefore
Cll/(<|€2 - €1| + |92 - 91|7,u’t1t2(x7£15017§2792777)> <

< [Q(e(t1)) — Qle(t2))] +/t (o), Ba(t) | dt

Since the functions t — Q(e(t)) and ¢ — fg [{(o(s), Ew(s))| ds are absolutely continuous,
we conclude that p satisfies [4, Definition 10.1]. O

Owing to the previous theorem, if (u,e, ) is a globally stable quasistatic evolution of
Young measures, then p has a weak* derivative [, at a.e. time ¢ € [0 4+ co) in the sense
of [4, Definition 9.4]. The next theorem deals with the structure of g1, and shows that the
finite part 7y of u, does not evolve.

Theorem 4.18. Let i, € L'(M%5?), Z € LY(Q), w € ACo.([0, +00); H (4 R?)), let
(u, e, u) be a globally stable quasistatic evolution of Young measures with boundary datum
w such that iy = O(p.z0)» and let (p(t), z(t)) := bar(p,). Denote the total variation of
the measure (p°(t), 2°(t)) by A(t), and let (p™(t), 2*(t)) be the Radon-Nikodym derivative
of the measure (p°(t), 2°(t)) with respect to A(t). By Lemma 3.3 for a.e. t € [0,+00) there
exist 2(t) € LY (), with 2(t) 2*(t) > 0 a.e. on Q, and a(t) € L>=(Q), with 0 < a(t) < 1
a.e. on 2, such that

2%(t) = a(t)2(t) + (4.65)



36 G. DAL MASO, A. DESIMONE, M.G. MORA, AND M. MORINI

a.e. in 2, and there exist zx(t) € Li(f)( ), with 2x(t) 2*(t) > 0 A(t)-a.e. on Q, and
ay(t) € L)‘(t)(ﬁ), with 0 < ax(t) <1 A(t)-a.e. on Q, such that

@),

2*(75):%(75) A(t) + (1—ax()) )
A (2a(1))

(=2
(0 (0. 280) = HM(1). 2a(1) + V> (4.66)

A(t)-a.e. in Q. Then

. 2 2
fur = 0,0 + a((t))‘”é%t),z(t)) +{1- O‘(t))‘;’?»“(w,—z(t)) + (4.67)
At At '
Faa(wipn zaey T (1= AW, 00

and
Her(P(1), 2(t)) = Hest(P(1),0) (4.68)
for a.e. t € [0,+00). Moreover,
= 05,20 (4.69)
for every t € [0,+00).

Proof. As the system p is absolutely continuous with respect to time by Theorem 4.17, we
have by [4, Theorem 10.4] that for every t1,ts € [0,400) with ¢; < 9

Dur (pis 1, 2) = / CH(E,0), (.60, ) dt (4.70)

t1

where f1, is the weak™* derivative of p at time ¢ in the sense of [4, Definition 9.4]. By [4,
Remark 9.6] we also have that the maps ¢ — p(¢) and ¢ — z(t) are absolutely continuous
and (p(t), 2(t)) = bar(f,) for a.e. ¢t € [0, +00).

From Theorem 4.16 and [3, Proposition 5.6] it follows that

e(ts)) /Heﬂ Q(e(tl))+/t2<a(t)7Ew(t)>dt.

ty

By (ev2) and (4.70) we deduce that for every ¢; < to
123

/ H(E,0), ) db 1 (VY 02m) — (VIOL 0 pigys,) = [ Her(B(t),0)de,  (471)

t1 ty

where the measure fi, acts on (x,&,6,7n), while p, ;. acts on (z,&1,01,&,02,m). By con-
cavity we have {V}(02,n) — {V}(61,n7) > V(02 — 61), so that (4.71) yields

/ H(E,0), i) dt + (V=(0 — 01), iy, p,) < / S Hea(p(), 00t (472)

ty

Dividing by to — t; and letting to — t; =t we obtain
(H(E,0) +V>(0), fr,(x,€,0,m) < Heg(P(t),0) < Hest(P(t), 2(t)) (4.73)

for a.e. ¢t € [0,+00). Using the Jensen inequality for generalized Young measures [4, Theo-
rem 6.5] we conclude that

(H(&0) +V=(0), fu(2,€,0,m)) = Herr(P(t),0) = Her (P(1), 2(1)) (4.74)
for a.e. t € [0,400), which shows, in particular, (4.68). By taking the derivative of (4.71)
we obtain from (4.74)

lim (2 ((VH02.1) = {V}(01,m) = VE(E=5), Bayr,) = 0. (4.75)

t24>

As —V* is convex and positively homogeneous, by [4, Theorem 10.4] we have that for
every t € [0, 400)

t
(Vo (01— 00), proy) > / (Vo> o) ds.
0
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where pg, acts on the variables (x,&o,6p,&1,601,m). Since s — ({V},u,) is absolutely
continuous and by (4.75)

<Voov :u’s> = %HV}, “s>
for a.e. s € [0,+00), we deduce that
(V=(01 = 60), por) = ({VHO01,m) — {V} 60, ), o) - (4.76)
Let ¢: Ox (M5 ?xR)?xR — QxRxR be defined by

1/1(%50790,51,91777) = (‘raal - 90777);

and let v := ¢(pg,). By repeating the arguments used in the proof of (3.78)-(3.80) we
obtain

<{V}(017 77) - {V}(e()v 77)7 “Ot> > <{V}(7750(33) + éa 7]) - {V}(WEO(@; 7])7 V> 5
where v acts on (,0,7). This inequality, together with (4.76), yields

(Vo,v) = ({V}(nZo(@) + 6.m) — {V}(iZo (), m),v)
By (2.27) it follows that 7¥ = §y. Arguing as in the proof of (3.82), we conclude that
(i) ) = 0, - (4.77)
where 7g: OxM75?xRxR — QxRxR is defined by mg(z,&,0,7m) = (z,0,n).
As the system p is absolutely continuous with respect to time, we also have that the
system @Y given by ﬁ};___tm = (Ntl...f,m)y is absolutely continuous, so that its weak™
derivative fz) exists for a.e. t € [0,+00). We note that in general the weak* derivative

1) of ¥ does not coincide with the finite part (fi,)Y of f1,. Nevertheless the following
identity holds

—_—y

B = ()" (4.78)
To see this we observe that at every time ¢ where both fi, and g} are defined, there also
exists the weak* limit of the difference quotients g;s(fiys) as s — t* (see [4, Definition 9.1]),
which is an element of M (QxM%*>xRxR) supported on {5 = 0} (see [4, Definition 2.8]).
The equality (4.78) follows now from the identity

Py = ﬁ}e/ + Hm grs(fr5) -
s—tt

Using (4.77) and Corollary 3.12 it is easy to see that (i,,) = &y for every s > ¢, which,
in turn, implies

e (i) ) = do. (4.79)

By (4.78), (4.79), and [4, Lemma 4.8] we deduce that mg((f1,)Y) = &9. It follows that
<{V}(07 n)’ I:‘t(xa &0, 77)> = <Voo(9)7 /:l’t(xa §.0, 77)> + V(O) ’
hence by (4.74) we have
(H(&0) +{V}0,n), fa,(x,€,0,m)) = Herr (B(2), 2(t)) + V(0) (4.80)

for a.e. ¢ € [0,+00). Identity (4.67) is now a consequence of Theorem 3.10 (applied with
po =0 and z9 =0).
We now claim that for almost every ¢ € [0, +00)

B =000 - (4.81)

Let us fix t € [0,+o00) such that fi, and 1) exist. By (4.67) and (4.78) there exists
V5 € MF(OxM%?xRxR), with support contained in {5 = 0}, such that

B = 00,0 + 57 (4.82)
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By (4.82), (4.79), and Lemma 3.11 we infer that
(f(2,8,0,m),v°(2,§,0,m)) = (f(x,0,n),v7°(x,&,0,1)), (4.83)
Y ) = / F(,0,0,1)dx + (f(z,€,0,5), (2, £, 0,1) (4.84)

for every f € BT (QxMB*xRXR). Let v5° € M (QxM7*xRXR) be the weak* limit
of the difference quotients qis(fiys) as s — t*. From (4.67) and (4.84) it follows that

(f,u2°°):/Qaf(x7p“,2,0)dx+/(1—a)f(x,p“,—é,O)dx—F

Q

+/_a>\f(:v,p)‘,2>\,0)d>\+/_(1—a)‘)f(:r,p)‘,—é)‘,o)dk— (4.85)
Q Q

- <f(m7§a 0777)7 Vloo(xvfa 0, 77)>

for every f € ngﬁ’{t (ﬁXMQDX2 xRxR). In the previous formula and in the remaining part of
the proof the dependence upon time is omitted, since t is fixed.

We shall prove that v$° = 0, so that claim (4.81) will follow from the decomposition
(4.82). According to [4, Remark 4.5], there exist 7°° € M;" () and a family (v"™), g of
probability measures on ¥ := {¢ € M%5?: |¢] = 1} such that

e om o @etm) = [ ([ feconai=©)a=@ @)

for every f € BQC‘J”T (OxM%?xRxR). We have to prove that 7> = 0. Let us consider the
Lebesgue decomposition 7 = 7% 4 7%,

We first prove that 7°°* = 0. We argue by contradiction. Assume that there exists a
Borel set A, with £2(A) > 0 and A(A) = 0, such that 7°°%(x) > 0 for every = € A.

For every Borel set A" C A let f(x,£,0,7n) := 1a/(x)[€|]. Since v5° is positive, by (4.85)

and (4.86) we deduce that
/ [p%| dx > / 7% dx
A/ !

for every Borel set A’ C A. Therefore, [p*] > 0 a.e. on A and there exists h € L>®(A4),
with 0 < h <1, such that 7°% = h|p®| on A.

Since |p*| > 0 a.e. on A, by (4.65) and Lemma 3.5 we have that |2] > 0 a.e. on A. Hence,
there exists M > 0 such that the set Ay :={z € A: [p(2)| < M, |2(z)| > 5;} has positive
Lebesgue measure. Let us consider the function f(z,€,0,n) = 14,,(z)(|¢|—M?|0]|)*. Using
(4.85), (4.86), the fact that 7°>% = h|p®| on A, and the positivity of v5°, we obtain

/ <|p“|—M2|z|>+dxz/ hp®| de
AM AM

which gives the contradiction, since the left-hand side vanishes, while the right-hand side is
strictly positive. Therefore, 7°°¢ = 0.

It remains to prove that 7°°° = 0. We argue by contradiction. Assume that there exists
a Borel set A with £2(A) =0 and 7°%(4) > 0.

For every Borel set A’ C A let f(x,&,0,n) := 14/ (x)|£]. Since v$° is positive, by (4.85)
and (4.86) we deduce that

/ [P dA > 70 (A')
AI

for every Borel set A’ C A. Therefore, there exists hy € L (A4), with 0 < hy < 1, such
that 7°°° = hx|p*|A on A. Taking A smaller if needed, we may assume that A(4) > 0,
ha >0 and |p*| >0 A-a.e. on A. We can now argue as before with £2 replaced by A and
we obtain a contradiction, which implies 7°°¢ = 0.

This concludes the proof of the fact that v{* =0 and, in turn, of (4.81) by (4.82).
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By [4, Theorem 10.4] identity (4.81) yields

Var (@0, / (VI T P72 (2.6.0,m) dt
for every t € [0,+00). By Corollary 3.12 we deduce that

([&1 = nPo ()| + |61 — 170 (x)], 78} (,&1,61,1m)) =
= <|£1 - §0| + |91 - 00|7ﬁ(}]/t(x5£0790a£1a01an)> é Var(ﬁy;ovt) = 0)

which easily implies the (4.69). O

Remark 4.19. We remark that in the previous proof we could not deduce (4.69) from
(4.67) simply by “integration” with respect to time. In fact, for a system p of generalized
Young measures it is not true in general that the knowledge of f1, and of p, is enough to
identify p,, as the following example shows.

Let U := (0,1) and for every ¢ € [0,+00) let p(t) € L'(U) be the characteristic function
1(o,t)- We now consider the two systems p', u? € SGY ([0,4+00),U;R) defined by

1 L 2 L Lt
Bty oty 5= Op(t1),p(ti)) D 1y = 0(0,...,0) T W(p(ty),....p(tm))

for every finite sequence 0 < t; <ty < --- < t,,. Note that for every 0 <t < t;

1
162 — 0, gl ) = {161 — 6], 42, ) = / Ip(ts) — p(t) dz =ty — ¢,
0

which shows that both u! and p? are absolutely continuous. Moreover, for every f €
Chom(UxRxR) and every 0 <t < t; we have

1
(F (e, =7 0), iy, (2,6, 61,) = /0 f(r, P20 1) dor =
t1 1
:/ f(x,&l)da:—&—ﬁ/ flz,,ty —t)de+ [ f(z,0,1)dx
0 t

t1

and
<f(x, o f,n) uttl x,0,61,n) / f(z,0,1 da:—i—/ flz p(til + p(t) ,0) dx

/ f(2,0,1)de + +— f(x,l,O)d
t
It follows that

hm <f(.’13, 21 fan) l’l’ftl(x 9 917 )> = hm <f($, ii fan) l’l’?tl(x79791777)> =
+

t1—tt+ t1—t
1
~ [ 1@onde+ £2,1,0),
0
which yields
= fi; = 0o + wy’

—Y
for every t € [0, 4+00). We point out that, although (f1}) = &g, the finite part of u}, which
coincides with p} itself, evolves in time.
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5. AN EXAMPLE

In this section we assume that C is isotropic, which implies that
CE = 2up + R(tr &)1
for some constants g > 0 and x > 0. We also assume that
K :={(0,¢) e M5*xR: o|> + (2 < 1},
V(O):=1-iV1+067, Ty :=0Q, I':=0.
Let us fix a constant 6y > 0 and a 2x2 matrix & with tr§y = 0. We assume that the

symmetric part & of &y is different from 0. We will examine the globally stable quasistatic
evolution corresponding to the boundary datum

w(t,x) ==tz

(5.1)

and to the initial conditions
up(x) =0, eog(r) =0, po(r)=0, =zo(x)=">0o.

Theorem 5.1. Assume that C, K, V', I'g, I'1, 6o, &, &, w, uo, eo, po, and zo satisfy
the conditions considered at the beginning of this section. Let

V3
to = m , (5.2)
and let w, e, p, zo be defined by
u(t, x) == téox, e(t,r) = a(t)&y,

p(t, @) = B(t)&5 zo(t,2) == = |p(t,2)]
where

t ort € |0,%o], 0 ort € |0,%o],

alt) = {to j:m“t e {to,—goo), pl) = {t—to j:orte {to,—goo),

and let p € SGY ([0,400), 4 M5 2XR) be the system defined by

=0 + 1L’ +
oyt 2= 9((0,20)5--(P0520)) T 2% ((p(£1),200 (1)) ey (D(tm ) s Zoo (Em)))

+ 1wt
2 ((p(tl),—zx(t1)),...,(p(tm),—zec(tm)))
for every finite sequence ti,...,ty, with 0 < t1 < -+» < t,. Then (u,e,u) is a globally
stable quasistatic evolution of Young measures with boundary datum w and initial condition
Ko = 5(100720) :

Proof. By (3.11) and (5.1) we have

Kot = {(0,¢) e M52 xR : |o| < @) | <VT—Jo—1}.
By (3.9) we have
Heg(€,0) = §|€| for every & € M3?.

Thanks to (5.2) the function (u,e,p) satisfies condition (b) of [3, Theorem 6.1] for the
dissipation function & +— Heg(&,0), therefore it is a quasistatic evolution for the same
dissipation function according to [3, Definition 4.2]. It follows, in particular, that

Qle(t)) < Q(e(t) + &) + Herr (P, 0) (5-3)

for every t € [0,+00) and every (@, é,p) € Apeq(0). Since Hem is convex and even, we have
He (D, 0) < He (P, 2) for every zZ € LY(2). From (3.4) and (5.3) it follows that

Q(e(t)) < Q(e(t) + &) + H(p, 2) + V(2 + 20) — V(20) =
=Q(e(t) + &)+ H(p,2) + {V}HO +nZz(x),n) —{VHO,n), pi(x,£,0,m)),
which gives the global stability condition (evl) of Definition 4.6.
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Let us prove the energy balance (ev2). Since for 0 < t; < to we have

(V1€ — &2+ 102 — 0112, o, (2, &1, 01, &2, 02,m)) (t2) —p(t1)l1,

we deduce that

-2
_\/gp

T
Dit(:0,T) = % / (1)1 d

Therefore, if T € (0, ¢] condition (ev2) is satisfied, since
Qe(T)) = pT?IGPL*(Q),  Qe(0)) =0,  Du(u;0,7)=0,
<{V}(97 77)7 /JJT(x7 fa 0) 77)> = V(ZO) = <{V}(07 77)7 No(x7 fa 9, 77)> ’

T T
|t B i = [ iR @a = wriegRew).

If T € [tog, +00) condition (ev2) is satisfied, since

%(T— o) €51L3(5)
(VIO i (,6.0.m) = Vo) + V™ (2 (T)) = V(an) = 5= (T~ Ha)IG51E3(@).

Qe(0)) =0, {V3}(O,m), mo(x,€,0,m) =V(20),

T to T
| (ot = [ oGP @ [ ol o) i -
0 0

to
3
= ptg| €517 L2 () + 2u(T — to)tol&51*L3(Q) = ut|&512 L2 (Q) + %(T —t0)|&I£%(),

Qe(T)) = ut3l&s*L*(Q),  Du(m:0,T) =

where in the last equality we use (5.2).

It remains to prove that (u,e,pu) € AY([0,+00),w). Let us fix a finite sequence
t1,...,tym with 0 <t; < --- < t,,. By an algebraic property of I\/JIQDX2 there exist a,b € R?,
with |b| =1, and a skew symmetric 2x2-matrix ¢ such that £§ = a ® b+ q. Therefore there
exists a skew symmetric 2x2-matrix w such that £ =a®© b+ w.

For every k € N and ¢ € Z we set

AL ={zeQ:i<ba<H L}
B ={zeQ: 2L <cpo<il_ L}
Chi={reQ:H - L <p.o< L}
Ak :ZUiA}C, Bk = UzB}c, Ck IZUiC}C,
ia+qx if v € Al ,
ok (2) = « i+1 : i)
(kb-x—z—1+T)a+qx if x € BLUC,,

0 if v € AL,
Or(x) = ¢ Jsl€l  ifa € B,
Skigl ifeed,
so that v, € WH(Q;R?), |vg(x) — &x] < |al/k on Q, Evg(x) =0 on Ay, and Evg(z) =
k&G on By U Cl. We note that

la, =1, klp, — 1, klc, — 3 weakly™ in M;(Q). (5.4)

Let Qf be an increasing sequence of open sets, with union equal to €2, such that 0 <
dist(Q, R2\Q) < 2/VE, and let @), € C°(2) be cut-off functions such that ¢, =1 on €y,
0 <@ <1 on Q\Q, and |[Ver| < VE on Q.
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Let us define
ui(t, ) = pp(x) ()& + B(t)vk (z) + twz) + (1 — i (2))to,
pi(t, ) = o (2)B(t) Bv (z) + (1 — on(2))tE5
ex(t,r) == Bug(l, ) — pip(t, 2) = pr(@)a(t)§5 + B(H)Ver(z) © (vk(z) — &)
zi(t, ) == 0o + ()0 () .

Then wug(t, ) — t&x and ex(t, ) — «(t)& uniformly on Q for every t € [0, +00). As for
pr and zy, for every f € CPo™(Qx (M3 *xR)™xR) we have

/Qf(x7pk(tlax)) Zk(tlvx)7 s 7Pk(tm;$)a Zk(tm,l'), 1) dx =

:/ £(2,0,00, . ..,0,00,1) dz +
ApNQy

AL O R AT R O RIS

! /Omm Fla, B(E)RES B0 — B(E)RE. . B(tm)KES, 60 — Bltm)k 'S 1) do + R =

S

:/ £(2,0,00, . ..,0,00,1) dz +
ApNQy

+k @, Bt)E, 5 + Bt) S, Bt )&, 52 + Bltm) 2

Ly dx
) k)
BpNQx V3

-l-k/cmﬂkf(x B(t1)&s, k ﬁ(tl)l\/_' LB )g(s)’eko_ﬁ( m)‘\/oj %)dx-i-Rk,

where the remainder R, satisfies the estimate
IRi| < cll fllhom (L2 (Q\Q) + kL2 (B N (Q\ Q%)) + kL (Cr N (Q\Q))) -
By (5.4) it follows that

lim / F (b, 2)s 20t 2)s s pi (b @), 20t ), 1) dt =
Q

k—oo

:/f(x,O,@o,...,O,HO,l)dx+
Q

- B(Em) &8 Bt )G 0) i+

! / F o, B(t)E5, Blt)

3 [ 18008 B0 S Bt 0t S 0)

This proves (4.1) and concludes the proof of the theorem. O

Remark 5.2. For t > t; the globally stable quasistatic evolution described in Theorem 5.1 is
completely different from the approximable quasistatic evolution presented in [5, Section 7].
The globally stable quasistatic evolution contains the terms

1,02 1,.c2

29((p(t1) 200 (1)) (B(tm) Zoo (tm))) T ZX((B(81). 200 (1)) (B(Em) .~ Zoo () 2
which describe oscillations of p and z with infinite amplitude and frequency, while the
approximable quasistatic evolution is given by ordinary functions, without concentration or
oscillation effects. Moreover the stress o of the globally stable quasistatic evolution satisfies

V3 &

0=l

for every t > tg,
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ile the stress o of the approximable quasistatic evolution satisfies

v &

ast — +oo,

but |o(t)| > @ for every ¢ > to, as shown in [5, Remark 7.7].
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