THE DIRICHLET PROBLEM FOR THE LOGARITHMIC p-LAPLACIAN

BARTLOMIEJ DYDA, SVEN JAROHS, AND FIROJ SK

ABSTRACT. We introduce and study the logarithmic p-Laplacian La,, which emerges from the formal
derivative of the fractional p-Laplacian (—A,)* at s = 0. This operator is nonlocal, has logarithmic order,
and is the nonlinear version of the newly developed logarithmic Laplacian operator [14]. We present a
variational framework to study the Dirichlet problems involving the La, in bounded domains.

This allows us to investigate the connection between the first Dirichlet eigenvalue and eigenfunction of
the fractional p-Laplacian and the logarithmic p-Laplacian. As a consequence, we deduce a Faber-Krahn
inequality for the first Dirichlet eigenvalue of L,. We discuss maximum and comparison principles for
L, in bounded domains and demonstrate that the validity of these depends on the sign of the first Dirichlet
eigenvalue of L . In addition, we prove that the first Dirichlet eigenfunction of L, is bounded. Further-
more, we establish a boundary Hardy-type inequality for the spaces associated with the weak formulation
of the logarithmic p-Laplacian.
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1. INTRODUCTION

In recent decades there has been a growing interest in the understanding of boundary value problems
involving nonlocal integro-differential operators — the most prominent example is given by the frac-
tional Laplace operator. Fueled by this interest, also nonlinear nonlocal interactions have been studied
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extensively [9, 10, 18, 20, 32-34, 41,42, 46] with a prominent example being given by the fractional
p-Laplace operator. This operator is given by

u(x) —u(y) P2 (u(x) —u
(-8, ful) = Cupp [ 11 <|§>ly| () ~u)
RN

where p € (1,%), s € (0, 1), p.v. stands for the Cauchy principal value, and  is suitably regular at x € RY
and integrable at infinity with respect to the kernel z + |z| V=57, The constant Cy . p» here is chosen in
the particular case p = 2 such that (—A,)* has the Fourier symbol |- |*. With this, (—A,)* can easily
be seen as an intermediate operator between the identity operator and the Laplacian —A = _Z;{v: | O
Similarly, for p # 2, the fractional p-Laplace operator can be seen as an intermediate operator between
the identity and the p-Laplacian —A,, given by —A,u = —div(|Vu|P~2Vu). However, in this general case
an appropriate constant is not clear, see the discussions in [19,28]. Here, we choose Cy s, , such that the
limits

lim (—A,) u(x) = [u(x)|"?u(x) and  Hm (=A,)*u(x) = —Apu(x)

s—0F s—1~
hold for smooth compactly supported functions, see Section 2.4. The goal of this work is to find a
suitable operator La, to improve the understanding at the limit s — 0". To be precise, we define an
operator Ly, which we call the logarithmic p-Laplace operator, such that the expansion

(—Ap) u(x) = |u(x)|""*u(x) + sLa,u(x) +o(s) fors— 0" (1.1)

holds for a suitable class of functions u.
In the linear case that is p = 2, the study of the expansion (1.1) has been started in [14], where the
authors show that it holds

u(x) —u(y u(y
La,u(x) =Cn / Mdy—CN / |x—(y)|N dy+ pyu(x),
B (x) RN\B (x)

where Cy = F%g ) and py =2In2 —y+ y(N/2). Here and below, y = I"/T" denotes the Digamma

function, I is the Gamma function, and ¥ = —I"(1) is the Euler-Mascheroni constant. Moreover, it is
shown in [14] that L, indeed has the Fourier symbol 21n |- |.

Recent studies have focused on the behavior of small order limits s — 0" and their connection to La,
within the context of s-dependent nonlinear Dirichlet problems, see [4,31]. The investigation of frac-
tional problems in this regime is especially relevant to optimization problems where the optimal order
s is small. Such small order limits are particularly important in applications like image processing and
population dynamics, as discussed in references [5,47,50]. Having the expansion at zero, there have
been several works on the study of the expansion of eigenvalues, eigenfunctions, and certain solutions of
the problem involving Ly, including a Pohozaev identity, see [6,12,13,25,30,36,40]. In the spirit of the
Caffarelli-Silvestre extension problem for the fractional Laplacian, a characterization of the logarithmic
Laplacian through a local extension problem is addressed in [11]. This logarithmic Laplacian operator
appears naturally in the expansion at s = 1, see [37], and also arises in the geometric context of the
O-fractional perimeter, see [17].

Inspired by the aforementioned works, we aim to generalize these results to the nonlinear case. In
particular, we give an explicit representation of the operator La,, in (1.1), which, unlike its linear counter-
part, is both nonlinear and of logarithmic order. This representation is important for addressing problems
involving L, where the standard techniques are insufficient due to the nonlinear nature of the operator.
In addition, the combination of nonlinearity and the weak singularity of the kernel in the representation
of La, introduces several challenges and we develop new techniques.

1.1. Main results. Our first main result deals with the expansion in (1.1).
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Theorem 1.1. Let 0 < s < 1 and 1 < p < . Suppose u € C*(RN) for some a > 0. Then for x € R

Ly,u(x) == 5|0 ( )Su(x)
= ) — )| (u(x) — u(y))
o / = ay i
w0 = uWD P2 (ulx) —u () P2y (x
o B (|x))’\ls’y)> ) )dY+PN|”(x)’p72u(x)
RM\B, (x)
where o

Moreover, for any 1 < q < eo, we have Ly,u € L1(RN)NC(RY) and

(—8p) u—[u"2u o0
A

La,u in LY(RY).

In contrast to the linear case, the convolution type integral in RV \ B;(x) in the representation (1.2)
of L, cannot be solved simply with convolution inequalities, since on the one hand, z — |z| ™ is non-
integrable at infinity and on the other hand, due to the appearing nonlinearity in the numerator the term
does not immediately compensate the singular behavior at infinity. Similar to the case p = 2, we also
have a more localized representation to Lp,, see Lemma 3.1(3) and Lemma 6.2 below. Given Q c RV
open and u € C¥(RY), 0 < a < 1, it also holds

u(x) —u(y) [P~ (u(x) —u
’p/! )P (u(x) — u(y))

lx—y[V

dy+ (px(p) +ha () ) lu(x)|"2u(x)

“C, / () = u ()P~ (u(x) — u(y)) — [u(x) [P u(x) dy,

e —y|N
RV\Q
where
ha()i=Cup [ bor M=oy [ sy (1.3)
Bi()\@ Q\Bi(x)

Note that the function hg (up to the multiplicative constant g) coincides with the function introduced
in [14, Corollary 1.9], and several bounds and various properties of this function can be found in [14,
Section 4] and [36,37].

Our next result deals with the expansion at s = O of the first eigenvalue of the fractional p-Laplacian.
Recall the fractional Sobolev space for Q C RY open and bounded,

WP (Q) ={u e WPRY) : ulgmg =0}
and the first (Dirichlet) eigenvalue of (—A,)* in Q given by

C |u(x)

1 _ . “N,s,p

Mpl@) = int o // ’ NW " dxdy. (1.4)
Julpiey = RN XR

It is well known that the first eigenvalue )»S{ »(Q) is positive and that there is an associated minimizer ¢,
which is unique up to sign and can be chosen to be positive in €. Similarly, we can and do set up a weak
framework of L, . To this end, let

|u(x) —u(y)|?

dydx < oo 1.5
’X—y’N Y x < ’ ( )

X0 (Q):=SuecLP(RY) : ulgng =0 and / /

RN B] (X)

which we discuss in more detail in Section 4. Such spaces have been recently investigated in [28] and
the kernel z — 1p,(z)|z| ™ can be seen as the kernel of a p-Lévy operator as introduced in [28]. Thus,
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the operator Ly, is a p-Lévy operator perturbed by two lower order terms. In [28], several important
statements for the analysis of solutions such as compact embeddings into L”(Q) and a Poincaré inequal-
ity have been shown, which hold in particular for X} (Q). We recall the statements adjusted to our setting
in Section 4.

The fractional Hardy inequality [22—-24] states that for any bounded Lipschitz domain Q C R" and
0 <s <1, p>0with sp # 1 there exists a constant C = C(N,s, p,Q) > 0 such that

Ju(x)]” Ju(x
/ g7 r<C |x y|N+Sp " dy+ u(x)|Pdx  forall u € C=(Q), (1.6)

and this inequality fails to hold in the so called critical case sp = 1. Recently, in [1-3], the authors
addressed the critical case of the Hardy inequality, by inserting a logarithmic weight in the denominator
on the left side of (1.6).

We are interested in an inequality (1.6) for s = 0 and with a logarithmic weight in the numerator of
the left hand side. In our next result, we show the validity of this inequality for any 1 < p < co. However,
in Section 5, we prove a much more general result (Theorem 5.1). This inequality plays an important
role in studying the solution space of the logarithmic p-Laplacian.

Theorem 1.2 (Logarithmic boundary Hardy inequality). Let Q C R be an open bounded Lipschitz set
and 1 < p < oo, Then there is ¢ > 0, depending on Q, N, and p, such that for every u € LP(Q)

l/ht )P In* ( >dx<c 17 ‘N ddx+/}u [P dx

|x )\<1

As mentioned above Theorem 1.2 is a direct consequence of Corollary 5.10 below, which even holds
for any p > 0. Moreover, it follows that we can identify X[ (©) with those L? (Q)-functions which satisfy

// y|N ddx<°°

QxQ
le—yl<1
extended by zero in R \ Q. Such a characterization is known' for W*?(Q) and #;,"(Q) if sp < 1 and
also for the corresponding logarithmic spaces in the case p = 2, see [14].

We note that Theorem 1.2 was obtained for bounded Lipschitz set Q C RY and p = 2, see [14,
Proposition A.1]. Indeed, in this case such an inequality was proven with Fourier methods, which
cannot be extended to the case p # 2. Additionally, for Q = RV \ {0}, the inequality of Theorem 1.2
was proved in [43, Lemma 2.2]. Very recently, in [29, Theorem 3.4], a version of the Hardy inequality
in RV with kernels more general than logarithmic was obtained.

In the case of the fractional p-Laplacian, for an open bounded set Q C RV, there is an unique (up to
sign and normalization) first eigenfunction u; € X} (Q) of Ly, in Q (see Sections 4 and 7) corresponding
to the first eigenvalue

. C u(x
2,() = ue;g},{ G | / ) =4IV 41+ o)
Jullpiay=1 RV B (x
u(x) —u(y)|? —|u(x)|?
vy [ [ M luto) dm)
RN RN\ B, (x)
. CNp// u(x) —u(y)|? /
—  inf , dxd h Pdx |.

wex} @) ( 2 EETA A R
Il (2)=1 QxQ Q

INote that the spaces W*” (€) and Wy’ (Q) coincide for sp < 1.
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Contrary to the fractional p-Laplacian case, however, QLLI’ p(Q) is in general not positive. This follows
from the logarithmic scaling behavior, see Proposition 6.12(ii) below,

AL, (rQ) =2/ ,(Q) —pln(r) forr>0,1<p<eo, and QCR" open. (1.7
We state our next result which can be seen as the nonlinear version of [14, Theorem 1.5].

Theorem 1.3. Let Q be an open bounded Lipschitz subset of RN and p € (1,). Then

d
A (Q)=—| A (Q).
L,p( ) ds o s7p( )
Moreover, if we define Qs as the LP-normalized unique positive extremal for lsl’ p(Q), then we have, as
s— 0t

Qs — uy in LP(Q), (1.8)

where uy is the LP-normalized unique positive extremal for lLl‘ ().

As a consequence of Theorem 1.3, we deduce the Faber-Krahn inequality for the logarithmic p-
Laplacian operator Ly,

Corollary 1.4 (Faber—Krahn inequality for La,). Let Q C RN be an open bounded Lipschitz set with
|Q| =m € (0,0), p € (1,0) and let B"™ C RN be any ball with volume m. Then

A, (B™) < A, (Q).

Remark 1.5. It remains an intriguing open question whether the inequality in Corollary 1.4 is strict
when Q is different from a ball. This problem persists as unsolved, even in the linear case p = 2,
see [14].

Noteworthy in Theorem 1.3 is the positivity of the extremal u;. Since 7LL17 ,(€) may be negative for
large Q due to (1.7), the validity of a maximum principle is not clear and indeed will be false. It is
worth mentioning that maximum principles and, more interestingly in the nonlinear setting, comparison
principles are in general quite delicate, see the discussion in Remark 6.16. To state our main results on
the maximum and the comparison principles, we need to introduce some further notation. For u,v €
X[ (Q) let

S () CNp// () — ()" (u(x) — uly IOE) =VOD) 4o

lx—y|V

RN By (x

/ o (P ()|~ 2u(x)v(x) dx

CNP —u 2 u v(ix)—v
//x yN<|M() WP (u(x) = u(y)) (v(x) = v(y))

RN RN\ B (x
— |u(x) [P u(x)v(x) = Ju(y)|? 2u(y)V(y)> dydx.

Definition 1.6. For Q C R" open and f € L1 (Q), we say that a measurable function u : RY — R
satisfies weakly

Lyu>f inQ,  u=0 inRV\Q,
if u € X' (Q) and for all nonnegative ¢ € X} () it holds

Erp(u, @) > / fodx.
Q

Similarly, we define Lp,u= for Lp,u < fin Q.
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We emphasize that we generalize this definition of supersolution in Section 6 below. Now we are
in position to state our results concerning strong maximum and comparison principles involving the
logarithmic p-Laplacian.

Theorem 1.7 (Strong maximum principle). Let Q C RY be an open bounded set. If and only if 7LL17 »(Q) >
0 holds, the following is true: For any u € X{(Q) satisfying weakly Ly,u >0 in Q, u =0 in RN\ Q, it
follows that either u =0 in Q or u > 0 in Q in the sense that
essinfgu >0 for all compact sets K C Q.
Theorem 1.8 (Strong comparison principle). Let Q@ C RN be an open bounded set, ¢ € L(Q) with
c(x) <pn(p)+ha(x) forae xeQ.
Suppose u,v € X (Q) are such that either u € L(Q) or v € L*(Q) and it holds weakly
Lp,u— () |u|P?u > Lp,v— c@)PH inQ, u=0=v inRV\Q
Then either u=v in RN or u > v in Q in the sense that
essinfg(u—v) >0 for all compact sets K C Q.

We emphasize that both above Theorems on the strong maximum and strong comparison principles
are special cases for more general types of solutions, which we introduce in Section 6. Let us also
mention, that the validity of a comparison principle is usually linked to the first eigenvalue, though in
the case p # 2 this is not trivial. Here, this can be seen through Lemma 7.7, which states that we have

AL ,(Q)>0 if py(p)+ha(x)>0.

As a final main result, we show the boundedness of solutions to certain equations, which include
inhomogeneous problems and eigenvalue type-problems involving Ly, .

Theorem 1.9. Let Q C RY open and bounded, f,c € L*(Q), and assume u € X} (Q) satisfies weakly
LApu:c(x)]u\p_zu—l—f inQ, u=0 inRV\Q.
Then u € L™ (RN).

1.2. Plan of the paper. We begin to collect some preliminaries in Section 2, which include a priori
estimates, the definitions of classical function spaces we need, and simple limiting behaviors of (—A)*
and its constant. In Section 3 we give the Proof of Theorem 1.1 and present pointwise properties of
Lp,. Section 4 deals with the weak formulation of the logarithmic p-Laplace and the properties of the
space X} (Q). The proof of the logarithmic boundary Hardy inequality is done in Section 5. In Section
6 we formulate a framework for weak supersolutions, which do not vanish outside of 2 and we give the
proofs of Theorem 1.9, Theorem 1.7, and Theorem 1.8 alongside more general statements. Finally, in
Section 7, we give the proof of Theorem 1.3 and Corollary 1.4. We emphasize, moreover, the properties
on lLl‘ p(Q) and hg listed in Subsection 6.2 and Section 7, which in particular lead to small volume type
maximum principles such as Corollary 7.9.

2. PRELIMINARIES AND KNOWN RESULTS

2.1. Notation. We use the following notation. For U CRY, r >0, let B,(U) := {x € RY : dist(x,U) <
r}, where dist(-,U) denotes the distance of x to U. If U = {x} for some x € R, we also write B,(x) in
place of B,({x}) to denote the ball of radius r centered at x. Moreover, we put B, := B,(0). Throughout,
we set U¢ := RN\ U. If U is measurable, |U| denotes the N-dimensional Lebesgue measure of U and
we put

N
2

2
()

for the (N — 1)-dimensional volume of dB;. Q denotes throughout this work an open nonempty subset
of RV, which may have further properties as stated. We let &, := §(x) := dist(x, Q).

For a function u : RV — R, we denote u™ = max{u,0} for the positive part and "~ := max{—u,0} for
the negative part of u so that u = u* —u".

Finally, for p > 1, we set g(a) := gp(a) := |a|P%a fora € R.

Wy =
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2.2. Function spaces. We use several different definitions of functions spaces —classical and new. For
the readers convenience we give here a list of the known spaces with their respective short definitions.
We remark that our definitions might vary slightly, since we always consider functions to be defined on
the whole RY.

Let U C RN be open. For @ = k+ 0 > 0 with k € Ny and o € (0,1) let C¥*(U) denotes the space
of functions u : RN — R, which in U are k-times continuously differentiable and the derivatives up to
order k are o-Holder continuous in U. Moreover, we set C<+!1(U) := CK!(U) as the space of functions
u: RN — R, which in U are k-times continuously differentiable and the derivatives up to order k are
Lipschitz continuous in U. Here, for ¢ € (0,1] and an arbitrary nonempty set K C RY a function
u: RN — Ris called 6-Holder continuous (resp. Lipschitz continuous if o = 1) in K, if

u(x) —u(y)|

sup —————— < o
x,yekK ‘x_y’o

As usual C*(U) = N0 C*(U). We set, for an arbitrary o € (0,0,
C*(U):= {u € C*(U) : all derivatives of u up to order | ct|
have a continuous extension to U},
CYU):= {u € C*(U) : suppu is a compact subset of U},

Ccp.(U) = {u :RY 5 R : ulg € C*(K) for all nonempty compact subsets K C U}.

We use the above notation also for the space of continuous function C(U). Given g > 0 and a measurable

function u : RY — R, we let
sy = | [ )ieas
U

LYU) = {u RY SR : ulgmy = 0 and [Jul| o) < 00}

1

q

and

L‘I

loc

U) = {u :RY =R : 1au € LY(A) for all measurable sets A C U with A C U.}

We also use analogous definitions for L~ (U) and L7 (U). Moreover, for t € R, we let L/ be the space

loc
of functions u € L (RV) such that

1
= [l? ax )’ 2.1
lutl| g = (5 VD x| <oo. 2.1)
RN

Note that || - | z() and || -|| 4 are norms only if ¢ > 1, but the extension to g € (0, 1) is convenient. Given
s€(0,1) and p € [1,0), we let

s Ju(x) —u(y)|”
WSP(U) =< uel’(U // = y|N+Yp dxdy<°°

to denote the usual fractional Sobolev space, see e.g. [21] for an introduction to such spaces. W*”(U) is
a Banach space with the norm

el = (1l + o)

CN Ju(x) —u(y)|
p ) 5P
Wiy PU) "= // — y|N+sp dxdy

UxU

where
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is called the Gagliardo seminorm and Cy s, denotes the normalization constant for the fractional p-
Laplace, see Section 2.4 below. Moreover, we let

Wy P(U) = {u c WP (RN) ulgmy = O}
which is also a Banach space with the norm || - [[ , gv and

W) = Ce )

Finally, the main spaces we study in this work are X/ (Q) as defined in (1.5), see Section 4, and the space
V(Q,RY) in Section 6 for supersolutions.

2.3. Some useful inequalities. We recall some elementary inequalities that are useful in proving our
results.

Lemma 2.1 (Lemmas 2 and 3, [42]). For all a,b € R the following estimates hold:
If p e (1,2], then
|g(a+b)—gla)| < (37" +277 )b
and if p > 2, then
-2
lg(a+b) —g(a)| < (p—1)|b|(|al +[b])" .
Lemma 2.2 (Section 2.2, [32]). Let b > 0. Then
gla+b) <max{1,2" 2} (a? ' +bP"") foralla>0.
If, in addition, p > 2, then
gla+b)—gla)>2>"PbP~1 forallacR.
Lemma 2.3 (Section 2.1, [35]). Let M > 0 and p > 1. Then there is C1,Cy > 0 such that for all a €
[—-M,M], b>0:
g(a) —gla—b) < Cymax{b,b"1}
g(a+b)—g(a) > Cymin{b,b" "'}
2.4. On the normalization constant of the fractional p-Laplacian. Let N€ N, p > 1,and s € (0,1).

Recall the definition of the fractional p-Laplacian (—A,)’u for u sufficiently regular in the introduction,
where the normalization constant Cy s , is given by

sp232T (M42) 1
P ifs>—,
2 T(1—5)0 (%1) 2
CN,s,p =
sp22 71T (M52) 1
= ifs < —.
n2(1—s) 2

The following is well-known, however, we include its proof for the reader’s convenience and complete-
ness.

Lemma 24. Let p> 1. If s € (0, ijl), oc (psfpl, 1], and u € C*(RN). Then (—A,)*u(x) is well-defined
for any x € RN and it holds
lim (—A,)u(x) = g(u(x)) forallx € RY.

s—0t
Proof. Note that, for » > 0
g(1y%) / —N+(a—s)p—a wy (a—s)p—a wy a(p—1)—
dy — pagy— O (esppra_ __ ON  alp-)-sp
e 4 b YT la-sp-a’ alp—1)—sp’
r Br

and
Wy

1
———dy=—71"F <o
B[b)”“” T
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Hence, (—A,)’u is well-defined. Moreover, after fixing x € RV, we have, with R > 0 such that suppu C
BR (X) .

(_Ap)su(x) :CN,s,p / g(u(x)_u(y)) dy+CN,s,p / g(”(x)_u(y)) dy

’x_y’N—i-sp |x_y|N+sp
Bg(x) Bi(x)
u(x) —u(y CN—s
=CnNysp / Wdy-i-g(u(x))@v?w / e—y| VP ay,
Bg(x) By (x)
where
g(u(x) —u(y)) On (a—s)p—a
SN =BV gyl < ) Rla=s)p
B (/) Ly < alulcnen)
R (x
and

0)
[ st ay= [y ray =,
sp
B(x) By

Thus, by definition of Cy g p,, it follows that
lim (—A,)*u(x) = g(u(x)) forx e RY.
s—0T

as claimed. O

Remark 2.5. Let us add some further remarks concerning (—A,)*.

(1) Note that (—A,)* is also pointwisely well-defined for any s € (0, 1) if u is sufficiently regular, see
e.g. [28,32]. To be precise, if u € C27*(RN) for some o > 0, then (—A,)*u(x) is well-defined
for all x € RY and s € (0, 1).

(2) The choice of the constant Cy , s in our setting is rather artificial as there is no Fourier transform
to justify a normalization constant as in the case p = 2 (see e.g. [21]). With our choice, the
constant agrees with the case p = 2, the limit s — 0" gives a kind of identity, and it holds, see
for instance the discussions in [19, 28],

lil{l (—Ap)*u(x) = —A u(x) = —div(|Vu(x)|P"*Vu(x)) forall x € RY.

s—1-

However, the choices of Cy s, for s > € for some € > 0 is indeed not relevant to our analysis.

In particular, any other choice of Cy  ,, such that dyCy 4, exists at s = 0 can be used and only

changes the zero order part of the logarithmic p-Laplacian.

3. DERIVATION OF THE LOGARITHMIC p-LAPLACIAN AND SOME PROPERTIES

The goal of this section is to prove Theorem 1.1 and, in addition, to give several properties of the
integral representation of the operator. We begin with the introduction and study of the integral operator

Zp,u(x) ::CNJ,/ ’M(x)_”(y”pfz(“(x)—u()’))dy
B (x)

lx—y[N

() — ()P~ (u(x) —u(y)) — |u(x) | 2u(x)

x—yv

+CN7p dy—i—pN\u(x)\p’zu(x),

RM\Bj (x)
for suitable u : RV — R, x € R, and with the constants Cy p, py as in Theorem 1.1.

In the first lemma, we collect some basic properties of £ and provide an alternative integral repre-
sentation of .ZAP which involves the function Aq defined in (1.3).

Lemma 3.1. Let 1 < p < e and u € C(R") for some o € (0,1). Then Zy,u is well-defined and
continuous. Moreover, the following hold.
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(1) % is translation and rotation invariant in the sense that it holds
P
L v(x) = Zp,u(Ox+v),

where v(x) = u(Ox+v) with v € RN and a rotation O.
(2) XZa, satisfies the following scaling property for r > 0:

L, v(x) = Zp,u(rx) +Cy oy In(r)u(rx),

where v(x) = u(rx).
(3) If Q C RN is an open bounded set and x € Q, then it holds

(u(x) —u(y)) g(u(x) —u(y)) — g(u(x))
Lyux)=Cy, | S5 gyt ey, dy
Z /

lx—y|¥ lx—y¥
RM\Q

+ (pv(p) +ha(x) ) glu(x). (3.1)
with hg defined as in (1.3), that is,
ha() =Gy [ sl May-Cup [ leesl My
B1(x)\Q Q\B (x)
Proof. Letx € RY and fix R > 0 such that suppu C Bg(x). Moreover, let ¢ > 0 such that
lu(x) —u(y)| < cmin{1,|x—y|*} and |u(x)|<c forallx,yeR".
Then

/ gu(x) —u(y)) J

1
N vy < cp_le/t_1+°‘(”_1) dt < oo
x =] /

B (x)
and, since g(u(y) —u(x)) — g(u(x)) = 0 for y € Bg(x)¢,

JECECECEECC I S G NN /R,_ldtm
1

x—y|V lx—y[N
B (x) Br(x)\B) (x)

Hence, Ly, [u] is well-defined in RV, Next, let f1, f> : R¥ — R be defined by
f= [ ST o gy [ SO g

lx—y[N lx—yN
B (x) B (x)

Then the continuity of f, follows analogously to the proof of f, being well-defined. To prove the
continuity of f}, we separate the cases p > 2 and p € (1,2).

Case 1: p > 2. Recall that it holds, see Lemma 2.1,

gla+b)—g(a)| < (p—1)b|(|la| +|b))P"* forall a,b € R. (3.2)
Thus, for x,z € RY we have
|g(u(x) —u(x+y)) —g(u(z) —u(z+y))|
< (p = Du(x) = u(2) +uz+y) = ule+ )| (Julx) = uz) +ulz+y) —ulx+y)| + u(z) —ulz+y))" >

1/2 1/2
< (6¢)"2(p— 1) (Ju(x) — u(w+ )|+ lu(z+y) —u(@)]) " (Ju(x) = u(@)] + lu(z+ ) — ulx+ )]
< Cly|*P e —2|*?
with C =2-6P"2¢P~!(p—1). Thus, for x,z € R we have
wa_jwa)S/ﬂﬂww—u&+W)—ﬁM@—u&+wﬂdy
By

ly[V
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2Cw,
< Cla—gfo? [ o dy = 2R o el

B

Thus also f; is continuous and this implies the continuity of £},
Case 2: p € (1,2). In this case it holds Lemma 2.1,

gla+b) —g(a)‘ <@ 2 YpPt forall a,b € R. (3.3)

As in Case 1 we conclude that for x,z € RY we have

|g(u(x) —u(x+y)) — g(u(z) —u(z+y))|
< min{2¢[y| "~ D%, Clx— 2PV} < (2¢C) V2 y| P2 g — g P D/

for some constant C > 0 independent of y. The continuity of Z, now follows similarly to Case 1.
We continue using the notation f; = f(u) and f> = f>(u). To see (1), let Tx = Ox + v and note that

AO)(x) = / g(u(Tx) —u(Ty)) dy = / gu(Tx) —u(Ty)) dy — / M &

x—y|V | Tx—Ty|V [ Tx—y[N
B (x) B (x) T(Bi(x))
g(u(Tx) —u(y))
= _— = T
| B s =

B (Tx))

and similarly f>(v)(x) = fa(u)(Tx).
To see (2), let first r > 1. Then
ot =y [ UM f 80 —ule) gt

c
1 B]

dy + png(u(rx))

o | ¢(u(r) _IZT’§FX+Z))) — ¢(u(rx) - u(rm ) =gr0) L
B, B
:CN’p/g(u(rx) —|ZT/5rx+Z))) dZ+CN,p/g(M(rX)_M(rTZ—‘tVZ))_g(M(FX))dZ
1 B
+Cptulr) [ dy+prglu(eo)
B\B,

= Zp,u(rx) +Cy ponIn(r)g(u(rx)).

For r < 1, we may take p = 1/r > 1 and u(x) = v(px), which allows us to use already proven (2) with
p instead of r and functions u and v interchanged. This shows property (2).
To see the last statement, we let

g(u(x) —u(y))

lx—yN

8(u(x) —u(y)) —g(u(x))

F =
Jx—y[V

) FZZ

and observe that the integrals in (3) are absolutely convergent. For the first one, it follows from the
fact that |Fi| < cmin{1,|x —y|%(P~1}, and for the second, from |F>| < 2c¢ and F> = 0 if y ¢ supp u.
These integrals are also absolutely convergent when Q = B (x), because Bj (x) satisfies all assumptions
imposed on Q. Therefore,

L) =Cup [ Frdy+Cy [ Fady+pu(pg(ut)
B (x) B (x)

—au| [ / /Q Rdy+Cu | [ - / / Fady -+ py (p)g(u(x))

Q  Q\Bi(x Q QOB (x
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— v, / Fidy+ / Fady | +pu(p)g(u(x)) +Cr,p / (Fo— Fi)dy+ / (Fi — F2)dy

Q Q¢ \Bj (x) B1(x)\Q

d d
—au, | [Rare [Ray) +ewe) o) -cnp [ Epron [ s
Q Q@ Q\B) (x) Bi(x)\Q
which proves (3). U
Remark 3.2. In fact, in proof of (3) we have used the fact that u € C¥(Q) only to show the convergence
of the integrals. Therefore, the following alternative version of (3) holds: If Q@ € RY is an open set, x € Q
is such that £ u(x) exists and is finite, and the integrals appearing in (3.1) and for hg are convergent,

then (3.1) holds. For instance this is also the case if u is suitably Dini-continuous (see Lemma 3.7 below)
and Q is a strip.

In the following, we aim to extend the class of functions on which £, can be applied. For this, we
use the tail spaces by L{ with g € (0,) and t € R as introduced in (2.1) in Section 2.2. By definition
we have

Jul| g < [lulls forallu: RY R, g€ (0,0),and s > 1.
Lemma 3.3. Let 0 <t <5, 0 <r < g <oo. Then there is c > 0 such that
ulle; < cllullye forall u: RY 5 R

In particular, L] C L.

Proof. This follows immediately from Holder’s inequality noting that since # > s and with r = ﬁ we
have
r 1
jul” Ju? ! 1 '
/ (1 4 ‘x‘)N+s(r+1 1 4 ‘x‘ N+t (g+1) dx (1 + |x|)N+(s7t)r dx
RV RN
< cuunLg
for a constant ¢ = ¢(N, s,t,r,q) > 0. O

We next show the following modification of [14, Lemma 2.1].

Lemma 3.4. Let u € L} for some 0 < g < o and let v: RN — R such that there is ¢ > 0 with |v(x)| <
c(1+ |x|)™N. Then for any x € RN we have

hm/|u (x+2z)—u(y+x)|%(z)dz=0.
RN
Proof. First note that by Lemma 2.2 it holds
Ju(c+2) —u(y+2)|7 < max{1,277} (Ju(x+2) |7+ u(y +2)[7)
and 1+|z] <1+ |z—x|+|x] < (1+]x])(1+|z—x|). Therefore, by assumption, for any x € RY

/|u(x+z)!qv(z)d1§c/mdzﬁc(l+|x|)lv/mvdz<oo
RN RN RN

Thus
/ lu(x+2z) —u(y+x)|9v(z)dz
RN
is finite for any x,y € R". Moreover, the claim follows immediately, if u € C.(R") by the dominated

convergence theorem. Finally, the space C.(R") is also dense in L{ and thus the statement holds by
approximation. U

Lemma 3.5. Ler 0 < g < p <eoand u € LYNLE. Then u € L} for any t € [q, p].
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Proof. Noting that there is A € (0,1) such that r = (1 — 1) p + Ag, the statement follows in a standard
way by Holder’s inequality with exponent % and its conjugate exponent ﬁ U

Next, let Q € RY be a measurable set and let u : Q — R be a measurable function, the module of
continuity of u at a point x € Q is given by

Oy (0,00) = [0,00),  @uro(r) = sup |u(x)—u(y)|-
YEB,(x)NQ

For ¢ > 0, a function u : Q — R is called g-Dini-continuous at x € Q, if fol @y x0(r)7r~'dr < = and the

function is called uniformly g-Dini-continuous in € if
1

w, 0(r)?
/”’Q() dr < oo, where ,q(r)=supw,q(r).
/ r xeQ '

Remark 3.6. If u € L (R") is (uniformly) ¢-Dini continuous for some g > 0, then it is also (uniformly)
r-Dini continuous for any r < g.
Lemma 3.7. Let 1 < p < o, Q C RY open, and let u € Lgil. Assume additionally u € LY N L= (RN) for
p>2

(1) Ifuis (p—1)-Dini-continuous at x € Q, then £ [u](x) is well-defined.

(2) If u is uniformly (p — 1)-Dini-continuous in Q, then L, u is continuous in Q.
Here, u is any fixed representative with the property of being (uniformly) (p — 1)-Dini-continuous at

x € Q (in Q).
Proof. For (1) first note that

Next, for p € (1,2] we have as in (3.3)
‘g(a—i—b) —g(a)‘ < (3714207 Hp|P~1 forall a,b € R.
Thus

[ I ) @l gty ety [ O /| |,p’N1

Jx —y|V e —y[V
By (x)° By (x)°

for some ¢ = ¢(N, p,x) > 0. For p > 2, we have by (3.2)
‘g(a—i—b)—g(a) < (p—1)|b|(la] +|])»"2 forall a,b € R.

Thus
p—2
/ |g(u(x) —u(y)) g(u(x))|dy§(p—l) / ) (Ju ()| + u(y)]) dy
e —y[¥ =y
Bi(x)° Bl<x>c
D )P / [u()| -
= (p )( / ’x_y’ d +||MHL«>° ]RN |x—y|Ndy <
B]()C)(" B]()C)("
{u()|<lu(y)l} {u() > |u(y)l}

From here, (1) follows. Note that the last computation above remains true, if Bj(x)¢ is replaced by
B¢ (x)¢ for any € > 0.

For (2), let us fix xp € Q and 0 < € < min{1,6(xp)}. From the proof of (1) it follows that for every x
such that [x —xp| < €, integrals

|g(u )| |g(u(x) —u(y)) — g(u(x))|
/ |x y|N dy and / dy

\x y[V
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are convergent. This allows us to use Remark 3.2 to obtain

.,?Apu(x) = CN,pfl (x) +f2(x)

with
u(x) —u
flvaﬂRN_}Ra fl(x): / g( |(x)_y|N(y))dy and
Bs(x)
glu(x)—u(y))—g
A=, [ SOOI I by (o) 4 ) elut)
RM\Bg (x)
Noting that /g, () (x) = —plIn(€), with Lemma 3.4 it follows that f; is continuous at xo. Furthermore,

for x € Q with |x — xo| < € we have

|f1(x) — fi(x0)| <

/ glu(x) —u(x+2)) — g(ulxo) —ulxo +2)) ;.

|2V
Be
|g(u(x) —u(x+2))| + |g(u(xo) — u(xo +2)|
< dz
|2V
Be
o’ |z r ol (r
§2/M’QZE,H)dZ:2wN/ uQ ( )dr.
2] r
Be 0
Therefore,
limsup | Za,u(x) — Za,u(xo)| < Cy plimsup |f1(x) = fi(x0)| +limsup | f2(x) — f2(x0)]
X—X0 X—X X—XQ
€ p—1
o’ (r
< 2Cy,, 0 / wo 1),
r

0

Since € € (0,0(xp)) is arbitrary and the latter right-hand side converges to 0 for € — 0, the claim of (2)
follows. O

Remark 3.8. If u is a function as in Lemma 3.7(1) or (2), then also the statements of Lemma 3.1(1)—(3)
hold. This follows immediately from the respective proofs.

We close this section by showing that L ,u = % u for u € CX(R").
Proof of Theorem 1.1. Let u € C*(RY). As we consider the limit s — 0" we may assume

min %,%} ifp>2,
min{ 228, o=l i1 < p <2,

O0<s<

Note that with this, we have s < % and s < %. In particular, we are in the setting of Lemma 2.4.
Next, choose r > 4 such that suppu C B: (0). Then for x € RV, we have

apru=cney [ I ey [ D

B.(x) Bi(x)
= Ar(S,p,X) +Dr(S,p,X),

where

ux)—u ux)—u 2y
Ar(s,p,x) ::CN,S,p / Wdy—CN,s,p/ ‘ ()|X—§I)‘;])V‘:Yp (y)dy

B,(x) Bi(x)
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D"(Sapvx) ::CN,S,p / ’u(x)_u(y)’p_zu(x)dy.

jx— y[VFop

and

B(x)
If x € By, y € Bi(x), then |y| > |x—y| — |x| > 7, so that y ¢ suppu. It thus follows that

D, (s,p)g(u(x)), if x € Bz,
D (S b, ):

0, ifxe BC%,
where J
_ y o
Dr(s7p) = CN,S,p / ]x—y]NﬂP =Cy, $,D sp r 3.4
Bi(v)

Now, we estimate A, (s, p,x) in the following.

Case 1: If |x| > r/2 then u(x) =0 and |x —y| > % > 1 provided y € supp u. Then, we obtain

u(y p-1
Aol < Oy [ (NG <2Vl e i (5
RN
Hence, for any 1 < g < oo, from (3.5) we obtain
22NNy oy N
/ A0l Pyl dx < = Rl oy (3.6)

s®

and
HA (S D, )||L°° <4NCNsp||”HLp IRN)riN'

Recall the definition of the constant Cy

sp22s—l r (Nﬂgfl’)

Cnsp= T ) =:5dy ().
Then, it follows N
dy p(0) = ;53) =Cy, and djy,(0)=Cy,py-
It follows from (3.6), for any g € (1,0) we have
45, o) < smpgrs ™, 37

where m,, , is a positive constant depending only on u.

Case 2: If x| < r/2 then |x —y| < r provided y € supp u and thus the second integral in the definition of
A, (s, p,x) is zero. Since u € C*(R") and by dominated convergence theorem, we then obtain

. As(s,p,x) gu(x) —u(y))
i P < a9 [ R ay
B, (x)

IAr(p,X) :=Cyp / Mdy

lx —y|V

(3.8)

B,(x)
and the above convergence is uniform when |x| < r/2. Now, from (3.4) we obtain

CN,p(ON

lim D,(s,p) = =1 and D.(0,p) = py — plnr =: k,(p).
s—=0F

Thus using the fact u € C#*(R"), we obtain for 1 < g < o

Dy (s,p)g(u) —g(u)

lim

s—0t

=0. 3.9
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1 d
=t [
Y lx—y|

B,(x)\B1(x)

Therefore, using this and from the above definitions of A,(p,) and k,(p) we obtain, for x € RY

A (p,x) +ke(p)g(u(x))

e | [ Oy [ 2 |+ pustuto)

Note that,

lx —yV x—y[N 1
r(%) Br(x)\Bi (x) (3 0)
— LAPM<X) —F(.x), where F(.x) = CN‘p / g(lxl(x) _|M(y))|1; g(u(x))dy
=y
Bi(x)

Now for x € B,/,(0), we have F(x) = 0, as u(y) = 0, and on the other hand, for |x| > 5 we then proceed
as in Case 1 for F to obtain

HFHU,(Bcr) < Mp’qrng forall g € (1,0).
2
Finally, combining (3.7), (3.8), (3.9), and (3.10), we obtain
AN u—
(A u—s) o,

N

N_N
< (mp,q +Mp7q)’”’
L4(RN)

lim sup
s—0+

forall r > 0, 1 < g < oo, where .,?Apu is well-defined, bounded, and continuous by Lemma 3.1. Conse-

quently this yields

(—Ap) u—g(u)
S

=0.
Li(RN)

lim
s—0F

—JAPM

In particular, it follows £ u = Ly, u in L9 (RM) for any g € (1,0). Note that following the above proof
for the case g = oo, since (—A,)*u,g(u),Zx,u € C(RY) (for s small enough), we also have

LA u(x) — lim (—AP)SM(X)—g(u(X)) = % M()C)

for every x € RV
s—0T S

and the claim follows. O

Remark 3.9. (1) Due to Theorem 1.1 we may replace .L”Ap with L, in Lemmas 3.1 and 3.7.
(2) Note that the proof of Theorem 1.1 actually gives the local uniform convergence of the difference
quotient. That is, for every compact K C RN, u € C*(R") for some o > 0 we have

—0 fors—0".

sup
xeK

(AU ~g®) _

4. A VARIATIONAL FRAMEWORK

In this section, we give the detail of a weak formulation of problems involving the logarithmic p-
Laplacian. For this, we introduce here a suitable functional space and summarize known properties of
it. Let

k: RY\ {0} — R defined by k(z) = Cy. 13, (z)]z| ™
and
j:RY — R defined by j(z) = Cyplpnp, (2)|2] .

Then, we can write the integral representation of L, given by (1.2) with the above kernel functions as
follows

L, u(x) = / g(u(x) — u(y)K(x — y) dy + / (8(u(x) — u(y)) — g(u(x)))§(xr— y) dy + pu (P)g () (x).

RN RN
4.1)
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Let Q C R" be an open set and p € [1,). Recall, the space X} (Q) defined by
X5 (Q) == {ueL\(Q): lgmou=0and, [u]yrg) < oo}

endowed with the norm

1/p
lulsgiey = (Il + fgiay)

where
gy = [ ) =) PKix =)y
RN xRN

The space X (Q) is a reflexive Banach space with respect to the norm || - || xr(q) for 1 < p <eo, see [28,
Section 3]. If Q is an open set with finite measure or it is bounded in one direction, then -] X2 (Q) gives
an equivalent norm for X/ (Q), which follows from the following fractional Poincaré type result.
Proposition 4.1 (see Theorem 7.2 and 7.4, [28]). Let p € [1,%) and Q C R be an open set such that
one of the following is true:

(1) |Q| < oo;

(2) Q is bounded in one direction, that is, there is an affine function T : RN 5 RN, Tv=0v+cwith

a rotation O and ¢ € RN such that T(Q) C (—a,a) x RN for some a > 0.

Then there exists a constant C = C(N, p,Q) > 0 such that

/|u(x)|1’dx <C / lu(x) —u(y)|Pk(x —y)dxdy, foralluec X[ (Q).
Q RN xRN

In order to study some variational problems related to La, in some open sets Q C R, the following
compactness statement will play a pivotal role.

Proposition 4.2 (Corollary 6.3, [28]). Let p € (1,00) and Q C RN open with |Q| < . Then the embed-
ding X[ (Q) < LP(Q) is compacct.

As shown in [27, Theorem 3.66], it holds that C°(RY) is dense in X[ (R"). And, by [27, Theorem
3.76], if Q is a bounded subset with continuous boundary, then Cg°(Q) is dense in X} (Q). Similar
to [26, Theorem 3.6] we have the following if € is of Lipschitz class.

Proposition 4.3. Let Q be a bounded Lipschitz domain in RN. Then the space C°(Q) is a dense subset
of the space X[ (Q). Moreover, if u € X[ (Q) is a non-negative function then

i) There exists a non-decreasing sequence {u,} C X[ (Q) NL™(Q) of functions in X (Q) such that
un = 0 for all n.and [uy — ulxpq) — 0 asn — e.

ii) There exists a sequence {u,} C CZ(Q) such that u, > 0 for all n and u, — u in X§ () as n — .
Proof. The proof is analogous to the proof of [26, Theorem 3.6] U
To set up the weak formulation, we first observe the following.

Lemma 4.4. Let 1 < p < oo and u,v € C2(RY). Then
Erp(u,v) = /LApu(x)v(x) dx

RN
where
Ep(u,v) == Ep(u,v) + Fp(u,v) +pN(p)/g(u(x))v(x) dx 4.2)

RN
with

Sl =5[] sutx) a6 - ) k() dady

RN xRN

Foluw) =[] (st = u)) ) = (6))  lax))v() — glul)v(3) )ix )y

RN xRN
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Proof. This follows immediately from the notation in (4.1). O

It follows by the density statement, Proposition 4.3, that we also have

Erp(u,v) = /LApu(x)v(x) dx forallue CZ(RY),veXJ(Q). (4.3)
Q

Indeed, this is clear with Proposition 4.3 and the density of C*(R") in L”(R") for the first and last
summand in (4.2). For the middle summand note that it holds for any v € L?(Q), u € CZ(Q)

Zoun) <[] o)~ u) ~ gt rolita—) dady

RN xRN

/,v /|g )~ 1,

where the inner integral is continuous and bounded as shown in Lemma 3.1. Since Q is bounded, the
approximation argument for (4.3) follow using the Dominated Convergence Theorem for the middle
term.

Similarly to the alternative representation of La, given in Lemma 3.1(3), we can also rewrite &7, in
the following way.

Proposition 4.5. Let 1 < p < o and let Q be a bounded open subset of RN and u,v € Xé’ (Q). Then we

have
i) = Sy [ SO =YD gy [ (o) + pu(p) slutx) )

!x y[v
QAxQ Q

In particular, we have

iyl =52 [ PO duay s [ (hao) + p(p) P
Q

QxQ

where hq(x) is defined in (1.3).
Proof. Since u,v € X[ (Q), we have

G (1) (v(x) =v(y) dy
Ep(u // \x W dxdy—i—CN,p/g(u(x))v(x) / p— dx
\f—yye\f 1 Q 1)\
and
() = C/;/.,p // gu(x) —u(y))(v(x) — V(i;j)_;ﬁv(u(x))v(x) —gu())v(y) dxdy.
X, yEQ
Pe—y[>1

Now, we can split the above integral by using the fact the domain € is bounded and thus we get

Fp( = ’p // 0))(v(x) =v(y)) dxdy—Cy, /g u(x))v(x / dx.
p( |x W » | &ux)v(x) =y
X, yEQ Q Q\Bj (x)
r=y>1
Therefore, by definition of &7 , we get the desired result. (]

Remark 4.6. Similar to Proposition 4.5, one can show the following alternative for p = 1. However, we
do not assign the corresponding operator in this case. Let

B (4,10) = 4 (11, )+ T (14, ) + .1 / ()| dx
RN
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with

Site)i= 5 ([ b w0 kx ) ddy
RNXRN

—5 ] (19—t = )| = ) i) ey

]RN xRN
Then, for u € X} (Q) with Q C R" being a bounded open subset, we have

o1 (1) = CNI/ () I(V)’d dy+/(hg(x)+p1v71)u(x)\dx.
Q

QxQ

Lemma 4.7. For any u € X} (Q), it holds
ELp(u,u) = & p(|ul, [ul)
and the inequality is strict, if u changes sign.

Proof. Note that, we have by Proposition 4.5

NP ’I/l (y)’ Pdx
Eiplu,u) = // ot dxdy+9/<hg<>+pzv< P) )P d

()| = ()|

C P
N // I dxdy+g/(hg(x)+pN(p))|M(x)|pdx

= éaL,p(\u!, Jul)-
If u changes sign, we have indeed

// = ”y>//‘ rx‘_LTN Ca

and this gives the additional claim. U

5. A LOGARITHMIC BOUNDARY HARDY INEQUALITY

In this section, we prove Theorem 1.2. This proof is split into two parts. In the first one, we prove
a logarithmic boundary Hardy inequality under some assumptions on the Whitney decomposition of
the set. In Subsection 5.3, we give a simple sufficient condition for these assumptions to hold. As an
illustration, we also prove these assumptions for the half-space, which allows us to obtain explicit —but
possibly not optimal— constants in the logarithmic boundary Hardy inequality in this case. The last
subsection is devoted to applications.

5.1. Whitney decomposition and logarithmic boundary Hardy inequality. We call a cube Q C RV
dyadic if its side length is equal to 2™ for some integer m and all coordinates of its vertices are equal to
an integer times 2. We denote by %, the collection of all dyadic cubes in RY with side length 2" and
put 9 = UmGZ -@m

Let #/(Q) be a Whitney decomposition of an open set & C RY into cubes like in [51]. In particular,
W (Q) C 2, and for each Q € 7/ (Q),

diam(Q) < dist(Q,dQ) < 4diam(Q).
Form € Z,let #,,(Q) ={Q € #(Q) : £(Q) = 2"}, where ¢(Q) is the side length of the cube Q.
Theorem 5.1. Let Q C RN, Q #* RY be an open set. We assume that there exist constants C1, Cp, C3

and an integer jo < 0 such that for each Whitney cube Q € #i(Q) with k < jo and for each j such that
k < j < jo, there exists a Whitney cube E(Q, j) with the following properties:

(i) €12/ < UE(Q.)) <G,
(ii) it holds |x —y| < C32/ forallx € Q andy € E(Q, j).
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Additionally we assume that the following holds:
(iii) there exist constants A < N and Cy such that for each cube Qy € #,,(Q), n € Z,
#{(0,)): Q € #(Q) and E(Q, j) = Qo} < C2*"™™  forallm € 7.
Let 0 < p < oo, Then there is ¢ = ¢(Cy,C2,C3,Cq, jo, A, p) > 0 such that for every u € LP(Q)

/|u |pln< >dx<c // ‘N ddx+/|u )|Pdx | . (5.1

|x y\<1
As we aim at giving an explicit estimate on the constants, we use the following notation
aVb:=max{a,b} fora,beR.

We note here that the proof is partially based on ideas from [2].

Proof By decreasing jo if needed, we may and do assume that C32/0 < 1. Let m < jj and let Q,, €
Wm(Q). Then

/|u grav= o [ /ru )~ u(y) +u(y)|” dxdy

E Qm ] Qm

2r=1v1 (2771 1)|Qml
= E©@m )] / / ) )Py + e [ utray

ms ms

E(Qm,Jj)
N(2r- 1\/1 ) u(y)|? (2r=1v1)2mN »
S L y|<C32/ Y dxdy +W lu(y)|” dy.
Qm ] Qm E(Qrmj)

Summing over all j such that m < j < jo we obtain

cy(2r- 1v1
(jo—m /\u Wdx < =—Fp—= / / N| dydx
\x vl

Qm.QmB]
e 1\/1 L
2w [ o)pay
1 Jj=m+1

(Q))'Hj)
We sum over all Q,, and all m < jj, obtaining

Y Y (o—m /Iu I”dx<CN2p]VI// Ju) =u)” g

N
m<jo Om o QQBI |x y|

PLY Y E o [ ray

m<jo Qpm j=m+1 .
" E(Qm.J)

=:1+S.

Next, we rearrange the last sum S. To this end, we make the following observations.
First, if m < jo and j < jo, then by our first assumption

Jj+10g, Cr <logy U(E(Qm, j) < j+10g, G < jo+1og, Ca,
that is, E(Qm, j) € #4(Q) with k < jo+1log, C>.
Next, a fixed cube R € #;(Q) with k < jy+1log, C, is equal to E(Q, j) for some Q € #,,(Q) and
some j for at most C42* K=" pairs (Q, j).
Finally, in the sum we take m < j, therefore if R € #;(Q) and R = E(Q, j) with Q € #,,(Q), then
m< j<k—log,Ci.
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With these observations, we have

pJ o AVA|

S<=av— X )} ( )Y c4z<’<-m”z<m—k+l°ng2>N> / u(y)|P dy
1
R

k< jo+log, C ReW(Q) \im<k—log, C

(2r-1v 1)y (2~ v 1),y
< (1_2A_N)CN_2;L DYDY /\u(y)l”dyé (1_21_N)CN_2,L / lu(y)|P dy
1 k<jo+log, C2 Re#}(Q) 1 Qn(8,<5Cx20 V)

and we obtain

cy(2r- 1v1
Y (o—m /|M NPdx < —=——5—= / / N| dydx
m<]0Qm ‘x y‘

Q QﬁBl

(2P~ 1V 1)CsCY / ,
u dy.
(12 M) 2 u(y)|” dy
QN{8,<5C,2/0/N'}
By the properties of Whitney cubes, if x € Q,,, then
Oy > 5diam(Qy,),
therefore . .
In-<In——F——=—-In5—mIn2 < —min2.
n5x_n5diam(Qm) n5—mIn2 < —mln
Hence,
/\u Y|P In™( dX* /|u )P In( dx<1n22 Y (-m) / lu(x)|P dx
MO0 Q)  Hrs<y
<m2y Y (jo—m)/|u(x)|pdx+ln22 Y () / ()P dx
m<j0Q€Wm(Q) 0 m<0Q€7/m(Q) Qﬂ{a <1}
N (pp—1 — p
S {CRNTILL Y gy TG ETCTP
C) e —y[V
Q QNB; (X)
@rtviccey . /
+ — In2 u(y)|” dy.
( e u(y) P dy
QN{8,<5C,2/0/N'V1}
The claim follows. U

Remark 5.2. We note that in the proof of Theorem 5.1 if one wants to track the constant explicitly, one
should replace jg above by

min{ jo, [—log, C3 — 11},
because of our initial assumption that C32/0 < 1. Furthermore, perhaps after further decrease of jo, we
may assume that 5C;2/0+/N' < 1, which lets us to reduce the integration domain in [, [u(x)|” dx on the
right side of (5.1) toaset {x € Q: §, < 1}.

5.2. Example: The half-space.

Proposition 5.3. A half-space Q = RY = {(xy,...,xy) : xy > 0}, N > 1, satisfies assumptions (i), (ii)
and (iii) of Theorem 5.1 with constants Cy =C, =C4 =1,C3 =+/1IN—1, jo=0and A =N — 1.

Proof. First we construct a possible Whitney decomposition of Q. Let d € Z be such that 2¢ < /N <
241 As #;,(Q) we take the collection of all dyadic cubes with side length 2™ contained in a strip
{1, xy) 1 2mF4HD < xy < 2mHd+2) Tt is easy to check that the whole collection |,z #m(Q) is
a Whitney decomposition of Q.

We take jo :=0. Letk < j < jo and let Q € #4(Q). Then Q = x¥_ 2%, 2%(t;+1)] for some 1y,. ..ty €
Z with 2KFd1 < 2kp < 2K (1 + 1) < 2KH4F2 As E(Q, j) we take the cube x| [2/7;,2/(7; + 1)] from
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X2
1
E(S,-2)
271 J
E(S,1-3)
272 S[T
273 QIR
X1

FIGURE 1. Some Whitney cubes Q, R, S, T € 7/_4(R%r), see proof of Proposition 5.3.
Here d = 0, so these cubes lie in a strip 273 < x, <272, We have E(Q, j) = E(R, j)
and E(S, j) = E(T,j) for j € {—3,—2,—1,0} (depicted only for j = —3, j = —2 and
partially j = —1).

#;(Q) such that the (N — 1) dimensional cube x",'[2/1;,27(7;+1)] contains x,'[2¢;,2%(7;+ 1)] and
that Ty = ty, see Figure 1.

Since E(Q, j) € #;(), condition (i) holds with C; = C, = 1.

To verify condition (ii), take x € Q and y € E(Q, j). Then by the choice of E(Q, j), both points
(x1,...,xx—1) and (y1,...,yn_1) lie in the same (N — 1)-dimensional cube of side length 2/. Therefore,

HCery oo xn—1) — 1y ov—1) ]| < 2/\/N—1.

Furthermore, xy,yy € (0,2/79%2], hence |xy —yy| < 2/79+2. This gives us a bound

|x —y|| <2/V/N —1+22d+4 <2/\/17N —

hence (ii) follows with C3 = v/17N — 1 or, in fact, even with C3 = VN — 1 422d+4_

Finally, to verify (iii), let Qo € #;,(Q) and let Q € #,,(Q) be such that E(Q, j) = Qp. By our con-
struction of E(Q, j), this is only possible for j = n and m < n. Therefore for m > n the collection in
(iii) is empty, hence there is nothing to prove, and consequently, we may assume that m < n. We note
that the last coordinate of the vertices of E(Q, j) is uniquely determined by Q, and vice versa, by the
choice Ty = ty. Therefore the number of cubes in (iii) is the number of dyadic (N — 1)-dimensional
cubes of side length 2™ contained in a fixed dyadic (N — 1)-dimensional cubes of side length 2/ = 2",
This number equals 2(¥=D(=m) ‘hence (iii) holds with C; = 1 and A = N — 1. a

Corollary 5.4. Let 0 < p < o. Then for every u € LP(RN )

lu(x)|P Int dx < ci(p,N ’” " dydx+er(pN) lu(x)|P dx
s /

RY xRY {xn<1}
yl<1

with?
c1(p,N) = (17N = 1)N/2(2P~ 1 1) In2,

e2(p,N) = <(2pv2)+1+ LlogzmzN_l)Q In2.

Here, |x] denotes as usual the largest integer n such that n < x.
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In the one or two-dimensional case, we may take
ci(p,1) =42 'v1)In2, ¢(p,2)=1727"'v1)In2 and c(p,1)=c2(p,2) = ((2" V2)+3)In2;
in particular, ¢1(2,1) <6, ¢1(2,2) <24 and ¢2(2,1) = 2(2,2) < 5.

Proof. The first part follows from Theorem 5.1 and Proposition 5.3 together with Remark 5.2; for the
integration domain {xy < 1}, this is because of Remark 5.2 together with inequality 5C,2/0 < 5/8 <
1. For the constants for N € {1,2} we use the fact that in Proposition 5.3 we may in fact take C3 =
VN —1+22d+% where d = 0 for N < 2, thus giving C3 = 4 or C3 = v/17 for N = 1 or 2, respectively,
and (modified) jo = —3 for N < 2. O

5.3. Sufficient conditions for logarithmic boundary Hardy inequality. As we will show in this sub-
section, in Corollary 5.10 below, for inequality (5.1) to hold it is enough for the open set €2 to be locally
plump in the sense of the following definition.

Definition 5.5. A set A C RY is locally k-plump with k € (0,1) if, for each 0 < r < 1 and each x € A,
there is 7 € B,(x) such that By,(z) C A. We also say that A is locally plump, if there is some x € (0,1)
such that A is locally x-plump.

In the usual definition of plumpness, the same is asserted for 0 < r < diam(A) instead of 0 < r < 1 in
our definition. This makes a difference for unbounded sets only. For example, an infinite strip is locally
plump, but not plump.

The following lemma is the main tool in this subsection.

Lemma 5.6. Assume that an open set Q@ C RN, Q #£ RN is locally k-plump. Let n € 7 and R > 0 satisfy
0 < 2" <R < 4. Then for every ® € 9,

A
#{0 € #4(Q) : 0 C Brlw)} < C<§> ,

with constants A < N and C depending only on N and K.

We note that if Q is plump, then dQ is porous and hence the (upper) Assouad dimension of dQ is
strictly smaller than N, see [44, Theorem 5.2]. The latter in turn implies condition (T1) on [24, page 685].
This allows one to use [24, Lemma 10], which is very similar to our Lemma 5.6. However, going that
route would require checking what changes when one replaces plumpness by local plumpness, which
we assume, and also checking if different versions of definitions are compatible. Therefore, we prefer
to keep this subsection self-contained and prove Lemma 5.6 directly. To this end we need the following
two simple lemmas. The proof of the first one resembles a part of the proof of [44, Theorem 5.2].

Lemma 5.7. Assume that an open set Q@ C RN, Q # R is locally k-plump. Then there exists a natural
number K = K(N, k) with the following property: for any cube Q € %, with m < 1, there exists a cube
R € Zy—k, R C Q which does not contain any Whitney cube.

Proof. We will show that K such that 25 > 2(5/N'/x +2) satisfies the property in the Lemma. To this
end, let us fix an arbitrary integer m < 1 and an arbitrary cube Q € Z,,. Let zg € Q be the centre of the
cube Q and let S € Z,,_k be a cube containing zg. If SNQ = @, then we may take R = S and we are
done. In the other case, choose a point x € SNQ, take r = 2! —2"=K+1 and consider a ball B(x, r).
Since 0 < r < 1, by local plumpness it follows that there exists a point y € m such that By, (y) C Q.
Let T be a Whitney cube containing y.
First, we claim that £(7) > 2"~X. Indeed, since T contains a point y with 0, > Kr, it holds
kr < 8, < dist(T,dQ) +diam(7T') < Sdiam(7T),

therefore diam(7') > kr/5, and ¢(T) > S\K/;V > 2"~K by our choice of r and K.

Furthermore, we note that B,(x) C intQ, because x and z lie both in a cube S with ¢(S) and
r+£6(S) =2m"1 —2m=K < ¢(Q)/2. Therefore y € intQ and hence all dyadic cubes of side length 2K
containing y lie inside Q (usually there is just one such cube, unless y lies on their boundary). As R we
take one of these cubes that is contained in 7" and the lemma follows. (]

— 2m—K
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Lemma 5.8. Assume that an open set Q@ C RN, Q # RV is locally x-plump. There exists a constant
0 < A < N depending only on N and «, with the following property: for all cubes Q € Py, with m < 1
and all s € {0,1,...},

#{S € W_ks(Q) : S C 0} <25,

where K is as in Lemma 5.7.

Proof. Let A be such that (2KV — 1)!/K = 224: clearly, 0 < A < N. Let us fix s > 0 and put
Fm-kj=1{S € Dm—xj: RCS C QforsomeR € #;,_ks(Q).}.
We will prove the following bound
# T,k <2Kh 0 j=0,1,...s (5.2)

using induction by j. For j = 0 inequality (5.2) holds trivially, as .%,, may contain at most one cube,
namely Q. Assume that #.%,,_g; < 2K7* for some j>0and j <s. LetS € .%, k;. We decompose S
into a union of 25V dyadic cubes from Z,,_ K(j+1)- By Lemma 5.7, at least one of those cubes contains
no Whitney cubes with side length 2"~X$_ Therefore .%,, K(j+1) has at most 2KN _ 1 = 27K times more
elements than .%,,_g ;, which ends the proof of the induction step.

The Lemma follows from (5.2) with j =s. O

Proof of Lemma 5.6. Let K be as in Lemma 5.7 and A as in Lemma 5.8. Let @ € dQ. Let n € Z and
R > 0 satisfy 0 < 2" < R < 4. We choose s € {0, 1,...} such that

2n+sK S R< 2n+sK+K

and put m = n+ sK. We define
F={0€ Py:0NBr(w) #0},
i.e., .Z is the minimal collection of dyadic cubes from %, that covers Bg(®). Since %—,{f < 2K+t
follows that #.7 < (2K+1 4 1)V,
To each cube from the collection .# we apply Lemma 5.8 (here we use the assumption R < 4, which

implies m < 1). We conclude that each such a cube contains at most 2sKA Whitney cubes from #;,_x =
#,,. Therefore

A
#{Q € Wm(g) 10 CBR(CO)} S#f}\.zﬂ(x < <2K+l + 1)N<2Rn> . 0

Proposition 5.9. If an open set Q C RY is locally k-plump, then it satisfies the assumptions (i), (ii), and
(iii) of Theorem 5.1.

Proof. We take an integer jo < 0 such that (17v/N +1)2/0 < 4. Let Q € #;(Q) with k < jo and let j
be such that k < j < jo. By our assumption on jy, we have 2/\/N' < 2/0y/N < 1. Therefore by local
plumpness condition with r = 2/y/N" and xy € Q such that dist(xo, dQ) = dist(Q, dQ), there exists a ball
Byr(z) C Q with z € B,(xo). As E(Q, j) we select any Whitney cube Q containing z (usually such a cube
is unique, unless z lies at the boundary of Whitney cubes). Observe that

kr < dist(z,0Q) < 5diam(Q),
and }
diam(Q) < dist(z,dQ) < r+dist(xg,dQ) < r+4vVN2t <3,
therefore %" < diam(Q) < 3r. Hence (i) holds with C; = 5 and C; = 3.
By triangle inequality, we observe that for all x € Q and y € E(Q, j) it holds
lx —y| < diam(Q) + |xo — z| +diam(Q) < r +r+3r = 5r.

Therefore (ii) holds with C; = 5v/N.
Finally, to verify (iii), let us fix a cube Qp € #,(Q) and let m € Z. If Qp = E(Q, j) for some Q €
W(Q) and some j > m, then
2" =10(Q) > €12 > 2",
hence m <n—1—log, C. In other words, if m >n—1—1log, Ci, then the set {(Q, j) : Q € #,,(Q) and E(Q, j) =
Qo} is empty. Therefore we may assume that m < n— 1 —log,Cj.
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Let us consider some j > m and suppose that E(Q, j) = Qo for some Q € #;,(Q). Let ® € JQ be
such that dist(®, Qp) = dist(Qp, dQ). Then for all x € Q, by triangle inequality
|0 — x| < dist(®, Qo) + C32/ < 4diam(Qy) + C32/ < (4CyV/N +C3)2/,

which means that Q C Bg(®) with R = (4C3\/N + C;3 + 1)2/. Therefore, by Lemma 5.6 (note that our
assumption on jg implies that R < 4), the number of such cubes Q cannot exceed

A
R .
Ca(14V/N)VHA (2,n> = Co(14VNYWHAHACV/N + Cy + 1204

On the other hand, _
som < j < n—log,C;. Hence, the number of pairs (Q, j) in question cannot exceed
Ca(14V NV (4Cy /N + C3 4 1)1 2U~mA

Jj€Z:m< j<n—log, C,

< CA(14VN)VHAC VN + G+ 1) pn-m)2

1—2-*

So also (iii) holds with Cy = C4 (14/N)N**(4Coy/N' + C3 + 1) ICI;’A
Theorem 1.2 follows immediately as a special case from the following.

Corollary 5.10. Let Q C RN, Q # RN be an open, locally plump set. In particular, Q may be a Lipschitz
set (bounded or not). Let O < p < oo. Then there is ¢ > 0 such that for every u € LP(Q) inequality (5.1)
holds.

Proof. The corollary follows by combining Theorem 5.1 and Proposition 5.9, noting that Lipschitz sets
are also locally plump. O

5.4. Applications.

Corollary 5.11. Let Q be an open bounded Lipschitz subset of RN . Then there exists a positive constant
C =C(p,Q) such that for all u € CZ(Q) we have

/|u ) [Pka(x dx<C// |N dxdy—l—C/ x)|? dx,

where kq(x) = fRN\Qk(x —y)dy is the killing measure associated to the kernel k.

Proof. It follows from Corollary 5.10 and the following estimate of the killing measure kg for bounded
Lipschitz set Q:

1
ko(x) <C+Cln™" <5()) , foraconstant C >0 and x € Q.
X

O
Corollary 5.12. Let Q C RN be a nonempty, open, locally plump set. Let u € LP(Q) be a function

satisfying
dxdy < oo,
// Ix y\N

\x y|<1

Then the trivial extension ii : RN — R of u belongs to X} (Q) and there is C > 0 such that

L@ // x —yIN iy

\x y\<1

lullxg @) < C | llul
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Proof. By symmetry it holds

[Ulxra) =Cn.p // o ‘N dxdy—i-ZCNp/]u ]”/131 () [x =yl Ndydx.

axQ RM\Q
[x—y|<1

As calculated in [14, equation (3.6)], it holds

g, () x—yVdy <2In(8;") forxe Qwith § <1 (5.3)
RM\Q
In particular, there is C > 0 such that

1
/|u )l / Lg, )=y dydx < C ( |lullf, +/|u(x)|pln+ <5> dx
Q

R¥\Q
The claim follows from here using Corollary 5.10. U

Remark 5.13. Let us mention that if Q is a bounded open Lipschitz set, then in particular € satisfies the
assumptions of Corollaries 5.10 and 5.12. Moreover, inequality (5.3) also holds reversed with a suitable
constant, that is, fRN\Q 1, (x)(v)[x — y| ™ dy is comparable to In(8, ") for x € By (9Q) N Q.

The next result connects the density result by Proposition 4.3 with a density of a seemingly different
norm in connection with Theorem 5.1.

Corollary 5.14. Let Q C RN be an open bounded Lipschitz set. Then Xé’ (Q) coincides with the closure
of CZ(Q) with respect to the norm

lullxrco /W|wm/" \—w " axdy

Ix y\<1

Proof. By the fact that fRN\Q 1,0 () |x —y| ™ dy and In(8; 1) for x € B1(dQ) N Q are comparable in
B1(dQ)NQ, see Remark 5.13 or [14 equations (3.6) and (3.7)], it follows that || - [|x»(q) and | - ||X5

are equivalent due to Corollary 5.10 with a similar calculation as in the proof of Corollary 5.12. This
finishes the proof. U

Remark 5.15. Corollaries 5.12 and 5.14 should be seen as an analog to the fact that W” (Q), WS (Q),
and %" (Q) coincide for sp < 1. For the definition of these function spaces, see Section 2.2.

6. THE DIRICHLET PROBLEM

Throughout this section, we assume Q C RY is an open bounded set and 1 < p < . Recall

VQRY) =S uel) ﬂLgﬁn{l’p—l} : // lu(x) —u(y)|Pk(x —y)dxdy < oo
QRN
The space V(Q,RY) is used to define supersolutions in the weak setting and uses that supersolutions
must satisfy a certain minimal regularity across the boundary of €, so that X} (€) can be used as a test-

function space. For the definition of the tail spaces L5, Lg_l, and L(l) see (2.1). We begin by showing
that &, is well-defined on V (Q,RY) x XJ(Q).

Lemma 6.1. Letu € V(Q,RY) and v € X} (Q). Then & ,(u,v) is well-defined and finite.

Proof. Note that u € L (RV) by assumption and u € L{ for any 7 € [1,p], see Lemma 3.5. Thus, it

holds
/mw \m—/g (@)l dx < [lally by v
RN
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which bounds the last term in &7, ,(u,v). For .%,(u,v) note that

// ‘g(u(X) —u(y))(v(x) =v(y)) — gu(x))v(x) — g(u(y))v(y))|i(x — y) dxdy

RN xRN

< [ ettt 0 =) e y) ey + 26519l ¥
QxQ

12 [ et 1) = gt o (0)ix ) .

Q RVM\Q

Here, the first term can be bounded by

// ‘g ((x) —u(y)) (v(x) —v(y)) }j(x— y) dxdy

QxQ
p=1 1
P P
[ ) = utrice-yyasay | (] b s rie-yasay |
QxQ QxQ
where the right-hand side is finite since
J] ) = vt ) sy < 20Cu i@l

QxQ

for w = u or w = v. For the last term in .%,(u,v) we have to separately consider p € (1,2] and p > 2.
Case 1: p € (1,2]. By Lemma 2.1 we have, for a constant ¢ = ¢(p) >0,

lg(a—b) —g(a)| < c|p|P~! foralla,b € R.
Thus,
] Jstwt =)~ ) o olite =y dvax < ey [l [ )P )y
Q RM\Q Q RN\Q
< el

for a constant ¢ = ¢(p, |Q|,N) > 0.
Case 2: p > 2. By Lemmas 2.1 and 2.2 we have, for a constant ¢ = c¢(p) > 0

\g(a—b) —g(a)| < c|b|(|b|P~%+ |a|P~2) foralla,b € R.

Thus, in a similar way,

[ ] [eta) ~ )~ ) ot —5) v

Q RM\Q
<c / / )P ()G —) dydx + ¢ / / () P21 ) ) x — ) dyelx
Q RM\Q Q RM\Q
< eyl + el g s g

for some constant & = &(p, |Q|,N) > 0. It remains to bound &, (u,v). Using again that v =0 on RV \ Q,
we have

[ sty ;,'N”_V <2 | / )uy = g

RNXRN Q B]
Pr—y[<1
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<2<// dxdy>p_l(5;,(v,v)i<oo

Q B (x
and thus &7 ,(u,v) is well-defined and finite. O

Next, we show an alternative representation of &7 , as in Proposition 4.5, where one function is
allowed to be in V(Q,RY).

Proposition 6.2. Let 1 < p < o and let Q be a bounded open subset of RN and u € V(Q,RY) and
v € X} (Q). Then we have

6 p(u) = 2 // —HOER =D gy + Z (pu(p) + o)) ) i)
+Crp / v(x) / g(”(x)_;(_y)y)'; 80 gy
e  RrRY\Q

Proof. Since v € X[ (Q), we have

CNp () (v(x) =v(y)) g(u(x) —u(y)) .

Ep(u,v) // |x W dxdy—l—CN,p/v(x) / x—y dy | d

x,yeQ Q 1(0\Q

e—yl<1
and

ﬁumw=fﬁ”Lﬂ““““‘””“W”‘”ﬁl;%““”“**wo”wwdMy
\jccf}yef;l
N ) I T ETOETECIPY PR
Q (RM\B1 (x))\Q

Now, we can split in the above the first integral by using the fact the domain € is bounded and thus we
get

¢%wyyzﬁmlﬂ‘AM@Mﬂﬂ%@ﬂﬂ%h@_qw/gwupww / AN P8

2 b —y[¥ e —y|¥
X, yEQ Q Q\Bj (x)
[x—y|>1
Y ] L= LTI Y
X=Yy
Q N\(B (x)UQ)
Therefore, by definition of &7 ,, we get the desired result. O

Remark 6.3. Let u € V(Q,R"), where Q is a bounded open set. Then by Remark 5.13 and Proposition
4.1 we immediately have that ulg belongs to X} (Q).

Definition 6.4. Given f € Lt (Q) a function u € V(Q,RN) is called a supersolution of La,u=finQ,
if

Erp(u,v) > /fvdx for all nonnegative v € X' (Q),
where &1, p is given in (4.2). We call u a subsolution of Lx,u = f if —u is a supersolution of this equation.

A super- and subsolution is called a solution. We also say u satisfies weakly La,u > f in Q if u is a
supersolution (resp. < and = for subsolutions and solutions).
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Lemma 6.5. Let Q C RY be a bounded open set. Let f € LT (Q) and let u € V(Q,RN) satisfy weakly
La,u > fin Q. Then the function v = 1qu belongs to Xop (Q) and satisfies weakly?

La,v 2 S=Cnyp / g(v(x) —uy)) = g(v(x)) dy inQ.

lx—y¥

RM\Q
Proof. By Remark 6.3 it follows that v € Xé’ (). Moreover, with Proposition 6.2 we have for any
nonnegative ¢ € X/ (Q):

/f ) dx < 6 (u,9)

_G y)(ex)— o))
[ SR s [ (o4 ra)soot s
) [ A
RM\Q
& . gv(x) —u(y) —s(v(x)) , .
= 61,01 9)+Cup / o() / E— dyd.
Q RNM\Q
The claim follows from here. U

Lemma 6.6 (Scaling behavior of solutions). Let f € L (Q) and let u € V(Q,RN) be a supersolution
of Ly,u = f in Q. Then the function u, : RN — R, u,(x) = u(x/r) for r > 0 belongs to V (rQ,RN) and is
a supersolution of La,uy = f, — pIn(r)g(v) in rQ, where f.(x) = f(x/r).

Proof. Let r > 0. By substitution we have

[ e [ ]

rQ By (y Q By (ry)
=
X—7
Q}’B]/r y
2\ (5P
:rN// |M(T2 Lf‘%}” dxdy
7
Q By, () g
If r > 1, then
u(x/r) —u(y/r)|” |u(x) —u(y)[?
/ / L A
rQ By (y Q Bi(y)

and if r < 1, note that

[ e laws [ [ s <

Q By (y)\B1(y) Q By (y)\Bi(y)

since u € LY (RN). This shows u, € V (rQ,R"). Next, note that differently to the linear case, we cannot
argue with Lemma 4.3, Proposition 4.4, and Lemma 3.1(2) due to the nonlinearity. Let ¢ € X(rQ)
be a nonnegative function and note that ¥ : RY — R, y(x) = r¥ ¢(rx) belongs to X (Q) with a similar
argument as above and it is also nonnegative. Then

[ #wowdx= [ rwtds 6.
rQ Q

3We emphasize that the right-hand side does in general not belong to LrT (), but it belongs to the dual of X/ (Q) and the
inequality is to be understood with the usual generalization of weak solutions for the right-hand side.
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and similarly

/ ¢ ()@ (x) dx = / ()Y () dx. 6.2)

]RN RN
Moreover,

// (W))W (x) — w0k (r(x—y)) dxdy
RNXRN
and
(07, 0) = // () (W)~ Y()) — )W) — ()W) ) Milr(x— ) dxdy.
RNXRN
Since
rNk(rz)

— 1, @ ana A gy oy

Cnp N.p

l
we may proceed as follows. If r € (0, 1), then
k(rz) = K(2) +Cnplip ()2l ™ and - Mj(rz) =(2) — Cwplis, s (2) ]2 7Y

and, using the symmetry of j,

8ptrs0) + Four, ©) = Ep(1,¥) + Fou, W) + Civp / $(u() Y () / e— N dydx

RY ()\B1 (x)

L
= 6 (0.Y)+ (. ) ~ iy inir) [ g(ulo) i) a
RN
Thus, with (6.1), (6.2), and using that Cy ,@n = p,
61y (1, 0) = 61, 0.9) ~ Co 0 [ In(r)g(u) W (x) s
RN
> [ 1w - pin(r)g(ul)w(x)ds
RN
= [ (50~ pin(r)gta ) o(x) d
RN
as claimed. The case r > 1 follows similarly.
6.1. On L~ bounds.
Theorem 6.7. Let A,B > 0 and assume u € V(Q,RN) satisfies
Epp(u,v) < /(A+B\u|p Yvdx  forallv e X} (Q).
Q
Ifut € L”(B1(Q)\ Q), then u™ € L*(Q). More precisely, there is C = C(N, p,Q,B) > 0 such that
If p € (1,2], we have
N0y < C (AP + ull oy + o+l g1 )
If p > 2, we have

]| (@) < C(l + A+ w1800 + Ul @) + H”||Lg, + ”“HLgfl)-
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Remark 6.8. By definition, it follows that the assumption in Theorem 6.7 implies that u satisfies weakly
Lyu<A+BJul’"" inQ.
In particular, Theorem 6.7 holds for any function u € V(Q,R") which satisfies weakly
Lyu<A+Bg(u) inQ, u<0 inRV\Q
for some constants A, B > 0.

Proof of Theorem 6.7. We begin by estimating .%,(u,v), where v € X} () is a nonnegative function.
By symmetry it holds

_ % // (g(u(x) —u(y))(v(x) = v(y)) — g(ux))v(x) —g(u(y))V(y)>j(x—y) dxdy

QAxQ

[ (st =)0 =) = glu))v0) )it =)
Q RN\Q
= [ [ (stut) ~ ) - ata)) (i) s (63)
RN Q
Consider next w = @u, where @ € C(R") is such that ¢ = 1 in B »(Q) and ¢ = 0 on RY\ B|(Q).
Then, for v € XJ(Q), v > 0 we have, using the fact that suppk C B;(0),
éaP(”?") = égp(W"' (1 - (P)Mvv)

—5 [ [ )= w0) ) vkt y) sy
B1(Q) B1(Q)
b [ [ e -wi)— (1 - 00kl ) ddy
RV\B, (Q) Q
-2 SOv(x) W) (v(x) = V() () dxdy = 6, ().
B (Q)B1(Q)

From here, we split k into

ks(z) =15, ()™ and  g5(2) = 1,8, (2)[c| ",
where 6 € (0,1) is such that
sl vy = B+ lpn(p)] + 1.
We write &,(w,v) = &s(w,v) +€§5 w,v) where

// (y))(v(x) = v(y))ks(x —y)dxdy and
RNXRN
T2 // gwlx) =w(y)) (v(x) = v(y))gs(x —y) dxdy
RN xRN
/ / v(x)gs(x—y)dxdy
RN Q

Then
/(A +B!u|p1)vdx—/(A +Blw|P Yvdx > & ,(w+ (1 — @)u,v)
Q Q

= E5(wv) + G5 (mv) + () + P (p) / S (w(x))v(x) do.
Q
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So after rearranging and using (6.3) we have

Es(wyv) < /(A+(B+!PN( WDlul”~ v dx — s (w,v) — Fp(u,v)
Q

= [ (4 B+ o)) )7~ = s s o) i)
Q

_//(g(w(x)—w(y))—g(w(x)))v(x)qé(x_y)dxdy

RN Q
~ [ ] (5000 = 00) = g00(20) 05— ) (6.4)
RN Q
noting that u(x) = w(x) for x € Q. Next, we choose as a testfunction v =v, = (w — )", where
12> ||u" |- 8, @)0\Q)

is to be chosen. Note that v € X} (Q) by Remark 6.3 using that vl = v for any such 7. Notice that w > ¢
in suppv, and we have

@@5(W; Vz) 56 Vth

=5 J (s — () =4 0)) () ~ v () ks (=) dudy. (O
RNXRN
Note that with

1
0xy) = (p=1) [ ) =)+ 2(w(x) i) ~ ) + )| e
0

we have
(80w(x) = w(x)) = g(31(x) =i (1)) (v (x) = v 5)
= 00x,) (Wx) = w(3) = () 7 (9) ) () = v ()
= —0(x, ) (W) =1) ™ = (W) =1)7) (v (x) =w ()
=—0(x) (= (W(¥) =) (v () = (W) —1) w(x)) > 0.

Thus, by the Poincaré inequality, Proposition 4.1, we have for some C > 0 (depending also on &) com-
bined with (6.5) and (6.4)

O<CHth <£’5(v,,v,)<c£"5(w V)

< / (A=) wa)dx - / / (50v(x) — W)~ WP () ) v (2)ap o — y) ey
Q RN Q
(6.6)

_//<8(W(X)—u()’))_g(W(X))>Vt(X)j(x—y)dxdy.
RV O

We discuss now separately the cases p € (1,2] and p > 2.
Case 1: p € (1,2]. By Lemma 2.1 there is ¢ = ¢(p) > 0 such that

gla—b)—g(a) > —c|b|P~! foralla,b € R.
With this, we have from (6.6)

Cllfyay < [ (A=W 00) il

Q
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+c/v,(x)< /W(y)l”1q5(x—y)dy+\u(y)l"l.i(x—y)dy> dx
Q RN

< / (A —wP! (x))v,(x) dx

Q

te [utx >(\er ko sl + 2l ) &

Q

for a constant & > 0 independent of u. Now, choose ¢ > ||u™ || 1=, (a)\q) such that also
Al b 9y el <07,
Then it follows [|v¢||1»(q) = 0. Thus, choosingt such that
77 = At llwiIF, g 195 o (e +CCHM||” + 1t 1=, @)
we have for a.e. x € Q,
u(x) <t < C(APT+ [ sy @pe) + llloie) + lull g1 ),

where C = C(N, p,Q,B) > 0, as claimed.
Case 2: p > 2. We use the second inequality in Lemma 2.1, which gives

g@-b)—g@)z-(p—n(ww*+4mmwﬂ) for all a,b € R.
With this, we have from (6.6)

Ww&mS/@—w*mymmx
Q
| M( / 'W@)\”1q5<x—y>dy+ru<y>rplj<x—y>dy> "
Q RN

+(p—1)/vt(X)W(X)”2< /W(y)lq(s(x—y)der!M(y)j(x—y)dy> dx

Q RN

< / (A—w”_l(x))vt(x)dx

Q

+o=1) [l )<HW\U bl )+ €l 1>dx

Q

+(p_1)/vl(x)w(x)p2(‘WHLP(RN)HqﬁuLP’(]RN)+5””HL(1)> dx

Q

-/ <A+<p D (1125 g H%MRN)+6Hu||’;g‘ﬂ)>v,<x>dx

Q

- / Vi () w(x) <w<x> — (0= 1) (Il @) 195l v +5||uuua)> .
Q
for a constant ¢ > 0 independent of u. From here, choosing

t> C(1+A+ |t o5, @) + lull ooy + lull g + 1l 1)

for a constant C = C(N, p,Q, B) > 0 entails the claim.
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Proof of Theorem 1.9. The statement follows immediately from Theorem 6.7 by an application on —u
and u. (]

Lemma 6.9 (Perturbation of supersolutions). Let Q C U C R be open and bounded sets, f € L (Q),
and let u € V(Q,RY)NL=(RY) be a supersolution of La,u = f in Q such that suppu C U. Let y €
C=(Q). Then there is C > 0 such that u+y € V(Q,RN) satisﬁes weakly

La,(u+y) > f = Cmax{|| ¥} o) |Wli= @)} in Q.

Proof. Clearly, u+y € V(Q,R") and also Ly, ¥ € L™ (Q) by Lemma 3.7. Let v € X} (Q), v > 0. Then,
by Proposition 6.2,

Erp(u+y,v)— /fvdx

> & p(u+ l//, )—@@Lp(u V)

_Cw )+ W(x) = y() = g(u(x) —u(») ) () = ()

QZ/Q ey dxdy
+ / (ow(p >+hg<x>>(g<u<x>+ V() — g(u(x)) ) v(x) dx (6.7)
e / e —u(y)) _g(”(x& + 1yu|<Nx>> — glue) —u)) + 8(u)

RM\Q
In the following let
P i= max{ || ]| =(ey, | W] g) }-
For the first integral in (6.7) let Q(a,b) for a,b € R be defined by

8(a) —g(b) = O(a;b)(a—b), thatis, Q(aab)Z(P—l)/|b+t(a—b)\P2dt.

Then, witha = a(x,y) = u(x) —u(y) + y(x) —y(y) and b = b(x,y) = u(x) —u(y) we have Q(a(x,y),b(x,y)) =
O(a(y,x),b(y, ))and thus

y)+ylx)— W(y))—g(u(X)—u(y)))(V(X)—V(y))
// ¥ dxdy
lx =yl
QxQ
[ LoD 0N ) 4y
Ix y|N
QxQ

_2/V(x)/Q(a,b)|(x‘I/_(§)|A7 W(y))dydx
Q Q

2 o) [ ) 0) - vl) Ol

x —y|N

Q Q
Then, by Lemma 2.3, using the boundedness of u, there is ¢ = ¢, > 0 such that

glu(x)+y(x)) —g(u(x)) > —cP forallx e Q,
and, for x,y € Q,

g(u(x) —u(y) + w(x) — w(y)) — g(u(x) —u(y)) > —emax{|y(x) -y, [w(x) — w(y)* '}
> —cePmax{|x—yl,|x—y["~'},
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for some constant ¢ depending on y. With this, and the previous estimate we have

. (u() — u(y) + () = Y () — gu(x) ~u(y)) ) ((x) ~v()
Czd,7 // (8 y Y))—8 y ) y dxdy

e —y|¥
QxQ

> CNypcéP/v(x)/maXﬂxy|1_N,|xy|p_1_N}dydx2 CIP/V(x)dx.
Q Q Q

Moreover, hg is bounded in supp y, since Y is compactly supported in €, and thus also

[ (Pt)-+ ha(a) (s(a(x) + () ~ glu) ) v

Q

> —c sup ]pN(p)+hg(x)]P/v(x)dx: —CzP/v(x)dx,
Xxesupp ¥ 2 2

which bounds the second integral in (6.7). To bound the last integral in (6.7), first note that

/V(x) / g(u(x)+lll(x)—u()’))—g(u(x)+1//(x))—g(u(x)—u(y))+g(u(x))dydx
o

lx—y¥

RN\Q

- [ vt | B 0D o) =5+ ) lute) () )

B o — y|V

dydx
supp y/ U\Q
- / v(x) / [3(0) + W () —(y)) — g u(2) + Y(x)) — glu(x) —u(y)) + g(u(x))| vl
Q U\Q

for a constant ¢’ depending on N and y. Again, with Lemma 2.3 we have

)+ () ) = ) + () = ) = () + ()| = 2P

and thus
Cup oty L V) )~ o) + Vi) ) ) + o)
Q RM\Q
> —C3P/v(x) dx
Q
for some constant C;3 > 0. The claim thus follows with C = C; + C, + Cs. O

6.2. Maximum and comparison principles.
Lemma 6.10. Let Q C RN be an open bounded set and let ¢ € L(Q). Let u € V(Q,RY) be a superso-
lution of La,u = c(x)g(u) in Qwithu>0in RN\ Q. Then u~ € X['(Q) and

Srp (i) < 1t =@ / ™ (x) P dx.
Q

Proof. It is easy to check that u~ € V(Q,R"). Thus, u~ € X[ (Q), see Remark 6.3. Testing with u~
implies

e / = (x) P dx < / (0)g (ulx) )™ () dx < 61 (u,u”)
Q

Q

= &) (uu™) + Fpluui™) — pu(p) / = @)\ d.
RN
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Writing for a,b € R
gla—b)+g(b)=gla—b)—g(~b)=(p—1) / b+ ta|dia =: Q(a,b)a

we find with a = a(x,y) := u*(x) ut(y)and b=b(x,y) :==u (x) —u (y)
Fp(u,u™) = —Jp -

o ] (s )+ gl 0= 0D (9= ()ix ) iy

RNXRN

by ] Qe bl () = 0))a(6) —u ()fx )y

RN xRN
and
Ep(uu™) =
// () + 8 (¥) —u () ) (” (x) — e~ (0)k(x— y) dxdy
RNXRN
= u ,u)
by [ Qlate) bl ()= 0)) (0~ ()t ) iy
RN xRN
Since Q > 0 and
(" (x) —ut () (x) —u"(y)) = —u" ()u (y) —u" (y)u (x) <0
it follows
e i [l Py < i) <~ )
as claimed. ? O

Lemma 6.11. Let Q C RN be an open bounded set and ¢ € L(Q). If

ALy (Q) = inf { &7 p(u,u) s u € XJ(Q) and |lull @) =1} > [|c* |l 1=(@)
then Lp, — c(x) satisfies the maximum principle in Q. Here, we say Ly, — c(x) satisfies the maximum
principle in Q, if for all supersolutions v € V(Q,RY) of Ly,v = ¢(x)g(v) in Q and with v > 0 in RN \ Q
it follows that v > 0 (a.e.) in RV,
Proof. Letv € V(Q,R") be a supersolution of La,v=0in Q with v > 0 in RV \ Q. Then Lemma 6.10
implies

M@ g < G ) < e i@l 10

Thus v~ = 0 a.e. in Q and the claim follows. ]

)Lli p(Q) is called the first eigenvalue, which we investigate in detail in the next section. For our
investigation of the maximum principle, however, we need the following properties of 7LL17 ().

Proposition 6.12. Let Q C RN be an open bounded set and p > 1. Then the following properties hold
for the first eigenvalue 7LL17 »(Q).

(1) There is a nonnegative LP-normalized function u € X} (Q) such that 7LL17 p(Q) =& p(u,u). More-
over, u satisfies in weak sense

Lp,u= lg’p(Q)g(u) inQ u=0 nRV\Q.
2) AL ,(U) > A ,(Q) for U C Q.
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(€) )LLl,p(rQ) = /lLl’p(Q) —pln(r) forr > 0.
Proof. Let {u,} C X}'(Q) be a minimizing sequence for 7LL17 () such that

[tn1p(y = 1 for all n, and & p(up, un) — ALIJ,(Q) asn — oo,

Note that,
Cy, [t (x) = n () |7 — |14 () |7 — |14 ()["
Fp (U, ty) = 72'[’ // - - |x—y|r;\’ L dxdy
Pe—y[>1
_ Cn.p // |4 (x) — un(¥) |7 — Jun (x) [P — ‘un(yﬂpdxdy,
2 e =y
x,yeQ
[x—y|>1
Since, ||un||1r() = 1 then from above it follows that
Fplanstn)| < (27 1)C / @l [ sl My =@+ )G oy in(R),

Bg(x)\B (x)
where R > diam(Q). This implies

C :=sup | Fp(up, up)| < oo.

Thus, for any n we have
|Ep (Uns )| < |ELp(ttn, un)| +C + pn(p) < oo.
Therefore, we conclude that {u, } is a bounded sequence in X/ (Q). Hence, by the reflexivity property of
X[ (€), we get up to a subsequence u, — u in X' (Q) as n — oo and the compact embedding X/ (Q) —
LP(Q), we get u, — uin LP(Q) as n — oo. This gives that |[ul[;»(q) = 1. By the generalized dominated
convergence theorem, we have
lim 7, (uy,u,) = F,(u,u),

n—oo
and by the weak lower semincontinuity of the norm, we obtain

[u ]Xp( )—é"( )glirggféap(un,un).

Thus, we have
AI},P (Q) < g&[’(”?”) < h,{gglfgbp(”n’ ”n) = )Ll{.,p ('Q)

Hence, ;LLI.,p(Q) is achieved by a function u € X§ (Q) with ||u|.»(q) = 1. Note that by Lemma 4.7 we
have

AL p(Q) = ELp(u,u) = Epp(Jul, lu]) 2 AL, ()

implying u > 0 in Q, since otherwise the above inequality would be strict. Next, we show that the
minimizer u satisfies weakly the claimed associated equation. For this, consider the following function

@(x,1) = u(x)+tv(x), ve X[ (), > 0.

Clearly, ¢(-,) € X} (Q). Since u is the minimizer for A ,, we then have

L.,p>

d | &Lp(e(1),0(,1))
dr /|(pxt|pdx

=0, att=0.

This gives that

() Z0) + pu(p) [ ) (vi)dx= 2L, [l 2uva

RN Q
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and the (1) follows. The second property follows immediately from the definition of the first eigen-
value. For the third statement, let u € XJ'(Q) be given by (1) and let v, : RY — R be given by v,(x) =
rN/p u(x/r). Then v, is nonnegative, L”-normalized and, by Lemma 6.6, we have v, € Xé’ (rQ) and, in
weak sense, for x € rQ

The claim follows. (|

Theorem 6.13 (Strong maximum principle). Let Q C RN be an open set and let ¢ € L*(Q). Let u €
V(Q,RY)NL*(RY) be a nonnegative supersolution of La,u = c(x)g(u) in Q, such that that suppu is
compact in RN. Then either u=0 in Q or u > 0 in Q in the sense that

essinfgu >0  for all compact sets K C Q.
Proof. Assume u # 0 in Q. Then there is compact set K C Q with |K| > 0 and such that
essinfgu = 6 > 0.

Let xo € Q\ K, r > 0 such that B := B,(x9) C Q\ K. Let f € C2(R") be a nonnegative function with
suppf C B,0< f<1,and f =1in B,/5(xo). In the following, we may suppose that A’I},p (B) > ||c™ [ 1=(q)
by making r smaller, if necessary, and applying Proposition 6.12. Then, by Lemma 6.11, La, — c(x)
satisfies the maximum principle in B. Consider next the function

1
Wy i=u,—01lg with wu,:=u——f
a

for a > 0. Then w, € V(B,RY), w, > 0in R" \ B by construction, and we claim that there is @ > 0 such
that w, is a supersolution of Ly ,w = 0 in B. Indeed, let ¢ € X[ (B), ¢ > 0. Then, by Proposition 6.2,

61 m0s) = Syt [[ E0LIZ0e DO Z 00D gyt [ () + o) a2 0(a)

BxB |x y|N B
s [t [ AR A
]RN\B
_Cw // g(ta(x MTx >>y<|<£<x>—<p<y>> dxdy + / () +ho(x) ) glua(x)) @(x) dx
B
+Cw,p / o(x / e )_ua(y)bj _5y1|§<y)) —slal) gy,
RN\B

Let’s consider first the case p > 2. Then by Lemma 2.2.
8(ua(x) = ua(y) + 81k (y)) — g(tta(x) — ua(y)) > ¢8”'1g(y) forallxeB,y e RV\B
where ¢ = 2277, Thus, with Lemma 6.9, we have for some C > 0:

csrIc
gL,p(Wav(P):ng(ua,(P +/(P(x)/‘x_yxpdydx
K

e8P~ Cy C
Edy— d
/ Pl / ey @ min{a,ap—l}> *

Since |K| > 0, we may thus choose a > 0 large enough such that

cdP~1Cy c -1
inf Ly — > ||t .
;29/ |x—yN Y min{a,aP~1} ~ e =@l + fllz-co
K
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It thus follows that in weak sense
La,wa > c(x)g(wa) in B, we>0 inRV\B.

By Lemma 6.11 it follows that w, > 0 a.e. in B and thus, in particular, u > é a.e. in B, /> (xo). The claim
follows.

For the case p € (1,2), we use Lemma 2.3 with M = 2(||ul|;=®v) + || f]|=®v)). Then, for some ¢ =
c(M,p)>0

8(ua(x) —ua(y) + 81k () — 8(a(x) —ua(y)) > c81x(y) forallxe B,y e RV\B

Similar to the case p > 2, we find

Gip(wa9) = [ o)
Q

CSCN_p C )
’ — dx.
=y T a1

Choosing a > 0 large such that

c0Cy.p dy — ;Sl > 0.
a

inf
5E0 |x —y[V
K

The claim follows analogously. (I

Lemma 6.14 (Weak comparison principle). Let Q C U C RY be an open bounded sets and let c € L(Q).
Suppose

c(x) <pn(p)+hy(x) fora.e xecQ.
Let u,v € V(Q,RN) be such that in weak sense

La,u—c(x)g(u) > La,v—c(x)g(v) inQwith u>v in R¥\ Q
and u,v =0 on RN\ U. Thenu >v a.e. in RV,
Proof. First note that ¢ = (u—v)~ belongs to X} (Q) C XJ (U). Moreover, we have with Lemma 6.2

0< 6i10:9) = () — [ (o) (slu(x)) ~ 8(v(x)) ) (0)

Q

vy () — () ~ £(v(x) —v() ) (9(0) ~ 9(3)

dxdy
e —y[N

UxU

+ [ (pwlo) 40 w) — ) (glue)) ~ g ) o)
Q
In the following, note that for a,b € R we have

1
g(a)—g(b) = Q(a,b)(a—b) with Q(a,b):=(p— 1)/|b+t(a—b)]"2dt > 0.
0

Note that Q(a,b) = Q(b,a), by the substitution = 1 — 7, and we have Q(—a,—b) = Q(a,b) as also
Q(a,—b) = Q(—a,b). With this notation and putting w := u — v we have

0 61,(1.0) ~ 61,(0:9) ~ [ ) (g(u0) - g(v1) ) o)

Q
Cn.p O(u(x) —u(y),v(x) —v(y))(w(x) —w))(@(x) —@(y))
“Ge ff

dxdy
e —yIV

UxU

+ [ (pwlp) + () = ) ) Qutx), ) () p(x) dx < 0,

Q
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where we used w(x)@(x) = —@?(x) <0 and

(W) —wi)(9(x) = () = ~((x) = 9(»))* = w (x)o(y) = w* (y)p(x) <O.
(]

Proposition 6.15 (Strong comparison principle). Let Q C U C RN be an open bounded sets and let
c € L*(Q). Suppose

c(x) <pn(p)+hy(x) forae xeQ.
Let u,v € V(Q,RN) be such that

La,u—c(x)g(u) > La,v—c(x)g(v) inQwith u>v in RY\ Q

and u,v =0 on RN\ U. Suppose further that either u € L(Q) or v € L*(Q). Then either u=v in Q or
u > vin L in the sense that

essinfg(u—v) >0 for all compact sets K C Q.

Proof. Without loss, we may assume u € L*(Q). Assume further u Z v in Q. Let K C Q be a compact
set with positive measure and such that

essinfg(u—v) =6 > 0.

Proceeding as in the proof of Theorem 6.13, we fix some ball B C Q\ K and a nonnegative function
f € C(B) and replace u with the function w, = u — 1 f + §1x. Then we can find @ > 0 such that

a

La,Wa > c(x)w, in B.

Then w, > v in RV \ B and w, and v are respectively super- and subsolution of Ly ,w = ¢(x)w in B. By
Lemma 6.14 the claim follows. O

Proof of Theorem 1.8. This follows immediately from Proposition 6.15. (]

Remark 6.16. As the comparison principle for nonlinear problems involving the p-Laplace or the frac-
tional p-Laplace are quite interesting and more involved than in the linear case (see e.g. [15, 34, 35,48,
49)), let us state some remarks concerning the weak and strong comparison principle stated in Lemma
6.14 and Proposition 6.15.

(1) Both statements are in particular of interest for U = Q. Note that s is not necessarily positive
and might be negative for some x € Q if U is large.

(2) Itis tempting to only assume u > v in RV \ Q instead of assuming u = v = 01in R¥\ U. In view
of Lemma 6.5, however, this is quite delicate as the the values in the exterior have an influence
on the interior. In the particular case, where u > 0 > v in RN \ U, however, it holds

[ sl —u) —g(ux) [ 8000 () —50)
/ a0z [ SRR,
RM\U RVM\U

for any x € Q, using the monotonicity of g. Thus, Lemma 6.14 easily also holds if one assumes
u>0>vin RV\U in place of u =v =0 in RV \ U. An analogous assumption can be used in
Proposition 6.15.

7. THE DIRICHLET EIGENVALUE PROBLEM
Consider the following nonlinear Dirichlet eigenvalue problem on a bounded open set Q in RY:

{LApu = AlulP~%u in Q,

7.1
u=0 inRV\ Q. (7.1)

By Corollary 1.9, we already know that any solution of (7.1) is bounded. Moreover, we have collected
some simple preliminary properties of kL{ » (Q) as defined in Lemma 6.11. We emphasize that the validity
of maximum principles is strongly entwined with the positivity of 7LL1’ p(Q) as discussed in the previous
section. Here, we will now investigate in detail properties of the first eigenvalue and the corresponding
first eigenfunction and their relation to the respective parts for s > 0. We start with the following.
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Theorem 7.1. Let Q be a bounded open set in RN and 1 < p < o. Consider the following minimization
problem
A=Al ,(Q) =inf {&L,(u,u) : u € XJ(Q) and ||ul| 1) =1} . (7.2)
Then the following hold:
1) The quantity QLL],p is the eigenvalue and the extremal function u of (7.2) is the eigenfunction of
(7.1) corresponding to lLl" »
ii) The eigenfunction u corresponding to 7LL17p is strictly positive in Q. Moreover, 7LL17P is simple in
the sense that if u, v € X[ (Q) are the two eigenfunctions corresponding to 7LL17 p then u= cv for
some c € R.

Proof. The first part follows immediately from Lemma 6.12(i). For (ii), let u € Xé’ (Q) be any LP-
normalized minimizer for AL17 p* Then, similarly to the proof of Lemma 6.12(i), u satisfies

ALIJ, = &1 p(|ul, |u]) = €L p(u,u) and, in weak sense,
Lyu=2Al,gu) inQ, u=0 inR¥\Q.

Thus, u can be assumed to be nonnegative (see also Lemma 4.7). But then u > 0 in € by Theorem 6.13,
using that u € L*(Q) by Corollary 1.9 (for the case p € (1,2)). Hence we have:

Any eigenfunction corresponding to 7LL17 p 1s either positive or negative in Q. (7.3)

Suppose next, u, v € Xé’ (Q) are the eigenfunctions of (7.1) corresponding to the eigenvalue ALI then we
may assume u, v > 0 in Q by (7.3). For each n € N, define ¢, =

where v, = v+ 1/n and o=

p Tp—1>
By Corollary 1.9, we have the eigenfunction u € L () then it is easy to see that ¢, € X} (Q) for all n.
Then by discrete Picone’s inequality (See [7, Propposition 4.2]), we have

0 < fu(x) = u()” = g(valx) =va(¥))(@n(x) = @a(y)) =2 L1, va) (x,y),

and consequently this yields

CNP// (e, v)( xdy

_ G //!u =ty - S // i 00— 0n )y

=@‘“’L,p(uau)—/(hsz(X)+PN(P))\M(X)V’dx—@‘i,p(w <Pn)+/(hsz(X)+PN(p))g(V(X))<Pn(X)dx

Q Q

~ 2, / u@)\Pdx— 2/, / S () Pu () dx+ / (ha() + o (p)) [ (V)@ (x) — ()] dix
Q Q Q

where in the above we used Proposition 4.5 and definitions of u#,v. Then, by Fatou’s lemma and the
dominated convergence theorem we obtain

Lluv)(6y) 4o — o
// Ix yIN -

Therefore, we have L(u,v)(x,y) =0 a.e. in Q x Q. Hence, again by discrete Picone’s inequality we get
u = cv for some ¢ > 0. (]

In order to state the next result, let us first recall the structure of the Dirichlet eigenvalue problem for
the fractional p-Laplace operator. Let Q be an open set in RY and 0 < s < 1, p € (1,00) and recall the
definition of fractional Sobolev space #,"” (Q) in Section 2.2 with zero nonlocal exterior data. Note that
by definition %" (Q) is a closed subspace of W*”(R") and, if @ C R is a bounded set with Lipschitz
boundary, then CZ°(Q) is a dense subset of %" (Q). A non-zero function u € #;,"’ (Q) is called a weak
solution of the nonlocal Dirichlet problem

(=Ap)'u=2Au"?u inQ, u=0 nRV\Q (7.4)
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if for all v € #;" (Q) we have
5@»=A@@»%=A/WV%uMww
Q

where

Eu,v) = ((— Ap) u,v) CN 917 // () (w(x) _v(y))dxdy,

| x— y|N+sp
RN xRN
and (-,-) denotes the duality action. Any such function u is called the eigenfunction corresponding to
the eigenvalue A of (7.4). The first eigenvalue )LS{ p(Q) of (7.4) can be characterized as (1.4).
Next, we need the following I"-convergence type result which is useful in the proof of Theorem 1.3.

Lemma 7.2. Let Q be a bounded open set in RN, 1 < p < oo. Suppose {us, } is a sequence in #;""(Q)
which is bounded in X[ (Q). Then there exists u € X (Q) such that

1
lim — | & (us,,v) —/g(usn)vdx =& p(u,v) forallve Co(Q).
Q
Remark 7.3. Note that, similar to (1.1), the above lemma can be viewed as the asymptotic expansion
of the Gagliardo seminorm at s = 0. For other results about the asymptotic expansion of the Gagliardo

seminorm for p = 2 in the sense of I'-convergence as s — 0" and s — 17, see [16, 39], and for the
pointwise convergence of the Gagliardo seminorm as s — 07, see [45] .

Proof of Lemma 7.2. Since {us, } is bounded in X} (Q), by reflexivity of X/ (Q) there is u € X[ (Q) such
that u;, — u in Xé’ (Q) for n — oo after passing to a subsequence. Moreover, by compact embedding and
passing to another subsequence, we have u;, — u in L”(Q) and also ug, (x) — u(x) a.e. in RV. Now by
definition, we have

1 & (ug,, v) —/g(usn)vdx _ Cl;;:p // g(us”(x)_us”(y))(v(x)_v(y))dxdy—Sln/g(usn)vdx
Q Q

Sn |x_y|N+s,,p
RN xRN
= Il,n +12,n +137n
(7.5)
where with
 Cvusp 815, (x) — g, () (v(x) —v(y))
E,(x,y) = 2. e and
o Ovsop 81, (x) — 1, (3)) (v(x) — v(y)) — 8(us, (x))v(x) — g(us, () v(y)
F,,(x,y) T — u|N+s
2sp |x — y|NHsnp
for x,y € RV, x # y, we let
L= // E,(x,y)dxdy
[x—y|<1
bLy:= // F,(x,y)dxdy
Pe—y[>1
CN Sno (us, (x 1
// e y|NHn!’ dxdy s /g(usn)vdx.
[x—y>1 Q
Note that by the pointwise a.e. convergence of u;, to u we have, for a.e. (x,y) € RNV x RV
C _ _
i B (119) — E(ry) . O 8000 —UOD O ~v0))
e 2 =5
(7.6)

lim Fy(x.) = F(xy) = Cl;p 8(u(x) —u(y)) (v(x) - V(|y)3)_—yﬁv(M(X))V(X) —8(u()v()
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Convergence of /; , : We prove that

,}5‘30 // E,(x,y)dxdy = // E(x,y)dxdy. (7.7)

[x—y|<1 [x—y|<1

Let R > 0 such that B;(Q) C Bg(0) and note that

// (4, y)dxdy = // En(x,y) dxdy.

Jx—y|<1 Br(0)xBg(0)
[x—y|<1

Indeed, this holds since for points in x,y € RV \ Bg(0) we have ug, (x) = u,, (y) = v(x) = v(y) = 0 and if
x € Bg(0), y € RN\ B(0) (or vice versa), we can consider two cases: If x € Q, then |x —y| > 1 since
y ¢ B1(Q), and if x € Bg(0) \ Q, then, again, u, (x) = us, (y) = v(x) = v(y) = 0. This implies that only
the integral in Bg(0) x Bg(0) remains. Next, let o € R such that

Np=1) | o Np=1)
p p

then we can fix 51 € (0, 1) such that
N+ap+p—Np—sp*>0.

Since s, — 0 as n — oo, we may assume s, < s; for all n € N. Let x, y € Bg(0) with |x —y| < 1, then we
have with Young’s inequality

. 5)] < COV. i, 1) =, ) )

i, P + i, O o) v ) 7.9

e e

where we used the fact s — Cy s, is bounded in [0,1]. Since v € CZ(Q), there is C > 0 such that

SC(N,p)<

’V(x) _v(y)’p < C|x_y|ap+p_Np_slp2
|x — y|[Nptsip?—ap =
and thus this function belongs to L' (Bg(0) x Bg(0)) since
2R
// lx — y|[PNP51P dxdy < |Bg(0)|wy / NP NP =1 gy < o
BR(O)XBR(O)

by the choices of 51 and o. Now for the first term in (7.8), by Young’s convolution inequality we have

u, (x) |7 + |us, (v)|P —ar _ar
// LI O gy < 2 / s, 7| 1727 dix < 2y oyl s o

0} B(0 be=yI" BA(0)

|x y\<1

Thus, by continuity of the convolution, using = < N, and since u;, — u in LP(Q), it follows that

P P p
i, W1, P o)+ ru< P i 11 (Ba(0) x Ba(0)) forn—s .
e =y %1 e —y| %7
Thus using (7.6), (7.8), and applying the generalized dominated convergence theorem, we conclude
(7.7).
Convergence of I ,, : Since u;, =0=vin RN \ Q, then we have

o= [ Bandd= [ Fw)aa

[x—y|>1 QxQ
e=y[>1
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lgll // w(x,y)dxdy = // (x,y)dxdy = // (x,y) dxdy. (7.9)

RN xRN
\x y|>1 Ix y\>1 lx—y|>1

We claim that

Let x,y € Q with |[x—y| > 1, then we have with Young’s inequality

) |8 (us, () — 15, () (v(x) = v(¥)) — 8 (s, (x))v(x) — & (15, () )V ()

x — y[N+sup
< C(V, ) (Jits, (6) =1t P 9 06) = v () |+ s, ()1~ [90) s, )17 () )
< €N, p) (Ju, I + s, 017 ) (I + )P

using that u;, — u in LP(Q), the claim follows from the generalized dominated convergence theorem
with (7.6).
Convergence of I3, : Note that

CNS” Ms,, 1
o= e [ S vty - [ el (i) dx
Q

|Fn<xay)| S C(N7p

[x—y>1
CN,S,”p wy 1
_ (s%p - S) [ st copyas
Q

Recall, Cy s, p = Sndn p(sn) and since

s—0t PF(%) P
dv(s2) 5 Oy = B30 = 2

Using this we have
! <CN,sn7pr

— —l) — pn(p) as s, — 0.
Sn SnD

Again, applying the generalized dominated convergence theorem, we obtain

/g(usn)vdx — /g(u)vdx as n — oo,
Q Q
This implies that

lim ., = pu(p) / g(uvdsx, (7.10)
Q

Therefore, letting n — oo in (7.5) and using (7.7), (7.9), (7.10), we conclude that

1
lim — éo(usn,v)—/g(usn)vdx =& p(u,v).

n—eo §,
Q

Since the above can be done for any subsequence of {uy, }, this completes the proof of the lemma. [
Lemma 7.4. Let Q be a bounded Lipschitz subset of RN and p € (1,). Then
lim A} (Q)=1.

st P

Proof. Since Q has a Lipschitz boundary, we have from (1.4)

ALy(@) = inf S (9l 9 €CT(Q), [ loP =1
Q
This implies
hmsupk Q) < limsup[(p]fvsep(RN) = limsup((—A,)’ @, @) =1, (7.11)

s—0t s—0t s—0t
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where we used the fact (—A,) @ — g(@) for ¢ € C°(Q) as s — 07. To bound the limit from below, let
@s € #,"(Q) be the LP-normalized eigenfunction corresponding to ls{ (Q). Then

C s s P d
lsl,p N ” // [s(x 0 dxdy>CNsp/\<ps )P D (7.12)

|)C y|N+sp |x7y|N+sp
RN xRN RN\Q

1/N
Now for x € Q, let Bg(x) be an open ball such that |Q| = |Bg(x)| thatis R = (%) , then following

asin [2]1, Lemma 6.1], we obtain

dy dy oy .
_ > - = " R°P, 7.13
x—y[VFor = / [V~ sp (7.15)

RM\Q RN\ Bg (x)

Plugging the estimate (7.13) into (7.12), we have

CnspOy  Cnyp2T?
2 (@) > Der O Cisp2n” (7.14)
’ spRsP spRPT(S)
Thus, taking limit as s — 0T in (7.14) and by definition of the constant Cy . » We get
N
Cysp2m2
liminfA! (Q) > lim —=2 =22 (7.15)
s—ot P s=0spRPT 7)
Combining (7.11) and (7.15) to get the desired result. U
Proof of Theorem 1.3. We divide our proof into four steps.
Step 1: By Lemma 7.4 we obtain
lim A} (Q) = 1.
Ai}I& ,p( )
Next, for v € C7°(Q) with ||v||1»(q) = 1, using the second part of Theorem 1.1, we obtain
AL (@) —1 V@) — IVIIE —A,) v —
limsupM < limsup Wor®Y) L@ _ fim <(17)Vg(v),v> = <LA v, v>.
s—0+ s s—0+ s s—0+F N r
This entails
AL (Q)—1
limsupL < inf <LA v, v>.
5—=0* § veCr(Q) !
IVller@)=1
By using (4.3) and the density property of C:°(L2), Proposition 4.3, together with (7.2), we obtain
Ab(Q)—1
limsupL <AL, (Q). (7.16)
s—0F S '

Step 2: We claim that the sequence {¢;} of functions with | ;]
X[ (©). For this by (7.16), we have as s — 0"

(@) = 1 1s bounded uniformly in

AL, (Q)+o(1) > )’sl-,p(g)—l [‘Ps]ﬁw(RN)—l

CNsp |(Ps )| CNsp |(Ps )’ 1
// g4 Ve 01

x,yeRN x,y€RN
<1 oy|>1

dw ()Y
|(Pv m = H s”Lp —Sp

RM\B1(w)

Note that,
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Thus, from (7.17) we obtain, for s — 0T

C s |5 (x) — @5 (y) [P
1 N,s,p s
AL ,(Q) +o(1) // ]x e dxdy

x,yERN
Pr—y|<1 (7.18)
CNsp |@s(x) — s (V)7 = (|@s (%) |7 + [@5(»)[7) '
/I e dxdy + fip(s).
xyERN
Pe—y[>1
where C |
Nsp®ON
Note that since also supp @; = Q, we have, as s — 07,
|@s(x) — s (V)7 — (|5 (x) |7 + @5 (¥)|7)
// [x — y[NV+sp ey
x,yeRN
Pr—y[>1
|<Ps(X)—(Ps(y)\”—(!%(X)V”rI(Ps(y)\”)< 1 )
7z +// _ 1) dxd
(%) Y 7 !
x,yeRY
[x—y[>1
[@s(x) — s ()7 — (|95 (x)|” + [@5 (»)|”) < 1 >
R A — 1) dxd
cN,p Xy | =yl =17 !
X, yEQ
[x—y[>1
2 |95 (x) — @s(0)|” — (|@s (¥)[” + |@s(y)|”)
~ sy s — 1 — .
= Fteno)+ | 5 (= spin(lx—l) +o(s) ) dxdy
x,yeQ
[x—y|>1

Note here, that with m(t) = ¢+ pIn t| for some ¢ > 0 we have for s — 0, for a constant C,, depending
only on p,

95 (x) = os()1” = (|os(0) 7 + 95 ()|7)
/ ox—y|V (_Spln(lx—y!)JrO(s)) dxdy
|;C—yy€\§1

s + s ()] m(|x—yl)
SSCP/ / =y m(|x —y|)dxdy < s2C, /](ps / iy dydx,

Q Q\B (x) Br(x)\B\ (x)
where R = diam(Q) + 1. Since

R R
/ mx =) 40— oy / ) 4~ cn(R) + / In(r) 4y — cin(R) + n*R®) .,

r

Bg(x)\B (x) 1 1
Thus we have, for s — 07, from (7.18), since Cnsp— Ofors —0

CNs |5 (x) )\p Cy.s
A ,(Q)+o P // = y|N+sp dxdy + dﬁp((ps,(ps) + fup(s)
ﬁcf‘ﬂi] (7.19)
CN,s,p
> Crp (é"p((Ps,(Ps) —l—gzp((ps,gos)) + fv p(5).

Note here, that with a similar calculation as above, we have

7 (05 90) < Crp / 0,(x) / x—y| N dydx = Cy yow In(R),
Br(x)\B1(x)
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as @y is LP-normalized. Recalling, Cy s, = sdy ,(s) and since

(Y
dy (s $=0%, Cnp= pr(3)  p

2717N/2 - wy '
Using this we have

1 CN77 N
R

Therefore, from the estimate (7.19) and above, we obtain

1) — pn(p)ass— 07,

Ep(Ps, 95) < ECN”’

N.s,p

(AL, +o0(1) = fiv p ()] — Zp (@5, 0)
Hence, for s — 0" we have
165 (05, 95)| < (1+0(1))[AL , +0(1) — py(p)| + Cn poy In(R),

from this it follows that {¢,} is bounded in X}'(Q), thanks to the fractional Poincaré inequality.

Step 3: Let u; be the first positive L”-normalized eigenfunction of La, in € given by Theorem 7.1. To
show (1.8), we use the method of contradiction. Suppose (1.8) is not true that is there exists € > 0 and a
sequence {s, } of real numbers such that s, — 0 and for any n we have

@5, — w1 llr (o) > € (7.20)

By Step 2, we have the sequence {@;, } is bounded in X} (Q). Thus up to a subsequence, we obtain
1

Sn

Sn

@5, — up in XJ(Q), @5, — up in LP(Q), and — A" e [—oo,?LL{p] as n — oo, (7.21)

We claim that uy is an eigenfunction of L, corresponding to the eigenvalue A*. Let v € C;°(€). Since
{@s,} is uniformly bounded and by (7.21) together with the dominated convergence theorem, we obtain

/g((psn)vdx—> /g(uo)vdx as n — oo, (7.22)
Q Q

Therefore, by (7.21), (7.22), and Lemma 7.2 we have for v € C*(Q)

lsl —1 . g Sn ) - Sn )
l*/g(uo)vdX= lim ——— (g(¢y,),v) = lim (9u,:7) — {8(91).v) = &L p(uo,v). (7.23)

n—eo §, h—reo Sn
Q

Since, we may choose v € C;°(Q) such that [, g(up)vdx > 0. Thus from (7.23) and by density, we
conclude that A* > —eo and

E1p(up,v) = A" /g(uo)vdx forall v € X} (Q).
Q

Therefore, we get (A%, up) is an eigenpair for Ls,. Again, by (7.21) we have 1* < ),L{p and thus by
definition of )l’g,p’ we have ),lep = A*. Further, [Juol|zr(q) = 1 and ug > 0, hence up = u; is the unique
positive eigenfunction of L, in €. This gives a contradiction to (7.20) and therefore, we proved (1.8).

Al (Q)—1

5.
Ky b

Step 4: It remains to prove the reverse inequality of (7.16). For this, let A, := liminf, o+ and

consider a sequence {s,} C (0,1) with s, — 0 such that
Ay ,(Q)—1
Sn

— Ay, @S 11— oo,
Then by Step 3, we have ¢, — u; and by the similar argument as in Step 3, we obtain
Ay > —ooand &7 p(u1,v) = Ay /g(ul)vdx forall v e XJ(Q).
Q

This gives that A, = 7L£7p and thus combining with (7.16) gives the desired result. This completes the
proof of the theorem. U
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Proof of Corollary 1.4. By the Faber-Krahn inequality for the fractional p-Laplacian (see for example
[8, Theorem 3.5]), we have
1 m 1
AL (B™) <Al (Q) forall s € (0,1).
Therefore using this and by Theorem 1.3, we obtain
Al (B —1 Al (Q)—1
1 (m)\ _ 1 S,p . S, a1
A8 = iy S < i SR (@)

and this gives the desired result. U

Theorem 7.5. Let Q C RN be an open bounded set. Ly, satisfies the maximum principle in Q if and
only iflL{p(Q) > 0.

Proof. Let ¢; € X[ (Q) be the uniquely determined L”-normalized first eigenfunction of Ly, in Q, which
is nonnegative in RV, If lLl_’p(Q) <0, then u = —@; satisfies u =0 in RV \ Q, u < 0in Q and Lp,u =
QLLI’ »(Q)u > 0in Q. Thus the maximum principle does not hold.

If otherwise AL{ () > 0, then the maximum principle holds by Lemma 6.11 (with ¢ = 0). O

Proof of Theorem 1.7. This follows immediately from Theorem 7.5 and its proof combined with Theo-
rem 6.13. 0

In the following result, we collect some useful properties of hq defined in (1.3) (see also Lemma
3.1(3)). The results are very slight adjustments from the case p = 2 proven in [38] as hq varies in
p only through the constant in front. The proofs have been made to us available through personal
communication and we include them for the readers convenience.

Lemma 7.6. Let Q C RN open and bounded and let x € Q. Then the following are true for hq.
(1) Forany € € (0,8(x)] with §(x) = dist(x,RN \ Q) we have

ha(x) = pln(e ™) — C,p / iy Ny
Q\Bg¢(x)

p . (|Bi]
>—In| —
hg(x)_N n<]9|)7

in particular, hg, — oo for |Q| — 0.
(3) Forr>0it holds

(2) It holds

hea(rx) = ho(x) — pln(r).

Proof. Denote by wy the (N — 1)-dimensional volume of dB;. Then Cy ,0y = p. Moreover, for € €
(0,8(x)] we have

hg(x)ZCN,p< / x—y[Ndy— / x—y[Ndy+ / IxyI‘Ndy)

[B1(x)\Be (x)\Q Q\Be(v) [B1(x)\Be ()N
1
:P/tldt— / =y Ndy=pin(e™") - / =y~ dy.
€ Q\Be (x) Q\Be (x)

Thus 1. follows. Next, let 7 > 0 such that |Q| = |B,|, that is,

(IQI)fv
r=\—1, .
|B1|

Notice that » > §(x) =: € and thus B¢ (x) C B,(x) N Q. Since moreover |Q\ B,(x)| = |B,(x) \ Q] it follows

that
/!x—y!‘Ndyz / x—y[Ndy— / x—y[Ndy+ / x—y[Ndy

Q\Be(x) By (x)\Be (x) [B-(x)\Q]\Be (x) [Q\B(x)]\Be (x)
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= / x—y[Ndy— / x—y[Ndy+ / x—y[Ndy

By (x)\Be (x) B (x)\Q Q\B,(x)

r

< wN/t‘ldt+r‘N<— 1B, (x)\ Q| + |Q\B,(x)|) - a)N(ln(r) +1n(e—‘)).

3

With 1. it follows that
ho(x) > pln(e™h) —p(ln(r) —|—1n(£71)> =pln(r 1)
and 2. follows by the explicit representation of r. Finally, 3. follows by a simple direct computation. [J
In the next lemma, we estimate ALIJ,(Q) using the properties of hqg. In particular, these imply the
positivity of 7LL1: »(Q) if [Q[ is small enough.

Lemma 7.7. For Q C RY open and bounded, it holds
1
B (o) +en(p) < 24,000 < i [ haldx pu(o)
@ )

Moreover, if ho +pn(p) > 0in Q, then QLLIJ,(Q) > 0.

Proof. For the first statement, note that from Proposition 4.5 we have with u = 1o € X[ (Q) that

\QW”
||l () = 1 and thus

1
)LLlp(Q) < gL,p(“;”) = @ //’lg(x) dx+pN(p)
Q
While with u; being the LP-normalized extremal for kL{ (), which is positive in Q,

M@= [ (ha(o)-+pu(p) ) (07 dx = [ a7 dx-+ pu(p)

Q Q

1Bi1]
> Py
by Lemma 7.6(3). The second statement follows immediately from the Definition of kLl’p(Q) with

Proposition 4.5 and the strict positivity of the first eigenfunction by Theorem 7.1. O

Remark 7.8. Let us mention that Theorem 7.5 for solutions in X/ (Q) can be reformulated using Theo-
rem 6.13 and Corollary 1.9. Indeed, it holds:
Let Q C RY be an open set, f,c € L™(Q). If f >0 and A, (Q) > [|c*||;=(q) then any supersolution

u € X[ (Q) of Ly,u = c(x)g(u)+ f in Q, u = 0 on RV \ Q is positive.

Corollary 7.9 (Small volume maximum principle). Let k > 0. Then there is 6 > 0 with the following
property. For any open bounded set Q C RN and ¢ € L= (Q) with ||c* || 1=(@) < k the following holds: If
u € X[ (Q)NL™(Q) satisfies weakly

Ly,u>c(x)g(u) inQ, u=0 in RY\ Q
then either u=0in Q or u > 0 in Q in the sense that
essinfxu >0  for all compact sets K C Q.
Proof. This follows immediately from Lemma 6.11 and Theorem 6.13 (see also Remark 7.8) and Lemma

7.6, noting that we have A/, (Q) > |lc* || ;=(q). if

ln<’91|’>+PN( ) > k>l



50 DYDA, JAROHS, AND SK

Acknowledgments. The authors would like to thank Tobias Weth for the fruitful discussions on this
subject, and Adimurthi and Tomasz Grzywny for pointing out some references. F. Sk is supported by
the Alexander von Humboldt foundation, Germany.

REFERENCES

[1] A. Adimurthi, P. Jana, and P. Roy. Boundary fractional Hardy’s inequality in dimension one: The critical case. arXiv
preprint arXiv:2407.12098, 2024. 4
[2] A. Adimuthi, P. Roy, and V. Sahu. Fractional boundary Hardy inequality for the critical case. arXiv preprint
arXiv:2308.11956, 2023. 4, 20
[3] A. Adimuthi, P. Roy, and V. Sahu. Fractional Hardy inequality with singularity on submanifold. arXiv preprint
arXiv:2407.10863, 2024. 4
[4] F. Angeles and A. Saldana. Small order limit of fractional Dirichlet sublinear-type problems. Fract. Calc. Appl. Anal.,
26(4), 1594-1631, 2024. 2
[5] H. Antil and S. Bartels. Spectral approximation of fractional PDEs in image processing and phase field modeling. Comput.
Methods Appl. Math., 17(4), 661-678, 2017. 2
[6] R. Arora, J. Giacomoni, and A. Vaishnavi. Nonlocal elliptic equations involving logarithmic Laplacian: Existence, non-
existence and uniqueness results. arXiv preprint arXiv:2411.15985, 2024. 2
[7] L. Brasco and G. Franzina. Convexity properties of Dirichlet integrals and Picone-type inequalities. Kodai Math. J. 37(3),
769-799, 2014. 41
[8] L. Brasco, E. Lindgren, and E. Parini. The fractional Cheeger problem. Interfaces Free Bound. 16(3), 419-458, 2014. 48
[9] L. Brasco, E. Lindgren, and A. Schikorra Higher Holder regularity for the fractional p-Laplacian in the superquadratic
case. Adv. Math., 338, 782-846, 2018. 2
[10] L. Brasco and E. Parini, The second eigenvalue of the fractional p-Laplacian. Adv. Calc. Var., 9(4), 323-355, 2016. 2
[11] H. Chen, D. Hauer, and T. Weth. An extension problem for the logarithmic Laplacian. arXiv preprint arXiv:2312.15689,
2023.2
[12] H. Chen and L. Véron. Bounds for eigenvalues of the Dirichlet problem for the logarithmic Laplacian. Adv. Calc. Var.,
16(3), 541-558, 2023. 2
[13] H. Chen and L. Véron. The Cauchy problem associated to the logarithmic Laplacian with an application to the funda-
mental solution. J. Funct. Anal., 287(3), No. 110470, 2024. 2
[14] H. Chen and T. Weth. The Dirichlet problem for the logarithmic Laplacian. Comm. Partial Differential Equations, 44(11),
1100-1139, 2019. 1, 2, 3, 4, 5, 12, 26
[15] F. Colasuonno, F. Ferrari, P. Gervasio, and A. Quarteroni. Some evaluations of the fractional p-Laplace operator on radial
functions. Math. Eng., 5(1), Id/No 15, 2023. 40
[16] V. Crismale, L. De Luca, A. Kubin, A. Ninno, and M. Ponsiglione. The variational approach to s-fractional heat flows
and the limit cases s — 0T and s — 1 7. J. Funct. Anal. 284(8), Paper No. 109851, pp.38, 2023. 42
[17] L. De Luca, M. Novaga, and M. Ponsiglione. The O-fractional perimeter between fractional perimeters and Riesz poten-
tials. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 22(4), 1559-1596, 2021. 2
[18] L. M. del Pezzo and A. Quaas. A Hopf’s lemma and a strong minimum principle for the fractional p-Laplacian J. Differ:
Equations, 263(1), 765778, 2016. 2
[19] F. del Teso, D. Gomez-Castro, and J. L. Vazquez. Three Representations of the Fractional p-Laplacian: Semigroup,
Extension and Balakrishnan Formulas. Fract. Calc. Appl. Anal., 24, 966-1002, 2021. https://doi.org/10.1515/
fca-2021-00422,9
[20] A. Di Castro, T. Kuusi, and G. Palatucci. Local behavior of fractional p-minimizers. Ann. Inst. Henri Poincaré, Anal.
Non Linéaire, 33(5), 1279-1299, 2016. 2
[21] E. Di Nezza, G. Palatucci, and E. Valdinoci. Hitchhiker’s guide to the fractional Sobolev spaces. Bull. Sci. Math., 136(5),
521-573,2012.7,9, 45
[22] B. Dyda. A fractional order Hardy inequality, /llinois J. Math. 48(2), 575-588, 2004. 4
[23] B. Dyda and M. Kijaczko. On density of compactly supported smooth functions in fractional Sobolev spaces Ann. Mat.
Pura Appl. (4) 201(4), 1855-1867, 2022. 4
[24] B. Dyda and A. V. Vihikangas. A framework for fractional Hardy inequalities. Ann. Acad. Sci. Fenn. Math. 39(2), 675—
689, 2014. 4,23
[25] P. A. Feulefack, S. Jarohs, and T. Weth. Small order asymptotics of the Dirichlet eigenvalue problem for the fractional
Laplacian. J. Fourier Anal. Appl., 28(2), pp.44, 2022. 2
[26] P. A. Feulefack and S. Jarohs. Nonlocal operators of small order. Ann. Mat. Pura Appl. (4), 202(4), 1501-1529, 2023. 17
[27] G. Foghem. L?-theory for nonlocal operators on domains. Phd thesis, Universitit Bielefeld, 2020. https://doi .org/
10.4119/unibi/2946033. 17
[28] G. Foghem. Stability of complement value problems for p-Lévy operators, 2023. arXiv preprint arXiv:2303.03776. 2, 3,
4,9,17
[29] T. Grzywny and J. Lenczewska. Hardy inequalities and nonlocal capacity, 2024. arXiv preprint arXiv:2410.10001v1. 4
[30] V. Herndndez-Santamarfa and A. Saldafia. Existence and convergence of solutions to fractional pure critical exponent
problems. Adv. Nonlinear Stud., 21(4), 827-854,2021. 2


https://doi.org/10.1515/fca-2021-0042
https://doi.org/10.1515/fca-2021-0042
https://doi.org/10.4119/unibi/2946033
https://doi.org/10.4119/unibi/2946033

LOGARITHMIC p-LAPLACIAN 51

[31] V. Hernaridez-Santamaria and A. Saldana. Small order asymptotics for nonlinear fractional problems. Calc. Var. Partial
Differ. Equ., 61(3), No. 92, pp.26, 2022. 2

[32] A. Iannizzotto, S. Mosconi, and M. Squassina. Global Holder regularity for the fractional p-Laplacian. Rev. Mat.
Iberoam., 32(4), 1353-1392, 2016. 2, 8,9

[33] A. Iannizzotto, S. Liu, K. Perera, and M. Squassina. Existence results for fractional p-Laplacian problems via Morse
theory. Adv. Calc. Var., 9(2), 101-125, 2016. 2

[34] A.lIannizzotto, S. Mosconi, and N. S. Papageorgiou. On the logistic equation for the fractional p-Laplacian. Math. Nachr.,
296(4), 1451-1468, 2023. 2, 40

[35] S.Jarohs. Strong comparison principle for the fractional p-Laplacian and applications to starshaped rings. Adv. Nonlinear
Stud., 18(4), 691-704, 2018. 8, 40

[36] S.Jarohs, A. Saldana, and T. Weth. A new look at the fractional Poisson problem via the logarithmic Laplacian. J. Funct.
Anal., 279(11), Article ID 108732, 2020. 2, 3

[37] S. Jarohs, A. Saldana, and T. Weth. Differentiability of the nonlocal-to-local transition in fractional Poisson problems,
2023. preprint. 2, 3

[38] S. Kistner. L2-theory for nonlocal operators on domains. Master thesis, Goethe Universitit Frankfurt, 2020. 48

[39] A. Kubin, V. Pagliari and A. Tribuzio. Second-order asymptotics of fractional Gagliardo seminorms as s — 1~ and
convergence of the associated gradient flows. arXiv preprint arXiv:2410.17829, 2024. 42

[40] A. Laptev and T. Weth. Spectral properties the logarithmic Laplacian. Anal. Math. Phys., 11(3), No. 133, pp.24, 2021. 2

[41] E. Lindgren and P. Lindqvist. Fractional eigenvalues. Calc. Var. Partial Differ. Equ. 49(1-2), 795-826, 2014. 2

[42] E. Lindgren. Holder estimates for viscosity solutions of equations of fractional p-Laplace type. NoDEA Nonlinear Dif-
ferential Equations Appl. 23(5), Art. 55, 2016. 2, 8

[43] L. Liu, S. Wu, J. Xiao, and W. Yuan. The logarithmic Sobolev capacity. Adv. Math. 392, Paper No. 107993, 2021. 4

[44] J. Luukkainen. Assouad dimension: antifractal metrization, porous sets, and homogeneous measures. J. Korean Math.
Soc. 35, 23-76, 1998. 23

[45] V. Maz’ya and T. Shaposhnikova. On the Bourgain, Brezis, and Mironescu theorem concerning limiting embeddings of
fractional Sobolev spaces, J. Funct. Anal., 195, 230-238, 2002. 42

[46] S. Mosconi, K. Perera, M. Squassina, and Y. Yang. The Brezis-Nirenberg problem for the fractional p-Laplacian Calc.
Var. Partial Differ. Equ. 55(4), pp.25, 2016. 2

[47] B. Pellacci and G. Verzini. Best dispersal strategies in spatially heterogeneous environments: optimization of the principal
eigenvalue for indefinite fractional Neumann problems. J. Math. Biol., 76(6), 1357-1386, 2018. 2

[48] P. Pucci and J. Serrin. The strong maximum principle revisited. J. Differential Equations 196(1), 1-66, 2004. 40

[49] P.Roselli and B. Sciunzi. A strong comparison principle for the p-Laplacian. Proc. Amer. Math. Soc. 135(10), 3217-3224,
2007. 40

[50] J. Sprekels and E. Valdinoci. A new type of identification problems: optimizing the fractional order in a nonlocal evolution
equation. SIAM J. Control Optim., 55(1), 70-93, 2017. 2

[51] E. M. Stein. Singular integrals and differentiability properties of functions. Princeton University Press, 1970. 19

(B. Dyda) FACULTY OF PURE AND APPLIED MATHEMATICS, WROCLAW UNIVERSITY OF SCIENCE AND TECHNOL-
0GY, WYBRZEZE WYSPIANSKIEGO 27, 50-370 WROCLAW, POLAND
Email address: bdyda@pwr.edu.pl dyda@math.uni-bielefeld.de

(S. Jarohs) INSTITUT FUR MATHEMATIK, GOETHE-UNIVERSITAT FRANKFURT. ROBERT-MAYER-STR. 10 D-60629
FRANKFURT AM MAIN, GERMANY
Email address: jarohs@math.uni-frankfurt.de

(F. Sk) CARL VON OSSIETZKY UNIVERSITAT OLDENBURG, FAKULTAT V, INSTITUT FUR MATHEMATIK, AMMERLANDER
HEERSTRASSE 114-118, 26129 OLDENBURG, GERMANY
Email address: firoj.sk@uni-oldenburg.de firojmaciitk7@gmail.com



	1. Introduction
	1.1. Main results
	1.2. Plan of the paper

	2. Preliminaries and known results
	2.1. Notation.
	2.2. Function spaces
	2.3. Some useful inequalities 
	2.4. On the normalization constant of the fractional p-Laplacian

	3. Derivation of the logarithmic p-Laplacian and some properties
	4. A variational framework
	5. A logarithmic boundary Hardy inequality
	5.1. Whitney decomposition and logarithmic boundary Hardy inequality
	5.2. Example: The half-space
	5.3. Sufficient conditions for logarithmic boundary Hardy inequality
	5.4. Applications

	6. The Dirichlet problem
	6.1. On L-infty bounds
	6.2. Maximum and comparison principles

	7. The Dirichlet eigenvalue problem
	Acknowledgments.

	References

