A REFINED LUSIN TYPE THEOREM FOR GRADIENTS
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ABSTRACT. We prove a refined version of the celebrated Lusin type theorem for gradients by Alberti,
stating that any Borel vector field f coincides with the gradient of a C! function g, outside a set E of
arbitrarily small Lebesgue measure. We replace the Lebesgue measure with any Radon measure p, and
we obtain that the estimate on the LP norm of Dg does not depend on u(E), if the value of f is p-a.e.
orthogonal to the decomposability bundle of p. We observe that our result implies the 1-dimensional
version of the flat chain conjecture by Ambrosio and Kirchheim on the equivalence between metric
currents and flat chains with finite mass in R™ and we state a suitable generalization for k-forms, which
would imply the validity of the conjecture in full generality.

Keywords: metric currents, flat chains, normal currents.

MSC (2010): 49Q15, 49Q20.

1. INTRODUCTION

In this note, we improve the Lusin type theorem for gradients by Alberti, see [A1b91], and its generalization
for Radon measures, see Theorem 2.1 of [MS19], by proving the following result. We recall that the
decomposability bundle of a Radon measure y on R”, is a Borel map V(u,-) : R* — U, ., Gr(k,n),
taking as values vector subspaces of R™, see Section 2 for the definition. Given a Borel map f : R” — R™,
we denote by fy- the projection of f on V(u,-), that is, the map fv : & — Py, ) f(x), where, for every
subspace L of R™, P, denotes the orthogonal projection onto L. Similarly f,. denotes the projection
onto the orthogonal complement of V (i, -).

Theorem 1.1. Let p be a Radon measure on R™, let Q C R™ be an open set such that u(2) < oo and
let f: Q@ — R™ be a Borel map. There exists a constant C(n) such that for every e > 0 there exists a
compact set K C Q and a function g: Q@ — R of class C' such that,

n(Q\K) <e,
Dg(z) = f(z)  VzeK,

1_
IDgllry < Ce# N fvllzngny + A+ )l fvsllngy,  for every p € [1,00].

Remark 1.2. (i) The main result of [Alb91], corresponds to the choice in which p is the Lebesgue measure.
In this case V'(u,-) = R", so that the second addendum in the estimate for ||Dg||1s(,) vanishes.

(ii) Our result improves also Theorem 2.1 of [MS19], providing an estimate for || Dg||z»(,) which remains
bounded when € — 0, if f(z) is orthogonal to V(u,x), for p-a.e. x € Q.

(iii) In the latter case, since the Lipschitz constant of g does not depend on ¢, one could be tempted to
conclude that a stronger conclusion holds. Namely, that there exists a Lipschitz function g such that
Dyyg(x) = 1, for p-a.e. 2 € Q. However, this conclusion is false in general. Indeed the natural
choice for g could be a subsequential limit as € — 0 of the functions g. (depending on ¢) yielded by
Theorem 1.1, but being the limit g only Lipschitz, its directional derivative in direction f(x) could
fail to exist, because f(z) & V(u,z) for p-a.e x, see Theorem 1.1 (ii) of[AM16]. Even in the case
in which Dy, g(z) exists at p-a.e. x, the conclusion above would still not be legitimate, because
this directional derivative is not closable from the space of Lipschitz functions to (L% (u),w*), see
Theorem 1.1 of [ABMar].

In Section 4, we state a Conjecture which is a suitable generalization of Theorem 1.1 for k-forms and we
show that its validity implies the validity of the Ambrosio-Kirchheim flat chain conjecture, see [AK00],
modifying a strategy outlined in [MM24]. In particular we observe that Theorem 1.1 implies the validity
of the conjecture in dimension k£ = 1.
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2. NOTATION AND PRELIMINARIES

For any (possibly vector valued) Radon measure p on R™ we denote by |u| its total variation measure
and by M(u) := |p|(R™). For any Borel set E C R", we denote by pE the restriction of p to E, that is,
the measure A — u(E N A), for every Borel set A.

Ife c S"!and ac [O, g}, we denote by C(e,«) the convex cone with axis e and opening angle «,
namely

Cle,a) ={x e R": x-e > cosalx|}.
We recall the following definition, see §2.6, §6.1 and Theorem 6.4 of [AM16].

Definition 2.1 (Decomposability bundle). Given a positive Radon measure p on R™ its decomposability
bundle is any Borel map V(u,-) taking values in the set |J,., Gr(k,n), that is, in the union of the
Grasmannians of vector subspaces of R” of any dimension, with the following property. For p-a.e.
x € R™, a vector v € R™ belongs to V(u,z) if and only if there exists a vector-valued measure T' with
divT’ = 0 such that

lim M((T - U/“’L)LB('I7T‘)) — 0.
r—0 WB(z,1))
3. PROOF OF THE MAIN RESULT

Thanks to Theorem 2.1 of [MS19], in order to prove Theorem 1.1, it is sufficient to prove the following
result.

Theorem 3.1. Let p be a Radon measure on R™, let @ C R™ be an open set such that u(2) < oo and let
f: 9 — R™ be a Borel function satisfying f(x) € V(u,x)* for p-a.e. x € Q. For every e > 0 there ewists
a compact set K C ) and a function g: Q — R of class C* such that

pQ\K) <e,
Dy(z) = f(x)  VzeK,

1Dl Loy < L+ )l fllruy,  for every p € [1,00].
The proof is based on the following lemmas.
Lemma 3.2 (quantitative version of Lusin’s theorem). Let p be a Radon measure on R™, let Q C R™ be

an open set such that p(Q2) < oo and let f: Q@ — R™ be a Borel function. Then, for every e > 0, there
exists h € Cc(Q,R™) such that

i ({w € Q: h(z) # f@)}) <<,
[hlle) < A+ fllze) VP € 1,400
Remark 3.3. Notice that h depends only on f and € and does not depend on p.

Proof of lemma 3.2. Of course we can assume f Z 0, otherwise there is nothing to prove, and € < 1.
Moreover, we can assume that f € LP() for some p € [1,+0o0], otherwise the thesis is just the classical
Lusin’s theorem, up to performing a cut-off of the resulting continuous function in a small neighborhood
of 09 (see part 3 of this proof).

For every t > 0 we call

E(f,t) ={z € Q: [f(z)| > t}.
e 1 - Truncation. We first observe that, since f € LP(Q) for some p € [1, +o0], there exists ¢ > 0 such
that either 0 < u(E(f,t)) < £ or

(3.1) w(E(f,t) > and n(E(f,s)) =0 Vs>t

w| ™
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In either case, we call E := E(f,t) and we construct fi; by projecting f on the sphere of radius ¢,
namely we define

flx) i [f(x)] <t
h@ =1, f@
/()]
Clearly || f1||z ) =t and, since |fi(z)| < |f(z)| for every x € Q, we have
I fillze) < [1fllze() Vp € [1, +oc].
Moreover f; = f p-a.e. in case (3.1) holds, whereas
(3.2) p({z € Q: filz) # f(2)}) < W(E) <

in the other case.

e 2 - Continuous approximation. Chosing 0 < 1 < emin {u(E), %}, by classical Lusin’s theorem
there exists a continuous function fo: Q@ — R such that F = {z € Q: fi(x) # fo(x)} satisfies

it [f(x)] > t.

<
37

p(F) <.
Up to projecting on B¢(0), we can assume || f2|/c(q) < ¢, thus
(3.3) 2l @) < If2llc@) <t = Ifille=@) <[ fllze(@)-

We now estimate the difference || f2|[r () — || f]|zr () uniformly for p € [1,+00). We have

/ | fal@) P dpa() < / F@)P dp(a) + Pu(F U B),
Q Q\(FUE)
while

/ @) du(z) > / F@)P dpu(a) + P u(E).
Q Q\(FUE)

By these estimates, using u(F') < eu(E) and the relation (due to the concavity of the function s — s»
and p > 1)

(a+(L+e)b)? —(a+b)7 <bs[(1+e)F —1] <ebb  Va,b>0, Vp e [1,+00),

we obtain

1

(3.4) [f2llze@) = [fllLee) < etu(E)> <ellflr@)  Vp € [1,+00].

Gathering (3.3) and (3.4) we get
(3.5) [f2llr) < A+l fllr) VP e[l 400

We moreover record that the choice of  and (3.2) implies

2

(3.6) p({z € Q: fa(z) # f(2)}) < 3¢
e 3 - Cut-off. Since () is open and p is a Radon measure, there exists p > 0 such that
(3.7) u({x € Q: dist(z,00) < p}) < %

We choose any cut-off function x € C.(Q2) such that x(z) = 1 if dist(x, 9Q) > p and we define h := x fo.
By || < |f2l, (3.5), (3.6) and (3.7), h is the desired function.

O
Remark 3.4. If f is such that
vn>03t>0: n>pu(E(ft) >0,

then by a similar procedure one can in fact construct a continuous function h with compact support
which differs from f on a small set and

2l e ) < [Ifllzr (o) Vp € [1,400].

We recall that C(e, «) is the convex cone with axis e and angle «, see section 2.
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Lemma 3.5. Let pu be a Radon measure on an open set 2 C R™, let B CC Q be an open ball and assume
that there exists e € S"~! and o > 0 such that V(u,z) N C(e,a) =0 for p-a.e. x € B. Let § > 0 and let
f:Q — R™ be a Borel function such that

(3.8) |f(@) = [IfllL=(mye| <0 for every x € B.

Then, for every n > 0, > 0 there exist an open set U C B and a function w: 8 — R of class C' such
that

sup [w| <,
B

w(B\U) <7,
Il flloo

tan o

|Dw(x) — f(x)| <46 + for every x € U,

1
< o - )
|Dw ()| < || fllz= (B (1 + tana) for every x € B

Proof. By Lemma 7.5 of [AM16], there exists a C(e, «)-null Borel set F' C B such that pu(B\ F) = 0.
Hence we can find a compact subset K C F such that u(B\ K) < 7. Let wg be the smooth function
constructed in Lemma 4.12 of [AM16], with ¢ = ‘|f||l+6. Combining properties (ii) and (iii) of Lemma
4.12 of [AM16], we deduce that

1
|Dwoy(x) —e] < ——, for every z € K
tan a
and .
|Dwo(z)] < 1+ ——, for every z € R™.
tan o

By (3.8) the function w := || f||lccwo satisfies:

sup [w| <,
B

[PAPES
|Dw(z) — f(z)| < |Dw(a:) — ||fHLoo(B)e| + |Hf||L<x>(B)€ — f(:g)| < taLToiB) + 6 for every = € K,

1
|Dw(x)| < || fllz(B) <1 + tana> for every = € B.

Since w is of class C!, we can take a sufficiently small open tubular neighbourhood U of K in B so that,
for every x € U, denoting y a point in K which minimizes the distance to x, we have

|Dw(zx) — f(z)| < |Dw(x) — Dw(y)| + [Dw(y) — f(y)| + [f(y) — f(z)]
<di+ sup |Dw(y) — f(y)| + osca(f)

£l 2o ()

<46 +
tan o

Lemma 3.6 (approximation of continuous functions with compact support). Let p be a Radon measure
on R™, let @ C R™ be an open set such that u(2) < co and let h: @ — R™ be a continuous function with
compact support in Q satisfying h(x) € V(u,x)* for p-a.e. x € Q. Then for every e > 0 there exists a
compact set K C Q and a function g: @ = R of class C' such that

wQ\ K) <e,
supp g C supp h,
Dg(x) = h(x) Vo € K,

1Dgllco@) < (1 +e)llhllco)-
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Proof. Of course we can assume € < 1 and h # 0. By the classical Lusin’s theorem we find a compact
set C such that the map z +— V(u, x) is continuous on C, that h(x) € V(u,x)* for every € C and

(3.9) W\ C) < Z

The idea is to construct a series of C'! functions g,, such that h — >";'_; Dg, converges uniformly to 0
on a compact set K C  with large measure and define g = Zﬁ:& Jn- More precisely we are going to
inductively define a decreasing sequence of open sets V;, and a sequence of functions g, € C}(V,,) with
the following properties:

(3.10) W\ V) < (1— 2—"—1)2 Yn >0,
n e n
(3.11) -3 Dy, < (5) Iblleoey Wm0,
k=0 CO(Va)
g e\
(3.12) IDgnllcowey < (145) (5) Iy ¥n 20,

and finally we will fix a suitable compact set K C (1, Vo on which h = ZZ:(’) gn- As base of the
induction, we set

e Step 1: First approximation.
Let us choose § > 0,0 < a < § such that

(3.13) 45 +

Let = € C; we distinguish two cases.
- If h(z) = 0, by continuity there exists r, > 0 such that

0
hw)<) e B (@)
- If h(x) # 0, we set

By continuity of V and h, and using that h(x) € V (i, )+ for every x € C, we can find r, > 0 such
that B, (z) CC {h # 0} and

(3.14) V(u,y) NCle,a) =0, Yy € CN B, (x),
(3.15) (h(y)ie) > (1= )hWI[h(y) = Ifllcome| <6 Vy € Br,(x).
By classical covering arguments, see for instance [EG15, Theorem 1.29], there exists a finite set of

points z1,...,xx € C and radii r; € (0,7,,) for i = 1,..., N such that the closed balls B, (z;) C Q
are mutually disjoint and it holds

N
[ (C\ U B, (mi)> <27%.

i=1
Let us call B; := B,,(x;). Since the closed balls B, are disjoint and contained in © we can fix d > 0
satisfying the following conditions:

1
d< gmin{dist (Bi,Bj):i,j=1,...,N,i#j},
1
d< 3 min{dist(B;,00): i =1,..., N},
h(z;) #0 = By,taa(z;) C {h # 0}
so that the closed balls B, 444(7;) are disjoint and contained in Q as well. We now fix

n < dd.

Now, for every ¢ = 1,..., N, we choose a function w;: Q — R as follows.
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- If h(z;) =0, we set U; := B; and we fix w; = 0. We clearly have
|Dwi(y) — h(y)| <4, Yy € CN By,
|Dw;(y)| < |hllcogy Yy € Bi.

- If h(z;) # 0, then by (3.14) and (3.15) we can apply Lemma 3.5 to the measure pu (C'N B;) in order
to find, choosing v; < 513, open sets U; C B; and functions w;: @ — R of class C! satisfying

sup [w;| <1,
B

,[L(C n Bz \ Ul) < Vi,

|Dw;(x) — h(x)| < 46+ % for every z € Uj,
| Dw; (x)| < [|h]|coo) (1 + ! ) for every x € B;.
tan «
We choose suitable functions w; such that
w; = wj, on B;

w; =0, on Q\ By, +a(zi)

1
D(w;)| < ||k 46 + ——, Q,
D) < hllovey + 45+ ——,  on

where the possibility to obtain the last property is guaranteed by the choice of . More precisely, w;
is constructed as follows: consider 0 < p; < d such that in the slightly enlarged ball B, ,,(x;) C
B, +a(z;) we have

1
D) < Willeviay (14 o) 40, on B (o)

tan

Let us fix a linear function ¢;: R — R such that p;(r; + p;) = 1 and @;(r; + p; + d) = 0 and
then consider the function z; defined as the radial linear extension of (w;)sp (z;) to the annulus

By, 4 pit+a(2;i) \ Br,4p, (i), namely the function defined as

TitP;

wl(x) ifre BTH‘Pi(xi)

wl@) = Jwi (w0 + 222+ ) @lle = ail) it 2 € Brypysa(wi) \ Brotp(2:)
0 ifze Q\Eri+pi+d(1’i)~
Then, by the choice of 1, it holds Lip z; < [|h||co(q) (1 + =) + 26. By a convolution with a mollifier

tan o
compactly supported in B, /s (0), we obtain the desired ;.
Let us remark that, by the choice of d, the supports of the functions w; are mutually disjoint and
contained in {h # 0} C supph. Thus the function ¢g;: @ — R, defined by g;(x) := Zf\il w;(x) is

compactly supported in Uljil By, +34(x;) and satisfies
51 N
lhllco) (-1

3)
— < %HI'L”C'O(Q), for every x € H U;

|Dg1(z) — h(z)] <46 +

1 €
|Dg1(z)| < [|h]|co) (1 + a) +25 < (1 + 5) 12 llco ) for every x € Q.

tan

N
suppg < U By, y34(x;) € {h # 0} C supp h.
i=1
Letting,
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we notice that

€

|h(z) — Dg1(x)| < §||h||co(9 for every z € V3
_3 (39 _9\E

pe\) <27% B @\ v) < -2,

e Step 2: Iteration.
We now assume that g,,V,, are defined and satisfy (3.10), (3.11) and (3.12): we want to construct
In+1, Vott-
We apply the same arguments of Step 1 with & — >"}_, Dg, in place of h and V;, in place of €;
moreover we choose the new radii r; in such a way that the new balls B; are contained in V,, and
satisfy

7 (C NVa\ U B, (xz)> <273

i=1
We thus construct the open sets U; C V,,, then V11 their union, and the function g, 1 € C’Cl(Vn) as
in the previous step, satisfying the following properties:

€

PO\ Vo) < (1-272)2,

Supp gn+1 C Vi,

~ IS n (3.11) s\ n+1
- (Z Dgn(x)> _DgnJrl(:E) < 5 - ZDgn(m) < (5) ||h||cO(Q) Vr € Vyt,
k=0 k=0 co(Q)
D < (145 "D S (BY Ve eV,
[Dgnir(@)] < (1+5) -3 Doula) o (1+2) ) Whleswy  Voevi

e Step 3: Convergence and estimates.

By (3.10) it holds p (2\ N,.en Va) < §. Hence there exists a compact set K C 1,y Va such that

p(Q\K) <e.

neN neN

We define g := > 2 g; and we observe that the series converges in the strong topology of C*(Q).
Indeed each supp g, C V,—1 C Q and, by (3.11), we get

Z||D9n||co(9)<<1+ )thlcm)Z() =(1+3)7

This estimate implies the strong convergence of the series Z:ﬁ gn to g in C1(Q) and it moreover

(e<1)
@ < (T+e)lhllco-

proves
[Dgllco) < (L+¢)l[hllcoe)-
Finally, letting n — +o00 in (3.11), the convergence of the series Z:ﬁ gn to g in C1(Q) implies
h(z) = Dg(x) vz € K.

Proof of theorem 1.1. By Lemma 3.2, there exists h € C.(Q2) such that

)
€
p{z € Q:h(z) # fl2)}) < 5,
Wollzoey < (14 2) Iy Vo € [1,+00].
If h =0, then g = 0 is the desired function; otherwise we fix N € N such that

h h
(3.16) ni= [Hlco e <5 nf Iller @) HLP(?) ;
N 4 pefltoo] | p(Q)»
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and such N exists since the above infimum is strictly positive (by continuity of the map p ||hHLP(Q)//J/(Q)%).
We define N functions hy, ..., hy € C.(Q,R™) as follows:

0 if |h(x)] < (i = 1)y
hi(z) = § h(x) = (i = sy if (0= Dy < [h(@)] < in
e if [h(x)| > in.

Hence the functions h; have the following properties:

supp hy CC supphy—_1--- CC supp h; = supph,
0<h; <n Vi=1,...,N,
h=hi+-+hy,

Now for every i = 1,..., N we apply Lemma 3.6 to h;, obtaining a function g; € C}(Q2) and a compact
set K; C supp h; which satisfies the conclusions of the lemma with 55 in place of e. Let C := ﬂf\il K;.

We define g = Ef\;l g; and we claim that g satisfies the conclusions of the theorem.
First of all we have f = Dg on C N{h = f} and

@\ (C N {h= 1) < p(@\C) + p({h # 1)) <.

By interior approximation, we can find a compact set K C (CN{h = f}) such that u(Q\ K) <e
It remains to estimate the LP-norms of Dg: to this aim, we first claim that

(3.17) |Dg(z)| < |h(z)|+2n Yz e

Indeed, first of all clearly |Dg(z)| < |h(z)| 4 2n for every z € Q\ supp h; since supp g C supp h = supp by
by construction. Moreover, for every x € supp h; \ supp h; 1 it holds

(3.18) |h(z)| = (i = 1)n,
while g;(x) = 0 for every j > ¢ (since supp gj C supp h;) implies
(supp QJCSupph (e<1)
(3.19) [Dg(a)| Z Dg; (@) <i (145 )0 < (i+1n.

(3.18) and (3.19) prove (3.17), that in turn implies

1 (3.16) e
1Dgllzoe < IhllLoey +20(u( )7 < (14 ) [bllrey  ¥p € [1,+00),

concluding the proof. O

4. FLAT CHAIN CONJECTURE

The question on which differential operator admit a Lusin type theorem in the spirit of[A1b91] has recently
drawn some interest, see [DG24]. For general data, it is natural to expect that the Lipschitz constant
of the Lusin-type approximated solutions blow up as € — 0. But, as in Theorem 3.1, one could hope to
keep the Lipschitz constant bounded if the given datum is trivial when restricted to the linear subspace
along which the operator is closable.

We conjecture that the following version of Theorem 3.1 holds, where f is replaced by a k-form. Here
V' is the equivalent of the decomposability bundle for k-vectors, see [AM23]. We denote by I(h,n) the
set of multi-indexes of length h in R™, i.e. the set of arrays (i1,...,4,) with 1 <4y <9, - < ip < n.

Conjecture 4.1. Let p be a Radon measure on R™, let Q@ C R™ be an open set such that u(Q) < oo and
let w: Q — A*(R™) be a Borel k-form satisfying

(w(z),7) =0 for every T € VF(u, x), for p-a.e. x € .

For every e > 0 there exists a compact set K C Q and a (k — 1)-form ¢ = Zjel(kfl,n) ¢rdxy in Q of
class C1 such that

pQ\K) <e
do(z) = w(x) Vz € K,
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Lip(¢r) < C(n)||w|lco, for every I € I(k —1,n).

We note that a positive solution of the above conjecture would immediately imply the validity of the
Ambrosio-Kirchheim flat chain conjecture about the equivalence of metric currents in R” and Federer-
Fleming flat chains with finite mass, see [AK00]. In particular, since Theorem 1.1 implies Conjecture 4.1
in the case k = 1, it also implies the (already known) 1-dimensional version of the flat chain conjecture,
see also [Sch16; ABMar; MM24]. The conjecture was also proved in dimension k = n in [DR16]. Here
we show the implication between the two conjectures, referring to [MM24] for the relevant notation. We
only remind the reader that T represents the classical current associated with a metric current T (of
finite mass).

Proof of the flat chain conjecture assuming the validity of Conjecture 4.1. Towards a proof by
contradiction of the flat chain conjecture, assume that there exists a non trivial metric k-current T = T
in R” such that T is not a flat chain. By subtracting the flat chain (PyrT)u, we may assume that
7(z) € VE(u,z)* for p-a.e. z. Here Pyr : Ap(R™) — Ax(R") is the orthogonal projection on V.
As shown in the proof of Theorem 4.4 of [MM?24], u is singular with respect to Lebesgue, and by Propo-
sition 4.2 of [MM24], there exists a sequence of vectors v; € R™ such that v; — 0 and, denoting, for every
w € R", 7, : R® — R™ the map z — z + w, the currents T’ and (ij)ﬁT, are mutually singular for every
j € N. In particular,

M(T — (ij)ﬁT) = 2M(T) for every j € N.
For every j € N, let w; be a Borel k form such that ||w;|le <1 and

(T'— (70, )4T', wy) = 2M(T).

In particular for every j € N,

(wj, 7) =0 for every 7 € V¥ (u, 2), for p-a.e. z.

Fix ¢ > 0 sufficiently small and let ¢; be the corresponding (k — 1)-forms obtained applying Conjecture
4.1 with p = [T — (7, )$T|. Possibly subtracting a constant, we can assume that ¢;(0) = 0, for every j,
so that we can find a C'(n)-Lipschtz (k — 1)-form ¢o, such that, up to non-relabeled subsequences,

(4.1) $j = ¢oo locally uniformly.
We deduce that for every j € N
2M(T) :<T - (ij)u/fv wj> = <T7 wj> - <(ij)ﬁT7 UJ]'>

(.5} = (T (1, ) < (T0y) = (F (o) — o ("))

n
=T(1,¢;) —T(1,¢;07;) — C(n) (k: B 1) €.
Thanks to the continuity of metric currents, the equi-Lipschitzianity of the ¢,’s, and (4.1), the quantity
T(1,¢;) —T(1,¢j 07y,;) tends to 0 as j — +oo and we reach a contradiction, if € is chosen sufficiently
small. 0

Remark 4.2. e Thanks to Proposition 3.1 and Proposition 3.2 of [MM24], in order to prove the flat
chain conjecture in full generality, it would suffice to prove Conjecture 4.1 for closed forms w.
e In the previous proof we did not need the full validity of the equality

do(z) = w(x) Vr € K,
but only that, for a given k-vector field 7(x) € V*(u, )%, the (k — 1)-form ¢ yields
(do(z),7(2)) = (w(z),7(x))  VrekK.
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