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ABSTRACT. In this paper we prove a strong two-scale approximation result for sphere-
valued maps in L*($; W&’Q(Qo; $?)), where Q C R® is an open domain and Qo C Q an
open subset of the unit cube @ = (0,1)3. The proof relies on a generalization of the seminal
argument by F. Bethuel and X.M. Zheng to the two-scale setting. We then present an
application to a variational problem in high-contrast micromagnetics.
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1. INTRODUCTION

Approximating manifold-valued Sobolev mappings by smooth functions is a classical
question. One of the seminal results in this direction is the theory established by F. Bethuel
and X.M. Zheng in [5]. On the one hand, in the setting of W12(B;S?) (where B denotes
the unit ball in R? centered in the origin), smooth approximations in the strong W12-
topology are not possible (cf. Theorem 2 in [5] and Section 4 in [25]; see also Theorem 2.3
and Theorem 2.6 in [18]). On the other hand, the authors prove in [5] that each map in
WhH2(B;S?) can be approximated by almost smooth maps, namely maps which are smooth
in R? up to a finite number of points.

The first contribution of this paper is to investigate whether this latter density result
carries over to the setting in which the functions under consideration exhibit both a macro-
scopic and a microscopic scale, and the strong W12-topology is replaced by strong two-scale
convergence, cf. Section 2.

To be precise, denoting by Q a bounded domain in R? and by Qy an open subset of the
unit cube Q = (0,1)3, we consider maps in L?(Q; W12(Q;R?)) exhibiting a second scale
depencence localized in QJg. Our main result is the following.

Theorem 1.1. Let 1 € W12(Q;S?) and w € L?*($; Wol’z(Qo; R3)) be such that
m(z) +w(z,z) €S for a.e. (z,2) € A x Q.
Then, there exists a sequence of functions (my)r, C WH2(Q; S?) such that

mi 23 m(z) + wiz, 2)x°(z)  in L*(Q;S?), (1.1)
enVmy, 3 Vow(z, 2)x°(z)  in L*(;R3*3). (1.2)

Moreover, there holds
mp € COO(Q \ {akl, ceey akl}; Sz),



i.e., the functions my are smooth up to a finite number of points, where the points themselves
and the number k; depend on the index k € N.

In comparison with [5, Theorem 4], the constructed approximants converge in a weaker
norm but (1.2) provides a finer characterization of the limiting oscillations. The proof
methodology stems from a combination of the Sard’s lemma application and the projection
analysis highlighted in [5, Theorem 4] with two-scale convergence and unfolding. Relying on
these latter tools, we actually prove a slightly refined version of Theorem 1.1 (cf. Theorem
3.2), which serves as starting point of the high-contrast analysis presented in the second
part of the paper.

The mathematical modeling of high-contrast composites has been attracting increasing
interest over the last couple of years. From a variational point of view, this question
can be phrased as identifying the I'-limit in the sense of [12] of energy functionals modeling
highly heterogeneous composites, and exhibiting a drastical difference (high contrast) in the
material properties of their constituents. This leads, in particular, to a loss of coercivity of
the respective energy functionals, so that limiting nonlinear theories are not always available
while working with classical weak or strong Sobolev convergence, but often require turning
to two-scale adaptations instead ([9], [15], [14]).

We consider here a high-contrast toy-problem motivated by the theory of micromagnetics
(cf. [19], [8]). In order to describe our results we need to introduce some notation. Let
Q C R? be a bounded domain representing a ferromagnetic body. Let E C R% be an open,
connected, and periodic set with Lipschitz boundary. The assumption that E is connected
in this setting means that

E+e=F foralli=1,23,
with (e;)i=1,2.3 the canonical basis of R3. We then define Q1 = QN E and Qo = Q \ Q1.
Let further

Z.={2€2Z%:¢(Qo+2) CQ} (1.3)
encode those lattice points in Z3 such that the sets (Qq + z) are well-separated from the

boundary of 2. We finally define the two constituents of the composite on the scale € > 0
as

QY= U e(Qo+ 2). (1.4)

2€7,
and
ol =0\ 00 (1.5)

This construction amounts to cutting out from some homogeneous sample €2 holes consti-
tuted by all those €(Qo + z) that are compactly contained in 2, and then filling them again
with a different material than the one that makes up Q..

The micromagnetic behavior of 2 is encoded by the functionals

1 1
Go(u,m) ;:f/ |Vm\2dm—|—f/ 52|Vm|2d:v+/ (ha[m)? d, (1.6)
2 Jar 2 Jao R3

where m, describing the magnetization of the body, is assumed to satisfy a saturation
constraint and belong to the class of functions

W2(Q; 8% = {m € Wh2(Q;R?) : m(zx) € S? for a.e. z € Q}.



The first two terms in (1.6) describe symmetric exchanges and favour constant magnetiza-
tions (with very different strength) in the two portion of the specimen. The third energy
contribution, instead, has a nonlocal character, encodying the effects of the stray field. The
demagnetizing field hy[m] is defined as the image of the linear and continuous operator

hq : L*(R%R%) — L?(R3%;R3), (1.7)
which is uniquely determined (cf. [3], [24]) through the magneto-static Maxwell equations

— div hyg[m] = divmxq, o RS, (1.8)
V X hd[m] =0
In other words, the pair (mxq, hq[m]) fulfils
[ div div mxa \
A(mxo, ham]) == ( vody ) ( e ) ~0 (1.9)

in the distributional sense, i.e., it lies in the kernel of the associated constant rank differ-
ential operator A. The demagnetizing fields satisfies [|hg[m]||2rsy < [[mr2(q) < |9 (the
Lebesgue measure of ) for all m € W12(€; S?), and the magneto-static energy in (1.6) is
equivalently expressed as

\ |hg[m]|? dz = — [ hg[m] - mdz.
R Q

We neglect here anisotropy contributions, external fields, as well as antisymmetric ex-
changes, for they would not modify substantially the analysis, acting as lower order pertur-
bations.

A first difficulty in the identification of the high-contrast limit of G, is due to the presence
of the saturation constraint. As already observed in [23], in the absence of Sobolev coercivity
for the admissible magnetizations, a relaxation of the saturation constraint occurs in the
energy both for the magnetizations and for the admissible stray fields. The non-local nature
of the stray-field energy further deeply affects the properties of the I'-limit of (G.). in
comparison to former results in high-contrast homogenization. In particular, in the setting
analyzed here, the energy cannot be split into two separate contributions, depending only
from the inclusions, or only from the matrix portion of the composite, respectively. It
rather exhibits, in the limiting stray-field behavior, nontrivial coupling effects. As a result,
the influence of the e-inclusions cannot be averaged out in the homogenized energy density:
The coupling of the two material components through the non-local energy contribution
thus calls for a tracking of the fast variable in the choice of the underlying convergence.

Definition 1.2 (Convergence in the sense of extensions). Let (¢)r be an infinitesimal
sequence. We say that (fi)r € WH2(£;R3) converges to f € WH2(;R3) in the sense of
extensions, with respect to the scales (ey )y, if

(i) (fi)x is bounded in L*(;R?) and ~
(ii) there exists a sequence (fi)r C W12(Q;R3) such that fi = f; in Q}C -

fe—f  in WH(Q;R®). (1.10)

Definition 1.3 (High contrast convergence). Let (gx)x be an infinitesimal sequence. Then
(my)r € WH2(;R3) converges to the tuple (1, w) for

m e WY2(Q;R%) and w e L*(Q; Wy (Qo; R?)) (1.11)



in the high contrast sense if

(i) (mg)g converges to 7 in the sense of extensions,
(ii) and
m Zm+w  in L2(QR). (1.12)
We say that (my)r € W12(Q;R3) converges strongly to (1, w) in the high-contrast sense
if mp 23 4w in (1.12).

Denoting by @ the unit cube, in order to formulate our I'-limit result we define the
mapping (see Lemma 2.8)

B L@ % Q) = TA(9: 2,(Q)) (1.13)
through the identity h3[m] == V.ry,, where r,, € L*(Q; W2(Q)/R) and where for almost

every = € €2 the scalar function ry,(z,-) is the unique solution in W2(Q)/R of the cell
problem

/ Vorm(x, z) - Vab(z) / m(x,z) - Vu(z)dz Yy € Wplez(Q) (1.14)

In particular, there holds

A.(m,h3[m]) = ( div,  div ) ( m ) =0 for a.e. x € Q (1.15)

0 curl, h3lm]
in the distributional sense. We now define the functional
G(m,w) = F(w) + F(m +/ Whom (M, w) dz (1.16)
with the contributions
= ;/Q/Qo V. w|? dzdz, (1.17)
DE /thom(m, Vi) dz, (1.18)
and the homogenized self-energy density
Whorn (11, 10) = all + (w0, ) @u)I* e+ [ gl 2)]* a2 (119)

The tangentially homogenized energy density fhom, cf. [4], satisfies the cell formula
_ , 1
From(s:) = int o [ Je+ V()P d (1.20)
pEW(QT.S?) 2 JQu
It is called "tangentially homogenized" because we consider the infimum over all functions in
WL2(Q; T,S?) with values in the tangent space T5S? of the sphere. We prove the following

per
characterization.

Theorem 1.4. Let G : WE2(Q;R?) x L2(; W2 (Qo; R?)) — R U {+o0} be as in (1.16).
Then:

(i) For any (m,w) € W12(Q;S?) x L? (Q;W(}’Q(QO;R?’)) and for any sequence (mg)s C
Wh2(Q; S?) that converges to (v, w) in the strong high-contrast sense, there holds

G(m,w) < lirr;iglf Ge(me).



(ii) For any (i, w) € Wh2(€;S?) x L2(%; Wy*(Qo; R?)) there exists a sequence (m.). C
W12(Q; S?) that converges to (1, w) in the strong high-contrast sense and that satisfies

limsup G.(m¢) < G(m,w).
e—0

We stress that the infimum problem in (1.20) admits a unique minimizer. Define ¢ €
Wplé%(Q; R3) as the unique solution to the Poisson equation on the unit cell (where we write

~12(). R3 12(0). R3
Woer”(Q; R?) for the dual space of W,.2(Q;R?))

—Ap=xq, inW;u?(Q;R%).

per

One can show, using the Lax-Milgram theorem (cf. [13, Proposition 2.1]) that if (71(s), 72(s))
constitute an orthonormal basis of T5S?, the unique minimizer of (1.20) can be written as

s, &l = [ - (€m(s))]m1(s) + [ - (€72(s))]ma(s)-

The corresponding minimal energy is given by

~ 1 9
om 9 - 3 - vZ 5 d.
from(s,€) = g1@lEl ~ [ V.0 €](2)az

We believe that the proof of Theorem 1.4 and especially the construction of the corre-
sponding recovery sequence provide interesting insight into the hurdles involved in nonlocal
high-contrast problems in manifold-valued Sobolev spaces. As already mentioned, the en-
tanglement of the magnetization on QY and 2} prohibits us to reduce the study of the full
energies in Theorem 1.4 to the analysis of the isolated contributions from these two different
subsets. In fact, we can still follows this path for the difference

Fe(u,m) := Ge(u,m) — /R3 W(m) dz,

where [zs W(m) dz := [gs |ha[m]|? dz, but additional work is required when putting the full
energy back together again. Especially the (approximate) recovery sequence has to account
for the different effects of the local and non-local parts of the energy. This is where we
rely on the result of Theorem 1.1 (to be precise, we will use a slight generalization that we
provide in Theorem 3.2). The main advantage in separating from the energies (F.). the
exchange contributions on Q! is given by the fact that this allows to trace back its limit
behavior to a I'-limit in the sense of classical homogenization (see Proposition 4.2). In
our case this is made possible through a special extension operator developed in [17] that
preserves the norm constraint. We recall this result in Section 2.2.

We conclude this introduction with a final comment about the notion of convergence in
Theorem 1.4. The identification of strong two-scale I'-limits in the high-contrast framework
dates back to [9]. In general, in our setting, we merely know that the functionals (G.). in
(1.6) are equi-coercive with respect to the weak high-contrast convergence (by Lemma 2.7)
and a priori not the strong one. Since W2(Q; S?) is closed under weak W!-2-convergence,
we always know that m € S? almost everywhere. However, the same is in general not true
for the sum m + w. This is paramount to the fact that (my); cannot converge strongly to
m +w in L?(;R3).

This is due to possible oscillation phenomena, not occurring within the different cells
of scale €, but rather between these cells. To illustrate this phenomenon, consider any
arbitrary non-zero smooth function ¢ € C*(Q;S?) that is equal to a constant vector



s € S? outside a compact set K C Qp C Q. Then tessellate the domain € by cubes of size
€@ with alternating copies of ¢ and —¢. For € — 0 the resulting magnetic field will weakly
two-scale converge to the average (cf. [11, Chapter 2.3])

{0 for z € K,
m(zx,z) =

s else,
which can also be written

—s for z € K,

m(z, z) = m(z) + w(z, z) for - m(z)=s, w(x,z2)= {0 else.

In particular, m € S? in €, but it is not true that m = m 4w € S? almost everywhere in €.
This latter remark suggests that a further relaxation of the energy needs to be undertaken
when identifying the I'-limit of the functionals G. in the weak high-contrast sense, in the
spirit of the analysis performed in [23]. However, this question is beyond the analysis in
this paper and will be the subject of a forthcoming contribution.

The paper is organized as follows. In Section 2 we fix some notation, collect the essential
properties of two-scale convergence, describe the precise geometries for which the I'-limit
result in Theorem 1.4 holds, and recall a special extension operator that preserves the norm
constraint, and which will be used in the proof of Theorem 1.4. In Section 3 we prove the
approximation Theorem 1.1 in a more general way, already paving the way to apply it in
the proof of Theorem 1.4. Section 4 is devoted to the proof of Theorem 1.4.

2. PRELIMINARY RESULTS

Throughout this paper we denote by Q C R3 an open and bounded set with Lipschitz
boundary, and by Q := (0,1)® C R3 the reference unit cell. For p € (1,00) we denote by
q = p%l the dual exponent of p. As usual, we set ¢ := oo for p = 1. We use classical notation
for Lebesgue and Sobolev spaces. We write W2(Q)/R to highlight the fact that a specific
map is defined up to a real constant. We will denote with the subscript per functions on the
unit cube @) that have periodic trace on the sides of (). The space WSé%(Q; R3) coincides
with the closure of C52,(Q; R?) in the Wh2-norm (see for example [11] for classical properties
of periodic Sobolev functions). The characteristic functions of QY and 2}, equal to one on

the respective domain and vanishing outside of them, will be denoted by

; i

Xi(x) = {1 frele  ric{o1) (2.1)
0 else,

Note that due to definition (1.5) such characteristic functions are in general not just re-

strictions of periodic functions to €). In the case that we work with a fixed infinitesimal

sequence (ex)x, we will refer to the associated characteristic functions by Xi = Xik. In the

same style we will denote by " and x! the characteristic functions of Qg and Q.

2.1. Two-scale convergence. We recall here some classical results on two-scale conver-
gence. The reader familiar with this topic might skip most of this subsection and proceed
directly to Lemma 2.7.

Originally introduced in [22] and further developed in [2], two-scale convergence is a
notion of convergence that is able to capture fine-scale periodic oscillations and preserve



the information about the oscillations in an additionally emerging micro-scale variable. It
naturally allows to pass to the limit in special integral expressions involving products of
rapidly oscillating functions.

Definition 2.1 (Weak two-scale convergence (][22, 2, 21])). Let p € (1,00). We say that a
bounded sequence of functions (ug)e C LP(Q;R™) weakly two-scale converges in LP(§2;R™)
to some limit v € LP(Q x Q;R") if

/ng( ) - (:1; ) dz — // u(z,z) - P(x,z)dzde Vi € LI(Q; Cper (Q;R™)).  (2.2)
We write u, 28y,

The reason why L7(€; Cper(Q;R™)) qualifies as the space of test functions in (2.2) is
twofold. On the one hand, all functions v in this space are of Carathéodory type and thus
Y(x, z/€) is again a well-defined measurable function in L?(2; R™); on the other hand, these
functions are dense in L() x Q; R™) and strongly two-scale converge in the following sense.

Definition 2.2 (Strong two-scale convergence). Let p € (1,00) and (uz). C LP(2;R™) be
bounded. Then (u.)e strongly two-scale converges in LP(£2;R™) to some u € LP(Q2 x Q;R™),

and we write u, 2 u, if it converges weakly two-scale to v and additionally there holds
el Le(irny = llull Lr(@xQirm)- (2.3)

A connection between two-scale convergence and LP-convergence is provided by the so-
called unfolding operator.

Definition 2.3 (Unfolding operator ([10, 27, 28])). For p € [1,00] and € > 0 the unfolding
operator

S, : LP(Q;R™) — LP(R® x Q;R™) (2.4)
is defined as

Se(u)(x,z) =1 (6 E,J + 62’) , (2.5)

where 4 denotes the extension of u to R?\ Q by 0.

It follows immediately from the definition of the unfolding operator that S.(u + v) =
Se(u) + Se(v) and Sc(u - w) = Se(u) - Se(w). A direct computation shows that S: is a
(non-surjective) linear isometry LP(Q2;R"™) — LP(R™ x @Q;R™) for any p € [1,00] (cf. [28,
Lemma 1.1]). In particular, for p € [1,00) there holds

/|u |pdx—// |Se(u)(z, 2)|P dzdz. (2.6)

Note that for any function ¢ € LI(Q; Cper(Q; R™)) and for 9. (z) = ¢ (z,z/c) we have by
the periodicity in the second variable that

Se (We) (z,2) = <€ {ZJ + ez, LZ_EJ + z) =1 (5 E;J + ez, z> : (2.7)

Furthermore, the unfolding operator enjoys the nice property
S.(eVu) = V,S.(u)  Yuec WHP(Q;R). (2.8)

The crucial insight connecting two-scale convergence with the unfolding operator is provided
by the following result (cf. [28, Proposition 2.5, Proposition 2.7]).



Proposition 2.4. Let p € (1,00). A bounded sequence (uz)e C LP(; R™) weakly two-scale
converges in LP($;R™) to uw € LP(Q2 x Q;R™) iff

S.(ue) = u in LP(R® x Q;R™). (2.9)
Analogously, (us)e strongly two-scale converges in LP(2;R™) to u iff

S.(uz) = u in LP(R® x Q;R™). (2.10)

Proposition 2.4 can be taken as a motivation to extend two-scale convergence to the limit
cases p € {1,00}.

Definition 2.5. Let p € {1,00}. A bounded sequence (u:). C LP(2;R™) converges weakly
(weakly star for p = 00), respectively strongly, in LP(Q2; R™) to some limit u € LP(Q x Q; R™)
if (S(ue)e:)e converges weakly (weakly star), respectively strongly, to u in LP(R3 x Q;R™).

From Proposition 2.4 and Definition 2.5 together with (2.6) and (2.7) one immediately

gets that every purely oscillating function converges strongly two-scale. To be precise, for
p € [1,00] and every u € LB, (Q;R™) there holds u(z/¢) i u(z) in LP(§2; R”). With similar
arguments one can see that for ¢ € {0, 1} also the characteristic functions y. = Xq: defined

n (2.1) fulfil

Xe(@) B x'(2) = xqi(2) i LP(4R) (2.11)

for all p € [1,00).
Eventually, Proposition 2.4 also implies that for two sequences (u:). C LP(€;R™), (ve)e C
L9(Q; R™) with u, 22 4 and ve 22 v there holds u. - v: =X - v in LY (S R™).

We collect some further properties of two-scale convergence. The next lemma explains
why two-scale convergence is often considered as an intermediate convergence between the
strong and weak one in LP(Q2 x Q;R™) (cf. [28, Theorem 1.3]).

Lemma 2.6. Let p € [1,00), let (u:). C LP(Q x Q;R™) be bounded and uw € LP(€;R™).

(i) If u is independent of the second variable and u. — wu strongly in LP(2;R™), then also
ue 23w in LP(Q;R™).
(ii) If ue 2w in LP(Q;R™), then

ue — u(x) == / u(x,y) de  weakly in LP(2;R™)
Q

and

@]l e rmy < llullr@xqirey < Timinf [[uc]| Lo irm)- (2.12)

Next, we present an augmented two-scale compactness result, which is by now well-known
in the context of high-contrast homogenization, cf. [9, 15, 14]. Note that, up to the weak
convergence of the extensions, a similar lemma was already derived in [2, Lemma 4.7]. For
convenience of the reader, we have included a proof of Lemma 2.7 in Appendix A.



Lemma 2.7. Let (e;)r be an infinitesimal sequence and let (my), C WH2(;R3) be such
that (my)x is bounded in L?(;R3). Let () C WH2(Q;R3) denote a sequence of exten-
stons fulfilling
M = myg a.e. in Qé,
7kl L2 rs) < Crllmillr201r3),
[ D || L2 @raxs) < CrllDmu|p2(01,r3x3)

for some constant C1; > 0 independent of €. Moreover, assume that there exists another
constant Cy > 0 such that

lerx2Vmull r2raxs) + IXEV Mkl r2(@r3x3) < Ca. (2.13)
Then, there exist
m € L2 WEAR%RY),  me WH(QR?), we L2 W,%(Qo;R?)) (2.14)

such that, up to subsequences,

m(z,z) = m(z) + w(z, 2) for a.e. (z,2) € QxQ, (2.15)
my 2% m, exVmy 2% V., w weakly two-scale in L*(Q; R3*3), (2.16)
mg — m weakly in W2 (Q; R3). (2.17)

Finally, we recall a two-scale result for the demagnetizing field defined in (1.7) and (1.8)
(cf. [3, Proposition4.3], [24, Proposition 11]).

Lemma 2.8. Let (my)r C WH2(Q;R3) weakly two-scale converge in L?>(Q;R3) to a limit
functionm € L*(QxQ;R3). Then, up to a subsequence, the sequence (hg[my])i of associated
demagnetizing fields weakly two-scale converges to

hal[(m)ql(x) + hglm](z, z)xa(w),
where
hi: L2(Q x Q) — L*(% L2, (Q)) (2.18)

per

is defined as h3[m] == V.1, where vy € L2(Q; WE2(Q)/R) is such that for almost every

per

x € Q the scalar function ry,(x,-) is the unique solution in W);2(Q)/R to the cell problem

/ Vorm(x, z) - Vo(z / m(x,z) - V(z)dz Yy € W;;(Q) (2.19)

We note that the above result exemplifies the abstract result in [16] about two-scale
convergence under differential constraints. Recalling (1.9), it follows from [16, Theorem 1.2]
that the limit of (hq[mg])x has to fulfil

A.(m, h3[m]) = ( dive  div ) ( m ) =0 forae z€ ,

0 curl, h3[m]

which is exactly an equivalent formulation of (1.15).
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2.2. Extension operators. Extension operators providing separate bounds on the L*-
norm of the maps and of their gradients are a fundamental tool in the study of homoge-
nization problems on perforated domains. The seminal result in this direction can be found
in [1, Theorem 2.1] and reads as follows.

Proposition 2.9. Let 1 < p < oo and let Qg be as in (1.5). Then, there exist a linear and
continuous extension operator

T.: WhP(QL;R?) — WhP(Q;R?)
and a constant C' > 0 independent of € and €2, such that
T.f=f a.e in Qé,

1T fll rarey < CllfllLrzirs)s
[D(Te )|l rrexsy < CIDflLr(a1srexs)
for every f € WLP(QLR3).
In our problem we will need a variants of the above result in order to take care of
extensions of the magnetizations. The main hurdle concerns the necessity of extending the

maps while at the same time preserving the saturation constraint. This is guaranteed by [17,
Theorem 3.1], whose simplified statement in our setting is stated in the next proposition.

Proposition 2.10. Let Q} be as in (1.5). There exists an extension operator
T.: wh(Ql;s?) - wh?(Q; s?)
and a constant C > 0, independent of €, such that for € sufficiently small
T.f=Ff ae inQl,

ITefllz2:s2) < Cllfllz2ns2)s
ID(Tef)ll 23y < ClIDfllr2(rrex3),

for every f € WH2(QL; S?).

3. PROOF OF THEOREM 1.1

We preliminary recall an approximation result proving that every function in the space
LQ(Q;VVO1 2(Qo;R3)) can be attained as a strong two-scale limit of smooth functions in
C(Q;R3). The idea of the construction goes back to [14, Lemma 6.1], as well as [9,
Lemma 22 and Proposition 17]. To make the presentation as self-contained as possible we
also provide a short proof.

Lemma 3.1. For any infinitesimal sequence (ex)r and any w € L*($; W(}’Q(Qg; S?)) there
exists a sequence (Wy)x C C°(€R3) such that WX}, = 0 for every k, with

oy, 2 w(z, 2) in L*(Q;R3), (3.1)

and
exViy 323 Vow(z,2)  in LA(Q4RY). (3.2)
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Proof. Let w € LQ(Q§W(J1’2(Q0;82)). We approximate w by functions (w;); C C°(Q x
Qo; R?). Then, we define
| & (@) e ifzeat+Q)f teZ
wi(x, z) = {Ei Jeptrq) w5 (@, 2) dz if x € e (t + Q) for some t € Zj,

3.3
0 else (3:3)

by averaging on cubes whose side lengths are associated to the sequence (ef)i. In the
expression above, Zj, := {t € Z3 : ex(t + Q) C Q}.

Note that since w; has compact support in ) in the z-variable for all j € N, the functions

@)= i (2,2 (3.4)

are again elements of C2°(€2) for all j, k € N. Furthermore, for any fixed j € N the sequence
(v1.)k strongly two-scale converges to w; for k — co; and at the same time (e, Vi), strongly
two-scale converges to V.w;. This follows from the smoothness of the functions and the

mean value theorem (compare [14, Lemma 6.1]). Eventually, by construction, vix,lg =0 for
every k € N.

In particular, owing to Proposition 2.4, we find

jEI;ﬂoo Jm (||5k(vi) — w|2Re xRy + | VSk(v]) — vzw||L2(R3><Q;R3X3)) = 0.

By Attouch’s diagonalization lemma [26, Lemma 1.15 and Corollary 1.16] we find a subse-
quence (j(k))x such that

(k‘)) (k))

i (15101 ™) = w2 rs xas) + IV=Sk(0]) = Vel p2goxapsss) ) = 0.

The thesis follows then by Proposition 2.4, setting wy := o' for all k € N. O

Let now m € WH2(Q;S2) and w € L2(€; Wy*(Qo; R?)) be such that
m(z) +w(z,z) € S* for ae. (z,2) € Qx Q.
Then, we might approximate m by functions
(1)) C C°(;R?)  such that ), — m strongly in WH2(Q;R?), (3.5)
and we apply Lemma 3.1 to find a sequence (1)r C C°(€2;R?) that fulfils (3.1) and (3.2).
In particular,
vp(z) == 1), (z) + bp(z) € C°(R3) N W2 (Q;R3) (3.6)
and
U 2+ wy’ strongly two-scale in L2(Q;R?)
eV 23 (Vow)x° strongly two-scale in L?(Q;R?).

In order to construct a recovery sequence, it would be natural to project back the functions
in (3.6) onto S? by means of the map
T
m:R3\ {0} = S?, nw(x) = Tl (3.7)
x
which coincides with the nearest point projection on every tubular neighbourhood of S2.
Unfortunately, in general, it is not guaranteed that the pointwise projections of the maps in
(3.6) are well defined. In particular, in principle, sets of positive measure could be mapped
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by vi onto the origin, so that the composition 7 o vy could have singularities on a set of
positive measure. To circumvent this possible pitfall, we adapt the strategy in [5, Theorem
4]. We prove now a slight generalization of Theorem 1.1, adding arbitrary perturbations
e, for ¢ € C(; Cpe(Q; R3)), to the approximating sequence. This additional degree of
freedom will be exploited in the proof of Theorem 1.4 in Section 4. Moreover, Theorem 1.1

follows from Theorem 3.2 simply be setting ¢ = 0.
Theorem 3.2. Let 1 € W12(Q;S?) and w € L*($; W01’2(Q0; R3)) be such that
m(x) +w(z,z) € S?  for a.e. (,2) € Qx Qo.

Then, for every 1 € CP(;Coe (Q;R?)) there exists a sequence of functions (my)y C
Wh2(Q; S?) such that

mi 23 m(x) + w(z, 2)x°(2) in L*(Q;S?), (3.8)
e Vmy, 23 V.ow(z, 2)x°(2) in L?(Q; R3*3), (3.9)
Vmexh 23 Vin(z) + Vi (z, 2) - Va(m(z)x' (z)  in L2(Q;RP3). (3.10)

Moreover, there holds

my, € C°(Q\ {ag,, ..., ax }; S?),
i.e., the functions my are smooth up to a finite number of points, where the points themselves
and the number k; depend on the index k € N.

Proof. For i € Wh2(;8%) and w € L2(Q;W;2(Qo;R?)) as in the thesis, we choose
approximating sequences (1m},) C C*(;R3) and (w )k C C(;R3) with the properties

in (3.5) and in Lemma 3.1. For ¢ € C2°(€2; Ce, (Q;R°)) we define (modifying (3.6))

Q;R3
vp(x) = My (x) + ep(z, x/ep) + wp(z) € C(R3) NWH2(Q;RY). (3.11)
There holds
U 2+ wy" strongly two-scale in L?(Q;R?) (3.12)

eV 23 (Vow)x° strongly two-scale in L?(Q;R?). (3.13)

Note that we can always assume that Si(vi) converges a.e. to m + wy” in R® x Q by
extracting a proper subsequence.

We follow now the strategy outlined in [5, Theorem 4]. For ¢ € (0, 1), let S%_ s and Bi_s
be the sphere and ball centered in the origin and with radius 1 — 4.

First, observe that by Sard’s theorem and [20, Theorem 5.22] the preimages Fj s =
v ' (S?_5) in Q are submanifolds of co-dimension one in © for almost every 0 < & < 1/2.
They are also the topological boundary in €2 of the sets Vj, 5 == v,;l(Bl_(;) for By_s={y €
R3: y <1-4}. In what follows, we denote by D the set of § € (0,1/2) such that the above
properties hold for all £k € N and we fix § € D.

In view of [5, Theorem 4] (see also [6, Lemma 2.3] and [17]), for every k € N there exists
ap € By such that, defining the shifted projections

T s
HxH (1 6)7 ﬂak(

7 (z) == m(x)(1 —8) = z) =70 (x — ay) (3.14)
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and
o, = (ma,ls2 )" omg,, (3.15)
we have
w0 ovk € W (Vis; STy (3.16)
with
IV (72, 0 vl L2 5:82) < CIIVUEl 22w 55R5)- (3.17)

The important detail in the above construction lies in the fact that, again by Sard’s theorem,
for almost every a € By, the preimages vk_l(a) are points in Vs C Q (of co-dimension
3). Estimate (3.17) only holds true because the exponent p = 2 is smaller than the space
dimension of the ambient Euclidean space R3 of S2. Now, we set

) f
—— {7707ra]c 0 Vg orx € Vis (3.18)

T o vy for z € Q\ Vis.

Note that by (3.15) there holds (my)r C W12(£2; S?). We apply now the unfolding operator
to prove the strong two-scale convergences in (3.8) and (3.9). To this end, define

Wis = {(z,2) € R3 x Q: exla/er| +exz € Vist (3.19)

Recall that away from zero — in particular, outside of B;_5 — the nearest point projection
7 is a smooth function. Thus, outside W}, 5, arguing by unfolding, we find

[y 1k = i wx”) dada
(R3xXQ)\Wy 5

= [ ISkm(w) = [+ wx ) deda
(RO @)\ W5 (3.20)
= |7 (Sk(vr)) — (1 4+ wx®(2))|? dzdx
(REXQ)\Wk,5

IV i) L L 195008) = )] dza

where the right-hand side converges to zero owing to (3.12). We used in the second equality
that the unfolding operator commutes with the projection 7, since it has no influence on
the values of a map.

The same arguments apply to the sequence (e, Vmy ), upon noticing that

V.ow(z,z) = Vy(mo (m(x) +w(z,2))) = Vow(z, z) Vr(m(x) + w(z, 2))
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for almost every (z,2) € Q x Qo, because m + w € S? for almost every (z,2) € Q x Q.
Indeed, we find

/ _|Sk(exVmy) — Va(wx®)|* dzda
(R3xQ)\Wy,s

:/ 1SRV (T () = Vs (wx?) - V(i + wy®)[? dzdz
(REXQ)\ Wy s

= |Sk(exVurVr(vg))) — Vz(wxo) -Vm(m + wxo)\2 dzdx
(R3XQ)\ W5

= —|Sk(exVug) - Sp(Vm(vk))) — Vz(wxo) -V (m+ wxo)|2 dzdzx
(R3XQ)\Wy 5

< [IVi?

(3.21)

1Sk (exVug) — Vowy? > dzdz

(Bi\B1-s) /(R3><Q)\Wk,5
IVowx? - (Sp(Vr(vg)) — Va(m + wx?))|? dzdz.

-
(R3XQ)\ Wy, s

The first integral on the right-hand side of (3.21) vanishes due to (3.13) and the second one
by virtue of Severini-Egorov Theorem. In fact, according to the latter result, using that
Sy (vx) converges almost everywhere to m +wx" and that |S(vi) — (7 +wx?)| < 2 almost
everywhere in R? x @ , for every u > 0 we have the estimate

/ IV - (Se(V(u)) — V(i + wy®))[? dzd
(REXQ)\Wrg,s
2 2
< IVawlaroxg) (V27 oo s By + 2Bl V27 oo 155 )
for k € N sufficiently large and for some open subset E, C (R® x Q) \ Wy such that
|E,| < p. Letting p — 0 and k — oo we validate the claim of the theorem outside of Wy 5.

It remains to prove that the contributions from Sk (m o frgk owvg) and V,Sk(mo frgk o vg)
on the set W s become infinitesimally small in the limit. We set

Aps = {(z,2) € R x Q : |S(vg)(z, 2) — [(x) + w(z, 2)X°(2)]| > 6} (3.22)

From the strong L?-convergence of (Sk(vx)) in (3.12) it follows that the Lebesgue measure
of Ay s converges to zero for k — oco. Additionally, since Si(vi) € Bj_s almost everywhere
on Wi s and m +w € S? almost everywhere on Q x @Q, it follows that Wi C Ars. Then,
from the property that S (7 o ﬁgk o v;) takes values in S?, we infer that

[ 18imodl, ouw)(@,2) = @) + wla, )P dede < A, (3:23)
k,6

which vanishes in the limit & — oo. Turning to the gradients V,Sk(m o ﬁgk o v), we first
infer from (3.13) the equiintegrability of the sequence (Sk(exVvy))k. From the smoothness
of m on S?_;, and by the fact that the unfolding operator is an isometry, inequality (3.17)
translates into

/ |Sk(V (7o 72 ovk))|2dzd:r:/ V(7078 ow)?de
Wi,s

ay ay
Vi,s

<V oo )/ IV(#3, ovp)|?da < C’/ |Vug|? dz.
=87 JVis Vk,s
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Thus, by (2.8),

ag ag
Wk,g Vk,6

/ IV.Sk(morl ou)|?dzde :/ 1Sk (exV(m o7l ow))?dzdz < C |eVu|? da
Wi.s

=C 1Sk (eVuR)|? dzdz — 0, (3.24)
Wi,s

owing to (3.13), and the fact that
Wis| < |Ags| —0 (3.25)
as k — +oo. In particular, by (3.24) and (3.25), we also infer that
98k(me) — Fowxl2wy s oesy = 0 (3.26)
as k — +oo. By (3.20), (3.21), (3.23), and (3.26) we obtain (3.8) and (3.9).

It remains to identify the two-scale limit of (Vmyx1)r and to prove (3.10). Again, we
split the integral over mGleg into the part on Vj, s and the one on the complement in
Q. For the first contribution, since wkx}c = 0 for every k, cf. Lemma 3.1, we infer that

vg(z) = m)(z) + ey (x, i) for almost every x € Qi. Thus, we find the estimate

VMl L2 (v sire) < CIV T Lo (881 ) IV VasXi | 214 5:R%)

< OV oo (B\By_s) (HVmH\L%Vk,J;RSX?’) + ekl Vot L2y, 5r3x3) + HVzWL2(Vk,5;R3x3)) :
From (3.5) and the fact that |V}, 5| — 0 we hence obtain that

valechm(Vk,g;Ri*) =0

as k — 4o0.

Let us now set 7 (z) = myx1(z). Then,

i (z) = m(m)(z) + ex(z, 2 /er)) for a.e. z € Q\ V5. (3.27)
Consequently, on 2\ Vj, 5 there holds
Ving(x) = (Vig(z) + e Vb (z, z/er) + Vob(2, x/er)) - Vr(ig(z))x(2).
Recall now that the right-hand side in (3.10) can be rewritten as
Vin(a) + Vaip(x, 2) - V(im(2)x' (2) = (Vi(e) + Ve (x, 2)) - Vr(m(z)x' (),

since m € S? for a.e. x € Q. Employing once more the smoothness of 7 outside of B;_s,
the claim follows then from

Vi (x) + exVath(z, z/er) + Vo) (z,x/ek) 2 Vim(z) + V(x, 2) in L?(Q; R3*3),

which results from the strong convergence of the approximations (m}), towards m in
WL2(0; R3) and the smoothness of ¥ € C°(; C2.(Q; R?)).

per

The statement that the elements my of the approximating sequence are smooth up to a
finite number of points, whose position and number depends on the index k& € N is a direct
consequence of the construction in (3.15)-(3.16) (see [5, Theorem 4]). O
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Remark 3.3. The proof of Theorem 3.2 can be split into the following two steps: (i) first,
using Lemma 3.1, we construct a sequence approximating m + w strongly two-scale (and
similarly for the gradient), where, however, we forget about the S2-constraint; (ii) we then
use suitable projections in the target space to restore the constraint. In theory, one could
also try to first find approximations, smooth up to finitely many points, of m + w (and
its gradient) in LP(2 x Q;S?) with the help of the ideas in [5, Theorem 4], and then to
build strong two-scale approximations in the lines of Lemma 3.1. In fact, applying the
approximation scheme from [5, Theorem 4] to a target function in L?(Q x Q;S?) is possible
in theory, but there is a catch with following Lemma 3.1 and it is two-fold: First, through
the averaging in (3.3) we fall again out of S? in the target space; and second, introducing
the fast oscillations in (3.4) might lead to ill-defined functions. The reason for the latter
point is the following: In applying [5, Theorem 4] to a function in L?(2 x Q;S?) with
smooth approximations in C°°(£2 x Q; S?), we need to choose a sequence of shifts (ay )y for
the projections such that the analog of (3.16) is fulfilled. The preimages of the singularities
of the shifted projections would have co-dimension 3 in €2 x @), and nothing tells us a priori
that they lie completely in €, i.e., that, when projected onto @), they have co-dimension
3 in @ (in particular, if this fails, they are not of Carathéodeory type). But if we mimic
(3.4) for such functions, we cannot assure that the resulting maps are well-defined. Hence,
the path chosen for Theorem 3.2 appears to the authors to be the only feasible option to
construct the sought strong two-scale approximations.

4. PROOF OF THEOREM 1.4

4.1. Splitting and analysis of the energy on the matrix component. We define for
m € WH2(Q; S?) the energies

Fe(u,m) := Ge(u,m) — /R3 W(m) dz, (4.1)
as well as
1
0 ot 2 2
FZ(m) = 5 /Qgs |Vm|* dz, (4.2)
1
1 _ L 2
Fo(m) = 5 /Q% |[Vm|® dx. (4.3)

The next proposition will allow to separately study the T-limits of (F0). and (F2)..

Lemma 4.1 (Splitting). For (ex)x an infinitesimal sequence let (my), C W12(Q;S?) con-
verge to some (m,w) € W5H2(;R3) x LQ(Q;W(}’Z(QO;R:)’)) in the high-contrast sense of
Definition 1.3. Let further (mg) be the extensions in W12(Q; S?) provided by Proposi-
tion 2.10. We set wy, := my, — my. Then

.. 0 .. e ) < Timi

a2+ o 7)< o ) o
lim sup F.(my) < limsup F2 (wy) + lim sup F2 (17, ). (4.5)
k—+o00 k—4o00 k—4o00

Proof. A direct computation shows that

Fe(my) = F2(my) + FHmy,) = F(wi) + FL (M) + Ry,
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with the residual term

1
Ry = Fomi) = Folwn) = 5 [ 2 (Fmuf? = [Vu ) da.

Hence, to conclude the proof we only need to show that Ry — 0 for k& — oco. Then (4.4)
and (4.5) will follow by super- and subadditivity of lim sup and liminf. We compute with
Hoélder’s inequality that

1

1 -
< <€||€mG||L2(Q;R3X3) + 2€2> Vel L2 qrax3)-

This finishes the proof, because ||[eVmy] ;2 and ||Vl 2 are uniformly bounded following
the assumption that (mg)g converges in the high-contrast sense to (m,w), and by the
bounds of the extension operator from Proposition 2.10. O

By using the special extension operator in Proposition 2.10 that preserves the saturation
constraint of the magnetizations, we narrowed down the analysis of the energies (F.1). on
the matrix part to the case where again the magnetizations lie in W12(£2;S?). Actually,
we can obtain the limit behaviour as a special version of a more general homogenization
result. Define the functional

I(m) = ;/Qag(xﬂVdex (4.6)
for m € W12(€; S?), where we set ac () = a(x/e) = X(c, )na(2). The asymptotic behavior
of the functionals Z. is characterized by the following I'-convergence result. Here it will
be sufficient to use in the construction of approximate recovery sequences the classical
projection 7 onto S? as defined in (3.7).

Proposition 4.2. The family (Z.). defined in (4.6) T'-converges with respect to the weak
W12 topology in W12(€; S?) to the limit energy functional

Z(u,m) ::/ Jrhom(m, Vm) dzx, (4.7)
Q
where the homogenized energy density from satisfies the cell formula
i 1
from(s:6)= i o / €+ Vo(2)[2 d. (4.8)
@Ewpér (Q;TSS2) Ql

The proof of Proposition 4.2 essentially follows from the analysis in [3]. For convenience
of the reader, we have included a proof in Appendix B. The following result concerning
recovery sequences for the limit energy 7 are direct consequences of the proof of Proposi-
tion 4.2. We will use it in combination with (3.10) in Theorem 3.2.

Corollary 4.3. Let m € W2(;S?) and 6 > 0.
(i) There exist 13, € C°(Q; Co2(Q;R?)) such that for
=8 (0 ~ B r
me(x) = (m(a:) + ey, <x, 5))
there holds
lim sup Z. (1) < Z(1n) + 4. (4.9)

k—oo
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Moreover,
md(x) — m(x)  in WHE(Q; S?). (4.10)
(ii) More generally, inequality (4.9) is valid for every sequence (). C WH2(€2;S?) ful-
filling
Vine(z) 23 Vin(z) + V.l (z, 2)Va(m(z))  in L2(Q;R¥3). (4.11)

4.2. Lower bound. The liminf inequality in Theorem 1.4 is now a straight-forward result
of the definition of high-contrast convergence in Definition 1.3 and the two-scale behaviour
of the demagnetizing fields in Lemma 2.8.

Proposition 4.4. Let (g1 be an infinitesimal sequence. For any (m,w) € W12(Q;R3) x
L2(€% Wy 2 (Qo; R?)) and for any sequence (my)y C W2(2; S?) that converges to (i, w) in
the strong high-contrast sense, there holds

G(m,w) < likl;rn inf G- (my,).

Proof. We may assume that liminfy_ ., Gp(my) is finite, for otherwise, there is nothing
to show. By Definition 1.3 we know that there exists a sequence (1), C W1H2(;S?)
such that my = my, almost everywhere on €}, and with m; — m weakly in Wh2(Q; S?).

Furthermore, my, 2 4w in L?(2;R3). Employing the compactness Lemma 2.7, and from
the uniqueness of the two-scale limit, we even know that there exists a subsequence — which
we do not relabel — such that

e Vmy(z) 2 V. w(z, 2) in L2(Q;R3*3). (4.12)
Setting wy := my — My, by Proposition 4.1 we infer that
lim inf > lim inf F} lim inf F (7).
o nf Fe(me) 2 fim il 7o wn) + i dnd Fic ()

By classical properties of two-scale convergence (see Lemma 2.6 (ii)) we find immediately
that

1 1
liminf]-",g(wk):liminf—/ 6%|Vm|2dx27// Vow(z, 2)? dzde = FO(w). (4.13)
k—00 k—oo 2 Q9 2 Ja Jqo

To establish a lower bound for the matrix-related part of the energy, we apply instead
Proposition 4.2 with a slight modification due to the fact that x} is not periodic on 2. We
first conclude with Proposition 4.2 that

1
lim inf = \Ving? de > F(m). (4.14)
k—oo 2 (ex E)NQ

Then, since (gxE) N Q C O}, there holds

1
. L Y — Timinf o -2 > Fl(m).
ll}gloglffs (M) hggg}f2 - V| dz > F(m) (4.15)

To summarize, there holds

lim inf 7 () > FO(w) + FL(m), (4.16)
— 00
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where Fy, is defined in (4.1) as the difference between Gi, and the magnetostatic self-energy.
In view of the superadditivity of the limes inferior, it remains to prove that

it [ halma] Pz > [ hal(m ot ot ool de [ nglute, )P dzd.

k—o0

This latter inequality is a consequence of the weak two-scale behaviour of the demagnetizing
fields and of a well-known orthogonality result in two-scale convergence. From Lemma 2.8,
by the weak two-scale convergence of (myg)g to m~+w, then the corresponding demagnetizing
fields (hg[mg])r weakly two-scale converge, up to a subsequence, in L?(R?;R3) to

ha(z, 2) = ha[(m(z) + (w(2,))q,)|(%) + hglw](z, 2)xa(z).
Note that we used that hj[m| = hj[w] in our case. Thus, again by lower semi-continuity
(see Lemma 2.6 (ii)) we have

liminf [ {hglm |2dx>/ /\hd () + (w(z, ))oy)] + Wilwlxa(@)? dede.  (4.17)

We recall that the function hj[w] is given through the identity hj[m] = V.r, with a
uniquely defined scalar potential 7, € L%(£; Wge%( ;R)/R). In particular, r(z, -) is periodic

with respect to the z-variable, entailing that the z-gradient has vanishing mean value. Thus,
we can orthogonally decompose the right-hand side above as

/3/ |hal(e(z) + (w(z,-)) Qo )] + Varw|? dzde
R3 JQ

= [ Ihalt@) + (e, Na)lPde+ [ [ hawlPra() dede. (4.18)
R3 R3JQo
The claimed lower bound follows then by combining (4.16)—(4.18). O

4.3. Upper bound. The main task in showing the limsup inequality in Theorem 1.4 is
the construction of a suitable approximate recovery sequence that allows to pass to the
limit in all the different energy contributions. It is here that Theorem 1.1 (to be precise, its
augmented version in Theorem 3.2) becomes essential. For a given pair (m, w), we construct
the recovery sequence by perturbing the base magnetization m by damped oscillations to
account for the energy on the matrix component; we then add the field w on the inclusions
to match the high-contrast scaling of the functional there. Eventually, we pass to the limit
with the help of all strong two-scale convergence properties in (3.8)-(3.10) of Theorem 3.2.

Proposition 4.5. For any (m,w) € W2(Q;R3) x LZ(Q;W()L2(Q0; R3)) there exists a se-
quence (mz). C WH2(;S2) that converges to (1, w) in the strong high-contrast sense and
that satisfies

lim sup G.(m¢) < G(m,w).
e—0

Proof. Fix § > 0. Corollary 4.3 entails that there exist 10, € C2°(Q; C,(Q;R?)) such that

liir;sipfk< ( (z) + ev?, (a: E))) < FH(m) + 9.

Let now further (my)x be the sequence of maps provided by Theorem 3.2, with the special
choice ¥ = w,‘;. We first check the strong high contrast convergence of the sequence (see
Definition 1.3). First, from (3.8) in Theorem 3.2 we infer that

my 2 e+ w strongly two-scale in L%(Q;R?).
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We now prove that
my — 1 in the sense of extensions.

Indeed, take an arbitrary subsequence of (my)r, say (my;));j, and extend the restric-
tions my; )ch( y to Qg with the estension operator provided by Proposition 2.10. De-

note by 7y ;) these extensions. From the boundedness of (mj); and the boundedness
of the extension operator, we extract a further subsequence (not relabeled) that converges
weakly in W1H2(Q;R3) and strongly in L?(£;R?) to a limit function m’ € WH2(2;S?). At
the same time, because strong L2-convergence implies weak two-scale convergence (com-
pare Lemma 2.6 (ii)), we find that mk(j)xi(j) = mk(j)x,{:(j) weakly two-scale converges to
xL(2)m (z) = xH(z)m(z) in L2(Q;R3). This yields that m’ = m. Since this result is in-
dependent of the subsequence that we chose in the beginning, we conclude that (my)g
converges to m in the sense of extensions.

Coming back to the lim sup-inequality, we define
mk = Tk (mk|911€) and Wg ‘= Mp — mk,

where Ty : WHP(QL;S?) — WP(Q; S?) is the extension operator from Proposition 2.10.
Note that (wg)x C W&’Q(Qg; R3). Then, it follows from the splitting in Proposition 4.1 that

lim sup Gy (my) < lim sup Fy (wg) + lim sup Fj (rg) + lim sup W(my,).

k—o0 k—+o00 k—+o00 k—+o00
From (3.9) of Theorem 3.2 we obtain
lim sup Fp (wy) / / |V w(z, 2)|* dzda.
k—+o0 2

For the magnetostatic self-energy W we use again the fact that by Lemma 2.8 the sequence
(hg[mi])x converges weakly two-scale in L2(R?;R3) to

ha(x, z) = ha[(M(z) + (w(z,"))qQ,)] + halwlxa(z).
By Theorem 3.2, equation (3.8), we thus obtain

I — lim — -
i f W) = = f ] e

//hd z,2) - (m(z) + w(z, 2)x°(2)) dzdz

and a direct computation shows that

// ha(zx, 2) - (M(z) + w(z, 2)X°(2)) dzdz
= [ hallmnt ot NagiPar+ [ nifuilxate) aza.

Hence, by [7, Section 1.2] it remains only to prove that
lim sup FE (g, x) < F (@, 70) + 9. (4.19)
k—o00
As already observed in the proof of the lower bound, we have to be careful in applying
Proposition 4.2 because the characteristic function X,i is not periodic. However, for

1
Ry = f/ |Vm\2dxf/ |vm|2da:=/ __|Vide
2 Jal (e, E)NQ Qi \(ex E)NQ
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we see from the 2-equiintegrability of (Vimy), (with (3.10)), as well as from the fact that
|4\ (exE) N Q| — 0 as k — +o0, that [Rx| — 0 as k — +oo. Finally, from (3.10) and
Corollary 4.3 (ii), we infer that

k—o0 k—o0

lim sup Fj (1g) = limsup/ \Vin?de < F(a,m) + 9.
(ex E)NQ

This yields (4.19) and concludes the proof of Theorem 1.4. O

APPENDIX A. HIGH-CONTRAST COMPACTNESS
We provide here a proof of Lemma 2.7.

Proof of Lemma 2.7. We will deliberately switch to subsequences below without relabeling
the sequence itself. The assumptions together with inequality (2.13) entail that (myg)g
and (¢, Vmy), are bounded in L?(Q;R3). Thus, usual two-scale compactness properties
(cf. [2, Proposition 1.14]) yield the existence of m € L*(Q; W2(Q;R*)) such that, up to
subsequences,

mi Xom,  exVmy, 2 Vom weakly two-scale in L?(Q;R?). (A1)

Additionally, there exists m; € L%(€2; R®) such that, up to a subsequence,
XEmy — my weakly in L(Q;R?). (A.2)
Now, from (2.11) and Proposition 2.4 we infer that on the one hand
ex Xk Vg 23V m weakly two-scale in L%(Q;R3*?).
On the other hand, since (xiVmy)x is bounded in L?(Q;R) by (2.13), we also have
exxpVmy, — 0 strongly in L(Q;R™).

Consequently, we find that V,m(z, z) = 0 on 2x @1, and in particular that m is independent
of the micro-variable z in @1, i.e., that with Lemma 2.6(ii) yields

1
X' (2)m(x, 2) = mxl(z)ml(aﬁ) for a.e. x € Q. (A.3)
1
Next, we will show that, up to a subsequence, there holds
my — % weakly in WH2(Q;R?). (A.4)
1

This implies that m; is actually an element of W12(Q;R3). By virtue of estimate (2.13)
and the properties of the extensions, we conclude that there exists m € W12(Q;R3) and a
subsequence of (17;)x that converges weakly in W12(Q; R?) and even strongly in L?(£2;R?)
to the limit 7. Because strong L2-convergence implies weak two-scale convergence as stated
in Lemma 2.6 (ii), it follows readily that

XMy = Xy 2yl weakly two-scale in L?(Q;R?),
and then by (A.1), (A.3), and the uniqueness of the two-scale limit we find
~ mi
m=—.
Q1]

Defining
w(z, z) :=m(x, z) — m(z), (A.5)
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we have that w € L?({; Wol’Q(Qo; R3)) and we obtain (2.15). Properties (2.14), (2.16), and
(2.17) follow by construction. This concludes the proof. O

APPENDIX B. I'-LIMIT OF THE MATRIX RELATED ENERGY

We present a concise proof of the I'-limit claimed in Proposition 4.2. To that end we fix
m € Wh2(€; S?).

Step 1: Lower bound. Let (m.). be a sequence converging in W1?(Q; S?) weakly to m. We
first show that

Z(m) < liminf Z.(m.). (B.1)
e—0

Since the sequence (mg). is uniformly bounded in W2(Q;S?), we know by virtue of
classical two-scale compactness properties (cf. [2, Proposition 1.14]) that there exists
my € L?(Q;WLP(Q;R")/R) such that, up to a subsequence, (Vm,). weakly two-scale

per

converges to Vm(x) + V,mi(x, z). Moreover, by [3, Proposition 3.2] there holds
mi(x,z) € Tm(w)S2 for a.e. (z,2) € 2 x Q.

Using additionally that
Se(as)(x,2) = Se(X(ep B)n0) (7, 2) = X1(2)

we conclude from Lemma 2.6 (ii) immediately that

el 2 1 e el 2
hgl_}(l)lfi/QQAVmA dx—luen_}glf2/g/l|55(Vmg)\ dzdz

1
27// Vm(z) + Vomi (z, 2)[2 dzdz
2JaJq

g

Step 2: Upper bound. For v, € WH2(€; Coar(@; R3)), we define the perturbation

me(x) =7 (m(:c) + et (x, g)) , (B.2)

1

inf = |Vm + V(2)]* dz|da.
1,2 2

SOEWpe’r (Qle(z)S2) 1

where 7 is the customary projection onto S? (compare (3.7)). The functions m. are in
particular well-defined for ¢ sufficiently small. There holds

Mme — M strongly in L?(; R?). (B.3)
Furthermore, owing to the argument in [13, Theorem 2.3, line (60)] there also holds
Vme 23 Vm + V. m Vr(m) strongly in L?(Q; R3*3). (B.4)

We claim now that for every § > 0 we can chose v, = @Z)fn such that the corresponding
sequence (m?). defined in (B.2) fulfils

lim sup Z. (u, m?) < Z(u,m) + 6. (B.5)

e—0
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By classical I'-convergence arguments (cf. [7, Section 1.2]), this would then establish the
I' —lim sup inequality. We first observe that using the strong two-scale convergence in (B.4)
we have, similarly to step 1,

e—0

1 1
lim 3 ac|Vme|*dz = 5/ ac|Vm + Vb,V (m)|* dz. (B.6)
Q Q

Now, because C2,(Q;R3) is dense in W12(Q;R3) and the right-hand side of (B.6) is con-

per per
tinuous with respect to the W12(Q;R3)-topology, we conclude that there exists @bfn €
Wh2(Q; 0 (Q;R?)) such that

per

1
inf = |Vm + Vp(2)]?dz|dz + 6,
PEWE QTS 2 S
where we used additionally that VoVm(m) = Ve for all ¢ € Wplé%(Q; T,,S?). This con-
cludes the proof.

1
lim = a€|Vm5|2d$§ /
2 Ja Q

e—0
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