OPTIMAL CONTROL PROBLEMS DRIVEN BY NONLINEAR DEGENERATE

FOKKER-PLANCK EQUATIONS
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ABSTRACT. The well-posedness of a class of optimal control problems is analysed, where
the state equation couples a nonlinear degenerate Fokker-Planck equation with a sys-
tem of Ordinary Differential Equations (ODEs). Such problems naturally arise as mean-
field limits of Stochastic Differential models for multipopulation dynamics, where a large
number of agents (followers) is steered through parsimonious intervention on a selected
class of leaders. The proposed approach combines stability estimates for measure solu-
tions of nonlinear degenerate Fokker-Planck equations with a general framework of as-
sumptions on the cost functional, ensuring compactness and lower semicontinuity prop-
erties. The Lie structure of the state equations allows one for considering non-Lipschitz
nonlinearities, provided some suitable dissipativity assumptions are considered in addi-
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tion to non-Euclidean Holder and sublinearity conditions.
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1. INTRODUCTION

1.1. Presentation of the problem. The aim of this work is to study a class of optimal
control problems driven by a dynamic of the type

{@,ut = —v -V + oAy — divy, (o[t p](2) ) (t,z,v) € (0,T] x R?? (1.1)

Lo = fi (z,v) € R,

where 0 € R and the drift field v is allowed to depend explicitly on a solution p of the
problem. Hence, the above is a nonlinear Fokker-Planck equation driven by a nonlocal
drift field v[t, ] depending on the state of the system, a typical example being the choice

oft, ] (2) = H(t,2) * pu .

Furthermore, (1.1) is the natural mean field counterpart of second order multi-agents
systems with additive noise, see (1.3) below. In fact, in this case a drift field of the
form v[t, p| naturally arises if one assumes that the natural dynamic is driven by mu-
tual interactions (see Appendix D). These type of mean field systems are in connection
with a great number of applications. Indeed, multiagent systems have been used in
several contexts, such as in biology to model cell aggregation [15,19,23, 26], in chem-
istry to model chemical networks [30, 37, 38], or even to describe human interaction
in social sciences [14,20,31,45]. Furthermore, controlled leader-follower multiagent
systems have been used, for instance, in the context of gene regulation in microbial
consortia [34,44], traffic control [41], swarms control [7], or even oil cleaning through
controlled robots [49]. The controllability of this kind of leader-follower systems, with
a fixed finite (sufficiently small) number of followers, has been widely studied, see, for
instance, [9,28,29]. On the other hand, the mean-field approach for a large number
of followers has been considered for instance in [3] for crowd control and in [40] for
prevention of maritime crime. A general study of these mean-field control problems
arising from first-order leader-follower systems with additive noise has been presented
in [8], while the notion of continuification of controlled systems has been further explored
for instance in [32,33]. It is clear that this list of applications and references is far from
being exhaustive. Furthermore, let us stress that one could be interested in the control
of a second-order system, as in [1,2], in which the followers are subject to an additive
noise only in the velocity component. Hence, we consider (1.1) as a second-order gen-
eralization of the mean-field system obtained in [8].

Before describing our point of view in detail, it is useful to give a closer look to
the notion of solution we need to consider when dealing with (1.1). Indeed, the well-
posedness of the class of optimal control problems we consider heavily relies on stabil-
ity estimates for solutions in suitable spaces. Thus, this structure immediately suggests
that it is natural to look for solutions to (1.1) in Wasserstein spaces (see Section 2), and
hence the definition of solution to (1.1) we are interested into is the following.

Definition 1.1. Letp > 1, T > 0 (possibly T' = oo) and iz € W, (R??). A continuous curve
of probability measures p € C([0, T]; W,(R?*?)) is a solution of (1.1) if and only if for all
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Y € C°(R??) and for all ¢ € [0, 7] it holds

/de W dpy — /RM Ydp = /0 /Rgd (v- Vb +0[s, p|(2) - Voo + 0 Ay)) dus ds. (1.2)

If T" = oo, we say that p is a global solution of (1.1), otherwise we call it a local solution.

As a first goal of our work, we will focus on uniqueness and stability issues for (1.1).
In doing so, we consider a set of assumptions on the drift term v[t, u] which is as gen-
eral as possible and allows for possibly unbounded non-globally Lipschitz drift fields
provided some Holder continuity combined with a dissipativity condition are satistied
(see Assumptions (v) below). Indeed, we refer to vz as a dissipativity condition since
for p = 2 it is implied by the metrical dissipativity condition considered in [17], see
also [16], as shown in Appendix A.

Despite the presence of a nonlinearity in the structure of (1.1), the results we are going
to show strongly rely on well-posedness results for a linear counterpart, that has been
analyzed in [5]. Furthermore a key point for uniqueness and stability issues consists in
showing that (1.1) is indeed equivalent to its McKean-VIlasov counterpart, in the sense
that a solution p is always the law of a stochastic process of the type

dX(t) = V(t)dt
dV (t) = o[t, u](X(t), V(t))dt + v20dB(t) (1.3)
X(0)=Xo V(0)=VW  p=Law(X,V),

where B is a d-dimensional Brownian motion on (Q2, 3, P), v : [0, T x C([0, T]; W, (R?%)) x
R — R?is a measurable function, ¢ > 0 and Z, = (X,,Vy) € LP(Q;R*). For
this reason, throughout this work we fix a probability space (2, %,P) and we con-
sider the following adapted formalism for McKean-Vlasov SDEs to the case of our in-
terest. For simplicity, by Z € LP(Q; C(R;;R*!)) we actually mean that {Z(t) }icjo1) €
LP(Q; C([0, T); R*®)) for all T' > 0.

Definition 1.2. Let p > 1, T" > 0 (possibly 7" = o0) and consider the McKean-Vlasov
SDE (1.3), for t € [0,7]. We say that a stochastic process Z = (X, V) is a strong soution

of (1.3) if Z € LP(Q; C([0, T; R?%)), [ |o[t, u](Z(s))| ds < oo forall t € [0,T] and

X(t) = Xo + /tV(s)ds and V(t) =V + /tn[s,u}(Z(s))ds +V20B(t), (14

fora.a. t € [0,7] a.s., where u = Law(Z). We say that uniqueness in law holds for (1.3)
if for any two strong solutions Z;, Z, we have Law(Z,(t)) = Law(Zy(t)) for all ¢ € [0, T].
We say that pathwise uniqueness holds for (1.3) if for any two strong solutions Z;, Z,
we have P(Z, = Z,) = 1. Clearly pathwise uniqueness implies uniqueness in law, while
the converse is also true by [18, Theorem 3.2]. For such a reason, we just state that the
strong solution is unique.
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1.2. Our assumptions. Specifically, in order to state our main results we need to in-
troduce a suitable set of assumptions to consider. For any p > 1, ¢ > 0 and p €
C([0, T]; W, (R?*®)) we set

My(t, ) == sup M,(p5) := sup /QdIZI’”dus,
R

0<s<t 0<s<t

then the assumptions we will consider throughout this work are the following ones.

Assumptions on v: ()

(0g) v : [0, +00) x C(RF; W,(R*)) x R* — R'isa Carathéodory map, i.e. it is
continuous in the variable (u, 2) € C([0,T]; W,(R?*¥)) x R* and measurable
in the variable t € [0, T].

(vy) Forall T > 0 there exist two constants K > 0 and § € [0, 1) such that

olr, a)(2)] < K (1l + of? + (VT )

for every z € R*, t € [0, 7] and for every p € C([0,T]; W,(R*?)).

(vy) For all T > 0 there exists an exponent o € (3, 1] with the property that for
all R > 0 there exists a constant L > 0 and such that for all ¢ € [0,7], for
all p € C([0,T); W,(R?*)) with M,(T,p) < R and for all 21,2, € R* with
’Zl|, ’22’ < R it holds

[o[t, 1] (21) = oft, ) (22)| < L (21 — 22| 5 + o1 — 0a]*) .
(v3) For all 7' > 0 there exists a constant D > 0 such that for any couple of
stochastic processes Z; = (X;,V;) € LP(Q;C([0,T];R*) with X} = V; in
0,77, Z1(0) = Z5(0) and p/ = Law(X;,V;), j = 1,2, it holds

/0 E[[Vi(s) — Va(s)[""(v[s, u')(Z1(5)) — v[s, u*](Za(s))) - (Vi(s) — Va(s))] ds

t
<D sup E[|Z1(2) — Zy(2)|P] ds Vt € [0,T].
0 0<z<s
(vy) Forall T > 0,t € [0,7] and p', u? € C([0,T]; W,(R??)) with u! = p? for all
s € ]0,t] it holds v[t, u'] = v[t, u?].

- J

Despite its generality, it is clear that the dissipativity condition (v3) is not easily ver-
ified. However, we can still provide some sufficient conditions for its validity, see Ap-
pendix A. In the notation for v, we separate the variables ¢t and p and (X (¢), V'(¢)) for the
following reason: throughout the proof of the main theorem, we will freeze the variable
p and study (1.3) as a simple SDE, and we only need measurability in .
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1.3. Main results. Our first main result concerns well-posedness of (1.1) in the sense
discussed above of which we give a precise statement here, while for the proof we refer
to Section 3.

Theorem 1.3. Let p > 1, u € W,(R*?) and suppose Assumptions (v) hold. Then the non
linear Cauchy problem (1.1) admits a unique global solution p € C* (R$; W,(R?*)), where
1

Yo = maxqapy that can be charachterized as follows. Let B be a d-dimensional Brownian motion
and (Xo, V) € LP(Q;R??) be independent of B with i = Law(X,, Vy). Then there exists a
unique global strong solution (X, V') € L*(Q; C(RJ; R?*®)) of (1.3) and p is the unique solution
of (1.1). Furthermore, for all T > 0 there exist two functions C : Rf — R{ and d: R xR —
R such that C is non-decreasing, ®(t;-) is non-increasing for all t > 0, ®(-; h) is a Young
function for all h > 0 and it holds

— — W (e, s
M 1) + W e (Tops) + sup 220 0) oy (15)
rl o<ts<T [t — 8|
t#s

where K is the constant defined in (v,).

Furthermore, we derive the following stability result for solutions to the nonlinear
system.

Corollary 1.4. Fix 1 € W,(R*?) and consider a function v : [0,T] x C([0,T]; W,(R??)) x
R?? — R? sequence v; : [0, 7] x C([0, T]; W,(R??)) x R?*? — R? satisfying Assumptions (v),
where the constants K and D in (vy) and (v3) are independent of j. Denote by IC the set of
curves of probability measures p € C([0, T]; W,(R?%)) satisfying (1.5). Assume that

lim v;[t, pl(2) = v[t, pl(2), forany tec[0,T],n €K,z c R

Jj—00
Let p?, p be the unique solutions of (1.1) with v, and v. Then

lim sup W,(uf, pe) = 0.
I 0<t<T

Eventually, we will turn our attention to optimal control problems connected with
nonlinear Fokker-Planck equations. In the situation we consider, a two population sys-
tem is given. A discrete leader population Y;(t), with i = 1,...,m, is controlled by a
policy maker whose aim is steering a population of followers towards a decided goal
through mutual interactions. As naturally done in the kinetic approximation of multi-
agent systems, the followers population is described by a distribution x(t), whereas
the dynamic is a second order one. Indeed, control fields act on the leaders Y;, with
i =1,...,m. Furthermore, the diffusion term A,y reflects the presence of additive noise
on the velocity of the generic follower as in (1.3). Specifically, the control dynamic we
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consider is of the form
8tﬂt = —v -V + 0Dy py — lev((U[ ]( )
‘ +roft, Y (1), W(t)|(2)e))  (t,2,0) € (0,T] x R*
Y(t) =W(t) = Flt,p](Y (1)) +ult, p) te(0,7]
Ho = [, Y(()) = ?7 W(O) = W>

under some specific assumptions thoroughly described in Section 4 and that allow for
admissible controls u(t, ;1) to allow the policy-maker to tune its action on the state of the
system. In this sense, our results can be seen as a genaralization to second order systems
of control problems considered in [5]. However, a relevant difference is that we allow
for a way more general structure of the drift v[¢, u| considering unbounded Lipschitz
frameworks. Then equation (4.1) is coupled with the cost functional

f[u]:/o c(t,Y,,u,)dt+/0 U(u(t, p))dt,

where (Y, p) is the solution of (4.1) with control u, £ is a Lagrangian functional ac-
counting for closedness to the decided target and W is a convex control cost. The specific
assumptions on admissible controls and on the functional F are discussed in Section 4.
Thus, our second main result consists in showing the existence of a minimizer as it is
stated below.

Theorem 1.5. Suppose that Assumptions (v), (w), (F') and (F) hold and let A be the class of
admissible controls described via Assumptions (A). Then the optimal control problem

(1.6)

( Problem 1 1

Find w* € A such that
Flu*] = min Flu].

ucA

admits at least a solution.

These control type results can be applied to various problems arising from real life
phenomena. A model application is presented in Appendix D. It can be considered
as a second order generalization of multiagent control problem analysed in [8, 9], as
proposed, for instance, in [1,2].

1.4. Structure of our work. The paper is structured as follows. In Section 2 we intro-
duce the notation and we give some preliminaries on the involved spaces of functions
and measures. In particular, in Section 2.5 we recall the statement of the well-posedness
result in the linear case, as shown in [5], and, at the same time, we prove, in Proposition
2.3, a moment estimate that will be crucial in the remainder of the work.

Section 3 is entirely devoted to the proofs of Theorem 1.3 and Corollary 1.4. The proof
of Theorem 1.3 is divided in 6 steps: first we prove the existence of the solution in case
v is uniformly sublinear (i.e., when v; holds without the additional term involving the
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measure) for a finite time horizon; this is right after extended to the general case, still
for a finite time horizon; next, uniqueness of the local solution is shown and then this
is used to construct the unique global solution; once existence and uniqueness has been
shown, the Holder continuity (in the Wasserstein distance) and finally the higher mo-
ment estimate is shown. Corollary 1.4 represent a stability result in terms of suitable
perturbations of the velocity field v. Notice that, since v; could be not trivial to verify,
sufficient conditions, including the metric dissipativity condition, are given in Appen-
dix A.

In Section 4 we discuss the optimal control Problem 1 on the PDE-ODE system 1.6.
Precisely, we first prove the existence and uniqueness of the solution of (1.6) for any
given control u, together with a stability result with respect to suitable perturbations
of the control function. Technical results related to the PDE-ODE systems are left in
Appendix B. Right after, we set the control problem and then we prove Theorem 1.5.
Possible different classes of admissible controls are described in Appendix C while a
specific example is given in Appendix D.

2. USEFUL NOTATION AND PRELIMINARY RESULTS

Throughout the paper, C' will denote any constant depending at mostond, «, 5,0, p, T
and 1z whose value is not relevant.

2.1. Wasserstein spaces. Let (8, dy) be a complete separable metric space and B(B) be
the Borel o-algebra on B. We denote by P(B) the space of (Borel) probability measures
on ‘B. For any p,v € P(B), let II(i, v) be the set of (measure) couplings of y and v
(see [46, Definition 1.1]), i.e. Borel probability measures v € P(8 x B) such that for any
A, B € B(®8) we have

VA X B)=pu(A), (B xB)=v(DB).
For any p > 1 and 7, € ‘B we denote by

M, (s ) = /% (d (2, 20) P ()

the p-th moment (with respect to xy € B) of i € P(B). It is clear that if M,(u; xy) < 0o
for some z, € B, then it is finite for all x, € B. The p-th Wasserstein space over ‘B is
defined as (see [46, Definition 6.4])

W,(B) .= {pn e P(B) : M,y(u;x0) < o0,Vzy € B},
equipped with the distance (see [46, Definition 6.1])

P

Wp(p,v) = inf (/%X%(d%(ﬁy))”dv(x,y))

Y (p,v)

It is well-known (see [46, Theorem 6.18]) that W,(B) is a complete separable metric
space. If *B is a Banach space, then we will denote M, (1) := M,(u;0).
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2.2. Spaces of continuous functions and related Wasserstein spaces. For any 7" > 0,
we denote by C([0,77];B) the space of continuous functions f : [0,7] — B equipped
with the uniform distance, i.e.
doo(f.g) = sup dw(f(t),g(t)).
t€[0,T]

Clearly, C([0,77];B) is a complete separable metric space. Furthermore, we denote by
C(Rg;B), where R := [0,+00), the space of continuous functions f : Rf — %B. In
general, for reader’s convenience, we will directly refer to C(Rg; B) as C([0, T]; B) with
T = o0.

Furthermore, for any ¢ € [0,7], we denote by ev, the evaluation map defined on f €
C([0,T];B) as evy(f) = f(t). For any given measure p € P(C([0,7];B)) and any ¢ €
[0, 7], we denote

pe = eviip,
where f denotes the pushforward.

In what follows, we will use the notation . € C([0,T]; W,(*B)) to denote continuous
curves of probability measures, with g = { ,ut}te[o’T]. In particular, if 9B is a Banach space
and T < oo, also C([0, T']; W,(B)) is a Banach space under the norm

(VI,(T. ) = sup (My(1e)7
We write € W,(C([0,T];B)) to state that there exists a Borel probability measure (that
we still denote u) on C([0,T];B) such that i, = evffu. With this identification, we can
say that W,(C([0,T];8)) C C([0,T]; W,(*B)), since, clearly,

MP(T7 p) < My(p),

where the second p-th order moment is taken in W, (C([0, T]; B)).

Notice that for any 77 > T and any p = {1 }rejo,r) € C([0, T1]; W, (B)) we still denote
1 = {itt}icom) (i-e. truncating the flow at 73), so that with such an identification we
have C([0,T31]; W,(8)) C C([0, T5]; W,(B)).

For any v € (0,1] and 7' > 0 (with T # o0), we can consider the set C7([0,T]; W,(B))
of v-Holder continuous curves, i.e. p € C7([0, T]; W, (8)) if and only if

W, s

Sup p(ﬂm M )

o<ts<T |t — 8|
t#s

Thanks to the previous identification, we can also define the set C (Rj; W,(B)) of
locally v-Holder continuous curves, that is to say that p € C}_(R$; W,(B)) if and only
if pe C([0, T); W,(B)) forall T > 0.

2.3. Random variables and couplings. Throughout the paper, we will fix a probability
space (2,3, P) on which all the random quantities will be defined. In general, we call
any measurable function X : 2 — ‘B a *B-valued random variable and we denote the
set of all B-valued random variables as M(£2; B).
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The law of a random variable X € M(€;*B) is defined as Law(X) = X{P, i.e. for any
A€ B(*B)
Law(X)(A) = P(X!(A)).
We denote by LP(2;B) the subspace of M(£2;B) of random variables X with the prop-
erty that there exists x( € 9B such that

E[(ds (X, x0))?] < o0, (2.1)

where E is the expected value. It is clear that if (2.1) holds for a specific choice of z, €
B, then it holds for any z, € B. We define a coupling of two probability measures
wu,v € P(B) as any random variable (X,Y) € M(Q;B x B) such that Law(X) = p
and Law(Y) = v (see [46, Definition 1.1]). It is clear that for any p,v € P(*8) and any
measure coupling v € II(u, v), there exists a coupling (X,Y’) such that Law(X,Y) = ~.
Also note that 1 € W,(8) if and only if for any X € M(Q;B) with Law(X) = p it holds
X € LP(€;*B). In particular, this means that we can rewrite the Wasserstein distance
between 1 and v as

Wy (1, v) = E[(dw (X, Y))"].

inf
(X,Y)ELP (0B xB)
Law(X)=p, Law(Y)=v
For T' > 0 (possibly 7' = oo) and X € M(£; C([0,77;B)), we can define for any ¢ € [0, 7]
X(t):Q— B
wi— X (1) (w) = evy (X (w)).

Hence, X (t) € M(€;B) for any ¢ € 0,7, and if Law(X) = p, then Law(X (t)) = 1. In
particular, we can identify X as a B-valued stochastic process with continuous trajecto-
ries.

2.4. Young functions. Let us recall the definition of Young function: we say that ® is a
Young function if for any > 0

®(z) = /: o(y)dy,

where
(i) ¢(0) =0and p(y) > 0 foranyy > 0;

(77) ¢ is non-decreasing;

(i7i) ¢ is right-continuous;

(iv) lm @(y) = +o0.

Yy—+00
We say that a Young function ® satisfies the A, condition if there exists a constant Cg > 1
such that for any = > 0
?(22) < CpP(x).

It is known (see [42, Remark 4.4.6]) that any Young function ¢ satisfying the A, condi-
tion is such that there exist two constants Cy > 0 and p > 1 such that

O(z) < CyaP, Vo > 1.
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The converse is not always true. By definition, Young functions are non-decreasing,
convex, and satisfy

lim ()

T—+00 €T

:+()O

For further details on Young functions, we refer to [42, Chapter 4].

For our purposes, it will be useful to consider moments with respect to Young func-
tions. Indeed, let @ : [0, +00) — [0, +00) be a Young function and (8, dy) be a complete
separable metric space. Then for any p € P(*B), we define

Ma(psan) = | (da(i,a0)) dia)
b

and we say that u € W (*B) if and only if there exists zy € B such that M (1; 29) < 00
(or, equivalently, Mg (p; 29) < oo for any z, € B). If B is a Banach space, then we set
Mg (1) == Mg (p;0). Observe that, for instance, if we set ®,(z) = 2? for p > 1, then
We(B) = W, (8). Similarly to what we did for the moments of order p, we set

M‘I’(ta IJ’) = Sup M@(ﬂs)
0<s<t
for any p € C([0,T); Ws(*B)), where B is a Banach space.

An important result that will be frequently employed is the de la Vallée-Poussin Theo-
rem (see [36, Theorem T22]). More precisely, it states that a sequence X, of random vari-
ables is uniformly integrable if and only if there exists a Young function ® : [0, +00) —
0, +00) such that ®(z) < z? and

sup E [D(|Xn])] < .

We use this result in combination with the Dunford-Pettis Theorem (see [13, Theorem
4.30]). Indeed, if for some p > 1 we have X € LP(Q)), then the set {|X|?} is clearly
a weakly compact set in L'. Hence, it must be uniformly integrable and thus by the
de la Vallée-Poussin Theorem we know that there exists a Young function such that
E[®(]X]|")] < co. This proves the following result.

Proposition 2.1. Let ;o € W, (B). Then there exists a Young function ® with the property that
®(z) < 2? and defining @,(x) = ®(2) we have p € We, (B).

2.5. The linear equation. Given a function F : [0, +00) x R* — R¢ we will consider
the following set of assumptions:

(Ag) F : [0,+00) x R?** — R? is a Carathéodory map, i.e. it is measurable in the first
variable and continuous in the second one;
(A;) For any 7' > 0, there exist two constants C' > 0 and 3 € (0, 1) such that

P(t,z,v) < C(1+ 2|5 + o)),
forallt € [0,7] and (z,v) € R?%,;
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(A;) For any T > 0 and any compact set K C R?? there exist two constants L > 0 and
a € (B, 1] such that

|F(t, 21,01) — F(t, 29,05)] < L(|21 — 22|5 + |01 — v2]°)

forall ¢t € [0, T] and (x1,v1), (22, v2) € K.
We also define

F(t
[Flgr = sup ( ,ﬂx,v) .
teo,1] 1+ |z|3 + |v|?
(z,v)ER?4

We recall the following existence and uniqueness result for an associated linear sys-
tem proved in [5].

Theorem 2.2. Under Assumptions (Ag),(A;) and (Asy), for any pio € Wi (R*) and T > 0, the
equation

{@ut = 0 Vo + 0Dty — divy (F(t, 2)pe)  (t2,v) € RE x R, 02

po =T (z,v) € R*,

admits exactly one global solution p := {ju},cps € C(Rg; Wi (R?)), which can be charac-

terized as follows. Let B be a d-dimensional Brownian motion and (Xo,Vy) € M(;R*?)
be independent of B and such that Law(X,, Vo) = [, then there exists a stochastic process
(X, V) € LY(C([0,T);R*)) for all T > 0 such that p = Law(X,V) and (X, V) is the
pathwise unique strong solution to

dX(t) =V (t)dt teRS
dV(t)=F(t, X(t),V(t)dt+V20dB(t) teR§ (2.3)
X(0) = X, V(0) = Vo,
Actually, we can show that the solution p is slightly more regular, depending on the
regularity of the initial data 7z. Before doing this, we state an inequality that we will use

often throughout the paper, whose interest is not only related to the proof of the next
proposition. Precisely, for any 7" > 0 and p > 1 it holds

1 (2pvT\"  (p+1
<= (32 e (55) Y

that follows by Doob’s maximal inequality (see [43, Theorem II.1.7]) and the formula for
the absolute p-moments of a Gaussian random variable [.....].
We have the following result.

E [ sup [B(t)["

te[0,7

Proposition 2.3. Let Assumptions (Ay), (A1) and (Az) hold true. Let @ : [0, +00) — [0, +00)
be either the identity or a Young function satisfying ®(x) < x? and define ®,(z) = ®(xP)
forany x > 0and p > 1. Let p € C([0,T]; Wi (R?)) be the unique solution of (2.2). If
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€ We (R*) for some p > 1, then p € Wy, (C([0,T]; R?*?)) and there exist two constants
C4, Cy depending only on p, B, T and o such that

M (T, p) < Mg (1) < Cy (1+ Mo, (1) + [FI77) , (2.5)

~ 6761 [F}:Z‘_’TT
q)(’f’) = A .
3C,

If, furthermore, ® satisfies the Ay condition, then there exists a constant C' depending only on
O, p, B, T and o such that

Mo, (T, pt) < Cs (1+ Ma, (1) + [F]2y) e o, (2.6)
Finally, if we consider the solution Z = (X, V') of (2.3), it also holds, almost surely,

where

sup |Z(s)| < Cy (|Z()’ + [Flgr + 0 sup |B(s)]> eCrlFlsr+ DT (2.7)
0<s<T 0<s<T
Proof. Let us first show that if ® satisfies the A, condition, then (2.5) implies (2.6). In-
deed, in such a case, since ®(2z) < Cy®P(z) for a constant Cy > 1, we have

D(aP) < CLeE0Crlos(Co)lFI 1 T (7).

This is enough to prove the desired implication.

Now we prove (2.5). Let Z = (X, V) be any strong solution of (2.3) and recall that
p = Law(Z). By Assumption (A;) and the second equation in (2.3) we know that there
exists a constant C; depending on p and 7" such that

Vi <G (Wl + P+ (P [ (X + V) dr+ sup o7l

0<s<t

By using Young’s inequality on | X (7)| % and |V (r)[P® with exponents respectively 3 and

1 . . . .
3 and taking the supremum inside the integral, we get

V()P < G, (w HF o+ Pl [ sup (XGIP+ VP dr+07 sup |B<s>|”)

0<z<7r 0<s<t
(2.8)

for some constant C; depending only on p, T"and 3. Moreover, we also have, by the first
eqution in (2.3),

t
X(s) < Cy (|Xo|p+ e |v<z>|pd7), 2.9)
0 0<z<7

where (5 is a constant depending only on p and 7. Summing (2.9) and (2.8) and taking
the supremum, it is clear that

t
sup |Z(s)[" < Cy (IZol’“r [F]g,T+([F]g,T+1)/ sup |Z(z)["dr + 0" sup IB(S)I”>,
0

0<s<t 0<2<r 0<s<t
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where Cy = max{C5, C5} and we can use Gronwall’s inequality to get

sup |Z(s)]” < C; (izov’ +[FJfy + 0" sup |B<s>|") TR 210)
0<s<t ’ 0<s<t
For p =1, (2.10) implies (2.7).

Now we apply the function ¢ on both sides of (2.10), obtaining, by convexity and the

bound ®(x) < 2, setting Cy = 35,

B (sup 120)0) < @ (20 + FE 4 0% swp [BOP. @11

0<s<t 0<s<t

Finally, we take the expectation on both sides of (2.11) and we use (2.4) to achieve (2.5).
O

3. PROOF OF THEOREM 1.3 AND COROLLARY 1.4

3.1. Proof of Theorem 1.3. We proceed in four steps: first we prove the existence of
a solution under a stronger assumption; then we weaken such assumption to get the
actual existence result; next we prove uniqueness of the local solution; finally, we prove
existence and uniqueness of the global solution.

3.1.1. Existence with v uniformly sublinear. We first assume that v satisfies (), (v2) and
(v3), while we substitute (v;) with the following further assumption:

(0,) Forall T > 0 there exist two constants X' > 0 and § € [0, 1) such that
olt, 1)(2)] < K (14l + ul?)

for every z € R*, t € [0,T] and for every u € C([0,T]; W,(R*?)).

Let T > 0 (with T' # +o00) and (X, Vp) be any random variable independent of B with
Law(Xy,Vy) = @ Fix any curve of probability measures v € C([0, T]; W,(R??)) and
consider the following SDE.

dX(t) =V(t)dt te (0,77

dV(t) = F,(t, X (t), V(t))dt + vV20dB(t) te (0,T] (3.1)

X(0) = Xo,  V(0) =W,
where F,(t,z,v) = vo[t,v](z,v). Notice that, by Assumptions (vy), (b;) and (vy), we
know that the function F, satisfies Assumptions (Ay), (A1) and (A:), hence, by Theo-
rem 2.2, there exists a unique strong solution (X,,, V,,) € L'(Q2; C([0, T]; R?*?)) of (3.1). Let
v = Law(X,,V,). By Proposition 2.1, we know that there exists a Young functions ¢
such that ®(z) < 22 and € W5, (R*?), where ®,,(r) = ®(r?). Thus, by Proposition 2.3,
in particular (2.6), we know that

M,(D) < C(1+ [F,]2)eMr < C(1 4+ K*)e ", (3.2)
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where we also used Assumption (b;), and

Mz, () < C(1+ [R]F) < C(1+K™), (33)
where

O (r) = <C’eiC[F”]g’Tr) .
It is clear, since @ is increasing, that for all » > 0
O(r) =@ (Ce " 'r) < o <Ce‘C[F”]g,Tr> = 3 (r),
hence, by (3.3) we have
Mg (v) < C(1+ K™). (3.4)

Notice that both bounds (3.2) and (3.3) are uniform with respect to v. It is also clear, by
(3.2), that (X,,,Y,) € L*(Q; C([0,T]; R*)). Then we can consider the map

T :v € W,(C([0,T); R*)) s Tv = Law(X,,, Y,,) € W,(C([0, T]; R*%)).
We want to show that 7 admits a fixed point. To do this, we first prove that
Im(T) = {Tv: v e W,(C(0, T]; R*))}

is relatively (sequentially) compact in W,(C([0, T]; R?*?)). First, we claim that the family
{(Xo, Vo) boew, (c(o,1):r24)) is uniformly tight, i.e. for any ¢ > 0 there exists a compact set
K. C ([0, T]; R??) such that

sup P((X,,W) ¢ K.) <e.
veW, (C(]0,T);R24))

To prove this, we first fix v < 1/2 and consider the random variable

B(t) — B(s
Loy = sup [BO=BO)
t,5€[0,T] |t 5|
t#s

that is a.s. finite by the y-Holder continuity of the Brownian motion. By Fernique’s
theorem (see [21, Theorem 1.3.2]), we know that there exists a > 0 such that E [e®F51] <
oo, which in turn implies that E[|Lp,|"] < oo for all n € N. Furthermore, we observe
that

Vo (t) = Vu(s)| < / [o[7, ¥)(X,(7), Vo ()|dT + V20 L, |t — s

t
< Kt = sl + K [ (X0l + Vo)) + Va7 Lofi = of

< CK(1+ sup [Z,(7)])|t —s|+ V20Lp,|t —s|'
T7€[0,T]

< CK(1+|Zo|+ K+ sup |B(7)| + Lp,)e "t — s|7, (3.5)

T7€[0,T]
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where we used Assumption (b;) in the second inequality, Young’s inequality with ex-
ponents % and % in the third inequality and (2.7) in the fourth inequality. Furthermore,
we easily have

T7€[0,T]

X, ()~ X, (s)] < (sup rvm\) s sc(1+|zo|+K+ sup rB<r>|) -], (36)
0<r<T

where we used again (2.7). Consider, for any ¢ € (0,7 and n € N, the (random) modu-
lus of continuity

m(0) = Sup ]\(X,,(t)y,,(t)) = (Xu(s), Va(s))].
\ffslofg

Then we have, by (3.5) and (3.6),

m,(6) < C <1 +|Zo| + K + sup [B(7)| + LB,7> g
T7€[0,T
and taking the expectation

E[m,(8)] < C (1 + My (@) + K +E[ sup |B(7)|] +E [LB,Y]> 5 < C(1+ K)o

T7€[0,T]

where we used the inequality E[sup, ¢y 71 |B(7)]] < \/ Elsup, ¢y [B(7)[?*] and (2.4). Now
fix any ¢ > 0 and any 7 € (0, 1]. By Markov’s inequality we have

Efm, () 5

P(m,(8) > ¢) < SO+ K)—

£

(677)%

Hence, if we set 6y = CO+K)”

we get, for any § < o and any n € N,
P(m,(d) > ¢) <.

Combining this with the fact that Law (X, (0),V,(0)) = & for any n € N, we conclude
that the sequence {(X,, V,) }nen is uniformly tight by [11, Theorem 7.3].

Next, we claim that {(X,, V,,) }uew, c(jo,1);r2¢)) are uniformly LP-integrable, i.e., setting
v = Law(X,,Y,) and Bg = {Z € C([0, T];R*®), sup;cjo 7 |Z(t)| < R}, we have

sup lim sup |Z(t)[Pdv(Z) = 0.
vEW,(C[0,T];R24) B=+00 J ([0, 7);R24)\ By, t€[0,T)

Indeed, (3.4) guarantees that there exists a Young function ® such that

sup )E [5 < sup |(X,,(T),V,,(7‘))|p> < O(1 + K%),

veW,(C([0,T];R24) T7€[0,T]
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which in turn implies the uniform LP-integrability by the de la Vallée-Poussin Theorem.
Thus, by the characterization of relatively compact sets in Lebesgue-Bochner spaces,
shown in [47, Theorem 2.1], we know that

Im*(T) := {(X,.,Y,) € L2(9;C([0. T R™)), v € W,(C([0, T B>))

is relatively compact in LP(Q; C([0, T]; R??)), while by [4, Proposition 7.1.5] we get that
Im(7) is relatively compact.

Now we prove that 7 is continuous. Indeed, consider any sequence {v"},cny C
W,(C([0,T]; R*)) converging towards v € W,(C([0,T]; R*?)) and denote by (X, V)
the solutions of (3.1) with respect to v" for each n € N. Assume, without loss of gener-
ality, that

limsup W, (Tv",Tv) = nginoo W,(Tv", Tv)

n—-+00
and recall that there exists a subsequence {(X,,, , V.., ) }ren converging towards (X, Vi) €
LP(Q; C([0, T]; R*?)) both in the LP-norm and almost surely. Now we show that the limit
(Xoos Vo) is the solution of (3.1) associated with v. Indeed, by Assumption (vy), we
know that for any ¢ € [0, 7] and almost surely

i oft, 1] (X, (1), Vi (8)) = 0t 1] (X (1), Vi (1)). (3.7)

Now fix any w € 2 such that (3.7) holds. In the following we will omit the dependence
on w for the ease of the reader. By Assumption (v;), it holds
n B
o[t, ") (Xn, (), Vi (8) < K (14 [ X (0)]5 + Vo (1)) < CK(1+ sup [Z,, (1))

0<s<T

< CK(1+|2| + K + sup |B(s)|)e“",
0<s<T
where the upper bound is independent of ¢t € [0, 7] and n € N. Hence, by the dominated
convergence theorem, we get
t

Vao(t) = lim V,,, (t) = Vo + lim [ ofs, 0™ ](Xy,, (s), Vi, ())ds + V20 B(s)

k—o0 0

=V +/0 v[s, U](Xao(s), Voo (s))ds + V20 B(s),

while, since V,,, — V., uniformly almost surely,
t t
Xoo(t) = lim X, (1) = Xo+ lim [ V, (s)ds =Xy —l—/ Voo (s)ds,
k—o0 k—oo /g 0
i.e. (Xw, Vo) solves (3.1) with respect to v. This shows that for all k£ € N (X,,,,V},,) and
(X, Vo) constitute a coupling of 7v™ and 7 v and then
lim W,(Tv",Tv) = khT W, (Tv™, Tv)
—4-00

n—-+o0o
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Since v € W,(C([0, T]; R?*?)) is arbitrary, this implies that 7 is continuous.

We can then use Schauder’s fixed point theorem to ensure that there exists
p € W,(C(]0,T];R*)) such that u = Tu. We only need to show that p is a solution
of (1.1). To do this, let (X, V') be the solution of (3.1) associated with . Then, since
p = Tp = Law(X,V), the process (X, V') solves the McKean-Vlasov SDE (1.3). To
obtain (1.2), let ¢y € C2°(R??). By It0’s formula [39, Theorem 4.1.2] we have

BX (1), V(1)) = (X0, V) + / (V(s) - Vo (X (s), V(s))
ol WX,V (00 Tob(X(0) V) + oA )V ()

vy [ i v,

where B; is the j-th coordinate of the d-dimensional Brownian motion B = (By, ..., By).
Since ¢ € C>(R?), it is clear that forall j = 1,...,d it holds

o
]a—%<x<s>,v<s>>

< HVwHLOO(IR{Qd)ﬂ Vs >0,
hence [ g—;ﬁ(X (s),V(s))dB;(s) is a martingale [39, Corollary 3.2.6] and then

El gz( (s), V(s))dBj(s)} —0,j=1,....d

As a consequence we get

El(X(2), V(1) = E[Y(Xo, )] + E Uot (V(s) - Voo (X (s), V(s))

+ols, u(X(s), V(s)) - Voh(X(s), V(s)) + 0 A,(X(s), V(s))) ds (3.8)

Next, notice that
[V (s) - V(X (s), VI(s))| < [Z(S)] VY| oo (meay
[bfs, u](X (), V(s)) - Voo (X(s), V(s))] < CK(1 + [Z(s)]) [[VY oo (Roa)
oA Y(X(s),V(s)) <o

0 | A e oy
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hence
£ { /0 V(s) - Vatb(X(5), V(s))

+o[s, ] (X (s), V(s)) - Vo (X (s), V(s)) + 0 Autp(X(s), V(s))| ds

<C(1+ K)(”vw|’L°°(R24) + HA¢HL°°(RM)>/O E[1 +|Z(s)[]ds
<C(l+ K)(||v¢||L°°(R2d) + ||A1/}||L°°(R2d))(1 + M\(T; )T,

where we recall, by Holder’s inequality, that M (T u) < (M,(T; ,u,))% < o0o. Thus we
can use Fubini’s theorem in (3.8) to achieve

E[p(X (), V()] = E[¢(Xo, Vo)l + /0 E[(V(s)- Voo (X(s), V(s))
+ols, u](X(5), V() - Vot (X (s), V(s)) + 0 A,1p(X (s), V(s)))] ds.
Now we use the fact that j, = Law (X (¢), V(t)) and i = Law (X, Vp) to finally get

Wy, = wdp + / / (v- Vb +vls, u](2) - Voo + 0 Ay) dusds,
R2d 0 R2d

R2d

that is (1.2).

3.1.2. Existence for a general v. Now, let us consider b as in the statement of Theorem 1.3.
For any N > 0 let ny € C2°(R) such that supp(ny) C [-1, N + 1], nn(r) = 1 forany r €
[0, N] and ny(x) € [0,1] for any » € R. Define, for any ¢t € [0,7], u € C([0,T]; W,(R*?))
and z € R%*,

o[t ] (2) = oft, u](2) nn (M (L, 1)
By definition, vy satisfies (), (v2) and (v4). Furthermore, notice that

ot 1l(2)] < K (1++ [l +|yl® + OL,(T, )7 ) (W, (8, ).
If M,(t,pu) < N + 1, then
fowlt, ul(2)] < KN + 1) (14 [ +]y)°)

otherwise
fonlt 1)(2)] =0 < KV +1)» (1+1]al % +[y)?),

hence vy satisfies (b;). To use the first clam of this proof, it is not necessary to check
whether (v3) still holds. For any N € N, we can find a solution p¥ € W,(C([0, T]; R*?))
of (1.1) with drift vy and a stochastic process (Xy, Yy) € LP(Q2; C([0, T); R??)) solving
(1.3) such that u" = Law(Xy, Vy). Now we need to prove a further uniform bound
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on the moments M,(t, u”). To do this we argue as in the proof of Proposition 2.3. Fix
t € [0,7] and observe that for any s < ¢

|vN<s>|pso<|vo|p+ [ toxtr 1), Vi) P+ sup |B<T>|P)

0<7<T

< (a5 K [ (OIS + VP + 30y dr - sup 5071 )
0

0<7<T

S t
SC(|V0|p+K+K | Beaeir + WPy ar - & [ s uar+ s |B<T>|p),
0 0

0<r<T

where we used the fact that |oy[7, u™V](2)| < |o[7, uV](2)], Assumption (v;) and Young’s
inequality with exponents % and % On the other hand, for any s <¢

I Xn(@)F <C (|X0|p + /Os \VN(T)V’dT)

and then, setting Zx = (Xy, V),

s t
IZn(s)|P < C (|Z0|p +K+K/ |ZN(7')|pd7'+K/ MP(T;[LN)CZT—G— sup |B(7‘)|p) )
0 0

0<r<T

By Gronwall’s inequality, this implies

t
|[Zn(s)|P < C (|Zo|p—|—K+K/ M, (t; p™)dr + sup \B(T)|p) i,
0

0<7<T

Now take the expectation to achieve
t
My () < € (14 M0 4 K4 1 [ B ) 5, 39)
0

where we also used (2.4) (and Hoélder’s inequality if p = 1). Since (3.9) holds for all
s € [0, 1], we can take the supremum and get

t
My(t, ™) < C (1 + M,(n) + K + K/ WP(T;;J,N)dT) it
0
which in turn implies, by Gréonwall’s inequality,
M,(t, uN) < C (1 + K) T+, (3.10)
Now consider any N > C (1 + K) eX70+¢"") Then

onlt, (X (t), Ve (8)) = ot u™1(Xn(t), Vi (1)),

thus (X, Vi) solves (1.3), while p = Law(Xy, Vi) solves (1.1). This also proves the
first bound in (1.5).
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3.1.3. Uniqueness of the local solution. Let us first show that if p is a solution of (1.1), then
there exists a strong solution (X, V) of (1.3) such that u = Law(X, V). To do this, fix a
solution p of (1.3) and define F,(t,x,v) = v[t, p](x, v). Then p solves the linear PDE

Oppe = =0 - Vg + oAy piy — divy (Fu(t, 2) ) (t,z,v) € Ry x R,
Ho = [ (a:,v) € de?

hence, by Theorem 2.2 we know that o = Law(X, V) where (X, V) is the strong solu-
tion of (3.1). The fact that (X, V) € Lr(Q; C([0,T]; R*?)) follows by (2.6) where @ is the
identity. Hence, in particular, by definition of F),, (X, V') solves (1.3) as required.

Now assume that p!, u? € C([0,T]; W,(R??)) are both solutions of 1.1 and let Z; =
(X;,V;) € LP(Q; C([0, T); R??)) be the respective solutions of (1.3) with Law (X, V;) = u/,
J = 1,2. Define the auxiliary processes d.X (t) = X;(t) — Xa(t), dV (t) = Vi(t) — Va(t) and
0Z(t) = Z1(t) — Zy(t). Consider any ¢ € [0,7] and s € [0, ¢t]. For a fixed w € €2 for which
(1.4) holds, we have

oV (s,w) = /OS(U[T, p'(Zi(7,w)) — olr, w)(Zs(7,w)))dr,

ie. 0V(-,w) is absolutely continuous. As a consequence also [0V (-,w)|? is absolutely
continuous and by the chain rule and taking the expectation it holds

E[loV(s)]"] = pE VO SV (7)™ (olr, ! )(Z0(7) — ol7, u?](Ze(7))) - 6V (7)dr | .

Now we want to use Fubini’s theorem to exchange the expectation with the integral. To
do this, we observe that

8V ()" folr, u')(Z1(7)) — vl7, 4?)(Za(7))]
< CK(VOP + VP (141015 + 0 + X015 + ()]
+ (W, (r.u)” + (M (7, ) )
< CE(VA(n)P~ + Vo)) (1Xa (7)]F + 1 X))
+ CK(VA(n)PP~ + [Va(m) P~ + [Va(m) P17 4 [V ()P~
+ CK(Vi(r)P~" + [Va(r) ) ((Mp(ﬁ u)? + (3, (. .UQ))%>
< CK [1+ (VA(n)F + [a(n)P) + (X0 (0P + X2 ()P) + (My(7, 1Y) + (M7, 42)))]

3

where in the last inequality we used Young’s inequality. Taking the expectation it is not
difficult to check that

E[loV(n)["" [o[r, u')(Z1(7)) — ol7, w?|(Za(7))[] < CK(L+ M, (T, ') + M,(T, 1))
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where the right-hand side is independent of 7. Hence, we can use Fubini’s theorem to
get

E 5V ()] = p / CE I8V 2 (ol 1 (Zu(7)) — ol 12)(Za(r))) - 6V ()] dr

<CD sup E[|6Z(r)[P]dT, (3.11)

0 0<r<r

where we used the dissipativity assumption (v3). We also have, clearly,

E[[5X(s)] < C /0 B[OV dr < C /0 " sup E[62(r)|") dr. (3.12)

0<r<r

Combining (3.11) and (3.12) and taking the supremum over [0, t| we get

t
sup E[[0Z(s)["] < C(D + 1)/ sup E[|0Z(r)[F]dT.
0<s<t 0 0<r<r

Since this holds for all ¢ € [0,7], we can use Gronwall’s inequality to achieve
SUPg<,<; E[[0Z(s)["] = 0 for all t € [0,T], which in turn implies Z; = Z; a.s. Hence
p' = p?. Observe that this also shows that (1.3) admits a unique strong solution.

3.1.4. Constructon of the global solution. Now consider any increasing sequence 7;, T 400
and denote by p™ the local solution of (1.1) on [0,7},]. Let ny < ny and observe that
p" still solves (1.1) on [0, 71]. Hence, by uniqueness of the local solution, u™ = p" on
[0,71]. For such a reason, if we denote n(t) = min{n > 0: ¢t > T,}, we can define the
continuous curve of probability measures u € C(R{; W,(R?*?)) by setting

e = u?(t), vVt € Ry .

It is clear that p is the unique global solution we are searching for. Analogously, if we
set (X,,,V,) to be the respective solutions of (1.3), a similar argument shows that the
stochastic process (X, V) € LP(Q; C(RS; R*®)) defined as

(X (1), V(1) = (X (t), Van (1))
still solves (1.3) and p = Law(X, V).

3.1.5. Holder continuity of the solution. For any ¢t > 0, let ¥; be the o-algebra generated
by (Xo, Vo) and {B(s); s < t}. Then it is not difficult to check that (X, V) is a stochastic
process adapted to the filtration {¥;}:>0. Now let p be the solution fo (1.1) and Z =
(X, V) the solution of (1.3) with p = Law (X, V) = Law(Z). Let T > 0, ¢ > 0 and consider
h > 0such that 0 <t < t+ h < T, without loss of generality. Clearly, (Z(t + h), Z(t))
constitute a coupling of 1,4, and p,, hence

W, (piesn, 1) < (E[|Z(t+ D) — Z(0)7]))»
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Set V(h) = V(t+h)—V(t), X(h) = X(t+h)— X (t) and Z(h) = Z(t+h) — Z(t). Observe
in particular that

and then

. t+h . -
E [yX(h)\p} < hP1E [ / \V(s)\pds} < WM,(T; p) < O(1 + K)eKT+Npp - (313)
t

1)+ (e llFoor])’)

) (3.14)

where we used (3.10). As a consequence, we get

IR HX "

KT(1+K7T)

so((1+K)ée F—h+ \v |p

W (phtn, pte) < <E HZ(h)\p

hence we only need to estimate E H V(h)[P

] . We have

h ~ ~ ~
V(h) :/0 ofs, u)(X(s) + X (1), V(s) + V(1)) ds + V20 B(h).

Where v[h, p)(z) = b[t + h, p](z) and B(h) = B(t + h) — B(t). Fixe > 0 and set H,, .(z) =
(Jz]? + £)%. Once we recall that B is still a Brownian motion and H,. € C*(R?), we can

use [td’s formula to write
p

H, (V(h)) = <4
h ~ ~ ~ ~
n / (VH,(V () - Blr, pl(X(7) + X(0), V(7) + V(1) + 0 AH, V(7)) dr
Voo / VH, (V(r)dB(r).

Next, for any h > 0, let 5! be the o- algebra generated by {(X(s),V(s)), s € [0,¢]} and

{B( ); 7 € [0,h]}. Then (X V) is adapted to the filtration {E }h>o and then, for any
N € N, the random variable

Ta(h) := min{inf{r > 0: |V(r)| > N},h}
isa {i}i} n>0-stopping time. Observe further that

P

(TN( ) = e2

/ (VH, V() Bl Wl(X() + X(0. V(7) + V() + 0 A, (V(7)))

+ V2o / " G H LV (minr Te(h)))dB(r). (3.15)
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Before taking the expectation on both sides, observe that
VH,(2) = pllaf +¢)F 2 (3.16)
and then
[V H,o(V(min{r, Ty (h)}))] < pN(N? +¢)"7 .

Thus the process foh VH,.(V(min{r, Ty (h)}))dB(7) is a martingale [39, Corollary 3.2.6].
Hence, since 7y (h) is a bounded stopping time, we can use the optional stopping theo-
rem [43, Theorem I1.3.2] to get

E [ / " B (mingr. Te (W N)AB() | =0,

Taking the expectation in (3.15) and then the absolute value we achieve
E [ H,(V(Tw(h))] < &
" et ~ i ~ ~
+E UO <‘VHP,E(V(7')) o7, (X (1) + X (1), V(r) + V(t))‘ to ‘AHP,E(V(T))D dfﬂ}ﬂ)

Now we use (b;) and (3.16) to get

~—

[V H, o (7(7)) - Bl wl(R(7) + X(0), V(1) + V(1)
< pK(V (0 +2) % [P (0)l(1+ 1K) + X1 + V(1) +V<t>rﬁ+ (3,0 + 7:0)))
< CK(V()F +2)2 (14 [X0IF +1XO1F + [VOP + VO + (Wt + 7))

< CKH,.(V(1) + CK([V()P +2)"2 (1 + |X(r >|s+|X<>|3+|V<t>|ﬂ + (M, (t+ 73 )

W[

Q=

)-

To handle the second summand, we use Young’s inequality with exponent p, and then
we achieve

VHye(V(r) - 0lr, ) (X (7) + X (), V(7) + V(1))
< CKH,(V(r) + CEP(1+ | X(0)|¥ + | X (0¥ + V(O + Mt + 75 1)
< CKHyo(V() + CK(L+ [X (0P + | Z(t) P + M,,(T: ).
Taking the expectation this leads to
E[|VH,-(V (7)) - Bl w(X() + X (0, V() + V(1)

< CKE [Hp,s(f/(f))} + CK (14 (14 K)efT0+"Dy, (3.18)
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where we also used (3.10) and (3.13). Plugging (3.18) into (3.17) we have
E [, (V(Ta(n)] <&t + O / € [H,.(V(r)] dr
0

FOK(1+ (1 + K)eFT0+"N g 4 o / " HAHP78(17(T))‘ d7}3.19)
0

Next, observe that since V' is a global solution of (1.3), it cannot blow up in finite time,
hence it must hold limy_,, Ty (k) = h. Furthermore, for almost all w € €2, V (and then

IN/) is continuous. Hence, by Fatou’s Lemma, taking the limit inferior in (3.19) we get
E |Hy(V(h)] <&+ CK / E | H,(V(r))] dr
0

FOK(1+ (1 4+ K)eKT0+"" N 4 / " HAHW(V(T))‘ dT] . (3.20)
0

Furthermore, notice that
AH, () = p(|lz* + )7 [(p+ d — 2)|z]* + de],
hence
AH, V()| < CQP(R)P +6)F

Now we have to distinguish among two cases. If p > 2 we get, by Young’s inequality
with exponent -2,

AH, V()] < CO+ Hy ([T (W), (321)
Hence, using (3.21) into (3.20), we achieve

E [Hpﬁ(V(h))} <5+ Co(1+K) / " [Hp@mf))} dr

+ CK(1+ (14 K)fT0+ ),

Since h € [0, T — t] is arbitrary, we can use Grénwall’s inequality to get
E [Hp,e(f/(h))] < (e +OK(1 4 (1 + K)efT0+e0) h) LCO+EOh

It remains to take the limit as € — 0 to finally achieve, by the dominated convergence
theorem,

E [|‘7(h)|p} <CK(+(1+ K)eKT(HeKT))eC(HK)h

Using the latter inequality into (3.14), we have the local 1/p-Holder continuity of p and
the third bound in (1.5).

If p < 2 instead we use
p—2

)AHP75(17(h)) <Ce'F
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and then
E|H, (V)] < b+ CK /0 e |1, (V(7))] dr

+ OK(1+ (1 + K)e"T0+"" Ny 4 0™ p,

Again, by Gronwall’s inequality we have
E[[V(h)|P] <E [Hp,g<\7(h))] < (5 +COK(1+ (1 + K)eKT0+e ) 4 oghs h) K.

The latter inequality holds for any ¢ > 0 and any & € [0, 7 — t], hence, we can takee = h
so that

E[[V(h)]"] < (1 +COK(1+(1+ K)eKT<1+eKT>)> hEeCK.
Again, we get the local 1/2-Holder continuity of p and the third bound in (1.5) by (3.14).

3.1.6. Higher moment estimate. It remains to prove the second bound in (1.5). Again,
consider the Young function ® such that i € W, (R??). Observe that, by (v;) and (3.10),
we have, forall ¢t € [0,7] and z € R*

oft, ) (2) < C(L+ K)eSTH (1 4[] 5 + Ju]?).
Hence we can use (2.5) to get

M (0 (Top) < C(1+(1+ ) KT+eAT))

where
(’IV)<7’§ K) = <Ce*C(I+K)6KT(1+eKT)T) .

This ends the proof.
O

Remark 3.1. Notice that, to prove the existence of local solutions, Assumption (v3) is not
needed. Furthermore, for uniqueness, one only needs that Assumption (v3) holds on
solutions of (1.3).

3.2. Proof of Corollary 1.4. From now on, we fix the time horizon 7" > 0. Let Z; =
(X;,Vj) and Z = (X, V) be the solutions of (1.3) associated with v; and v respectively.
Then, clearly, p] = Law(X;(t), V;(t)) and pu; = Law(X (¢), V(¢)), hence
sup (Wy(ui, )" < C sup (E[|Z;(t) — Z(1)]"]).

0<t<T

0<t<T

Let 0 <t < T. Once we notice that §V(t) := V;(t) — V(t) is absolutely continuous, we
can use the chain rule to get for any s € [0, ]

EloVi(s)F] = pE U 8V, (1) P2 (o, 17) (2 (7)) — vl ) (Z(7))) - 8V (r)dr |
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Now notice that, by Young’s inequality and (v,) we get
V3 ()P Jojlr, 1)(Z;()) = olr, m)(Z(7))|
<O+ 1) (L4 1Z5(n)F +12(r)] + My(T; ) + My(T; )
and then
| EL ol w120 — ol (2]
< C(K + 1T (1+My(T; py) + My(T, p))
<C(K+1)T(1+ Hp(K)),

where we also used (1.5). Hence we can employ Fubini’s theorem to get
EQSVi () = | E IOV (o7} 25 () ol ) (7)) - 6V5(7)] e
= p/os E[l0Vi(n)"™* (v,[7, w)(Z;(7)) = vjlr, pl(Z(7))) - 6V; ()] dr

iy / CE[I8V(r) P (0,0, BI(Z(7) — ol wl(Z(7))) - 6V (7)) dr
— I, + L. (3.22)

For the first term, we use (v3) to get

S

L <D sup E[|0Z;(r)[F]dr, (3.23)

0 0<r<tr

where 6Z;(r) := Z;(r) — Z(r). Next, we move to I,. To handle it we use Young’s in-
equality as follows

I, < p/OS E[[0V; ()" o[, u)(Z (7)) — ol ul(Z(7))|] dr

<C (/OS sup E[|0Z;(r)|"]dr + /05 Elloj[7, u](Z(7)) — o[r, p](Z(7))|?] dr) (3.24)

0<r<r

We denote ,
Rj(8)=/0 Efloj[r. p](Z(7)) — o[r, u](Z(7))["] dr

and we notice that it is a nondecreasing function. Hence we get, combining (3.22), (3.23)
and (3.24)

E[|6V;(s)]"] < C(1 + D) / sup E[|02;(r)") dr + CR;(s). (3.25)
0 o<r<r
Next, we observe that
E([6X;(s)7] < 7! / E(|6V;()") dr < T / sup E[0Z;(r)[P)dr,  (3.26)
0 0

0<r<r
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where 0.X;(t) := X;(t) — X(t). Combining (3.25) and (3.26) and taking the supremum
on [0,t] we have

¢
sup E[|0Z;(s)"] < C(1+ D) / sup E[|0Z;(r)|"]dr + CR;(t),
0<s<t 0 0<r<r

that, by Gronwall’s inequality, implies
sup E[|07Z;(s)|"] < eCUHPIR,(T)

0<s<T

and then

sup (W(pd, ir))" < e“UTIR,(T).
0<t<T

It remains to show that the right-hand side converges to 0. To do this, it is sufficient to
observe that, by (v;) and Young's inequality
[o;(7. u)(Z(7)) = v;[7, ul(Z(7))| < CK (1 +|Z(7)]" + M,(T, 1)),

where
/T E[CK (1+|Z(T)]P + My(T,p))] dr < CK(1+ M,(T,p)) < <.

Hence, by the dominated convergence theorem and the fact that p satisfies (1.5),
lim;_,oc R;(T") = 0. This concludes the proof. O

4. THE PDE-ODE SYSTEM AND A RELATED OPTIMAL CONTROL PROBLEM

In this section we apply the previous results to a mean field sparse optimal control
problem. Precisely, we consider the following PDE-ODE system [1,2]

8tﬁbt = —0U- vm,ut + UAUHt - din((U[t, “](Z)

‘ +rolt, H|(2))ut)) (t,z,v) € (0,T] x R*
Y(t)=W(t) = Ft,u](Y) + u(t,p) te (0,7

to = [, Y(0) =Y,

)

where p € C([0,T); W,(R?*)), H = (Y, W) : [0,T] — R*", 0 :[0,T]xC([0, T

R — R, w : [0,7] x C([0,T];R*™) x R* — R4, F : [0,T] x C([0,T];
C([0,T;;R™) — R™, u : [0,T] x C([0,T]; W,(R*))) — R™, 1 € W,(R*!), and H
(Y, W) € R¥™.

Definition 4.1. We say that (u,Y') € C([0, T]; W, (R??) x R*™) is a solution of (4.1) if and
only if p is solution of

(4.1)

{atut = —0 - Vot + 0 Appty — divy ((0[t, ] (2) + w[t, H](2))e)) (¢, 2,0) € (0,T] x R¥
Ho = [L,
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in the sense of Definition 1.1 and Y satisfies

Yt =Y + /0 (F[s, p)(Y) +u(s, ) ds t € (0,T]

From now on, we assume that v satisfies Assumptions (v). Furthermore we consider
the following assumptions of w and F:

e N

Assumptions on tv: ()

(o) to : [0, 7] x C([0,T]; R*™) x R* — R?is a Carathéodory map, i.e., it is measur-
able in the variable ¢ € [0, 7] and continuous in (H, z) € C([0, T]; R*™) x R*.

(to;) There exists a constant K,, > 0 such that for any ¢ € [0,7], = € R* and
H € C([0,T]; R*™) it holds

wit, H](2)| < Ko(1+ sup [H(s)| + |z]7 + [v]°),
0<s<t
where /3 is the exponent in (v;).

(tvy) There exists a constant Ly, such that for any ¢ € [0,7], H’ € C([0,T]; R*™)
and z; € R?, j = 1,2, it holds

‘m[t,Hl](Zl) — m[t,H2](22)‘ S Lm (Sup |Iq'1 — H2’ + ’Zl — 22‘) .

0<s<t

Assumptions on F: (F)

(Fo) F :[0,T)xC([0, T); W,(R*))xC([0,T]; R™) — R™ is a Carathéodory map, i.e.
is measurable in ¢t € [0,7] and continuous in (u,Y) € C([0, T]; W,(R?*?)) x
C([0, T R™).

(F1) There exists a constant K > 0 such that

Flm)(¥)] < e (14 sup [V ()] + (T3 )" ),

for all u € C([0,T]; W,(R*Y)), Y € C([0,T];R™) and ¢ € [0, T].
(F,) There exists a constant Ly > 0 such that

3=

0<s<t 0<s<t

it u)(YY) — Flt,o)(¥?)] < Li ( sup [Y(s) — Y2(s)] + sup Wy(sn m) ,

forall pu,v € C([0, T]; W,(R*)), Y7 € C([0,T};R™), j =1,2and ¢ € [0, T].

. J

,,,,,

we denote by A the set of admissible controls, characterized as follows:
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Assumptions on u € A: (A)

(Ao) w:[0,7] x C([0, T); W,(R*?)) — R™ is a Carathéodory map, i.e., it is measur-
ablein ¢ € [0, 7] and continuous in p € C([0, T|; W,(R?*?)).
(A;) Forallt € [0, 7] it holds

|u(t7 60)| < Mu7

where §, € W,(C(|0, T]; R*?)) is the Dirac delta measure concentrated in the
constant function 0 € C([0, T]; R*).
(Ag) Forall pu,v € C([0,T); W,(R*?)),j =1,...,mand t € [0,7], it holds

L
Juj(t, ) — wuj(t, V)] < — sup Wy (s, vs)-
m o<s<t

By Assumptions (A;) and (A,), for all w € A it holds
[u(t, )| < |ult, i) —u(t, 8o)| + |u(t, 8o)| < Lu(M,(t; p))? + Mo,
where we used the fact that (M, (t; u))% = SUPg<<; Wp(1ts, 00). Hence, if we set
Ky = max{ Ly, M,},
then we have that for all u € C([0, T]; W,(R?*?)) and all ¢ € [0, T] it holds

u(t, )| < Ku(1+ (M, (t; p))7). 4.2)

4.1. Well-posedness of the PDE-ODE system (4.1). Before setting the control problem,
let us show that the system (4.1) is well-posed. Our proof relies on some preliminary
results that are proved in Appendix B. First of all, for any fixed 7" > 0, u € A and
p € C([0, T); W,(R??)) we introduce the system

{YH(@ = W,(t) = Flt, p)(Y,) +u(t,p) t€(0,7] 4.3)

Ho = ﬁa Yu(o) = ?a
which admits a unique solution Y, thanks to Lemma B.1. Then we define the map
S: C([0,T]; W,(R?*%)) x A x [0,T] — R*" as follows:
Sl uf(t) = Hy(t) = (Yo (t), Wa(1)),
where Y, is the unique solution of (4.3). For any fixed u € A, we also define the map
G 2 [0,T] x C([0, T]; W, (R*)) x R* — R?
as follows:
Gult, pl(2) = oft, p](2) + w[t, S[p, u]](2),
which satisfies assumptions (vy), (v1), (v2) and (v3) thanks to Lemma B.2.
Once this is established, we set

KG = KD -+ Km(l + KF)(]. + Cl + KF + Ku)7
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where (] is defined in Lemma B.1, and we denote by

o<si<T |t — s[®

K = {y, € C([0, T Wy(R*) : My(T, ) + Mg (e, (T; ) + sup Wl 1) < C(KG)},
t#s

where ® and C are the functions defined in Theorem 1.3 and 7, = We also set

where C; and C5 are defined in Lemma B.1, and

max{2 D}

B =

Y(t)—-Y
Ki:=Y eC(0,T;R™): sup |Y(s)|+ sup Y(t) = ¥(s)| <Ci(Kg) ¢ -
0<s<T 0<t,s<T |t — s
t#s
By Lemma B.3 we know both £ and K, are compact subsets and X' = K x ;. Then we

are in a position to prove (4.1) is well-posed.

Theorem 4.2. For any fixed u € A there exists a unique solution (u,Y') € C([0,T]; W, (R?*?)) x
C([0,T];R™) of (4.1). In particular, if B is a d-dimensional Brownian motion and (X, V) €
Lr(Q; R*) is independent of B and 11 = Law(Xy, Vp), then p = Law(X, V), where (X, V) is
the unique global strong solution in LP(Q); C (R ; R??)) of

(dX(t) = V(t)dt te[0,7]

dV (t) = (oft, (X (8), V(1)) + wolt, H)(X (), V(1)) dt + V20dB(t) t € [0,T]
Y(t)=W(t)=Flt,p)(Y) + u(t, p) te(0,T] (44)
X(0)=Xo, V(0)=VW,  p=Law(X,V)

Y(0)=Y

Moreover, (,Y) € K. Finally, if {u;};en C Ais a sequence of admissible controls such that
forallt € [0,T]andv € K

t t
lim [ w;(s,v)ds= / u(s,v)ds

and (u?,Y7) are the respective solutions of (4.1), then,
lim sup (W, (uf, ) + [H(t) — H(1)]) = 0.

J—o0 0<t<T
Proof. Fix u € A and consider the equation

{@ut = 0 Vo + 0 Aty — divy (Gult, ] (2)p) - (£, 2) € (0,T] x R

Lo =1t z € R, (45)

Since G, satisfies Assumptions (v), then (4.5) admits a unique solution u € C ([0, T]; W, (R??))
that can be expressed as p = Law(X, V) as in the statement, by Theorem 1.3. In partic-
ular, i belongs to K by (1.5). Furthermore, setting H = S[u, u], we get that (p,Y")
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clearly satisfies (4.1) and Y € K; by Lemma B.1. This shows the existence of a solu-
tion for (4.1). To prove uniqueness, let (¢/,Y”’) be another solution. Then, by Defini-
tion 4.1 and uniqueness of the solution of (4.3), we know that H' = S[u/,u|. How-
ever, this means that p' is solution of (4.5), hence by Lemma B.1, then ¢/ = p and
H' = S[p,u] = S[p,u] = H.
Now, let {u,};en C A be a sequence of controls assumed as in the assumption. Then,
by Lemma B.4 and Corollary 1.4, we get that, for all ¢t € [0, 7],
lim sup W, (i, ps) = 0. (4.6)

J—00 0<s<t
Furthermore, we observe that by definition
[H (1) — H(t)| < [S[p!, w](t) = S[p, w](t)| + |S[pe, w](2) — Slps, ul(2)]
< C sup W,(ud, 1) + |S[p, w](t) — Slp, u(t)|
0<s<T
where we applied (B.3) and the assumptions on I and .A. We get the desired statement

by taking the supremum, then the limit on both sides of the previous inequality and
using (B.4) and (4.6). O

4.2. The Control Problem. Now, we want to set a control problem on (4.1). Precisely,
we consider the cost functional

]—"[u]:/o E(t,u,Y)dt+/0 U(u(t, ) dt

where (p,Y) is the solution of (4.1) with given control u € A, £ is a lagrangian func-
tional accounting for closedness to the decided target and W is a convex control cost. We
consider the following assumptions on the cost functional F.

( N\

Assumptions on F: (F)

(Fo) L:]0,T]x C([0,T]; W,(R*?)) x C([0, T]; R™) and ¥ : R™ — R are measurable
and bounded from below.
(F1) Lis continuous in the variables (u,Y).
(F2) There exists a function My, € L'(0,T) such that for a.a. ¢ € [0,7] and all
(n,Y) e K
|£<t7 H, Y)| < My (t)

(F3) ¥ :R™ — R is convex.

- J

We are now ready to prove Theorem 1.5.

4.3. Proof of Theorem 1.5. By Theorem 4.2, for any fixed u € A the solution (x,Y") of
(4.1) belongs to K'. First, we show that Flu| < oo for all u € A. Indeed, by (4.2) and
letting (ut, Y') be the solution of (4.1) with control u, we have

u(t, )] < Ku(1 +C(Ke)7).
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Now, let My = sup U (z), which exists since V is convex and thus contin-

1
|| <Kuw(1+C(Kg)P)
uous. Hence

T
0

Now, we show that for any two controls u;,u, € A such that for all v € K and
t € [0,7] it holds u,(t,v) = uy(t,v), we have Flu;] = Fluy]. To do this, let (u!, Y!)
and (u?,Y?) be the solutions of (4.1) with controls u; and wu,. Since p! € K, then
u(t, u') = uy(t, p'), and hence we have

Yit) =Y + / (Fls, M) (YY) + wa(s, 1)) ds = ¥ + / (Fls, u!) (YY) + (s, ) ds.

Thus, Y also solves (4.3) with control u, and measure u?, i.e.
Slpt,ug) = H' = S[p', uy).
However, this means that
Guy[t, u'](2) = o[t, '] (2) + vo[t, S[p', wi]]()
= o[t, pn'](2) + w[t, S[p!, us]](2) = Gu,[t, 1] (2)

and then p! solves (4.5) with field G,,. However, also pu? solves (4.5) with the field
Gu,. Hence, since for a given field G,,, (4.5) admits a unique solution, u' = p? and also
H' = H?. Then, it is clear, by definition of F, that F[u;] = F[us]. Thus we are in a
position to consider the equivalence relation ~ over A defined as

U ~uy & u(t,p) =us(t,p) Vt € [0, 7], Vu € K,
the quotient set A = A/ ~ and the functional F : A — R defined as
Fllul] = Flul, Vul. € A.

To actually work with F, we need to provide a suitable representation of the quotient
set A. To do this, first notice that for any u € A we consider a function U : [0,7] —
C(K;R™) defined as U (t) = u(t,-) fort € [0, 7], so that U (t)(p) = u(t, p) forany p € K.
Since .

ult, w)] < Ku(1+ (C(K))P),
and then

S =

/0 sup |u(t, p)| dt < Kyu(1+ (C(Kg))

neX

;)T’

itis clear that U € L'([0,T]; C(K;R™)). LetII : A — L'([0, T]; C(K; R™)) be the function
that maps w into U as before. If u; ~ u,, then [lu;, = Ilu,, i.e., Il is compatible with the
equivalence relation ~. In particular, this means that we can define themap IT : A — 1A
such that Il[u]. = ITu. By definition, this map is surjective. Furthermore, assume that
M[uy]. = H[uy].. Then Iu, = Iuy hence wy(t, p) = uy(t, ) forall t € [0, 7] and p € K,
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which in turn implies u; ~ us and [u;]. = [us]~. In particular, we have shown that Iis
a bijection. From now on, without loss of generality, we identify .4 with II.A and

Flu] = FlIlul.

We can then rewrite Problem 1 as follows:

( )

Problem 1*

Find U* € A such that B B
FIU*] = min F[U].
UcA
\ J

Now let us consider a minimizing sequence {U"},cn C A for F. We will prove that
this minimizing sequence admits (up to a subsequence) a limit U* in some sense that
will be specified later. To do this, however, we preliminarily need to prove that {U" },,en
is uniformly integrable and uniformly tight, i.e.

lim sup / sup [U™(#) ()] dt = 0, 47)
R=+00 neN J{t€[0,T]: sup,,exc [U(t)()|>R} HEK

and for all £ > 0 there exists a compact-valued multifunction T'; : [0, T] — 2¢&E™) with
measurable graph such that

sup [{t € [0,T]: U"(t) ¢ T-(1)} <,

neN

respectively. Let us first show the uniform integrability. Indeed, for all n € N, there
exists u™ € A such that U" = I[Iu" and then, for all ¢ € [0,7] and p € K,

U™ (1) ()] = [u"(t, )| < Ku(1+ (C(Kg))7).

Hence, for R > K, (1 + (C(KG))%), we clearly have
/ sup |U" (1) ()] dt = 0
{tE[U,T]: SupuElC ‘U"(t)(p,)|>R} lLGIC

and then (4.7) holds.
Now we show the uniform tightness. To do this, we fix t € [0, 7] and notice that, by
Assumption (A) it holds

U (00" = UM (@) < Lu swp Wylulop), 't € K.

0<t<
Notice that the uniform topology of C([0, T]; W,(R?*?)) is generated by the metric

op',p?) = Jup Wolug, i), V', € C([0,T]; W, (R*)).
€|0,
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Hence by Lemma B.3, K equipped with 9 is a compact Hausdorff space. Defining

< L+ Ku(1+ (C(K))7) ¢

c R | (nh) = f(p?)]
K feC(kR™): i22|f( )]+5u£>2 (il 1)
pt#p?
which is a compact subset of C(K; R™) by the Arzela-Ascoli Theorem, we have U"(t) €
IC forallt € [0,7] and n € N. Hence, to get the uniform tightness of {U"},cy it is
sufficient to set I'.(t) = K foralle > 0 and ¢ € [0, 7.
Now, we can use a suitable generalization of the Dunford-Pettis theorem, as in [10,
Theorem 1.3], which tells us that there exists a function U* € L'([0,T]; C'(K,R™)) such
that, up to a non-relabelled subsequence, for all measurable subsets £ C [0, T]]

lim sup —
n—oo

[ o) - 0 dt\ o 4.8)

Then we need to show that U* € A. To do this, first observe that for any p', u? € K it
holds, by Assumption (A,),

1 L,
| L - v ] < 2 s W),
E m o<s<sup E
forany j = 1,...,m, where U" = (U}, --- ,U}"). Taking the limit as n — oo and using
(4.8) we get

1

E(U;<t><u1>—U;(t)(ﬁ»dt\ <D W), (4.9)

m o<s<sup E

where U* = (Uf,---,U},). Since U* € L*([0,T); C(K;R™)), by [6, Proposition 1.2.2],
we know that almost any ¢ € [0,77] is a Lebesgue point for U*, i.e. there exists a set
Elen C [0,T] such that |[0, 7]\ EiLep| = 0 and for all ¢ € Ej, it holds

,ggréh/ sup [U(5) (1) = U (1)) ds = 0

In particular, if we fix p € K for all t € E| o, we have

t+h
/ U”(s)(p) ds = U (t)(p )‘ < 1im% sup [U”(s)(p) — U*(t)(p)] ds = 0.

lim |—
h—0

Fix t € Ei ., and observe that by (4.9) for any ~ > 0 it holds

L,
<= sup Wy(ug, 7).
m o<s<t+h

t+h
[ wem - e i

Now we take the limit as &~ — 0 on both sides: on the left-hand side, we use the fact that
t € Ejiep, while on the right-hand side we use the continuity of ptp? e K. Finally, for
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any j = 1,...,m we achieve

U3 (8) () — Ur (1) ()] < 22 sup Wy (e, ). (4.10)

m o<s<t
For t ¢ E\e,, without loss of generality, we set U*(t) = 0, since |[0, 7] \ Eies| = 0 and
(4.10) still holds. Hence, we have U™ satisfies (4.10) for all ¢ € [0, T]. Next, notice that,
since dy € K and by Assumption (.A,), for any measurable subset £ C [0,7] we have

£)(80) dt| < M.

With the same argument as before, we get, for all t € E\qp,
[U*(t)(d0)| < M. (4.11)

Combining this with the fact that we set U*(t) = 0 whenever ¢t ¢ E|.,, we infer (4.11)
holds for all ¢ € [0, 7.
Now, we fix ¢t € [0, 7] and introduce another equivalence relation ~; on /C, as follows:

pt o~y p? sl =k Vs €0,
Notice that, by (4.10), if ' ~; p* then Ur(t)(n') = U (t)(p®) for all j = 1,...,m. This
means that U (t) is compatible with the equivalence relation ~; and then we can define
the function U HOE K. — R, where K, = K/ ~, is the quotient of K with respect to the
equivalence relation ~,, as
U7 (@)([p)~,) = U7 (1) ().

Let us also denote by 7; : K — IEt the projection, i.e. mp = [p].,, and endow /@ with
the quotient topology. Notice also that the function II, : K — C([0, t]; W,(R?*?)) defined
as (IT;p)s = ps for all s € [0, ] (i.e., 11, is the function that maps p to its restriction on the
interval [0, ¢]) is compatible with ~, i.e., if u' ~; p? then IT;u! = I u*. We endow ITI,K
with the uniform metric 9, on C([0, t]; W, (R??)), i.e

0(pt, pu?) = sup Wy(pg, pi2), p', p* € LK
0<s<t
It is clear that II; is non-expansive, i.e., for all u', u* € K it holds
0, (Iyp!, T p®) < (p', p?).
Since 11, is compatible with ~;, we define the map I, : K, — ILK as 11, w]~, = iy,
which is clearly continuous with respect of the quotient topology on K;. Furthermore,
notice that if Il,u' = T, u?, then, by definition, pu! ~; ;1, Hence, Ht is bijective. Finally,

consider an open set £/ C ICt We want to prove that H E is an open set. To do this, fix
[1]~, € E. We want to fix a special representative p € [u].,. Precisely, let p = IL )] -,
and define p € C([0, T); W, (IR??)) by setting jts = fimin{s,y for s € [0, 7). It is not difficult
to check that u € K. In particular u € 7; '(U), and notice that since 7, ' (E) is an open
set in /C, there exists ¢ > 0 such that B.(p) .= {v € K: d(u,v) <e} C 7, (E).
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Now, we define B, (Il;p;t) := {v € ILK : 9;(II;p,v) < £}. Since II; is non-expansive,
we have I, B. (1) € B:(Il;pu;t). On the other hand, consider any v € B.(I;u;t) and
define v € C([0,T]; W,(R?*)) by setting vs = Umin(ssy for s € [0,7]. Again, it is not
difficult to check that v € K and ?(v, 1) < €. Hence, v = II,v with v € B.(u) and then
v € I, B.(II;p; t). This shows that II; B.(p) = B.(Il;p;t). Recalling that IT;p0 = 10, (],
we get

B.(yp;t) = 1, B.(p) = ym B (p) C ILE,

where we used the fact that since B.(u) C 7, ' (E). Since [u]., € E is arbitrary, ILE is
an open set. In conclusion, II; : K; — II;,K is a homeomorphism.

Now we notice that U () o II; * is %x-Lipschitz. Indeed, for any ji', fi* € II,K, letting
w € I @/ for j = 1,2, it holds

0 ()T (54)) = T (0T 2| = [T ) (m1)) = T 0
= |zt (h) = U ()12

Lu Lu ~ ~
< — sup Wp(ﬂia#?) = _a(l-l’lvu’z)'
m o<s<t m

[1?],)
|

Let us recall that also I,K is a compact subset of C([0, t]; W, (R?*?)). Now we can use
McShane’s Extension Theorem (see [35]) to state that the function (¢, -) defined as

ui(t,v) = min {ﬁ;(t)(ﬁtlu) + %O(u, V)} . v € C([0,1]; W,(R*)),

pelIl

is the maximal Z=-Lipschitz extension of ﬁj*(t) o II; ! on C([0, t]; W,(R24)). Finally, we
set, forallt € [0, 7] and pu € C([0, T); W,(R?%)),

*

and u* = (u});=1,..,

wit) =min {07000 + 22 sup W) b v € COTEW, )

HEK m o<s<t

so that it is clear that u} is measurable in the variable ¢, as it is the minimum of a family

of measurable functions. Concerning the continuity on p, notice that for all p', u* €
C([0, T Wy(R??),

* * ~% ~% L
‘uj (ta /J’l) - U’j (t7 l’l’2)| = |uj (ta Htl“l’l) o uj (t7 Htﬂ2)| S ﬁ Us<ugt WP(:U’; ,Ui)
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This shows that u* is continuous in the p variable, so that (.A4,) holds, and that (.A;) also
holds. Furthermore, notice that

*(t,60) | —Z‘ (t,11;00) ’ _Z‘U* 1Ht50)’2
R

by (4.11), thus (A;) also holds. As a consequence, u* € A. However, if p € K, we have
wi(t, ) = 0 (t, o) = UF (6 (I o) = U7 (1) ([pl,) = U (£) (),
ie. U* = Iu* € A. -
It remains to show that U* is solution of Problem 1*. Recall that {U"},cn C A, hence
there exists a sequence of controls {u"},ecny C A such that U™ = ITu™. Let (u”,Y™) be
the respective solutions of (4.1). Furthermore, let (p*, Y*) be the solution of (4.1) with

control u*. Observe that ¥ : R™ — R is a convex function and let U* be its Legendre
transform, i.e.

m

S |Ur)60)|” < M2,

j=1

2
)([80]-)| =

U*(z)=sup (y -z —¥(y)), ze&R™

yER™
Recall that U* : R™ — R is still a convex function and that the Legendre transform is an
involution, i.e.,
U(z) =¥ (z) = sup (y-z— ¥(y)), z€R™

yeR™
Fix y € R™ and let ¥(z;y) = y - v — U*(y), which is an affine function. Then we have, for
any measurable subset £ C [0, 7]

/E VOO () y) di =y - [ UM (") di— U (y)|E)

E

=y | U™(t)(p") dt =¥ (y)|E| +y - Ra(E),  (412)

where
Ro(E) = [ @O ~UOw)) d
Let us show that R,, — 0. To do this, first notice that
Ra(E)| < [ [t =t )] e < LulE| sup W ().
E 0<s<T

By (4.8), we know that

lim [ w"(t,p)dt = / w*(t, p) dt, Vi € K,

hence we can use Theorem 4.2 to conclude that
lim |R,(E)| =0.
n—-+00
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Taking the limit as n — oo in (4.12) we get
Jm [ v@ @ d=y- [ U a- el = [ v ow)) i
E E E
In particular, taking the supremum only on the left-hand side, we have

/E YOO )iy)de < sup lim | WU (") y) de

yeRm n—400 B

< liminf sup / V(U™ (t)(u");y) dt
E

n—-4o00 yeR™

< liminf/E\I/(U"(t)(u”)) dt =: G(E).

n—-+oo

Notice that G is superadditive. Indeed, if we consider two measurable sets £, E, C
0, T) with E; N Ey = (), then

[ vwrwwd= [ vorawdes [ v
F1UFE> Ey E>
and taking the limit inferior we achieve

G(E1UEy) > G(E) + G(Es).
Hence, by the Localization Lemma (see [12, Proposition 1.16]), we have

/E (U () () dt = / sup W(U* () () ) (4.13)

E yeR™

<9(B) = timinf [ WU (00",

n—-+0o0o

Next, recall that by Theorem 4.2 we have
lim sup (W, (uf, i) + |HY(t) — H*(t)]) = 0
)= 0<t<T

hence, by (F7), -
lim L(¢,p?,Y7) = L(t, ", Y™).
j—o0
We also recall that, still by Theorem 4.2, (p/, H’) € K’ for all j € N. Thus, by (F;) and

dominated convergence,

T T
lim [ L(t,p,Y7)dt = / L(t, p*, Y*)dt. (4.14)
0

Jj—o0 0
Finally, combining (4.13) and (4.14) we achieve
FlU*) < lim F[U"| = inf F[U,

n—00 UcA

i.e., U™ is solution of Problem 1*. O
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APPENDIX A. SOME SUFFICIENT CONDITIONS TO THE VALIDITY OF ASSUMPTION (03)

As already underlined in the introduction, it could be difficult to verify that (v3) ac-
tually holds. For such reason, let us give some sufficient conditions for (v3) to be true.

Proposition A.1. Let Assumptions (v) (except for (v3)) hold true and denote
D([0, T]; R*)) = {(X,V) € C([0, T|;R*") : X' =V}.

Consider the following properties:

(vy) Forany T > 0 there exists a constant D > 0 such that for any t € [0, T, any couple
of measures p', p* € W,(C([0, T]; R*®)) supported on D([0, T]; R*®) with u} = ud and
any v € (u', p?) it holds

Lo =l 2 (olt o) = ol 7)) - (00 = 02) (e, 2)
X
S D sup </ |Zl - Z2’p df)/s(zl,ZQ))
0<s<t R2d  R2d

(v4) Forany T > 0 there exists a constant D > 0 such that for any t € [0, T], any p*, p? €
W,(C(]0, T]; R*%)) supported on D([0, T]; R*) with ul = ud and zy, zo € R*

o[t 1'](21) — olt, w?)(22)| < D(sup Wy(pg, 1) + |21 — 2]).

0<s<t

Then (v) = (v5) = (v3).

Proof. To show that (v}) = (v3), consider any two processes Z; € LF(Q; C([0, T]; R*))
as in Assumption (v3) and let p/ = Law(Z;) for j = 1,2. Then p’ is supported on
D([0, T]; R*) and pf = pd. Set also v = Law(Z;, Z,) € II(!, u?). Then, by (v}), we have

E [[Vi(t) = Va()["~(o[t, p'](Z2(8)) — olt, u'[(Za(1))) - (Va(t) — Va(t))]
< D sup E[|Zi(s) — Za(s)["].

0<s<t

Integrating on [0, 7] we get (v3).
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Now let us show that (v%) = (v}). Fix p!', u? € W,(C([0, T]; R*?)) and ~ € H(p', pu?).
First consider the case p = 1. Observe that

/R2d R2d|vl — U2|_1(U[t,[.l,1](21) — D[taIJJQ](ZQ)) . (Ul _ 1)2) d%(zl, 22)
< [ bl ~ sl e, 2

<D sup Walu i) der, ) +D [ a1 = al (e, )
RQdXRZd

R2dxR2d 0<s<t

< D sup Wi(ul,2) + D sup / 21— 2l da(z1, 22)
RZdXRQd

0<s<t 0<s<t
< 2D sup / |21 — 2| dys(21, 22)
0<s<t JR2d xR2d

On the other hand, if p > 1 we get

/de RM’Ul — P 2(o[t, ) (z1) — o[, w?](22)) - (v1 — v2) dye(21, 22)
= / o Jen =l olt 1)) — ot w7l ()] (e, 22)

<D o1 —va[P7 sup Wy (pg, 13) di(21, 22)
0<s<t

R2d xR2d

+D vy —vg\p’llzl — 29| dyi(z1, 22)
]R2d><R2d
< D—— o1 — valPdy (21, 22) + — sup Wy (g, pt5)dve(21, 22)
R2dXR2d R

p p 2dxR2d 0<s<t

+ D |21 — 29|Pdyi(z1, 22) < 2D sup / |21 — 22|P dys(21, 22).
R2d><R2d

R2d xR2d 0<s<t

This ends the proof. O
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APPENDIX B. PRELIMINARIES FOR THE WELL-POSEDNESS OF THE PDE-ODE SYSTEM

In this subsection, we collect some useful preliminary results to prove the well-posedness
of the PDE-ODE system in (4.1). First of all, we consider an auxiliary system and we
show the existence and uniqueness of its solution, alongside with some additional qual-
itative properties.

Lemma B.1. Let Assumptions (v), (w), (F') and (A) hold. Let T > 0, u € Aand p €
C([0, T); W, (R?%)) be fixed, then the system

{Yu(t) = W, (t) = Flt, )(Y,) +u(t,p) t€(0,7] (B.1)

Ho = ﬁ7 Y/L(O) = Ya
admits a unique solution Y,,. Furthermore, setting H,, = (Y,,, W,,):
(i) there exist three constants C;, j = 1,2, 3, depending on p, Kp, Ky, Lp, Ly, T and H

such that
sup |¥u(s)| < Cu(1+ M, (T; ), (B2)
0<s<T
sup |Yp,(3) - Yu(3)| S 02 sSup Wp(:usa Vs)a (B3)
0<s<T 0<s<T

Y () = Yu(®)] < C3(1+ My(T; w)P)t — 5|, vt € [0,T];

(ii) if there exists a sequence {u;};en C A such that

t

t
lim [ w;(s, p)dt :/ u(s, p)dt, ¥t € [0,T],
0

Jj—00 0
then
lim sup |HJ(t)— H,(t)| =0, (B.4)

J=00 ¢ef0,7)
where HJ, is the solution of (B.1) with w; in place of u;
(iii) forany t € [0,T), if p*, u* € C([0, T); W,(R??)) are such that ! = p? forall s € [0,],
then H 1 (t) = H2(t).
Proof. First of all, existence and uniqueness of the solution of (B.1) is proved by means
of the Picard iteration method, and for this reason we do not recall the proof here.
(i) Now, by (£7) and (4.2), it follows
t
sup |Y,(s)| < C (1 + (Kp + Ku)(1+ M, (T; p)?) + KF/ sup |Yu(z)\d7)
0<s<t 0 0<z<rt

and then, by Gronwall inequality,

sup Yy (s)| <C (1 + (Kp + Ky)(1+ M,(T; u)%)) Er+1)T

0<s<t

leading to (B.2).
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Next, let us consider any p, v € C([0, T]; W,(R?*?)). Then, by (F,) and (A;) we have

t ¢
sup |Y,(s) —Yu(s)| < LF/ sup |Y,(r) =Y, (r)|dr+ (Lr + Lu)/ sup W, (ftr, vp)dr,
0<s<t 0 0<r<r 0 0<r<r

Hence, once again, by Gronwall’s inequality, we infer

sup |Y,(s) — Yo (s)| < T(Lp + Ly)e"™™ sup W, (s, vs).

0<s<t 0<s<t

that is (B.3).
Finally, we fix 0 < ¢ < s < T and observe that

%) =Y < [ 1Flr sl i+ [ futr.wlds
< (Kp + Ky + Cy(Kp + 1) (1 + (M,(T, p))7)|t — s|.

(ii) By the assumptions of F' and w, it is sufficient to verify the uniform convergence
on Y. We consider a fixed p and u, and we assume there exists a sequence {u};cy
satisfying the assumptions. Furthermore, we denote by (Y], W}) and (Y, W,,) the
solutions of the ODE (B.1) respectively with u; and u. Then, forall0 < s <¢ <T

{Ylf(s) —~Yu(s)| < Lp /05 sup ‘Y] — Y, (r)| dr +

0<r<r

| @) = utrw) ds).
0
Now we take the supremum over [0, t| and we achieve

¢
sup ‘YJ Y,L(s)| < (LF+1)/ sup ‘YJ( ) — M(r)‘ dr +R;(1),
0<s<t 0 0<r<r

where

R;(t) := sup

0<s<t

| @) = ) s
0
which, by Gronwall’s inequality, implies

sup [V/(s) = Yu(s)| < Ry(t)etr 0T,

0<s<t

We only need to prove that lim;_,. R;(T) = 0. To do this, consider the sequence of
functions

750 = [ (W) o) s

By assumption, we have that for all ¢t € [0,77] it holds lim;_,, J;(t) = 0. Furthermore,
it is clear that R;(T') = supy<,<r |J;(t)|, hence we want to prove that J; — 0 uniformly
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in [0, T]. However, this is clear since the sequence J; is equi-Lipschitz. Indeed, for all
0<s<t<T,

| J;(t) = Ji(s)| =

<26, (1+ (M, (1 )

[ @ w —utrwar| < [ w(rm - utrp)| dr

) |t —s|.
This shows (B.4).
(iii) The last statement follows by uniqueness of the solution of (B.1), together with
assumptions (F3) and (A), which in turn imply that if u} = 2 for all s € [0,¢], then
Fls, u'](y) = F[s, p*](y) and u(s, p') = u(s, u?) for all s € [0,t] and h € R*™. O

D=

Then, for reader’s convenience, we recall the definition of the map S : C([0, T]; W, (R*?)) x
A X [0,T] — R*™:
where H, is the unique solution of (B.1). Furthermore, as already done in Section 4, for
any fixed u € A, we also define the map

G 2 [0,T] x C([0, T]; W, (R*))) x R* — R?
as follows:

Gult, p](2) = o[t p](2) + w[t, S, ul](2).
Concerning G,,, we can prove the following result.

Lemma B.2. Fix u € A. Then G,, satisfies Assumptions (v), where the constants are indepen-
dent of the choice of u € A.

Proof. Since v already satisfies Assumptions (v), it is sufficient to verify that w|[-, S[-, ul](+)
satisfies the same assumptions. First, we notice that (v,) is satisfied. Indeed, by (B.3)
and the assumptions on F, we know that S[-,u] is continuous. Since by (i) is a
Carathéodory map, the composition w|-,S[-, u]|(-) is also a Carathéodory map. Next,
we prove (v;). To do this, observe that by (1)

wolt, S[ae, wl] (2)] < K(1+ sup [Sp, ul(s)] + |25 + [o]?),

0<s<t
and then, by (B.2) and the assumptions on F' and A we have
w[t, S[p, u]](2)] < Kn(1+ Kr)(1+Ci + Kr + Ky) (1 + M,(T; u)% + |:13|g + Jv]?),

Assumption (by) clearly follows by (tv;3). Now we prove (v3). To do this, let p', p? €
W,(C([0,T); R?*)), 21, 2o € R* and observe that, by (tv5)

ot Slp! (1) —volt, S[p, ul)(z2)| < L sup [STpa'ul(s) = STp ()] + |21 = )

< Lo(1+ Lp + La(1 4 Co) ( sup Wylpg, 117) + 121 = 2),
0<s<T
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where we also used (B.3) and the assumptions on F’ and A. The latter inequality implies
(v3) (see Appendix A for more details). Finally, (v4) follows once we observe that if
pl = p? forall s € [0,1], then S[u', u](s) = S[u?, ul(s) for all s € [0,¢] by Lemma B.1. O

The following lemma is a consequence of the Arzeld-Ascoli Theorem (see [27, Page
81]) and the characterization of compact subsets of W, (R*?) (see [4, Proposition 7.1.5]).
It will be useful in the setting of the control problem.

Lemma B.3. K and K, are compact subsets respectively of C([0, T]; W,(R??)) and C ([0, T]; R™).

Proof. Concerning K, we notice that the functions belonging to it are equibounded and
equi-Lipschitz, hence we can apply the Arzeld-Ascoli Theorem. Concerning K, let us
tirst observe that the curves of probability mesures belonging to it are equi-Holder with
respect to the Wasserstein distance, hence equi-continuous. Furthermore, it is clear that
K is closed. Hence, it is only necessry to show that for for all ¢ € [0, 7| the set

ICt = {:U’t € WP(RQd) M E ]C}
is relatively compact. Notice that K, C W,(R?*?). We now prove that K; is uniformly

1
tight. Fix e > 0 and let § = w Then, by Markov’s inequality, setting Bs := {z €
R : |z| < 6},

RSA

M) _ Myt (CKe)
J J J
Since ¢ is independent of the choice of i, € K,, this shows that K, is uniformly tight.
Now we show that K; has uniformly integrable p-moments. To do this, we claim that
there exists a probability measure P on (R2?, B(R?)) such that for all »; € K; there exists
a random variable Z on the probability space (R??, B(R??), P) with Law(Z) = . Despite
this property is well-known in measure theory, we provide here a proof for complete-
ness. Recall that (R** B(R?*?)) and ([0, 1], B([0, 1])) are uncountable Polish spaces, hence
by Kuratowski’s Isomorphism Theorem (see [25, Theorem 15.6]) we know that there ex-
ists a Borel isomorphism f : [0,1] — R?*?. We equip ([0, 1], B([0, 1])) with the Lebesgue
measures Leb and we define P = fileb, i.e. the pushforward of Leb on (R??, B(R?*®))
through the Borel isomorphism f. Furthermore, for any u; € K;, denote i, = [~
the pushforward of x; on ([0, 1], B([0,1])) through the Borel isomorphism f~'. Notice
that both P and fi, are probability measures. In particular, by Skorokhod’s representa-
tion theorem (see [48, Section 3.12]) we know that there exists a random variable Z on
([0,1], B([0,1]), Leb) such that /i, = Law(Z). We set Z = f o Z, which is measurable since
it is composition of measurable functions. Furthermore, for any Borel set B € B(R*?),
we have

pe(R*\ Bs) <

P(Z € B) =Leb(Z € f1(B)) = ful(f (B)) = m(B),
ie. Law(Z) = p. Let

K, :={Z € M(R* B(R*),P): Law(Z) € K,}.
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Then, by the previous argument, l%t # () and for all u; € K; there exists Z € /Et such
that Law(Z) = ;. Hence, to prove that IC; has uniformly integrable p-moments, it is

sufficient to show that K, is uniformly LP-integrable, or, equivalently, that {|Z|", Z €
K.} is uniformly integrable. However, it is clear that, for any Z € K, with Law(Z) = p,
for some p € IC,

E|@,(12]: K6)| < Mg ey (T 1) < C(),
where the right-hand side of the previous inequality is independent of Z. Hence, by the

de la Vallée-Poussin Theorem, {|Z|’, Z € K;} is uniformly integrable and then K; has
uniformly integrable p-moments. By [4, Proposition 7.1.5], we know that I, is relatively
compact, hence K is equicontinuous, closed and pointwise relatively compact, which in
turn implies, by the Arzeld-Ascoli theorem, that K is compact. O

Finally, we observe that K’ := K x K; is a compact subset of C([0,7]; W,(R?*?)) x
C([0,T];R™). Then we are able to describe the behaviour of the field G, with respect to
suitable variations of the control u € A.

Lemma B.4. Let {u;};cn C Aand w € A be such that
t t
lim [ w;(s,p)ds :/ u(s,pu)ds, Vtel0,T], Vu e K.

Then, forany t € [0,T), p € K and z € R*
lim G 1)) = Gt ().

Proof. Fix p € K, t € [0,7] and z € R*. Then we have
|Guj [ta [,L](Z) - Gu[ta [J,](Z)| - ’m[t78[/~1’7 ’U/]]](Z) - m[tS[[J,,’U/H(Z)‘
< Ly sup |S[p, u,](s) — Sy, u](s)|.

0<s<t

Taking the limit as j — oo, we get the statement by Lemma B.1. O
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APPENDIX C. OTHER P0OSSIBLE CONTROL CLASSES

It could be possible, for modelling restrictions, that we can apply controls with some
more restrictive assumptions than the ones considered for .A. Hence, in this section, we
consider three possible subclasses of A. Since the proofs of the existence of the solutions
to the related optimal control problems differ from Theorem 1.5 only of some technical
details, we will only underline the parts in which the proof are actually different.

C.1. Controls satisfying the Oscillation Restriction Criterion. First, let us assume that
the controls cannot oscillate too much. Precisely, we consider the class of admissible con-
trols Aorc C A satisfying the additional condition

(Aorc) For all compact sets K C C([0, T]; W,(R?*?)), all measurable sets A C [0,7] and all
e > 0, there exists a measurable set B C A such that

1
sup

i dt < e.
|B‘ B pek

1
u(t, ) — E/Bu(s,,u,) ds

Assumption (LAprc) can be recognized as a special form of the Oscillation Reduction Crite-
rion, introduced in [22] for real-valued functions and then discussed in [24] for Bochner
integrals. With this assumption, we can actually relax the requirements on the cost
functional F. Precisely, we assume that F satisfies (%), (F1), (F2) and

(Forc) ¥ : R™ — R is continuous.

We are interested in the following optimal control problem:

( Problem 2 1

Find u* € Aorc such that
Flu'] = min Flu].

uEAQRC

Theorem C.1. Under (Fy), (F1), (F2) and (Forc), Problem 2 admits at least a solution.

Proof. We proceed as in the proof of Theorem 1.5 except that this time U" — U* in
measure by [10, Theorem 1.4]. Up to a non-relabelled subsequence, we can assume
U™(t) — U*(t) in C(IC;R™) for a.a. t € [0,T]. Moreover, if we denote by (p”, Y™) the so-
lutions of (4.1) with controls 4™ and (u*, Y*) the solution of (4.1) with control u*, we also
know that, by Theorem 4.2, u" — p* in C([0, T]; W,(R?*?)). Hence lim,, .. U"(t)(pu") =
U~*(t)(pn*) for a.a. t € [0, 7). Furthermore, recall that | (U"(¢)(u"))| < My, where My is
defined in the proof of Theorem 1.5. Hence, by dominated convergence, we get

i [ OO (")) di = / WU (1) (")) .

n—oo 0

The remainder of the proof is exactly the same sa the one of Theorem 1.5. O
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C.2. Controls with current-state dependence on p. It could be the case that the control
we want to apply cannot depend on the whole trajectory of u, but only on the current
state. To model this case, we consider the class of admissible controls Agy C A satisfy-
ing the additional condition:

(Agv) There exists a function uf : [0,7] x W,(R?*?) — R™ such that u(t, pu) = w?(t, i)
for all p € C([0,T]; W,(R??)) and

L
|’u’ﬁ(t> N) - Uﬁ(t, V>| S EWP(Ma V)

forallt € [0, 7] and u, v € W,(R??).
We consider then the optimal control problem:

( Problem 3 1
Find u* € Agy such that
Flu*| = Ienfi‘n Flu].

Theorem C.2. Under (Fy), (F1), (F2) and (Fs3), Problem 3 admits at least a solution.
Proof. Recall that, arguing as in Theorem 1.5, if we consider a minimizing sequence
{u"},en C Agy, then there exists a function u* € A such that

/( ”(t,u)—u*(t,p,))‘ dt = 0.

lim sup —
n—oo /.LGK |E|

Hence, to prove the statement, it is sufficient to show that u* € Agy. To do this, consider
p,v € K and observe that, by (Agy), forany j = 1,...,m, t € Eie, and A > 0 small

enough,
t+h
L Gt - a < b [T wnna
t

Taking the limit as n — oo and then as & | 0, we get

1

La,
‘u;(t, w) — uj(t, v)| < EWP(M“ V). (C.1)

This holds for all ¢ € [0,t] once we assume that u}(t,-) = 0 for t ¢ Ei.,. Now observe
that if 4 € K, then i, € Kf, where

I = {1 € W%+ My(1) + Mgy, (1) < C(Ke) |

On the other hand, if 4 € K¥, then ! € C([0,T]; W,(R?*?)) defined as yf = u for all
t € [0,t] belongs to K. Hence, we define u** : K — R™ as follows

ut* (t, 1) = u*(t, p).



48 F. ANCESCHI, G. ASCIONE, D. CASTORINA, AND F. SOLOMBRINO

Then, for all p € K and ¢ € [0, T, by a simple application of (C.1), it must hold

W (t 1) = Wbt ). (C2)
Using McShane’s Extension Theorem as in the proof of Theorem 1.5, we extend u**(t, -)

to the whole space W,(R?*?) and then we define u*(t,-) on C([0, T|; W,(R??)) by means
of (C.2). As a consequence, u* € Agy, concluding the proof. O

C.3. Controls with separated variables. Among the controls in Agy, one could con-
sider the ones whose dependence on ¢ and 4, is separated. To do this, let / € N and fix
three positive constants M}, My and L,. We define the set A" as the class of couples
(h, g) satisfying the following assumptions:

e N

Assumptions on (h,g) € A": (A')

(A}) h e LY([0,T];R™*) and g € C(W,(R*?); RY).
(A}) Forallt € [0,T] it holds
‘g<50)| S Mga

where §, € W,(R??) is the Dirac delta measure concentrated on 0 € R*.
(A}) Tt holds

0,00~ 6,()| < W (1),

forall u,v € W,(R*),j=1,...,mand t € [0,T].
(Aj%) For almostall ¢ € [0, 77 it holds

[h(t)] < Mh,

where |h(t)| is the Frobenius norm of h(t).

. J
Now fix (h,g) € A’ and consider the function w : (¢, ) — h(t)g(p;). Clearly, u is a
Carathéodory map. Furthermore, since the Frobenius norm is sub-multiplicative, for
any t € (0,7

|u(t, 80)| < [h(1)||g(d0)| < MpM,,
while, denoting by h; the j-th row of h, for all ¢ € [0, T] and p, v € C([0, T]; W, (R??)),

Jus(t, ) = wi ()] < Ny (0)]1g () = g()| < MiLg sup Wy, v4),

hence for M, = MM, and L, = mMpL,, we have that u € Agy. Setting M, and
L,, as declared, we can define the call of admissible controls Agy C Agy satisfying the
additional condition

(Asy) There exists (h,g) € A’ such that u(t, u) = h(t)g ().
We are interested in the following optimal control problem:
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( Problem 4 1
Find u* € Agy such that
Flu*] = min Flu].
ucAgy

Before proceeding with the proof of the existence of a solution for Problem 4, let us
notice that, with a similar argument as in the proof of Theorem C.2, it is possible to
reduce the problem on Agy to an analogous one on A'. Indeed, consider the function
U R™ x RY — R and the functional 7 : A’ — R defined as follows:

U'(h,g) = ¥(hg), V(h,g)€R™" xR (C.3)

and
T

Flh.g) = / Lty Y)dt+ / U (h(t), glu)) dt. V(h.g) € A,

where (u,Y) is the solution of (4.1) with control w(t, ) = h(t)g(u:). Notice that if
u € Agy, then u(t,u) = h(t)g(u:) for some (h,g) € A" and Flu] = F'[h,g]. On the
other hand, if (h, g) € A’, then u(t, u) = h(t)g(u:) belongs to Agy and Flu| = F'[h, g|.
Hence, solving Problem 4 is equivalent to solving

( N\

Problem 5

Find (h*, g*) € A’ such that
U * * : !
F'lh*,g"] = (h%;élA/f [u].

- J

Notice that if we start from Problem 4, then ¥’ must satisfy (C.3) in Problem 5. How-
ever, we could directly consider Problem 5 and be less restrictive on the dependence
of ¥’ on the separated variables h and g. Indeed, we can assume that 7’ satisfies the
following assumptions:

4 A

Assumptions on F': (F')

(Fp) L£:[0,T] x C([0,T); W,(R*)) x C([0,T]; R*") and ¥’ : R™ x R* — R are
measurable and bounded from below;
(F1) L is continuous in the variables (u,Y").
(F2) There exists a function M, € L'(0,T) such that for a.a. ¢ € [0,7] and all
(n,Y)e K
|L(t, p, Y)| < M (1)
(F3) U : R™¢ x R® — R is convex in the first variable and continuous in the

second one.
\ J

Theorem C.3. Problem 5 admits at least a solution.
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Proof. Arguing as in Theorem 1.5, since for all u € K it holds y, € K’ for any ¢ € [0, 77,
solving Problem 5 is equivalent to solving

( )

Problem 5*

Find (h*, g*) € A’ such that
F[h*,g"] = min_F'[h,g].
(h.g)eA’
. — _J
where A" = TLA', 11 : C([0, T]; R™) x C(W,(R*?); RY) — C([0, T]; R™*) x C(K'; RY) is the
domain restriction map, i.e. forall u € K'and t € [0,T]itholds II(h, g)(t, n) = (h(t),g(n)),
and for all TI(h, g) € A’ it holds

Fli(h,g)] = F'lh, g].

Now consider a minimizing sequence {(h",g")}nen C A'. Since |h™(t)] < Mj, for all
n € N and almost all ¢ € [0, 77, then by the Dunford-Pettis theorem (see [13, Theorem
4.30]) we know that there exists a function h* € L'([0, T]; R™**) such that, up to a non-
relabelled subsequence, h” — h* in L!([0, T]; R™**) and it is clear, arguing again as in
Theorem 1.5, that |h*(t)| < M, for almost all ¢ € [0, T']. Next, notice that for all © € K’

9" (W) < Lg(Mp(p))7 + Mg < Lg(C(Kq))» + Mg =: My.
Hence {g" }.en C C(K'; RY) are equibounded and equiLipschitz (by (A})). Hence, up to
a non-relabelled subsequence, by the Arzela-Ascoli theorem, there exists g* € C(K'; R)

such that g" — g*. With the same arguments as in Theorem 1.5, one can use the Mc-
Shane extension theorem to extend g* to a function in C(W,(R*?); RY) whose compo-

nents are still Z2-Lipschitz, hence proving that (h*, g*) € A'. Furthermore, for all p € K,
€ [0,T)and n € N, set u™(t,u) = h(t)g" (i) and u*(t, ) = h(t)g*(u:). Then, for all
t € [0,7] and p € K we have

t t
/U”(s,u) ds —/ u’(s, p)ds
0 0

slvwwwmm—f%nw+

Af%ﬂm®—w@ws

gMﬂmmww—wwWy/f%MM@—w@MS
per 0

Hence, recalling that the function s € [0, T] — g*(u;) belongs to L>([0, T]; RY), we can

take the limit to get
t t
lim /u”(s,u)ds—/ u (s, p)ds| =
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As a consequence, if we denote by (u", Y™) the solutions of (4.1) with controls u" and
(n*,Y™) the solution of (4.1) with control w*, it holds, by Theorem 4.2, (", Y ™) —
(p*, Y*)in C([0, T]; W,(R?*¥)) x C([0, T]; R™). Furthermore, notice that

/0 V(R (1), " (7)) di = / (W (A" (1), " () — W' (R" (1), g" (1)) dt
n / R (1), g () dt.

To handle the first integral, we observe that

T T
| W n .97 ) - V0. ] < [ s (W)~ V(R () de
0 0 |h|<Mp
and recall that [g" (u})|, |g* (1) < MQ, so that, by dominated convergence,
T

lim [ [W(R"(t), g"(ni) — W'(R"(1), g" (7)) dt

n—oo fq
T

—lim [ sup [W(h.g"(u})) — V'(h.g" ()] dt 0. (C4)

o0 Jo  |h|<Mp

On the other hand, arguing exactly as in Theorem 4.2, we have

T T
| 0.9 ) e < it [0 0.4 ) e (C5)
0 0
Combining (C.4) and (C.5) we get

/0 ' (h* (), g () dt < liminf / V(R (1), " (7)) dt

n—o0

and then we proceed as in the proof of Theorem 4.2. O

Remark C.4. Notice that these are the controls considered in [8] for the first order case,
under more restrictive assumptions on the system (4.1).
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APPENDIX D. AN EXAMPLE OF APPLICATION OF THEOREM 1.5

In this appendix, we provide an example of second order mean field control problem
of the form of Problem 1 arising from a second order multi-agent system. Precisely, let
N,m € N be respectively the number of followers and leaders. Denote by (X7, V)
the position and velocity of the generic follower, for j = 1,..., N, and by (Y, W} ) the

position and velocity of the generic leader, fori =1,...,m. We assume the dynamics of
the leader-follower system is described by the following set of controlled SDEs:
() j j=1...,N,
dX3(t) = V3 (t)dt e [0,T]
AV (t) = (N D Eia(Xy(t) — X3 (0), Va () = Vi (1)
=1 j=1,...,N,
+= ZKM (Vi) — X2,(8), Wi (t) — v;v'(t))> dt t€[0,T]
+ \/_ dB(t) (D.1)
N
Vit = = 3 2 K () =4 (0) o
+—ZK22(Y’“(75) — Y1) +ub(t, Xn(t), V(1)) PeloT]
, = o , " o |
X3(0) = X7, Vi(0) =V j=1,...,N
LY (0) = V¢ i=1,...,m,
where

o Xy = (X4, ..., XN), Vy = (Vi ...,V and Zy := (Xn, Vy);

o Ki;:R* — R?and K : RY — R? are Lie,-Lipschitz and Mk.,-bounded inter-
action kernels such that Kz (=) =K, ;(z);

e the initial data (X7, V{);en are independent and identically distributed (i.i.d.)
random variables belonging to W,(R*?) for some p > 1;

e foralli=1,...,m there exists a function v’ : [0, 7] x W, (R?*?) — R such that

u'y(t, @, v) = ( Zéw,7>,

where 6, ,, are Dirac delta measures concentrated in (z;,v;) € R* for all j =
1,...,N. In particular, v’ is such that |u’(t, &)| < M,, foreveryi=1,...,m and

i [ Lu
‘uk(tmu) - uk<t7y>‘ < %Wl(ﬂ“v V)7

forallk =1,...,N,t € [0,t] and u,v € W;(R*%);
e the initial data {Y{ },—;. ., C R? are deterministic;

77777
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e B = (B!(t),...,B"(t)) is a dN-dimensional standard Brownian motion.

Notice that by standard theory of SDEs (see [39, Theorem 5.2.1]) for all N € N there
exists a unique strong solution (Xy, Vi, YN? Wy), where Xy = (X})j=1,..,
(Vi)i=1..n, Yn = (Y3)j=1,m and Wy = (WY,);=1...m- We would like to send, in some

sense, N — oo. Heuristically, we expect the dynamic of a single follower to converge
towards the solution of the following McKean-Vlasov system of SDEs/ODEs:

(dX(t) =V (1) € [0,7T]
<K11*ﬂt ) (X (1), V(t))

LS K0 - X0 W0 —V(t») a (E0T
N + \/Q_;dB(t) B D2)
V() = Wi (1) = (Ko ) (V7 (1)) P

£ KoV (0) ~ V() + 0 1, ) tel0.7)
X(0) = Xo. V(0) = V4
?J O) = YE)] J= 17 , M,
(p = Law(X, V),

where
(KLl*p“t)(x’U) - Kl,j(f‘%”‘”ﬂﬂt(fa”%

R2d

(Ko s m)) = [ Kag(€ ~n)dule.v)

We set now Z = (X, V) W) = (W) jetm YY) = V' )jetm H = (Y, W),
w(t, p) = (u (L, 1)) j=1,..m»
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and Yy = (YJ);-1..m. With this notation, we get exactly equation (4.4). Notice that,
clearly, v satisfies (B)) and (B,) and in particular

|U[ta IJ’](Z)| < /R2d |K1,1<€ — &,V —= U>| d,ut(§7 V) < MKera (D3)

that implies (B;), while

olt ) 2) = ot )| < [ 1Kl = = 00) = Kaa(€ = v = )| dpl.v)

S LKer(|£B1 - $2| + |U1 - U2|)7 (D4)

which, combined with (D.3), leads to (B,). Furthermore, for any u!, u? € Wy (C([0, T]; R*))
let v € (p', u?) and denote by (71, Z,) € L'(Q; C([0,T]; R?)) a random variable such
that v = Law(Z;, Z,). It holds

Jolt, 11)(2) — olt, 12)(2)] < E (101 (X (8) — 2, Vi(8) — 0) — Kaa (Xo(t) — , Va(t) — v)]
< LxeE[|Z1(t) — Zo(1)]] -

Since v € II(p', p?) is arbitrary, taking the infimum we get

|o[t, '](2) = o[t, %] (2)| < LW (1, p2) - (D.5)

Hence, (D.5) combined with (D.4) and Proposition A.1 shows that v satisfies (v3). It
is also clear that 1w satisfies Assumptions (). Concerning F, the fact that it satisfies
Assumptions (/') follows in the same way as we did for v. Finally, notice that the control
u € Agy for some fixed constants M, and L,. Hence, by Theorem 4.2, there exist a
unique solution (&1, Y) of (4.1) and = = Law(X,V) where Z = (X,V) solves (D.2)
together with Y. The link between the solutions of (D.1) and (D.2) is underlined by the
following propagation of chaos result, whose proof is omitted since it is exactly the same
as the one of [8, Theorem 3.9].

Theorem D.1. Assume that Law(X3, Vi) = Law(X,V) forall j € Nand (7 )jen = (X, Y")jen
be a sequence of i.i.d. copies of the solution Z = (X,Y) of (D.2). Then it holds

€ | s, s 1Z8(0) - 2]+ s [Fw(0) ~ FE)]] < Puy(),

1<n<N 0<t<T 0<t<T

where Z3 = (X}, V) foralln = 1,....N, HYy = (Y4, WR) foralln = 1,....,m, Hy =

(H¥ )n=1,...m and Py, is a function depending only on d and p such that limy_,. Py ,(N) = 0.
Furthermore, it holds
| XN
N = N._ —_— n n
hgflOo E L)iltlfT Wi (1 7:ut):| =0, where B =y ; (X7 (8), V() - (D.6)

Hence, we also have, in (D.6), a Law of Large Numbers which guarantees that the em-
pirical measure p of the followers in multiagent system (4.12) converges towards the
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solution of mean field limit PDE-ODE system (4.1). Furthermore, with the notation in-
troduced in Theorem D.1, we can rewrite (D.1) as follows:

(dX n(t) = Vn(t)dt t € [0,7T],
dV(t) = (oft, u¥](Z3 (1)) + wo[t, HN)(Z3(1)) _,_y dt
| +V20dB(t) rel0.1, (D.7)
Yi(t) = Wi(t) = F[t, uV](Hy) +y(t,p,N) t €[0,77,
Xn(0) = (X5)j=1,..5, VN(0) = (V{)j=1....;
| Yy (0) = Y.

Now assume that we wanted to control (D.7). Precisely, for any N € N we consider
the functional 7V : Agy — R defined as

FNu] = E { /0 L Yt /0 v (u@,w))]

under assumptions (Fy), (F1), (F2) and (F3). We are interested in the following optimal
control problem:

( Problem MA y 1
Find u" € Agy such that
FNuN] = mfi‘n FN[u].
UEAEV

To show that Problem MA y is well-posed, one needs some preliminaries. First of all,
let us define

K= 4 € OO, T Wi(R¥)) : Ty(Top) + sup DAt
ogsith |t — s|%

The fact that K,, C C([0, T]; Wi (R??)) is compact follows as in Lemma B.3. Then, we
need the following stability result.
Lemma D.2. Let {u’};cny C Agy and u* € Agy such that

t

t
lim [ w/(s,p)ds = / u(s,pm)dsVt € [0,T], Vp € U K.
0

j—00
0 neN

Denote by p™7 and p™* the empirical measures of the followers in (D.7) with controls respec-
tively w’ and w* and by HY, and H* the dynamics of the respective leaders. Then

i € | sup W)+ sy [0~ ER ()] =0 (D8)

j—=oo  |o<t<T 0<t<T
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Proof. Arguing as in Lemma B.1, we have

sup |Y3(s) — Y5i(s)| < RI(¢)elProDT, (D.9)

0<s<t

where this time

RI(t) := sup / (! (1, p™7) = (7, u™)) ds
0<s<t 0
t S
< [ ) = (s, ds o+ sup | [ (@) < ) ds
0 0<s<t |JO

t
0

0<s<t

[ w0 — ) s

t
= L [ WA, ) ds + R ). (D.10)
0
Furthermore, notice that, by using (tv,), (D.4) and (D.5),
Zi(t) - Z3()] < © ( | Wiy ds
0
t
#1200 - 236l ds + sup [HL(6) — H )
0

0<s<t

that, by Gronwall’s inequality, (D.9) and (D.10), leads to

t
Wi, ) < | Z5(1) - Z4(1)] < © ( / W (i, 1) ds + R{(t)) .

Using again Gronwall’s inequality, combining it with (D.9) and taking the supremum
and the expectation, we finally achieve

e | s Wl ) + s [¥3(0) - Y00 < CE [RY(T)).
0<t<T 0<t<T

Once we show that pV* is Holder-continuous, the fact that lim; R{ (T") = 0 follows
by the same arguments as in Theorem 4.2. On the other hand, by (4.2) and Proposition
2.3, we know that we can use the dominated convergence theorem to deduce

lim E [ sup Wi(py ™, py ™) + sup |[Y3(1) —Yﬁ(t)@ = 0.
J—o0 0<t<T 0<t<T
Finally, (D.8) follows by observing that
e [ s (W20 = W0 < CE | sup Wi )+ sy %000 - Y00
0<t<T 0<t<T 0<t<T

for some constant C' > 0.
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Hence, it only remains to prove the Holder continuity of pN*. To do this, let 0 < s <
t < T and recall that

Vi) < |VNn(0)] + 2Mke T + V20 Mp(T), where Mp(t) = Oiugt | B(s)].
and
1 B(t)- B
V3 () = V3(s)| < 2Mker|t —s|+ V20 Lg|t—s|t, where Lp:= sup M,
0<s<t<T |t — s|7

so that

|ZN(t) — Z§(s)| < (dMker + V20 Mp(T))|t — s| + V20 Lp|t — s|”.
Taking the expectation and recalling that E[Mp(T)],E[Lp] < oo we get that u™* €
U,en K and we conclude the proof. O

Now we are ready to prove the existence of a solution for Problem MA 5. Since the
proof is really similar to Theorem C.2, we only underline the main differences.

Theorem D.3. Under (Fy), (F1), (F2) and (F3), Problem MA v admits at least a solution.

Proof. First, we recall that W, (R??) for p > 1 is a hemicompact dense subset of W (R*?).
Precisely, for all n € N define

K = {n e Wi(R*) : My(n) < n}

and observe that |,y K%, = W,(R*¥). The fact that K% are compact subsets of W, (R*?)
is shown as in Lemma B.3. Consider a minimizing sequence {w’};eny C Agy for FV.
Arguing as in Theorem C.2 and using a diagonal argument we know that there exists a
function w* : [0,7] x |, . K = R™ such that, up to a non-relabelled subsequence, for

all p € U, . Kn

neN

1
lim — / (u"(t,p) —u*(t,p)) dt| =0 (D.11)
n—oo [E] |/
and, forall j =1,...,md, t € [0,T] and p,v € |J, e K,

* * Lu
|uj(t, p) —uj(t,v)] < @Wl(/it, V).

The fact that u* € (Agy) follows as in Theorem C.2. Furthermore, by (D.11), denoting
by (ZN49,Y7) and (ZN*,Y) the solutions of (D.7) with controls «’/ and u* repsectively
and by p™7 and p™* the corresponding empirical measures of the followers, we have
(D.8) and then, up to a subsequence, almost surely

lim sup Wl(uiv’j,uiv’*) + sup ’va(t) — HY(t)| = 0.
T 0<t<T

J—o0 p<t<

Hence, by (F1), (F2) and the dominated convergence theorem, we have

T T
lim E[/ E(t,uN’j,Y]{,)dt} :EU L(t, p™*, Y5 dt| .
0 0

j—+oo
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On the other hand, the same arguments as in Theorem 1.5 and a simple application of
Fatou’s Lemma lead to
T T
E [ / B (1, ) dt} < liminfE l / W (1, ) dt|
0 0

j—o0
The remainder of the proof follows as in Theorem 1.5. O

However, it is really difficult to provide (even numerically) a solution of Problem
MA y for a big value of N. For such a reason, one tries to use a mean field limit approach,
justified by Theorem D.1, to provide a suitable approximation of the optimal control.
Indeed, on (4.4), one can consider the optimal control Problem 3, whose solution exists
by Theorem C.2 and is much more affordable, at least from the numerical point of view,
since it involves a system of a PDE and 2md ODEs, as in (4.1), in place of a system of
2(N + m)d SDEs as in (D.7). However, it remains to show that a solution of Problem 3
actually approximates, in some sense, a solution of Problem MA . We will do this for a
slightly different problem. First we consider the following assumptions, that are more
restrictive that the ones we considered in Section 4.2.

e N

Assumptions on FV: (FV)

(Fo) L:]0,T]x C([0,T]; W,(R?*?)) x C([0, T]; R™) and ¥ : R™ — R are measurable
and bounded from below;

(FN) There exists a non-negative increasing concave function @, : R{ — R} such
that

L0t 1, YY) — £t 12, Y)| < ( sup Wi (i, i) + sup [Y(s) - Y2<s>|)
0<s<t 0<s<t

(F2) There exists a function M, € L'(0,T) such that for a.a. ¢ € [0,7], for all

p € C([0,T); W,(R?*)) and forall Y € C([0,T]; R™),

1Lt p, Y| < ME(E).

(F3) ¥ :R™ — Ris convex.
. _J

Furthermore, we have to further reduce the set of controls we are working on. Precisely,
we define the class of controls Agyp C Agy satisfying (Ap), (Az2), (Agv) and

(Ag) Forallt € [0,T] and p € C([0, T]; Wi (R?*?)) it holds

Assumption (Apg) clearly implies (\A,), but it is much more restrictive. We consider then
the following optimal control problems:




OPTIMAL CONTROL PROBLEMS DRIVEN BY NONLINEAR DEGENERATE FP EQUATIONS 59

( Problem 33 )
Find u* € Agyg such that
Flu*] = min Flul.
u€AEvVB
k _J
( Problem MABy )
Find u* € Agyp such that
FNu* = min FVul.
u€AgvB
_ _/

Notice that in both cases the optimal solution u* is obtained by considering a mini-
mizing sequence {u’ };cn C Agyp such that for any measurable £ C [0,7] and p € K in

case of Problem 3 or p € |J,,c K in case of Problem MABy

1 . 1

lim — | w/(t,p)dt = —/ u*(t, p) dt.
= |E| /g 1El JE

Theorem C.2 already guarantees that u* € Agy. Furthermore, for all ¢t € Ej., and h > 0

small enough

1

tth
/ u(t, p) dt' < M.
hlJe

Hence, taking the limit as j — oo and then i | 0, one show that u* € Agyp. As a
consequence, we have the following result:

Theorem D.4. There exists at least a solution for both Problems 35 and MAB y.
Now, we can prove the following result:

Theorem D.5. Let {u"}yeny C Apyp and w* € Agyp be such that for all t € [0,T] and

(1A= UnEN ]C”
t

t
lim uN(s,u)ds:/ u*(s, p)ds.
0

N—oo 0

Then
Flu*] < liminf FN[ul].

N—o0

Furthermore for all w € Agyg it holds
lim FNu] = Flu).

N—oo

Finally, it holds

lim min FY[u] = min Flul.
N—o00 u€EAgvB uEAgvB
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Proof. Let {u™}neny C Apvp and u* € Agyg as in the statement. Denote by (ZV, Hy)
the solutions of (D.7) with controls u”, by pu” the empirical measures of the followers

ZN and by (", ?N) the solutions of (4.1) with controls u”. Arguing as in the proof
of [8, Theorem 4.6] and using Theorem D.1, we have
lim

lim |E [/OTL(t,uN,YN) dt} — /OTL(t,ﬁN,?N) dt' = 0. (D.12)

On the other hand, by Theorem 4.2 and Assumptions (F{V) (that implies (F;)) and (F2),

we have . .
/ L(t,mg",Yy) dt—/ L(t,p,Y,)
0 0

where (1*,Y,) is the solution of (4.1) with control u*. Concerning ¥, the same argu-
ments as in the proof of Theorem 1.5, together with Theorem D.1, and Fatou’s lemma
lead to

lim
N—o0

=0, (D.13)

T T
/ W(w(t, p)) dt <liminf E U U(u(t, u™)) dt} :
0 0 0
This, together with (D.12) and (D.13) prove that
Flu*] < 1ij£ﬂinf]:N[uN].

Now consider a control u € Agyg, denote by (ZV, Yy ) the solutions of (D.7) with con-
trols u, by u? the empirical measures of the followers Z" and by (&z,Y') the solutions
of (4.1) with controls u. Since ¥ is uniformly continuous on {z € R™ : |z| < M, }, we
can consider a concave modulus of continuity @, and argue as in [8, Theorem 4.6], by
using also (A;) and Theorem D.1,

lim 'E [/OTW (u(t, ™)) dt} — /OT\I/(u(t,ﬁ)) dt‘ = 0. (D.14)

N—o0

Combining (D.12) and (D.14) we achieve
lim FN[u] = Flu).

N—o0

Finally, the last statement follows as in [8, Proposition 4.7]. O

Remark D.6. It is worth noticing that the solution u* of Problem 3 is an approximate
solution of Problem MAB )y in the sense that it can be used to provide a control whose cost
is nearly minimal. However, if u” is a solution of Problem MAB;, one cannot guarantee
that u* approximate u”, but only that 7 [u*] is near 7" [u"].
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