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ABSTRACT. We prove that E. De Giorgi’s conjecture for the nonlocal approximation
of free-discontinuity problems extends to the case of functionals defined in terms of
the symmetric gradient of the admissible field. After introducing a suitable class of
continuous finite-difference approximants, we show the compactness of deformations
with equibounded energies, as well as their Gamma-convergence. The compactness
analysis is a crucial hurdle, which we overcome by generalizing a Fréchet-Kolmogorov
approach previously introduced by two of the authors. A second essential difficulty
is the identification of the limiting space of admissible deformations, since a control
on the directional variations is, a priori, only available in average. A limiting rep-
resentation in GSBD is eventually established via a novel characterization of this
space.
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1. INTRODUCTION

Free-discontinuity problems and their approximation by means of Sobolev formula-
tions, discrete descriptions, or nonlocal functionals are a thriving research area owing
to their broad scope of applications, ranging from image reconstruction, to the mod-
eling of failure phenomena in continuum mechanics. A milestone in this direction was
a conjecture formulated by E. De Giorgi and proven by M. Gobbino [31], dealing with
the approximation via I'-convergence of the Mumford-Shah functional by a sequence
of nonlocal counterparts. Such analysis has then paved the way for further general-
izations in [22, 32]. All the aforementioned contributions deal with free-discontinuity
problems involving the full distributional gradient of the admissible maps. A question
that, to the authors’ knowledge, was so far left open, was whether similar nonlocal
approximation techniques would also prove successful for the study of free-boundary
problems involving more general differential operators.

In this paper we initiate the study of continuous finite-difference approximations of
linearized Griffith functionals. Aside from purely mathematical interest, such inquiries
are deeply rooted in the recent research lines which are developing in image processing
and data science. Motivated by applications in Magnetic Resonance Imaging (MRI) or
Positron Emission Tomography (PET), regularizers involving more general differential
operators than the gradient have been studied, e.g., in the settings of regularization
graphs [9], for higher-order Total Variation operators [12, 10], as well as in structural
Total Variation approaches [33] (see also [13] for a review on data-driven approaches in
image regularization). Concerning the data-science applicative interest, starting from
the variational analysis in [30], a novel research direction has open up for variational
studies on point clouds (see, e.g., [0, 15, 16, 24]), as well as related machine-learning
applications [11]. The corresponding mathematical study of generalized graph-based
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differential constraints different from curl A = 0 is, to the authors’ knowledge, a thriv-
ing, mostly unexplored, subject (see, e.g., [34] and the references therein).

The case study we tackle here is a symmetrized counterpart of the nonlocal energies
considered in [31, 32]. In order to describe our findings, we first recall the results [31],
where the sequence of functionals

1 "N — 2 '~z
Fe(u, ) == 8"“/9 Qarctan <M> e 1T P dalde, we LY(Q) (1.1)
X

is shown to I'-converge, as € tends to zero, to the Mumford-Shah energy
\/7?/\/181/\/77(% Q) = / |Vu(z)|*de + VaH" 1 (J,), u € GSBV(Q). (1.2)
Q

In (1.2), the acronym GSBV stands for the space of functions with generalised spe-
cial bounded variation (roughly speaking, maps whose truncations are functions of
bounded variations with distributional gradients exhibiting null Cantor part), cf. |1,
Section 4.5]. Note that the multiplicative constants in (1.2) depend only on the choice
of the integrand arctan(z) and on the weight function e~l=l*,

It is thus natural, in a first stage, to ask whether the functional

Fe(u, ) := = /QXQ arctan <((u(x’) —u@) (@' = x))2) e 1P/ da (1.3)

6n+1 53

defined for measurable functions u € L°(2;R™) provides, analogously, a nonlocal ap-
proximation, in the sense of I'-convergence, of linearized free discontinuity problems of
the form

Fl(u,Q) = /Q o(e(u))dz + CH" 1 (J,), ue GSBD(Q)

for suitable choices of the density ¢ and of the constant C' > 0. In the expression above,
GSBD(2) denotes the space of functions with generalized special bounded deformation
(see [20]), and e(u) the absolutely continuous part of the symmetric distributional
gradient £(u) := DU%D“T.

The structure of (1.3) aligns with the principles of linearized theories in continuum
mechanics, where only the symmetric part of the gradient contributes to the defor-
mation energy. This consideration naturally motivates the assumption that only the
component of u(z') — u(x) projected along the direction ' — x should provide energy
contributions. By setting €€ := 2/ — x, when the differences (u(zx + €€) — u(z)) - £ are
relatively small, the functionals in (1.3) behave like pure bulk energies. For large values
of (u(z+ef) —u(x))-&, instead, the energies in (1.3) saturate, effectively detecting and
penalizing the size of the discontinuities of u.

An important remark concerns the fact that the energies in (1.1) only approximate
the Mumford-Shah functional under suitable additional assumptions on the geometry
of Q, such as Lipschitz regularity (see [31, Remark 7.1]). Such requirements may
not be fully consistent when handling free-boundary problems where discontinuities
are already present within the material. Consider, for example, the case of a crack-
initiated domain, where the presence of an (n — 1)-dimensional set I" C ), representing
an initial crack makes the set © \ I" not Lipschitz.

This possible lack of regularity of €2 calls for a more refined approach, which we
address by modifying the energies in (1.3) as follows. First, for every & € S"~! and
every Borel set £ C Q we introduce the functionals F; ¢(u, E), defined as

_1 e (e — @) O\ o
F.e(u, E) = E/EQ(E_EQ ¢ < - >d . uwe LO(Q;R").
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The specific structure of (1.3) allows one to make use of Fubini’s theorem and rewrite
it as an average of F ¢ with respect to all possible directions {. Specifically, we have

Fe(u, E) = [E_E F; ¢(u, E)e_‘§|2d£,

€

where E — F :={y € R" : y = 2/ — x, for some z,2’ € E}. The relevant functionals
for our analysis, denoted by FZ(u, (), depend on a further degree of freedom, encoded
by a parameter p € [1,00), and take the form

FP(u, Q) := sup Z </QQ Fg,g(u,B)pe|52d§) 57 u € LO(Q; R™). (1.4)

In the expression above, 4 represents the class of all finite families of pairwise disjoint
open balls contained in . This supremum procedure over # allows the functional FZ
to bypass irregularities within the domain 2. In fact, by choosing p = 1, the strict
superadditivity of the set function F. ¢(u, -) leads to the strict inequality F} < F..

For p > 1, the presence of the LP-norm in the definition (1.4) should be viewed as a
reqularizing effect.

The major difficulty we face in the analysis of (1.4) is the lack of a clear compactness
strategy. The results of [3, 19, 20] cannot be applied, as the sequence F?¥ is defined over
the space of measurable maps, so that neither a differential structure nor integrability
assumptions are given a priori. Thus, our main result is the following compactness and
closure theorem for sequences u. with equibounded energy F¥, for some p € [1, +00).

Theorem 1.1 (Closure and compactness). Let Q@ C R™ be open, let p > 1, and let
{uc}eso C LO(S;R™) be such that

sup FP (ue, 2) < 00. (1.5)
e>0

Then, there exists a subsequence €. — 0 as k — 0o such that the set
A:={xeQ:|u,(z) = o0 as k — oo} (1.6)

has finite perimeter, and ue, — u pointwise almost everywhere in Q \ A for some
measurable function u: Q\ A — R™. In addition, for almost every ¢ € R, the extension
of u to the whole of Q defined as uw = c on A, satisfies u € GSBD(Q) and

li]gn inf FP (ug, Q) > FP(u,Q) = / op(e(u))dz + ByH" 1 (J, Ud*A), (1.7)
—00 e}

where @) MQyXTZ} — [0,00) is a 2-homogeneous function and By is a positive constant.

For p =1 we have the following explicit form

5 1 =N
Flu, Q) = T / (\e(u)\2 + fdiv(u)Q) dz + L’anl(Ju),
2 Ja 2 2

whenever u € GSBD(Q).

For the precise definition of the bulk energy density ¢, and of the surface energy
density 3, we refer to Lemma 4.6.

In proving Theorem 1.1 we addressed two main correlated hurdles. The first diffi-
culty concerns the identification of a limit map w. In this respect, we may compare our
setting to the existing literature concerning nonlocal approximation of Free Discontinu-
ity problems. In particular, the recent works |28, 35, 39], inspired by the corresponding
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results on the Mumford-Shah functional |7, 36], provide a nonlocal approximation of a
class of Griffith-type functionals in terms of a bulk energy of the form

1/ f(EW(e(u)) * ps) dz
€Ja
featuring the convolution of a volume density W (e(u)) for a Sobolev map v and a po-
tential f whose behavior is similar to that of arctan in (1.3). The compactness issues
in the mentioned articles are overcome due to the presence of an a priori differential
structure of the displacement u, relying on compactness in GSBD [19, 20]. We remark
that such a direct approach is not applicable in our framework, as u. are only measur-
able fields with no control on their symmetric gradient. A similar issue appeared in a
discrete fashion in [I, 23] on a deterministic lattice, which indeed proposed a discrete
finite-difference approximation of Griffith-type of energies in the spirit of [5, 18, 17,
| with a finite range of interaction. Their approach to compactness builds upon the
construction of GSBD-competitors with uniformly bounded energy, which is facilitated
by the lack of long-range interactions. This approach allowed again for the application
of compactness in GSBD. The continuous nature of £ and its infinite horizon make
the adaptation of the strategy of [23] rather challenging.

It turned out that in our setting we can work directly on the sequence u., bypassing
the modification approach of [23]. Our method relies on Fréchet-Kolmogorov, and thus
amounts to prove equi-continuity of translations. This technical step is provided in
the proof of Theorem 1.1 and shares common ideas with [3|, where the proof of the
compactness theorem of [19] was first revisited, avoiding the use of Korn and Korn-
Poincaré inequalities. Once again, the lack of a symmetric gradient and the structure
of F., which features an extra integration over the directions & € R™, do not allow us
to select a preferred basis to control translations, as it was the case in [3]. Nevertheless,
the slicing properties of the functionals F. make it possible to control the translations
of the maps arctan(uc(z) - §) both with respect to z and £. Pointwise convergence out
of an exceptional set A C €2 is thus recovered by Fréchet-Kolmogorov Theorem.

The next step in the proof of Theorem 1.1 consists in showing that w belongs to
GSBD(), yielding the characterization of the domain of the T-limit of FZ. Broadly
speaking, the non-local nature of the approximating functional FZ results in a limiting
function space consisting of measurable vector fields that exhibit generalized bounded
deformation in a weaker sense. To explain this phenomenon more precisely, recall that
u € GBD(R) if and only if u is a measurable vector field and there exists a finite Radon

measure A on {2 such that, for every £ € S"~!, the generalized directional variation ﬂﬁ
of u - &, as introduced in [26, Definition 4.10|, satisfies:
5 (B) < A(B), for every Borel set B C Q. (1.8)

By a slicing argument, a similar approach to that proposed by M. Gobbino in [31]
gives that the limit field u € L°(2;R"™) satisfies condition (1.8) in an averaged form
with respect to &, namely,

/ fi5(B) dH™1(€) < M(B), for every Borel set B C Q. (1.9)
S§n—1

The fact that (1.8) is replaced in our setting by (1.9) is a huge obstacle to establish
the structural properties of the limiting function space. In particular, the technique

presented in [20] for deriving the GBD-structural properties fails, and we need to rely
on the more recent integral geometric approach introduced in [2]. The main difference
from the approach in [2] lies in the role of the flatness of R™, where rescaling and

translating the domain preserve straight lines as geodesics, maintaining invariance in
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the associated GBD-space. Furthermore, the GDB-theory developed in [25] provides a
quite general method to relate the jump set of u to the behavior of codimension one
slices, which we are able to adapt to our setting. We remark that such an approach
seems not to be successful in a Riemannian manifold. In Propositions 3.14-3.16, we
leverage the above features to avoid relying on a Korn-Poincaré-type inequality to
estimate the dimensionality of the set on which the jump of all one-dimensional slices
of u concentrate. Ultimately, we conclude in Theorem 3.1 that the limit map u belongs
to GSBD(f), and thus characterize the domain of the I'-limit of F£. It is worth noting
that, although it is not used in the present paper, this method also allows one to address
the case of jump sets with infinite length, which may be of interest for cohesive models
obtained as the I'-limit of finite-difference approximating functionals, as in [32]. For the
detailed definitions of the relevant quantities and the proof of the structural properties,
we refer the reader to Sections 2 and 3, respectively.

An alternative approach.

After the first version of this paper was submitted as a Preprint on arXiv, a new char-
acterization of GSBD with finite jump was proved in [21], from which it was deduced
that our limiting space is GSBD. This characterization was based on controlling the
measures /lg through finitely many direction £, which turns out to be equivalent to a
control on average. In this new version we propose a totally different perspective, by
first deriving fine properties of the limiting space and then proving it coincides with
GSBD via some integro-geometrical arguments, hence providing an alternative proof

to [21].
Eventually, we obtain the following I'-convergence result for the sequence F~.

Theorem 1.2 (I-convergence). Let Q@ C R™ be open. For every p > 1 the family of
functionals {F£}eso T-converges in LO($; R™) to the Griffith-type functional FP defined
as

PPu,0) = /Q ep(e(u))dz + ByH" ' (Jy) for u € GSBD(Q),

00 otherwise in L°(Q;R™),

(1.10)

where @, and B, are given as in Theorem 1.1.

Combining Theorem 1.1 with the I'-convergence of Theorem 1.2, we further deduce
convergence of minimisers of £ to minimisers of F? under suitable Dirichlet boundary
conditions (cf. Theorem 5.2).

Organization of the paper. The paper is organized as follows. In Section 2, we
collect a few preliminary definitions and results. Section 3 is devoted to establish the
main properties of the spaces of limiting deformations. Sections 4 and 5 are devoted
to the proofs of our compactness, and I'-convergence result, respectively.

Outlook. The analysis provided in this work offers the opportunity to explore several
further research lines. On the one hand, the compactness argument of Theorem 1.1
and the slicing technique of Theorem 1.2 may be further tested against discrete finite-
difference approximations on point clouds of vectorial free discontinuity problems, in

the spirit of [3, 16, 30| for the Total Variation, the Mumford-Shah, and the perime-
ter functionals. Such research line is the subject of a preprint which is currently in
preparation.

On the other hand, the use of a slicing argument for the study of the variational limit
restricts the choice of the approximating sequence F., which in turn determines the
class of admissible densities ¢, in (1.10). The study of more general approximations and
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of integral representation formulas in the spirit of [22, 1, 23] will be the subject of future
investigation. A possible strategy to generalize our result to the case of arbitrary Lamé
constants could be to rely on the presence of further discrete-divergence terms, along
the lines of |1, 23]. The extension of our compactness result and of our identification
of the limiting domain for such a model would be possible without any change to the
structure of the current proof. The associated Gamma-convergence analysis, on the
other hand, deserves the development of a novel representation theory.

2. DEFINITIONS AND NOTATION

Recall the functionals FZ and F. ¢ defined in the introduction. Given A C R, we

further set )
F.(u,A) = 1/ arctan <(u(t t+e) —ult) ) dt,
g JA &

for every measurable function u: B C R — R such that A C BN (B —¢). For the
sequel it is convenient to introduce the following class of Mumford-Shah and Griffith
functionals. For « > 0, the former reads as

v Jo |Vu(a)?dz + H"1(J,), ue GSBV(Q),
+00, u€ L} () \ GSBV(Q).

loc

MS,(u, Q) = {
For A > 0, we define the Griffith functional by
Oy (. Q) = {)\ fQ |e(u)(m)|20d:17 +H"Y(J,), wue GSBD(Q),
00, u € L°(;R™) \ GSBD(Q).
For every £ € R™\ {0}, every x € R", and every E C R", we define
ES:={tcR:z+tEcE}.
For u: E — R"™ we define ai: Eg — R as
aS(t) := u(x 4 t€) - €.

For v: E — R, we denote by v5: E5 — R the function v$(t) := v(z + t£). For A C R
open and v: A — R measurable, we set J} :={t € J,NA: [vT(t) —v= ()| > 1}.

The proof of the following measurability property is postponed to Section 3.

Lemma 2.1. Let u: Q — R” be L™-measurable. Assume that for H* '-a.e. £ € S*1,
for H* -a.e. y € TI¢, the function 115 belongs to BVZOC(QS). Then, for every open set
U C Q the map

(.€) = [DAS|(UZ \ Jie) + HOUE N T L) (2.1)

is (L™ @ H"1)-measurable on Q x S*~L. In particular, for every open set U C Q we
have that the map

£ /H5 |Das|(US \ Jég) +HOUS N J;S)dH"—l(y)
is H"1-measurable on S* 1.

Next, we recall a measurability property originally stated in [26, Lemma 3.6].

Lemma 2.2. Let v: Q — R be L™-measurable and let ¢ € S"~L. Assume that for
H' 1oa.e. y € TI¢, the function Ug belongs to BVZOC(Qg). Then, for every Borel set
B C Q the map

y — |DUS|(BS \ Jig) +H(B5N Jig)
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is H"~'-measurable on II¢.
We are now in position to define the space GBV? (€; R").

Definition 2.3. We say that a L£"-measurable function u:  — R" belongs to the
space GBV (Q; R") if for H" -a.e. € € S" ! and for H" '-a.e. y € II¢ the function
5 € BV (95) and

/ / IDAE[(Q5\ JY) + HOQE A T4 )dH () JaH 1 (€) < 0. (2.2)
sn—1 I Y Y Uy Y Uy

Moreover, we say that u € GSBVE(Q;R?) if u € GBV®(€2; R™) and ﬁg € SBVZGC(QZE/)
for H" l-a.e. € € S"1 and for H* t-a.e. y € II¢.

Remark 2.4. Observe that the space GBVE(Q;R") introduced in Definition 2.3 does
not coincide a priori with GBD(£2) introduced in [20, Definition 4.1]. This is be-
cause the control in (2.2) is not pointwise in £ but only in average with respect to
the H"~ 'L S" l-measure. Nevertheless, we will show in Section 3.2 that, under an

additional assumption, actually GSBV¢(Q; R") = GSBD(Q).

In view of the measurability property contained in Lemma 2.2 we provide the fol-
lowing definition.

Definition 2.5. Let Q@ C R" open and let u: @ — R"™ be L£™measurable. Then for

every £ € S"! we define the Borel regular measure /:L% in 2 as follows. We define ;13

on ) as the unique Borel regular measure on €2 that satisfies for every open set U C 2
) = [ IDASIUE\ Tl + O 0 7 a7 ),
whenever for H" !-a.e. y € TI¢ the function ﬂg belongs to BVZOC(Uf), while /15 (U) = oo

otherwise.

Remark 2.6. Since the hypothesis of De Giorgi-Letta’s Theorem [1] are fulfilled, the

extension of the set function U +— ﬂg(U ) to a Borel regular measure on €2 is uniquely

guaranteed by the formula
5 (B) == inf{i4(U): BC U, U C Q open}.

Remark 2.7. In view of (2.2), if u € GBVE(Q) we have that i € M (Q) for H"1-
a.e. £ € S*"1. Moreover, for such &, we can make use of the measurability property
contained in Lemma 2.2 to infer

HSB) = [ IDESI(BE\ Tk + HOBE 0 T a7 ),
for every Borel set B C ).

Definition 2.8. For p > 1, u € GBV®(Q), and ¢ € S ! such that 5 e M (), we
define /if, on Q as the unique Borel regular measure on ) that satisfies

= sup Z </S" Nz (B)PdH"™ 1(§)) ’ for U C 2 open, (2.3)

where 4 denotes any ﬁmte family of pairwise disjoints open balls contained in U.

Observe that for p = 1 the following explicit representation of /il holds true

L) = / AE(U)AHT(E)  for U C Q open., (2.4)
sn—-1
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Remark 2.9. We observe that, by virtue of Jensen’s inequality, it holds true that
p—1
qul < an—l(Sn—l) » Mz’
in the sense of measures for every p > 1.

Remark 2.10. Also in this case, by De Giorgi-Letta’s Theorem || the extension of the
set function U — ik, (U) to a Borel regular measure on {2 is uniquely guaranteed by

@b(B) :=inf{gr(U): BC U, U C  open}.

The above formula immediately gives also the uniqueness of the extension to a Borel
regular measure on ).

We conclude this section with a remark concerning the definition of the functionals
FF as well as the definition of the measures ji,.

Remark 2.11. We observe that in (1.4) and (2.3) we can equivalently take the supremum
over any family of countable pairwise disjoint open balls and the result would be the
same. In addition, all the results as well as their proofs remain unchanged if we replace
% with any class made of finitely many pairwise disjoint convex and open sets.

We also remark that the functional (1.4) could be replaced by

FP(u,Q) := sup Z (A—B F, ¢(u, B)Pe—|§\2 d§> P

% Be# e

without any substantial change in the proofs that follow. In particular, with this choice
we would have exactly F!(u, B) = F.(u, B) for every open ball B C R™.

3. STRUCTURE OF THE SPACE GBV?

The present section addresses the study of the space GBVE(Q;R”) introduced in
Definition 2.3. In particular, we focus on the structure of functions u € GSBV¢(Q,R™).
As a byproduct, we prove the following identification Theorem.

Theorem 3.1. Let Q@ C R™ open. A measurable function u: 2 — R™ belongs to
GSBD(Q) if and only if u € GSBVE (Q; R™).

In the next subsection, we discuss some measurability issues which justify for-
mula (2.2) in Definition 2.3.

3.1. Preliminaries. We start with a technical proposition for one-dimensional func-
tions. We introduce the class 7 of all functions 7 € C'(R) such that —3 < 7 < 1
and 0 < 7/ < 1. We recall that, given an open set I C R and given (7;) C C!(I),
T € CY(I), we have 7; — 7 in C}, (I) if and only if for every open set U € I it holds
|75 = TllLeo @) + 17} = 7'l ooy — 0 as j — oo.

Proposition 3.2. Let I C R be open and let u € BV ,.(I). Let furthermore TcT
be any countable set which is dense with respect to the Clloc-topology. For every U open
subset of I, it holds

k
|Dul(U\ ) + HOU N J}) = supsup [ D(7:(w))|(Us), (3.1)
keN
where the second supremum is taken over all the families m,...7; € T and all the

families of pairwise disjoint open subsets Uy,..., Uy of U.
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Proof. Since u € BV,.(I), for every U € I open and compactly contained in I, the
condition (a) of |26, Theorem 3.5] is satisfied. Therefore, we can apply [26, Theorem
3.8] to the one-dimensional function uL U € BV (U) to deduce that (3.1) holds true for
every open set U’ C U if we replace 7 with the entire family 7. In order to pass from a
compactly contained open set U to the whole of I, it is enough to consider a sequence
U, € I with U, ~ I and notice that

|Du| (U \ JH) + HO(U, 0 T A [ Dul(I\ I +H(INJY), ask— .

In order to conclude the proof of formula (3.1) we need to show that it is enough to
consider the supremum on the smaller family 7. To this purpose we simply notice that
for every U &€ I, being u € BV(U), we have |ul[z ) < m. Hence, by applying the
chain rule for BV-function (see for instance [4]), if (1;) € T is such that 7; — 7 in
C} (R), then

loc
[D(7(u) = 7(u)|(U) < |75 = Tllcr((—mmy) [Dul(U) =0, as j — oo.

With this information at hand we infer that the double supremum in the right hand-side
of (3.1) does not change when restricted to 7. O

We are now in position to prove Lemma 2.1.

Proof of Lemma 2.1. The assumptions of the lemma are equivalent to: for H" '-a.e
£ e S" L for LMa.e. x € Q, the function s belongs to BVZOC(Qg).

We claim that for every open set U C Q and every 7 € T the map (z,§) —
|D7(3%)|(U$) is (£" ® H™!)-measurable on © x S"~1. To show the claim, consider
a countable dense subset D C C}(R) in the C} -topology. Notice that, for every
f €L} .(R) and every I C R open, we have

|IDf|(I) = sup /ngodt sup /fD(pdt (3.2)
peCL(I) peCHI)ND
llellLoo <1 IIwHLoo<1

Now consider a sequence of open sets U, € U with U, /U, and consider a sequence
of functions vy € CH(U) with 0 < v; < 1 while vy = 1 on Uj. Notice that, for
every ¢ € CL(R), the map (z,§) — [ 7(a5) D((vp)5) dt is (L™ @ H™!)-measurable
(for instance by virtue of Fubini’s Theorem). By formula (3.2), we have for every

(7,€) € Q x S*! that

| D (a5)|((UF)5) < hi(a,€) := sup /T(ﬁé)D((vk)st) dt < |D7(a3)|(Ug).
peCHR)ND JR
llellLoo<1
Notice that, since the countable supremum of measurable functions is a mesurable
function, hg(z,&) is (L™ ® 7—[”_1) measurable. By the monotone property of measures,

we know that |D7(a$)|((U, ) ) /‘ \DT(ux)|(Ux) for every (z,£) € Q x S"! as k — oo,

meaning that hy(z,€) — |D7(a%)|(US) for every (z,£) € Q x S*! as k — oo. Thanks
to the fact that pointwise limits of sequences of measurable functions are measurable
functions, the claim follows.

By combining the previous claim with Proposition 3.2, we deduce that the map in
(2.1) is the countable supremum of measurable maps, therefore, it is measurable. The
proof is thus concluded. O

We discuss here the measurability of £ — ,uu( ) for B Borel subset of .
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Proposition 3.3. Let Q C R"™ open and let u: Q@ — R™ be L™-measurable and such that
for H* T-a.e. £ € S and H* -a.e. y € TI¢ the function ﬂg belongs to BVZOC(Qg).
For every € € S™ 1 and for every U open subset of Q, it holds

k
fi(U) = supsup Y | De(ri(u- €))|(Uy), (3.3)
keN
where the second supremum is taken over all the families 71,...7, € T and all the
families of pairwise disjoint open subsets Uy, ..., Uy of U.

Proof. Whenever £ € S*! and U C  are such that [Lg(U ) < 00, equality (3.3) holds
in view of [26, Theorem 3.8]. It remains to consider the case ji§(U) = co. For simplicity
of notation, we denote by 1 the set function given by the right-hand side of (3.3). By
contradiction, assume that n(U) < co. In particular, for every 7 € T we have

[ Der(u-)|(U) <n(U) < oo. (3-4)

Hence, D¢7(u-§) € My(U). By a Carathéodory construction using 7 as Gauge function
and the family of all open balls contained in U as set of generators, we obtain a Borel
regular measure A on U, with As as approximating measure for 6 > 0 (see, e.g., [29,
Section 2.10.1]). For every V' € U, for every 6 > 0 small enough, and for every covering
G of V made of open balls in R with diameter smaller than §, we may assume that
U 1eg A C U. By Besicovitch covering theorem, there exists a dimensional constant
¢(n) >0 and Gy, ..., Ge(ny disjoint countable subfamilies of G such that

In particular, we have that A\s(V) < ¢(n)n(U), which yields the inequality A\(V) <
c(n)n(U) for every V' € U. Taking the limit V' " U we conclude that A is a positive
bounded Radon measure on U. By using (3.4) it is not difficult to show that actually
for every Borel set B C U we have that [De7(u-£)|(B) < A(B) whenever 7 € 7. Thus,
we are in a position to apply [26, Theorem 3.5] to deduce that i%(U) < A(U) < oo,
which is a contradiction. Thus, it must be n(U) = oo and equality (3.3) is satisfied. O

Corollary 3.4. Under the assumptions of Proposition 3.3, for every open set U C 2

the map & — p5(U) is lower-semicontinuous on S,

Proof. We notice that equality (3.3) holds for every U C 2 open, for every & € S*~1.
In particular, the right-hand side of (3.3) is lower-semicontinuous w.r.t. £ € S*~! for

fixed U C 2 open, hence § — ,&i(U ) is also lower-semicontinuous. (]

Thanks to Corollary 3.4, the integral (2.2) in Definition 2.3 is now justified. We
further notice that fi;, can be extended to a finite Radon measure on ), that we still
denote by ji..

Remark 3.5. We point out that whenever v € GBV®(Q; R"), the integral formula (2.4)
can be extended also for K C €2 compact. Indeed, it is enough to take a sequence Uy
of open subsets of {2 such that K = (), .y Ux. Then, for every k € N we have that

ﬂi( éUJ) = /Sn1 ﬂi( éUj) dH"H(E).
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Passing to the limit as k — oo, by dominated convergence (recall that i5(Q) €
L' (S™ 1)) we deduce that

inE) = [ s o).

3.2. Proof of Theorem 3.1. In this section we prove that if v € GSBV®({;R")
then v € GSBD(2). Such implication is a consequence of the following two theorems,
concerning the structure properties of functions in GSBV® (Q;R").

Theorem 3.6. Let u € GBVE(Q;R™) and assume that [i is a finite measure. Then
for H* 1-a.e. £ € S™ we have

(Ju)§=Je, for H' '-ae. y eIl (3.5)
Y
Theorem 3.7. Let u € GBVE(Q;R™). Then there exists e(u) € L*(€;M2X") such

Sym
that
ap- lim (uly) ~ulz) - e(“)(%y —z)-(y—=)
ye ly — x|
holds for a.c. x € Q. Morcover, for a.e. £ € R*\ {0} and for H""-a.c. y € II* we
have

=0

e(u)gf €= Vﬂg L'-a.e. on Q§ (3.6)

Postponing the proofs of Theorems 3.6 and 3.7 to Subsections 3.2.1 and 3.2.2, re-
spectively, we conclude this section showing how to exploit them to prove Theorem 3.1.

Proof of Theorem 3.1. The only non trivial implication is « € GSBV? (€; R") implies
u € GSBD(Q). From the very definition of GSBD(2) we need to show the existence of
a finite Borel measure A on € such that for every ¢ € S*~!

@5 € SBV (), for H" e y e II¢ (3.7)
(15 (B) < X(B), for every B C Q Borel. (3.8)

By combining Theorem 3.6 together with the countably (n — 1)-rectifiability of .J,,
(see [27]), we make use of the Area Formula to infer for H" !-a.e. & € S~ ! that for
every Borel set B C ()

| DIIB T + OB T an ) = [ (€A b€ an
II v v BNJy

where D7 denotes the jump part of the distributional derivative. In particular, there
exists a dimensional constant 0 < ¢, < 1 such that for every v € R” and v € S*~!

(oA [ (- €AD - gar(e) <l AL

In addition, by Theorem 3.7 we have also for H" !-a.e. £ € S*~! and for every Borel
set B C Q)

/H5 Vi | (BS) A" (y) = /m </B5 |e(u)§§-§ydt>dH"1(y)
|
B

e(u)§ - ¢l da.

Therefore, since fi. is a finite measure (recall also |e(u)| € L*(£2)), the Borel measure
A= le(uw)| L™ + (|[u]] A1)H L J, is finite and for H" L-a.e. £ € S"~1 we have

5 (B) < X(B), for every B C Q Borel. (3.9)
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In order to get the full conditions (3.7) and (3.8) for every & € S*~!, given ¢ € S* 71
we consider &, — & such that each & satisfies (3.7), (3.8) and by virtue of Corollary
3.4 we infer that

i5(U) < limkinf (S (U) < ANU), for every U C Q open.

Since A is a finite Borel measure, the above inequality can be further extended to every
Borel set B C 2 by outer regularity. This proves (3.8). In order to verify the validity of
(3.7) we notice that, from (3.9) and by the definition of GSBV?(Q;R"), we know that
for a dense set of £ € S"~! conditions (3.7) and (3.8) hold true. From [26, Theorem
3.5], for every such £ we have

|D7(u-&)|(B) < A(B), forevery B C ) Borel, (3.10)

whenever 7 € 7. By exploiting (3.10) and the lower semi-continuity of £ — |D7(u

&)|(U) for every open set U C 2, we argue as before and show that actually (3.10)
holds for every £ € S*~! and every Borel set B C . By using again [26, Theorem 3.5|,
we infer that for every ¢ € S"~! property (3.8) holds true, and also ﬂg € BVZOC(QS)
for " 1-a.e. y € II¢. Eventually, condition (3.8) and the specific form of \, together
with a simple disintegration argument with respect to the projection m¢: R" — II¢,
give exactly the validity of (3.7). O

3.2.1. Proof of Theorem 3.6. In slicing the jump set we will follow the line developed
in [2|. As already explained in the introduction, the main difference is that, in contrast
to the case of a generic Riemannian manifold, the flatness of R™ allows to avoid the
use of a Korn-Poincaré type of inequality. We start by introducing a class of relevant
measures. Before doing this, we recall a measurability lemma.

Lemma 3.8. Let u: 2 — R™ be L™-measurable. Then, for every Borel set B C Q) we
have that

Y= Z ]| A1) is H" 1t -measurable (3.11)
teB§
f»—)/ Z AL dH"(y) is H" ™ -measurable. (3.12)
teB;
Proof. See |2, Lemma 4.5|. O

Given an L™-measurable function u: @ — R"™, by virtue of (3.11) we consider for
every £ € S"~! the (outer) Borel regular measure ng of R™ given by

/ S (@) A1) dH 1 (y) B CQ Borel, (3.13)
teBS
ne(E) :=1inf{ne(B): E C B, B C Q Borel}. (3.14)

We note that the definition of 7¢ in (3.13) does not depend on the representative of u
in its Lebesgue class.

Definition 3.9 (The outer measure .#,1). Let u: & — R™ be measurable and let
{Ne}eesn—1 be the family of measures in (3.13)-(3.14). By virtue of (3.12), via the
classical Caratheodory’s construction, we define the (outer) Borel regular measure ., 1
on () as

Fu1(E) := sup inf Z /n1 ne(B)dH™1(¢),

G
0>0 o BeG;
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whenever F C Q and where Gy is the family of all countable Borel covers of £ made
of sets having diameter less than or equal to 9.

Remark 3.10. For every u € GBVS(Q' R™) and for every Borel set B C €2, it holds

fu,l(B):/S” Me(B)AH" I /S B /m Z t)]|A1) H”_l(y))dH”_l(g).

teB y
Given F C R™, we define the codimension one slice of E as
ES:={ycTl®+st:ycE}.

Proposition 3.11. Let £ € S* 1, s € R and letu € GBV‘S(Q; R™). Then for H" '-a.e.
Y € Qg there exists

ap-lim  u(z) =: uS*(y), (3.15)

?ﬁy,
ze(HEi+s§)mQ

where Hg' ={z€R":2-£>0} and Hg is defined similarly.

Proof. Since u € GBVZ (Q; R™) we can find a basis {&1, . .., &} of R™ such that 4§ (€) <
oo for i =1,...,n. By applying [26, Theorem 5.1], we infer that

ap-lim  wu(z)- & =: Uli(y)

z—Y,

ze(ng—l—sfi)ﬂQ
exists for every i = 1,...,n and for H" t-ae. y € 0S. Since &1,...,&, form a basis
we can readily conclude that the limit in (3.15) exists and, in particular, ugt (y)- & =
+
v (). O

Thanks to Proposition 3.11, we are now in a position to identify a precise represen-
tative for co-dimension one slices through (n — 1)-planes.

Deﬁnitlon 3.12. Given ¢ € S" ! and u: Q — R”, we define for every s € R the
function a$: 16 + s&€ — TI¢ as

a$(y) = me(ust(v), €,
where u§T is defined in (3.15).

Proposition 3.13. Let u € GBVE(Q;R"). Then for H" t-a.e. &€ € S"! and for
Ll-a.e. s €R the function @5 € GBVE(QS; TI6).

Proof. First of all we notice that the Borel regular measure on S"~! defined as B —
Jsn—1 H'2(B N 1IE) dH™(€) is invariant under the action of the orthogonal group.
Hence from [29, Theorem 2.7.7| we infer the existence of a dimensional constant c(n)
such that

H"(B) = c(n) / H"2(BNIS)dH 1 (¢) VB c S" ! Borel set,  (3.16)
S§n—1
By using (2.2) and (3.16) it holds for H" !-a. ¢ € S*~!

o> [ @)
énsn—1

[ (oo )2
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Since H"LLIIE = [H" 2L (II7 N (TI¢ + s€)] ® L1, we have
/mgn_l ( /H n(ﬂu)ZdHH(y))dHH(n)
N /Hgmgnl ( /R ( /Hnm (msf)(ﬂu)Z(QZ)dH”—Q(y))dzl(s))dw—2(n)_

Finally we observe that, for every &, n € S*™!, w-n = me(ut) - p LM-a.e., thus we can
substitute in the above integral (fi,)y = (fi ¢ )y, which concludes the proof. O

Next we prove a key technical proposition.

Proposition 3.14. Assume that Theorem 3.6 holds true up to dimension n — 1. Let
u:  — R™ be measurable. Then, it holds

Fui({z € Q: for every €S x ¢ J¢ with s s.t. x € I° + s€})=0. (3.17)
Proof. Let E be the set in (3.17), i.e.,
E:={zxecQ:forevery EcS" ! z¢ Je with s s.t. x € I¢ + s¢}. (3.18)

We show that F is jil-measurable. We proceed as in [2, Lemma 4.4]. Let 7 := arctan,
we define s : Q x S*"71 x S*71 5 R” and i+ : Q x S"71 x S»~! — R” as
s, 6.v) = limsup | (105 411 (2),
m™NO (T +(2-&)E)N(HFE +2)NB,(z)

(x,&,v) := liminf T((15.¢);(2)) AH"H(2),

™0 /(HE-&-(x-&){)ﬂ(H}—i—m)ﬁBr(z)
for j = 1,...,n. We notice that s* and i* are Borel measurable in Q x S*~! x S~
Indeed, the integrand functions are Borel measurable in the variables (x, &, v, z). Hence,
Fubini’s theorem implies that the integral functions are Borel measurable in Q x S~ x
S*~1. Finally, both liminf and limsup can be computed by restricting r € Q because
of the continuity of the integrals with respect to r. Then, the set

B = {(:U,&,V) eQ xS xst. st(z,&,v) =it (x,€,v), s (x,&,v) =i (z,&,v),

sT(x, &, v) # s (z,&,v), S;E(x,& v) € (—g,g) for j = 1,...,n},

is Borel measurable. Furthermore, Q \ E = 71 (B), where m1: Q x S"71 x §"71 — Q is
the projection over the first component. Then, by the measurable projection Theorem
(see for instance [29, Section 2.2.13]) the set Q \ E is fil-measurable, and the same
holds for F.

From the very definition of E, we note that it holds (£ N (II¢ + s£)) N Jue = 0 for
every £ € S" ! and s € R. Moreover, we know from Proposition 3.13 that for H" !-a.e.
¢ €S" ! and for L'-a.c s € R we also have 5 € GBVS(QE;Hﬁ).

For simplicity let us denote v := aé Then, by the assumption that Theorem 3.6
holds true, we have, for £L'-a.e. s € R,

J@g = (Ju)y

n (3.19)

for H"2-ae. n € S NIIE and H" 2-ae. y € 11" N (11 4 s£). Since the map
(2,5) — u5(z) coincides with the map u(z) for H" '-a.c. z € Qf and for L1-ac. s € R,
and since 7 € TI¢, we have as well

u(y +1tn)-n=me(ul(y +tn)) - n=0v(y+tn) - n,
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for Ll-a.e. s € R, for H" 2-ae. y € "N (II¢ + s¢), and for Ll-ae. t € Q). In
particular, by virtue of Fubini’s Theorem (up to measurability issues....), and using
also (3.19), we infer that for H" 2-a.e. n € S~ NI it holds

Jay NE) = T N E) = (J)gNE] = (J,NE)] =0 for H" -ae yell,

where in the last equality we have used the relation (E N (II¢ + s¢)) N J, = 0 valid for
every s € R. Summarizing we have obtained that for H" '-a.e. £ € S*~!

Jan N Ey =0, for H" %ae. neS"INIE and H" tae. y e 17 (3.20)
Eventually, by (3.16), we infer from (3.20) that
Jaf, N Eg =0, forH" lae £eS" ! and H" t-ae. y eIl

From the very definition of the measures n¢ (cf. (3.13)) we obtain that 7¢(£) = 0 for

Hrlae. &€ € S As a direct consequence of the definition of Zu,1 we conclude
Fu1(E) = 0. O

Before proving the dimensional estimate on the set where the measure .#, ; is con-
centrated, we need the following proposition.

Proposition 3.15. Let A C R" be measurable. Consider the real vector space L°(A)

made of all Lebesque equivalence classes of measurable functions v: A — R endowed
with the metric d(-,-) defined as

d(v1,v9) ::/ lvp —wva| Aldx, wvy,v € LO(A),
A

which induces the convergence in measure. Then, any finite dimensional vector subspace
V C L°(A) is a complete metric space with respect to the distance d(,-).

The proposition above is a direct consequence of Riesz Theorem (see for instance
[37, Theorem 1.21]). To keep the presentation self contained, we include a proof in the
Appendix A.

Recall the definition of ©**~1 (see [29] for further details)

p(Br(z))

*n—1 1 .
) (i, x) := limsup o

r—0

)

for every measure p € M1 (Q) and = € Q.

Proposition 3.16. Let u € GBVE(Q;R™). Then, for jit-a.e. x € Q, the condition
o =Y(al x) = 0 implies that © ¢ J.¢ for every £ € S"=1 with s € R such that
x € II¢ + s¢.

Proof. In order to simplify the notation we set for every € Q and & € S*~!
05 (u) := [Dag|(Q\ Jle) + HO(Q5 N T )
Os(u) = [ IDASIOEN i) + HO6 1 TLg) a1 (c).
Sn—1 Ug Ug
Step 1. We claim that

i € BVoe(95), for (L@ H" -ae. (z,6) € Q@ x S ! (3.21)
(z,€) = O5(u) is (L™ @ H" 1)-measurable (3.22)

/Q O (1) de < en (@)L (). (3.23)
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Indeed, from the definition of GBV‘S(Q;R"), we know that for H" t-ae. £ € S*!
we have ﬁg € BVloc(Qg) for H" l-a.e. y € II¢. Equivalently, for " l-a.e. & € S*7!
we have dig(x) € BV;OC(Q%@)) for L™-a.e. x € Q, where 7¢: R" — II¢ denotes the
orthogonal projection. Therefore, by using Fubini’s Theorem on the product space
2 x 8" with measure £" ® H"~!, and the fact that a5 = a5 .
infer the validity of (3.21). To prove (3.23), in view of the measurability (3.22) (see
Lemma 2.1), it is enough to make use of Fubini’s Theorem and exchange the order of
integration in = and &.

we immediately

Step 2. Let us assume by contradiction that the measure /il has null (n — 1)-density
at  while the set ¥ C S"~! defined as

Y= {SESnflszJﬂg}

is not empty. Fix £ € ¥. By the same arguments used to prove the measurability of
the set E defined in (3.18), it can be shown that ¥ is H"~!-measurable.

Let z € Q, then 2 € TI¢ + s¢ with s = z-£. Now define for every 0 < r < dist(z, 99)
the rescaled function u,: B1(0) — R™ as u.(z) := uT (z+7r2), and @,: By (0)NIIE — R"
as Uy (2) := me(u™ (z + rz2)).

From formula (3.3), we deduce that u, € GBV®(By(0);R") and that 75, (B1(0)) =
1108 (B, (x)) for H" t-ae. € € S*1. Let us further denote the map ¢: R — R"

defined as
b(2) = EE if z#£0
0, if z=0.

From our assumption, we have, for £ € ¥, that there exists v € II* 1S”~! such that
Uy — fue in measure asr — 0%, where f,¢(2) :=a,¢sign(z-v)+b,e  (3.24)

for some a, ¢ € R"\ {0} and b, ¢ € R™.

Step 3. We claim that there exist a subsequence of radii r;, N\, 0 and vectors {z1, ..., zpan } C
B1(0) \ {0}, such that {z(j_1)p41,---,2jn} are linearly independent vectors contained

in the j-th orthant of R", z; are points of approximate continuity for u,,, while (3.21)
holds true for z = z; and u = u,,, and Oy, (u,, ) = 01 for every k = 1,2,... as k — oo.
Notice that, once the claim is proved, by the Fundamental Theorem of Calculus to-
gether with the concavity of the truncation function, there exists j = 1,...,2" such
that for H" '-a.e. z € By(0) N1II¢ and for every i = (j — 1)n + 1,...,5n, we have
&-z>0and

[(ury (25) = ur (2)) - 6z — 2)| AL < REF)|(B1(0)), k=1,2,... (3.25)
We notice that the right-hand side of (3.25) is H" !-measurable as a function of
z. Indeed, we could have chosen the vectors {z1,...,2zp2n} so that n — |, [(B1(0))

are measurable maps between the o-algebra of H" !-measurable subsets of S*~! and
the Borel o-algebra of R (this follows similarly as in the proof of Lemma 2.1). Then,
2 > |25 *)|(B,(0)) is simply the composition of  — |f, |(B1(0)) with z — ¢(z—z),
which is Borel measurable and whose preimages of H" '-negligible sets are H" !-
negligible.

To prove the claim we first notice that the assumption ©"~ (4l ) = 0 implies that
fie. (B1(0)) = 0 as r — 0". By letting A, := fi;, (B1(0)) we see from (3.23) applied to
u=wu, and Q@ = By(0) NX;, where ¥; is the j-th orthant, that

L{z € B1(0) N : O.(uy) > cn(Q)V/A}) < VA, for every 0 < 7 < dist(z, 99).
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Therefore, by passing to a subsequence ry, N\, 0 such that >, \/A,, < £"(B1(0))/2",

we have that the set A := [, {z € B1(0) N%E; : Os(ur,) < cn(Q \/Tk} satisfies
L"(A) > 0. In particular, we can find {z(j_1)n41,---,2jn} C ANX; in generic position
such that z; is an approximate continuity point for w,, and (3.21) holds true with
u=u,, and x = z; for every k =1,2,... and i = (j — 1)n+1,...,jn. The fact that
O, (ur,) = 0" for every i = (j — 1)n+1,...,jn as k — oo is a direct consequence of
the fact that {z(;_1)n41,---,2jn} C A. The claim is thus proved.

Step 4. Fix j = 1,...,2" such that £-z; > 0 for i = (j — 1)n,...,jn. For simplicity
assume j = 1. We observe that for every i = 1,...,n

lim uu T (B(0) =0 for HY lae. z € IIE N By (0) (3.26)

since @ (al x) = 0.
Since {z1,..., 2y} are linearly independent vectors, we obtain that

{#(z—21),...,0(z — zn)} is a basis of R" for H" '-a.e. z € II° N B1(0).  (3.27)

Therefore, for H" t-a.e. z € II¢ N (B1(0) \ B1/2(0)) we find real smooth coefficients
{c1(2),...,cn(2)} such that ¢(z) = >, ¢i(2)d(z — 2;). In addition, combining (3.25)
and (3.27) we infer for every ¢ = 1,...,n that

|(ttr,, (2)—tur, (2))-(2—2;)| A1 — 0, pointwise for H" '-a.e. z € IS N (B1(0)\ B1(0)) as k — oo.

1
2
Therefore, for every sufficiently large k (depending on z)

Jur, (2) - (2) = Y cil2)urn (21) - d(z — z)[ A 1

< Z lci(2)[(ury (2) = ur (20)) - (2 = 2i)| A1
= Z!Cz ()| *(B1(0))

By (3.26), the above inequality yields that for H"-a.e. z € II* N (B1(0) \ B1(0))

|ur,, (2) - d(2) — Zci(z)urk(zi) co(z—2z)| — 0, ask — 0.

Thus, by recalling (3.24), we have for H" !-a.e. z € II* N (B1(0) \ B1(0))

|foe(z) — Zcz(z)urk(zz) ~p(z —z;)| = 0, as k — oc. (3.28)

i

1
2

We conclude by showing that (3.28) gives a contradiction. Consider the finite-
dimensional real vector subspace V of L°(IT*N(B1(0)\ B1(0)); R™) generated by the el-
2

ements {v;;: I8N (B1(0)\B1(0)) = R™ : 4,5 = 1,...,n}, where v;;(2) := ¢;(2)¢;(2—2)
2
(¢; := ¢ - e;). Condition (3.28) combined with Proposition 3.15 (recall that pointwise

convergence implies convergence in measure) implies that the function f, ¢ restricted
to 11N (B1(0) \ B1(0)) belongs to V. Since the generators v;; are all smooth functions,
2
any linear combination of them still belongs to C°°(II* N (B (0) \ B1(0)); R™), forcing
2
a,¢ = 0. This is not possible because we assumed at the beginning a, ¢ # 0 and we
reach a contradiction. The proof is thus concluded. U

We are now in position to prove Theorem 3.6.
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Proof of Theorem 3.6. We proceed by induction. Observe that in dimension one the
theorem is trivially true. Now, assume that the theorem holds true in dimension n — 1.
Therefore, from Proposition 3.14 we infer that the measure .#, 1 concentrates on the
complement in € of the set E defined in (3.18). Since by Proposition 3.16 we have that
Q\E C{xeQ:0* (gl z) > 0}, then by applying the classical density estimates
for Radon measure (cf. [29]) we infer that Q \ E is o-finite with respect to H" 1.
We are thus in position to apply Besicovitch-Federer structure theorem [29] to write
Q\ E = RUU where R C Q is countably (n — 1)-rectifiable while the Borel set U C Q
satisfies
H" Y (me(U)) =0, for H" t-ae &S

Eventually, from the very construction of .#, 1, the above property immediately implies
that .#,1(U) = 0 and hence .#,; concentrates on the rectifiable set R. In particular
we deduce the fundamental inclusion

Jye CRS, for H' '-ae. £ €S" " and for H" -ae. y € II°.
Y

We can then conclude by arguing as in the proof of [2, Theorem 4.12].
O

3.2.2. Proof of Theorem 3.7. The proof follows the line of |26, Theorem 9.1], we report
here only the main differences.
We set
Z:={¢ e R"\ {0} : 45 € BV() for a.e. y € II*}. (3.29)
Observe that £"(R™ \ Z) = 0. Without loss of generality, we may assume that v is a
Borel function with compact support in £2 and that ﬁ§ € BV(Qg) for every £ € = and

for every y € TI¢. For every = € Q we define

g : r[*
4~ (x) := lim sup 2/ u(z + s) - £ds, (3.30)

p—0t+ 20 J—p

1 P4 — a8
e*(x) := limsup / @z + 5¢) = () ds.
p—0t 4P Jo §

We observe that ué and ef are Borel functions and have compact support on €. In
particular,
e (z) = p?e*(x) for every p > 0 and every z € Q. (3.31)

By the Lebesgue Differentation Theorem, for every y € II¢ we have
(a%)5 = a5 L'-ac. in Q.
Since @5 € BV(Q5) and (af)§ is a good representative of 45 by (3.30), we obtain that
G6)6 (¢ — (5)8(t
i (1) = tim 5L+ 5) — @500

s—0 S

= (e)5(1) (3.32)

for every y € II¢ and for L'-a.e. t € Qg
As in [26, Theorem 9.1], the following parallelogram identity holds

e T(x) 4+ e (x) = 265 (z) + 2e5(z) for ae. x € Q, (3.33)

for every &,n € R™ such that £, 1, +n,§ —n € =.
Recall (3.29). Let & € Z. By induction, we consider

& € Zk ::Eﬂ( N ﬂ5+qg@-)

1<i<k—1¢€Q
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and we remark that £"(R"™\ Ey) = 0. Define X as the vector space over Q generated by
{& tren. Since L(R™\ Zx) = 0 for every k € N, the sequence {&x}ren can be chosen
to be dense in R"™. We remark that, since = is closed by multiplication with scalars,
then by construction X C Z. Since X is countable and owing to (3.33), there exists a
Borel set N C €2 such that £"(N) = 0 and the parallelogram identity

eT(x) 4 7 (x) = 25 (z) + 2€5(x) (3.34)

holds for every x € Q\ N and for every &,n € X.

Since e%(z) is also positively homogeneous of degree 2 by (3.31), we deduce by [27,
Proposition 11.9] that for every x € Q \ N there exists a symmetric bilinear form
B, : X x X — R such that

e (z) = By(£,€)

for every & € X. This implies that for every z € 2\ N there exists a symmetric matrix
e(u)(x) € M2X" such that

e (z) = e(u) ()€ - ¢ (3.35)

for every £ € X.

Let us fix § € Z=. We want to prove that (3.35) holds for £ = &, and for a.e. = € Q.
Let Xy be the vector subspace over Q generated by X U {{p}. Since X is countable,
there exists a Borel set No C Q, with N C Ny and £™(Ng) = 0, such that (3.34) holds
for every x € Q\ Ny and for every £,n € Xy. Arguing as before, we prove that for
every z € 2\ Ny there exists a symmetric matrix A(x) € M7 " such that

sym

et (z) = A(z)¢ - ¢ (3.36)

for every £ € Xy. Since X C Xp and N C Ny, equalities (3.35) and (3.36) hold for
every x € '\ Ny and for every £ € X. This implies that A(z) = e(u)(z) for every
x € Q\ Np. Since (3.36) holds for every x € Q\ Ny and for every £ € Xy, we deduce
that the same is true for (3.35). Since & € Xo, we conclude that (3.35) holds for £ = &
for every = € '\ Np.

By the arbitrariness of £y we have shown that for a.e. £ € R"™ we have

ef(x) = e(u)(2)€- € a.e. in Q.

Lastly, (3.6) follows by combining the above equality and (3.32).
Finally, the fact that e(u) € L'(£;M2X") follows from

sym

L rew@las < [ [ et agas
= [ o [ losoe-olarayag

< iy () < oo

4. PROOF OF THEOREM 1.1

We divide this section into two subsection. The first one contains a number of
preliminary results that will be exploited in the second subsection, where the proof of
Theorem 1.1 is carried out.
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4.1. Preliminary results. We start with a general estimate.

Lemma 4.1. For every positive integer n it holds true

€]
sup/ ——— dH"(n) < . (4.1)
ecRn JB4(0)\By 4 (0) 1 + €1l )

Proof. An application of Coarea Formula with the map f: R” — R defined as f(n) :=
|n| allows us to write

sup/ LQ "(n)
el J By (0)\By,4(0) 1 + e - 7|

* le| 1
= Sup/ </ —— dH"™ )d
eekn J1/a \ JoB,(0) 1 + |e - n[? () ) de

= sup /4 </ p”_1|e|dHn_1(77)> dp
eekn J1/4 \ Jap,0) 1 + p?le - nf?

< 4" sup / e dH"1(n).
S

ecR” J§n—1 1+ |€ : "7’2
Hence, it is enough to prove
‘€| n—1
sup/ ——dH n) < oo. 4.2
SR Jor T feap 700 2

We remark that, since the integrand in (4.2) is rotation invariant, we can assume
e = Xeg, where A € R and e; is the first element of the canonical basis. Moreover, we
observe that by setting n; :=n - e; it is enough to show

A 1
sup/ ———5dH" " (n) < 0
x>0 Jsp=t 1+ Apf )

for some & € (0,1), where S} = S""1 1 {0 < m < }. Indeed, the integral

A
. den—l n
/Snlﬁ{m>6} 1+ A2nf )

is uniformly bounded by a constant only depending on n and §.
By applying the Coarea Formula with the map f: S*~! — R defined as f(n) := m

we have
A Jgn-1
/s;” 1+ Nnj }J:m;%; dH™ )
sup ! /1 A H'ASp N {m =t})dt
nes—t st f () Jo 1 + A%t ’
< C(n,9) /1 A dt = C(n,0) arctan(\) < C(n, (5)2
o 1+ A2 2
This concludes the proof of (4.1). O
We now recall some useful results shown in [31] for the study of nonlocal approxi-

mations of the Mumford-Shah functional. For the reader’s convenience, we report the
proof of Lemma 4.5, highlighting the ambient space €2 in the functional. The proofs of
Lemmas 4.2-4.4 coincide with those of [31].

Lemma 4.2 ([31, Lemma 3.2]). Let I = [a,b] be an interval, let {uc}e~0 C L} (R),
and let u € L} (R). Let us assume the following:
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(i) ue = w in L}, (R);
(ii) a and b are Lebesque points of u.

Then
. 7 (ub) —u(a))’
> W ARV
h{:ri)lglfFe(us,I) _mln{Q, —
Lemma 4.3 ([31, Lemma 3.3]). Let u € L*°(R). Then there exists a € R such that
(i) a + q is a Lebesgue point of u for every q € Q;
(i1) every sequence {ugtren C L°(R) that satisfies the following conditions:
—up(a+ %) =ula+F) forall z € Z;
—if x € l[a+ £,a+ 2], then uy(x) belongs to the interval with endpoints
u(a+ %) and u(a + =24);
has a subsequence converging to u in L, (R).

Lemma 4.4 ([31, Lemma 5.1]). Let Q C R™ be an open set. For every u € L°(Q,R™),
every & € ), every § > 0, and every £ € R™ such that E + 6§ C 2, we have that

/E | arctan(u(z + 6¢) - ) — arctan(u(zx) - §)|dz < Cpd(1 + Fse(u, E)),

for some Cg > 0 only depending on E.

Lemma 4.5 ([31, Lemma 5.3|). Let Q C R™ be an open set, E € Q, R C R", and
n > 0 be such that R C % and

dist(E, 0Q) > n sup|¢].
{ER

Then, for every u € L°(Q;R™), € > 0, and m € N such that me < n we have that

/ Foe(u, B) dé < / Foe(u, Q) de. (4.3)
R R

Proof. Given € > 0, we prove the statement by induction over m. If m = 1 there is
nothing to prove. Let us assume that (4.3) holds for m and prove it for m+1, assuming
that (m + 1)e < n. In particular, this implies that £ C Q — (m + 1)e¢ for every £ € R.
For A, B € R it holds

(A+ B)?

arctan
< m+1

B2
> < arctan(A?) + arctan <> .
m

Applying such inequality to

(u(z+ (m+ Veb) —ule +met) € (ula+meg) — u(w)) £
Ve Ve |

with z € F and £ € R, we get that

A:

2

1 ((u(z + (m 4 1)e€) — u(x)) - )
(m+1)e arctan < (m+1)e >
((w(z + (m + 1)e€) — u(x + met)) - €)*
S m arctan ( - >

m 1 ((w(z + me€) — u(x)) - €)°
+ 7(m 1) — arctan < e >



22 S. ALMI, E. DAVOLI, A. KUBIN, AND E. TASSO

Integrating over x € E and £ € R and performing a change of variable in the first
integral on the right-hand side we obtain

/ Fing1yee(u, E)d§ (m+ 1 / /Eer€§ arctan <((u(:p * 65); u(@)) '5)2> dz d¢

m+1 /Faqu df—l—( +1)/Fm57§(u,E)d§,

where, in the last inequality, we have used that £ + mef& C QN Q — €. Hence, we
conclude for (4.3) by the induction hypothesis. O

We conclude this section with the following lemma, which characterizes the den-
sity ¢, and the constant /3, appearing in (1.7) and in the definition of the functional FP
n (1.10).

Lemma 4.6. Let p > 1, let Q C R" be an open set, and let @p: MGIR — [0,00) be the
map with quadratic growth defined as

wp(A) = ( /R (lAg-¢)” \£|pe—f'2d£) T fr A M andp< o,

Then, there exists a positive constant 3, > 0 such that for every u € GSBD(§2; R"™) it
holds

s > 3 ( / . < Msiwé,Bg)dH”—l(y))p \s|pe—'€'2dg)”

— [ enetw)ds + (),
where B is the set of all possible finite families of pairwise disjoint balls in €.
Proof. We recall that

T R ) T
~MS: (i, BS) = /B£ Vs 2dr + ZHO(T,¢ 0 B).
Y

Integrating the expression above in y € II¢, by Theorem 3.7 we obtain for the first term

Jo f v aran=o = [ [ vt o) gt aran o)
//|£| Yy + 7E)E - €2 dr dH (y)
= [ Iellet@p-¢Pa.
B

On the other hand, by the area formula and Theorem 3.6, for the second term we get

[ g nByan )= [ el g an @),
113 v B

w

We define for every ball B C € the function

¢(u, B) (/Rn </ le(u)(x)€ - £[*dx + - 5 /JumB V() - §|dH”_1(m)>p €[Pelel? d§>;’
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and for every open A C Q) we set
p(u, A) := sup Z ¢(u, B),
#a BeXB 4

where %4 is any finite family of disjoint balls contained in A. Then, p can be extended
to a Borel measure (which we still denote by u with a slight abuse of notation). We
also observe that there exists a positive constant C' only depending on n and p such
that for every open set A C €2 we have

p(u, A) < CQ% (u, A), (4.4)

where the inequality follows by the definition of p. In particular, (4.4) holds for every
Borel set. Hence, we decompose p in the following way

pB) = [ jo)do+ /J e @

for every Borel set B C €, for some densities f and g.
We start by calculating the density f, which is given by

o 100, By ()

(o) = lim P
for L™-a.e. x € Q. Let x € Q be such that
1
ti = [ 1)) — )@y =0, (45)

n—1
lim H" 4 (Jy N Br(2))
r—0 rh

We recall that L"-a.e. € Q satisfy (4.5) and (4.6). Consider %p, () a family of covers
of B,(x) such that

=0. (4.6)

(. Br(2)) = Lpen,, ., (. B)

lim —0, (4.7)
r—0 rn
L"(Br (%)) = Xopewy, o, £"(B)
lim NG —0. (4.8)
r—0 rh
In view of (4.7), for every § > 0 we have
Z K C(u7 B)
F(a) = tim LB D) _ i, 2B
r—0 wpr™ r—0 Wp "
1
= lim / / e(u —e(u)(x) + e(u)(x))€ - £)2d
lim B%( | ( [ (] e)m) = elw)@) + el - €ldy

Sl

Ty N dH”‘l(y))plﬁlpe"f2d£>

< lim
r—=0 w,r"

S ([ asorewe-gremplere Fae)t @)

BG%B,«(;C) R

ﬂiﬁ%w;n 2 </n(/B(1+;)’e(u)(y)—€(U)(x)\2dy)p|§|5pe—€|2d§>

BEE@BT‘ ('L‘)

S =

(4.10)
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cim e S ([ (G - dawiw) e Fa )

Be'@Br(ac)
(4.11)

The limit in (4.10) rewrites as

1 2
() ke £ -

which is equal to zero by (4.5). The limit in (4.11) is bounded by

g(/ RESE d§> lin — S H NN B)

r—0 Wy T™
BE@BT (z)

which is also equal to zero by (4.6). Finally, by (4.8) the limit in (4.9) is equal to

40 ([ (etw@e 627l e a) = 1+ 6y et )

for every § > 0, and thus f(z) < ¢p(e(u)(x)). The other inequality follows from similar

arguments.
In order to calculate the density g we consider x € J, such that

fBT(x) le(w)(y)§ - €*dy _

tim - 7 (4.12)
n—1
li 2 (Ju 0 Bl”(x)) =1, (4.13)
r—0 Wp—1T""
1
i L () — (@) AH" Y (y) = 0. 4.14
o0 wWp—1r"1 /r( Ny uly) = vul@)] AR ) ()

We remark that H" '-a.e. x € J, satisfy (4.12)—(4.14). We consider a family of covers
BB, (z) of Br(x) such that

i, Bo(2) = X ey, (0, B)

,r.nfl

lim =0. (4.15)
r—0

Thanks to (4.15) we obtain

M(ua B, (33)) i ZBE,%BT(I) C(uv B)

r) = lim ——— = lim
9(x) =0 wy_1r"1 r—0 Wp_1r"—1

=D ( LG 10 =) + e - dhaw

r—=0 Wy
n BE@BT(I)

hSA

+ /B (le(u) ()€ - E\zdy)plf\pe"52d£>

it 5 (LG, aoe o)

< lim
4.16
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v S (LG -l anei)) e ac)

BE%BT(Q)
(4.17)

1
. 1 _ P
+lim—— ) ( / ) / e 2dy "lepre de) . (4.18)

Similarly as before, the limit in (4.17) is equal to zero by (4.13) and (4.14). From (4.12)
it follows that also (4.18) is zero. Finally, we observe that (4.16) is equal to

2 ([ e eplepeag)” =,

hence g(z) < Bp,. The reverse inequality follows from similar computations.
O

4.2. Proof of Theorem 1.1. Consider any subsequence ¢, — 0 and set uy = u.,.
By Hoélder’s inequality, we have

M = Sup}'elk(uk,Q) < C(n,p) sup]:p (ug, Q) < oo.
keN

We divide the proof into 6 steps. In Steps 1 and 2 we prove that u; converges pointwise,
up to an exceptional set A, to some limit function u by a Fréchet-Kolmogorov argument.
Steps 3-6 are devoted to show that u is indeed a GSBV®-function and that A is of finite
perimeter.

Step 1: Fix two open sets F' € E € §2 and define f;: Q x R™” — R by

fr(x, &) == 1(ug(z) - §) := arctan(ug(x) - &).
Let k € N be sufficiently large so that B4(0) \ By/4(0) C Q;CQ (notice that @ — € is an
open set containing the origin) and 4e;, < dist(E,0Q). In particular, this implies that
F C E CQ— gt for every & € By(0) \ By/4(0) and every ¢ € [0,1]. For simplicity
of notation, let us set R := B(0) \ Bj/2(0). In order to apply Fréchet-Kolmogorov
Theorem on F x R, we start by showing that for every o > 0 there exist ¢ € (0, 1) such
that

/F . |fe(z+n,8) — fru(z,§)|drdé < « for n € B;(0). (4.19)

Instead of proving (4.19), we prove a slightly different equivalent statement: for
every a > 0 there exist ¢ € (0,1) and k£ € N such that

[ fatn - Awoldd <o fryeBO)mdkzE (420)
FxR
For every n € B1(0), £ € R" and j =1,2,..., we define f% € R" as
. 1
% =&+ 317.
We remark that by Lemma 4.1 for every n € B1(0) and j € N we have that
lel le]
sup / —————d¢ < sup ——dé<C (4.21)
cern JR 1+ e &2 eckr J By (0)\B, 4(0) 1 1 € - &I
for some positive constant C only depending on the dimension n.

Let us now fix j > 4 such that j > 4|F|C/a. We repeatedly apply the triangle
inequality to obtain for t € [0, 1]

[fe(@ + 1, 8) — frl(z,§)| (4.22)

1
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< fulw +0,€) = fulw + 0, €)1+ | e + 0, &) — fulw = Jt€, )]
+ | filw = jte, 6) — fulw — 18, &) + | fulw — jt&, ) — fu(, €)].
The first term in (4.22) is bounded as follows

| fio(@ + 0, €) — fi(x + 0, &) (4.23)

(el + ) - ) — sz + o) - ) = | [ s
= |T(ug(x +1tn) - &) — 7(ug(x +1in) - :/ E—
! up(attnye 1+

1 1 =
< max , = ‘Uk(ﬂf‘l'm) (& —¢)
{1+|uk(w+tn)-§\2 1+|uk(x+tn)-§¥7|2} !
1 1
< = max ) |luk(z + tn)|.
J {1+IUk(fC+t77)-£!2 1+ Jug(z +tn) - 57712}
Thanks to (4.21), we deduce from (4.23) that
= 1
[ 1fsta+ 0.9 = fule+ . ag < 2 (1.21)

for the same constant C' defined in (4.21). Hence, we infer from (4.24) and from the
choice of j that for every x € F, t € [0,1], k € N, and n € B;(0), it holds

/R ela+ t0.€) = fila+ tn.6]) € < 7 (4.25)

The very same argument allows us to bound the third term on the right-hand side
of (4.22) for every x € F', t € [0,1], k € N, and n € B;1(0) as

/R |fila = Gt6,€)) — filw — €, €)|dé < ﬁ (4.26)
For the second term on the right-hand side of (4.22) we have
/ / fola - t.6) — il — Jt€,6)|d de
/ / ol + 656, 6) — fule, )| de dg
F—jt¢
< /E (s +17]) - €]) — m{ug() - €] dr e,

if jt < 1, since F' € E. We apply the change of variable £ = 5;, to the last integral
above to obtain

/R /F fela+ t0.6) — il — o€, €|z de
< / 7 (g (x + 7€) - €) — 7 (up(x) - €)|dz dé .
Ex(B4(0)\B1,4(0))

Recall that, by Lemma 4.4, for t € [0,1) and & € B4(0)\ By /4(0) such that E+tj¢ C Q
we have

/E (g + 17€) - €) — 7(ug(x) - O)ldz < Crtf(1 + Fs (g F)). (4.27)

Choose to € (0, 1) sufficiently small so that
FCE+jttcQ for every € € (B4(0) \ By/4(0)) and every t € [0,t4],  (4.28)
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- «@
Let k € N sufficiently large and let us set tj, := iye), € (%,ta) for k > k and for some

ir € N. Thanks to (4.28), we apply (4.27) for t = t; and Lemma 4.5 with the choice
m = jij, obtaining

/ (a4 Gt1E) - €) — T(up(a) - €)|de dé
Ex(B4(0)\B1,4(0))
- / (w4 Finert) - €) — 7(up(a) - €)|de dé
Ex(B1(0)\By/4(0))
< CEjikEk/ (1+ %ikek,g(uk’ E))d¢
(B4(0)\B1,4(0))

< Cpjirer(1+ FL (u, Q).
Summarizing we have thus obtained for every k > k and every n € B1(0)
/F Mila &) = o = 06, 6))Ida d6 < Cofinen(l+ 75, (u ) (4:29)
< Opjta(l+ M) < %.
From the very same argument, we infer that for every k > k and every n € B1(0)
[ Ie =069 ~ e Oldede < Cefinar(l+ FL () < 5. (@30

Combining (4.25), (4.26), (4.29), (4.30), we have shown that for every k > k and
every n € B1(0) it holds

/F filattn) = [, dede <o, (4.31)

where we recall that tj, € (%&,t,). Finally, setting  := to/2, (4.31) yields

//|fk($+?7,€)—fk(l’7§)|d$d§Sa,
RJF

for every k > k and every n € B;(0), which is precisely (4.20).
Step 2: Now we prove that for every a > 0 there exists ¢ € (0,1) such that

/ |fe(z, & +n) — fru(zx,§)|dzdé < « for n € By(0) and k € N. (4.32)
FxR

Fix n € S~ ! and let t € (0,1). By arguing as in (4.23) we have that for z € F

|7 (ug () - (€ +tn)) — 7(ug(z) - €|
1 1
L+ Jug () - €12 1+ Jug(x) - (§ + tn)

From this last inequality we deduce from Lemma 4.1 that

/R (@) - (€ + t)) — T(up(z) - )] d€ < O, (4.33)

for a positive constant C' only depending on the dimension n. By (4.33) there exists
t € (0,1) such that for every x € F, k € N, n € S"!, and every t € [0, ]

/R\fk(w,ﬁ +tn) = fr(z, &) d¢ < o (4.34)

Stmax{

7 fun(a) .
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Eventually, (4.34) leads to (4.32).

Thanks to (4.19) and (4.32), it is not difficult to see that we are in position to
apply Fréchet-Kolmogorov Theorem (see, e.g., [1 1, Theorem 4.26]) and obtain that the
sequence {fx ren is relatively compact in L*(F x R) for every open set ' compactly
contained in ). Therefore, up to passing to a subsequence, we have fr, — fs as
k — oo strongly in L (Q x R). By a diagonal argument we can possibly pass to

loc
another subsequence such that

fr = fx pointwise a.e. in  x R. (4.35)
From (4.35), we deduce the existence of an orthonormal basis {n1,...,n,} of R” such
that
(k- m) = fo pointwise a.e. in  for every i = 1,...,n as k — oo,

for some measurable function fi : Q — [~7/2,7/2]. Since arctan is a diffeomorphism

with its image, we deduce the existence of a measurable function u: 2 — R" such that
u=0on A and

Up — U a.e.in 2\ Aask — oo (4.36)

|ug| — oo a.e. in A as k — oo, (4.37)

where A is the set defined in (1.6). Eventually, up to passing to a subsequence, we also
assume that up — v in measure in Q \ A. We further remark that

TEA = klim lug(z) - €| =00 for ae. £ € R". (4.38)
—00

Step 3: Let A > 0 and let 7,: R — [\, A] be a strictly increasing function such that
Ty < 1, limyi00 Ta(t) = £, and 7\ (t) =t for t € [-A/2,A/2]. Fix{ € R”, and let y €
I1¢. For every A > 0, we want to construct suitable modifications {v; x}jen C SBV(Q%)
of (ﬁk)i)\(t) = Ta(ug(y + t€) - €), as in [31, Theorem 3.4, Step 2|, such that

vja = G in Lo, (25) as j — oo, (4.39)

and
lim inf £z, ((a)S 10 (I — ex)) > gMS%(vj,A, I (4.40)

k—o0
for every j sufficiently large and every interval I € Qg, where ﬂg A(t) = (u(y +t&)-€)
for y + 1§ € Q\ A and @ , (t) = £ for y + t€ € A.
We notice that by applying Fubini’s Theorem for a.e. ¢ we have
L'({x € A: liminf |ug(x) - & < c0}) = 0.
k—o0

Then thanks to (4.36)—(4.37), up to a subsequence which does not depend on ¢ and y
we have (for every A > 0)

(@k)j)\ — ﬁj/\ in Li,.((2\ A)g) for every & and for H"-a.e. y € II¢, (4.41)

()55 = [, =X in Lj,.(AS) for a.e. &, for H" '-ace. y € IIE, (4.42)

as k — oo. We further observe that, since 0 < 7§ < 1, then |7\(t) — 7a(t)| < [t — /| for
every t,t' € R, leading to

F.(f,B) = Fo(A(f), B), (4.43)

for every € > 0, every measurable set B C R, and every measurable function f: B — R.
We extend the function ﬁg ) to Rin such a way that ﬁi \(t)=0fort e R\, Leta €

R satisfy conditions (¢) and (ii) of Lemma 4.3 for ﬂg v andlet I7 = [a+%, a+ ZTH] e R.
We define vj 5 in every interval I7 in the following way:



FINITE-DIFFERENCE APPROXIMATION OF FREE/DISCONTINUITY PROBLEMS IN GSBD 29

o If j(ag)\(a + Z‘;—l) - 12;’;)\((1 + ?))2 < 7§, then vj) is the affine function that

3

coincides with 4 s At the endpoints of I j;

. ifj(f/ y(a+ ZJ-“I) AE aat+z ))? > Z, then v; 5 is the piecewise constant function
that coincides with u§ 2 at the endpoints of I 7 and has a unique discontinuity

in the middle point of ‘the interval.
Then by Lemma 4.3, up to subsequences, (4.39) holds. Moreover, v; \ € SBV(Qi) and

1 2
MSz (v, ) :min{g,j (@A (a+ z;r >_a§7/\ (a—i—j)) }

for every j € N and z € Z such that I7 € Qg

Let I C Qg be an interval and F' € IN (I —¢y) for k sufficiently large, note that such
F exists since IN(I —ey) — I as k — co. We notice that for every j sufficiently large,
depending on F', every intervals IJ’»Z such that I; C IN(I —ey) also satisty F' C UZI]?.
By virtue of (4.41) and (4.42) we can make use of Lemma 4.2 in I7 and infer, for a.e.
¢ € R™ and for H" t-a.e. y € II¢, that

I

liminf F, ((ar)$

k—o0

Iz) >

g\ g MS%(U]')\,I;).

>
2
To prove (4.40) we sum over all z such that I7 C I N (I —¢y) for every j sufficiently
large

liminf £, ()55 1 01 (1 = &) = z/\/152 (vj0, F).

From the semicontinuity of the Mumford-Shah functional with respect to the L}
convergence, taking the limit as j — oo and then as F' I, we obtain

loc™

lim inf F, ((a )g,A,m(I—g,ﬁ))> MSz( i\, T). (4.44)

k—o0

We recall that

Fl(u, Q) —SupZ/ F. ¢(u, B)e € qg

Be#

s S [ ([ ras B0 - copan ) lge e
From (4.43), Fatou’s Lemma, and (1.5), we get

sup 32 [ [ mine Eu (0050 B0 (B — 20§ lele Farr )

¢ k—oo
Be#

<sup 3 [ [ tmint R (00§, B0 (8 @9 lele” S an ) dg
n JII

¢ k—oo
Be#

. N —1¢]2 3qyn—1
ghgnmfsgpxﬁﬂ /Hg Fuy ()5, BE N (B — e4)S) €l 6 amm 1 () de
< liminf 7, (ug, Q) < M,

k—o00

which yields for every open ball B C )

B¢ 5 (B — 5k§) ) < C forae. £ R, for H" tae. yeIl* (4.45)

lim inf 72, ()},
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where the constant C' > 0 may depend on £ and y but not on A and B. The above
inequality combined with (4.44) implies that aj ) € SBVZOC(QS) for a.e. £ € R" and
H lae. y e IIE.

Step 4: We claim that for a.e. £ € R?, for H" -a.e. y € TI¢, and for every bounded
interval I C Qg we have

HOASNT) #£0 = H(J,e NI)#0orIC AS (4.46)

YA

IfI1c A§ we have nothing to prove. Let us assume that there exists s € I\ Ag.
By contradiction, assume HO(Jﬁ NI)=0. For a.e. £ € R", for H" l-a.e. y € II¢, by

(4.44) and (4.45) we get

3
YA

/I Vi ()] dt < C. (4.47)

Since dg ), belongs to SBV(I) and since ’HO(Jag N1I) =0, it is absolutely continuous

_ YA
in I. Hence, for t € I we have

t
i 701 = [i 26+ [ Vi, (0 dt\

t
[ v ola

< [af \(s)] +

t 1/2
< i\ (0)| + lenght(D)!/2 | [ vaS )Pt <,
S

for every £ € I, where the last inequality follows from (4.47) and the fact that s € I\ 45.
Since ”HO(AE NI)# 0 and (4.38) holds, there exists t € Ag N I such that \ﬁfm(f)l > C
for every A > 0 sufficiently large, which is a contradiction. This concludes the proof
of (4.46).

Step 5: Let I C Qg be a bounded interval. We claim that, for a.e. £ € R™ and for
H  lae. y € 114, the set Ag is a finite union of intervals and

m % . N
5710(3 AnT) < lim inf F, (k) 7o T O (I = ). (4.48)

Moreover, A is a set of finite perimeter.

Denote by (Ag)d the points of density d of Ag. We want to prove that (Af,)1 is
an open set. By contradiction, suppose that there exist ¢ € (Ag)1 and a sequence
{sj}jen C Qg \ (Ag)1 such that s; — t. Since almost every points of Qg \ (Ag)1 belong
to (Ag)o, we find another sequence {t;};en C (Ag)o such that t; — t. Without loss of
generality we assume t? < t? 41 for every j € N. By definition of points of density zero,
for every j, there exists a point tjl- € [t(;», t? 1) of density one. By the previous step, there
exists another increasing sequence t; € [t?, t2+1> N Jﬁi K Since the sequence {t;} en
is strictly increasing, there exist disjoint open intervals I; such that ¢; € I;. Now, by
applying (4.44) and (4.45) on every I; we obtain > ;1 < 3. HO(Jﬁi,A NI;) < C, which

is a contradiction. Hence, (Ag)l is open.

From now on we assume that Ag coincides with (Ag)l. Suppose that |1\ A§| > 0,
otherwise there is nothing to prove. Let K be a connected component of Ag NI, and
let t7 € K, to € T\ Ag. Then, by Step 4, there exists t € J e R N I between t; and

Y

to. Using a similar argument as above, we prove that %O(Jﬁg N 1) is greater than or
Y,



FINITE-DIFFERENCE APPROXIMATION OF FREE/DISCONTINUITY PROBLEMS IN GSBD 31

equal to the number of connected components of Agﬁl and is uniformly bounded, from
which it follows that Ag is the union of a finite number of intervals. Finally, (4.48) is
a consequence of 7—[0(8*145 NnI)< ’HO(J € NI) and of (4.44).

To conclude we need to prove that A is of finite perimeter. Multiplying (4.48) by
|€le™ €I* and then integrating in & € R" and y € I we obtain for every ball B C

copt@anm < [ ([ e agnpganm)ide e

= / (/H liminf £, (@)}, 5, B N Bj — ¢ )d?—[n_l(y)>‘§|e—|€\2d§

¢ k—oo

< hkm inf .7-_1 (ug, B),

where the last inequality follows from Fatou’s Lemma. This proves in particular that
A has locally finite perimeter in 2. By Besicovitch covering Theorem there exist a
dimensional constant j(n) and By, . .. s Bj(n) countable families of pairwise disjoint open

balls contained in €2, such that Q C U]-En) Ugen,; B.

j(n)
Cn)H" (0" A) <> > C(nyH" (9" ANB)
i=1 BeB;
j(n)
< Z Z hmmf (ur, B)
i=1 BeB;
hmmf Z uk,

BeB;
< j(n)lim inf]-'gllc (ug, ) < o0,
k—o00
where, in the last but one inequality above, we used Remark 2.11.
Step 6: We conclude by proving that u € GSBD(Q2) and that (1.7) holds.
Fix % be any finite family of disjoint balls in €2 and let B € %. For a.e. £ € R™, for

H* La.e. y € I, for every interval I C Bg of the form I = (t — 0,t 4 ¢) for t € 3*A§
and 6 > 0, by (4.43), (4.44) and (4.48), we have

liminf Fo, ()5, BS N (B — ex6)5)
k—o0
> lim inf ., (@), 10 (B = e4€)f) + lim inf o, ((@)5, B3\ 10 (B — ex8)f)
—00

> liminf F, ()5, 10 (B —Ekf)g)—i—likn_lirolngk((ak)i/\,Bg\Iﬂ(B—Ekf)g)

k—o00

T " R
> 5% (" ASNT) + fMSg(uf/’/\,Bg\I)

= THOO AN D) + T \I)+/ Vil (1) dr.
2 y,)\ Bg\f Y

Yy

Since the above inequality holds for every § > 0 and ¢t € 3*A§, we get

k—o0

lim inf FL, ()5, BS N (B — &)%) > gHo(ﬁ*Agujﬁg )+/ MONGI
YA

Since 7A(t) =t for t € [-A/2,A/2] and J ¢ = J¢, we infer that
Y, Y

k—o0

liminf Py, ()5, BS N (B —ex€)5) > gﬂo(a*Ag Ude )+ / . MONGIRE
YA B; ’
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:1

> —H(9" A5 U T, ) IVas(t)|? dt.

/{teBg;m;A(mgA/z}

Now, by sending A — oo we get for every ¢ € R

[\)

k—o0

lim inf FL, ()5, BS N (B — x)5) > g%o(a*AguJﬁg) +/Bs \Vas(t)[* dt
Y

™ ~
> GMSa (i1 X 46) + x g6, By).

By combining the above inequality with Fatou’s Lemma we deduce

w3 ([ (] a5 - + o Baw—o >)prg|pe'€2d5)’l’

3 =

P 2
<h,§i§.}fsu P (/ </ Fak((ﬂk)i,Bgm(Bekg)g)dyn—l(y)> €[Peel d§>

Be%#
= hmmf?p (ug, Q) < o0,

which implies that /if,(Q) < oo, and hence, by Remark 2.9, also that u € GSBV® (; R™).
Thus by Theorem 3.1 we conclude that u € GSBD(2). In addition, recall that, by
Lemma 4.6, we have for every c € R

p NS
sup » g (/( | M8 (i 51— 8) +ex e, BYAH" (y )) g[Pe d£>

_ /Q eple(uc(l —xa)dz + BH" 1 (J,,),

where u.: @ — R” is defined as u. := u(l — x4) + cxa. Since a measure theoretic
argument yields that 0*A C J,, for a.e. ¢ € R, inequality (1.7) follows.

5. '-CONVERGENCE AND CONVERGENCE OF QUASI-MINIMISERS

This section is devoted to the proof of Theorem 1.2 as well as to the convergence, up
to subsequences, of quasi-minimizers of F£ under Dirichlet boundary conditions. The
former is performed in Section 5.1, the latter in Section 5.2.

5.1. I'-convergence. We start with the following pointwise convergence result follow-
ing the strategy in [31, Theorem 3.4].

Proposition 5.1. Let I C R be an interval and let u € GSBV(I). For every e > 0, it
holds

F.(u,IN(I—-¢)) < MS%(u,I). (5.1)

o

Proof. Since I is an interval, the set IN (I —¢) is also an interval or it is empty. Assume
that it is not empty otherwise there is nothing to prove. Define A° :={t e IN(I —¢):
[t,t+¢e] N Jy, # 0}. Notice that t € I N (I —¢) implies [t,t +&] C I. We have

U —u 2 T -
i/AE arctan (( (t+¢e)—u(t)) )dt < 275’/1‘5’ < §HO(Ju).

3

Since arctanx < x for x > 0, we have

. 2
1/ arctan ((u(t +e) —ult) >dt
€ J(IN(I—¢e))\Ae €
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1 t+e
< / arctan </ |Vu(T)|? d7> dt
€ J(IN(I—¢))\A: t

t+e
< 1/ / Vu(r)R drdt < /yvu(t)|2dt.
€ JUN(I—e))\Ae Jt I

By combining the above two inequalities we conclude the proof. O

A

We are now in a position to conclude the proof of Theorem 1.2.

Proof of Theorem 1.2. We notice that the I'-liminf inequality is a direct consequence
of Theorem 1.1 (cf. (1.7)). To conclude for the I'-convergence, it is enough to show
that for every u € L°(Q;R") it holds true

hm FP(u, Q) < FP(u, Q). (5.2)

We begin by recalling that

/ F. ¢(u, B)Pe” € dg)p

. :
— 6. B¢ 13 p—l¢?
up 3 ( Jow ([ s B0 - cofan) e ds)

where the supremum is taken over the set of finite families of disjoint open balls con-
tained in Q. Then, since (B — 55)5 = B§ — ¢ and since Bg C R is an interval, we
combine the above equation with (5.1) and we deduce

1
p p
lim sup F?(u, ) < lim sup sup Z (L . ( MSQ(ﬁg,Bg)dy> ‘g,pe—|§|2d€>
Ll Y T1¢ ™

e—0 e—0 B Be %

P ) -
< sup Z </]R" < - MS%&S,BS)dy) |£|pe_|§‘ d£>

Thanks to Lemma 4.6 we infer (5.2). This concludes the proof of the theorem. O

5.2. Convergence of quasi-minimisers. For the purposes of this subsection, we fix
two open sets 2 C ' C R™. We further assume that dp€2, namely, the Dirichlet part
of the boundary, satisfies 9p) = 902 N Q. As it is customary in free discontinuity
problems, we consider a relaxed boundary condition on dp€). To this purpose, our
Dirichlet datum is given by a function f: dpQ2 — R™ which we identify, with a slight
abuse of notation, with the trace on dpQ of a function f € H'(€;R"). The domain
of our functionals is thus denoted by L?(Q’ ;R™) and defined as

L?(Q’;Rm) = {ue LYQ;R") tu= fae inQ\Q}.
In addition we define for every ¢ > 0 the functionals FZ : LO(Q; R™) — [0, 00| as
FP(u, Q) ifue LY(Y;R”
P9y = {7 A
+00 otherwise in L(Q/; R™)
and the limit functional FP»/: LO(Q/; R™) — [0, c0] as
FP(u, ) if u € GSBD(Q) N LY(QY;R™)

FPI (u, Q) =
+00 otherwise in LO(€'; R").
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We further observe that the functional FP/ takes the form
FPI (u, Q) = / op(e(u))dz + 5, (Hn_l(Ju NQ) +H"H(J,N 6DQ)> ,
Q/

and that the term H"~1(J, N pf) penalizes the part of dpQ on which the Dirichlet
condition is not attained, namely, the set {z € 9pQ : v (x) # f(z)} where u™(x)
denotes the trace with respect to the inner normal to 92 of v at = .

We have the following theorem.

Theorem 5.2. Let Q,Q C R™ be two open sets, let OpQ = O N QY be the Dirichlet
part of the boundary, and let f € H*(SY;R™) be an admissible Dirichlet datum as above.

Assume that {uc}e>0 is a family of quasi-minimisers for {]—f’f}og, namely,

3 D, f N ] D, f ! —
tig (720 0n ) = int 70 ) ) <o, (53)

Then, there exist a minimizer u € GSBD(2') N LS{(Q’;R”) of FPI and a subsequence
e — 0 as k — oo such that ue, — u almost everywhere in .

Proof. By (5.2) we have that sup.. ]:g’f(f, V) < oco. Hence, condition (5.3) yields
SUpP,~q ff’f(us, ) < co. We are thus in position to apply Theorem 1.1 to infer the
existence of a subsequence g, — 0 as k — oo and a finite perimeter set A C Q'
such that A = {z € Q' : |u, | = o0 as k — oo}, u., — u pointwise a.e. in '\ A for
u € GSBD(') with u = 0 in A. In addition, (1.7) is fulfilled. Since u. = f a.e. in '\
for every € > 0, we deduce A C Q2.

It remains to prove that u is actually a minimiser of FP/(-, Q). We observe that
we cannot immediately infer that u is a minimiser from the I'-convergence given by
Theorem 1.2, since the sequence u,, does not convergence in measure to v in the whole
of Q. Nevertheless, the proof can be achieved with the very same argument as in the
standard case. Indeed, take w € L(Q'; R"). Since we want to prove that FP»/ (w, ') >
FPf (u, ), we assume with no loss of generality that w € GSBD() N L?(Q’; R™). By
virtue of (1.7), (5.2), and (5.3), we estimate

f AT f / . . f ’
FPI (w, Q) = kh_}r{)lofgk (w, ) > hzr;sipveLol(r(l)f';RM)f? (v, )

= lim sup 77/ (uc, , Q') > / op(e(w))dz + B,H" (T, U d*A)
Q/

k—o0

n—1
> [ oot da+5,77()

= /Q ople(u))dz + B, (H”_l(Ju NQ)+H" 1(J, N 8DQ)> = FPS (u, Q).

Thanks to the arbitrariness of w we deduce that 0*A C J, and that u is a minimizer
of Fpt. O

APPENDIX A.

Proof of Proposition 3.15. For every measurable set B C A we can consider the linear
map ip: L°(A) — L°(B) defined as i(v) := vL B. Clearly, being V C L% A), the
map ip is a well defined linear map between the vector spaces V' and V(B), where
we have set V(B) := {u € L% B) : u = vL B, for some v € V}. We claim that there
exists £, > 0 such that for every measurable set K C A with £"(A\ K) < . we have
that the linear map ix: V — V(K) is injective. Indeed, fix a basis {vq,...,v;} for
V and assume by contradiction that there exists ; N\, 0 and measurable sets K; C A
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with £L"(A \ K;) < ¢; such that there exists real coefficients, not all identically zero,
{ad,...,a]}, satisfying

k
> al(viLKj) = 0. (A1)

i=1
By renormalization, with no loss of generality, we may assume that for every i =1,...,k
and every j = 1,2,... it holds true |ag| < 1 and there exists at least one i(j) = 1,...,k
such that ]04{(].)\ = 1. Up to pass to a not relabelled subsequence in j, we may suppose
that the index i(j) does not depend on j, and that ag — «; for every i = 1,...,n,
for some real coefficients {aq,...,a;} which are not all identically zero. Therefore,

since K; /* A in measure we deduce that Zle oif; (vi) (extended to zero out of K)
converges to Zle a;v; pointwise a.e. in A as j — oo. From (A.1) we immediately
deduce that Zle a;v; = 0 in L°(A) which gives a contradiction. The claim is thus
proved.

Now assume that {w;};en C V is a Cauchy sequence. Since L°(A) is complete we
have d(wj,w) — 0 as j — oo for some w € LY(A). We want to prove that w € V.
Up to passing to a subsequence in j, the d-convergence implies w; — w pointwise a.e.
in A as j — oo. Therefore, for every 0 < ¢ < g, we apply Egorov’s Theorem to
find a measurable set K C A such that £L"(A\ K) < € and w; — w uniformly on K
as j — oo. But this means that the sequence {ix(w;)};jen is a sequence belonging
to the finite-dimensional vector space V(K) and converging with respect to the L!-
norm. Hence, we find real coefficients {af, ..., o} such that i g (w) = Zle ik (v),
where {v1,...,vx} is a basis of V. In order to conclude we need to show that, given
a sequence of measurable sets K; " A the coefficients {a{{j - ,afj } are definitely
constant as j — oco. So assume by contradiction that for every 7 > 1 we find j <
j1 < j2 such that {a{(jl,...,akKjl} % {a{{“, . .,oszjQ}. Now choose j; so large such
that L"(A\ (Kj, N Kj,)) < e.. By our assumption on the non-coincidence between

the Kj -coefficients and the Kj,-coefficients, we deduce that the linear combination

S (o7 —a )ir; nK;, (vi) is identically null in LO(Kj, N Kj,) while its coefficients

are not all identically equal to zero. But this gives a contradiction with the fact
that, thanks to our previous claim, the linear map ik, nr,,: V — V(Kj NKj,) C

L%(K;, N Kj,) is injective. O
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