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ABSTRACT. We investigate the stability with respect to homogenization of classes
of integrals arising in the control-theoretic interpretation of some Hamilton—Jacobi
equations. The prototypical case is the homogenization of energies with a Lagrangian
consisting of the sum of a kinetic term and a highly oscillatory potential V' = Vjer + W,
where Vper is periodic and W is a nonnegative perturbation thereof. We assume that W
has zero average in tubular domains oriented along a dense set of directions. Stability
then holds true; that is, the resulting homogenized functional is identical to that for
W = 0. We consider various extensions of this case. As a consequence of our results,
we obtain stability for the homogenization of some steady-state and time-dependent,
first-order Hamilton—Jacobi equations with convex Hamiltonians and perturbed periodic
potentials. Finally, we show with an example that, for negative W, stability may not
hold. Our study revisits and, depending on the different assumptions, complements
results obtained by P.-L. Lions and collaborators using PDE techniques.

1. INTRODUCTION

The asymptotic behaviour of viscosity solutions U, of Hamilton-Jacobi equations of
the form
04U (2, 1) + Hper (£, VUe(w,t)) =0,
UE(‘T7 0) = @(.’L’),

with Hpe, periodic in the first variable, has been first studied by Lions, Papanicolaou,
and Varadhan [16], who proved that such solutions converge uniformly as ¢ — 0 to the
solution U of a homogenized problem of the form

oU(x,t) + Hpom (VU (z,t)) = 0,

Ulz,0) = (). (1.1)

Similar statements hold for steady-state Hamilton-Jacobi equations (see e.g. [9]).
In this paper we consider a stability issue for the homogenization of Hamilton-Jacobi
equations, addressing the following question: what hypotheses on a perturbation W ensure
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that viscosity solutions U, of equations of the form

{Gtﬁg(l’,t) + Hper(%a Vﬁé‘(xﬂt)) - W(%) = 0’

U.(x,0) = ®(z)

converge to the same U solution of (1.1)? Some answers to this question have been
given by Achdou and Le Bris [1], who show that negative perturbations may lead to
instability; that is, convergence to a different limit. In unpublished works by Lions and
Souganidis, some conditions on positive W are given ensuring stability (see the video
presentation [14]). We note that both these results treat convex Hamiltonians, while
periodic homogenization using the theory of viscosity solutions does not require such an
assumption.

In the case of Hamiltonians Hper(z,§) convex and coercive in the variable £, the
stability question for Hamilton-Jacobi equations is related to a corresponding stability
question for functionals in terms of the corresponding Lagrangian Le,. Indeed, it is
known that periodicity guarantees the I'-convergence of the functionals

Fe) = [ e (" )

0
to a homogenized functional
1

md@:mewww,

whose homogenized Lagrangian is the one corresponding to the homogenized Hamiltonian
Hyom- This correspondence is ensured by the fact that the viscosity solutions U, can be
written in terms to the value function defined as a minimum for F; through the Lax—Hopf
formula. As a result, the convergence of U, can be deduced using the Fundamental
Theorem of I'-convergence on the convergence of minima.

The stability question for Hamilton—Jacobi equations can be then formulated as a
stability question with respect to I'-convergence: what hypotheses on a perturbation W
ensure that the I'-limit of

Go(u) = f (Lper<u§),u'(t)> + W(“(;)))dt (1.2)

0

is still the functional Fyom (that is, the one given by the periodic case when W = 0)?
Such a I'-convergence question can be generalized and answered for general Lagrangians
also depending on ¢, but such generalizations do not have an immediate connection
with the Hamiltonian viewpoint. We note that in treating solutions of Hamilton—Jacobi
equations we will use particular cases of results from the PDE literature, that apply to
generic Hamiltonians and do not make use of the specific form assumed.

When W = 0, the condition we find is an integral condition on W. In the case of
bounded W, this can be stated as

1

RI_I)IEOO = JBRmSE W(z)dx =0 (1.3)

for all ¢ in a dense subset = of R4\ {0} and r > 0; that is, the average of W is zero on
stripes with a given direction in a dense set (Theorem 3.3). In the one-dimensional case
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d = 1, the condition simplifies in

1
lim

R
Lm - J_R W(x)dx =0

(Theorem 2.4). We show with an example that the average condition can indeed be
required to hold only for a countable set of directions and fail otherwise. Moreover, if
d > 1 we can also treat unbounded W under some uniform local integrability condition.
We note that the condition on W is more general than those previously considered, but,
as is common for I'-convergence results, the information we obtain is weaker since we do
not give a corrector result. Condition (1.3) can be compared with
li ! W(x)d 0
Rt RA Br (z)de =

considered by the authors for the stability of elliptic homogenization [5]; that is, that the
average of the perturbation on the whole space is 0. Condition (1.3) highlights that for
Hamilton—Jacobi equations the perturbation needs to be small on one-dimensional like
sets.

We give a brief description of the arguments of the proof. Since W = 0 the stability
result for the I'-limit reduces to the proof of an upper bound. The main observation
is that it is sufficient to treat the case of piecewise-affine target functions with slopes
in the dense set of directions Z, and that the construction of recovery sequences in the
periodic case requires the use of a finite number of correctors. The sequences obtained
using these correctors may lead to a large contribution of the additional term involving
W, so cannot be used as recovery sequences for the perturbed energies, but, using the
zero-average condition above, we may choose careful small variations of these correctors
on which the contribution of W is small, and use such modified correctors to construct
recovery sequences. In the one-dimensional case such modifications are not possible, but
we directly show that in this case the contribution of W is small on the original recovery
sequences. We note that these arguments are completely different from those used for
elliptic homogenization in [5], that rely on localization techniques and higher-integrability
results.

In order to apply the result also to steady-state Hamilton—-Jacobi equations, we
additionally address the stability of integrals of the form

+00
J <Lper<@,u’(t)) + W(@>)6_>‘t dt.
0 € e
Since results for such energies are not common in the literature, we prove a general
I'-convergence theorem relating I'-convergence on finite intervals and on the half-line
(Section 4.2). The applications to the stability of Hamilton—Jacobi equations when W is
non-negative and satisfies (1.3) are finally obtained as a product of the previous results
in Section 5, both in the steady-state and evolutionary cases.

In the stability results we use non-negative perturbations W. We note that the sign
condition on W cannot be dropped altogether. In the simplest case, when Ly (z,&) =
L(§) = Lpom(&) is independent of z and W < 0 and tends to 0 at infinity, we show that
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the I-limit of G defined in (1.2) is given by
1

Ghom(u) = Jo Lypom (v (t))dt + inf W{t : u(t) = 0},

which is strictly lower than Fyom(u) if [{t : u(t) = 0}| > 0 (Section 6).

For the sake of clarity in the presentation of the results and their proofs, we will treat
a particular form of the Lagrangians (and of the Hamiltonians); namely, in the notation
used above,
Lper(xag) = |£’2 + Vper(x)'
This form will only make it simpler to use Fenchel transforms, and set our problems in
Hilbert spaces. All the results we obtain can be extended to more general Lagrangians

Lper with Lper(2, -) convex and such that there exists 7 > 1 and constants c1, ca > 0 such
that

Cl|€|r < Lper(xaé) < 02(1 + |£|T)
(see Section 4.1). Indeed, the only property that we need for the Lagrangians is the

existence of suitable correctors, which depends only on a polynomial growth assumption
of order r > 1 [6].

Notation. We use standard notation for Sobolev spaces, in particular H& denotes the
closure of C* in H! (and Wol P its closure in WP, in some remarks). We use the notation
H9=! for the (d — 1)-dimensional Hausdorff (surface) measure in R

For the notation of I'-convergence we refer to [8, 4]. Due to the form of the energies
we consider, we tacitly compute I'-limits with respect to the weak topology of H', or
equivalently with respect to the strong topology of L?, unless otherwise stated. We say
that a sequence I'-converges preserving the boundary or initial conditions, respectively, if
it I'-converges and for every u there exists a recovery sequence with the same boundary
or initial values as wu.

2. STABILITY RESULTS IN THE ONE-DIMENSIONAL CASE
We separately treat the case when the function w is scalar. In this case the conditions

on W are simpler, and the proof is easier by the order structure of R.

We begin by defining the unperturbed energies F.. Let Vjer: R — R be a continuous
1-periodic function, and for € € (0,1) define

1
t
F(u) = f (lw' @)+ Vper(ﬂ)) dt
0 9
for w € H'(0,1). The limit as ¢ — 0 of such functionals is described in the following
theorem.

Theorem 2.1 (Homogenization Theorem ([6], Proposition 15.9)). The I'-limit of F; is
the functional From defined by

1
Fhom(u) = L From (1 (£)) dt (2.1)



STABILITY IN THE HOMOGENIZATION OF HAMILTON-JACOBI EQUATIONS 5

for we HY(0,1), where fuom is the convex function characterized by fhom(0) = min Voer
and

1/[¢]
Jfhom(€) = min {ISIL (10() + &P + Voer (u(t) + €8)) dt v € Hy (0, 1/|€|)} (2.2)

if€#0.

Remark 2.2. Note that fiom satisfies the condition |€]? + min Vper < frhom(€) < |€]% +
max Vper. By the convexity of fhom, this implies that Fyom is continuous in H(0,1).

Remark 2.3 (Periodic correctors). Let pe: R — R denote the 1/|¢|-periodic extension
of a minimizer of (2.2), and let we(t) = pe(t) + &t. Note that Vper(we(t)) is 1/|€|-periodic
since Viper(we(t + (1/]€]))) = Vper(we(t) + sgné) = Vper(we(t)), and in the last equality
we have used the fact that Ve, is 1-periodic. The scaled functions we (t) := ewe(t/e) =
epe(t/e) + &t tend to &t in L®(0,1) and also weakly in H'(0,1), while, by the periodicity
and a change of variable in the integral, the functions

we e (t)
o fulp ()2 4 Vier (F57) = [E(2) + €% 4 Vier (we(1)),
weakly* converge to the average Sé (|p’£(t) + &7+ Voer (pe(t) + &) ) dt = from(€) in L*(0,1).

The perturbed energies G- will be defined as follows. Given W: R — [0, +00) a Borel

function we define
6ot = [ (WP + Voo (") 5w (“2))

for w e H'(0, 1), which is well defined because any such u are continuous. We can now
state and prove the main result of this section.

Theorem 2.4 (Stability Theorem). Let W: R — R be a Borel function such that

> )
W =0 and Rl—lglooRf Wi(s)ds = 0; (2.3)
then

I- lir% Ge =T- liH(l) F.. (2.4)

Proof. Let G” := I'-lim sup._,( Ge, and let Fj,o;, be given by Theorem 2.1. Since W > 0
it suffices to prove that G” < Fj,om. We start by proving this inequality at the function
u(t) = &t, with € # 0. Thanks to the continuity of F; with respect to the strong
convergence in H'(0,1), we can choose a piecewise-affine %rperiodic function pg that

minimizes the problem in (2.2) up to a small error 6 > 0; that is, pg(O) = pg(l/lf\) =0
and

1/1€]
mL (IR (1) + &1 + Voer(pE(t) + £8))dt < friom (&) + 0. (2.5)

We additionally may assume that (pg)’ + £ # 0 almost everywhere since piecewise-affine
functions satisfying this condition are strongly dense in H'(0,1). We set u.s(t) =
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apg(t/s) + &t. We can then estimate

liranj(l)lpfolWCLE’i(t))dt = lir?jélpJ:W(pg(t)—i-f)

1/e

= lim supef W(pg(s) +&s)ds
e—0 0

1 R
= limsu J W (pe(s) + £5)ds
RH+0§R 0 (pe(s) + &)

If (a,b) is an interval where pg is affine, by the change of variable x = p‘g(s) + &s we
obtain

['wotor s egas = [ wiya
Pe(S) +Es)as = ——— x)dr.
o 0 (B2) + € Jpi(a)+a

Note that if s — pg(s) + &s is monotone, then we can estimate
JZ W(pg(s) + £s)ds < max {%} ' W(z)dx.
0 |(p§)/ + £| —n

By the periodicity of p‘g we then obtain that

I I
lim sup — W(pg(s) + fs)ds < Climsup — W(x)dx =0, (2.6)
Rt R R+ ~-R
with C' = C(&,0) = | max { 7 |} In the general case, this inequality holds with

C replaced by C'N, where N 1s the number of changes of sign of the derivative of
5> pg(s) + &s in a period.
Since u. 5 tends to u(t) = &t weakly in H'(0,1) as € — 0 since the average of (pg)’

Ua,&(t)

. ) weakly™® converges to the constant

vanishes by periodicity, and t — |u 5(¢) 2+ Vier (

1/1€]
q fo (1LY (8) + €12 + Voer WL(1) + 1))

in L*(0,1) by periodicity of pg and a change of variable in the integral, first by (2.6) we
have

lim sup G¢ (us 5) = limsup Fx(ue ).

e—0 e—0

Next, successively using (2.5) and (2.2), we bound the right-hand side from above
lim sup FE(“E,(S) < fhom(g) +6 = Fhom(“) + 57
e—0

while, given that u. s tends to u as € — 0 the left-hand side is bounded from below as

G"(u) < limsup G:(ue 5).
£—
Finally, letting § — 0 this yields the desired inequality G” < Fyon, for u.
To deal with the case u(t) = &t + ¢ with £ # 0 and ¢ € R, we slightly modify the
previous construction. Indeed, with fixed € > 0, we let t§ = min{t € [0,1] : u(t) € ¢Z}
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and t! =t + k. |§|, where k. is the largest integer such that t? + k. IE\ < 1. We then
define

§t+q ifo<t<t
ues(t) = L epd(E) v et +q <t <l
§t+q iftl <t<1.

Since t2 — 0 and t! — 1 as ¢ — 0 the same computation as above proves that G”(u) <
Fhom (U) .

Noting that in the previous computation the recovery sequence attains the same
values as u at the endpoints of the interval [0, 1], we can exhibit a recovery sequence for
each piecewise-affine target function u such that «’ # 0 almost everywhere by repeating
the construction above in each interval where u is affine. This leads to the inequality
G"(u) < Fhom(u) for each such functions.

Finally, by Remark 2.2, the density of piecewise-affine functions u such that u’' # 0
almost everywhere, and the lower-semicontinuity of G”, we obtain G”(u) < Fyom(u) for
every function u € H'(0,1). O

3. STABILITY RESULTS IN THE HIGHER-DIMENSIONAL CASE

Let d > 1, let Vyer: R? — R be a continuous 1-periodic function, and for ¢ € (0,1)
define the unperturbed energies

E) = [ (WP + Vo (D) )

for u e H'((0,1);RY).
The following result is proven in [6, Theorem 15.3].

Theorem 3.1 (Homogenization Theorem). The I'-limit of F. is the functional Fom
defined by

Fhom J fhom (31)
for we H'((0,1);RY), where

~ lim - mi e 24V dt :ve HL((0,T); R? 3.2
Jhom(§) —T;rfoonm{L ([0 (8) +E]* + Vier (v(t) +2€) ) dt : v € Hy((0,T); )}. (3.2)

In particular, from (3.2) it follows that fhom(0) = min Vj,e;. Note that contrary to the
scalar case, we cannot reduce to a periodic cell problem since the functions t — V' (z + t£)
are quasiperiodic but not periodic.

Remark 3.2 (Almost-periodic piecewise-affine almost-correctors). Given & € R, formula
(3.2) and the periodicity of Ve, ensure the existence of almost-correctors pg, in a sense
that will be made precise below. With fixed § > 0 there exists n = ns > 0 such that
[Ver(z +y) — Vper(z)| < 6 for all z € R? and |y| < 5. By the periodicity of Vper we then
have that if 7 > 0 is such that there exists z € Z? with |7€ — 2| < 75 then

[Vper(x + 7€) — Vper(x)| < 6 for all z € R, (3.3)
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By well-known facts of ergodic theory on the torus, there exists Ls > 0 such that every
interval of length L;s contains a 7 satisfying (3.3).

We fix I .
5+
T>
1)

and a piecewise-affine function p‘g e H}((0,T); R?) such that

(3.4)

T
7| 06O + 62 + Vo0) + €0)at < from(©) + 0
0

By the ergodicity property recalled above, and since we may assume Ls > 1, we can
construct a sequence T; € R with

To=0 and T, +T+1<T; 1 <T;+T+ Ls (3.5)

such that (3.3) holds for 7 = T}, and extend pg by translation on each [T;,T; + T']; that
is pg(t) = p‘g(t —T;), and as 0 on the remaining intervals. For use in the following proofs,
we now introduce a more detailed notation for the almost-correctors. There exist a
finite family &,...,&y € R? and a subdivision of [0,T] by times 0 = ag < a; < ... <
ay =T, and such that pg is affine with gradient &; on (a;_1,a;) + T3, with 7T; as in (3.5).
Furthermore, by continuity we may assume that we choose pg such that & + & # 0.

Note that the construction above is a particular case of the one in the proof of [6,
Theorem 15.3] and follows from the quasi-periodicity of t — Vper(€).

As in the scalar case we define the perturbed energies G.. Let W: R? — [0,4+00) be a
Borel function. We then set

Go(u) = Ll (|u'<t>\2 + vper(@) + W(@)) dt

g 9

for u e H'((0,1);R9).

The hypotheses on W will be more complex than in the one-dimensional case. To
state them, we introduce some notation. For every z € R and p > 0 let B,(x) denote
the open ball with centre x and radius p. If x = 0 we omit it from the notation. For
every ¢ € RA\{0} and 7 > 0 we define

S{i={reR?:z =16+ zwithteRand ze R, |2| <r} = | | B.(t6), (3.6)
teR
the circular cylinder with axis in direction £ and radius 7.

Theorem 3.3 (Stability Theorem — the higher-dimensional case). Let W: R? — [0, +o0)
be a Borel function, and assume that

1

REIEOO = JBRGSE W(z)dz =0 (3.7)

for all € in a dense subset Z of RN\{0} and r > 0. We also assume that there exists p > %
such that W € LP ..(RY); that is,

sup WP(x)dr < +oo0. (3.8)
yeR? JB1(y)
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Then
I-lim G, = I-lim F.. (3.9)
e—0 e—0

The proof of the theorem will be obtained after some preliminary lemmas. Before them,
we comment on the hypotheses on W, which we assume non-negative. First, we note
that (3.8) is satisfied if W is bounded, while (3.7) is implied by the uniform convergence
of W to 0 at infinity, or by

1

REIEOO = . W(x)dz =0, (3.10)

which in turn is implied by W e L4(R?) with 1 < ¢ < %, using Holder’s inequality.
The following example shows that (3.7) may be satisfied even if

lim W(Rz)=1 (3.11)

R—+0

for almost every = € R%, which implies, if W is bounded,
1
WY = lim f W(z)dz - B,
Bgr

R—+0 ﬁ
using the Dominated Convergence Theorem.

Example 3.4. Let d = 2 and let W: R? — [0, +00) be such that W (z) = 0 if z € A and
W (x) = 1 otherwise, where A is constructed as follows.
For k € {2,3,...}, we define the subsets of [0, 27]
2
Dy = {Hlfb thodd, 1<h< Qk}, where 0,’? = Q—Zh,
and let D = UZO:O D;.. Note that if Hﬁ € D, then there exists 9;‘;* € D;. such that
0 — 0k = .

For each 9,@ € Dy we consider a region A’,i delimited by a suitable parabola with
vertex in 2% (cos 0%, sin 6F) and axis given by the half line {p(cos 8}, sin 6%) : p > 2¥}. This
parabola is constructed so that

AF < {p(cosf,sin@) : p=2F |0 —6F| <47F}. (3.12)
The set A is defined as

A=|J{4k:k>0hodd, 1 <h<2"}
Given ¢ in the dense set {p(cosf,sinf) : 6 € D, p > 0}, there exists p > 0 and 6 such

that & = p(cos 0,’2, sin Hfb) For every r > 0, since the regions Ai and Afl* have the same

axis as S¢, there exists Ry = Ro(r,§) such that S{\Bg, = AF U AF,.. Hence,
| W (z) do < =|Bp,|
ey T)aTr < 5 |DRy|;
R JBpnsy R

and condition (3.7) is satisfied. Note that also (3.8) is satisfied.

Let now
- e} 0
D= () | D+ [-47F47%))

m=2k=m
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Since | Dy, + [~47%,47¥]| < 2% we deduce that [D| = 0, and hence that the set N :=
{p(cos,sinf) : p = 0,60 € D} is negligible in R2.

We claim that if z € R?\N then there exists Ry = Ro(z) > 0 such that Rx ¢ A for
every R > Ry. Indeed, writing x = p(cosf,sinf) with p > 0 and 6 € (0,27], we have
0¢ D. Hence there exists m € N such that 0 ¢ Dy + [—47F,47%] for all k = m. We now
prove that if Rp = 2™ then for every k = m we have

Rx¢U{A;§:h0dd, 1< h<2F) (3.13)

Indeed, if Rp < 2¥ then (3.13) is due to the inequality |y| = 2" for every y € A¥ by the
first condition in (3.12). If instead 2* < Rp, the condition on # implies that for every
0% € Dy, we have |§ — 0F| > 4% and hence the second condition in (3.12) ensures that
Rz ¢ Af, concluding the proof of (3.13).

On the other hand, since the axes of the parabolas defining Aﬁ are different from the
straight line passing through the origin and z, there exists Ry = Ro(z) = 2™ such that

Rz ¢ A¥ for all R > Ry and for all k€ {2,...,m — 1}.
Together with (3.13) this proves the claim. O
We now turn to the proof of Theorem 3.3 with some preliminary lemmas.
Lemma 3.5. Let W satisfy (3.8). Then for all o > 0 such that 1 < ad < p and for all
r > 0 we have

- 1/p
fsd_l (L W (t*0) dt) dH1(0) < Tﬁcd,a,p( WP(z) dx) ’ (3.14)

Br
1—1
where 8 = % > 0 and Cqap = (]f%ald?-ld_l(Sd_:lD " where H~! denotes the
(d — 1)-dimensional (surface) Hausdor{f measure, and S~ is the boundary of the unit
ball in R

Proof. Let v = % and }D + % = 1. Using Holder’s inequality we obtain

/e
Ld_l ( L W (t°0) dt)cmd—l(e)
1/a

. P (400 +VP - Lp " —vq - la
< (Ldl(fo WP(129)t dt)d?—ld 1(0)) (Ldl(fo ¢ dt)d”Hd 1(0)) .

By the change of variable p = t* we have

rl/o rl/a r
J WP(t“0) P dt = f WP(t*9) 1 dt = J WP(p8)p?~ dp,
0 0 0

while
Tl/a 7.1/(1 ade1 . o ad
t79dt = t 1 dt = 2= ralr—0D),

0 0 p—ad

Inserting these equalities in the inequality obtained above, we prove the claim. O
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Lemma 3.6. Let W satisfy (3.8) with p > g, and let % <a< g. Let xg,yo € RY, with

xo # o, and let v = |yo — xo|. Then there exists a trajectory v € H'((—r'/e, r1/®); R%)
such that

Y=oy =z, A (rV*) = yo, (3.15)
/e —a 1/
f W (y(0)dt < rpaded,a,pU Cowryd) " (316)
_rl/a Boy( 0;—?40)
rl/a 5
2 a—1
[ICREE =t (3.17)

where Kq o5 s a constant depending only on d, o and p.

Proof. By a translation and rotation argument it is not restrictive to suppose that the
middle point zg + yo of the segment between g and g is 0, and zg = 5e1 and yo = —5e1.
Let H = {x € R?: 2; = 0} be the symmetry hyperplane, let C' be the open ball in H
defined by

C =H n By(5e1) = Hn B,(— %er).
and let © := {9 e 841 .4 < —%} Note that x € H belongs to C if and only if
r—ZLeq
‘x_éel‘ € 0.

For 0 = (01,62, ...,04) we use the notation 0= (—01,02,...,04). By Lemma 3.5, we
have

L <fo 1/a W(gel £ t)a0> dt) dH1(0) < r'ng,avP(JB (Zex) WP (z) dﬂU) l/p,
- T 561
(3.18)

L (Lrl/a W( — gel + (e — t)“é) dt) dHH9) < rﬁcd@,p( JB . WP (x) dl,) Y
(—Zer

(3.19)

Then, by the Mean Value Theorem, there exists 8 € © such that
0 r Tl/a r R
J W(iel + (rV/e + t)o‘e) dt + f W( — 5 + (rV/e — t)“e) dt
_7»1/04

0
C 1/p
5 d7a7p J P
< rf2——_ WP(x)dx .
’Hd_l(G) ( Bar(0) ( ) )

If 6 € © then we can define ¢(0) = —ﬁ € [1,1] so that Se1+7t(0)0 = —Sey +rt(0)0 €
C. We reparametrize the functions in the integrals above so that v defined by

Ter+ (t+rY/0eE0)0  ifte[—rYe0
< {Far @0 tie (o) 520,
—ger + (r/* —)(0)0 if t € [0,7/]
is continuous in 0 and satisfies y(—r'/®) = se1 = xo and y(ri/e) = —5e1 = yo. Since

a > 1 we have y € H((—rt/e, rl/®);R%).
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By the estimate above and a linear change of variables, we get

Ve p—ad l/p

J W(r)/(t))dt < Kd,oc,pr op (f Wp($) dﬂ?) ,
_Tl/a BQT(O)

with Kgap = 215 29%e2_ Finally,

“HIT(0)
ri/e ri/e 20/
J I (t)]2dt = 2t(0)2f 2Pl g < 2= pa—l)ja
_rl/a 0 200 — 1
so that the claim follows. O

Proof of Theorem 3.3. We preliminarily note that many steps of the construction in the
following proof simplify if d = 1, and the proof reduces to that of the previous section
with the role of correctors played by almost-correctors.
Since W = 0 we only have to prove that
I-limsup G, < I'- lim F. (3.21)
e—0 e—0
We first prove this inequality for u(t) = t§ + ¢ for £ belonging to the dense set = where
(3.7) holds. To this end, for every A > 0 we will construct a sequence u. — u such that
lim sup G (ue) < (1 + M)I- lim F.(u) + A (3.22)
e—0 £—
Moreover, we will take care of maintaining the boundary data; that is, u-(0) = u(0)
and us(1) = w(l). This will enable us to adapt this construction to the case of a
piecewise-affine target function wu.
We first assume ¢ = 0 and we construct the sequence u. from the almost-correctors pg,

and the corresponding subdivisions depending on the T; and a;, introduced in Remark
3.2. We define

wl(t) = pl(t) + £,
and note that

J*Ti-&-T (I(w‘g)'(t)|2 + Vper(wg(t))>dt

i

while
Tit1 T+

f (1l (D) + Voer(wl (1)) dt = f (1€ + Voer(#))dt < L ([€f% + max Ver)
To+T Ti+T

Hence, if we set ud(t) := Ewg(é), then, using (3.4) and (3.5), we have

lim sup Fo(ul, I) < (faom(€) + Ced)|1| (3.23)

e—0
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for every interval I contained in (0,1), where C¢ = 2 + |£[> + max Vjer and

Fw 1) = [ (WP + Vo (")) .
1

With fixed ¢ > 0 we define i. as the largest integer ¢ such that T;,; < 2. For

j€{0,...,N} and i < i. we set a;; := aj + T; and z;; := w‘g(aij). For i < i, we also
set aj nN+1 := Tit+1, so that the interval [T;,T;11] is the union of the non-overlapping
intervals [a;;-1,a;] for j € {1,...,N + 1}. Finally, we set a;. y41 := 1. We recall

that {£1,...,&n} are introduced in the definition of pg, while we set £y11 := 0, so that
(pY) = & on (aij-1,aij).

We fix n > 0, small enough to be made precise in the following, and for every i < 4.
and j € {1,..., N + 1} we construct a function on [a;j_1, ai;], which takes the values of
w‘g at the endpoints, so as to have a function globally defined in [0, 1] Let II; be the
hyperplane through 0 orthogonal to £; + . For each z € B, n1l; = Bd 1 we consider the
segment parameterized as t — x;j_1 + 2+ (t — a;j—1)(& + &) for te [aZJ 1,a;5], and the
cylinder Cj; in R? obtained as the union of such segments. Then there exists 25 € Bg;l
such that

Wi + 2+ (E—as; 1) (& + €)) d c7f W(a (3.24)
aij—1
for a suitable constant C), depending only on 7.
We fix o with % < a < L. For every 4, j, we apply Lemma 3.6 first with 29 = 2;;1
and yo = x; j—1 + 2;; and then with o = z;; + z;; and yo = x;;, and we obtain that there
exist Yij € Hl((—‘zij‘l/a, |Zij|1/a);Rd), iij € Hl((—|Zij|1/a, |Zij|1/a);Rd) such that

i (=2l = w2l = 2 + 2, (3.25)

Vi (=12 = @i + 25, W(1z51) = 2, (3.26)
25511/ 201

[ i< gt .27
E TR R

f o 7i; (OPdt < 225n " (3.28)
Izl]‘l/a p—ad

flywmmw<mw (3.20)
— Zl] «@
|Zl]‘1/a p—ad

J|UW%WW<%” (3.30)

Zij @

for some constant C, independent of ¢,14,j by (3.8).
We then consider the function @‘g defined on [a; j_1 —2|2i;|/®, aij +2|2i;|*] by setting

Yij(t = aij-1 + |zi5|") if t € [aij-1 — 2]z5]"*, a5 51]

@g(t) = ZTjj—1+ 2+ (t — aij,l)(fj + f) ifte [aij,l, aij]
i (t = agj — |25 "®) if t € [ay;, aij + 2]zi5]"].
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Let ﬁg(t) : [0, +00) — R? be defined on [a; 1, a;;] by scaling @‘g according to the change
of variables

Qi — Qj5—1 + 4]zij]1/a

s=(t—ajj-1) aij—1 — 2|z,

Qij — Qjj—1
so that ﬁg(t) = @g(s). Since the functions match at the common endpoints of the
intervals of definition, we have @g e H'(0,1;R?), with w(0) = 0 and w(2) = 1£. Note
that

9 0N (412 aig 2z 11 N 2
f (@) ()]"dt < ’“”vnf |(@w2)"(t)[dt, (3.31)
aij—1 i j—1—2|z5 |V
where
C— a1+ 4 1ay 2
Ky = max (a] ol B ) v (1 +4n'/*)2,
je{1,...,N} aj — aj—1

Since by (3.5) the last term in this equation takes into account the case j = N + 1, we

have

—Qijj—1+ 4|Z7;j|1/a

)2, (3.32)

(+

Ky = Sup  max

i<ic je{1,...,N+1} Qij — Qij—1

which justifies the estimate for the change of variable.
The right-hand side in (3.31) is equal to

1/

Q;j—1 Qij G 9 a;5+2|zij] 9
f (@Y (1)) dt+f (@) (1)) dt+f (@2 ()Pt
a; j—1—2|z;| Y aij—1 @ij

2q2  2a=l i 2 —1
< 2a—11 © + |(w§)()| dt+2a 177 “ oy

@ij—1

where we have used (3.27) and (3.28), and the equality (@g)’ =E+E = (wg)/ in [a;j—1, ai;].
Taking into account this estimate, summing up inequalities (3.31) for ¢ € {0,...,i.} and
je{l,...,N + 1}, and taking into account that i.T" < %, we then obtain

1/5 5\ 9 1/5 N 2 1 2 2 2c—1
| 1@ dtsmn(jo @) ()Pt + 2N +1)(F +1) 2225,

We set 00(t) = (t/a‘) recall that ud(t) = Ew‘g(é). We then have

1
f @Y (1) dt
0

1/8 ~H\/ 2
fg (@3 (1)2dt

2a—1

1/e
< mnf |(w?) (£)2dt + 26,5(N + 1) (% +¢) fo_zlnT

2 -1
< Ky | dt+C§77 o,

where we have taken into account that we may suppose € < 1 and 7 small enough so that
ky < 2, with Cs a positive constant depending on § but independent of € and 7. Noting
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that H@‘g — ngoo < 20"/ 4 21 we also obtain

! u(t) ! ul(t) 1
e e Ja
JO Vper< - )dtSL Vper( - )dt+w(277 +2n)

where w is a modulus of continuity for V. We then obtain

~ 20-1
Fs(ug) < “nFE(ug) + W(2771/a +2n) + Csn~ o,

Hence, by (3.23) we obtain
lim sup F- (%) < ki (from (&) + Ce6) + w(2nM* + 2n) + Cyn o (3.33)
e—0

The perturbation term is estimated as follows. We have

1 ~o 1 1/e
ua(t) _ f ~0 E _ ~5
L w (") ar = O w(a (L)) dr = - w(a(s)ds. (3.34)
Using (3.27)-(3.30), and (3.24), we have
1/e ie N+1 ra;j
W(@l(s)ds < Y > W1+ zij + (s — aij—1) (& + €))ds
0 i=0 j=1 Y@ij-1
—ad
+2(ie + 1)(N + 1)Cn o
e N+1 p—od
< Gyl Y, J W(z)dz +2(& + 1)(N +1)Cn = . (3.35)
i=0 j=1 YCij
Using this estimate in (3.34), we obtain
1 aé(t) e N+1 pead
- < ap .
fo W( - ) dt < acn;) ;1 Lij W (z)dx + Cyn"=r (3.36)

By the boundedness of p‘g there exists Mg, independent of ¢ and j, such that the image
of @g restricted to [a;j—1, ai;] is contained in T;€ + Bjzy. Hence,

N=1
;1 Lij W (z)dzr < (N + 1)f W (z)da.

Ti€+ B

Recalling that T; > i7", we note that at most K; := [%J + 1 such balls intersect, so
that, in the notation (3.6),

ie N+1

> L” W(z)dr < (N + 1)K5f W (x)dz, (3.37)

M,
i=0 j=1 BrenSe?



16 A. BRAIDES, G. DAL MASO, AND C. LE BRIS

where R. := T}, || + Ms. Note that R. < L[| + M; < 2|¢| for  small enough, so that,
thanks to (3.36) and (3.37) we have

1 ~0

t p—aa

f W(L()) dt < =Cy (N + 1)K5J W(x)dz + Cyp"ar"
O € BRemSé\/f

20¢|(N + 1)K p-od
DA f W(z)dw + Cym =

for € small enough, and

1 ~6

t —ad
limsupf W(uE( )) dt < Cmpap
e—0 0 5

by (3.7) and (3.4). We then obtain

—ad

lim Sup G (W) < K from(€) + Ced) + w20/ + 2n) + C(;npap ,
E—>
and, noting that x,, — 1 as n — 0, letting first n — 0 and then 6 — 0, given A > 0 we
obtain (3.22) for a suitable choice of the parameters 0 and 7. By the arbitrariness of
A > 0 we obtain that

1
I-limsup G- (u) < fhom(§) = J Jnom (u'(2)) dt
e—0 0

for affine functions u(t) = t£ with £ € E.

In the case ¢ # 0 we translate the recovery sequence ug constructed above for F_

by €|2], where this vector is defined component-wise by taking the integer parts of the
components, and then use the same argument as above to construct a recovery sequence ﬁg
for G.. Thanks to the periodicity of Vjer this sequence provides a good upper bound, but
it does not match the boundary conditions, since 2 (0) — u(0) = a2(1) — u(1) = el] —q.
In order to match the boundary conditions, we can proceed similarly to the case above,
first applying Lemma 3.6 with zo = ¢ and yo = €|, and similarly to the second endpoint.
Note that we have |zg —yo| < v/d. Hence, if we let, respectively, Yo, 1 : [—di, di] — R4
be the functions given by Lemma 3.6 at both endpoints, we can define the functions
a?: [—2edi, 1+ 25di] as

1
eyo(EF2425) if ¢ € [~2eda, 0]
al(t) = {ud(t) if t € [0,1]

€

1
ey (B1=2425)  ifpe 1,1 4 2ed3a].

£

Note that Lemma 3.6 ensures that the contribution to the energy in the two extreme
intervals is of order . Finally, we define ﬁ‘g by an affine change of variables rescaling the
domain to [0, 1].

We now turn our attention to the case of a piecewise-affine target function u. Namely,
we assume that 0 = tg <t; < ... <ty = 1 and &;, ¢ € R? exist such that u(t) = t&;t +q;
on [tj_1,t;] . Moreover, we assume that the vectors ¢; belong to =. We can use the
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construction just described for t§; + ¢; in the place of t£ + ¢ and [t;_1,t;] in the place of
[0,1], thus obtaining that for such functions

I-limsup G (u Z (tj —tj—1) fhom(&5) = J from (v (t))dt = T- hmF( ). (3.38)

e—0

Note that in this argument it is essential that we are able to maintain the values at all ¢;
in the construction of the recovery sequences in each interval [t;_1,t;], as done above.

Finally, if v € H'((0,1); R%) then we may take a sequence of piecewise-affine functions
uj strongly converging to u in H'((0,1);R?) with uj(t) € Z for almost every ¢, and
such that u;(0) = u(0) and u;(1) = u(1), and recall that the I'-limsup is a lower-
semicontinuous functional, so that, by (3.38) we have

I-limsup G:(u) < liminf (F lim sup G, (u])>

e—0 Jj—o+ow e—0

< hIIl mff fhom dt —f fhom ))dt7

Jj—+oo
which completes the proof of the theorem. O

Remark 3.7 (Stability for uniformly almost-periodic potentials). The construction
of the recovery sequences in the previous proof is based on the possibility of having
almost-periodic correctors. This is the case also if Ve, is uniformly almost periodic; that
is, it is the uniform limit of (possibly incommensurate) trigonometric polynomials. We
refer to [6, Chapter 15] for details.

4. EXTENSIONS

In this section we extend the previous results by considering more general Lagrangians
with possibly different growth conditions, and by examining the case of unbounded time
intervals.

4.1. Extension to general integrands. The argument in the proof of the stability
result relies on showing that a suitable small variation of almost-correctors gives test
functions that are negligible for the perturbation potential W and are still recovery
sequences for the unperturbed part. This argument can be repeated whenever almost-
correctors as described in Section 3 exist, and in particular if the energy density ||>+V ()
is replaced by a periodic Lagrangian L, as in the following result.

In the following result, given r > 1 the I'-limits are computed with respect to the weak
topology of Wb, or equivalently with respect to the strong topology of L".

Theorem 4.1 (Stability Theorem — general Lagrangians). Let W: R? — [0, +0) be a
bounded Borel function satisfying (3.7). Let Lper: R x R — [0, +0) be a Carathéodory
function such that x +— Lpe(, &) is (0,1)%-periodic for all € and r > 1, c1,co > 0 ewist
such that

Cl|§|T < Lper(x7§) < 62(1 + ‘€|r) (4-1>
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for all (z,§), and let
1

F.(u) = Jl Lper (ug),u/(t))dt and G.(u) = f (Lper(iw’u’(t)) + W(@>>dt

0 0 €
(4.2)
be defined on WY ((0,1);RY). Then
1
I-lim G. = T-lim F. = f Liom (0/)dt, (4.3)
E—> E—> 0

where Lyom Satisfies the asymptotic homogenization formula

L . l : 4 / . 1,r .od
hom(€§) = lim _— min {  Lpalvlt) +16,0/(0) + )d s v e Wy (0, TR )} @

Proof. The Lagrangian Ly, satisfies the hypotheses of [6, Theorem 15.3], which states
the convergence of F. and their characterization in terms of Ljy. The construction of
almost-correctors is carried on in the proof of [6, Proposition 15.5], after which the proof
of Theorem 3.3 can be followed word for word. O

Remark 4.2. Note that for simplicity we have required that W be bounded. Otherwise,
(3.8) must be assumed for some p > %d, for which the analog of Lemma 3.6 with

1-— % <a< %. Note however that in the applications to Hamilton-Jacobi equations W
will be bounded.

Remark 4.3 (Time-dependent Lagrangians). The extension to Lagrangians Lyer(t, x,&)
also depending (almost-)periodically on the time variable ¢ € R can be carried on using
the results of [6, Section 15]. Unless suitable continuity is required in both the ¢ and
s variables, it is necessary to state some additional assumptions, due to the fact that
we have to consider sections of the Lagrangian; that is, functions ¢ — Lper(t,£t,E),
which are in general not periodic even if Ly, is periodic. We assume a kind of uniform
almost-periodicity condition; more precisely, that for all ¢ € R? and 1 > 0 the sets

7?75 ={TeR:|Lper(t + 7,0+ &7,&) — Lper(t,2,6)| < (1 + [£]") for all (¢,2,£)}
Syi={o0 e RY: |Lper(t,x + 0,&) — Lpex(t, z,€)| < (1 + |€]7) for all (t,2,€)} (4.5)

are uniformly dense; that is, there exists A, > 0 such that we have dist(o, S,\{c}) < A,

for all o € S, and for all £ € R? we have dist(r, T,5\{7}) < A, for all 7 € T,f. Note that we

do not assume that Ly, is continuous, but condition (4.5) holds if Ly, is continuous and

periodic in the first two variables with a modulus of continuity controlled by (1 + [£]").
If Lper is a Carathéodory function satisfying (4.5) and the growth condition

c1l§]" < Lper(t, 2, 8) < ca(1 +[€]7) (4.6)
for all (¢,z,¢) is satisfied, and if we define

F.(u) = J'l Lper (g ((:),u/(t)>dt and Ge(u) = fl (Lper(; u(;)’u’(t)) + W(@))dt

0 0 IS
(4.7)
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on WH((0,1); R?), then the stability result in (4.3) still holds, with Ly satisfying

T
Luom(§) = lim % min { L Lper(t, v(t) + t€,0'(t) + €)dt : v e W ((0,T); Rd)}. (4.8)

Remark 4.4. The case r = 1 would require a different treatment, since the functionals
are not equicoercive in the weak topology of W11, The standard approach would be to

extend their definition to the space BV of functions of bounded variation. For a periodic
homogenization result in such a context we refer to [2].

4.2. Stability in (0, +00). We now consider the extension of the I'-convergence stability
result to some functionals defined on functions on the half line, in view of the applications
to steady-state Hamilton-Jacobi equations.

Let r > 1 be a fixed exponent, and let A > 0 be a given parameter. We define the
space Wi’r((O, +00); R?) of all functions u: (0, +00) — R? such that v e W ((0,ty); R?)
for all t5 > 0 and

+00
j lu/(t)|"e~Mdt < +o0,
0
endowed with the norm

s = (@ + [ e )

We observe that VV;’T((O7 +00);RY) is a Banach space. In the case r = 2 we write
H}((0, +00); R?) in the place of W/\I’Q((O, +00); RY).

1
T

Proposition 4.5. The set of functions u € W/\l’r((O, +0); RY) that are equal to 0 outside
some bounded interval is dense in W/\I’T((O, +00); R%).

Proof. Let u e W/\I’T((O, +0);R?) and p € C*®(R) such that o(t) = 1 for t <0, p(t) =0
for t > 1 and |¢/(t)| < 2 for all ¢. For all j,k € N with k > j let u;j be defined as equal
to u on (0,7) and to u(j)e(t — k) on (4, +o0). Then

+0o0
b=l = [ W + o= RGN
J

< C ( +OO| / NI —)\td (T —)\td
< o[ Twre s wor [ e
J

for some positive constant C). depending only on r. This shows that ‘lir_‘{l klim (o
J—+00 k—>+00

u|y = 0 and proves the claim. O

For all ¢ > 0 let L.: (0,+0) x R? x R? — [0, +00) be Borel functions. For every
bounded open interval I of (0, +00) we define

Lo(u, )= J;Lg(t,u(t),u'(t))dt

for u € WL (I; R?). Moreover, we also define

L2 (u) = J+OO Le(t,u(t), ' (t)e Mdt
0
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1
for ue W, ((0, +90); RY).

Theorem 4.6. For all € > 0 let L. : (0,4+0) x R x RY — [0, +00) be Borel functions.
Assume that

(i) there exists a Borel function Lo: (0,4+0) x R? x R? — [0, +0) for all bounded
open intervals I of (0, +o0) the functionals L.(-,T) defined above T'-converge, as e — 0%,
with respect to the weak topology of WU (I;R?) to the functional Lo(-,I) defined by

Lo(u,I) = J Lo(t,u(t),u'(t))dt
I
for ue WL (I;R?),
(ii) for all bounded open intervals I of (0,+00) and for all ue WL (I;R?) there exists
a sequence ugz such that u. = u at the endpoints of the interval I and Lc(ue,I) tends to
EO ('LL, I)7
(iii) there exists a constant C > 0 such that

L.(t,0,0) < C for every e >0, andt > 0, (4.9)
(iv) Lo is a Carathéodory function satisfying
Lo(t,z,£) < C(1 + |&]") for every t > 0, x,& € R%. (4.10)

Then the functionals £§ defined above I'-converge, as € — 0T, with respect to the weak
topology of Wi’r(((), +00);RY) to the functional L) defined by

+00
Ly(u) = j Lo(t, u(t),u/(t))e Mdt
0
1’
for we W, ((0, +00); RY).
Preliminarily to the proof of this results, we state the following lemma

Lemma 4.7. Suppose that L. and Lo be Borel functions satisfying hypotheses (i) and (ii)
of the previous theorem, and let ¢ : [0,4+00) — [0, +0) be a continuous function. Given
a bounded open interval I of (0,+0) we define

L2 (u, I) = J Le(t,u(t), o' (t)p(t)dt, and  LE(u, 1) = J Lo(t,u(t),u'(t)e(t)dt,
I I

for v e HY(I;RY). Then the functionals LL(-,I) T-converge preserving the boundary
conditions with respect to the weak topology of Wb (I;R?) to the functional Cg(',l).

Proof. Let u. — u; then, by (i) for every subinterval J < I we have

e—0t

mjf Lot ult), u (£))dt < liminf £2(u, J),
J

where my := inf ; ¢. By covering I by a finite number of disjoint intervals, of sufficiently
small size, and using the uniform continuity of ¢, we can deduce the liminf inequality.
Conversely, taking u. as in (ii) in J we have

lim sup £2(uz, ) < My j Lo(t, u(t), o' (1)),
J

e—0*t



STABILITY IN THE HOMOGENIZATION OF HAMILTON-JACOBI EQUATIONS 21

where Mj; := inf;¢. Since u. = u at the endpoints of J we can deduce the limsup
inequality for w on I, by covering I by a finite number of disjoint intervals, of sufficiently
small size, and using the uniform continuity of ¢. g

Proof of Theorem 4.6. Let u. be a sequence in Wi’r(((), +00); R?) converging weakly to
u. Then u. converges to u weakly in W17 ((0,t9); RY) for all to > 0. By the lemma above
with ¢(t) = e, we obtain

to to
J Lo(t, u(t), ' (t)e Mdt < liminff Lo (t ue(t), ul(t)) e Mdt < liminf £ (ue).

0 e—0t Jp c e—0t

Taking the limit as tg — +00 we obtain

L£y(u) < liminf £2(u,).
e—07t

To prove the upper bound we reason by density. To that end, we first note that Eé
is continuous with respect to the strong topology of W;’T((O, +00); RY), thanks to (iv)
and a generalized version of the Dominated Convergence Theorem. Therefore, in view of
Proposition 4.5 it is sufficient to consider a target function u e Wi " ((0, +o0); RY) such
that there exists to such that u(t) = 0 if ¢ = ty. For all 7 > ¢y, by Lemma 4.7 there exist
a sequence u. converging weakly in W17 ((0,7); R%) to u and such that u.(7) = u() = 0,
ue converges weakly in W17((0,7); R?), and

T

i, [ Lot ua®)e)e e = [ Lot ule) ol () Ve

e—0*t Jo e 0
We extend u. by setting u.(t) = 0 if t > 7, and compute

I-limsup LM (u) < limsup £2(u.)

e—0t e—0

< J Lo(t, u(t), ' (t))e > dt + lim sup J Lo(t,0,0)eMdt

0 e—0t Jr
+00
< LY(uw)+C f e Mdt,
T

where in the last inequality we have used property (iii). By the arbitrariness of 7 > tg
we obtain the upper bound. O

Remark 4.8. Let Vi : R? — R be a continuous 1-periodic function. We can apply
Theorem 4.6 to the sequence L.(t,z,£) = |€]* + Voer(£) and to Lo(t,2,€) = from(§),
where fhom is defined in (3.2), noting that hypotheses (i) and (ii) are proven to hold
in Theorem 3.1, which is proved in (0, 1) for simplicity of notation, but holds in any

bounded interval. As a consequence, if A > 0 and for u € H}((0, +o0); RY), we define

FMu) = f;w (|u'(t)|2 + vper(@))e—ﬁ dt (4.11)

Fom(u) := ) From (u'(t))e ™ dt, (4.12)

we obtain that F T-converge to F}\  in the weak topology of H3((0,+0);R%).
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Theorem 4.9. Let W: R? — [0, +0) be a Borel function satisfying the hypotheses of
Theorem 3.3, and let Vyer be as above. Let F2 be defined by (4.11) and G2 be defined as

G (w) = rw (|u'(t)|2 + vper(“(;)) n W(@))e‘” dt (4.13)

0
for we HY((0,+00);RY). Then
I-lim G2 = T- lim F2, (4.14)

e—0

preserving the initial conditions, with respect to the weak topology of H}((0, +o0); RY).

Proof. We can apply Theorem 4.6, with L.(t,2,£) = []* + Vper(£) + W(Z) and to
Lo(t,z,&) = fhom(§), noting that (i) and (ii) hold by Theorem 3.3. The conclusion then
follows by Remark 4.8. g

Corollary 4.10. Under the hypotheses of the previous theorem, we have

A _ : A
g B O = i B = g, Fonl)

Proof. For all u € H}((0, +00); RY) with u(0) = 2 by Theorem 4.9 there exists a sequence
u: — u weakly in H}((0,+00); R?) such that u.(0) = x and G2(u:) — F,(u). This
implies that

limsup inf G2(v) <limsup G2 (u:) = Fih ().

e+ v(0)=z e—0t

Taking the infimum with respect to such u we obtain

limsup inf G2(v) < inf Fp, (u) < +o0.
e—0t+ v(0)=z u(0)=z

Conversely, we consider a sequence ¢ — 0 such that

lim inf F2 . (u) = lim inf iI;f FXu) < limsup inf G2 (u) < +oo,

k—+00 u(0)=x e—0t u(0)=x es0t u(0)=x
and correspondingly a sequence uy with ug(0) = x such that

lim F) L (ug) = liminf inf F2 ().

k—+0 e—0t u(0)=x

Since we have F?, (uy) > |lug|3 — |#|? the sequence uy, is bounded in H}((0, +00); R%);
hence, up to subsequences wuy converges to a function u with u(0) = x weakly in
H((0,+00); RY). By the liminf inequality

inf ) (v) < Fﬁ‘om(u)é lim FE (u) = liminf inf F(v)

v(0)=z e—0* v(0)=zx
< limsup inf F)‘( ) <limsup inf G2(v) < inf F . (v).
en0t v(0)=z en0t v(0)=z v(0)=x

This proves that u is a minimizer of F}\  with the initial condition u(0) = z, and the

convergence of (iol}f Fg‘ The same argument proves the convergence of (iol}f G;\. g
vV)=x v(0)=x
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5. STABILITY FOR HAMILTON—JACOBI EQUATIONS

In this section we use the I'-convergence approach to recover some stability results
obtained using PDE techniques and presented by P.-L. Lions in his lectures [14]. Although
our results require specific hypotheses on the periodic Hamiltonian, our assumptions on
the non-negative perturbation W are much weaker (see (3.7)) than those considered in
[14].

Using the notation of Section 3 we consider continuous and periodic Vjer. In this
section we suppose that the perturbation W satisfies (3.7) and

W is bounded and uniformly continuous on R?, (5.1)

and use the notation

Lper(2,€) = € + Voer(2),  L(x,6) = [ + Vper(2) + W (), (5.2)
Hper(xag) = %|§|2 - Vper(l'), H(l‘,g) = %|€|2 - Vper(x) - W($)7 5.3
Lhom(g) = fhom(£)7 Hhom(g) = f}Tom(§>> (5'4)

where * denotes the Fenchel conjugate.
Analogous results can be obtained in the case of more general Lagrangians as in Section
4.1 and the related Hamiltonians.

5.1. Steady-state Hamilton—Jacobi equations. We fix A\ > 0. We observe that,
thanks to (5.1), for every e > 0 there exists a unique viscosity solution U. € W1*(R%) of
the Hamilton-Jacobi equation

AU (z) + H(g, VU.(z)) =0, (5.5)

and likewise there exists a unique viscosity solution U € W1*(R%) of the Hamilton-Jacobi
equation

AU(2) + Hpom (VU (2)) = 0. (5.6)

The existence is proved as a particular case of [15, Theorem 2.1] and the uniqueness can
be deduced from the example after [15, Remark 1.15]. In the unperturbed case, when
W =0, equation (5.5) reduces to

AU (z) + Hper(g, VU.(z)) = 0. (5.7)

The convergence of the solutions of (5.7) to the solution of (5.6) can be obtained using
the techniques introduced in the fundamental unpublished paper by Lions, Papanicolaou,
and Varadhan [16] (see also [9, 7]).

We prove the following stability result.

Theorem 5.1 (Stability for steady-state Hamilton-Jacobi equations). Let Vper: R? > R
be a continuous 1-periodic function, and let W: R? — R be a bounded and uniformly
continuous function satisfying (3.7). With fived X\ > 0, for every e > 0 let U. € WHP(R?)
be the unique viscosity solution of (5.5) and let U € WH®(R?) be the unique viscosity
solution of (5.6). Then U, tends to U uniformly on compact sets of RY.
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Proof. By a classical result, the solutions U, and U are given by
+00

Ue(z) = min { L L(@,u’(t))e)‘tdt cue Hi((0,40);RY), u(0) = :E}, (5.8)

+0o0

Ufa) = min { [ Lo (0 (0)e ™t we H(0. 405 RY, 0(0) =2}, (59

For a proof we refer to [3, Chapter III, Proposition 2.8] (see also [11, 13]). Corollary
4.10 gives the pointwise convergence of U.(z) to U(z). In order to prove the uniform
convergence on compact sets it suffices to show a uniform bound for the solutions in
Whe(RY). First, as Uy is concerned we note that, since %inf (Vper + W) and %sup(Vper +
W) are a viscosity subsolution and a viscosity supersolution of (5.5), respectively, by the
comparison principle (see for instance [3, Chapter II, Theorem 3.5]) we have

inf(Vper + W) < AU () < sup(Vper + W)

for every € R?. From this estimate we obtain a uniform bound for U, and by coerciveness
thus for VU,. Indeed, from equation (5.5) we have

3|VU€(;U)|2 UL (z) = Vper(g) n W(g)

and hence obtain a bound for |VU.(z)| uniform with respect to € and . The uniform
convergence on compact sets follows from Ascoli-Arzela’s theorem. O

5.2. Time-dependent Hamilton—Jacobi equations. In this section ® will be a fixed
bounded uniformly continuous function, and V will denote the gradient with respect to
x. Tt is known that the Cauchy problem for the evolution equations on R? x [0, 4+00)
given by

OUc(x,t) + H(f, VU.(z,t)) =0,
{Usw 0) = @(a) (10
and
0tU (x,t) + Hpyom (VU (2,t)) = 0,
{U(az, 0) = ®(x). (5:11)

admit a unique viscosity solution (see [15, Theorem 9.1] and [10, Chapter 10]). In [16] it
is proved that when W = 0 the solutions of

{6,5Ug(x,t) + Hper (%, VU (2,1)) = 0,

Us(,0) = 0(z) (5:12)

converge uniformly to the viscosity solution of the homogenized equation (5.11). We
now derive a stability result, showing that the same result holds also for the viscosity
solutions corresponding to H.

Theorem 5.2 (Stability for evolutionary Hamilton—Jacobi equations). Let Vier: R — R
be a continuous 1-periodic function, and let W: R* — R be a bounded and uniformly
continuous function satisfying (3.7). Let H be given by (5.3) and let ®: R? — R be
a bounded and uniformly continuous function. For every ¢ > 0 let U, be the viscosity
solution of (5.10) and let U be the viscosity solution of (5.11). Then U, tends to U
uniformly on compact sets of R% x [0, +o0).
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Proof. To prove this result we use the characterization of viscosity solutions using the
Lax formula (see for instance [12]): for every z € R? and t > 0 we have

Us(z,t) = min{ft L(M,u’(7)>d7' + ®(u(0)) :ue HY((0,t); RY), u(t) = x}, (5.13)

0 9
and
t
Uln,t) — min{f Liom (o (7))dr + ®(u(0)) : w € H'((0,1): B, u(t) =z}
0
— mi r—y : d
= mln{tLhom< ; ) +®P(y):yeR } (5.14)
To prove the result it is enough to show that for all x. — xg we have
liI})l+ Ue(x57t5) = U(.%(),to) if te — to > 0, (515)
E—>
Iir(l)rl+ Ue(xe,te) = O(x0) if t- — 0, with t. > 0. (5.16)
E—>
To prove (5.15), we write (5.13) in the form
Ue(z,t) = inf {Sz(z,t,y) + P(y) 1y € R%, (5.17)
where
t
Se(y,z,t) = min{f L(u(;—),ul(T)>dT cue HY((0,6);RY), u(0) = y,u(t) = a:}
0

We fix z. — zg and t. — tg > 0. We claim that for fixed y we have

ali%l+ Sé(yy Te, ts) = Shom(y7 Zo, t0)7

where
t
Shom (¥, 2,t) = min{f Lo (u/(r))dr : we H'((0,6);R?),u(0) = y,u(t) = o |
0
_ r—Yy
- tLhom( t )
Note that
U(x,t) = inf {Shom (7, t,y) + ¢(y) : y € R}, (5.18)

We first prove some equi-continuity estimates for S., uniform with respect to e. With
fixed x,y, we examine S¢(y, z,-). If t; < to we have

Se(y,x,t2) < Se(y,x,t1) + M(ta — t1), (5.19)

where M = max(Vper + W). This is obtained by extending test functions to the constant
value z in (t1,t9). Conversely, noting that

f; L(US_),UI(T))CZT = Z 01 L(v(;), 21/(0))(10,

where u is a minimizer for S.(y,z,t2), and v(o) = u(%a), and that

(o 26) 1) - (2) )
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we obtain
St < Srn)+ ((2) 1) [T Were
< Sey,a,ta) + ((2)2 —1) (Mt + W) (5.20)

We finally deduce that, if 0 < a <t; <ty <band x,y € Bg then
‘Ss(y7$7t1) - Se(yv l’,tg)’ < C(a7 b> R)(tQ - tl) (521)

As for the properties of S.(y,,-), for given x1,29 € Br, 0 < a < t; < ty < b, and
6 > 0, we first have

|2y — x|

SE(y7x21t2 + 5) < Se(yaxlatl) + M(tQ -t + 5) o
to—t1+6

(5.22)
obtained by extending test functions by an affine function in (¢1,t2). Using (5.21), we
obtain

w2 — @1]?

Se(y, x2,t2) < Se(y,x1,t1) + M(ta —t1 +9) + 5

+ C(a,b, R)9J, (5.23)
Conversely, we have, using (5.21) in the first inequality and then (5.23) with ¢; and ¢,
replaced by to and ty + (t2 — t1), respectively, and z; and z2 interchanged,

Sg(y,xl,tl) < Sg(y,xl,tz + (tg — tl)) + 2C’(a,b, R)(tg — tl)
|22 — 21

< Sc(y,xo,ta) + M(ta —t1 +9) + 2R 5

+ 2C(a, b, R)(tg — tl).

Together with (5.23), this gives

|2 — 21

|Se(y, x1,t1) — Sy, x2,t2)| < M(ta —t1 +6) + 2R 5

+2C(a,b, R)(ta — t1 +9).

If |to — t1] < 6 and |22 — 71| < 6% then we have
|Se(y, m1,t1) — Se(y, 2, t2)| < 2(M + R + 2C(a, b, R))S,

which shows that S.(y,-,-) are uniformly equicontinuous on compact subsets of R? x
(0, +00). Finally, noting that a change of variables 7 = ¢t — ¢ interchanges symmetrically
the role of z and y in the definition of S;, we infer that such functions are indeed uniformly
equicontinuous on compact subsets of R? x R? x (0, +00).

By the equicoerciveness and I'-convergence with given boundary conditions, we have
that St (y, z, t) converge to Shom (Y, z, t) for every (y, z, t), and the uniformly equicontinuity
just proven shows that this limit is uniform on compact subsets of R? x (0, +0). Recalling
definition (5.14), and noting that for given x minimizers y satisfy |z — y|?> < t?M by
Jensen’s inequality and estimating Ug(x,t) by Sc(x,z,t), we then deduce that Ug(x,t)
converges uniformly to U(z,t). O
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6. NEGATIVE PERTURBATIONS

In this section we give an example of a negative perturbation whose presence affects
the form of the I-limit in the spirit of [1], where a more general form of Hamiltonian (in
particular not “separable”, even in the perturbation) is considered.

We examine functionals

6w = [ (wor+w(“2))a

0 g

defined in H'((0,1);R%), where W can be considered as a perturbation of the trivial
periodic potential Vjer = 0.

Theorem 6.1. Let W: R? — R satisfy
W(z) <0 forallzeR? and lim W(z) = 0.

|z|—>+00
Then .
Inm%Gduy_J|¢@ﬂ%ﬁ+nﬁwqg:u@):on
E—> 0
Hence, if W is not identically 0 we have a different limit than in the unperturbed case,

regardless of other conditions on W. In particular, this holds for W = —cxy, where x
denotes the characteristic function and ¢ > 0. Note that for such W we have

1 1
G:(u) = L |u/(t)|2dt —c|{t:u(t) =0} = Jo \u'(t)|2dt +inf W |{t : u(t) = 0}
for all € > 0.

Proof. We only consider the case inf W < 0. With fixed § > 0, let 5 € R¢ be such that
W(zs) <inf W + 6 < 0, and set

Ws = W (25)X{a,}-
We then have

&m)<(ﬂw:ij@FH%09»ﬁ

1
- L [ (£) [Pt — [W ()| |{u = ezs}.

Now if u e H'((0,1),R?) we consider u’ = u + ex;, which converges to u, and is such
that

1
Go(u?) = j Wl (0)[2dt — W (a5)]] o = O}
0

Hence,

e—0

1
limsup Galu) < fo (1) Pt — [W (5)][{u = 0}

1
g\[W@WHﬁMW+Mm=ML
0

and, by the arbitrariness of 4, the upper bound.
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Conversely, with fixed § > 0 we can consider Rs > 0 such that
W= =0+ (inf W)xg,,
5

so that, for € small enough so that eRs < &, we have

1
Go(u) > L\u/(t)\2dt+ian|{t:u(t)eBRé}]—6

1
> J /()2 dt + inf W [{t : u(t) € Bs}| - .
0

Noting that u — —|{t : u(t) € Bs}| is lower semicontinuous with respect to the convergence
in L', if ue — u weakly in H'(0,1) then we have

1
limiglf Ge(u) = liminff |ul(t)|* dt + lim i(I)lf inf W |{t : u:(t) € Bs}| — 6
e—> 0 g—>

e—0

1
= J W' (t)|? dt + inf W|{t : u(t) € Bs}| — 6.
0
Letting § — 0 we obtain the claim. O
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