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Abstract. We investigate the stability with respect to homogenization of classes
of integrals arising in the control-theoretic interpretation of some Hamilton–Jacobi
equations. The prototypical case is the homogenization of energies with a Lagrangian
consisting of the sum of a kinetic term and a highly oscillatory potential V “ Vper ` W ,
where Vper is periodic and W is a nonnegative perturbation thereof. We assume that W
has zero average in tubular domains oriented along a dense set of directions. Stability
then holds true; that is, the resulting homogenized functional is identical to that for
W “ 0. We consider various extensions of this case. As a consequence of our results,
we obtain stability for the homogenization of some steady-state and time-dependent,
first-order Hamilton–Jacobi equations with convex Hamiltonians and perturbed periodic
potentials. Finally, we show with an example that, for negative W , stability may not
hold. Our study revisits and, depending on the different assumptions, complements
results obtained by P.-L. Lions and collaborators using PDE techniques.

1. Introduction

The asymptotic behaviour of viscosity solutions Uε of Hamilton-Jacobi equations of
the form

#

BtUεpx, tq `Hper
`

x
ε ,∇Uεpx, tq

˘

“ 0,
Uεpx, 0q “ Φpxq,

with Hper periodic in the first variable, has been first studied by Lions, Papanicolaou,
and Varadhan [16], who proved that such solutions converge uniformly as εÑ 0 to the
solution U of a homogenized problem of the form

#

BtUpx, tq `Hhomp∇Upx, tqq “ 0,
Upx, 0q “ Φpxq.

(1.1)

Similar statements hold for steady-state Hamilton-Jacobi equations (see e.g. [9]).
In this paper we consider a stability issue for the homogenization of Hamilton-Jacobi

equations, addressing the following question: what hypotheses on a perturbation W ensure
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that viscosity solutions rUε of equations of the form
#

Bt rUεpx, tq `Hper
`

x
ε ,∇rUεpx, tq

˘

´W
`

x
ε q “ 0,

rUεpx, 0q “ Φpxq

converge to the same U solution of (1.1)? Some answers to this question have been
given by Achdou and Le Bris [1], who show that negative perturbations may lead to
instability; that is, convergence to a different limit. In unpublished works by Lions and
Souganidis, some conditions on positive W are given ensuring stability (see the video
presentation [14]). We note that both these results treat convex Hamiltonians, while
periodic homogenization using the theory of viscosity solutions does not require such an
assumption.

In the case of Hamiltonians Hperpx, ξq convex and coercive in the variable ξ, the
stability question for Hamilton-Jacobi equations is related to a corresponding stability
question for functionals in terms of the corresponding Lagrangian Lper. Indeed, it is
known that periodicity guarantees the Γ-convergence of the functionals

Fεpuq “

ż 1

0
Lper

´uptq

ε
, u1ptq

¯

dt

to a homogenized functional

Fhompuq “

ż 1

0
Lhompu

1ptqqdt,

whose homogenized Lagrangian is the one corresponding to the homogenized Hamiltonian
Hhom. This correspondence is ensured by the fact that the viscosity solutions Uε can be
written in terms to the value function defined as a minimum for Fε through the Lax–Hopf
formula. As a result, the convergence of Uε can be deduced using the Fundamental
Theorem of Γ-convergence on the convergence of minima.

The stability question for Hamilton–Jacobi equations can be then formulated as a
stability question with respect to Γ-convergence: what hypotheses on a perturbation W
ensure that the Γ-limit of

Gεpuq “

ż 1

0

´

Lper

´uptq

ε
, u1ptq

¯

`W
´uptq

ε

¯¯

dt (1.2)

is still the functional Fhom (that is, the one given by the periodic case when W “ 0)?
Such a Γ-convergence question can be generalized and answered for general Lagrangians
also depending on t, but such generalizations do not have an immediate connection
with the Hamiltonian viewpoint. We note that in treating solutions of Hamilton–Jacobi
equations we will use particular cases of results from the PDE literature, that apply to
generic Hamiltonians and do not make use of the specific form assumed.

When W ě 0, the condition we find is an integral condition on W . In the case of
bounded W , this can be stated as

lim
RÑ`8

1
R

ż

BRXS
r
ξ

W pxq dx “ 0 (1.3)

for all ξ in a dense subset Ξ of Rdzt0u and r ą 0; that is, the average of W is zero on
stripes with a given direction in a dense set (Theorem 3.3). In the one-dimensional case
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d “ 1, the condition simplifies in

lim
RÑ`8

1
R

ż R

´R
W pxq dx “ 0

(Theorem 2.4). We show with an example that the average condition can indeed be
required to hold only for a countable set of directions and fail otherwise. Moreover, if
d ą 1 we can also treat unbounded W under some uniform local integrability condition.
We note that the condition on W is more general than those previously considered, but,
as is common for Γ-convergence results, the information we obtain is weaker since we do
not give a corrector result. Condition (1.3) can be compared with

lim
RÑ`8

1
Rd

ż

BR

W pxq dx “ 0

considered by the authors for the stability of elliptic homogenization [5]; that is, that the
average of the perturbation on the whole space is 0. Condition (1.3) highlights that for
Hamilton–Jacobi equations the perturbation needs to be small on one-dimensional like
sets.

We give a brief description of the arguments of the proof. Since W ě 0 the stability
result for the Γ-limit reduces to the proof of an upper bound. The main observation
is that it is sufficient to treat the case of piecewise-affine target functions with slopes
in the dense set of directions Ξ, and that the construction of recovery sequences in the
periodic case requires the use of a finite number of correctors. The sequences obtained
using these correctors may lead to a large contribution of the additional term involving
W , so cannot be used as recovery sequences for the perturbed energies, but, using the
zero-average condition above, we may choose careful small variations of these correctors
on which the contribution of W is small, and use such modified correctors to construct
recovery sequences. In the one-dimensional case such modifications are not possible, but
we directly show that in this case the contribution of W is small on the original recovery
sequences. We note that these arguments are completely different from those used for
elliptic homogenization in [5], that rely on localization techniques and higher-integrability
results.

In order to apply the result also to steady-state Hamilton–Jacobi equations, we
additionally address the stability of integrals of the form

ż `8

0

´

Lper

´uptq

ε
, u1ptq

¯

`W
´uptq

ε

¯¯

e´λt dt.

Since results for such energies are not common in the literature, we prove a general
Γ-convergence theorem relating Γ-convergence on finite intervals and on the half-line
(Section 4.2). The applications to the stability of Hamilton–Jacobi equations when W is
non-negative and satisfies (1.3) are finally obtained as a product of the previous results
in Section 5, both in the steady-state and evolutionary cases.

In the stability results we use non-negative perturbations W . We note that the sign
condition on W cannot be dropped altogether. In the simplest case, when Lperpx, ξq “
Lpξq “ Lhompξq is independent of x and W ď 0 and tends to 0 at infinity, we show that
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the Γ-limit of Gε defined in (1.2) is given by

Ghompuq “

ż 1

0
Lhompu

1ptqqdt` inf W |tt : uptq “ 0u|,

which is strictly lower than Fhompuq if |tt : uptq “ 0u| ą 0 (Section 6).

For the sake of clarity in the presentation of the results and their proofs, we will treat
a particular form of the Lagrangians (and of the Hamiltonians); namely, in the notation
used above,

Lperpx, ξq “ |ξ|
2 ` Vperpxq.

This form will only make it simpler to use Fenchel transforms, and set our problems in
Hilbert spaces. All the results we obtain can be extended to more general Lagrangians
Lper with Lperpx, ¨q convex and such that there exists r ą 1 and constants c1, c2 ą 0 such
that

c1|ξ|
r ď Lperpx, ξq ď c2p1` |ξ|rq

(see Section 4.1). Indeed, the only property that we need for the Lagrangians is the
existence of suitable correctors, which depends only on a polynomial growth assumption
of order r ą 1 [6].

Notation. We use standard notation for Sobolev spaces, in particular H1
0 denotes the

closure of C8c in H1 (andW 1,p
0 its closure inW 1,p, in some remarks). We use the notation

Hd´1 for the pd´ 1q-dimensional Hausdorff (surface) measure in Rd.
For the notation of Γ-convergence we refer to [8, 4]. Due to the form of the energies

we consider, we tacitly compute Γ-limits with respect to the weak topology of H1, or
equivalently with respect to the strong topology of L2, unless otherwise stated. We say
that a sequence Γ-converges preserving the boundary or initial conditions, respectively, if
it Γ-converges and for every u there exists a recovery sequence with the same boundary
or initial values as u.

2. Stability results in the one-dimensional case

We separately treat the case when the function u is scalar. In this case the conditions
on W are simpler, and the proof is easier by the order structure of R.

We begin by defining the unperturbed energies Fε. Let Vper : RÑ R be a continuous
1-periodic function, and for ε P p0, 1q define

Fεpuq “

ż 1

0

´

|u1ptq|2 ` Vper

´uptq

ε

¯¯

dt

for u P H1p0, 1q. The limit as ε Ñ 0 of such functionals is described in the following
theorem.

Theorem 2.1 (Homogenization Theorem ([6], Proposition 15.9)). The Γ-limit of Fε is
the functional Fhom defined by

Fhompuq “

ż 1

0
fhompu

1ptqq dt (2.1)
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for u P H1p0, 1q, where fhom is the convex function characterized by fhomp0q “ minVper
and

fhompξq “ min
"

|ξ|

ż 1{|ξ|

0

`

|v1ptq ` ξ|2 ` Vperpvptq ` ξtq
˘

dt : v P H1
0 p0, 1{|ξ|q

*

(2.2)

if ξ ‰ 0.

Remark 2.2. Note that fhom satisfies the condition |ξ|2 `minVper ď fhompξq ď |ξ|
2 `

max Vper. By the convexity of fhom, this implies that Fhom is continuous in H1p0, 1q.

Remark 2.3 (Periodic correctors). Let pξ : RÑ R denote the 1{|ξ|-periodic extension
of a minimizer of (2.2), and let wξptq “ pξptq ` ξt. Note that Vperpwξptqq is 1{|ξ|-periodic
since Vperpwξpt ` p1{|ξ|qqq “ Vperpwξptq ` sgn ξq “ Vperpwξptqq, and in the last equality
we have used the fact that Vper is 1-periodic. The scaled functions wξ,εptq :“ εwξpt{εq “
εpξpt{εq ` ξt tend to ξt in L8p0, 1q and also weakly in H1p0, 1q, while, by the periodicity
and a change of variable in the integral, the functions

t ÞÑ |w1ξ,εptq|
2 ` Vper

`wξ,εptq

ε

˘

“ |p1ξp
t
εq ` ξ|

2 ` Vper
`

wξp
t
εq
˘

,

weakly˚ converge to the average
ş1
0
`

|p1ξptq`ξ|
2`Vper

`

pξptq`ξt
˘˘

dt “ fhompξq in L8p0, 1q.

The perturbed energies Gε will be defined as follows. Given W : RÑ r0,`8q a Borel
function we define

Gεpuq “

ż 1

0

´

|u1ptq|2 ` Vper

´uptq

ε

¯

`W
´uptq

ε

¯¯

dt

for u P H1p0, 1q, which is well defined because any such u are continuous. We can now
state and prove the main result of this section.

Theorem 2.4 (Stability Theorem). Let W : RÑ R be a Borel function such that

W ě 0 and lim
RÑ`8

1
R

ż R

´R
W psq ds “ 0; (2.3)

then
Γ- lim

εÑ0
Gε “ Γ- lim

εÑ0
Fε. (2.4)

Proof. Let G2 :“ Γ- lim supεÑ0Gε, and let Fhom be given by Theorem 2.1. Since W ě 0
it suffices to prove that G2 ď Fhom. We start by proving this inequality at the function
uptq “ ξt, with ξ ‰ 0. Thanks to the continuity of F1 with respect to the strong
convergence in H1p0, 1q, we can choose a piecewise-affine 1

|ξ| -periodic function pδξ that
minimizes the problem in (2.2) up to a small error δ ą 0; that is, pδξp0q “ pδξp1{|ξ|q “ 0
and

|ξ|

ż 1{|ξ|

0

`

|ppδξq
1ptq ` ξ|2 ` Vperpp

δ
ξptq ` ξtq

˘

dt ď fhompξq ` δ. (2.5)

We additionally may assume that ppδξq1 ` ξ ‰ 0 almost everywhere since piecewise-affine
functions satisfying this condition are strongly dense in H1p0, 1q. We set uε,δptq “
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εpδξpt{εq ` ξt. We can then estimate

lim sup
εÑ0

ż 1

0
W

´uε,δptq

ε

¯

dt “ lim sup
εÑ0

ż 1

0
W

´

pδξ

´ t

ε

¯

` ξ
t

ε

¯

dt

“ lim sup
εÑ0

ε

ż 1{ε

0
W

`

pδξpsq ` ξs
˘

ds

“ lim sup
RÑ`8

1
R

ż R

0
W

`

pδξpsq ` ξs
˘

ds.

If pa, bq is an interval where pδξ is affine, by the change of variable x “ pδξpsq ` ξs we
obtain

ż b

a
W

`

pδξpsq ` ξs
˘

ds “
1

ppδξq
1 ` ξ

ż pδξpbq`ξb

pδ
ξ
paq`ξa

W pxq dx.

Note that if s ÞÑ pδξpsq ` ξs is monotone, then we can estimate
ż n
|ξ|

0
W

`

pδξpsq ` ξs
˘

ds ď max
! 1
|ppδξq

1 ` ξ|

)

ż n

´n
W pxq dx.

By the periodicity of pδξ we then obtain that

lim sup
RÑ`8

1
R

ż R

0
W

`

pδξpsq ` ξs
˘

ds ď C lim sup
RÑ`8

1
R

ż R

´R
W pxq dx “ 0, (2.6)

with C “ Cpξ, δq “ 1
|ξ| max

 1
|ppδ

ξ
q1`ξ|

(

. In the general case, this inequality holds with
C replaced by CN , where N is the number of changes of sign of the derivative of
s ÞÑ pδξpsq ` ξs in a period.

Since uε,δ tends to uptq “ ξt weakly in H1p0, 1q as ε Ñ 0 since the average of ppδξq1

vanishes by periodicity, and t ÞÑ |u1ε,δptq|
2`Vper

`uε,δptq
ε

˘

weakly˚ converges to the constant

|ξ|

ż 1{|ξ|

0

`

|ppδξq
1ptq ` ξ|2 ` Vperpp

δ
ξptq ` ξtq

˘

dt

in L8p0, 1q by periodicity of pδξ and a change of variable in the integral, first by (2.6) we
have

lim sup
εÑ0

Gεpuε,δq “ lim sup
εÑ0

Fεpuε,δq.

Next, successively using (2.5) and (2.2), we bound the right-hand side from above

lim sup
εÑ0

Fεpuε,δq ď fhompξq ` δ “ Fhompuq ` δ,

while, given that uε,δ tends to u as εÑ 0 the left-hand side is bounded from below as

G2puq ď lim sup
εÑ0

Gεpuε,δq.

Finally, letting δ Ñ 0 this yields the desired inequality G2 ď Fhom for u.
To deal with the case uptq “ ξt ` q with ξ ‰ 0 and q P R, we slightly modify the

previous construction. Indeed, with fixed ε ą 0, we let tε0 “ mintt P r0, 1s : uptq P εZu
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and t1ε “ t0ε ` kε
ε
|ξ| , where kε is the largest integer such that t0ε ` kε

ε
|ξ| ď 1. We then

define

uε,δptq “

$

’

&

’

%

ξt` q if 0 ď t ď t0ε

εpδξp
t´t0ε
ε q ` ξt` q if t0ε ď t ď t1ε

ξt` q if t1ε ď t ď 1.
Since t0ε Ñ 0 and t1ε Ñ 1 as εÑ 0 the same computation as above proves that G2puq ď
Fhompuq.

Noting that in the previous computation the recovery sequence attains the same
values as u at the endpoints of the interval r0, 1s, we can exhibit a recovery sequence for
each piecewise-affine target function u such that u1 ‰ 0 almost everywhere by repeating
the construction above in each interval where u is affine. This leads to the inequality
G2puq ď Fhompuq for each such functions.

Finally, by Remark 2.2, the density of piecewise-affine functions u such that u1 ‰ 0
almost everywhere, and the lower-semicontinuity of G2, we obtain G2puq ď Fhompuq for
every function u P H1p0, 1q. �

3. Stability results in the higher-dimensional case

Let d ą 1, let Vper : Rd Ñ R be a continuous 1-periodic function, and for ε P p0, 1q
define the unperturbed energies

Fεpuq “

ż 1

0

´

|u1ptq|2 ` Vper

´uptq

ε

¯¯

dt

for u P H1pp0, 1q;Rdq.
The following result is proven in [6, Theorem 15.3].

Theorem 3.1 (Homogenization Theorem). The Γ-limit of Fε is the functional Fhom
defined by

Fhompuq “

ż 1

0
fhompu

1ptqq dt (3.1)

for u P H1pp0, 1q;Rdq, where

fhompξq “ lim
TÑ`8

1
T

min
"
ż T

0

`

|v1ptq`ξ|2`Vperpvptq`tξq
˘

dt : v P H1
0 pp0, T q;Rdq

*

. (3.2)

In particular, from (3.2) it follows that fhomp0q “ minVper. Note that contrary to the
scalar case, we cannot reduce to a periodic cell problem since the functions t ÞÑ V px` tξq
are quasiperiodic but not periodic.

Remark 3.2 (Almost-periodic piecewise-affine almost-correctors). Given ξ P Rd, formula
(3.2) and the periodicity of Vper ensure the existence of almost-correctors pδξ, in a sense
that will be made precise below. With fixed δ ą 0 there exists η “ ηδ ą 0 such that
|Vperpx` yq ´ Vperpxq| ă δ for all x P Rd and |y| ă η. By the periodicity of Vper we then
have that if τ ą 0 is such that there exists z P Zd with |τξ ´ z| ă ηδ then

|Vperpx` τξq ´ Vperpxq| ď δ for all x P Rd. (3.3)
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By well-known facts of ergodic theory on the torus, there exists Lδ ą 0 such that every
interval of length Lδ contains a τ satisfying (3.3).

We fix
T ě

Lδ ` 1
δ

(3.4)

and a piecewise-affine function pδξ P H1
0 pp0, T q;Rdq such that

1
T

ż T

0

`

|ppδξq
1ptq ` ξ|2 ` Vperpp

δ
ξptq ` ξtq

˘

dt ď fhompξq ` δ.

By the ergodicity property recalled above, and since we may assume Lδ ą 1, we can
construct a sequence Ti P R with

T0 “ 0 and Ti ` T ` 1 ď Ti`1 ď Ti ` T ` Lδ (3.5)
such that (3.3) holds for τ “ Ti, and extend pδξ by translation on each rTi, Ti ` T s; that
is pδξptq “ pδξpt´ Tiq, and as 0 on the remaining intervals. For use in the following proofs,
we now introduce a more detailed notation for the almost-correctors. There exist a
finite family ξ1, . . . , ξN P Rd and a subdivision of r0, T s by times 0 “ a0 ă a1 ă . . . ă
aN “ T , and such that pδξ is affine with gradient ξj on paj´1, ajq ` Ti, with Ti as in (3.5).
Furthermore, by continuity we may assume that we choose pδξ such that ξj ` ξ ‰ 0.

Note that the construction above is a particular case of the one in the proof of [6,
Theorem 15.3] and follows from the quasi-periodicity of t ÞÑ Vperptξq.

As in the scalar case we define the perturbed energies Gε. Let W : Rd Ñ r0,`8q be a
Borel function. We then set

Gεpuq “

ż 1

0

´

|u1ptq|2 ` Vper

´uptq

ε

¯

`W
´uptq

ε

¯¯

dt

for u P H1pp0, 1q;Rdq.
The hypotheses on W will be more complex than in the one-dimensional case. To

state them, we introduce some notation. For every x P Rd and ρ ą 0 let Bρpxq denote
the open ball with centre x and radius ρ. If x “ 0 we omit it from the notation. For
every ξ P Rdzt0u and r ą 0 we define

Srξ :“ tx P Rd : x “ tξ ` z with t P R and z P Rd, |z| ă ru “
ď

tPR
Brptξq, (3.6)

the circular cylinder with axis in direction ξ and radius r.

Theorem 3.3 (Stability Theorem – the higher-dimensional case). Let W : Rd Ñ r0,`8q
be a Borel function, and assume that

lim
RÑ`8

1
R

ż

BRXS
r
ξ

W pxq dx “ 0 (3.7)

for all ξ in a dense subset Ξ of Rdzt0u and r ą 0. We also assume that there exists p ą d
2

such that W P LpunifpRdq; that is,

sup
yPRd

ż

B1pyq
W ppxq dx ă `8. (3.8)
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Then
Γ- lim

εÑ0
Gε “ Γ- lim

εÑ0
Fε. (3.9)

The proof of the theorem will be obtained after some preliminary lemmas. Before them,
we comment on the hypotheses on W , which we assume non-negative. First, we note
that (3.8) is satisfied if W is bounded, while (3.7) is implied by the uniform convergence
of W to 0 at infinity, or by

lim
RÑ`8

1
R

ż

BR

W pxq dx “ 0, (3.10)

which in turn is implied by W P LqpRdq with 1 ď q ă d
d´1 , using Hölder’s inequality.

The following example shows that (3.7) may be satisfied even if
lim

RÑ`8
W pRxq “ 1 (3.11)

for almost every x P Rd, which implies, if W is bounded,

xW y :“ lim
RÑ`8

1
Rd

ż

BR

W pxq dx “ |B1|,

using the Dominated Convergence Theorem.

Example 3.4. Let d “ 2 and let W : R2 Ñ r0,`8q be such that W pxq “ 0 if x P A and
W pxq “ 1 otherwise, where A is constructed as follows.

For k P t2, 3, . . .u, we define the subsets of r0, 2πs

Dk :“
 

θkh : h odd, 1 ď h ď 2k
(

, where θkh “
2π
2k h,

and let D “
Ť8
k“0Dk. Note that if θkh P Dk then there exists θkh˚ P Dk such that

|θkh ´ θ
k
h˚ | “ π.

For each θkh P Dk we consider a region Akh delimited by a suitable parabola with
vertex in 2kpcos θkh, sin θkhq and axis given by the half line tρpcos θkh, sin θkhq : ρ ě 2ku. This
parabola is constructed so that

Akh Ă tρpcos θ, sin θq : ρ ě 2k, |θ ´ θkh| ď 4´ku. (3.12)
The set A is defined as

A “
ď

 

Akh : k ě 0, h odd, 1 ď h ď 2k
(

.

Given ξ in the dense set tρpcos θ, sin θq : θ P D, ρ ą 0u, there exists ρ ą 0 and θkh such
that ξ “ ρpcos θkh, sin θkhq. For every r ą 0, since the regions Akh and Akh˚ have the same
axis as Srξ , there exists R0 “ R0pr, ξq such that Srξ zBR0 Ă Akh YA

k
h˚ . Hence,

1
R

ż

BRXS
r
ξ

W pxq dx ď
1
R
|BR0 |,

and condition (3.7) is satisfied. Note that also (3.8) is satisfied.
Let now

pD :“
8
č

m“2

8
ď

k“m

pDk ` r´4´k, 4´ksq
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Since |Dk ` r´4´k, 4´ks| ď 2´k we deduce that | pD| “ 0, and hence that the set N :“
tρpcos θ, sin θq : ρ ě 0, θ P pDu is negligible in R2.

We claim that if x P R2zN then there exists R0 “ R0pxq ą 0 such that Rx R A for
every R ě R0. Indeed, writing x “ ρpcos θ, sin θq with ρ ą 0 and θ P p0, 2πs, we have
θ R pD. Hence there exists m P N such that θ R Dk ` r´4´k, 4´ks for all k ě m. We now
prove that if Rρ ě 2m then for every k ě m we have

Rx R
ď

 

Akh : h odd, 1 ď h ď 2k
(

. (3.13)

Indeed, if Rρ ă 2k then (3.13) is due to the inequality |y| ě 2k for every y P Akh by the
first condition in (3.12). If instead 2k ď Rρ, the condition on θ implies that for every
θkh P Dk we have |θ ´ θkh| ą 4´k, and hence the second condition in (3.12) ensures that
Rx R Akh, concluding the proof of (3.13).

On the other hand, since the axes of the parabolas defining Akh are different from the
straight line passing through the origin and x, there exists R0 “ R0pxq ě 2m such that

Rx R Akh for all R ě R0 and for all k P t2, . . . ,m´ 1u.

Together with (3.13) this proves the claim. ♦

We now turn to the proof of Theorem 3.3 with some preliminary lemmas.

Lemma 3.5. Let W satisfy (3.8). Then for all α ą 0 such that 1 ă αd ă p and for all
r ą 0 we have

ż

Sd´1

´

ż r1{α

0
W ptαθq dt

¯

dHd´1pθq ď rβCd,α,p

´

ż

Br

W ppxq dx
¯1{p

, (3.14)

where β “ p´αd
αp ą 0 and Cd,α,p :“

´

p´1
p´αdHd´1pSd´1q

¯1´ 1
p , where Hd´1 denotes the

pd´ 1q-dimensional (surface) Hausdorff measure, and Sd´1 is the boundary of the unit
ball in Rd.

Proof. Let γ “ αd´1
p and 1

p `
1
q “ 1. Using Hölder’s inequality we obtain

ż

Sd´1

´

ż r1{α

0
W ptαθq dt

¯

dHd´1pθq

ď

´

ż

Sd´1

´

ż r1{α

0
W pptαθqtγp dt

¯

dHd´1pθq
¯1{p´ ż

Sd´1

´

ż r1{α

0
t´γq dt

¯

dHd´1pθq
¯1{q

.

By the change of variable ρ “ tα we have
ż r1{α

0
W pptαθqtγp dt “

ż r1{α

0
W pptαθqtαd´1 dt “

ż r

0
W ppρθqρd´1 dρ,

while
ż r1{α

0
t´γq dt “

ż r1{α

0
t
´
αd´1
p´1 dt “ p´1

p´αd r
p´αd
αpp´1q .

Inserting these equalities in the inequality obtained above, we prove the claim. �
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Lemma 3.6. Let W satisfy (3.8) with p ą d
2 , and let 1

2 ă α ă p
d . Let x0, y0 P Rd, with

x0 ‰ y0, and let r “ |y0 ´ x0|. Then there exists a trajectory γ P H1pp´r1{α, r1{αq;Rdq
such that

γp´r1{αq “ x0, γpr1{αq “ y0, (3.15)
ż r1{α

´r1{α
W pγptqqdt ď r

p´αd
αp Kd,α,p

´

ż

B2rp
x0`y0

2 q

W ppxq dx
¯1{p

, (3.16)

ż r1{α

´r1{α
|γ1ptq|2dt ď 2α2

2α´1r
2α´1
α , (3.17)

where Kd,α,p is a constant depending only on d, α and p.

Proof. By a translation and rotation argument it is not restrictive to suppose that the
middle point x0` y0 of the segment between x0 and y0 is 0, and x0 “

r
2e1 and y0 “ ´

r
2e1.

Let H “ tx P Rd : x1 “ 0u be the symmetry hyperplane, let C be the open ball in H
defined by

C “ H XBr
`

r
2e1

˘

“ H XBr
`

´ r
2e1

˘

.

and let Θ :“
!

θ P Sd´1 : θ1 ă ´1
2

)

. Note that x P H belongs to C if and only if
x´ r

2 e1
|x´ r

2 e1|
P Θ.

For θ “ pθ1, θ2, . . . , θdq we use the notation pθ “ p´θ1, θ2, . . . , θdq. By Lemma 3.5, we
have
ż

Θ

´

ż 0

´r1{α
W

´r

2e1 ` pr
1{α ` tqαθ

¯

dt
¯

dHd´1pθq ď rβCd,α,p

´

ż

Brp
r
2 e1q

W ppxq dx
¯1{p

,

(3.18)
ż

Θ

´

ż r1{α

0
W

´

´
r

2e1 ` pr
1{α ´ tqαpθ

¯

dt
¯

dHd´1pθq ď rβCd,α,p

´

ż

Brp´
r
2 e1q

W ppxq dx
¯1{p

.

(3.19)
Then, by the Mean Value Theorem, there exists θ P Θ such that

ż 0

´r1{α
W

´r

2e1 ` pr
1{α ` tqαθ

¯

dt`

ż r1{α

0
W

´

´
r

2e1 ` pr
1{α ´ tqαpθ

¯

dt

ď rβ2 Cd,α,p
Hd´1pΘq

´

ż

B2rp0q
W ppxq dx

¯1{p
.

If θ P Θ then we can define tpθq “ ´ 1
2θ1
P r12 , 1s so that r

2e1`r tpθqθ “ ´
r
2e1`r tpθqpθ P

C. We reparametrize the functions in the integrals above so that γ defined by

γptq “

#

r
2e1 ` pt` r

1{αqαtpθqθ if t P r´r1{α, 0s
´ r

2e1 ` pr
1{α ´ tqαtpθqpθ if t P r0, r1{αs

(3.20)

is continuous in 0 and satisfies γp´r1{αq “ r
2e1 “ x0 and γpr1{αq “ ´ r

2e1 “ y0. Since
α ą 1

2 we have γ P H1pp´r1{α, r1{αq;Rdq.



12 A. BRAIDES, G. DAL MASO, AND C. LE BRIS

By the estimate above and a linear change of variables, we get
ż r1{α

´r1{α
W pγptqqdt ď Kd,α,pr

p´αd
αp

´

ż

B2rp0q
W ppxq dx

¯1{p
,

with Kd,α,p “ 21` 1
α

Cd,α,p
Hd´1pΘq . Finally,

ż r1{α

´r1{α
|γ1ptq|2dt “ 2tpθq2

ż r1{α

0
α2t2pα´1qdt ď

2α2

2α´ 1r
p2α´1q{α,

so that the claim follows. �

Proof of Theorem 3.3. We preliminarily note that many steps of the construction in the
following proof simplify if d “ 1, and the proof reduces to that of the previous section
with the role of correctors played by almost-correctors.

Since W ě 0 we only have to prove that

Γ- lim sup
εÑ0

Gε ď Γ- lim
εÑ0

Fε. (3.21)

We first prove this inequality for uptq “ tξ ` q for ξ belonging to the dense set Ξ where
(3.7) holds. To this end, for every λ ą 0 we will construct a sequence uε Ñ u such that

lim sup
εÑ0

Gεpuεq ď p1` λqΓ- lim
εÑ0

Fεpuq ` λ. (3.22)

Moreover, we will take care of maintaining the boundary data; that is, uεp0q “ up0q
and uεp1q “ up1q. This will enable us to adapt this construction to the case of a
piecewise-affine target function u.

We first assume q “ 0 and we construct the sequence uε from the almost-correctors pδξ,
and the corresponding subdivisions depending on the Ti and aj , introduced in Remark
3.2. We define

wδξptq :“ pδξptq ` tξ,

and note that
ż Ti`T

Ti

´

|pwδξq
1ptq|2 ` Vperpw

δ
ξptqq

¯

dt

“

ż Ti`T

Ti

´

|pwδξq
1pt´ Tiq|

2 ` Vperpp
δ
ξpt´ Tiq ` pt´ Tiqξ ` Tiξq

¯

dt

ď

ż T

0

´

|pwδξq
1ptq|2 ` Vperpw

δ
ξptqq

¯

dt` Tδ ď T fhompξq ` 2Tδ,

while
ż Ti`1

Ti`T

`

|pwδξq
1ptq|2 ` Vperpw

δ
ξptqq

˘

dt “

ż Ti`1

Ti`T

`

|ξ|2 ` Vperptξq
˘

dt ď Lδ
`

|ξ|2 `max Vper
˘

Hence, if we set uδεptq :“ εwδξ
`

t
ε

˘

, then, using (3.4) and (3.5), we have

lim sup
εÑ0

Fεpu
δ
ε, Iq ď pfhompξq ` Cξδq|I| (3.23)
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for every interval I contained in p0, 1q, where Cξ “ 2` |ξ|2 `max Vper and

Fεpu, Iq “

ż

I

´

|u1ptq|2 ` Vper

´uptq

ε

¯¯

dt.

With fixed ε ą 0 we define iε as the largest integer i such that Ti`1 ă
1
ε . For

j P t0, . . . , Nu and i ď iε we set aij :“ aj ` Ti and xij :“ wδξpaijq. For i ă iε we also
set ai,N`1 :“ Ti`1, so that the interval rTi, Ti`1s is the union of the non-overlapping
intervals rai j´1, aijs for j P t1, . . . , N ` 1u. Finally, we set aiε,N`1 :“ 1

ε . We recall
that tξ1, . . . , ξNu are introduced in the definition of pδξ, while we set ξN`1 :“ 0, so that
ppδξq

1 “ ξj on pai j´1, aijq.
We fix η ą 0, small enough to be made precise in the following, and for every i ď iε

and j P t1, . . . , N ` 1u we construct a function on rai j´1, aijs, which takes the values of
wδξ at the endpoints, so as to have a function globally defined in r0, 1

ε s. Let Πj be the
hyperplane through 0 orthogonal to ξj` ξ. For each z P BηXΠj “: Bd´1

η,j we consider the
segment parameterized as t ÞÑ xi j´1 ` z ` pt´ ai j´1qpξj ` ξq for t P rai j´1, aijs, and the
cylinder Cij in Rd obtained as the union of such segments. Then there exists zij P Bd´1

η,j

such that
ż aij

ai j´1

W pxi j´1 ` zij ` pt´ ai j´1qpξj ` ξqq dt ď Cη

ż

Cij

W pxq dx, (3.24)

for a suitable constant Cη depending only on η.
We fix α with 1

2 ă α ă p
d . For every i, j, we apply Lemma 3.6 first with x0 “ xi j´1

and y0 “ xi j´1` zij and then with x0 “ xij ` zij and y0 “ xij , and we obtain that there
exist γij P H1pp´|zij |

1{α, |zij |
1{αq;Rdq, γij P H1pp´|zij |

1{α, |zij |
1{αq;Rdq such that

γijp´|zij |
1{αq “ xi j´1, γijp|zij |

1{αq “ xi j´1 ` zij , (3.25)
γijp´|zij |

1{αq “ xij ` zij , γp|zij |
1{αq “ xij , (3.26)

ż |zij |
1{α

´|zij |1{α
|γ1ijptq|

2dt ď 2α2

2α´1η
2α´1
α (3.27)

ż |zij |
1{α

´|zij |1{α
|γ1ijptq|

2dt ď 2α2

2α´1η
2α´1
α (3.28)

ż |zij |
1{α

´|zij |1{α
W pγijptqqdt ď Cη

p´αd
αp (3.29)

ż |zij |
1{α

´|zij |1{α
W pγijptqq

˘

dt ď Cη
p´αd
αp (3.30)

for some constant C, independent of ε, i, j by (3.8).
We then consider the function pwδξ defined on rai j´1´2|zij |1{α, aij`2|zij |1{αs by setting

pwδξptq :“

$

’

&

’

%

γijpt´ ai j´1 ` |zij |
1{αq if t P rai j´1 ´ 2|zij |1{α, ai j´1s

xi j´1 ` z ` pt´ ai j´1qpξj ` ξq if t P rai j´1, aijs

γijpt´ aij ´ |zij |
1{αq if t P raij , aij ` 2|zij |1{αs.
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Let rwδξptq : r0,`8q Ñ Rd be defined on rai j´1, aijs by scaling pwδξ according to the change
of variables

s “ pt´ ai j´1q
aij ´ ai j´1 ` 4|zij |1{α

aij ´ ai j´1
` ai j´1 ´ 2|zij |1{α,

so that rwδξptq “ pwδξpsq. Since the functions match at the common endpoints of the
intervals of definition, we have rwδξ P H

1p0, 1
ε ;Rdq, with wp0q “ 0 and wp1

ε q “
1
εξ. Note

that
ż aij

ai j´1

|p rwδξq
1ptq|2dt ď κη

ż aij`2|zij |1{α

ai j´1´2|zij |1{α
|p pwδξq

1ptq|2dt, (3.31)

where

κη :“ max
jPt1,...,Nu

´aj ´ aj´1 ` 4η1{α

aj ´ aj´1

¯2
_ p1` 4η1{αq2.

Since by (3.5) the last term in this equation takes into account the case j “ N ` 1, we
have

κη ě sup
iďiε

max
jPt1,...,N`1u

´aij ´ ai j´1 ` 4|zij |1{α

aij ´ ai j´1

¯2
, (3.32)

which justifies the estimate for the change of variable.
The right-hand side in (3.31) is equal to

ż ai j´1

ai j´1´2|zij |1{α
|p pwδξq

1ptq|2dt`

ż aij

ai j´1

|p pwδξq
1ptq|2dt`

ż aij`2|zij |1{α

aij

|p pwδξq
1ptq|2dt

ď 2α2

2α´1η
2α´1
α `

ż aij

ai j´1

|pwδξq
1ptq|2dt` 2α2

2α´1η
2α´1
α ,

where we have used (3.27) and (3.28), and the equality p pwδξq1 “ ξ`ξj “ pw
δ
ξq
1 in rai j´1, aijs.

Taking into account this estimate, summing up inequalities (3.31) for i P t0, . . . , iεu and
j P t1, . . . , N ` 1u, and taking into account that iεT ď 1

ε , we then obtain
ż 1{ε

0
|p rwδεq

1ptq|2dt ď κη

´

ż 1{ε

0
|pwδεq

1ptq|2dt` 2pN ` 1q
` 1
εT ` 1

˘ 2α2

2α´1η
2α´1
α

¯

.

We set ruδεptq “ ε rwδξpt{εq, recall that uδεptq “ εwδξ
`

t
ε

˘

. We then have
ż 1

0
|pruδεq

1ptq|2dt “ ε

ż 1{ε

0
|p rwδεq

1ptq|2dt

ď εκη

ż 1{ε

0
|pwδεq

1ptq|2dt` 2κηpN ` 1q
` 1
T ` ε

˘ 2α2

2α´1η
2α´1
α

ď κη

ż 1

0
|puδεq

1ptq|2dt` Cδη
2α´1
α ,

where we have taken into account that we may suppose ε ď 1 and η small enough so that
κη ď 2, with Cδ a positive constant depending on δ but independent of ε and η. Noting
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that } rwδξ ´ wδξ}8 ď 2η1{α ` 2η we also obtain

ż 1

0
Vper

´

ruδεptq

ε

¯

dt ď

ż 1

0
Vper

´uδεptq

ε

¯

dt` ωp2η1{α ` 2ηq

where ω is a modulus of continuity for Vper. We then obtain

Fεpru
δ
εq ď κηFεpu

δ
εq ` ωp2η1{α ` 2ηq ` Cδη

2α´1
α ,

Hence, by (3.23) we obtain

lim sup
εÑ0

Fεpru
δ
εq ď κηpfhompξq ` Cξδq ` ωp2η1{α ` 2ηq ` Cδη

2α´1
α . (3.33)

The perturbation term is estimated as follows. We have
ż 1

0
W

´

ruδεptq

ε

¯

dt “

ż 1

0
W

´

rwδε

´ t

ε

¯¯

dt “ ε

ż 1{ε

0
W p rwδεpsqqds. (3.34)

Using (3.27)–(3.30), and (3.24), we have

ż 1{ε

0
W p rwδεpsqqds ď

iε
ÿ

i“0

N`1
ÿ

j“1

ż aij

ai j´1

W pxi j´1 ` zij ` ps´ ai j´1qpξj ` ξqqds

`2piε ` 1qpN ` 1qCη
p´αd
αp

ď Cη

iε
ÿ

i“0

N`1
ÿ

j“1

ż

Cij

W pxqdx` 2
` 1
εT ` 1

˘

pN ` 1qCη
p´αd
αp . (3.35)

Using this estimate in (3.34), we obtain

ż 1

0
W

´

ruδεptq

ε

¯

dt ď εCη

iε
ÿ

i“0

N`1
ÿ

j“1

ż

Cij

W pxqdx` Cδη
p´αd
αp . (3.36)

By the boundedness of pδξ there exists Mδ, independent of i and j, such that the image
of rwδε restricted to rai j´1, aijs is contained in Tiξ `BMδ

. Hence,

N“1
ÿ

j“1

ż

Cij

W pxqdx ď pN ` 1q
ż

Tiξ`BMδ

W pxqdx.

Recalling that Ti ě iT , we note that at most Kδ :“ t
4Mδ
T |ξ| u ` 1 such balls intersect, so

that, in the notation (3.6),

iε
ÿ

i“0

N`1
ÿ

j“1

ż

Cij

W pxqdx ď pN ` 1qKδ

ż

BRεXS
Mδ
ξ

W pxqdx, (3.37)
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where Rε :“ Tiε |ξ| `Mδ. Note that Rε ď 1
ε |ξ| `Mδ ď

2
ε |ξ| for ε small enough, so that,

thanks to (3.36) and (3.37) we have
ż 1

0
W

´

ruδεptq

ε

¯

dt ď εCηpN ` 1qKδ

ż

BRεXS
M
ξ

W pxqdx` Cδη
p´αd
αp

ď Cη
2|ξ|pN ` 1qKδ

Rε

ż

BRεXS
M
ξ

W pxqdx` Cδη
p´αd
αp

for ε small enough, and

lim sup
εÑ0

ż 1

0
W

´

ruδεptq

ε

¯

dt ď Cδη
p´αd
αp

by (3.7) and (3.4). We then obtain

lim sup
εÑ0

Gεpru
δ
εq ď κηpfhompξq ` Cξδq ` ωp2η1{α ` 2ηq ` Cδη

p´αd
αp ,

and, noting that κη Ñ 1 as η Ñ 0, letting first η Ñ 0 and then δ Ñ 0, given λ ą 0 we
obtain (3.22) for a suitable choice of the parameters δ and η. By the arbitrariness of
λ ą 0 we obtain that

Γ- lim sup
εÑ0

Gεpuq ď fhompξq “

ż 1

0
fhompu

1ptqq dt

for affine functions uptq “ tξ with ξ P Ξ.

In the case q ‰ 0 we translate the recovery sequence uδε constructed above for Fε
by εt qε u, where this vector is defined component-wise by taking the integer parts of the
components, and then use the same argument as above to construct a recovery sequence ruδε
for Gε. Thanks to the periodicity of Vper this sequence provides a good upper bound, but
it does not match the boundary conditions, since ruδεp0q ´ up0q “ ruδεp1q ´ up1q “ εt qε u´ q.
In order to match the boundary conditions, we can proceed similarly to the case above,
first applying Lemma 3.6 with x0 “ q and y0 “ εt qε u, and similarly to the second endpoint.
Note that we have |x0´y0| ď

?
d. Hence, if we let, respectively, γ0, γ1 : r´d

1
2α , d

1
2α s Ñ Rd

be the functions given by Lemma 3.6 at both endpoints, we can define the functions
puδε : r´2εd

1
2α , 1` 2εd

1
2α s as

puδεptq “

$

’

’

&

’

’

%

εγ0
`

t`εd
1

2α
ε

˘

if t P r´2εd
1

2α , 0s
uδεptq if t P r0, 1s

εγ1
`

t´1´εd
1

2α
ε

˘

if t P r1, 1` 2εd
1

2α s.

Note that Lemma 3.6 ensures that the contribution to the energy in the two extreme
intervals is of order ε. Finally, we define ruδε by an affine change of variables rescaling the
domain to r0, 1s.

We now turn our attention to the case of a piecewise-affine target function u. Namely,
we assume that 0 “ t0 ă t1 ă . . . ă tK “ 1 and ξj , qj P Rd exist such that uptq “ tξjt` qj
on rtj´1, tjs . Moreover, we assume that the vectors ξj belong to Ξ. We can use the
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construction just described for tξj ` qj in the place of tξ ` q and rtj´1, tjs in the place of
r0, 1s, thus obtaining that for such functions

Γ- lim sup
εÑ0

Gεpuq ď
K
ÿ

j“1
ptj ´ tj´1qfhompξjq “

ż 1

0
fhompu

1ptqqdt “ Γ- lim
εÑ0

Fεpuq. (3.38)

Note that in this argument it is essential that we are able to maintain the values at all tj
in the construction of the recovery sequences in each interval rtj´1, tjs, as done above.

Finally, if u P H1pp0, 1q;Rdq then we may take a sequence of piecewise-affine functions
uj strongly converging to u in H1pp0, 1q;Rdq with u1jptq P Ξ for almost every t, and
such that ujp0q “ up0q and ujp1q “ up1q, and recall that the Γ- lim sup is a lower-
semicontinuous functional, so that, by (3.38) we have

Γ- lim sup
εÑ0

Gεpuq ď lim inf
jÑ`8

´

Γ- lim sup
εÑ0

Gεpujq
¯

ď lim inf
jÑ`8

ż 1

0
fhompu

1
jptqqdt “

ż 1

0
fhompu

1ptqqdt,

which completes the proof of the theorem. �

Remark 3.7 (Stability for uniformly almost-periodic potentials). The construction
of the recovery sequences in the previous proof is based on the possibility of having
almost-periodic correctors. This is the case also if Vper is uniformly almost periodic; that
is, it is the uniform limit of (possibly incommensurate) trigonometric polynomials. We
refer to [6, Chapter 15] for details.

4. Extensions

In this section we extend the previous results by considering more general Lagrangians
with possibly different growth conditions, and by examining the case of unbounded time
intervals.

4.1. Extension to general integrands. The argument in the proof of the stability
result relies on showing that a suitable small variation of almost-correctors gives test
functions that are negligible for the perturbation potential W and are still recovery
sequences for the unperturbed part. This argument can be repeated whenever almost-
correctors as described in Section 3 exist, and in particular if the energy density |ξ|2`V pxq
is replaced by a periodic Lagrangian L, as in the following result.

In the following result, given r ą 1 the Γ-limits are computed with respect to the weak
topology of W 1,r, or equivalently with respect to the strong topology of Lr.

Theorem 4.1 (Stability Theorem – general Lagrangians). Let W : Rd Ñ r0,`8q be a
bounded Borel function satisfying (3.7). Let Lper : Rd ˆ Rd Ñ r0,`8q be a Carathéodory
function such that x ÞÑ Lperpx, ξq is p0, 1qd-periodic for all ξ and r ą 1, c1, c2 ą 0 exist
such that

c1|ξ|
r ď Lperpx, ξq ď c2p1` |ξ|rq (4.1)
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for all px, ξq, and let

Fεpuq “

ż 1

0
Lper

´uptq

ε
, u1ptq

¯

dt and Gεpuq “

ż 1

0

´

Lper

´uptq

ε
, u1ptq

¯

`W
´uptq

ε

¯¯

dt

(4.2)
be defined on W 1,rpp0, 1q;Rdq. Then

Γ- lim
εÑ0

Gε “ Γ- lim
εÑ0

Fε “

ż 1

0
Lhompu

1qdt, (4.3)

where Lhom satisfies the asymptotic homogenization formula

Lhompξq “ lim
TÑ`8

1
T

min
!

ż T

0
Lperpvptq ` tξ, v

1ptq ` ξqdt : v PW 1,r
0 pp0, T q;Rdq

)

. (4.4)

Proof. The Lagrangian Lper satisfies the hypotheses of [6, Theorem 15.3], which states
the convergence of Fε and their characterization in terms of Lhom. The construction of
almost-correctors is carried on in the proof of [6, Proposition 15.5], after which the proof
of Theorem 3.3 can be followed word for word. �

Remark 4.2. Note that for simplicity we have required that W be bounded. Otherwise,
(3.8) must be assumed for some p ą r´1

r d, for which the analog of Lemma 3.6 with
1´ 1

r ă α ă p
d . Note however that in the applications to Hamilton-Jacobi equations W

will be bounded.

Remark 4.3 (Time-dependent Lagrangians). The extension to Lagrangians Lperpt, x, ξq
also depending (almost-)periodically on the time variable t P R can be carried on using
the results of [6, Section 15]. Unless suitable continuity is required in both the t and
s variables, it is necessary to state some additional assumptions, due to the fact that
we have to consider sections of the Lagrangian; that is, functions t ÞÑ Lperpt, ξt, ξq,
which are in general not periodic even if Lper is periodic. We assume a kind of uniform
almost-periodicity condition; more precisely, that for all ξ P Rd and η ą 0 the sets

T ξ
η :“ tτ P R : |Lperpt` τ, x` ξτ, ξq ´ Lperpt, x, ξq| ă ηp1` |ξ|rq for all pt, x, ξqu

Sη :“ tσ P Rd : |Lperpt, x` σ, ξq ´ Lperpt, x, ξq| ă ηp1` |ξ|rq for all pt, x, ξqu (4.5)

are uniformly dense; that is, there exists Λη ą 0 such that we have distpσ,Sηztσuq ă Λη
for all σ P Sη and for all ξ P Rd we have distpτ, T ξ

η ztτuq ă Λη for all τ P T ξ
η . Note that we

do not assume that Lper is continuous, but condition (4.5) holds if Lper is continuous and
periodic in the first two variables with a modulus of continuity controlled by p1` |ξ|rq.

If Lper is a Carathéodory function satisfying (4.5) and the growth condition

c1|ξ|
r ď Lperpt, x, ξq ď c2p1` |ξ|rq (4.6)

for all pt, x, ξq is satisfied, and if we define

Fεpuq “

ż 1

0
Lper

´ t

ε
,
uptq

ε
, u1ptq

¯

dt and Gεpuq “

ż 1

0

´

Lper

´ t

ε
,
uptq

ε
, u1ptq

¯

`W
´uptq

ε

¯¯

dt

(4.7)
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on W 1,rpp0, 1q;Rdq, then the stability result in (4.3) still holds, with Lhom satisfying

Lhompξq “ lim
TÑ`8

1
T

min
!

ż T

0
Lperpt, vptq ` tξ, v

1ptq ` ξqdt : v PW 1,r
0 pp0, T q;Rdq

)

. (4.8)

Remark 4.4. The case r “ 1 would require a different treatment, since the functionals
are not equicoercive in the weak topology of W 1,1. The standard approach would be to
extend their definition to the space BV of functions of bounded variation. For a periodic
homogenization result in such a context we refer to [2].

4.2. Stability in p0,`8q. We now consider the extension of the Γ-convergence stability
result to some functionals defined on functions on the half line, in view of the applications
to steady-state Hamilton-Jacobi equations.

Let r ą 1 be a fixed exponent, and let λ ą 0 be a given parameter. We define the
space W 1,r

λ pp0,`8q;Rdq of all functions u : p0,`8q Ñ Rd such that u PW 1,rpp0, t0q;Rdq
for all t0 ą 0 and

ż `8

0
|u1ptq|re´λtdt ă `8,

endowed with the norm

}u}λ “
´

|up0q|r `
ż `8

0
|u1ptq|re´λtdt

¯
1
r
.

We observe that W 1,r
λ pp0,`8q;Rdq is a Banach space. In the case r “ 2 we write

H1
λpp0,`8q;Rdq in the place of W 1,2

λ pp0,`8q;Rdq.

Proposition 4.5. The set of functions u PW 1,r
λ pp0,`8q;Rdq that are equal to 0 outside

some bounded interval is dense in W 1,r
λ pp0,`8q;Rdq.

Proof. Let u PW 1,r
λ pp0,`8q;Rdq and ϕ P C8pRq such that ϕptq “ 1 for t ď 0, ϕptq “ 0

for t ě 1 and |ϕ1ptq| ď 2 for all t. For all j, k P N with k ě j let uj,k be defined as equal
to u on p0, jq and to upjqϕpt´ kq on pj,`8q. Then

}uj,k ´ u}
r
λ “

ż `8

j
|u1ptq ` ϕ1pt´ kqupjq|re´λtdt

ď Cr

´

ż `8

j
|u1ptq|re´λtdt` |upjq|r

ż k`1

k
e´λtdt

¯

for some positive constant Cr depending only on r. This shows that lim
jÑ`8

lim
kÑ`8

}uj,k ´

u}rλ “ 0 and proves the claim. �

For all ε ą 0 let Lε : p0,`8q ˆ Rd ˆ Rd Ñ r0,`8q be Borel functions. For every
bounded open interval I of p0,`8q we define

Lεpu, Iq “
ż

I
Lεpt, uptq, u

1ptqqdt

for u PW 1,rpI;Rdq. Moreover, we also define

Lλε puq “
ż `8

0
Lεpt, uptq, u

1ptqqe´λtdt
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for u PW 1,r
λ pp0,`8q;Rdq.

Theorem 4.6. For all ε ą 0 let Lε : p0,`8q ˆ Rd ˆ Rd Ñ r0,`8q be Borel functions.
Assume that

(i) there exists a Borel function L0 : p0,`8q ˆ Rd ˆ Rd Ñ r0,`8q for all bounded
open intervals I of p0,`8q the functionals Lεp¨, Iq defined above Γ-converge, as εÑ 0`,
with respect to the weak topology of W 1,rpI;Rdq to the functional L0p¨, Iq defined by

L0pu, Iq “

ż

I
L0pt, uptq, u

1ptqqdt

for u PW 1,rpI;Rdq,
(ii) for all bounded open intervals I of p0,`8q and for all u PW 1,rpI;Rdq there exists

a sequence uε such that uε “ u at the endpoints of the interval I and Lεpuε, Iq tends to
L0pu, Iq;

(iii) there exists a constant C ą 0 such that

Lεpt, 0, 0q ď C for every ε ą 0, and t ą 0, (4.9)

(iv) L0 is a Carathéodory function satisfying

L0pt, x, ξq ď Cp1` |ξ|rq for every t ą 0, x, ξ P Rd. (4.10)

Then the functionals Lλε defined above Γ-converge, as εÑ 0`, with respect to the weak
topology of W 1,r

λ pp0,`8q;Rdq to the functional Lλ0 defined by

Lλ0puq “
ż `8

0
L0pt, uptq, u

1ptqqe´λtdt

for u PW 1,r
λ pp0,`8q;Rdq.

Preliminarily to the proof of this results, we state the following lemma

Lemma 4.7. Suppose that Lε and L0 be Borel functions satisfying hypotheses (i) and (ii)
of the previous theorem, and let φ : r0,`8q Ñ r0,`8q be a continuous function. Given
a bounded open interval I of p0,`8q we define

Lφε pu, Iq “
ż

I
Lεpt, uptq, u

1ptqqφptqdt, and Lφ0 pu, Iq “
ż

I
L0pt, uptq, u

1ptqqφptqdt,

for u P H1pI;Rdq. Then the functionals Lφε p¨, Iq Γ-converge preserving the boundary
conditions with respect to the weak topology of W 1,rpI;Rdq to the functional Lφ0 p¨, Iq.

Proof. Let uε Ñ u; then, by (i) for every subinterval J Ă I we have

mJ

ż

J
L0pt, uptq, u

1ptqqdt ď lim inf
εÑ0`

Lφε puε, Jq,

where mJ :“ infJ φ. By covering I by a finite number of disjoint intervals, of sufficiently
small size, and using the uniform continuity of φ, we can deduce the liminf inequality.

Conversely, taking uε as in (ii) in J we have

lim sup
εÑ0`

Lφε puε, Jq ďMJ

ż

J
L0pt, uptq, u

1ptqqdt,
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where MJ :“ infJ φ. Since uε “ u at the endpoints of J we can deduce the limsup
inequality for u on I, by covering I by a finite number of disjoint intervals, of sufficiently
small size, and using the uniform continuity of φ. �

Proof of Theorem 4.6. Let uε be a sequence in W 1,r
λ pp0,`8q;Rdq converging weakly to

u. Then uε converges to u weakly in W 1,rpp0, t0q;Rdq for all t0 ą 0. By the lemma above
with φptq “ e´λt, we obtain

ż t0

0
L0pt, uptq, u

1ptqqe´λtdt ď lim inf
εÑ0`

ż t0

0
Lεpt, uεptq, u

1
εptqqe

´λtdt ď lim inf
εÑ0`

Lλε puεq.

Taking the limit as t0 Ñ `8 we obtain

Lλ0puq ď lim inf
εÑ0`

Lλε puεq.

To prove the upper bound we reason by density. To that end, we first note that Lλ0
is continuous with respect to the strong topology of W 1,r

λ pp0,`8q;Rdq, thanks to (iv)
and a generalized version of the Dominated Convergence Theorem. Therefore, in view of
Proposition 4.5 it is sufficient to consider a target function u PW 1,r

λ pp0,`8q;Rdq such
that there exists t0 such that uptq “ 0 if t ě t0. For all τ ą t0, by Lemma 4.7 there exist
a sequence uε converging weakly in W 1,rpp0, τq;Rdq to u and such that uεpτq “ upτq “ 0,
uε converges weakly in W 1,rpp0, τq;Rdq, and

lim
εÑ0`

ż τ

0
Lεpt, uεptq, u

1
εptqqe

´λtdt “

ż τ

0
L0pt, uptq, u

1ptqqe´λtdt.

We extend uε by setting uεptq “ 0 if t ě τ , and compute

Γ- lim sup
εÑ0`

Lλε puq ď lim sup
εÑ0`

Lλε puεq

ď

ż τ

0
L0pt, uptq, u

1ptqqe´λtdt` lim sup
εÑ0`

ż `8

τ
Lεpt, 0, 0qe´λtdt

ď Lλ0puq ` C
ż `8

τ
e´λtdt,

where in the last inequality we have used property (iii). By the arbitrariness of τ ě t0
we obtain the upper bound. �

Remark 4.8. Let Vper : Rd Ñ R be a continuous 1-periodic function. We can apply
Theorem 4.6 to the sequence Lεpt, x, ξq “ |ξ|2 ` Vperp

x
ε q and to L0pt, x, ξq “ fhompξq,

where fhom is defined in (3.2), noting that hypotheses (i) and (ii) are proven to hold
in Theorem 3.1, which is proved in p0, 1q for simplicity of notation, but holds in any
bounded interval. As a consequence, if λ ą 0 and for u P H1

λpp0,`8q;Rdq, we define

F λε puq :“
ż `8

0

´

|u1ptq|2 ` Vper

´uptq

ε

¯¯

e´λt dt (4.11)

F λhompuq :“
ż `8

0
fhompu

1ptqqe´λt dt, (4.12)

we obtain that F λε Γ-converge to F λhom in the weak topology of H1
λpp0,`8q;Rdq.
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Theorem 4.9. Let W : Rd Ñ r0,`8q be a Borel function satisfying the hypotheses of
Theorem 3.3, and let Vper be as above. Let F λε be defined by (4.11) and Gλε be defined as

Gλε puq :“
ż `8

0

´

|u1ptq|2 ` Vper

´uptq

ε

¯

`W
´uptq

ε

¯¯

e´λt dt (4.13)

for u P H1
λpp0,`8q;Rdq. Then

Γ- lim
εÑ0

Gλε “ Γ- lim
εÑ0

F λε , (4.14)

preserving the initial conditions, with respect to the weak topology of H1
λpp0,`8q;Rdq.

Proof. We can apply Theorem 4.6, with Lεpt, x, ξq “ |ξ|2 ` Vperp
x
ε q ` W pxε q and to

L0pt, x, ξq “ fhompξq, noting that (i) and (ii) hold by Theorem 3.3. The conclusion then
follows by Remark 4.8. �

Corollary 4.10. Under the hypotheses of the previous theorem, we have

lim
εÑ0`

inf
up0q“x

Gλε puq “ lim
εÑ0`

inf
up0q“x

F λε puq “ min
up0q“x

F λhompuq.

Proof. For all u P H1
λpp0,`8q;Rdq with up0q “ x by Theorem 4.9 there exists a sequence

uε Ñ u weakly in H1
λpp0,`8q;Rdq such that uεp0q “ x and Gλε puεq Ñ F λhompuq. This

implies that
lim sup
εÑ0`

inf
vp0q“x

Gλε pvq ď lim sup
εÑ0`

Gλε puεq “ F λhompuq.

Taking the infimum with respect to such u we obtain

lim sup
εÑ0`

inf
vp0q“x

Gλε pvq ď inf
up0q“x

F λhompuq ă `8.

Conversely, we consider a sequence εk Ñ 0 such that

lim
kÑ`8

inf
up0q“x

F λεkpuq “ lim inf
εÑ0`

inf
up0q“x

F λε puq ď lim sup
εÑ0`

inf
up0q“x

Gλε puq ă `8,

and correspondingly a sequence uk with ukp0q “ x such that

lim
kÑ`8

F λεkpukq “ lim inf
εÑ0`

inf
up0q“x

F λε puq.

Since we have F λεkpukq ě }uk}
2
λ ´ |x|

2 the sequence uk is bounded in H1
λpp0,`8q;Rdq;

hence, up to subsequences uk converges to a function u with up0q “ x weakly in
H1
λpp0,`8q;Rdq. By the liminf inequality

inf
vp0q“x

F λhompvq ď F λhompuq ď lim
kÑ`8

F λεkpukq “ lim inf
εÑ0`

inf
vp0q“x

F λε pvq

ď lim sup
εÑ0`

inf
vp0q“x

F λε pvq ď lim sup
εÑ0`

inf
vp0q“x

Gλε pvq ď inf
vp0q“x

F λhompvq.

This proves that u is a minimizer of F λhom with the initial condition up0q “ x, and the
convergence of inf

vp0q“x
F λε . The same argument proves the convergence of inf

vp0q“x
Gλε . �



STABILITY IN THE HOMOGENIZATION OF HAMILTON-JACOBI EQUATIONS 23

5. Stability for Hamilton–Jacobi equations

In this section we use the Γ-convergence approach to recover some stability results
obtained using PDE techniques and presented by P.-L. Lions in his lectures [14]. Although
our results require specific hypotheses on the periodic Hamiltonian, our assumptions on
the non-negative perturbation W are much weaker (see (3.7)) than those considered in
[14].

Using the notation of Section 3 we consider continuous and periodic Vper. In this
section we suppose that the perturbation W satisfies (3.7) and

W is bounded and uniformly continuous on Rd, (5.1)

and use the notation

Lperpx, ξq “ |ξ|
2 ` Vperpxq, Lpx, ξq “ |ξ|2 ` Vperpxq `W pxq, (5.2)

Hperpx, ξq “
1
4 |ξ|

2 ´ Vperpxq, Hpx, ξq “ 1
4 |ξ|

2 ´ Vperpxq ´W pxq, (5.3)
Lhompξq “ fhompξq, Hhompξq “ f˚hompξq, (5.4)

where ˚ denotes the Fenchel conjugate.
Analogous results can be obtained in the case of more general Lagrangians as in Section

4.1 and the related Hamiltonians.

5.1. Steady-state Hamilton–Jacobi equations. We fix λ ą 0. We observe that,
thanks to (5.1), for every ε ą 0 there exists a unique viscosity solution Uε PW 1,8pRdq of
the Hamilton-Jacobi equation

λUεpxq `H
`x

ε
,∇Uεpxq

˘

“ 0, (5.5)

and likewise there exists a unique viscosity solution U PW 1,8pRdq of the Hamilton-Jacobi
equation

λUpxq `Hhomp∇Upxqq “ 0. (5.6)

The existence is proved as a particular case of [15, Theorem 2.1] and the uniqueness can
be deduced from the example after [15, Remark 1.15]. In the unperturbed case, when
W “ 0, equation (5.5) reduces to

λUεpxq `Hper
`x

ε
,∇Uεpxq

˘

“ 0. (5.7)

The convergence of the solutions of (5.7) to the solution of (5.6) can be obtained using
the techniques introduced in the fundamental unpublished paper by Lions, Papanicolaou,
and Varadhan [16] (see also [9, 7]).

We prove the following stability result.

Theorem 5.1 (Stability for steady-state Hamilton–Jacobi equations). Let Vper : Rd Ñ R
be a continuous 1-periodic function, and let W : Rd Ñ R be a bounded and uniformly
continuous function satisfying (3.7). With fixed λ ą 0, for every ε ą 0 let Uε PW 1,8pRdq
be the unique viscosity solution of (5.5) and let U P W 1,8pRdq be the unique viscosity
solution of (5.6). Then Uε tends to U uniformly on compact sets of Rd.
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Proof. By a classical result, the solutions Uε and U are given by

Uεpxq “ min
!

ż `8

0
L
´uptq

ε
, u1ptq

¯

e´λtdt : u P H1
λpp0,`8q;Rdq, up0q “ x

)

, (5.8)

Upxq “ min
!

ż `8

0
Lhompu

1ptqqe´λtdt : u P H1
λpp0,`8q;Rdq, up0q “ x

)

. (5.9)

For a proof we refer to [3, Chapter III, Proposition 2.8] (see also [11, 13]). Corollary
4.10 gives the pointwise convergence of Uεpxq to Upxq. In order to prove the uniform
convergence on compact sets it suffices to show a uniform bound for the solutions in
W 1,8pRdq. First, as Uε is concerned we note that, since 1

λ infpVper`W q and 1
λ suppVper`

W q are a viscosity subsolution and a viscosity supersolution of (5.5), respectively, by the
comparison principle (see for instance [3, Chapter II, Theorem 3.5]) we have

infpVper `W q ď λUεpxq ď suppVper `W q

for every x P Rd. From this estimate we obtain a uniform bound for Uε and by coerciveness
thus for ∇Uε. Indeed, from equation (5.5) we have

1
4 |∇Uεpxq|

2 ` λUεpxq “ Vper

´x

ε

¯

`W
´x

ε

¯

and hence obtain a bound for |∇Uεpxq| uniform with respect to ε and x. The uniform
convergence on compact sets follows from Ascoli–Arzelà’s theorem. �

5.2. Time-dependent Hamilton–Jacobi equations. In this section Φ will be a fixed
bounded uniformly continuous function, and ∇ will denote the gradient with respect to
x. It is known that the Cauchy problem for the evolution equations on Rd ˆ r0,`8q
given by

#

BtUεpx, tq `H
`

x
ε ,∇Uεpx, tq

˘

“ 0,
Uεpx, 0q “ Φpxq

(5.10)

and
#

BtUpx, tq `Hhomp∇Upx, tqq “ 0,
Upx, 0q “ Φpxq.

(5.11)

admit a unique viscosity solution (see [15, Theorem 9.1] and [10, Chapter 10]). In [16] it
is proved that when W “ 0 the solutions of

#

BtUεpx, tq `Hper
`

x
ε ,∇Uεpx, tq

˘

“ 0,
Uεpx, 0q “ Φpxq

(5.12)

converge uniformly to the viscosity solution of the homogenized equation (5.11). We
now derive a stability result, showing that the same result holds also for the viscosity
solutions corresponding to H.

Theorem 5.2 (Stability for evolutionary Hamilton–Jacobi equations). Let Vper : Rd Ñ R
be a continuous 1-periodic function, and let W : Rd Ñ R be a bounded and uniformly
continuous function satisfying (3.7). Let H be given by (5.3) and let Φ: Rd Ñ R be
a bounded and uniformly continuous function. For every ε ą 0 let Uε be the viscosity
solution of (5.10) and let U be the viscosity solution of (5.11). Then Uε tends to U
uniformly on compact sets of Rd ˆ r0,`8q.
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Proof. To prove this result we use the characterization of viscosity solutions using the
Lax formula (see for instance [12]): for every x P Rd and t ą 0 we have

Uεpx, tq “ min
!

ż t

0
L
´upτq

ε
, u1pτq

¯

dτ ` Φpup0qq : u P H1pp0, tq;Rdq, uptq “ x
)

, (5.13)

and

Upx, tq “ min
!

ż t

0
Lhompu

1pτqqdτ ` Φpup0qq : u P H1pp0, tq;Rdq, uptq “ x
)

“ min
!

t Lhom

´x´ y

t

¯

` Φpyq : y P Rd
)

. (5.14)

To prove the result it is enough to show that for all xε Ñ x0 we have

lim
εÑ0`

Uεpxε, tεq “ Upx0, t0q if tε Ñ t0 ą 0, (5.15)

lim
εÑ0`

Uεpxε, tεq “ Φpx0q if tε Ñ 0, with tε ą 0. (5.16)

To prove (5.15), we write (5.13) in the form

Uεpx, tq “ inf
 

Sεpx, t, yq ` Φpyq : y P Rd
(

, (5.17)

where

Sεpy, x, tq “ min
!

ż t

0
L
´upτq

ε
, u1pτq

¯

dτ : u P H1pp0, tq;Rdq, up0q “ y, uptq “ x
)

.

We fix xε Ñ x0 and tε Ñ t0 ą 0. We claim that for fixed y we have

lim
εÑ0`

Sεpy, xε, tεq “ Shompy, x0, t0q,

where

Shompy, x, tq “ min
!

ż t

0
Lhompu

1pτqqdτ : u P H1pp0, tq;Rdq, up0q “ y, uptq “ x
)

“ t Lhom

´x´ y

t

¯

.

Note that
Upx, tq “ inf

 

Shompx, t, yq ` ϕpyq : y P Rd
(

, (5.18)
We first prove some equi-continuity estimates for Sε, uniform with respect to ε. With

fixed x, y, we examine Sεpy, x, ¨q. If t1 ă t2 we have

Sεpy, x, t2q ď Sεpy, x, t1q `Mpt2 ´ t1q, (5.19)

where M “ maxpVper `W q. This is obtained by extending test functions to the constant
value x in pt1, t2q. Conversely, noting that

ż t2

0
L
´upτq

ε
, u1pτq

¯

dτ “
t2
t2

ż t1

0
L
´vpσq

ε
,
t1
t2
v1pσq

¯

dσ,

where u is a minimizer for Sεpy, x, t2q, and vpσq “ up t2t1σq, and that
ˇ

ˇ

ˇ
L
´

x,
t2
t1
ξ
¯

´ L
´

x, ξ
¯
ˇ

ˇ

ˇ
“

´´ t2
t1

¯2
´ 1

¯

|ξ|2,
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we obtain

Sεpy, x, t1q ď Sεpy, x, t2q `
´´ t2

t1

¯2
´ 1

¯

ż t2

0
|u1pτq|2dτ

ď Sεpy, x, t2q `
´´ t2

t1

¯2
´ 1

¯´

Mt2 `
|x´ y|2

t2

¯

. (5.20)

We finally deduce that, if 0 ă a ď t1 ď t2 ď b and x, y P BR then

|Sεpy, x, t1q ´ Sεpy, x, t2q| ď Cpa, b, Rqpt2 ´ t1q. (5.21)

As for the properties of Sεpy, ¨, ¨q, for given x1, x2 P BR, 0 ă a ď t1 ď t2 ď b, and
δ ą 0, we first have

Sεpy, x2, t2 ` δq ď Sεpy, x1, t1q `Mpt2 ´ t1 ` δq `
|x2 ´ x1|

2

t2 ´ t1 ` δ
, (5.22)

obtained by extending test functions by an affine function in pt1, t2q. Using (5.21), we
obtain

Sεpy, x2, t2q ď Sεpy, x1, t1q `Mpt2 ´ t1 ` δq `
|x2 ´ x1|

2

δ
` Cpa, b, Rqδ, (5.23)

Conversely, we have, using (5.21) in the first inequality and then (5.23) with t1 and t2
replaced by t2 and t2 ` pt2 ´ t1q, respectively, and x1 and x2 interchanged,

Sεpy, x1, t1q ď Sεpy, x1, t2 ` pt2 ´ t1qq ` 2Cpa, b, Rqpt2 ´ t1q

ď Sεpy, x2, t2q `Mpt2 ´ t1 ` δq ` 2R |x2 ´ x1|

δ
` 2Cpa, b, Rqpt2 ´ t1q.

Together with (5.23), this gives

|Sεpy, x1, t1q ´ Sεpy, x2, t2q| ďMpt2 ´ t1 ` δq ` 2R |x2 ´ x1|

δ
` 2Cpa, b, Rqpt2 ´ t1 ` δq.

If |t2 ´ t1| ď δ and |x2 ´ x1| ă δ2 then we have

|Sεpy, x1, t1q ´ Sεpy, x2, t2q| ď 2
`

M `R` 2Cpa, b, Rq
˘

δ,

which shows that Sεpy, ¨, ¨q are uniformly equicontinuous on compact subsets of Rd ˆ
p0,`8q. Finally, noting that a change of variables τ “ t´ σ interchanges symmetrically
the role of x and y in the definition of Sε, we infer that such functions are indeed uniformly
equicontinuous on compact subsets of Rd ˆ Rd ˆ p0,`8q.

By the equicoerciveness and Γ-convergence with given boundary conditions, we have
that Sεpy, x, tq converge to Shompy, x, tq for every py, x, tq, and the uniformly equicontinuity
just proven shows that this limit is uniform on compact subsets of Rdˆp0,`8q. Recalling
definition (5.14), and noting that for given x minimizers y satisfy |x ´ y|2 ď t2M by
Jensen’s inequality and estimating Uεpx, tq by Sεpx, x, tq, we then deduce that Uεpx, tq
converges uniformly to Upx, tq. �
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6. Negative perturbations

In this section we give an example of a negative perturbation whose presence affects
the form of the Γ-limit in the spirit of [1], where a more general form of Hamiltonian (in
particular not “separable”, even in the perturbation) is considered.

We examine functionals

Gεpuq “

ż 1

0

´

|u1ptq|2 `W
´uptq

ε

¯¯

dt,

defined in H1pp0, 1q;Rdq, where W can be considered as a perturbation of the trivial
periodic potential Vper “ 0.

Theorem 6.1. Let W : Rd Ñ R satisfy
W pxq ď 0 for all x P Rd and lim

|x|Ñ`8
W pxq “ 0.

Then
Γ- lim

εÑ0
Gεpuq “

ż 1

0
|u1ptq|2 dt` inf W |tt : uptq “ 0u|.

Hence, if W is not identically 0 we have a different limit than in the unperturbed case,
regardless of other conditions on W . In particular, this holds for W “ ´cχt0u, where χ
denotes the characteristic function and c ą 0. Note that for such W we have

Gεpuq “

ż 1

0
|u1ptq|2 dt´ c |tt : uptq “ 0u| “

ż 1

0
|u1ptq|2 dt` inf W |tt : uptq “ 0u|

for all ε ą 0.

Proof. We only consider the case inf W ă 0. With fixed δ ą 0, let xδ P Rd be such that
W pxδq ă inf W ` δ ă 0, and set

Wδ “W pxδqχtxsu.

We then have

Gεpuq ď Gδεpuq :“
ż 1

0

´

|u1ptq|2 `Wδ

´uptq

ε

¯¯

dt

“

ż 1

0
|u1ptq|2dt´ |W pxδq||tu “ εxδu|.

Now if u P H1pp0, 1q,Rdq we consider uδε “ u` εxδ, which converges to u, and is such
that

Gδεpu
δ
εq “

ż 1

0
|u1ptq|2dt´ |W pxδq||tu “ 0u|.

Hence,

lim sup
εÑ0

Gεpuq ď

ż 1

0
|u1ptq|2dt´ |W pxδq||tu “ 0u|

ď

ż 1

0
|u1ptq|2dt` pinf W ` δq|tu “ 0u|,

and, by the arbitrariness of δ, the upper bound.
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Conversely, with fixed δ ą 0 we can consider Rδ ą 0 such that
W ě ´δ ` pinf W qχBRδ ,

so that, for ε small enough so that εRδ ă δ, we have

Gεpuq ě

ż 1

0
|u1ptq|2 dt` inf W |tt : uptq P BRδu| ´ δ

ě

ż 1

0
|u1ptq|2 dt` inf W |tt : uptq P Bδu| ´ δ.

Noting that u ÞÑ ´|tt : uptq P Bδu| is lower semicontinuous with respect to the convergence
in L1, if uε á u weakly in H1p0, 1q then we have

lim inf
εÑ0

Gεpuq ě lim inf
εÑ0

ż 1

0
|u1εptq|

2 dt` lim inf
εÑ0

inf W |tt : uεptq P Bδu| ´ δ

ě

ż 1

0
|u1ptq|2 dt` inf W |tt : uptq P Bδu| ´ δ.

Letting δ Ñ 0 we obtain the claim. �
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