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ABSTRACT. We study permeable sets. These are sets © C R% which have the property that each
two points x,y € R? can be connected by a short path v which has small (or even empty, apart
from the end points of ) intersection with ©. We investigate relations between permeability and
Lebesgue measure and establish theorems on the relation of permeability with several notions of
dimension. It turns out that for most notions of dimension each subset of R% of dimension less
than d—1 is permeable. We use our permeability result on the Nagata dimension to characterize
permeability properties of self-similar sets with certain finiteness properties.

INTRODUCTION

Context of the paper. In this article we study the geometric concept of permeability and its
variants as introduced in [42]. The intuition behind these concepts is that a line segment in
the Euclidean plane, being “infinitely thin”, poses much less of a barrier than a strip of positive
thickness. Indeed, if we are willing to take small detours, we may connect each pair of points of

(A) Line segment (B) Strip (C) Sierpinski triangle

FIGURE 1. Connecting points by short paths. (A) If we allow for small detours,
we can connect each pair of points by intersecting the line in at most one point.
(B) For the strip we get an uncountable intersection even with small detours.
(C) Can we always get countable intersections with the Sierpinski triangle with
small detours?

the plane by a path that intersects the line segment in at most one point. On the other hand, for
the strip of positive thickness, the intersection with a path connecting two points of the plane may
remain uncountable, even if we allow for small detours. A countable subset of the plane or even
the middle third Cantor set (when isometrically embedded in the plane) can always be avoided
entirely when one is willing to accept small detours from straight lines. According to Marstrand’s
intersection theorem [46], Theorem III], straight lines intersecting the Sierpiriski triangle often have
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uncountable intersection (see Figure |1)). However, as we shall see later, if we choose two points
in the plane, there always exist small detours connecting these points, having only countable
intersection with the Sierpinski triangle.

The notions of permeability studied in the present paper provide a framework for classifying sets
with respect to their intersections with “short” paths that “pass through” them. The different
“sizes” of the intersections considered in the present paper are classified as “empty” (for null
permeability), “finite” (for finite permeability), or “having countable closure” (for permeability).
We refer to Definition [[.2] for the formal definition of these notions.

The name “permeability” appears as a physical quantity in models of flow in porous media, as
the permeability coefficient in Darcy’s law, cf. [0, Chapter 5]. In this context, the permeability co-
efficient describes the ability of a material to conduct a liquid or a gas. Our notion of permeability
can be regarded as an abstract version of this physical concept.

A concept that is closely related to null permeability is tortuosity, which describes the ability
of a particle of a given size to move through a porous medium (see e.g. [27] for different variants
and applications of tortuosity). The notion of null permeability considered in our article is a limit
case of tortuosity for infinitesimal particle size.

Another related concept is percolation (cf. [28]), in particular Mandelbrot percolation (also called
fractal percolation, see e.g. [12] 13 [68]), which pursues a similar goal as permeability. Indeed, in
Mandelbrot percolation one iteratively constructs a random retaining set C C [0,1] and studies
typical properties of C. In particular, C percolates if there exists a connected subset of C that has
nonempty intersection with the “bottom” [0,1]4~1 x {0} and the “top” [0,1]97% x {1} of the unit
cube [0,1]%. While permeability also aims at connecting points, it investigates the existence of
short paths between arbitrary points that do not hit any point of [0,1]%\ C (or at most finitely or
countably many), which is a somewhat different goal. Null permeability can thus be viewed as
“fast percolation everywhere”. We provide more details on this relation in Remark

The notion of null permeability is also connected to the classical notion of negligibility for
extremal length (see e.g. [I] for the definition of extremal length and extremal distance). Recall
that a set £ C R? is negligible for extremal lengths, if the extremal length of the collection of
curves between any two disjoint continua is the same as the extremal length of the subset of
the above curves that do not intersect F, except possibly at the endpoints. It was shown in
[1], that a closed set in the complex plane is negligible for extremal distances if and only if it is
removable for conformal embeddings. Many results on the topic appeared in the meantime, in
particular the study of negligibility for extremal distance in higher dimensions (see [66]) and its
implications to removability (cf. [4[67]) are studied. We also refer to [11] for a related concept that
is called “metric removability”. Very recently a modification of this condition, called negligibility
for extremal distances with countable intersections, was considered in [51} [52]. The modification is
similar to passing from null permeability to permeability: the extremal length of the curve family
joining the continua is required to equal the extremal length of the subcollection of curves where
the curves are allowed to have countable intersection with E. According to [52], this condition for
closed sets implies removability for quasiconformal homeomorphisms.

Our notion of permeability has applications in the analysis of Lipschitz maps. Given a con-
tinuous function on R?, which has bounded gradient on the complement of a small set @ C R,
one can ask whether it is Lipschitz continuous on the whole space. It is obvious that this is the
case when O is finite or a line in the plane, and it is also obvious that it is not the case if ©
has inner points, for example, if it is a strip of positive thickness. It is much less obvious what
happens when © is a Lipschitz or Holder manifold, or when it is a Sierpinski carpet, a Sierpinski
triangle, or some other complicated set. It turns out that permeability is the proper framework for
answering these more demanding questions, see [42]. For example, we will see in Example (9)
that the Sierpiniski carpet is impermeable. This implies that the Devil’s staircase function (also
known as Cantor function), a nonconstant continuous function f : R — R that is constant in each
complementary component of the middle third Cantor set, can be generalized to the Sierpinski
carpet in the sense that there is a non-constant continuous function f : R? — R that is constant
on each complementary component of the Sierpinski carpet. Because the Sierpiriski triangle is
permeable according to Example [£.13] such a function does not exist for the Sierpinski triangle.
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The first application of finitely permeable sets — without being called “finitely permeable”
there — was to prove Lipschitz continuity of certain functions, and can be found in the context
of numerical methods for stochastic differential equations (SDEs) with discontinuous coefficients,
see for instance [43] [48] 56l 57]. In each of these papers, classes of SDEs with discontinuous drift
coefficient are studied, where the set © of discontinuity is a submanifold. The idea is to apply a
certain transformation to such an SDE, in order to transform it to another SDE with a Lipschitz
continuous drift coefficient. To this transformed SDE classical results for existence, uniqueness,
and convergence of numerical methods assuming Lipschitz continuous drift coefficient of the SDE
can be applied. The crucial ingredient that ensures the existence of a suitable transformation is
provided in [43, Lemma 3.6]. Indeed, this result allows to conclude Lipschitz continuity of the drift
coefficient on the whole of R, from Lipschitz continuity (w.r.t. the intrinsic metric) on R%\ O,
provided that O is finitely permeable. This “transformation method” of [43] for studying SDEs
with discontinuous drift coefficient stirred some interest in the community, as it made possible a
number of results on tractability of a range of numerical methods [17, 48] [49, [56, £7].

Contributions of the present paper. The main contribution of this article is to develop a
theory of permeable subsets of R?, relating permeability to topological, dimension theoretic, and
measure theoretic properties of sets. We present a variety of conditions for checking null perme-
ability, permeability, or impermeability of sets. Our theory is applicable to a variety of natural and
well-known examples, for instance, permeability can be characterized for large classes of self-similar
sets, fractal curves, and related subsets in R?.

In Section [I] we provide fundamental definitions including null permeability, finite permeability,
and permeability, the central concepts of this paper. We give a list of simple examples that
illustrate these concepts, and we establish basic results on permeability that will be used later on.
Moreover, we show that, under mild conditions, our notions of permeability do not depend on the
norm we use in order to determine the length of a path in R? (see Theorem [1.7). Theorem [1.8
shows that the Euclidean norm furnishes the strongest notion of permeability. This result provides
the justification for restricting our attention to the Euclidean norm in the sequel. Section
deals with permeability and impermeability criteria for sets having zero (Section and positive
(Section Lebesgue measure, respectively. We present several examples that illustrate and
sharpen the results of this section. In particular, we discuss permeable and impermeable versions
of so-called Osgood curves, i.e., injective paths with positive Lebesgue measure (Examples
- . In Section [3| we investigate the relation between permeability and various notions of
dimension. It turns out that for most notions of dimension a subset of R with dimension less
than d—1 is null permeable. Special emphasis is put on the Hausdorff and Nagata dimension. The
corresponding result for the Nagata dimension (c¢f. Theorem turns out to be useful later to
establish criteria for null permeability of self-similar sets. Section provides an overview of our
dimension results. Section [4|is devoted to permeability properties of self-similar sets in R? under
certain finiteness properties. Here the classical finite type condition plays a crucial role. After
proving that this condition is equivalent to a seemingly stronger condition (see Theorem we
provide quite general permeability criteria for self-similar sets. In particular, Theorem [4:6] shows
that self-similar sets in R? are permeable under certain finiteness conditions, while Theorem m
shows that such sets are even null permeable in R? for d > 3. We end Section |4 with a discussion
of permeability properties of Bedford-McMullen carpets. This discussion exhibits impermeable
subsets of R? that are compact, topologically 0-dimensional, and have Lebesgue measure 0.

1. PRELIMINARIES

In this section we define permeability, the basic concept of our paper, and some of its variants.
We provide simple examples to illustrate permeability and establish auxiliary results that will
be needed later on. The section ends with a theorem that shows to what extent our notions of
permeability depend on the norm we use to define a metric on R¢.
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1.1. Basic definitions. We recall general definitions and terminology that will be used through-
out the paper. Assume that the Euclidean space R is equipped with some nornﬂ |-I|. For
Y C R? we denote the closure of Y by Y and the interior of Y by Y°. If 2 € R? we set
d(z,Y) :=inf{|jly — z||: y € Y}. Let € > 0. We use the notation

[V]e == {z € R%: |y — x| < & for some y € Y}, .

(V)e :={z € R%: |ly — z| <& for some y € Y} 1)
for the closed and open e-neighborhood of Y, respectively. In particular, B.(z) := ({z})c is the
open ball with center x € R? and radius ¢. For X,Y C RY, we set d(X,Y) := inf{|ly — x| : = €
X,y € Y}. A continuum is a compact connected Hausdorff space and a Peano continuum is a
locally connected metric continuum. A continuum is called nondegenerate if it contains at least
two elements. A Cantor set is a nonempty compact totally disconnected perfect subset of R. A
region is a nonempty, open, and connected subset of R?. A path is a continuous map ~: [a,b] — R%,
where a,b € R with a < b. We say that v connects z € R? and y € R? if x = v(a) and y = ~(b).
An injective path is called an arc. A continuous injection v: S* — R?, where S! is the unit circle,
is called a loop. Often, when there is no risk of confusion, we abuse notation and identify a path,
an arc, or a loop with its image, respectively. For z,y € R? we denote the directed line segment
from z to y by zy. If zg,...,x, € R? are given, the path consisting of the concatenation of the
line segments Tx_12, for k € {1,...,n} is called a polygonal chain and is denoted by Zg - Zp,.
We regard the directed line segments of a polygonal chain as its elements. For two directed line
segments s; and so we denote by <((s1, s2) € [0, 7] the angle between the direction vectors of s;
and ss.

Definition 1.1 (Length of a path). If v: [a,b] — R? is a path, then its length £(7) is defined as
£(7y) := sup { Z Iv(te) —y(te—1)|:neEN,a=ty < - <ty = b}.
k=1

Let v: [a,b] — R? be a path and a =ty < --- < t,, = b. The polygonal chain consisting of the
directed line segments v(tx_1)v(tx), k € {1,...,n}, is called a polygonal approzimation of .

1.2. Permeability. We are now ready to provide the central definition of the present paper.

Definition 1.2 (Permeability). Let © C R%.

(1) We call © null permeable, if for all z,y € R% and all § > 0,  and y can be connected by
a path v in R? with £(y) < |ly — 2|+ § and yN O C {z,y}.

(2) We call © finitely permeable, if for all x,3y € R? and all § > 0, 2 and y can be connected
by a path 7 in R? with £(v) < |ly — || + & and v N © finite.

(3) We call © permeable, if for all z,y € R? and all § > 0, z and y can be connected by a path
v in R? with £(y) < |ly — || + 6 and v N © countable.

(4) We call © impermeable, if © is not permeable.

Note that every null permeable set is finitely permeable, and every finitely permeable set is
permeable. Note also that these notions of permeability depend on the norm ||| we are using (see
Section for more on this dependence). Null permeability is equivalent to a purely geometric
version of metric removability that has been studied in [35]. However, since we saw in the intro-
duction that the term “metric removability” is also used in the context of conformal mappings,
we will not use it in the sequel.

Examples 1.3. We start with a number of elementary examples to illustrate the permeability
concepts of Definition In these examples, we equip R¢ with the Euclidean metric.

(1) For d > 1 every finite subset of R is null permeable.
(2) Every finite subset of R is finitely permeable.

LA metric space would be sufficient to define permeability. However, to avoid pathologies, we restrict ourselves
to this setting.
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(3) Every closed and countably infinite (i.e., scattered) subset of R is permeable (but not
finitely permeable).

(4) The set Q C R is impermeable.

(5) The sets {(z,0) € R?: z € Q} and {(cosz,sinz) € R?: x € QNJ0, 27|} are null permeable,
their closures in R? are finitely permeable.

(6) The Warsaw sine curve {(z,sin(x71)): z € (0,00)} U ({0} x [~1,1]) C R? is permeable,
but not finitely permeable.

(7) If © C R? has an interior point, then © is impermeable ([42, Proposition 12]).

(8) If C' C [0,1] denotes the middle third Cantor set (see [I8, Chapter 2] for its first appearances
in the literature), then C x [0,1]97 C R? is impermeable.

(9) ([0,1]\ Q)? is impermeable [42] Proposition 26].

(10) Supersets of impermeable sets are impermeable. Thus as a consequence of item , the
classical Sierpiniski carpet (which goes back to [63]) is impermeable.

(11) Subsets of null permeable sets are null permeable, and analogous statements hold for finite
permeability and permeability.

(12) A topological submanifold of R¢ of dimension smaller than d, which has bi-Lipschitz
charts and is closed as a subset of R¢, is permeable (cf. [42, Theorem 31]). In particular,
if D ¢ R is closed and convex, and 9: D — R is a Lipschitz function, then its graph
{(z,9(z)): * € D} C R? is permeable.

(13) In [I4, Theorem 3] an example of a Holder-continuous function 9: [0,1] — R with imper-
meable graph (considered as a subset of R?) is constructed.

Remark 1.4 (Relation to percolation). Let N > 1 and p € (0,1). Partition the d-dimensional
unit cube [0,1]¢ into N? subcubes of side length % Each of these subcubes is independently
retained with probability p or deleted with probability 1 — p. Repeat this process for each of the
previously retained subcubes, ad infinitum, to obtain a random set C, which is called Mandelbrot
fractal percolation set. The investigation of permeability properties of probabilistic constructions
like Mandelbrot percolation offers interesting facts and questions.

(1) If the inequality p < % holds, then for any § > 0 any two points x,y € [0,1]? can be
connected by a path «y of length ||z —y|| +¢ that does not intersect C\ {x, y} (i.e., C is null
permeable). This is a consequence of C being totally disconnected (see [22]), having finite
(d — 1)-dimensional Hausdorff measure (see e.g. [I5, Section 1.a], where this is shown for
d = 2), and [35, Theorem 1.3].

(2) There exists p. € (0,1) such that for p € [p., 1) there are nondegenerate continua contained
in C (see e.g. [22]), so for d = 2, C is not null permeable. We do not know whether C can
be permeable.

(3) It is unknown what kind of behavior w.r.t. permeability can occur for p € (%, pc).

1.3. Auxiliary results on permeability. The next two lemmata state that for a set © C
R? with nonempty interior null permeability as well as permeability already follows if one only
considers short paths connecting points in the complement of ©.

Lemma 1.5. Let © C R? have empty interior. Assume that for all z,y € R\ © and all § > 0
there exists a path vy in R connecting x and y with £() < ||y — x| + 6 and yN© = 0. Then © is
null permeable.

Proof. Let x,y € R? and let § > 0. Since © has no interior points, there exist sequences (,)n>1
and (yn)n>1 of points in R?\ © such that |z, — 2| < 575 and |y, — y| < 575 for all n. By
assumption, there exist paths v, from x,,41 to x,, with

0

<7
4.2m

)
{n) < l#nta = wnll + o7 <llentr — 2l + [lon — 2/l +

)
6-2n — 62"
and v, N O = 0, as well as paths 7, from y, to y,r1 with £(n,) < |Yyni1 — ynl + % < %2”
and 7, N © = (. Moreover, there exists a path 7o from 21 to y; with £(70) < [ly1 — 1 + & and
Y% N O = (. Now let v be the closure of the concatenation of the paths ..., v2,7v1,70, 71,72, ... By
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taking the closure of this concatenation, the only points that are added are x and y, thus ~ is a
path. For its length we gain

€0) = L) + 300 + €0n)) < Jon — ]l + +Z(4 Tt )

n=1

1 )
< ||96—x1H+||y—33||+||y1—y||+ 3 Sgtl-= ||+*+* Sly—zl+6. O
Lemma 1.6. Let © C R have empty interior. Assume that for all x,y € R4\ © and all § > 0
there exists a path v connecting x and y with () < |y — x| + & and vy N O countable. Then O is

permeable.

Proof. Let z,y € R? and let § > 0. We choose sequences (z,,)n>1 and (yn)n>1 as in the proof of
Lemmau Again there are paths 7, from x,, 41 to z,, with ¢(y,,) < ||znt1 — $n|| + 5o 2,; 1 ‘;n and
~n N O countable, and paths 7, from y, to y,r1 with £(n,) < |[ynr1 — yn||+ Gan 2” and n, N O
countable. Moreover, there exists a path v from x; to y; with £(yo) < |ly1 — $1|| + g and 9N ©
countable. Now let v be the closure of the concatenation of the paths ..., v2,v1, %0, 71,792, - - ., and,
as in the proof of Lemma [1.5] we get that the closure adds only = and y to the concatenation.
Hence, « is a path with £(y) < |y — z|| + §. We need to show that, by taking the closure of the
concatenation, countability of v N © is maintained. However, this follows because

YN0 =(NO)U|J(mUn)neu{zytne), (1.2)
n=1
and the right hand side is a union of countably many countable sets. O

1.4. Invariance under change of norms. In this section, for 1 < p < oo we will denote the p-
norm by |[-[|,,. If we concatenate axis-parallel line segments to connect points and apply Lemma
it is easy to see that the set (R\ Q)? is permeable in (R?, ||-|,). However, (R\ @Q)? is impermeable
in (R?, |[|,) by Example u (©). This raises the question to what extent permeability depends
on the norm used on R%. It turns out that norms admitting many geodesics (like |||, and [|],)
correspond to weaker forms of permeability while norms having a strictly convex closed unit ball
all lead to the same class of permeable sets. Analogous assertions hold for finite permeability and
null permeability. Indeed, we get the following results.

Theorem 1.7. Let |-|| be any norm on RY such that the boundary of its unit ball is strictly
convez. Then © C RY is permeable in (R%,|-||) if and only if it is permeable in (R, |-|,). The
same equivalence is true for finite permeability and null permeability.

Theorem 1.8. If © C R* is permeable in (R, |-||,) then it is permeable in (R |-|) for any
norm |-||. The same statement is true for finite permeability and null permeability.

The following lemma forms the main part of the proofs of Theorem [I.7]and Theorem[I.8] In its
statement recall the definitions from Section [I.1]and the fact that the line segments of a polygonal
approximation of a path are regarded as its elements.

Lemma 1.9. We denote by { the length of a path in R® w.r.t. some norm |-||. For everyn € N
let v, be a path in RY connecting 0 and z. Consider the following assertions.

(1) For each € > 0 there is N € N such that for all n > N and all polygonal approzimations

Z of vn, we have
Z i(s) <e.
S€EZ: <1(s,02)>¢
(2) limp o0 1(7a) = 2]

Then (1) = (2) holds for any norm and (2) = (1) holds for each norm with strictly convez closed
unit ball.
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Proof. Let ||-| be any norm on R?. W.l.o.g. we may assume that |[z|| = 1. Let us denote the open
unit ball of ||-| by U. Using the norm axioms one easily checks that U is convex. Thus there exists
an affine hyperplane E, with z € QU N E, and E,NU = () (E, is a supporting hyperplane of U
in z). Denote by 7, the projection parallel to E, onto Rz, and by v the unit normal vector of E,
satisfying (z,v) > 0 for each x € E,. By definition, this projection does not increase the norm.

We first prove that (1) = (2) for arbitrary norms. Let o := 5 — <(0v, 0z) and consider the map
iy < @ ]l =1

. GEZIQO,() §*} *}R, e

fi{e (02,02) < 5} \ {z) o B

Because U is nondegenerate and convex, the singularity of f at z is removable, and we can extend
f continuously to the whole filled ellipse {m € E,: <(0z,02) < %} Denoting this extension again
by f, we define a constant

¢ 1= sup {f(a:) z € E, with <(0z,0z) < %} , (1.3)

which is finite. With this definition of ¢, we have for every x € E, with <(0z,0z) <e < § that
lz)| <1+ ce. (1.4)
Then (L.4) implies that for each z € R? with <(0z,0z) <& < ¢ we have

((0z) = |lz]| < (14 ce)|m= (@) = (1 + ce)l (- (0w)). (1.5)
For each € > 0 small enough there is n > N such that for each Z that approximates =, we have
(Z)<e+ > Us)<et+(+ee) Y, Am(s), (1.6)
s€Z: <1(s,02)<e s€Z: <1(s,02)<e
where we used ([1.5]) in the second inequality. Because by assumption we have

S dm s Y dm)=1+ Y () <i+e,

s€Z: <1(s,02)<e s€EZ: <1(s,02)<m/2 SE€EZ: <1(s,02)>m/2

we gain from (|1.6)) that

UZ)<e+(1+ce)(l+e) <1+ (2¢+2)e.
Since Z was arbitrary, this yields ¢(7,) < 1+ (2¢ + 2)e for n > N and, hence, lim, o /(7,) = 1.

To establish the implication (2) = (1), we may assume that the closed unit ball U of ||| is
strictly convex. We define a function 6: Ry — R as

d(e) :=inf{|z| — 1: 2 € E, with <(0z,0z) > }.

Because U is strictly convex, we have () > 0 for all ¢ € R,. Suppose that there is € > 0 such
that for arbitrarily large n there is an approximation Z of ~, satisfying

Z Us)=¢ >e.

SEZ: <1(s,02)>¢

The projections 7.(s) of the line segments s € Z with <((s,0z) > & cover at most a |-|-length

ﬁl(s) of 0z. Thus the projections of the line segments s € Z with <(0z,0z) < € have to cover a

|-|-length at least 1 — -=5— of 0z. Note that £(s) > (7. (s)). We therefore get

7600
Uw) = 02Z)=" > )+ Y. )
s€Z: <(s,0z)>¢ s€Z: <(s,02)<e
/ ) / e 55(5)
ZE'F Z 4(’”2(8))26—"_1_?5(5)21—’_?5(6)

s€Z: <(s,02)<e

and, hence, (v,) cannot converge to 1. O
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Lemma [1.9]is sharp in the following sense: If |-|| is a norm whose closed unit ball is not strictly
convex, then there exist points z1, 2o € R? with |21 = ||22] = 1, 21 # 22, and H%(zl + ZQ)H =1
For z = 2(21 + z2), it is not hard to find € > 0 and a polygonal chain Z with

and 30 7. 4 (5.05)>c (s) = € for all n € N.
We immediately gain the following corollary, which is of interest in its own right.

€(s) = ||=|

sEZ

Corollary 1.10. Let ||| be any norm on R? whose unit ball is strictly convex. Further let x,y € R?
and let y,, be a sequence of paths from x toy. Let £ be the length of a path w.r.t. ||-| and let £ be the

length of a path w.r.t. ||-||y. Then lim, o €(vn) = ||y — x| if and only if limy, o0 £(7n) = |y — x||5-

Proof. By the equivalence of all norms on R?, the condition in Lemma does not depend on
the norm. This implies the result. O

Proof of Theorem[1.7 Let { and ¢ be as in Corollary Now O is permeable in (R?, ||-|) if
and only if for each z,y € O there is a sequence (v,)nen of paths with v, N O countable and
limp o0 £(7) = |z — y|. By Corollary this is equivalent to the fact that for each z,y € ©
there is a sequence (Vn)nen of paths with v, N© countable and lim, o £(7,) = ||z — y|,. But
this is equivalent to permeability of © in (R%, ||-||,).

The same argument goes through for finite permeability and null permeability. O

Proof of Theorem[I.8 This runs along the same lines as the proof of Theorem because the
implication (1) = (2) in Lemma is true for any norm. O

Because of Theorems [I.7] and [I.8] from now onwards, we will exclusively work in the space
(R4, |||l,). For this reason, in the sequel we will just write ||-| for the 2-norm.

2. PERMEABILITY AND LEBESGUE MEASURE

In this section we investigate how properties of the Lebesgue measure of a set relate to our
notions of permeability. As we will see in Section the fact that a set © C R? has Lebesgue
measure zero allows for easier ways to infer that © is permeable. On the other hand, Section [2.2
provides a criterion for impermeability under the assumption that © has positive Lebesgue mea-
sure. Nevertheless, we will see from various examples that the Lebesgue measure cannot be used
to characterize permeability and its variants.

2.1. Sets of measure zero. In this section we will deal with permeability results for subsets of
R? with zero Lebesgue measure. We start with an auxiliary result.

Lemma 2.1 ([42, Lemma 30]). Let © C R? be a Lebesque nullset. Then for all ,y € R? and
all € > 0 there emists a polygonal chain v: [a,b] — R? connecting x and y, parametrized by arc
lengtlﬂ such that £(v) < |y — z| + € and {t € [a,b] : v(t) € O} is a Lebesgue nullset in [a, b].

The next definition is a special case of [32], 2.15].

Definition 2.2 (Quasi convexity). A subset A C R? is called C-quasi conver if there exists
C > 0 such that for all z,y € A and € > 0 there exists a path v C A connecting = and y with
t7) < Clly = | +e.

Our first result shows that C-quasi convexity of its complement implies null permeability of a
Lebesgue nullset.

Proposition 2.3. Let © C R? and C € [1,00). If © is a Lebesgue nullset and R\ © is C-quasi
convex then © is null permeable.

2The assertion that v is parametrized by arc length is not present in [42] Lemma 30], but is evident from its
proof.
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Proof. Let z,y € R4\ © with x # y and 6 > 0. Lemmaprovides a path 7: [0,£(y)] — RY from
x to y, parametrized by arc length, such that A = {¢ € [0,4(y)]: v(¢) € ©} is a Lebesgue nullset
in [0, 4(vy)] and such that £(y) < ||l —y| + g. Thus there exists a countable collection of disjoint
intervals ((an,bn)), o such that A C U2, (an, bn) and Y202, (by — an) < 2. By our assumption
R?\ © is C-quasi convex. Thus for each n € N there exists a path &,,: [an, b,] — R?\ © connecting
v(an) and y(b,) with

)
) < Cllr(b) ~A(a)ll + 5 < Ot ) + 5
Then
H(t) = W(t) lft ¢ Un:l[a"7 bn]7
kn(t) ift € [an, by)

defines a path x: [0,4(7)] — R? disjoint from © satisfying

o0 o0 6

UR) < 0) + Y k) <€) + Y (Clon) = (an) | + 557 )
n=1 n=1
§ 26—
UM+ 5+ 0, <ly—al+ 5+ Clon—an) <lly -2l +6.
n=1 n=1

Now the assertion follows from Lemma O

Corollary 2.4. Letd>2 and 1 <k <d—1. Let A C R* be a Lebesque nullset and let B C R4™*
be a set with dense complement in R*~1. Then A x B C R% is null permeable.

Proof. We claim that the complement of A x B is v/2-quasi convex. To show this, note that, as a
Lebesgue nullset, A has dense complement. Recall that (Ax B)¢ = (A°x B)U(Ax B®)U(A°x B°).
We first consider the case (x1,23) € (A° x B) and (y1,y2) € (A x B°). Let ¢ > 0. Since A° and
B¢ are dense in R* and RY~F respectively, there exist & € B¢ and 11 € A® with [|& — 22| < ¢
and ||m —y1| < e. Now the polygonal chain v := (21, z2)(x1,&2) (11, &2) (M1, ¥2)(y1,y2) is a path
in (A x B)° with

Uy) <etllm — a1+ lye — &l +e < llyr — @1l + llyz — z2|l + 4 < V2|ly — 2| + 4e.

Since the other cases can be shown in a similar way, the claim is proved.
Because A is a Lebesgue nullset, the same is true for A x B. Thus it follows from Proposition
that A x B is null permeable. O

The next corollary is a variant of the above corollary.

Corollary 2.5. Let © C R? be a closed Lebesgue nullset such that each projection to a coordinate
(d — 1)-plane is nowhere dense therein. Then © is null permeable.

Proof. Since all (d—1)-dimensional coordinate projections of © are nowhere dense, R?\© is C-quasi
convex for some C > 0 by [29] Theorem A]. Thus the corollary follows from Proposition O

Example 2.6 (The Menger sponge is null permeable). The Menger sponge (see [18, Chapter 6]
for its origins) is obtained by removing the set

1 2 1 2 01U12 0.1 12U01 1 2 1 2
((33) X (3’3) x[0.1]) ((3’3) x [0,1] (3’3)) (1011 x (3’3) X (3’3))
from [0, 1]? and repeating this operation on the remaining 20 cubes of side length % iteratively.
Indeed, the Menger sponge is the attractor of a self-similar iterated function system (see Section
for a definition of these objects). The projection of the Menger sponge to each coordinate plane is
equal to the Sierpinski carpet. Because the Sierpiriski carpet is nowhere dense, null permeability

of the Menger sponge follows from Corollary 2.5
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Note that this argument does not work for the Sierpiriski tetrahedron (if one uses the tetra-
hedron’s base plane the projection thereon equals a filled triangle). For the treatment of this set
other methods can be used, see Examples [3.7] and

We continue with a version of Proposition for permeability.

Proposition 2.7. Let © C R? and let C € [1,00). Assume that © is C-quasi permeable, i.e., for
all z,y € R? and all 6 > 0, x and y can be connected by a path v in R? with £(y) < Clly — x| + 6
and ¥y N O countable. If © is contained in a closed Lebesque nullset, then © is permeable.

Proof. W.l.o.g., we may assume that © is a closed Lebesgue nullset. Assume that x and y are points
in R¢ and 6 > 0. We proceed just as in the proof of Proposition Using Lemma we obtain a
path v: [0, £(7)] — R?, connecting 2 and y, parametrized by arc length and with £(7) < ||z — y||+3
and A = y71(0). As © is closed, A C [0,£(v)] is compact. Thus for some K > 1 there exist
disjoint intervals ((an,bn))1<k<k such that A C Uff:l(an,bn) and Zf;l(bn —an) < 35. By
assumption, for each n € {1,..., K} there exists a path k, connecting v(a,) and ~(b,) with
Kin N O countable and £(k,) < C||y(by) — Y(an)|| + 5% . Replacing v on the pieces [an,b,] by fn
for each n € {1,..., K}, we obtain a path s that connects x and y and has £(k) < |y — z|| + 4.
Since &([an,bn]) N O is countable for each n € {1,..., K}, x([0,1]) N © is countable as well and
permeability of © follows. O

Example [2.1] shows that one cannot remove the closedness condition in the statement of Propo-
sition[2.7} In Example we showed that the Sierpiriski carpet, a Lebesgue nullset, is imper-
meable. In Section [3|we will see more examples of impermeable Lebesgue nullsets, and Section [4:4]
contains examples of particularly “small” impermeable sets.

2.2. Sets of positive measure. At the end of the Section [2.1] we mentioned that Lebesgue
nullsets may well be impermeable. We start this section with examples that point in the opposite
direction in providing null permeable sets with large Lebesgue measure.

Example 2.8 (Null permeable sets with large Lebesgue measure). Let d > 2. We provide closed
null permeable sets 4, C [0,1]¢, whose measures tend to 1 for n — oo and a null permeable
set A C [0,1]% with Lebesgue measure 1 (see also [35, Proposition 3.5]). Let (gi)ien be a dense
sequence in R? and define A = [0,1]% \ Uy, ;@q; (recall that Ty denotes the line segment
from z to y). In the same spirit, for each n € N define, using the notation , the closed set
A, =1[0,1]%\ Uo<i<;(@7j)2-i-i-. By Lemma A and A,, are null permeable. Obviously, the
Lebesgue measures of A,, tend to 1 for n — oo, and A has Lebesgue measure 1.

See also Example for a permeable curve with positive Lebesgue measure.

We continue with an impermeability result for sets with positive Lebesgue measure. Recall that
x € R% is a Lebesgue point of a measurable set A C R?, if and only if

A () \ 4)
P A @)

Moreover, for a set A C R? we denote the s-dimensional Hausdorff measure by H*(A).

=0.

Proposition 2.9. Let d,k € N, let Ay,...,Arx C R have positive Lebesque measure, and let
fi, ..., fr be isometries of R:. If the set A = ﬂle fi(A; x RI7YY has positive Lebesgue measure,
then it is impermeable in R?.

Proof. The case d = 1 is trivial, so we assume d > 2. By considering subsets of A;, i € {1,...,k},
we may assume that all the A; are compact. Let x be a Lebesgue point of A. Applying a shift by
—z to all f; and noting that neither permeability, impermeability nor the measure of A changes
through translations, it suffices to consider x = 0. Further, using translates B; of A;, one can find
isometries f; such that f;(0) = 0 and fi(4; x R4™1) = fi(B; x R 1) for all i € {1,...,k}. Thus
we may assume that f;(0) = 0.

We want to find a point y close to 0 so that 0 and y cannot be joined by a short path whose
intersection with A is countable. Let us first identify a suitable direction of the point y from 0.
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We do this by writing v; := fi((1,0,...,0)) for all i and selecting a direction v € S! satisfying
c := min{[(v,v1)],...,|(v,v)|} > 0. Since each A; is compact, the complement of f;(A4; x R4~1)
is the disjoint union of countably many components of the form f;(U x R¢™1), where U is an
open interval. We define w(f;(U x R?7!)) := diam(U). For a given i € {1,...,k} and § > 0
let {T} ;1ijen be the collection of all complementary components of f;(A; x R?=1) that intersect
B;(0). Since 0 is a Lebesgue point of A, (the scalar) 0 is also a Lebesgue point of A4;, so we have,
setting

a5 = max{ Zw(Tg_’j) e {l,..., k}},
J
that limsups_,o % = 0. Thus we may choose J > 0 small enough so that

(1-vV1-¢?)
6k

and we define ys := dv. Assume that A is permeable. Then there exists a path v: [0,1] — R?
connecting 0 and ys with v N A countable and

6 < L(y) <lwsll(X+q) =6(1+q). (2:2)

We may assume w.l.o.g. that -y is an arc (see e.g. [3, Theorem 4.4.7], or [2, Proposition 3.4]). Since
[2 Proposition 3.5] implies that H'(y) = £(y) we gain from (2.2) that

as < 36q with ¢:= € (0,1) (2.1)

§<H'(7) =) < lys(1+q) = 6(1 +q). (2.3)
Because
k k
§<H () =H (Y \A) =H (| JO\ fidi x RT1)) < H () fil A x RTH),
i=1 i=1
for some i € {1,...,k} we have
)
H' (7 \ fi(Ai x RTh)) > 7 (2.4)
Keep this ¢ fixed from now on. Let us abbreviate ¢; := |[{v,v;)| > ¢ > 0. By changing v to —v if nec-

essary, we may assume that (v,v;) = ¢;. By choosing an absolutely continuous reparametrization
of v (which is always possible since v is of finite length, see [2] Theorem 4.4]) we gain

((t),v) = (¥(t), (v, va)vs) + (¥(t), v — (v, vi)vy)

< eili(e), o) + 3011 - ¢
< ((t), o) + [H(OIV1I = 2

for a.a. parameter values ¢, where we used |[v — (v, v;)v;]| = \/1 — ¢?. Hence,
1

lvsl = / (3(t), ) dt = / (), ) Xt gty (1(8)) / G0 g, a1 (1)) d
< / () 0) + OV = ) xmor gy ((8)) i + / SO g s sy (1(E)) dt

1
< / (8, v xre g, ey (V(B)) i+ /T — @MY\ Fi( A x RE1)
+ H (v fi(A; x RL))

< / GHE), 08) Xt gt i) (YO Xy (7 () 02+ / 5Ol ) (1(0), 00)) dit

+ V1= EH (Y fiA x R + 7 (v 0 fi(A x RTH).
(2.5)
Now note that for z € R? we may write

z = (2,0)v; + 2 — (z,v)vi = (2,v:) fi((1,0,...,0)) + fi((0,22,...,24)) = fi((<zrvi>ax27 S 755(1))
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for some x3,...,24 € R. Thus z € fi(A; x RN iff (2,v;) € A;, or, equivalently, z € R?\ f;(A; x
RI=1) iff (2,v;) € R\ A;. Defining g(t) := (y(t),v;) and noting that g(1) = (§v,v;) = d¢; > 0 we
get, using the generalized change of variable theorem [41] Theorem 3] in the penultimate equality,

/0 (Y(t), vi) Xray f; (4, xra—1) (V(E) X (=6,5) ({(¥ (1), vi)) dt

- / G0), o) xa, (10 0 ) Xy (1 (8), 00)) it
g(1)

1
=/ g ()X @\ ann(-ss) (g(t)) dt = /( : X(R\A)N(—5,8) (5) ds < as.
0 g(0

Combining this with finally yields
lysll < a5+ (£(v) = 6) + V1 = EH (Y filAs x RID) + H (v 0 fi(A; x RITE))
We proceed, using (2.1)), ([2.3)), and (2.4), to get
lysll < as +0q + V1 — EH Y\ fi(Ai x RTY) + (HL(y) — H (v \ fi(As x REY)))
< 800+ g + (VI @~ 1)7 A (9) = () — 209 < 1A () (1 L)

1+4¢
l—q,,
= gy,
gt
Thus i%ZHng < H!(y), which contradicts (2.3]). This shows that A is impermeable. O

As an immediate consequence of Proposition we have the following result.

Corollary 2.10. Let Aj,...,Aq C R be sets with positive Lebesque measure. Then H;i=1 A; is
impermeable in R?.

Example 2.11. With help of Corollary we will exhibit a v/2-quasi permeable set (as defined
in Proposition © C R? of Lebesgue measure zero that is impermeable. Note that, by Propo-
sition © cannot be closed. The set © will be a countable union of boundaries of squares —
and hence of Hausdorff dimension 1 — that are defined by using approximations of the Smith-
Volterra-Cantor set. Let us start with its definition. Set Fy := [0,1]. If for some n € N the set
F, 1= Uilll [ak, bg] with 0 = a1 < by < ag < by < -+ < agn—1 < ban—1 = 1 has already been
constructed, we inductively define
2n71

ay + by, 1 ay + by, 1
fui= U <[a’“’ 2 22n+1] o] > 22n+1’b’“] '
k=1

(Note that all of the 2" intervals constituting F,, have the same length, denoted by \,.) Then
F :=(,>0 Fn is the Smith-Volterra-Cantor set, a Cantor set of positive Lebesgue measure. Our
set © is now defined in terms of the approximations F, by setting

0= U A(F, x F,)

n>0

(see Figure [2).

Let us next prove that © is v/2-quasi permeable. To that end, fix (1,71), (v2,92) € R? and let
¢ > 0. By symmetry we may assume w.l.o.g. that 5 < x7 and yo < y1. Let (co,do) € R? be such
that ||(Co,d0) — (muyz)H S %||(331,y1) - (l‘g,yz)n +e€ for 7 € {1,2} and so that Co ¢ Fkg U {1‘1,.172}
and do ¢ Fi, U {y1,y2} for some ky € N. Now, we construct a path -; connecting (cg,dp) and
(z1,y1) (the path 7o connecting (co, dp) and (x2,y2) can be constructed analogously, and we omit
the details). We assume that ¢y < z7 and dy < y; (the other constellations can be treated
analogously). For every i > 1 we iteratively select real numbers ¢; € (¢;—1,21) and d; € (d;—1,91)
so that [c; — x1| < 27'(z1,91) — (w2, 92)[, |di — 3] < 27[(21,91) — (22, 92)|| and ¢;, d; & Fy,
for some k; € N. Then we let v; be the path obtained by concatenation of the axis-parallel
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FIGURE 2. Two approximations of the set ©. The width of the gaps between the
squares tends to zero much faster than the width of the squares. We construct a
path v connecting two points (z1,91), (z2,72) € R? that consists of axis-parallel
line segments inside the gaps. This path « has countable intersection with ©.

line segments (co, do)(c1,do), (¢1,do)(c1,d1), (c1,d1)(ca,dy), ... By construction, each of these line-
segments intersects © finitely many times. Thus, the only possible accumulation point of © N
is at (x1,y1). Constructing 2 along the same lines, we can concatenate 7; and 7 to a path
7 connecting (z1,y1) and (z2,y2) with £(y) < V2(|[(z1,y1) — (22,92)| + 2¢). Since € > 0 was
arbitrary, © is v/2-quasi permeable.

Finally, we show that © is impermeable. To this end we consider an arc v: [0,1] — R2. We
claim that

YNO=7N6. (2.6)

Since F has positive measure and F' x F C ©, the impermeability of © then follows from and
Corollary We have to establish . Since yNO C 7N O C yN O trivially holds, it remains
to show that v N (©\ ©) CyNO. To see this, take x € yN (O \ O) and € > 0. Let i € N be large
enough so that A\; < min{diam(v),e}. By the construction of © there exists a square Q C F; x F;
of side-length \; so that x € Q and dQ C ©. By the choice of i, we have that v N dQ # (). Since
such 7 and @ can be found for all € > 0, we conclude that x € yN ©. Thus, holds.

The remaining examples in this section concern arcs in R? with positive Lebesgue measure, i.e.,
so-called Osgood curves.

Example 2.12. The classical Osgood curve ~: [0,1] — [0,1]? goes back to [54]. We give a short
reminder of its construction and refer to [60, Section 8.2] for more details: Start with the path in
Figure 3] Then, iteratively substitute each of the diagonal segments of the path by a scaled-down
version of that path, modified in a way that the relative size of the gaps between the segments
parallel to a coordinate axis converges to zero exponentially faster than the diameter of the path.
Indeed, not only has v positive measure, it even contains the Cartesian product of a Cantor set of
positive measure with itself, which is impermeable by Corollary Thus also v is impermeable.

Example 2.13. Sierpiniski’s construction (see again [60, Section 8.2]) of an Osgood curve is de-
picted in Figure It contains the intersection of four sets f;(4; x R), i € {1,...,4}, where
f1, f2, f3, f1 are rotations and A;, Ay, A3, A4 are Cantor sets of positive measure and is thus im-
permeable by Proposition 2.9

Example 2.14. We next construct an Osgood curve which is permeable. To this end, let C' be the
Osgood curve from Example Let further (A,,)m>1 be a sequence of closed permeable subsets
of [0,1]? with lim,, 400 A(Am) = 1. Such a sequence exists by Example Additionally, assume
that the dense sequence (g;);en, chosen in Example has the property that for each line segment
G:q; the angle included with the z-axis is not a multiple of 7. We then have lim,,, ;oo A(CNA,,) =
M), so there exists mg such that A(C'N A,,,) > 0. We now change Osgood’s construction
as follows: To every diagonal line segment in the n-th iteration of Osgood’s construction there
corresponds an axis-parallel square of which the endpoints of the line segments are the square’s
corners. Let Q,, denote the collection of those squares and let Q := | Q,,. We only refine in those
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F1GURE 3. One, two, and ten iterations of Osgood’s construction

FIGURE 4. One, two, and ten iterations of Sierpinski’s construction

squares which contain elements of C'N A,,, (see Figure [5). We claim that the resulting curve © is
permeable. Suppose we have two distinct points z,y € {¢;: ¢ € N}. Then Ty N A,,, = (). Suppose
Ty N O is infinite. Then Ty N © has an accumulation point z. Thus there is a sequence (Q)ken,
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FI1GURE 5. Five iterations of a permeable Osgood curve

Qi € Q, of axis-parallel squares which contain elements of C' N A,,, and such that Q) C B% (2).
But then z € CNA,,,, since CN A, is closed, contradicting TyN A,,,, = #. Now we can conclude
permeability of © by Lemma (because O is closed, it suffices to consider points = and y from
a dense subset of R? \ ©).

3. PERMEABILITY AND DIMENSION

In this section we investigate the relationship between permeability (and its variants) and vari-
ous notions of dimension for subsets of R? (for the relationship between percolation and dimension
we refer to [12]). We will get the same picture for most of the notions of dimension that we study:
If the dimension is contained in the interval [d — 1,d], no general statement about permeability
can be made. However, sets with dimension less than d — 1 are null permeable. Only topological
dimension shows a different behavior. Among the dimensions considered in this article, the Na-
gata dimension is the most challenging one. However, our result on Nagata dimension, namely
Theorem [3.16] turns out to be quite useful. Indeed, we can apply this result in Section [£.3]in order
to show null permeability for a large class of self-similar sets in R? with d > 3.

3.1. Hausdorff dimension. Let d > 2. We denote the Hausdorff dimension of a subset A C R¢
by dimg(A). We start with the following result.

Proposition 3.1. Let d > 2.

(1) For each s € [0,d] there exists a null permeable set © C R? with dimy(0) = s.
(2) For each s € [d — 1,d] there exists an impermeable set © C R? with dimp(©) = s.

Note that the situation is different for d = 1. Any set © C R with dimy(©) > 0 is impermeable.

Proof. To prove (1) first observe that by Example m there are null permeable subsets of R
with positive Lebesgue measure. Thus a null permeable set can have Hausdorff dimension s = d.
Let now s € (0,d) be arbitrary. For a := § € (0,1) let C, be a self-similar Cantor set with
dimg(C,) = a. Then dimg((Cy)?) = ad = s (here we use that, if the box counting dimension
of Y coincides with its Hausdorff dimension, then dimg (X x Y) = dimpg(X) + dimg (Y), see [21)
Corollary 7.4]). The set (Cy)? is null permeable for each a € (0,1) by Proposition Because for
d > 2 the singleton {0} is null permeable with dimg ({0}) = 0, assertion (1) follows also for s = 0.
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To show (2), observe that for an uncountable set P C [0, 1] satisfying dimpy (P) = 0, we obtain
the (obviously) impermeable set [0,1]"! x P with dimg([0,1]"! x P) = d — 1 (see again [21]
Corollary 7.4]). Let a € (0,1] be arbitrary. With a self-similar Cantor set P = C, satisfying
dimy (C,) = a € (0,1] we get the impermeable set [0, 1]971 x C, satisfying dimg ([0, 1] x C,) =
a+d—1¢€(d—1,d]. Since a € (0,1] was arbitrary, this proves (2). O

Proposition [3.1] indicates that permeability and Hausdorff dimension are quite “independent”.
However, we are able to give some results showing that low Hausdorff dimension implies perme-
ability and even null permeability. We refer to Kalmykov et al. [35] Theorem 1.3] for a related
(but different) result. In the sequel we use UL to denote the orthogonal complement of a linear
subspace U of R?.

Theorem 3.2. Let d > 1. If © C RY satisfies H™1(©) = 0, then © is null permeable.

Proof. Since the case d = 1 is trivial, we may assume that d > 2. Let =,y € R? and 6 > 0. Let B
be the (d — 1)-dimensional ball in ZF¥ 4+ (R(y — z))* with center “£¥ and radius J. Consider the
map

y—x

c: [-1,1] x B = R% (s,2) — %(m+y)+s + (1 —|s])z. (3.1)

This parametrizes the double cone C := ¢([—1,1] x B) over B + (z + y) with apices = and y (see
Figure @ Note that the restriction of ¢ to (—1,1) x B, which takes away the apices {z,y}, is
bijective. For s € (—1,1) let ps be the map

ps: ¢([min(s, 0), max(s,0)] x B) — c({0} x B),c(t, z) — ¢(0, z).

Note that for each s € (—1,1) the map p, is Lipschitz. Take a strictly increasing sequence

F1GURE 6. Illustration of the double cone C and its parametrization c.

(Sn)n>0 with s, € (0,1) and lim,,_, s, = 1. Then, because p+, is Lipschitz for each n € N and
HI7H(O) =0,

Oy = U D—s, (ONc([—sn,0] x B)) U U Ps, (©Nc([0, 8,] X B))

n=1 n=1

is a countable union of subsets of ¢({0} x B) = 1(z + y) + B, each of them having zero H?~!-
measure by [21, Proposition 2.2 and (2.9)]. Therefore, H¥~!(0.,) = 0 and, hence, O, cannot
contain a (d—1)-dimensional ball in §(z+y)+ B. Thus there is z* € (§(z+y)+ B)\ O, such that
v = Ups1 PZL (2*)UU,s, 2L (2*) satisfies yN© = (). By construction, 7 := yU{x, y} is a path
connecting z and y that satisfies 51 © C {z,y}, whose length is bounded by (||z —y|* + 46%)2.
Since z,y € R? and § > 0 were arbitrary, this establishes null permeability of ©. O

From Theorem [3.2] we obtain the following corollary.

Corollary 3.3. For d > 2, a countable subset of R? is null permeable.



MEASURE AND DIMENSION THEORY OF PERMEABLE SETS AND ITS APPLICATIONS TO FRACTALS 17

Example 3.4 (Brownian motion). With probability one, a path B of a d-dimensional Brownian
motion in R? for d > 2 satisfies dimg(B) = 2 and H?(B) = 0 (this is the content of [65], for
d = 2 it goes back to [44]; for a modern survey and more detailed information about Hausdorff
measures of random fractals and graphs of Markov processes see [68]). Therefore, if d > 3, a path
of a d-dimensional Brownian motion is almost surely null permeable in R9,

In the proof of the next result we need the following special case of a result from Mattila [47]
(recall that the 0-dimensional Hausdorff measure is the counting measure).

Lemma 3.5 (see [47, Theorem 10.10]). Let © C R? be a Borel set with HY~1(0©) < co. Then for
each line g C RY passing through the origin we have #((g + a) N ©) < oo for almost all a € g=.

Note that [47, Theorem 10.10] contains the assumption H?~1(0) > 0. However, it is obvious
(and mentioned in [47, beginning of Chapter 10]) that this assumption can be dropped for the
part of the result that is formulated in our lemma.

Theorem 3.6. Letd > 1. If © C R? is a Borel set with H~1(0) < oo, then © is permeable.

Proof. Since the case d = 1 is trivial, we may assume that d > 2. Let x,y € R¢ and § > 0. We use
the notation from the proof of Theorem Consider the cone ¢([—1,1] x B). For each s € [0,1),
the restriction ¢g: [—s,s] X B — ¢([—s, s] x B) of the map ¢ from is a bi-Lipschitz map, so
HIZL (O Ne([-s, 8] x B)) < H4™1(O) < oo implies that HI~ (c; (O Ne([—s, 5] x B))) < oo (see
again [21} Proposition 2.2 and (2.9)]). By Lemma[3.5] for each such s there is a subset D, C B with
HI~Y(Dy) = H41(B) such that for each z € D, we have that (—s, s) x {z} has finite intersection
with ¢;1(©Nc¢([—s, s]x B)). Taking the image under ¢, we conclude that ¢([—s, s] x{z})NO is finite
for each z € D,. Take a strictly increasing sequence (s,),>1 with s, € (0,1) and lim,,_,o s, = 1.
Then, Dy :=(),>; Ds, has the same (d — 1)-dimensional Hausdorff measure as B and for each
2 € Dao, ¢([-1,1] x {2}) is a polygonal chain of length at most (||z — y|* + 462)2 connecting =
and y, such that ¢([—sy, $n] X {z}) N O is finite for each n € N . Thus ¢([—1,1] x {z})N© can have
accumulation points only in {z,y} and, hence, ¢([—1,1] x {z}) N O is countable. Since x,y € R¢
and § > 0 were arbitrary, this implies that © is permeable. O

Example 3.7. The Sierpiriski tetrahedron T C R® has Hausdorff dimension 2 with positive and
finite Hausdorff measure. This can easily be derived from the observations in [34] p. 335]. Just
note that the one-to-one mapping mentioned there is Lipschitz to get positivity of #?; finiteness
of H? — which is important for us — is obtained by choosing a suitable sequence of s-covers (see
Definition with s — 0. Thus T is permeable by Theorem |3.6

In view of Theorem one may ask whether a totally disconnected set © C R with H4~1(0) <
oo is always null permeable. This has been answered affirmatively for closed sets in [35, Theo-
rem 1.3]. We mention that the assumption of total disconnectedness cannot be dropped as a line
segment in R? is obviously not null permeable.

3.2. Box counting and packing dimension. Denote by dimg(©) the box counting dimension
of a subset © € RY.

Proposition 3.8. Let d > 2.

(1) For each s € [0,d) there exists a null permeable set © C R? with dimp(0) = s.
(2) For each s € [d — 1,d] there exists an impermeable set © C R? with dimp(0©) = s.
(3) Each © C R with dimp(0) < d — 1 is null permeable.

The same assertions hold for the packing dimension.

Proof. We start with (1). The case s = 0 is trivial. For the case s € (0,d), we may choose a
self-similar Cantor set C, C R with dimp(C,) = a < 1 and, hence, dimg((C,)?%) = ad = s.
By Proposition (C,)¢ is null permeable. For the case s = d we use again the set A from
Example [2.8| and the inequality dimp(A) > dimgy (A).

Assertion (2) follows for s € (d — 1, d] by using the same sets as the ones we used in the case
of Hausdorff dimension in the proof of Proposition [3:1] For s = d — 1 we construct a Cantor set
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C of box counting dimension 0 (take a Cantor middle set with proportion of the “middle parts”
increasing sufficiently fast, [20, Section 3.2]) and obtain the impermeable set © = C x [0, 1]471.

It remains to show (3). Since dimp(0) = dimp(0©) < d — 1 we may assume that © is closed.
Because dimp(0©) > dimg (0) (see e.g. [21} Inequality (3.17)]), the result follows from Theorem 3.2
By [21], Inequality (3.29)], the same assertions are true for the packing dimension by combining
our results on the Hausdorff dimension from Section[3.1] with the above assertions (1), (2), and (3).

O

3.3. Assouad dimension. Recently, also the Assouad dimension dim4 has been studied exten-
sively (see e.g. Fraser [25] or Robinson [59, Chapter 9]). In the following we show that w.r.t.
permeability it behaves similarly as the dimensions treated above. Indeed, we have the following
analog of Proposition [3.8]

Proposition 3.9. Let d > 2.

(1) For each s € [0,d] there exists a null permeable set © C R? with dim4(0©) = s.
(2) For each s € [d — 1,d] there exists an impermeable set © C R? with dim4(0) = s.
(3) Each © C R? with dim4(0) < d — 1 is null permeable.

Proof. We start with (1). Since for d > 2 a singleton is null permeable with Assouad dimension
zero, the assertion holds for s = 0. We know from Proposition (1) that there are null permeable
sets with Hausdorff dimension s = d in R%. Since dimg(0) < dim(©) (¢f [25, Lemma 2.4.3])
these sets also have Assouad dimension d. Moreover, let C, be a self-similar Cantor set of Hausdorff
dimension a € (0,1). Because (C,)? is a null-permeable self-similar IFS attractor satisfying the
open set condition, we have dimg ((Cy)?) = dima((Cy)?) (see [53]). Thus the case 0 < s < d
follows from Proposition (1) as well.

To prove (2) observe that there exists an uncountable set B of Assouad dimension zero (e.g. a
Cantor set as constructed in [20, Section 3.2]). Hence, dim4([0,1]"! x B) = d — 1 by [59,
Lemma 9.7]. With an analogous construction with a self-similar Cantor set P = C, of Assouad
dimension a € (0,1] we can find impermeable subsets of R? of any Assouad dimension in s €
[d—1,d].

Assertion (3) follows from Theorem because dimy(0) < dim4(O). O

3.4. Nagata dimension. The integer-valued Nagata dimension (see e.g. [5]; this kind of di-
mension is also called Assouad-Nagata dimension) provides conditions for extensions of Lipschitz
functions (see for instance [39]) and is therefore of particular interest. Since we will study it in
some detail, we recall its definition for the case where the ambient space is R?. This requires some
preparations.

Definition 3.10 (s-cover and r-multiplicity). An s-cover U of a set © C R? is a collection of
subsets of R? such that © C (J; ¢, U and diam(U) < s for all U € U. The r-multiplicity of U is
given by the smallest k£ € N such that each subset of © with diameter at most r has a nonempty
intersection with at most k elements of Y.

Definition 3.11 (s-separated sets). We say that the sets A, B C R? are s-separated, for some
constant s > 0, if d(A, B) > s. A collection U of subsets of R? is called s-separated if its elements
are pairwise s-separated.

Using this terminology, according to [39, Proposition 2.5], the Nagata dimension of a set © C R¢
can be defined in two equivalent ways as follows.

Definition 3.12 (Nagata dimension; cf. [39, Proposition 2.5]). Let ® C R%. The following are
equivalent definitions of the Nagata dimensio

(1) The Nagata dimension dimy(0) is defined as the smallest n € N for which there exists
C' > 0 such that for all » > 0 the set © has a C'r-cover with r-multiplicity at most n + 1.

3We only need item (2). We included item (1) just because it is the classical definition of Nagata dimension.
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(2) The Nagata dimension dimy () is the minimum of all n € N with the following property:
There exists ¢ > 0 such that for all s > 0 the set © admits an s-cover U = |J!_,U;, where
U; is a collection of cs-separated sets for each i € {0,...,n}. In this case we say that ©
has Nagata dimension dimy (©) with constant c.

For the relation between the constants C' and ¢ as well as for other equivalent characterizations
of Nagata dimension we refer to [39, Proposition 2.5] and its proof. It is evident from the definition
that each © C R? with Nagata dimension dimy(©) has Nagata dimension dimx (6) with constant
¢ for some ¢ € (0,1].

Proposition 3.13. Let © C R? be given. Then dimy(0) = dimy(0).

Proof. Assume that for some ¢ > 0, s > 0 and n € N the set © admits an s-cover U = |J;_, Ui,
where U; is cs-separated. As U; is cs-separated for each i € {0,...,n}, also U; := {U;: U; € U;}
is cs-separated for each ¢ € {0,...,n}. Since U covers O, and every U; is cs-separated (and thus
locally finite), we have

ecJr=JUUv=JUTt=UT
veu i=0 Uel; i=0 Uel; veu
Thus © admits the s-cover U := |J_,U;, where U; is cs-separated for each i € {0,...,n} and,
hence, Definition (2) yields dimy(©) < dimy(©). Since the reverse inequality follows from
the monotonicity of the Nagata dimension, the result is proved. O

The following result is an immediate consequence of the definition of the Nagata dimension.

Lemma 3.14. Assume that © C R? satisfies dimy (©) = k with constant c. If f: R? — R? is a
similarity transformation then dimy (f(©)) = dimy(©) with constant c.

Also for the Nagata dimension we get an analog of Proposition [3.1

Proposition 3.15. Let d > 2.

(1) For each s € {0,...,d} there exists a null permeable set © C R? with dimy(0) = s.
(2) For each s € {d —1,d} there exists an impermeable set © C RY with dimy () = s.

Proof. To prove (1) we note that Z* x {0}9~¢ is null permeable and has Nagata dimension s for
each s € {0,...,d}.

To prove (2) take the uncountable set B with Assouad dimension 0 mentioned in the proof of
Propositionand consider the impermeable set © = B x [0,1]?!. This set has dimy(0) = d—1
because dimpy (B) < dimy(B) = 0 (the inequality is due to [40, Theorem 1.1]) and

d—1=dimy ({0} x [0,1]%7) < dimp (B x [0,1]%71) = dimy (B) + dimy([0,1]*71) <d — 1
(see [39, Theorem 2.6] for the last inequality). This proves the case s = d — 1. Since R? is an
impermeable set with dimy (R?) = d, (2) follows. O

The main goal of the present section is to establish the following result.

Theorem 3.16. Let d > 2. If © C R? satisfies dimy(©) < d — 2 then © is null permeable.

Theorem [3.16| can be viewed as a quantified version of a classical result by Mazurkiewicz on
the topological dimension of cuts of the Euclidean space (see [38, §59, II, Theorem 1]).

The proofs of the analogs of Theorem [3.16] for the Hausdorff dimension in Section are
relatively easy. This is due to the fact that the Hausdorff dimension (and the Hausdorff measures)
behaves well under Lipschitz maps and, a fortiori, under projections. In particular, the Hausdorff
dimension cannot increase under a Lipschitz map. Since this is no longer true for the Nagata
dimension, the proof of Theorem [3.16|is much harder and relies on several auxiliary results.

Proposition 3.17. If a measurable set © C R? has a Lebesgue point then dimy () = d.

Before we turn to the proof of this result we recall the definition of a porous set. Recall that
B,.(x) denotes the open ball with radius r around z.
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Definition 3.18 (Porosity; see [69, Section 2]). Let © be a subset of R? and ¢ > 0.

(1) A point  is called a g-porosity point of ©, if for each r > 0, there exists y € R? with
By (y) C B,(x)\ 6.
(2) © is called g-porous if every point of O is a g-porosity point of ©.

From this definition it is immediate that a g-porous set © C R? does not have a Lebesgue point
neither does its closure ©. Thus the d-dimensional Lebesgue measure of © is zero. Proposition
now follows by combining [45] Theorem 5.2] with [40, Theorem 1.1] (see also [16, Remark 6.14]).
However, this proof runs via the Assouad dimension. For the sake of self-containment, we therefore
provide a short and direct proof of Proposition [3.17] Indeed, we will prove Proposition [3.17] by
showing that each © C R? with dimy(©) < d — 1 is g-porous for some ¢ > 0 (see Lemma [3.20)).
To establish this lemma, we need the following classical result from dimension theory.

Lemma 3.19 ([37, §28, II, Theorem 6]). Let S = [po,...,pd] be a nondegenerate closed simplex
with closed faces S; = [po, ..., Di—1,Dit1s---,Pd), t €{0,....d}. If Ag,..., Aq are d+1 closed sets
with S = AgU---U Ay and A; NS; =0 for each i € {0,...,d}, then AgN---N Ay # 0.

Proposition [3.17] is an immediate consequence of the following lemma. The uniformity of the
porosity constant g asserted in this lemma will be needed later (see Lemma [3.23)).

Lemma 3.20. Let d € N and ¢ > 0. Then there exists ¢ > 0 such that every set © C R?® with
dimy (©) < d — 1 with constant ¢ is g-porous.

Proof. Let e := 0 and let e; be the i-th standard basis vector, i € {1,...,d}. Consider the closed
d-simplex S = Jleg, e1,...,eq] C B1(0) with faces S; = L[eo,...,€j—1,€j41,...,€q) (0 < j < d).
We fix € > 0 so small that [S].. C B;(0) and that each set X C R? with diam(X) < ¢ satisfies
d(X, Sj) > ce for at least one j € {0,...,d}. Now set ¢ = 5.

Consider © C R? with dimy(0) < d — 1 with constant ¢, x € R? and r > 0. We need to
find y € R? with By, (y) C B.(z) \ ©. In view of Lemma by applying a suitable similarity
transformation to ©, we may assume w.l.o.g. that = 0 and r = 1, i.e., we need to find y € R?
with Bg(y) C B1(0) \ ©. By Definition [3.12] the set © admits an e-cover U = U?;()l U;, where U;
is ce-separated for each i € {0,...,d — 1}. Set

V;:={U € U: U is a distance at least cec away from S;} (7 €{0,...,d}),
Ao == Upey,[Uleesss and for j € {1,...,d}

Aj = U [U]cs/S-
UGVJ'\(V()U“~UVJ'_1)

Note that each V; is locally finite and, hence, each A; is closed. By the choice of ¢, U = U?:o V;.
Thus Ao U---U Ag 2 [O]./3. Suppose that [O].,3 2 S. Then AgNS,...,AgN S satisfy the
conditions of Lemma m Thus AgN---NAg # (. This implies that there exist pairwise distinct
Uo,...,Uq € U such that [Uplce/s M-+ N [Udglee/s # 0. By the pigeonhole principle at least two
of the sets Uy, ..., Uy belong to the same U;, and this U; therefore cannot be ce-separated. This
contradiction yields [0]../3 2 S. This implies that there is y € S such that the ball B, (y) of radius
q = % satisfies By(y) C [S]q C [S]ee € B1(0) and B,(y) N © = (. This proves the lemma. O

We recall one more result from dimension theory. In its statement, we use the following termi-
nology. For sets X,Y, W, Z c R? with X ¢ W and Y C W we say that Z separates W between X
and Y, if there exist M and N such that W\ Z = M UN with (M NN)U(MNN) =10, X C M,
and Y C N (sloppily speaking, X and Y lie in different connected components of W'\ Z).

Lemma 3.21 ([37, §28, I, Theorem 8]). Let S = [po,...,pd| be a nondegenerate closed simplex
with closed faces S; = [po, ..., Pi—1,Pit1,---,0d), t €{0,...,d}. If Ay,..., Aq are d open sets in
S with A;NS; =0 for each i € {1,...,d}, and such that Ay U---U Ay separates S between {po}
and Sg, then A1 N---NAg # 0.
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Letd € N, ¢ > 0, and let ¢ be the according constant from Lemma[3.20] Choose a nondegenerate
closed (d — 1)-simplex Ey = [p1,...,pq] C R?™! x {0} with barycenter by = 0 and diameter
bounded by ¢ . Set pg = (0,...,0,4) and define a nondegenerate closed simplex F := [pg, ..., pd]-
For i € {0,...,d} let E; = [po,...,Pi—1,Di+1,---,Pd] be a closed face of E (note that for i = 0
this coincides with the definition of Ey above). Let

T :=E\ (By(po) U Bq(bo))
(see Figure @ Throughout this section fix ¢ > 0 in a way that each set B of diameter bounded by

S opo

!

(B)

FIGURE 7. Two examples of T. In (A) the radius ¢ of the dotted circles is
small, in (B) it is larger, which is not scaled properly, but better suited for the
visualization of the cover ¢ in Figure [§

(14 ¢)o intersecting T satisfies BN ({po} U Ep) = 0 and BN E; = O for some i € {1,...,d}. Then,
also throughout this section, fix a finite cover U of T' by open balls of diameter %?. An example

of a cover U is shown in Figure [§] There we illustrate that g is chosen small enough.

Lemma 3.22. Let X3,..., X4 be unions of elements of U and set P = {Xy,...,Xq}. If there is
§ >0 with [X;]s N E; =0 for each i € {1,...,d} and ﬂjzl[Xz‘](s = (), then there is a path ap of
finite length £(ap) in E\ X1 U---U X, connecting po and bg.

Proof. Because each set X;, ¢ € {1,...,d}, is a union of elements of U, by the conditions on
U we have X1 U---UXg N ({po} U Ep) = . Thus we may choose § > 0 small enough so that
[X1U---UXgls N ({po} UEp) = 0. Then there is a nondegenerate simplex E’ = [py,...,p};] C E°
with faces EY, satisfying |p, —p;|| < & (i € {0,...,d}), such that E] N [Xils)2 = 0 for each
i€ {l,...,d}, [X1U---UZXals2 N ({pp} U Ey) = 0, and such that there exists a line segment
f1 C E\ (X1 U---UXy) connecting po and p{, and a line segment fo C F \ (X1 U--- U Xy)
connecting the barycenter by of Ej and by. Thus it suffices to construct a path o/ of finite length
{(afp) in E\ X1 U---U X, connecting pj, and by.

Since (X1)5/2 N+ N (Xq)s/2 = 0, Lemma[3.21] implies that £’ N ((X1)s/2 U+ U (X4)s5/2) does
not separate E’ between {p}} and Ej. Thus E'NX; U---U X, does not separate E’ between {pj}
and E{. Because EfN X, U---U Xy =0, the set E'NX; U---U X, does not separate E’ between




22 G. LEOBACHER, T. RAJALA, A. STEINICKE, AND J. THUSWALDNER

FiGURE 8. The set T from Figure EI (B) enlarged and drawn together with the
elements of a cover Y. The radius g is chosen so that no enlarged ball intersects
both E; and F,. Three of the enlarged balls are also drawn in the figure.

{p,} and {by} and, a fortiori, it does not separate E° between {p}} and {bj}. Now [38, §49, IV,
Theorem 1] implies that there is a region R C E°\ X; U---U X, (open in E° and, hence, open in
RY) with {p},b(} € R. Thus p{, and bj, can be connected by a path o/, C R of finite length (even
by a polygonal chain, see [38] §59, I, Theorem 1]). Obviously, o is contained in E\ X; U --- U Xg.
Thus ap = B1 Ua/p U B2 is the desired path. O

Note that because U is finite, there are only finitely many choices of collections P = { X1, ..., X4}
that satisfy the assumptions of Lemma [3.22] Let K be the finite set of all these collections. Note
that K # 0 because we may choose X; = ... = Xz = (). For all that follows we fix a path ap as
in Lemma [3:22 for each P € K. Then

lmax = max{l(ap): P € K}

is finite. The finiteness of this maximum is important for bounding the lengths of the paths «
uniformly in the following lemma.

Lemma 3.23. Suppose © C E C R? has dimy(0) < d — 2 with constant ¢, and let q be as in
Lemma [3.20, Then there exists a path o C E with £(a) < fmax connecting po with by such that
ONacC Bq(pO) U Bq(bo)

The assertion of Lemma [3.23] is illustrated in Figure [0

Proof. Let U and p be as described before Lemma . Because O satisfies dimy (0) < d—2 with
constant ¢, the set © \ (Bq (po) U Bq(bo)) admits a p-cover C = Uf:_g C;, where C; is co-separated
for each i € {0,...,d — 2}. For each C € C write

UC = U U.
Ueu
UNC#0
For i € {0,...,d — 2} define V] := {Uc: C € C;}, which is -separated for each i € {0,...,d — 2}
and set V := U;.toz Vi. Let
Vii={V eV: [V]gunEL =0}
and for j € {2,...,d} let

Vj = {V eV: [V}CQ/4ﬂEj :@}\(Vl U"'UVj_l).
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By construction, each V' € V has diameter bounded by (1+ §)o and, hence, satisfies [V].,/s NE; =
() for some 7 € {1,...,d}. Thus V = V; U--- UV, and, hence, V; U--- UV, is a cover of
O\ (By(po) U By(bo)). Define

X;=U v ge{l...a

Vey;
and set 6 = 2. Assume that there is x € ﬂ';:l[Xj]g. Then there exist pairwise distinct
Vi,..., Vg € V so that « € [Vj]s for all j € {1,...,d}. Since there are d of these sets, two of
them are from the same collection V] for some ¢ € {0,...,d — 2}, a contradiction, because V/

is 44-separated. Thus, ﬂ;-l:l[Xj]g = () and so the sets X; satisfy the conditions of Lemma [3.22

This lemma exhibits a path ap, P = {X1,..., X4}, with £(ap) < lpax that is contained in
E\ X, U---UX, and connects py and by. Because X1 U---UXy D O\ (By(po) U By(bo)), the
path a := ap has the properties asserted in the statement of the lemma. O

AN
4

FIGURE 9. Together with Lemma Lemma implies that for each sim-
ilarity transformation f: R? — R? we can find a path o C f(E) that does
not intersect © outside the shaded disks f(Bgy(po) U By(bo)), i.e., for a we have
(anf(T)Ne =40.

f(T)

Set a; = (—1,0,...,0) and az = (1,0,...,0). Let © C R? have dimx(©) < d — 2 with constant
c. By Lemma © is g-porous with ¢ depending only on d and ¢, so for every i € {1,2} there
exists a sequence (8; n)n>0 With ||s; , — a;]| < 27™ such that
BQ*”q(Si,n) ne = @ (n Z O). (3.2)
This implies that
||81,0 — 8270” <4 and ”Si,n — Si’nJ’»l” < 21—n (l c {1, 2}, n > 0) (33)

We illustrate this sequence in Figure [10]|*
For a similarity transformation f: R? — R? we call the unique number r > 0 satisfying
f(x) — f()| = rllz — y| for all z,y € R? the similarity ratio of f and denote it by sr(f).

Lemma 3.24. Let © C R? with dimy(©) < d — 2 with constant ¢ and for i € {1,2} define the
sequences (S;n)n>0 as above. Then the following assertions hold.
(1) For eachi € {1,2} and each n > 0 there is a path a;, C R\ © connecting Sin and S; pi1
with U n) < 27" Wmax.
(2) There exists a path 3 C R?\ © connecting s1o and sz with £(B) < lmax-

Proof. We start with the proof of (1). Fix ¢ € {1,2} and n > 0. We may assume that s; , # S; n41
because otherwise there is nothing to prove. Fix a similarity transformation f; : R¢ — R? that
maps pg to s;, and by to $; n+1. By Lemma fz_nl(@) satisfies dimN(fifnl(@)) < d — 2 with
constant ¢. Moreover, and imply that sr(f;,) < 2771 and

fin(©)NBy(po) =0 and  f;,1(0) N By(bo) = 0. (3.4)

i,m

41t 9 is disjoint from {a1, a2} (which we will assume later) and closed, we could define (s; n)p>0 in a way that
there exists ng such that s;, = a; holds for n > ng > 0 as in the figure (i € {1,2}). However, this observation is
not crucial for the current proof.
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FIGURE 10. The sequences (8, )n>1 together with the circles By-ng(si ) for
i € {1,2} and small n.

Thus the set fl_nl(@) N E satisfies the conditions of Lemma and we obtain a path o« C E
connecting py and by of length £(a) < lyax with ffnl(@) Na C By(po) U By(by). From we
even obtain that f[; (®)Na=10. Thus a;, = fin(a) is a path with the desired properties.

To prove (2) we may assume that s1 9 # s2,0 because otherwise there is nothing to prove.

Choose a similarity transformation f: RY — R4 mapping pg to 51,9 and by to s2 9 and observe that
the similarity ratio of f is bounded by 1 because of (3.3)). Then proceed as in the proof of (1). O

Lemma 3.25. Let © C R?\ {(£1,0,...,0)} with dimy(©) < d — 2 with constant c. Then
there exists a path o C R\ O, connecting ay = (—1,0,...,0) and ay = (1,0,...,0), with length
() < 3lmax-

The construction of the path « is illustrated in Figure
[ \\
ﬂ |
- /
\\ / |

./

FIGURE 11. An illustration of the path « constructed in Lemma The sub-
paths are given by Lemma They avoid the set © near the endpoints due
to porosity, while further away from the endpoints the avoidance follows from

Lemma



MEASURE AND DIMENSION THEORY OF PERMEABLE SETS AND ITS APPLICATIONS TO FRACTALS 25

Proof. This is an immediate consequence of Lemma Just concatenate the paths
<., 01.3,001 2,011,010, B, 20,02 1,022,Q23,...

(with the orientations appropriately adapted) and take the closure to obtain the desired path «. O
We can now finish the proof of our main theorem.

Proof of Theorem[3.16, Let x,y € RY\ ©. If z = y there is nothing to prove. Thus assume z # y.
There exists a similarity transform f which maps z to (1,0,...,0) and y to (—1,0,...,0). Hence,
st(f) = ﬁ By Lemma and Lemma there exists a path a C R?\ f(©) connecting

(1,0,...,0) and (—1,0,...,0) with £(a) < 3/1,ax. Therefore f~! o is a path in R?\ © connecting
x and y with £(f~Loa) = sr(f~1)l(a) = @%max. Thus R?\ © is 2lyax-quasi convex. Since
O is a Lebesgue nullset by Proposition the result now follows from Proposition [2.3 O

3.5. Lipschitz dimension. Let d > 2. In [16], the integer valued Lipschitz dimension dimy,, of
Cheeger-Kleiner is treated. In [16, Corollary 3.5] it is shown that dimy(©) < dimp;p(©) holds
for each © C R%. This immediately yields that if for © C R? we have dimp;,(0) < d — 1, then
© is null permeable. An example for an impermeable set with dimp;,(©) = d — 1 is furnished
by © = C x [0,1]%! with C being the middle third Cantor set. Indeed, from [I6, Proposition
3.6] it follows that dimp,;,(C) = 0 and it is easy to see by definition ([I6] Definition 1.3]) that
dimp,ip ([0, 1]471) = d — 1. By [16], Proposition 4.2], we have that dimy,,(C x [0,1]71) < d—1 and
since dimy (C x [0,1]471) = d — 1, we conclude that dimp;,(C x [0,1]471) = d — 1. An example
for a permeable set with Lipschitz dimension d is given by Z%.

3.6. Topological dimension. The topological dimension of a subset of R? is defined for instance
in [37, §25, I}, and we denote it by dimr. Concerning permeability, it behaves differently from
the other notions of dimension. Sets of dimension 0 may be impermeable, take for example the
product F% ¢ R%, where F is the Smith-Volterra-Cantor set of Example On the other hand,
a hyperplane H in R? is a finitely permeable set with dimy(H) = d — 1, and any linear subspace
of topological dimension d — 2 is null permeable. However, a set © C R? with dim(0) = d has
nonempty interior by the Menger-Urysohn Theorem (see e.g. [19, Theorem 1.8.10]) and, hence, it
is impermeable. Summing up, it is easy to get the following result.

Proposition 3.26. Letd > 1.

(1) For each s € {0,...,d} there exists an impermeable set © C R with dim7(0) = s.

(2) For each s € {0,...,d—1} there exists a finitely permeable set © C R? with dimy(0) = s.
(3) For each s € {0,...,d — 2} there exists a null permeable set © C R? with dim7(0) = s.
(4) Each © C R? with dimr(©) = d is impermeable.

For d = 2, item (3) is best possible, i.e., there is no null permeable set of topological dimension
d—1 = 1. Indeed, let © C R? be null permeable, z € O, and r» > 0. There exist points
wi, we, w3 € R? such that wiwswzw; C B,(z), and such that wind(wiwswswy,x) = 1, where
wind(k, z) denotes the winding number of a closed path x C R? relative to z € R?. Since ©
has no interior points, for every ¢ € {1,...,4} we can shift the corner point w; by a sufficiently
small distance, to find points v; in the complement of ©, such that still Tyoav3071 C B,.(z) and
wind (07020307, 2) = 1. Since © is null permeable we can find paths ~y1,v2,73 of finite length
connecting v and vg, v and vz, and vs and vy, respectively. If we require the paths ~1,vs2, 73
to be sufficiently short, as we may by null permeability of ©, the concatenation 7 of ~1,v2, 73
satisfies v C B,(z), and wind(y,2) = 1. By [38, §61, II, Theorem 5], we may assume that v is a
loop. By the Jordan Curve Theorem there exist disjoint open sets A;, A with R2 = A; U Ay U~y
and x € A;. By construction, z € A; C B,(z). Since yN O = (), A; is a neighborhood of x whose
boundary has empty intersection with ©.

We have shown that, for every € © and r > 0, there exists an open set A; C B,.(z) such that
A;1NO is a neighborhood of x w.r.t. to the subspace topology on © having empty boundary relative
to this topology. Since r — and thus also A; N © — can be made arbitrarily small, dimr(©) = 0
by definition.
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If d > 3 and © C RY is closed, then also the optimality of (3) still holds, i.e., © cannot be null
permeable if dimp(©) = d — 1: Assume dimy(0©) = d — 1. Then by [24] (for d = 3) and [23] (for
d > 3), © does not contain a region, but separates a region. Let G be such a region separated by ©
and let x € ©NG. Then there exists r > 0 such that © separates B,.(z), i.e., B.(z) is the disjoint
union of Ay, Ay,© N B,.(z), where Ay, Ay are open sets. Choose x; € Ay, x5 € Ay. Then every
path v € B,.(x) connecting x; and zo has nonempty intersection with ©. Every path v connecting
r1 and 9 and with 4N (R?\ B,.(z)) # 0 satisfies £(y) > ||za — x1| + ¢ for some constant ¢. Thus
© is not null permeable.

For d > 3 it is unclear if there exists a non-closed null permeable set © C R with dimr(©) =
d — 1. The example in Sitnikov [64, Section 3.3] indicates that this might be a difficult question.

3.7. Synopsis. The interplay between the various notions of dimension we treated in this section
and their relation to permeability is summarized concisely in Figure

dimyg < dimp
\}

dimp dimy

dimN

<

A dim]_ip
see Section 3.6 if <d— 1= null permeable,

in [d — 1, d] everything can happen

FIGURE 12. Relations between different notions of dimension and permeability

4. PERMEABILITY AND SELF-SIMILAR SETS

We now turn to permeability results for self-similar (and, in the last part of this section, self-
affine) sets. It turns out that the well-known finite type condition (cf. [8, Definition 8] and see [50]
for a predecessor of this condition) is crucial for permeability of self-similar sets. This section is
organized as follows. In Section we recall the terminology on iterated function systems that is
relevant for us. Moreover, we prove that in the case of self-similar sets, the finite type condition
is equivalent to the seemingly stronger condition of finite types of neighborhoods. This result is
needed in the subsequent sections. Section [4.2| gives a criterion for a two-dimensional self-similar
set to be permeable. In dimensions greater than 2, we can use Theorem [3.16] in order to give a
criterion for a self-similar set to be null permeable. This will be established in Section[4:3] Finally,
Section [£4]is devoted to the impermeability of certain self-affine Bedford-McMullen carpets. Self-
affine sets show a completely different behavior w.r.t. their permeability properties. This becomes
apparent from the examples exhibited in [14].

4.1. Tterated function systems and self-similar sets. Recall that {f1,..., fi,} is an iterated
function system (IFS, for short) in R?, if, for each j € {1,...,m}, fi R? — R? is a contraction
having contraction ratio r; € (0,1). It is known from Hutchinson [33] that there exists a unique
nonempty compact set K satisfying

K= U fi(K).

This set K is called the attractor of the iterated function system {fi,..., fm}. If the mappings

fi,--+, fm are similarity transformations, we call the iterated function system {fi,..., fin} self-
similar. In this case K is called a self-similar set. The definition of a self-affine set is analogous
if the mappings f1, ..., f;, are affine transformations.

We introduce some notation. For a nonempty set M we denote by M* and MY the set of finite
and infinite sequences of elements of M, respectively. For k € N and i = i1 ---ip € M™ we write
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|i| := k for the length of i and we write M=F = {i € M*: |i| < k}. Let F = {f1,..., fm} be a self-
similar IFS in R? with similarity ratios r; := sr(f;) fori € {1,...,m}. Set rmin := min{ry,...,7,}
and Tmax = max{ry,...,r,}. Fori=id;---ip € {1,...,m}* let fy = fi,; o---o fi,. Fori=g,
the empty word, this means that f. =id. In the sequel, we will deal with attractors K satisfying

Definition 4.1 (Open set condition). We say that an iterated function system F := {f1,..., fin}
in R? satisfies the open set condition if there exists a nonempty open set U C R such that
UZ‘Zl fz(U) C U and fz(U) n fJ<U) = () for ¢ £ j.

We now recall the finite type condition of [8, Definiton 8] together with a stronger version of it.
We use the notation [Y]. from (1.1)).

Definition 4.2 (Neighbor maps, finite types of neighborhoods, and finite type condition). Let K
be the attractor of a self-similar IFS F = {f1,..., fim}-

(1) A neighbor map for F is a map h: R? — R? of the form h = f; ' o f; with h # id. For
every € € [0,00) denote by N.(F) the set of neighbor maps h with [K]. Nh([K]:) # 0 and
st(h) € [Fmin, Tinl;

(2) F has finite types of neighborhoods for e > 0 if N.(F) is finite;
(3) F has finite types of neighborhoods if there exists € > 0 such that F has finite types of
neighborhoods for €.

(4) F satisfies the finite type condition if No(F) is finite (c¢f. [8, Definiton 8]).
Set
H(F):={z eR": 2 € KNh(K) forsome h € No(F)} = | Knh(K),
hEN, (F)

which we call the set of intersection points of F. It is immediate that H(F) = 0 if and only if
No(F) = 0. Note that if 0 < €1 < €2, then N, (F) C N.,(F), so it makes sense to define

N(F):= lim N.(F)= e((o] )Na(f)-
5 ,00

Theorem 4.3. Let F :={f1,..., fm} be a self-similar IFS. Then F has finite types of neighbor-
hoods if and only if it satisfies the finite type condition.

Proof. For #K = 1, the assertion is immediate, so we assume #K > 1. We only prove necessity,
sufficiency being trivial. Thus we assume that the finite type condition holds, i.e., No(F) is finite.

For convenience, let M :={1,...,m} and C := (%w Define

R:={g=f"ohofj: he No(F)U{id}, i € M,j € M= st(g) € [rmin, "in], K N g(K) = 0},
R(i) = {g = fi "o fi:j € M",51(9) € [rmin, rin) K Ng(K) =0} (i€ M").
These sets are finite, since No(F) is finite and since there are only finitely many contractions in F.
Because #K > 1, the minimum
ny := min{n € N: there exists i € M=" with R(i) # 0}
is finite. Thus
en :=sup{e > 0: [K]. N h([K].) = 0 for each i € M=" and each h € R(i)} (n >mn,)
are all finite. Moreover, let
e :=sup{e > 0: [K]. Ng([K]:) =0, for all g € R},

and note that e = oo if R = (). Since K is compact and R as well as R(i) are finite, we have and
en > 0 for n > n; and e € (0, 00]. Moreover, the sequence (e, )n>n, is nonincreasing.

The result will follow if we show that each element of the sequence (ey,),>n, is greater than or
equal to min{e, e,, }. To establish this claim it suffices to show that e, 1 < e, implies e, 1 > e.
To prove this, let n > ny with e, 11 < e,. Since K is compact and U\i|§n+1 R(i) is finite, there

exist i € MS"*! and j € M* with sr(fi_1 ° fi) € [Tmin,T 1 ] and [K].,,, N (fi_1 o fi)([Kle,,,) #0

min
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but [K]. N (f; o f;)([K]e) =0 for all 0 < & < e,,11. Since e, 41 < ey, we need to have |i| =n + 1
and |j| > n+ 1 (if |j| < n, one can swap i and j to get a contradiction). Let i’ be obtained by
cutting off the last index from i. There exists k € {0,...,C} such that if j’ is obtained from j by
cutting off the last k indices, then sr(f;, "o fj') € [Fmin, Tmin). We show that KN (f; "o fy ) (K) # 0:

Otherwise f;l o fy € R(i"), and if we let e, 41 < € < ey, then

filK]e)  fu([K]e)  and - fi([K]o) C fy([K]2), (4.1)

since all occurring maps are similarity transformations. Hence,

0 # fi([K]e) N fi([K]e) € fu([K]e) 0 fi ([Ke).
But this is impossible by the definition of e,,. Now K N (fi,_1 o fj/)(K) # () with Sr(fi,_1 ofy) €
[Fmins T'min) means that f; ' o fi € No(F)U{id}. Thus f; "o fj = f; % oho f; for h € No(F)U{id},
in+t1 € M and j € M=% in other words, fi_1 o f; € R. From fi_1 o fj € R we gain e,4; > e and
the claim is proved. Thus F has finite types of neighborhoods for every ¢ € (0, min{e, e,, }). O

Remark 4.4.
(1) In the preceding proof we obtained, as an intermediate result, that e, > e,y; implies
R # (). Conversely, if R = 0, then e,, = e,,, for every n > n;.
(2) The inclusions in only hold for self-similar IF'S. We believe that the conclusion of
Theorem does not hold if “self-similar” is replaced by “self-affine”.
(3) Note that Theorem [4.3|implies No(F) = N(F).

Lemma 4.5. Let K C R? be the attractor of a self-similar IFS F := {f1,..., fm} satisfying
(1) fi(K)N fi(K) <oo forl1 <i<j<m;
(2) F is of finite type.

Then N(F) and H(F) are both finite sets and there exists € € (0,00) with N(F) = N(F).

Proof. By Theorem F has finite types of neighborhoods for some gy > 0. H(F) is a finite set
because #No(F) < oo and #K Nh(K) < oo for each h € Ny(F).

Note further that, since N¢(F) is a finite set for every € € (0,&¢), there exists ¢ € (0,00) such
that for all €’ € (0, ] we have N (F) = N(F), and thus N(F) = lim./ 04 Nor(F) = Ne(F). O

4.2. Two-dimensional self-similar sets. In this section we prove the following theorem, which
provides a criterion of permeability of planar self-similar sets in terms of the finite type condition
from Definition 2

Theorem 4.6. Let K C R? be the attractor of a self-similar IFS F = {fi,..., fm} satisfying
#L(E) N fi(K) < oo for1 < i < j<m. If K is connected and F satisfies the finite type
condition, then K is permeable.

The proof of this result will be subdivided into lemmata.

Lemma 4.7. For d > 2 let K C R? be the attractor of a self-similar IFS F = {f1,..., fm}
satisfying # f;(K) N f;(K) < oo for all1 <i < j <m. Then K has no interior points.

Proof. The conclusion trivially holds if K is a finite set. Thus assume that K is infinite. Suppose
there exists x € K and € > 0 such that B.(z) C K. There exists i € {1,...,m}* with fi(K) C

B.(z). Let J = {1,...,m}li\ {i}. By assumption, for every j € J we have that f;(K) N f;(K) is
finite. Then

(50) 0 B U (U 58) 0 B) ) = B,
jeJ
but F := (fi(K)N Bs(z)) N Ujes fi(K) N Be(z) is finite, thus B:(z) \ F' = (B-(2) \ fi(K)) U
(Bs @)\ Ujes fi (K)), that is, we have written B.(z) \ F as the disjoint union of two nonempty

open sets. But if d > 2, B.(z) \ F is clearly path connected and therefore connected, yielding a
contradiction. O
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Lemma 4.8. Let K C R? be a nondegenerate continuum which is the attractor of a self-similar
IFS F :={f1,..., fm}. If #fi(K)N fj(K) < 0o for 1 <i < j < m, then for any two distinct
i,je{1,...,m}* we have f; # f;.

Proof. Assume, on the contrary, that f; = f;. We may assume, w.l.o.g., that i = 4;---7; and
Jj=J1-+jn with iy # ji. Then,

fir (K) 0 f5,(K) 2 filK) N fi(K) = fi(K)

is uncountable, because K is uncountable, and the similarity transformation f; is a bijection. This
contradicts the finiteness of the intersections. O

Now the following lemma is an easy consequence of Lemma and [8, Theorem 9].

Lemma 4.9. Let K C R? be a nondegenerate continuum which is the attractor of a self-similar
IFS F = {f1,.... fm}. If #fi(K) N f;(K) < oo for 1 <i<j<m and F satisfies the finite type
condition, then F satisfies the open set condition.

Let o € (0,1) be given. We curtail each infinite word iyis - -- € {1,...,m}" after the first term

i, satisfying
Tmin@ < SU(fiy.iy) = T3 iy =Ty < 0
and let Q, be the set of all finite sequences in {1,...,m}* obtained in this way. Then it is easy
to see that (recall that o < 1)
K= ] A(K).
i€Q,

Lemma 4.10. Let K C R? be the attractor of a self-similar IFS F := {f1,..., fm} satisfying the

open set condition. Then there exists a constant ¢ such that for all o € (0,00) and all balls B C R?
with diameter o there exists D C Q, such that #D < c and

U fi(K)2 KNB.
ieD
Proof. See, e.g., the proof of [21, Theorem 9.3]. O

Next, we consider the case of plane IFS: Let K C R? be a nondegenerate continuum which is the
attractor of a self-similar IFS F := {f1,..., fn} satisfying # f;(K)Nf;(K) < oofor1 <i < j < m.
Suppose that F has finite type and hence, by Theorem [£.3]satisfies the finite types of neighborhoods
condition for some € > 0. W.l.o.g., € is such that N.(F) = N(F).

For nn > 0 let

con={(-38) += ((-3.3) +:) nK £0, 2 122},

The following rather technical choice of § will be needed in the sequel, particularly in the proof of
Lemma Since H(F) is finite by Lemma [4.5 (and #H (F) > 2 because K is a nondegenerate
continuum) we may choose § > 0 with

1
0 < Zmin{l,s,min{ﬂx—yﬂ:x,yEH(]:),J;;éy}} (4.2)
and such that for each € H(F) and each h € N(F)
hEK)NBys(z) #0 = =z € h(K). (4.3)

The latter implication says that a “neighbor” h(K) of K that is 2d-close to an intersection point
of K (i.e., to an element of the finite set H(F)) already contains this intersection point.
The set K\ (H(F))s is nonempty (by the choice of § and by connectedness of K) and compact.
Since N(F) is finite, and h(K) is compact for each k € N(F), there is some k > 1 such that
min {[lo gl o € K\ (HF)sye |J wE)} > 2% (4.4)
heN(F)
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Note that guarantees that, for every open set V' with diameter less than 2,%1 and every
h e N(F),
VNAK#Dand VNA(K)# 0= VN (H(F))s # 0. (4.5)
Set
U :={V eCB27"): Vn(K\ (H(F))s) #0}. (4.6)

In Figure we illustrate this cover for the Hata tree, a self-similar set that will appear in the
examples later (see Examples [4.13)). The shaded trees are (parts of) h(K) for h € N(F). The
set (H(F))s is indicated by shaded disks; the estimate in states that outside these disks the
attractor K is separated from its “neighbors” h(K) by a distance of at least %. Thus no element
of Uy can intersect such a neighbor. We now iteratively define a sequence (U, ),>1 of covers of K

RE]

3 K e : //}j "
o Sk
N RS RN
FIGURE 13. The cover Uy U{(H(F))s} of the Hata tree K.
as follows. Suppose that Uy, ...,U,—1 have already been defined. Let
Pn={i€ Qsn: fi(K)N[H(F)|gn-1 £ 0}. (4.7)
For each i € P,, we set
Vi={V € fi(C(827)): V N (K \ (H(F))sn) # 0} (4.8)
We set
U =Un U [ Wi (4.9)

icP,
Note that, by Lemma there exists a constant ¢ such that #P, < c¢ for all n € N. This
uniform boundedness will be essential later.

Lemma 4.11. Let (Uy)n>1 be defined as above and let U, = UUeun U. Then the following
assertions hold.

(1) For each n > 1, the collection Uy, is an open cover of K\ (H(F))sn.
(2) For eachn > 1, each ¢ > 0, and each j € Q,,we have

[T fE) =0.
keQ,
k#j
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Proof. In this proof the choice of § satisfying and will be of great importance.
Assertion (1) is proved by induction. For U this assertion follows from its definition in (4.6)).
Now assume that (1) holds for U, ;. By the definition of P, in the union UiePn V; covers
[H(F)]sn-1 \ (H(F))s» and, hence, by (£.9), (1) also holds for U,.
To prove assertion (2), we use induction as well. Choose two distinct elements j, k € Q,
arbitrary and set h := fJf1 o fx. By the definition of Q, we have sr(h) € (rmin,7 and by

Lemma h # id.
To show (2) for n = 1 it suffices to prove that

U Nh(K) = 0. (4.10)

If h ¢ N(F) then [K]. N h([K].) = 0 by our choice of e. Thus, because § < £ and U; C [K]; by
, we get @ . It remains to deal with h € N(F). In this case follows immediately
from and (]4__6[) because the diameter of the elements of C(627F) is 627 FF1/2 < §2—F+1,

Now assume that assertion (2) holds for n — 1. In view of it is sufficient to show that for
each i € P,, and each V € V; we have

-1
min)7

VNh(K)=0. (4.11)

If h & N(F) then [K]. Nh([K]e) = 0. By [.8) we have V' C [K]s9-r+1/2 C [K]c from which we
immediately gain :4.11 ). Next we assume that h € N(F). We argue by contradiction. Suppose
that (4.11)) does not hold. Then there exists 1 € {1,...,m}* such that

Vnho fi(K) # 0, (4.12)

and such that g := f; 'oho fy = f* ofj_1 o fxo f has a similarity ratio sr(g) € [rmin, 1). Applying
f{l to we gain

Y V)N g(K) # 0. (4.13)
Since f;'(V) € C(627%) has diameter bounded by §27F+1/2 < 2,:5_1 < 0 < § and satisfies
71 (V)N K # 0, we conclude that g € N(F). Thus implies that

V)N (H(F))s # 0. (4.14)

Observe that, by , 0 is so small that ffl(V) can intersect the §-neighborhood of at most
one point « € H(F). By (13), for this point 2 we have f; (V) C Bas(z). Thus yields
Bas(x) N g(K) # 0, and by the definition of ¢ in we gain that z € K N g(K). Combining
this with again, yields f; (V) N (K Ng(K))s # 0. Applying the similarity transformation
fi and observing that sr(f;) < 6™ we derive

D+VnN (filtK)Nho fi(K))sn+1 C VN (KNh(K))snt1 C VN (H(F))gn+1. (4.15)

On the other hand, by the definition of V; we have that V'\ (H(F))s» # 0. And because diam(V) <

6"t < 6" — 6"t since § < 1, we have V N (H(F))sn+1 = 0, a contradiction to (£.15). This

concludes the proof. O

We are now in a position to exhibit a path a that surrounds small copies of K by intersecting
K in finitely many points.

Lemma 4.12. Let (U,)n>1 be as in Lemma and O = Un21 U,. The boundary of the
unbounded componenﬂ of R?\ O is a path « of finite length satisfying fi(a) N K = fi(H(F)) for
eachie {1,...,m}*.

Proof. Each element of U, is a square. We want to calculate the sum ¢,, of the lengths £(9U) of
all loopsﬂ in the set L,, := {0U: U € U, }. Because #P,, < ¢ uniformly in n, we gain from (4.8]),

5Note that in general, R? \ O is not connected.
6Recall that a loop in R? is a continuous injection a: S! — R?. Since a can be considered as a path in RY, its
length is well defined.
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([.9), and
b= Y o) = Y don+ Y S don)

UelU, Uel, j=2ieP; UeV;
<462 FHC(027F) + ) casl2 R #C(527F) (4.16)
j—2

<27k 2eh0(527F Zaﬂ < 27k F2ch (527

j=1

(in the last inequality we used that § < 1). Because the last term in does not depend on
n, the sequence (¢,,),>1 is bounded.

Set V,, := U, U (H(F))sn-1. Let a;, be the boundary of the unbounded complementary com-
ponent of V,,. By Lemma (1), U, U{Bgn-1(z): x € H(F)} is an open cover of the connected
set K each of whose elements has nonempty intersection with . Thus its closure V,, is a non-
degenerate Peano continuum without cut points and, hence, Torhorst’s Theorem (see [38] §61, II,
Theorem 4, (ii)]) shows that «,, is a loop. Because this loop is contained in L, U J[H (F)|sn-1,
also the length of a,, n € N, is bounded by some constant fy,.x (note that [H (F)]sn-1 is the
union of finitely many circles of radius 6"~ 1).

By the definition of V,,, for each n > 0 there is N € N such that V,,AV,, C [H(F)], for all
n,m > N. Thus the sequence (ay,)nen converges uniformly to a loop a, whereby « coincides
with «, on the complement of [H(F)|s» for every n. Hence the length of « is bounded by
fmax- By construction, « is the boundary of the unbounded complementary component of O and
aN K = H(F), which is finite. From this we get fi(a) N K = fi(H(F)). Because we can regard
« as a path, the result follows. O

Proof of Theorem[{.6, Because of the finiteness condition #f;(K) N f;(K) < oo, it follows from
Lemmal[£.7)that K has empty interior. Moreover, by Lemma[4.9] K satisfies the open set condition.
However, according to [61, (2.3) Corollary], a self-similar set satisfying the open set condition
has empty interior if and only if it has Lebesgue measure zero. Thus K has Lebesgue measure
zero. Moreover, Theorem implies that K has finite types of neighborhoods. Let O be as in
Lemma By Lemma the boundary of the unbounded complementary component of O
is a path « of finite length satisfying fi(o) N K = fi(H(F)) for each i € {1,...,m}*.

Let @, y be two points in z,y € R? \ K. Since K is compact, we may choose § > 0 such that
min {d(z, K),d(y, K)} > g. By Lemma E to prove permeability of K, we have to construct a
path v: [0,1] — R? connecting = and y with £(y) < |z — y|| + J, and with K N~ countable.

Let g be the line passing through x and y. Because K is a Lebesgue nullset, Fubini’s theorem
implies that there is a line ¢’ C [g]s/4, parallel to g, such that Ay (¢’ N K) = 0 (here, Ay is the
one-dimensional Lebesgue measure on g ) Let x’ and 1y’ be the orthogonal projections of x and
y to ¢, respectively. Since min {d z, K), } > , the line segments x2’ and y'y have empty
intersection with K. Let ¢ be the constant from Lemma 0] and note that ¢ only depends on
fi,.. oy fm. Since Ay (¢’ NK) =0, and ¢’ N K is closed, we can cover ¢’ N K, regarded as a subset
of ¢’, with finitely many open intervals with total measure less than 4d‘5( That means that
g’ N K, regarded as a subset of R?, can be covered by finitely many disks B, (z1),.-., B, (z)
with Z?zl 2r; < By Lemma for every j € {1,...,k} there exists D; C Qy,, with
#D; < c and

@y
5
4cl(e)”

U A(K) 2 Kn B, (z)).

iEDj
Set I :=D1U---UDyg. Then

‘ J §
Zbr fi) < z:: ric < C4c€ @ 2€(a)'

icl
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Consider the unbounded component of R? \ (g’ U Uier fi(O)). Its boundary is contained in

9" UU;ep fila), which is path-connected and contains 2’ and y’, and so there exists a path 3 C
9" UU;e; fi(a) which connects 2’ and 3" with

)
0B) — [l = ¢/I| <D e(fila)) = () D> se(fi) < 3
iel iel
and BN fi(K) is finite. Concatenating xz’, 3, v’y yields the desired path . O

Examples 4.13. Theorem applies to a wealth of examples. For instance, it implies perme-
ability of the von Koch Curve (see [I8, Chapter 3]), the Sierpiriski triangle (see [62]), and the
Hata tree (see [30]) (for standard references to these famous self-similar sets we refer for instance
to [9, 21} [31]). Besides that, the examples of self-similar sets K in Barnsley [9, Chapter 7, Ex-
ample 1.14], satisfying #f;(K) N f;(K) < oo (which can be verified easily), are permeable by
Theorem In each of these examples the finite type condition is obviously satisfied.

We also refer to [0l [7], where the computer system if stilemis used to create interesting carpets.
This system can be used to create further examples to which Theorem [£.6] can be applied.

The Sierpinski carpeﬂ K mentioned in Example is an impermeable self-similar set in
the plane. It is a nondegenerate Peano continuum (this follows immediately, see [30, Theorem 4.6])
with dimy (K) = dimp(K) = % ~ 1.8928 (by [21l Theorem 9.3]). Moreover, it is clearly porous
in the sense of Definition [3.18] This example shows that one cannot get rid of the condition

#fi(K)N f;(K) < oo in Theorem

4.3. Null permeability of self-similar sets in higher dimensions. We now turn to self-
similar sets in dimension d > 3. It turns out that Theorem [3.16] on the null permeability of sets
with small Nagata dimension is useful here. The following theorem, which gives a criterion for
null permeability of self-similar sets of dimension d > 3 is a consequence of this result. Indeed, we
will show that the finite type condition from Definition provides a criterion for a self-similar
set to have Nagata dimension less than or equal to 1.

Theorem 4.14. For d > 3 let K C R? be the attractor of a self-similar IFS F = {fi,..., fm}
satisfying #f;(K) N f;(K) < oo for 1 <i < j <m. Suppose further that F is of finite type. Then
K is null permeable.

To prove this result, we show that the conditions of the theorem imply that the Nagata dimen-
sion of K is less than or equal to 1. This result is of interest in its own right.

Proposition 4.15. Ford > 2 let K C R? be the attractor of a self-similar IFS F := {f1,..., fm}
satisfying the finite type condition and #f;(K) N f;(K) < oo for 1 < i < j < m. Then

Proof. Since the case where #K = 1 is trivial, we assume that #K > 1, so in particular,
diam(K) > 0. W.lLo.g., we may assume that diam(K) = 1. By Theorem K has finite
types of neighborhoods, so, by Lemma H(F) is finite and there exists € € (0,1) such that
N:(F) = N(F), and N(F) is finite. Thus Z := H(F)U{h(H(F)): h € N(F)} is finite as well.
W.lo.g., we assum

e <min{llz —y|: z,y € Z,z #y}. (4.17)
As before, let ry;, denote the minimum of the similarity ratios of fy,..., fi,. Set
€T min
e ==, (4.18)
Tmin .
¢z 1= ——min{|lz —y|: v € K\ (H(F))e,,y € ME\ (H(F))ey), h € N(F)}, (4.19)

"See https://ifstile.com.
8See e.g. |36, Example 1.3.17] for the definition of the Sierpinski carpet.
9As usual, a minimum over an empty set is infinite.
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which are strictly positive by the finiteness of N(F) and the compactness of K\ (H(F))e,. Further
define ¢ := min{cy, co} and let s > 0. We define a collection

Uy = {fi(BQCl(I))Z x € H(F), i€ QS/Q}.
Note that Uy is not cs-separated, because it may contain different balls with the same center. Let

U, be the collection of sets obtained from Uy, if for every such center only the ball with the largest
radius is chosen, i.e.,

Uy := {B € Uy : there is no B’ € Uy with B C B'}.
Further set
Uy = {fl(K\ [H(F)]e,): 1€ QS/Q}.

and consider the union 4 = U; UUs. From our choice of ¢1, U is an s-cover of K. Indeed,
this is true for each element of U; because ¢; < % and, hence, diam (fi(Bch (x))) < §5-4e < s for
every i € Q,/o. Moreover, V' = f;(K \ [H(F)].,) € Uz has diameter less than or equal to s since
sr(fi) < 5 and diam(K) = 1.

It remains to show that both, if; and Us, are cs-separated. First consider two distinct elements
Bi, By € U; with centers x1 and xo, respectively. Note that each of their radii is less than or
equal to c;s. There exist i1,iz € Qy/0 and 21,22 € H(F) such that z; = f;, (21) and 22 = fi, (22).
If fi'(x2) & Z, ice., fi]' o fi,(22) ¢ Z then fi ' o fi, ¢ N(F)U{id}. Thus [H(F)]. N (f;," o
fiQ)([H(]-')]g) = (), and, hence,

S —
o1 =2l = fis(20) = fia(z2)| 2 Grminlzr = £, o fia (z2)
5 : . s (4.20)
> Srminmin{llzr —yll sy € £ o fiu (H(F)} 2 Sraine = ders,

where we used ([£.18) in the last equality. Now suppose f; '(z2) € Z. Since f;, is bijective and

i1
Ty # o, this implies f; ' (z2) € Z\ {z1}. Hence, ||z1 — f;, ' (22)|| > 21 by (17) and ([@I5),
and because sr(fi,) > §7min, We gain

Tmin

|z1 — z2| > 4eys. (4.21)

Now, since By, By are balls with radius less than or equal to c¢1s, we get from (4.20)), , and
the inequality ¢; > ¢ that

min{||x —y|: z € B,y € Ba} > ||x1 — za| — 2¢18 > 4eys — 2¢18 > cs,

so U is cs-separated.
Finally, let i,j € Qy /o, withi# j. If f; "o f; ¢ N(F), then f;([K].)N f;([K].) = 0, and therefore

min{lz = yll: 2 € K\ (H(F))e,)y € SO\ HF)e)}
> minflz —yl: x € fi(K).y € fjK)} > 25 rmin = 5rmin > c5,

where we used and the inequality ¢; > ¢ in the last estimate. If ffl o fj € N(F), then by
and the inequality ¢y > ¢ we have

min{||z —y||: z € fi(K\ (H(F))e,),y € UK\ (H(F))e, )}

= se(fi) min{||lz —y|: x € K\ (H(F))er,y € 7 0 U\ (H(F))e,)}

> se(fi) 2¢y s 2¢y > es.

> 2 .
Tmin 2Tmm Tmin
We have shown that Us is cs-separated.
Thus, according to Definition (2), K has Nagata dimension less than or equal to 1. O

On close examination of the previous proof one sees that, if H(F) = (), then already Us is a cs
separated set, and therefore dimp (K) = 0. The proof remains correct also in this case.

Proof of Theorem[{.1]} From Proposition we gain dimy (K) < 1. Sinced >3 & 1<d—2
the result follows from Theorem [3.16l O
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It is reasonable to conjecture that, with suitable assumptions on F, we have dimy (K) < k+1 if
dimpy (fi(K)N f;(K)) < k for i # j. Although this would lead to a generalization of Theorem [£.14]
we do not pursue this here because in general, for a given self-similar set K, the inequalities
dimy (fi(K) N f;(K)) <k (i # j) do not seem to be easier to check than dimy(K) < k + 1.

Example 4.16 (Sierpiriski tetrahedron). In Examplewe have already shown that the Sierpinski
tetrahedron in R? is permeable. Theorem gives the stronger result that the Sierpinski tetra-
hedron is null permeable.

4.4. Final example: A Bedford-McMullen carpet. The classical Sierpinski carpet is the
attractor of a self-similar IF'S, it can be represented explicitly as

{Z?ﬁ%kz @1, 2, ... € {0,1,2)2\ {(1, 1)}} c [0, 12
k=1

As already stated in Examples , the classical Sierpiriski carpet is impermeable. It has
Lebesgue measure 0 and topological dimension 1. We want to construct an impermeable subset of
R? of measure 0 and topological dimension 0. The construction is similar to that of [29, Section
4.C.1] and can be generalized to subsets of R¢ for d > 1, c¢f. Theorem m

A Bedford-McMullen carpet (BMC, for short; see, e.g., [26] for a recent survey on these objects)
is a self-affine subset of [0, 1]? that is defined as follows: Fix n,m € N and consider a fixed subset
Rc{0,...,n—1} x{0,...,m — 1}, which we will call n x m-pattern. Set

Kpg = {ZTkiEki T1,%2,... € R} C [0,1]2,
k=1

where T(z,y) = (£, 1), (z,y) € R%. The closed set Kp is the attractor of the self-affine IFS

n’m

{fa.): (i,5) € R} consisting of the functions
(T y) (z j) .
oy = (2, L)+ (L, L)), ,j) € R. 4.22
fep@y = (5 2)+ (5.2 (i) (4.22)
(A) A path crossing the BMC (B) A magnified section of (A)

FIGURE 14. A Bedford-McMullen carpet

For our purposes we consider the 48 x 10-pattern R depicted in Figure (A), i.e., we set
R:={(2,j):0<i<24,0<j<10,7#5i+7 (mod 10)}.

Clearly, K := Kp is closed and has Lebesgue measure 0. We show that K is impermeable. For
this purpose we formulate a lemma. In its statement recall that the total variation V’(f) of a
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function f: [a,b] — R is defined as

N
bﬁ:ww{EJﬂm%Jﬁkﬂ:NENa=%<“'<W=b}

For a path v in R? we denote the coordinate functions of v by (7)1 and (7)2, respectively.
Having n = 48 and m = 10, let Ry := RU (R + {(0,10)}) and let
AN
fop@y = (5. L)+ (2. L), .)€k (4.23)

In the next lemma and its proof, we say that 7: [a,b] — R? is a path from X C R? to Y C R?,
if y(a) € X and y(b) € Y.

Lemma 4.17. Let v: [a,b] — R? be a path from {0} x [0,2] to {1} x [0,2], satisfying v([a,b]) C
[0,1] x [0,2] and V2((7)2) < 1. Then there exist elements (i1, j1), (ia, j2) € Ra with iy < iy and
(i1,71 + 1), (i2,J2 + 1) € Ro with the following property: There exist a1 < by < az < by such that,
for k€ {1,2}, vk := Y|[ay.be] 8 @ path from fi, ;)({0} % [0,2]) to fu, ;o) ({1} x [0,2]) satisfying
W ([ar, be]) C i) ([0,1] % [0,2]) and V2 (()2) < 15-

Proof. For every i € {0,...,47} we define s; := sup{t € [a,b]: (v
[si,b]: (7)1(2) = S} Slnce ~ is a path from {0} x [0,2] to {1} X |
and s;,t; € [a,b] with s; < ¢;.

Sincea < s; < t; < s;41 < bforalli € {0,...,47}, the intervals from the collection {[s4,, t4r43] :
v € {0,...,11}} have mutually disjoint interiors. Moreover,

)1(t) = &} and t; := inf{t €
0,2], s; and t; are well-defined

ZVfZ”” ) <V2((7)2) < 1,

so there are at least 2 indices vq,v5 € {0,...,11}, 11 < vo, with Vf:‘::” ((7)2) < 1071 for
k € {1,2}. Thus for each k € {1,2} there exist j, € {0,...,18} with

4uy, 41/k+4} y [Ji jk—&—Q}
48 7 48 10" 10 I
By the definition of R (resp. Rg) for every k € {1,2} there is at least one index i, € {4vy, 4y, + 2}
with {(ix, jk), (i, jx + 1)} C Ra (see Figure [15] for an illustration). With this choice we have

(sa0ns tancsal) © | oo

N

Je+2
10

» Y (tavy+3)

\4

4vy v t+4

43 43
FIGURE 15. An illustration of a 4 x 2 subblock of the pattern in Figure The
black squares correspond to elements (4,5) € R. Each such subblock contains a
vertical column of two black squares.

7\[%,,5%] C flin,in([0,1] x [0,2]). Thus, setting a, = s;, and by, = t;,, the path & = V|[4, ;]
satisfies the assertions of the lemma (note that i; < i5 by construction). O
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Now let v: [0,1] — R? be a path connecting the points (0,1) and (1, 3) with Vi ((7)2) < 3.
Let a = apy := sup{t € [0,1]: (7)1(t) = 0} and b = by := inf{t € [a, 1}. (7)1(¢t) = 1}. Then
Ylja,p) satisfies the assumptions of Lemma and thus, by iteratively applying this lemma, there
exist double sequences ((il_,k,jlyk))l>0_1<k<21 in Ry and ([al’k7bl’k])leN,1<k<21 of intervals, such

l -1
that ([ahk, bl7k])1<k<21 are disjoint for every I, Ui:ﬂal,ka bix] C Uizl [@1—1,%, bi—1,%) and
2[
'Y(U alkyblk) Ufhkhk)o f(il,kvjl,k)([o 1 U f-’ 0 1
k=1 jER!
where the f;, , j, ) map into [0,1]* since v is contained in [0,1]* (otherwise its variation would
1
exceed 3). Note that (7)1(Ui:1[al,k, bhk]) is the disjoint union of 2! closed intervals of length
Tél' Thus
2[
ﬂ(w)l( U [al,k,bz,k])
1>0 k=1
is a Cantor set, and, hence,
21
mV(U alk,bm) ﬂ U f£;([0,1)?
1>0 k=1 1>0jeR!

is uncountable. Note that the || - ||;-length of v is Vit ((7)1) + Vi ((7)2). We have shown that if
7:[0,1] — R? is a path from (0, 3) to (1, 3) with V{'(y2) < 1, then yN K is uncountable, and thus
K is impermeable with respect to the 1-norm on R2. From impermeability of K with respect to
the 1-norm follows impermeability with respect to the Euclidean norm, c¢f. Theorem

It is not hard to see that K is totally disconnected. Since it is also compact, by [55] II. Section
3.2, Theorem 5] we have dimr(K) = 0. We thus have shown the following proposition.
Proposition 4.18. There exists an impermeable set in R? which is compact, has Lebesque mea-
sure 0 and topological dimension 0.

The example is easily generalized to several dimensions: using the same n x m-pattern R as
above, consider

Ky=K % [0,1] {Z{Tka:k} ,1)9- :xeRN} c [0,1],

which provides us with an example of a set of topological dimension d — 2 and measure 0, which
is impermeable. Alternatively, we may write

K, = {ikak z € (RxA{0,.. .,9}d72)N} - [O,l]d,

where Ty = (48 'y1,10 Y ya, ..., 10" y,) for y € R%. Now define

P RY =R (g1, 9a) = (U1 Yok (k (mod d—1))s - > Y2t (btd—2  (mod d—1)))-

The purpose of Py, is to cyclically shift the last d — 1 coordinates of an element of R% by k places
modulo d — 1. Define

oo
Ka= {3 T Pen: v € (Rx {0,...,9}3)"} < [0,1]".
k=1
Then K, is compact and totally disconnected, therefore has topological dimension 0 (by [55] II.
Section 3.2, Theorem 5]), has measure 0 and, along the same lines as for the 2-dimensional case,
one can show that it is impermeable. We end by stating this result as a theorem, adding the
trivial case d = 1, where the middle third Cantor set is a suitable example.

Theorem 4.19. For each d > 1 there exists an impermeable set in R¢ which is compact, has
Lebesgue measure 0 and topological dimension 0.
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