PARTIAL REGULARITY FOR DEGENERATE SYSTEMS OF DOUBLE PHASE
TYPE

JIHOON OK, GIOVANNI SCILLA AND BIANCA STROFFOLINI

ABSTRACT. We study partial regularity for degenerate elliptic systems of double-phase type, where the
growth function is given by H(z,t) = tP+a(x)t? with 1 < p < g and a(x) a nonnegative C%“-continuous
function. Our main result proves that if % <1+ %, the gradient of any weak solution is locally Holder
continuous, except on a set of measure zero.

1. INTRODUCTION

This article deals with nonlinear degenerate elliptic systems of double phase type:
(1.1) divA(z,Du) =0 in Q,

where ) C R with n > 2 is an open set, u = (u!,...,u") with N > 1, and A : Q x RV*x" — RVNxn,
More precisely, let H : © x [0,00) — [0, 00) be defined by

(1.2) H(x,t) :=t? + a(x)t?,

with a : @ — R and 1 < p < ¢ satisfying

(1.3) acC®(Q), 0<a<L, and 3§1+9,
P n

for some o € (0,1] and L > 0. Then the nonlinearity A(x, &) satisfies the following double phase type
growth and ellipticity conditions:

(A2) (DeA(z, )X X) = vH" (,[€]) N,

for every € Q and & € RV*" X € RV*" and for some 0 < v < L, where H'(z,t) and H” (z,t) denote
the first and second derivatives of t — H (x,t), respectively, and (- | -) denotes the Euclidean inner product
in RV*". Note that in the region where a(z) = 0, we have H(x,t) = t? so that H has a p-phase, while in
the region where a(x) > 0, the function H has a (p, ¢)-phase. In particular, if a(x) = 0, then H(x,t) = tP
and thus A(zx, £) satisfies the standard p-growth condition. We also note that implies that for every
x € Qand &, & € RVX™,

(1.4) (A(z,&1) — A(,&) | & — &) > DH" (=, [&1] + |€2])]€1 — &I

for some 7 > 0 depending on p, ¢ and v. We say that a function u € Wh(Q; RY) with H(-,|Du|) € L'(Q)
is a weak solution to (1.1]) if

(1.5) /Q(A(x, Du) | Dy)dx =0

holds for all 9 € W, (Q;RY) with H(-,|Dy|) € L1(Q).

The Hélder continuity of the gradient of weak solutions for degenerate or singular elliptic systems of
the form has been a long-standing and still active research topic. In the case of a single equation,
ie, N =1, if H(x,t) = Hy(t) := t? + apt? for some constant ag > 0, and A(z, &) satisfies conditions
, along with a suitable Holder continuous condition for the x variable, then the gradient of the
weak solution to is locally Hélder continuous. See [38], and also [47, [36] for the case ag = 0. (Note
that the paper [38] considers a more general function than Hy(t).) However, this everywhere regularity
result does not extend to the vectorial case, particularly when N > 2 and n > 3, even if A(z,§) = Ao(§)
and H(z,t) = t2. See [37] for more discussion for vectorial problems.

Neverthelss, if the system satisfies an isotropic structure, the gradient of the weak solution is locally
Holder continuous. Uhlenbeck [46] proved that if A(x, &) = o(|€|*)€ and o(t) ~ |t|pT_2 with p > 2 ( see
[46] (1.3) and (1.4)] for detailed conditions on ¢ which are known as the Uhlenbeck structure condition),
then the gradient of the weak solution is locally Holder continuous. The prototype of a system satisfying
the Uhlenbeck structure is the p-Laplace system

div (|[DufP">Du) =0 in Q.

2020 Mathematics Subject Classification. 35J47, 35J92, 35B65, 4630,
Key words and phrases. double phase; degenerate system; partial regularity; harmonic approximation.

1



2 JIHOON OK, GIOVANNI SCILLA AND BIANCA STROFFOLINI

This result was extended to the case 1 < p < 2 by Tolksdorf [45]. We remark that the p-Laplace system
is degenerate when p > 2, and singular when 1 < p < 2, since |Du[P~2 tends to oo or 0 as |Du| — 0,
respectively. Moreover, by setting o(t) = ¢’(v/t)/V/t, where ¢’ is the derivative of a given function ¢, we

have
/
aiv (FUP 5 Zo i o)
| Dul

which is the Euler-Lagrange system of the isotropic energy fQ ©(|Du|)dz. For this system, Diening,
Stroffolini and Verde [2I] proved everywhere C“-regularity by assuming a suitable condition on ¢,
which generalizes the Uhlenbeck condition [46] (1.3) and (1.4)].

Although we cannot expect everywhere Holder continuity of the gradient of weak solutions to gen-
eral degenerate system (1.1]), partial Holder continuity, that is, Holder continuity except on a Lebesgue
measure zero set, can still be achieved by assuming a suitable condition on A(zx, £) additionally. Duzaar
and Mingione [24] first obtained partial Holder continuity results for the gradient of weak solutions when
Az, &) = Ag(€) and H(x,t) = tP. The key tool in their proof is harmonic approximation: specifically,
A-harmonic and p-harmonic approximation. The A-harmonic approximation was first used in partial
regularity theory by Duzaar and Grotwoski [23]; see also [27]. On the other hand, the p-harmonic ap-
proximation was first obtained in [25]. Note that the harmonic approximation results in [23] 25] are
proved by using contradiction argument. See [26] for more discussion on harmonic approximation. Later,
harmonic approximations in more general settings have been obtained by Diening, Lengeler, Stroffolini
and Verde [20] 22], which will be introduced in Section where the proofs employ Lipschitz truncation
argument instead of the contradiction method. For further results on partial regularity in degenerate
systems or relevant variational problems, we refer to [5l [6] [7, 1T}, 32] [43].

The energy of the form

(1.6) / \Dul? + a(z)| Du|? dz,
Q

known as the double phase energy, and related equations and systems have been intensively studied over
the last decade, especially following sharp and comprehensive regularity results obtained in the papers of
Baroni, Colombo and Mingione [12} T3]3, 4]. The double phase energy has been first introduced by Zhikov
[48, 49, [50] in the context of Homogenization and as an example exhibiting Lavrentiev phenomenon.
Subsequently, Esposito, Leonetti and Mingione [28], as well as Fonseca, Maly and Mingione [29], provided
further examples of double phase problems related to Lavrentiev phenomenon, which also establish the
sharpness of the condition in order to obtain regularity results. In particular, the latter paper
also investigates some regularity results namely, higher integrability and fractional differentiability of
corresponding solutions. Finally, a sharp and maximal regularity result has been obtained in [12] [13] [].
Specifically, it was shown that if u is a minimizer of the energy with the condition , then
Du € C27(9) for some v € (0,1). For further regularity results related to double phase type problems,
we refer to [2, 8, 9, 14, [15, 16, 17, 33| B39} 40l AT [42], [44] and the references therein.

Partial regularity for nondegenerate systems with double phase growth has been studied in [40} 4T}, [44],
where the term ‘nondegenerate’ for the system means |DgA(z,0)| ~ 1. Furthermore, those papers
assume the superquadratic condition, namely the smaller exponent p of H is larger that or equal to 2.
However, the general case of degenerate systems with double phase growth has not yet been explored. In
this paper, we consider degenerate systems of the form with double phase growth and prove partial
Holder regularity of the gradient of their weak solutions (see Theorem . Notably, we do not assume
that the superquadratic condition holds, and thus a unified approach independent of the the exponent p
is required.

The proof of the main theorem (Theorem is based on the harmonic approximation approach
introduced in [24], which has been further developed for the Orlicz growth case in [I1], 32]. The double
phase growth condition presents different phenomena, as it does not imply uniform ellipticity with respect
to the gradient variable. Therefore, we need to develop the approach in our setting. Moreover, the excess
functional and methodology used in [40, 41] are not working on this paper, since we are also dealing with
the degenerate case as well as both the superquadratic (p > 2) and the subquadratic (1 < p < 2) cases
at the same time. To handle this challenge, we introduce the following new excess functional:

1

()] = V., - Du) -V - 24
($0,T, Q) H- (|Q|) | HBr(:EU)( u) HBT(mO)(Q)| xZ ,
B, (z0) Bo(20)
where
(5, 0/ (1Q) .
- = P S n — 4P . q >0,
VHBr(wo)(Q) Q| Q. QeR oand Mg ) (B) =17+ xe}Br:fxo) al@)t?, 120

Here, the double phase function H is frozen at the infimum of the modulating coefficient a(z) on the ball
Br (.’Eo)
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We distinguish between degenerate and nondegenerate regimes using an alternative condition, and
prove that weak solutions to , or its variations, are almost p-harmonic with ¢(t) =t + at? for some
a > 0, or almost A-harmonic for some A € RV “xn* that satisfies the Legendre-Hadamard ellipticity
condition. Note that we establish almost harmonicity through a new approach which is applicable to the
p-phase and the (p, ¢)-phase at the same time. This potentially simplifies known comparison arguments
such as those in [12, 4], @]). Finally we apply A-harmonic and -harmonic approximation lemmas to
derive excess decay estimates. Furthermore, we emphasize that our new excess functional depends on the
radius of the ball B,.(x¢). This requires a more delicate analysis in the iteration process.

The remainder of the paper is organized as follows. In Section we present our main result,
Theorem Section [2] introduces the necessary notation, elementary inequalities, harmonic functions
and harmonic approximation results. In section [3| we obtain Caccioppoli type estimates and reverse
Holder type inequalities with higher integrability estimates. Section [4] provides decay estimates for both
nondegenerate and degenerate regimes and iterate those decay estimates on shrinking balls. Finally, in
Section [5] we prove our main result Theorem [I.]

1.1. Main result. Let us introduce the main result of the paper. We assume additional conditions on the
nonlinearity A(z, &), in order to prove a partial regularity result. For the dependence on the z-variable,
we assume that

(A3) A (21,€) — A(w2, €)| < Lz — ao|™ (H' (21, €]) + H' (22, |€])) + Lla(z1) — alz2)[1€]7"

for some By € (0,1), for every x1, x5 € Q and every &€ € RV*", For the non-degenerate case, we further
require

(3
131

for every x € Q and &;, &, € RVX", For the degenerate case, instead, we assume the following: for every
d > 0, there exists kK = x(J) > 0 such that

A9 0w - D&+ 6 <1 (1) m e, whenever 1< Yl

(A5) A(z,&) — H'(z,|€])Z;| < 0H'(x,[€]), whenever 0 < [¢] <k,

Ié‘

for every z € Q and £ € RVX",

Theorem 1.1. Let H : Q x [0,00) — [0,00) be defined as in complying with , and A :
Q x RV*n — RN*" comply with (AT)-(AF). If u € WHY(Q;RY) with H(-,|Dul) € LY(Q) is a weak
solution to , then there exist 8 = B(n, N, p,q,v, L, a, [a]co.«, Bo) € (0,1) and an open subset y C
such that |2\ Qo] = 0 and

Du € OYF (Q0; RN .

loc

Moreover, Q\ Qo C 31 U Xo where

1= a0 € Q: liminf ][ V.  (Du)—(V, (D, de>0Y
r—0+ By (xg) Br(xg)
BT(ZL’())

Yo : =< 9 €Q: limsup ][ V- (Du)fPdz =00

Br(zo)

where HI;-(zo)( ) and V- (P) are defined as in ) and [2.12)) with o(t H};(IO)(t), respectively.

By (x0)

Remark 1. We note from (2.15)), (2.13]) and (2.14) that

]l Vi (T)(Du)|2d1:§ ][ Vg (Du)|* dx

Br(wo) B'r(xo)
and
F oV, 0w (Ve (D0 Pde S [ValDw) — (Va(Du)), o
BT(mo) BT(mo)

Therefore, since |Vy(Du)|? ~ H(-,|Dul|) € L*(Q), by Lebesgue differentiation theorem, we see that
%] = [¥2] = 0.
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2. PRELIMINARIES AND AUXILIARY RESULTS

2.1. Basic notation. We denote by  an open bounded domain of R™. For zy € R™ and r > 0, B,.(z0)
is the open ball of radius r centred at zo. In the case o = 0, we will often use the shorthand B, in place
of B.(xo). If f € L(B,(z0); R™), we denote the average of f by

(Fag,r = ][ fdz.
BT(EQ)
We denote by RN*™ the set of all N x n matrices. For a = (a',...,a") € RN and z = (21,...,2,) € R",

we denote their tensor product by a ® z := {a’z;}; ; € RN*". For a function u € L' (Q; RY), we denote
by Du its distributional derivative in RV If p > 1, then p’ := ﬁ denotes the Holder conjugate
exponent of p. If 1 < p < n, the number p* := n"—_’; stands for the Sobolev conjugate exponent of p,
whereas p* is any real number larger than p if p > n. 1y is the characteristic function with respect to
U cC R* that is, 1y(z) = 1ifx € U and 1y(z) = 0if « € U. f < g means f < ¢g for some ¢ > 1
depending on structure constants, and f ~ g means f < g and g < f.

2.2. Some basic facts on N—functions. We recall here some elementary definitions and basic results
about Orlicz functions. The following definitions and results can be found, e.g., in [34] [35] 10} .

A real-valued function ¢ : [0,00) — [0,00) is said to be an N-function if it is convex and satisfies
the following conditions: ¢(0) = 0, ¢ admits the derivative ¢’ and this derivative is right continuous,
non-decreasing and satisfies ¢’(0) = 0, ¢’(t) > 0 for ¢ > 0, and lim;_, « ¢’(t) = co. We say that ¢ satisfies
the As-condition if there exists ¢ > 0 such that for all ¢ > 0 holds ¢(2t) < cp(t). We denote the smallest
possible such constant by As(yp). Since ¢(t) < ¢(2t), the Ag-condition is equivalent to ¢(2t) ~ o(t).

For an N-function ¢, we assume that

to' (¢ to' (¢
(2.1) plginfw()gsupw()gpg,
>0 o) 0 p(t)

for some 1 < p; < ps < 0o. Furthermore, we can also assume that ¢ € C2((0,00)) satisfies

) ()
2.2 0<p —1<inf <su <py—1.
22 PEIER G S <P

Note that if ¢ satisfies (2.2)), then (2.1]) holds hence we have
(2.3) o(t) ~t'(t) and  @(t) ~t2Q"(t), t>0.

For instance, ¢(t) := tP, 1 < p < oo, is an N-function satisfying (2.2) with p; = ps = p. Also, for H
defined as in (|1.2) and each = € Q, p(¢t) := H(x,t) is an N-function satisfying (2.2)) with p; = p and
b2 =4q.

We denote the Young-Fenchel-Yosida conjugate function of o by ¢*(t) := sup,sq(st —¢(s)). It is again

an N-function; it satisfies (2.1)) with pfﬁl and pf’il in place of p; and po, respectively. We will denote

by As(p, *) constants depending on Ay (p) and As(p*). Also, it is easy to check that (¢*)* = ¢.

Proposition 2.1. Let ¢ : [0,00) — [0,00) be an N-function complying with (2.1). Then
(a) the mappings

¢'(t)  elt)
tp2—1"7  ¢p2

¢t e)
tp1—17 ¢p1

t € (0,00) — and t € (0,00) =

are nondecreasing and nonincreasing, respectively. In particular,
o(at) < aPro(t), ¢'(at) <a1'(t), 0<a<l,
p(bt) <bP2o(t),  ¢'(bt) <O™=TNY(H), b>1.
Moreover,
o"(at) S amTo(t), @7 (bt) < am T (1)
(b) (Young’s inequality) for any \ € (0,1] it holds that
st < ATP2HLp(s) + Ap*(t)
(25) st < Ap(s) + )fﬁgo*(t) .
(c) there exists a constant ¢ = c¢(p1,p2) > 1 such that
(2.6) cho(t) < @ (T p(t) < cp(t).

In particular, it follows from (2.4) that both ¢ and ¢* satisfy the As-condition with constants As(ip)
and Ag(¢*) determined by p; and pa.
We will use the following lemma. (see [I8, Lemma 20])
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Lemma 2.2. Let ¢ be a N-function with ¢, p* € Ay. Then for all Po, Py € RN*™ with |Po| +|Py| > 0,

there holds
JRCICEL R NPT YRS
o |(1=0)Po+ 6P| [Po| + [P1|
where hidden constants depend only on Az (p, p*).

By L¥(;RY) and W% (Q;RY) we denote the classical Orlicz and Orlicz-Sobolev spaces, i.e., f €
L2(Q;RY) iff f e LY RY) with [, o(|f])dz < oo and f € WH(Q;RY) iff f € WHH(Q;RY) with
|f],IDf| € L#(Q). The space W,'#(;RY) will denote the closure of C§°(Q; RN) in Wh#(Q;RY). For
simplicity, we write ||f|ze) = |[flllLe@) for f € LP(Q;RN*™).

Another important toolset is the shifted N-functions {¢g}e>0 (see [18]). We define for ¢ > 0

+1

Note that ¢, satisfy the As-condition uniformly in @ > 0, and we have the following relations:

(2.8) a(t) ~ @o(t)t;

(2.7) ©a(t) = /0 o (s)ds  with ¢l () :=¢'(a+ t)aL.

(2.9) palt) ~ g (a+ )2~ DT Do Plat D),

(a+1)2 a+t ’
(2.10) pla+t) ~ [pa(t) + pla)],
We recall also that, by virtue of [I8, Lemma 30], uniformly in A € [0,1] and a > 0 holds
(2.11) ea(A' () ~ N op(a).
We define
"(|P
(2.12) v )= [EUPDp  p g,

L
In particular, we write V,,(P) to denote V,(P) when ¢(t) = t?. We have that

(2.13) [Vo(P) = Vo (Q)F ~ ¢iq (P - Q)

holds uniformly for every P, Q € RN*" (see [20, Lemma 7]). We also recall from [19, Lemma A.2] that
for g € WH9(B,.(z0); R™),

(2.14) f Vo(g) — Vo((@)sor)[? dz ~ ][ V(&) — (Vo())oor|? da
B(z0) B,(z0)

The following version of Sobolev-Poincaré inequality for double phase problems has been proved in
[39, Theorem 2.13].

Lemma 2.3 (Sobolev-Poincaré inequality). Let H be defined as in (1.2) and (L.3)). Then there exists
0o = 0o(n,p,q) € (0,1) such that for any w € WHL(Q;RYN) and B, = B,.(x9) C Q with r < 1, we have

1
90

f (o B0y o < et fadone IDwIEE ) { f18 G lDwhac )

B, B,

for some ¢ = ¢(n,p,q) > 1.

Let z, .,z , € B.(z0) be such that

zo,m? Yo"

ap,,i=a(zy, )= inf a(z) and af ,:=a(z} )= sup a(z).
’ ’ € By (x0) ’ ' z€B,(z0)
Then we write
(2.15) Hp (4)(t) = H(ag, ) and ng(wo)(t) = H(z} 1),

In order to obtain a Sobolev-Poincaré inequality for the shifted function H g we need an a priori
higher integrability assumption on the gradient.

Lemma 2.4 (Sobolev-Poincaré inequality). Let H be defined as in (1.2) and (1.3)), and let Q € RVN*",
with Q # 0. Then there exist 0 = 0(n,p,q) € (0,1) such that for any w € WHL(Q;RYN) with Dw €

Lfo(CH_SO)(Q) for some sqg > 0, and B, € Q with r <1 satisfying HDW||L,,<1+SU>(Br <1, we have
%
W —W)B, — 0 a(s « —
[ (e =000y s <o [ (5 00Dw) o | et 4 i
B,

"

for some ¢ = c(n,p,q,a,[alco.) > 1, where a(sg) := a — ;?f_fs):) > 0.
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Proof. Since
Hqy(x,t) ~ (t+ Q)" + a(2)(t + Q)"
S(E+1QNPT2 +ap (E+ QDT + 0 (t+ Q)T
S (Hp,)jqi(t) + (¢ +1Q[7),
we can estimate, by using the Sobolev-Poincare inequality for shifted N-function (Hp )q|(t) (see, e.g.,
[18, Theorem 7]) and for function ¢(t) = t9,

][HIQI ( ( )5 |) dz <]B[(H§T)|Q| ('VV_(TW)B') derr“]B{ (W)q dz + r*|Q|

o

1
01 ax
_ 01 o . «
< ][[(HBT)\Q\UDWM dz +r ][|Dw|q dx +7rQl9,
B, B

where ¢; € (0,1) and g, := min{1, ;%L.} < p. Set 6 := max{61,q./p} € (0,1). Note that by Hélder’s
inequality

g9 q=p
qx 0 p(1+sg)

][ |Dw|? dx <r® ][ |Dw|?? dz ][ | Dw [PU+50) (g
B, B, B
(4—
<r® Eeeary |\va||Lp<1+ (B ][ | Dw|P? dz

Using this and the facts that || DW| pa1:0)(p,) < 1 and p(t) S ¢jq)(t )—|-<,0(|Q|) with o(t) = tP, we obtain
2]
(g=p)n
) dz < (1 +r”“m) ][ [(Hg )i (|Dw])]” dz

( )B,
][HIQ\ (
+ P QPP 4+ 1.

This completes the proof. O

The following lemma is useful to derive a higher integrability result. It is a variant of the results by
Gehring [30] and Giaquinta-Modica [31, Theorem 6.6].

Lemma 2.5. Let By C R" be a ball, f € L'(By), and g € L*(By) for some so > 1. Assume that for
some vy € (0,1), ¢1 > 0 and all balls B with 2B C By

1/~
][|f|dx§cl ][de +][|g|dx.
2B

Then there exist s1 > 1 and co > 1 such that g € L;!.(B) and for all sy € [1, s1]

1/82 1/52
][ fPede|  <e ][ fldz+ e ][ g/ dz
B 2B 2B

We conclude this section with the following useful lemma about an almost concave condition, see [40],
Lemma 2.2].
Lemma 2.6. Let ¥ : [0,00) — [0,00) be non-decreasing and such that t — y be non-increasing. Then

there exists a concave function U : [0, 00) — [0, 00) such that

%{Ivl(t) <) < \fl(t) for allt > 0.

2.3. A-harmonic and p-harmonic functions. Let A be a bilinear form on RV*". We say that A is
strongly elliptic in the sense of Legendre-Hadamard if for all b € RN and z € R™, it holds that

(2.16) valbl*|z|* < (A(b® 2) | (b® 2)) < La|b|’|2|?

for some L4 > v > 0. We say that a Sobolev function w on a ball Bgr(z¢) is A-harmonic on Bgr(xg) if
it satisfies —div(ADw) = 0 in the sense of distributions; i.e.,

/ (ADw | Dp)dz =0, for all 9 € C°(Br(zo); RY).
Br(wo)
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It is well known from the classical theory (see, e.g. [31, Chapter 10]) that w is smooth in the interior of
Bpr(zg), and it satisfies the estimate

(2.17) sup |Dw|+ R sup |D?w|<c(n,N,va,La) ][ |Dw|dzx.
Brya(zo) Brya(z0) Br(zo)
RrR(Zo

Moreover, if u € W1 (Bg;RY), where ¢ is an N-function with ¢, ¢* € Ay, then there exists a unique
A-harmonic mapping w € u—i—WO1 Y(Bgr; RY) and we have the following Calderén-Zygmund type estimate
(see for instance |20, Theorem 18 and Remark 19]):
(218) [ eow) < cln Novas L Ba(wv)) f - o(Dul)d
Br(zo) Br(zo)
Let ¢ € C*([0,00)) be an N-function satisfying (2.1). We say that a map w € W% (Bg(z);RY) is

p-harmonic on B,(xg) if w is a weak solution to the system

(2.19) div (SOIODWD Dw) =0 in Bg(xo),

Dw
’
D
[ (g,
Br(zo) |DW‘

We notice that if ¢(t) = tP+at?, then ¢ satisfies (2.2), and Dw and V,(Dw) are locally Holder continuous
due to the following results, see [2I], Proposition 2.4 and Theorem 2.5].

that is,

D¢> dz =0, forall ¢ € C5°(Bgr(wo);RY).

Proposition 2.7. Let

) =tP+at! with 1<p<gq and a>0,
and V, be defined as in . Then there exist a constant ¢ > 0 and an exponent vo € (0,1) depending
only onn, N, p and q (independent of a) such that if w € W1?(Bg(x¢),RY) is a weak solution to ,
then for every T € (0, 1], there hold

sup (| Dwl) < e ][ o(|Dwl)dz,

Brry2(zo0) B (o)
+r(xo

and

(2.20) ][ Vo (DW) = (Vo (DW))gy gl dz < er70 ][ Vo (DW) = (Vi (DW)) g, |* dar .
BTR(:EQ) BR(mO)

2.4. Harmonic type approximation results. We recall here two different harmonic type approxima-
tion results. The first one is the A-harmonic approximation, which addresses the problem of finding an
A-harmonic function w which is close to a given a Sobolev function u on a ball B,. Such a function is
the A-harmonic function with the same boundary values as u; i.e., a Sobolev function w which satisfies

{div(ADw) =0 on B,

(2.21)
w=u on 0B,

in the sense of distribution.

The following is the version of the A-harmonic approximation stated in [II, Lemma 2.7], which re-
lies on [20, Theorem 14]. It is obtained, coupling the .A-harmonic approximation result proven in [20]
Theorem 14] with the higher integrability result coming from Caccioppoli and Poincaré inequalities.

Lemma 2.8. Let A be a strongly elliptic (in the sense of Legendre-Hadamard) bilinear form on RN*"
@ be an N-function with ¢, p* € Ag, and let s > 1 and p > 0. Then for every e > 0, there exists § > 0
depending onn, N, va, La, Na(p,¢*) and s such that the following holds. If u € W% (B,;RYN) satisfies

][ (| Dul) dz < ][ o(Dul)dz | < (),
B, B,

and is an almost A-harmonic in B, in the sense that

‘][<ADu|D¢>dx < Sull DY,
B

for all ¥ € C§°(B,;RY), then there holds
][so(hl;vvl) dz +][<p(|Du — Dwl|)dz < ep(u),

T T

where w € WH9(B,; RY) is the unique weak solution of ([2.21)).
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Now, moving on to ¢-harmonic mappings, the following ¢-harmonic approximation lemma ([22]
Lemma 1.1]) is the extension to general convex functions of the p-harmonic approximation lemma [24], [25]
Lemma 1], and allows to approximate “almost ¢-harmonic” mappings by ¢-harmonic ones. In particular,
we present the version introduced in [I1}, Corollary 2.10].

Lemma 2.9. Let ¢ be an N-function satisfying (2.1), s > 1, and ¢g > 0. For every € > 0 there exists
§ > 0 depending only on e, n, N, p, q, s and co such that the following holds. If u € W% (B,;RY)
satisfies

s

fetoupas | <eof opul)ar,

B, B

and s almost p-harmonic in the sense that

/ <%0’<]|)11‘|1>Du‘w> do <5 { { p(Du)ds+ o(ID%])

B, Bz,

for all ¢ € C3°(B,;RYN), then the unique p-harmonic w € u+ Wy'?(B,; RN) satisfies

][\VSO(Du) —V,(Dw)*dr < 5][ ©(|Dul) dz,
B, Bar

where Vi, is as in (2.12)).

3. CACCIOPPOLI AND REVERSE HOLDER TYPE ESTIMATES
Throughout this section, let H :  x [0,00) — [0, 00) be defined as in (1.2)) complying with (1.3), and
A Q x RVXn 5 RNX™ comply with (AT)-(A4).
3.1. Caccioppoli type estimates. Let B, = B,(zo) C Q, Q € RV*" and £,, ,.q be the affine function
defined as
LoorQ(7) = (Weor + Q(z —x0), xR
The first key tool is the following Caccioppoli type estimate for u — £, . q.

Lemma 3.1. (Caccioppoli estimates) Let u € WL (Q; RYN) with H(-,|Dul|) € L*(Q) be a weak solution
to (L.1)). Then Ba.(z0) C Q with r <1 and Q € RN*" with (2r)*|Q|97P < 1, we have

][ H‘Q‘(I,‘DU—QDdeC ][ Hq (m, |u§g;0’r’Q|> dx
(3.1) By (zo) Ba(w0)

— P
+e(r® Q) TTHE, (. (1Q),
for some constant ¢ = ¢(n, N,p, q, [alco.a,v, L) > 0, where a and By are as in (1.3) and (Ad)), respectively.

Proof. The proof scheme is nowadays standard, compare, e.g., with the argument of [40, Lemma 4.1].
We use the shorthands £,, B, and z, for £, ,q, Br(zo) and z_ ., respectively. We consider a cut-off

Zo,T?
function n € C§°(Ba,) such that 0 < n <1, n =1 on B, and |Dn| < ¢(n)/r, and, correspondingly, we
define the function 1 := n?(u — £,.). Note that

(3.2) Dyp =n"D(u~£) +qn'~ (u—£,) @ Dy.
Taking 1) as a test function in (|1.1)) and using the identity

(3.3) } (A @) D) =0

Bz,

we get
0= ][ (A(z, Du) — A(z,, Q) | DY) dz = ][ (A(z, Du) — Az, Q)| Dip) dx
Bo, Ba,

+ f (AEQ) - Al Q) | D) do.

Bz,
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whence, taking into account (3.2)),

Bi= [ A D - A Q)| Du - Q)ds
Ba,

(3.4) = f(A(xQ_T,Q) — A(z,Q) | DY) d:c—q][ N~ (A(z, Du) — A(z,Q) | (u— £:) ® D) de

Bgr B2r

Now, we proceed to estimate each term above separately. With (1.4)) and (2.9) we get

1
(3.5) Tz 2 ][ n'Hq)(z, |Du - Q|)dx
B,

for some ¢ > 1 To estimate .J3 we use (A1), (2.7), Lemma., Young’s inequality with ¢(t) = H|q|(z,1),

and ( and we get

ot
ol < ( IDgAl’T(DUQHQ)IdT)ID gt
l[/

H(e]Q+1Du-Q)  [u- ]
<cf Q-+ pu_qy Qg

<C][ Hiq|(z,[Du— Q) [u —2,|
- |Du — Q| 2r

2r

| _£T|
45 ][ H|Q| |DU_Q|)d.’E+C][ H|Q|( T de.

Ba, B,
As for Jp, from (A3) and using Young’s inequalities (2.5 for ¢(t) = H|q|(z,t) for each x € © and
o(t) = @)q)(t) with @(t) = tP, (2.11)), we obtain

7] < ][ (5 H'(z,1Q]) + Q|7 !) | D] da

dx

BQT‘
S f {1} (g (o QD DY dr
Bon
1 _
< f][anlq(x, |Du—Q|)dx+c][ Hiq (x u zrl) w
4c¢ 2r
3.7) 'S r
+o f (Hiq)" (@ (% +r°1QI"} (Hiq)) (¢ Q)) da
Ba.
1 |u— £,
<= ][ n'Hq(z, |Du—Q|)d:c+c][ Hq <x, o ) dx
B, Bo,

+c< o +ra|Q\q-P>%H<x;, Q).

Plugging the estimates and . ) into and reabsorbing some terms we obtain . The
proof of is then concluded |

As a consequence of Sobolev-Poincaré inequality Lemma [2.3] Lemma [3.1] for Q = 0 and Gehring’s
lemma with increasing supports (Lemma [2. , we deduce a higher 1ntegrab1hty result for H(x,|Dul):

Lemma 3.2. (Higher integrability) Let u € WH1(Q; RN) with H(-,|Du|) € L*(Q) be a weak solution to
(1.1). There exist constants og > 0 and ¢ > 0 depending onn, N, p, q, v, L, a and [a]co.a such that for
any Ba, C Q with ||H(-,|Dul)||p1(p,,) < 1, we have

(][ [H (z,|Dul)]' T dx)Hloogc ][ H(z,|Dul)dz

By (z0) Bar(0)

Moreover, for every t € (0,1] there exists ¢, = c¢(n, N, p,q,v, L, o, [a]co.a, t) > 0 such that

(3.8) (][ [H (, |Du])] "7 d:v)HIUOSct( ][ H(m,|Du|)tdx)t

B, (z0) Ba,(x0)
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loc

such that for any By, (zo) C Q' with r € (0,70],

Remark 2. Lemma implies H(-,|Du|) € L.F7°(Q). Then for each ' € Q, there exists ro € (0, 1]

(3.9) |Bor(20)] <1 and H(z,|Du)'*0dz <1.
Bar(z0)

Lemma 3.3. Let u € WHL(Q;RY) with H(-,|Du|) € LY(Q) be a weak solution to (L.1]), and let og > 0
be the exponent of Lemma 3.9 There exists a constant ¢ = ¢(n, N, p,q,v, L, a, [a]co.«) > 0 such that for
any Bay(x0) € Q satisfying (3.9) with r < 1/2, we have

(3.10) (f [H(x,|Du|>11+U°dw)”l°°ScHBz,«m)( f ujar).

B, (z0) Ba,(0)

In particular, we have
(3.11) ][ (H§2T(10))/(|Du|) dz < c(H§2T(mO))/< ][ | Du| dz) .
Br(xo) BQT‘(;C())

Proof. For simplicity, we omit writing the center x¢ in the proof, and use the shorthands Hzir in place of

ngr(mo)' We first note that (3.9) and Young’s inequality imply

3.12 H(z,|Du]) dz < H(z,|Du|)*o dz + —2% By, | < 1.
(312) A D) de< g [ e ) B <

. . . _ l
Therefore, we obtain (3.8]) which yields, for ¢ = g

(3.13) ( f @ upye dx) < ( / [Hg;(lDuD]clzdx)q.

d 2r

Now, since the function U(t) := [H;,,(t)ﬁ complies with the assumptions of Lemma by Jensen’s
inequality we conclude that

(f v ouas)

(3.14) Bar ,
S HQJ;(][ |Du|dx> < H2T<][ | Dul dx) —l—?"a(][ | Dul d:r) .
B, Bz, Bz,
On the other hand, using Hélder’s inequality, (3.9) and (1.3) we have
(3.15) r(|Du))5P < ro(|Dulf),? < r® (|Du|p<1+ffo>) PFe0) o ol <
2r

Consequently, applying the previous inequalities (3.14) and (3.15) to (3.13)),we obtain (3.10)).
Furthermore, since

-\ —\—1 t 1 . . .
((HBM) o (H,,) )(t) ~ m and t — m is non-increasing,

by Lemma [2.6| with W(t) = t/(H,,)~*(t), Jensen’s inequality and (3.10]), the estimate (3.11)) follows as:

f ity (Dulyas < (15, ) o (115) ) ( 0D a

T

< c((Hy) o (Hy)™") <][ ;I(:v, IDUI)dfv)
B

< c(HQT)/(][ |Dudx> .

Ba,

This completes the proof. O

Now, we are in position to establish a higher integrability result for H q(z,|Du— Q|), Q # 0. By
Lemma we know that Du € LfO(CHUO)(Q; RN*") and, in view of Remark we can find balls B, such
that || Dul[Ls+00)(p,) < 1. Thus, for such balls the Sobolev-Poincaré inequality of Lemma holds with
so = 0p. Recall the constant «(sp) in the lemma. The following higher integrability result then follows
again from Lemma [3.1] and Lemma
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Lemma 3.4. (Improved higher integrability) Let u € W11 (Q;RY) with H(-,|Du|) € LY(Q) be a weak
solution to (1.1)). There exist constants o > 0 and ¢ > 0 depending on n, N, p, q, v, L, a and [a]go.«
such that for any Ba, C Q with |[H(-,|Dul)||11(p,,) < 1 and Q € RN*™ with 0 < (2r)¥|Q[7F < 1, we
have

f e ou- Q) ar)
(3.16) Br(20)
<c f HiwDu=Qdre[eH + QU 4 lQ ] Hy, QD
Bar(z0)
where
(g—p)n
p(l+0q)
Moreover, for every t € (0,1] there exists ¢; = c¢i(n, N, p,q,v, L, a, [a]co.a, t) > 0 such that
(3.18)

( ][ [Hiae 1D = QD) dx)HIUSCt{< ][ HQ(vau—Ql)tdx>%

B (z0) Bar(z0)

(3.17) ag = aog) =a—

+ [(rﬁo +ro|QIITP) T 4 4 TQ|Q|q_p} ngr(:co)(Q')} '

3.2. Reverse Holder type estimates. By the higher integrability result in Lemma[3.4] under assump-
tion (3.9), we can obtain from the following reverse Holder type estimates for |Du — Q| with the shifted
N-function H|q| when Q = (Du)y, 2,

Lemma 3.5. Let u € WHL(Q;RY) with H(-,|Du|) € LY(Q) be a weak solution to (1.1), and let ¢ > 0
be the exponent of Lemma (3.4l There exists a constant ¢ = ¢(n, N, p,q,v, L, a, [a]co.«) > 0 such that for
any Ba, € Q satisfying (3.9) with r < 1/2 and for Q = (Du)y, 2., we have

[H|Q|($, |Du — Q|)]1+g dx) T+o

(3.19) B-(@o)
<l cpal f 1puc i) v, Q.
Bar(xo0)
where
. Boq
3.20 = _
o {50

and the constants q, By and ag are from (1.2)), (A4) and (3.17)), respectively.

Proof. We adopt here the same notation and perform a similar argument as for Lemma [3.3] Again,
as in , Young’s inequality implies fBz (o) H(xz,|Du|)dz < 1. From this we also deduce that

|Dul|zr(B,,) < 1, whence using Holder’s inequality, (1.3)) and the facts that 2r < 1 and [B;| > 1, we
obtain

a—-p

(2r)°(QIT7 < r*(|Duf)yl < (2r)* BT <1

T

Therefore, when Q = (Du)s,., we obtain (3.18) which yields, for t = %

(][ [H\Q\(xv\Du—lew de)lia

(321) P .
< ( } 1)@ (1Du - QU dm) e[ +rQUT) T 41 41| Q | HE Q).

Bs,

Now, since the function ¥(t) := [(H3,)|q| (t)]% complies with the assumptions of Lemma by Jensen’s
inequality we conclude that

(fma0a-an)iar)
(3.22)

q
sty ( f 1u-Quas) <) (f 1Du-quas) +oo( f iDu-qlas+al)
Bo. Bz,

Ba,-



12 JIHOON OK, GIOVANNI SCILLA AND BIANCA STROFFOLINI

On the other hand, using Holder’s inequality, (3.9) and (1.3)) we have

(323)  rQITT < r(|Dulh” < (IDuP),l <t <|Du|P<1+ao>)p“+"°> < O Ry = 0
2r

Thus, using ([2.10) it holds that

q p

o fiu-quassia) s f 1pu-alas+al)
4 !

cofimal [ 1pa-aia) o, 000}

Bar(x0)

(3.24)

Consequently, applying the previous inequalities (3.22), (3.23) and (3.24) to (3.21), we obtain (3.19)).
This concludes the proof. (Il

Finally, we derive comparison estimates concerned with the functions H(z,t) and Hp, (t). Note that
H(z,t) = Hp, (t) = (a(z) — a3,)t and H'(x,t) — (Hp, )'(t) = q(a(x) — az,)t"" .

Lemma 3.6. Let u € WHY(Q;RY) with H(-,|Du|) € LY(Q) be a weak solution to (1.1). There exists
as = as(n,N,p,q,v, L,a, [a]coe) > 0 such that for any Ba.(x¢) € Q satisfying (3.9) with r < 1/2, we
have

(3.25) ][ (a(z) — ag, 5,)|Dul? " da < er® *(Hg, (20)) | Dul| dx)
BT(:E()) BQr(zO)
and
(3.26) ][ (a(x) = ag, o) Du|?dz < er®*Hp | Du| dx)
BT(Io) B2r(z0)

for some ¢ = ¢(n,N,p,q,v, L, [a]co.«) > 0.

Proof. To enlighten the notation, set B, = B,(x0), aF = af, ,, Hy := Hi

To,p? By (z0)
Let 6 :=

and H* := (Hf (910))*
> 0, where gg > 0 is from Lemma and set posmve constants

B,
(1+a )

4P

o1 =a+ (—n-+7a) and o3 := {noyp —6(1+00)}M

P p(1+09)

Now, we have to distinguish between two cases, depending on whether condition H(z, |Du|) < r="t7
is satisfied or not. Set

E:={H(z,|Du|) <r""°}N B, and F:=B,\E,

and split the integral on the left hand side of (3.25)) as

f(al@) - az)Dupr s = (e (a(a) - a3)|Dul? ! do

B, B

+][ 1p(z)(a(z) — aQ_T.)|Du|q_1 dz

B
= Jg+Jr.

(3.27)

Note that on E it holds that |DulP < r="*7. We then have, with (3.11]),

961 S f 1) Duptde < T f () (Dul) da

B, -
< cr”l(HQ_T)’<][ | Dul| dx) :

Banr

(3.28)

Now, we turn to the estimate of Jp. Using Jensen’s inequality for H, >, the fact that Hy *(t) < H*(x,t)
for every = € By, and t > 0, and recalling that ¢(t) := H(x,t), with fixed z, complies with (2.6 and
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B3), we get

Tl < ][ 1p(2)H'(z, | Dul) do
B,

S (Hy) ! ( ][ 1r(2)Hy " (H' (2, |Dul)) dm)
S (Hy™)! (]B[ 1p(z)H (z,|Dul) da:) .

Now, on the set F' we have r"~? H(z,|Du|) > 1. This, combined with (3.10) and the second inequality
in (3.9) gives

el S (1) ( 1ot G, Du o

s

S gy (2070 f G e o)

T

1 90
B T¥og T TFog
= c(H")! (wo("—a) < ][ [H (z, | Dul)]o0 dat) ’ )

T

1
— no 1+o0
< (1) <<’ (f e 1D+ a) )

Br

< v () (H( f 1pu d))

By,

<77 ((Hp ") ' o HY) <][ |Du|d:1:> .

27

Moreover, since (H,./*)~Y(Hy (t)) ~ (H3)'(t) by (2.6), using (8.23) we have

(Hy )™t (H;<][ | Dul da:)) < (H;T)’<][ | Dul dx) .
B, B,
We then have

(3.29) [ r] 5r“2(H;>'( / |Du|dx>.
Ba,

Therefore, combining the above estimates (3.27), (3.28)) and (3.29), and letting oy < min{oy,02}, we
obtain (3.25)). The estimate (3.26|) follows a similar, and even slightly simpler, argument. Hence, we omit
its proof. O

4. DECAY ESTIMATES FOR EXCESS FUNCTIONALS

Let u € WH(Q; RY) with H(-,|Dul|) € L'(Q2) be a weak solution to (1.1]), where H : Q x [0,00) —
[0,00) is defined in (1.2)) complying with (1.3)) and A satisfies (A1)—(A5). We introduce the following

Campanato-type excess functionals, measuring the oscillations of Du:

(41) BonQi= f Vg, (Du)=V, (QFds,
B, (zo)

and

(4.2) b(z9,7,Q) 1= Bl Q)

Hy, o (1Q)

If Q = (Du)y, ,, we will use the shorthand E(zg,7) = E(zo, 7, (Du)y, ) and $(zg,r) = P(xq, r, (D) gy .r)-
Note that, by (2.13]) and , it holds that
(4.3) E(xo,7) ~ ][ Ve (Dw)— (Ve (D)), [2dz,

Br(xq) Br(xq)

B.,- (CD())

where H,(x,t) denotes the shifted N function of H with shift a.
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Furthermore, we fix any Ba,(z9) C Q' € Q satisfying (3.9) with » < 1/2. We first consider the

nondegenerate regime.

4.1. Non degenerate regime: almost .A-harmonic functions. We can start with the linearization
procedure for system (|1.1). Let us set

DeA(z,,,Q
A(Q) = e,
H (x27"7 |Q|)
Note that the bilinear form A(Q) satisfies the Legendre-Hadamard condition (2.16]) by virtue of (A1])—
(A2). We aim to prove that the function u — €, 2, q is approximately A-harmonic. This fact, together

with the higher integrability result (3.16)) will allow us to apply the A-harmonic approximation lemma:
Lemma We also note that in this regime we do not use the assumption (A5)).

Lemma 4.1. Let as be the exponent of Lemma and By be from (Ad). Then there exists ¢ =
c(n,N,p,q,v,L,, [a]co.) > 0 such that

(A(Q)(Du - Q)| Dy) du
(4.4) B, (z0)
< QI {@(w0,2r, Q) + [B(wo, 2r, Q)T + (1™ + 1)1+ P(w0,2r, Q)T } Do
for every ¥ € Cg(By (w0): RY).
Proof. Tt will suffice to prove for ¢ € C§°(B,(z0); RY) with || D1« < 1, since the general case will

follow by a standard normalization argument. To enlighten notation, we omit the explicit dependence on
o, and write H (t) = Hi (o) )(t). From the definitions of A and w we have

QERNXH.

H"(z5.,1Q)) ][ )(Dw — Q)| D) da

By

— [ (DeA (3, Q)(Du - Q) DY) da

B

1
(45) ~ [ | (DeA w5 Q) = DeAla. Q + HDu - Q)(Du - Q)| D) dt o

+f [ 1P 3. Q+ D - Q)I(Du — Q) D) drda

= J1+ Js.
In order to estimate Ji, we first observe that

1
J1= ][ ]115(56)/0 ([DeA(x3,, Q) — DeA(xs,, Q+t(Du—Q))|(Du— Q)| Dy) dt d

B,

1
+f150) [ (DA Q) DeA(rz,.Q +H(Du - Q)))(Du - Q)| D) dt s
B 0
=L 5tIF
where E := {z € B, : |Du(z) - Q| > 1|Q|}, and F:= B,\E.
We start with the estimate of J, 7. From and ( .,

1
el < e f 1) ([ (000D + (15, (1@ + Du - Q)] a ) iDu - @l ds

"

S ][ Lz () [(Hy,)"(1Q]) + (Hy,)"(IQ| + |Dul)] |[Du - Q| d

B,
< 150 (H5,(Q1 + [ Du) |DTQ| Ha
B,

For a.e. xz € E, it holds
Q|+ [Du| < |[Du—Q[+2|Q| <5[Du—Q],

whence

(Hy,)'(1Q| + |[Du—Q

D
Ql+pu-—q P

(Hy,)'(IQI+ [Dul) <
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Now, using (2.7), (2.8) and (2.3) for ¢(t) := H,.(t), we finally get
1 _ _
7,61 S g  Hia (w3 | D = Q1) e £ 1Q(3,) Q)2 Q).
B

For what concerns .J, j, by assumption (A4)) we note that, for every ¢ € [0, 1],

[Du — QI)

DeA (3., Q) — DeAlrs, Q + t(Du— Q)| < (H5)"(1Q)) ( -

_ . (IDu—Q\'"™
7, 51 S 1QI(H;) <|Q>][np<x>< - ) a.

so that

r

For a.e. x € ﬁ, we have
Ql+1Du-Ql <2/l
whence, using again , for ¢ = H,,, we obtain
[Du—QP* _ (H,,)(1Q) |[Du—QP? _ (H,,)'(Q[+|Du—Q|)|Du—QJ?

QF  @oq) QP ~ H(Q)(Ql+Du—q)
~ HQ_T;@DHQ(% Du- Q).

Combining the previous estimates and using Jensen’s inequality with

1
+2ﬁ° < 1, we get

1+Bg
1 2
6l £ QU (QD) f (H g e 1D Q|>) da
B 2r

d

1489

< 1QI(H,,)"(IQN)(2(2r, Q)

Collecting the estimates for J, z and J, 7,

(4.6) 1l S 1QIH)"(1QD) [(2(2r.Q)F" + 2(2r, Q)] -

In order to estimate Jo, we use Lagrange’s Mean Value Theorem, (3.3) combined with the definition
of weak solution, (A3) and we preliminary obtain

][<A($2_7., Du) — A(z, Du) | D) dx

By

s ][ H'(x,|Du]) dz + ][ la(w3,) — a(@)|[Dul* dz =: Js + Ju

we then infer

| Ja| =

(4.7)

To estimate .J3 and .J4, we observe that, since on E it holds that |[Du — Q| > 1Du - Q|+ 1|qQ],
[Dul” < 1g(x)|Da - QJF +1Qf

(IDu—Q|+ Q) 2 |QF
1z(x)4 Du — p
BT T e T T TR
(H,,)'(|1Du— Q[ +1Q]) . QP!
< 1(z)4 Du-QP- =l ___ | |qp
(@8) R T TR o R B A T
p—1
S 1g(2)4H q|(2,, [Du - Q) - (H|?)|’(|Q|) +1Q[”
1
<1Qp (ng<z>4HQ<x2;, Du-Q) = +1)
Whero we used (2.7) and . for ¢ = H,, (t). For Js, using with Hélder’s inequality, and

and . for p = , we have

e[ frowra] )

B,

1/p
srﬁ°<H2;>'(|Q|[ a ][H (IDu Ql)dx+1} )
2r

<SrPl@2r,Q)F +1)(Hs) (1Q)) ~ ™ [8(2r,Q)F +1](H,)"(1Q))|Q] -
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For Jy, by (3.25)) and the previous estimation, we have

5< <H>( f |Du|dx) <2 [(2r,Q)F +1](H;)"(QDQ,
Ba,

so that, taking into account (4.7)), we finally get

(4.9) 2| S (P +7o2)[0(2r, Q) +1](Hy,)"(1Q)IQ.
Therefore, inserting (4.6) and (4.9) into (4.5)), the proof of (4.4]) is completed. |

We now set
(410) Qg = min {a07a17a2)/80}

where ag, a1, as and Sy are from (3.17), (3.20), Lemma [3.6| and (A4)), respectively, and
(4.11)

a3 _ a3
E. (20, p) i= Ew0,p) + pF Hy (o ((DWaq 5, e0)]) = Hp (o) (D) 5, ) ]) (B0, ) + 05 )
where the excess E(xg, p) was introduced in (4.1). For the ease of reading, we also recall the definition

of V Hy, g BVOR DD (2.12); namely,

v (P) _ (H;p(ajo))/(lpD
ng(mo) o |P|

Now, we can prove the excess decay estimate in the non-degenerate regime.

P, PeRVx",

Lemma 4.2. For every € > 0, there exist small 61,02 € (0,1) depending on n, N, p, q, v, L, «, [a]co.a,
Bo and £ such that if
2

(4.12) ][ Vi, . (Du)- (V EQT(LO)(Du))MT dz < 6, ][ Vi, (Dw *
Bar (o) Bar (o)
and
(4.13) r3 <68y,
then for every T € (0,1/4)
2
][ VHETMzm (Du) — (V ETT(IO)(DU))x(),TT‘ do < er” <1 + %) B0, 2r) -

Brr(x0)

Proof. In order to enlighten the notation, we will omit the dependence on xy and write V. HE and HQiT in
place of VHi and HB ~(z0)’ respectively. Set Q = (Du)s,- and denote by £o,. := Ly 2r (Du)yy 2 W

first observe from ) and - that
2
][ ’VHZ_T(Du) do < 2][ ‘VHz_T(Du) - VH;r(Q)} do +2 ‘VHz_T(Q)

BQT B2r

<c ][ ’VH?—T(DU) — (VHZ‘—T(DU-))Q,,‘Z dz +2 ‘VH;T(Q)

‘2

‘2
2 2

Scél][ ‘VH;T(Du)’ dx+2‘VH;T(Q)‘

Ba,

We choose §; € (0,1) small, so that ¢d; < 1/2, hence, using the definition of V- and the fact that
A\ ( )|? ~ H,,.(|P]), we obtain

(4.14) ][ Hy, (1Du]) de < cH5.(1Q]).

B2T

Using (4.4 . . and the fact that @(2r) < and -, we get

@0 ) Dy as| < e {oen o ? +r“2"’}(1%)2|mwnm
(4.15) B f
<afof +af 4o} (200) QNDYI-

for every ¢ € C§°(B,;RY).
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We next define an N-function ¢ by

(Hy,)q|(t) Hy, (1Q[+1) 5
4.16 t) := ~ te, >
(410 ‘=T (an T H Qe+
where the equivalence follows by (2.9). Then we have
£\’ H;,.(1Q| +1) N
— ) <4 2r 2 < t), t e |0, ,
(@) <*mraniarem” <é<o.  tebal
for some é > 1. Moreover, we observe from Lemma and (2.13) that
Du - Q))]**7d =— H,, Du—Q|)'*7d
(fetou—anreoar)™ = s ( f e 0u— Q) i)

B, B,

& _ N
=m0 ][ (Hy,)iqi(|Du = Q) dz +er

Ba,
. E.(2r)
C3 ————~
H,, (1Qf)
holds for some constant ¢ > 1.
With the constants ¢, és, ¢3 > 1 determined above and ¢5 > 1 determined below, we define

1

. . E.(2r) ]2
4 = max {61, CQC3(205)1/p} {_} Q.
H,,.(1Ql)
Then, choosing d; (i = 1,2) sufficiently small, we see that
(417) ,ugmax{él, 6263(265)1/1’} (q51+52)%|Q‘ < ‘Ql

Combining the previous estimates, we obtain

O+ T+ o B 2r) 1 A% 1
w  (froou-ran) ™ <agics < oo (7)< mamee

For given ¢ and ( defined as above, we determine the constant § as the one in Lemma[2.8] Then choosing
0; (1 =1,2) sufficiently small such that

8
(4.19) 07 40,7 +0,<6
and inserting (4.17) and (4.19) into (4.15)), we obtain

1 Ba
¢1(02 4+ 0,2 + 02)

max {51, Gals(285) 1/

][ (A(Du— Q)| Dy} da < }ﬂanm < 6] DY .
B,

Therefore, we can apply Lemma [2.8 to the function u — £s, in place of u and ¢ = ¢, so that recalling the

definition of ¢ in (4.16)) we have

W ][(H;>|Q|(|Du — Q- Dwl)dz < 2C(n),

By
where w is the A-harmonic function in B, with w = u — £, on dB,.. Moreover, since

— 2
HQ ) (1 <o

) < e onial+ 7 Q) = "H;(0Q)

by (4.17)), we obtain

(4.20) (H;)|Q|(|Du - Q - DW|) dr < 645E*(27“)

ER

for a suitable constant ¢4 > 0. We further notice from the gradient estimates for w in (2.17)) and (2.18)
and Jensen’s inequality that

sup [Dw| < ¢! ( / <<Dw|>dz) < e5<1< f¢tpu- Q|>dx)
B, B,

r/2

for some ¢é5 > 1. Therefore, by (4.18)) and (4.17)), we see that

1 1
(4.21) sup [Dw| < ~p < -|Ql.
By 2" =2
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Fix 7 € (0,1/4). Note that the previous estimate yields 1|Q| < |Q + (Dw).,| < 2|Q|, from which,
using also (2.13]), we have

2

][ ‘VH;(Du) - (VH:T(Du))TT dz
By
2
< ’vH;(Du)—VH;(Q+(Dw)TT) dz
By
S 1 Hyiqt(ow).,|([Pu = Q = (Dw),|) dz
By

~ + (Hy)q|(|Pu—Q — (Dw).|) dz

< 1 [(H;)Q(IDu—Q — Dwl) — (Hy,)q|(|IDu - Q — Dw|)] dz

Br
+ ][ (Hy.)q(IDu — Q — Dwl)de + f (H=) q)(|DW — (Dw)y,|) da
By By
= Il —|— IQ —|— I3 .

We estimate I, I5 and I3, separately. Note that by (4.20)),
I, Ser™"E.(2r).

For I 17 using the gradient estimates for w in and (| - ) with ¢(¢t) = tP, Holder’s inequality, (3.26]),
, and the smallness assumption (4 Wlth choosmg 0o < &, we have

LS ][ (a(z) = az,)(|Dul? + [(Du)or|* + | Dw[?) dz

By
q
7 fae) - a3 )|Dul? do -+ 1| (Dl + (D (alo) — a5,) do
B, By
S flaw) - az)|Dul? do -+ 17 (DuP o) F (1 (D)
B,

S r T (Hy, (|Dl)) By, + 70 (Ha, (|Dul))2r
ST Hy, (1Ql) S em " Eu(2r),

where we used also estimate (3.23) and the definition of a3 in (4.10). For I3, by (2.9), the regularity
estimates for w in (2.17)), (4.21)) and (2.18) with o(t) = t?

I3 S (H)q)(rr Sup |D*>wl) < (H;,)q(7 sup [Dw]) ~ 7°(H7,)|q (;up |DW|>

r/4 E /2
< 725 @ ((IDwIP) 7)< 721 ((1Du - Qi) 7).
Moreover, by and (4.14)), we have
I; S 7° [(IDu = Q) g, + g, (1Du— QY2 +r(1Du— Q) S, P77| < 720 Hy, (1Q)) S 7B (2r).
Consequently, combining the above results, we obtain the desired estimate. O

4.2. Degenerate regime: almost p-harmonic functions. Now, we deal with the degenerate regime.

Here, we use the assumption (A5)), in place of (A4).
Fix By, = Ba.(xo) C €, for some Q' € Q, satisfying (3.9). We further introduce the Morrey-type

excess

(4.22) U(zg, p) := ][ ng(xu)(|Du|)da:
B,J(wo)

The first result is that every weak solution to (L.5) is almost Hp -harmonic.
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Lemma 4.3. For every § € (0,1), the inequality
(5, ) (D) e

2o
(423) B, (o)
<e, <5+ (HEQT(:EO))_I(\I’(HJO,%))

R

+> (W(w0,20) + Hp, () (1D¥]1))
holds for every ¥ € C§°(By(x); R™) and for some constant ¢, = ci(n, N,p,q,v, L, a, [a]co.a) > 0, where
k= k(0) > 0 is given in (A5) and ay is the exponent in Lemma|[3.6,

Proof. For simplicity, we write B, = B,(z) and H, (t) := H (mo)( ), and ¥(p) = U(xo, p) for p € (0, 2r].
Let ¥ € C§°(B,; R™) be such that ||D||s < 1. Then, by the definition of weak solution, we have

]B[<< ) (D)) 28 ¢>dm—Z<<H2?>’<D“'>£E|— (wDu) e D) s

’” +’” H'(z, |Du)) 2% — A(z, Du) | Dy ) da
ID |

r

= Il + I2 .
We start with the estimate of Is. Observe that

[I2] < 5][ H'(z,|Du|)x{|puj<s} dz + C][ H'(z,|Dul)x{| pu|>r} d
B'V'

< 5][ H'(z,|Du) da + 5][ H(z,|Du|) dz
K
B B.

where we used ( on the set {|Du| < k}, while we exploited the growth assumption (A1) combined
with (2.3) for <p = H(z,t), for every fixed z, elsewhere. Note that from (3.10), (3.11)) and Jensen’s

inequality with (4.22] -,
][H(w» |Dul) dz < cH,, ((Du)a,) < e(Hg,) ™ (9(2r)) ((Hz,)" o (Hz) ™) ((2r))

and
][H'(% |Dul) dz < ¢((Hy,) o (Ha,)™H)((2r)).

Therefore, we have
(Hy,) ' (¥(2r))

K

L] <e (6 n ) ((Hz,) o (Hy) ™) ((2r).

Moreover, we have from (3.25) that
|11] < er®((Hy,)" o (Hy,) ™) (¥(2r)) .

Collecting all the previous estimates, we obtain

D
(D g s D
B

< (5 4 ) (O | ) (H3,) o (Hy) ™) (¥(20)) | Do

To conclude, we use (2.6) and Young’s inequality, to obtain
((Hp, ) o (Hg, )™") (9(2r)) [ D]loe < c(Hy,)* ((Hy,)' o (Hy,)™)(@(2r))) + Hy, (1 D3]]0)
< W (2r) + H;, (| Diplloc)
|

We recall the exponent vy € (0,1) from Proposition We are now in position to prove the excess
decay estimate in the degenerate regime.

Lemma 4.4. For every v € (0,v) and x > 0, there exists T,03,04 > 0 depending on n, N, p, q, v, L,
a, [a]go.a, v and x such that if

(4.24) X ][ ‘VH;T(Du)‘deg ][ ’VH%(Du)—(VH%(Du))

Bar(z0) Ba,(z0)

2
dx,

x0o,21r
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2

(4.25) ][ ‘VH%(Du) - (VH;T(Du))ZO | o<,
Bar(z0)
and
(426) ro2 < 54’
then
2
][ ‘VHTT(Du) ~ (V.. (Dw) dw
To,TT
(4.27) Barr(o) ,
< 7 ][ V. (Du) — (V,y_ (Du )” dz.
B2r(m0)
Here, Hy, := Hp, (.-

Proof. To enlighten notation, we omit the explicit dependence z.
We first determine 7 = 7(n, N, p, q, v, L, a, [a]go.a, 7, x) > 0 small so that
1
(4.28) T< 7 and Gerox T <727,

where ¢ = é¢(n, N,p,q,v, L, a, [a]co.a) > 0 will be determined later. Set
(4.29) g = T2r0tn,
For this €, we denote the constant ¢ in Lemma when ¢ = H,,, s = 140 (o is the constant determined
in Lemma, and c¢q is the constant ¢ given in Lemma by dg. We then choose § such that
do
0*6 S 5 y

where ¢, denotes the constant in (4.23]), and hence k = k(4) in (A5) is also determined. Moreover, by
the first two assumptions (4.24)) and (4.25) we have

2 2
U(2r) < ¢ ][ Vi, (D) de < § ][ Vi, (Du) — (VH;T(Du))zr do < %53.
Bar Bar
Hence, with (4.26]), we have
H; )~ H(o(2 1) 1 v (H) WS
Ca (6+ ( 2r) ( ( 7’)) +r042> S 50 +C* maX{X_E,X_E}( 2r) ( 1) +C*54.
K K

We choose d3 and 4 such that

H; )76 ]
Cs max{x—%’x—%}w .0, < 50.
K
Therefore, by Lemma with ¢ = H,,., we have
2
(4.30) ][ ’VH; (D)~ V. (Dw)’ do < s U(2r),
B,

where w € u + VVO1 ’H"’_"'(B,.) is the unique H,, -harmonic mapping coinciding with u on 9B;..
Therefore, for 7 € (0,1/4),
2

][ 'VHz_”(Du)— (VHZ_TT(Du)LTT do < ][ ‘VHz_w(Du)— (VHz_T(Dw))QTT da
Bary Bary
2 2
(4.31) <4 ][ ‘VHQ_TT(Du) —VH;.(Du) dz +4 ][ ‘VH;’.(Du) —VHZ_T(DW) dz
Barr 27

2
dx .

2Tr

+2 f Vi (0w) = (Vi (D)

27r

Note that, since |/T + t; — /T + 2|2 < [t1 — ta| for t1,ts > 0, for every P € RVX" we have

2
- q _ -9 _
\/1+a2ﬂ"p|P|q p_\/1+a2er|q P

(a2_'rr - a’2_r)|P‘q .

Vi (P) = Vi (@) =[PP

27r

<

hSEES
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Using this, (3.26)) and (4.26]), we have

2
][ ‘VH; (Du) o VH; (Du)’ dz <c ][ (G‘Q_Tr - a2_r)|Du|q dx
B27r BZ'rr

< CT*”][(a(x) — as,.)|Dul? dz

(4.32) B ,
< CT*”T‘”][ ’VH;.(Du)‘ dz
BZT
2
< G704 ][ ’VH;.(Du)‘ do
BQT‘

for some constant ég > 0. We further choose d, such that 6, < 77+2%. Inserting (2.20), (4.30) with
(4.29), and (4.32)) into (4.31)) and using assumption (4.24]) and (4.28]), we finally obtain

2 2
][ ‘VH;T,_(DU) - (VH;T(DU))QTT dz < &7 ][ ’VH,;,,(DU)‘ dx
B21’7‘ Bzy_
2
<&yt ][ ‘VH;,,(DU) - (VH;,, (DU)>2T dx
BZT
5 2
<7 ][ Vs (Du) - (Vi (Dw) | aa.
BQT‘
This concludes the proof of (4.27]). O

4.3. Iteration in the nondegenerate regime. In this section we set up the iteration scheme which
proves the partial regularity of the weak solution u to the system (1.1)). First we consider the nondegen-
erate case and, from Lemma [£.2] prove the following result.

Lemma 4.5. Let Bog(zg) € Q with R € (0,1/4) satisfy (3.9) with r = R, and 0 < 8 < ag/4, where
ag € (0,1) is given by (4.10). There exist 65,96 > 0 depending on n, N, p, q, v, L, a, [alco.a, Bo and S
such that the following property holds: if

2 2
4.33 lvf pu)—(V,. (D ‘d<5][V7 pu)| d
( ) ][ HBR(TO)( U) < HBR(mo)( U))zO,R T=0 BR(IU)( 11) o
Br(zo) Br(zo)
and
(4.34) R <o,
then we have
(4.35)
2
][ VHJ;r(mo) (DU) B (Vng(m()) (DU)>:EO,T dw
Br(wo)
28 2 25 2
gc(ﬁ) ][ ‘VH}; (Dw) -V, (Du) ‘dx—kcr ][ Vi (Du)| da
R(z0) BRr(zg) z0,R BRr(zg)
Br(zo) Br(zo)

for every r € (0, R).
Proof. As usual, throughout the proof we omit the dependence on the point z(, and write Hf; (o) = Hpi.
3
Step 1. Choice of parameters. Choose the parameters 7 and € in Lemma as follows

1 1
1 T—8 1\ 1-7 n+1+6
4. ‘= mi — =
(4.36) T mm{(%*) ’(16) } and 5 P

where the constant ¢* > 0 will be determined below. This determines §; and dy in Lemma [£.2} We next
choose 05 and dg as follows:

1 (V2 —1)%(1 — 7P)2
8(1+717)’ 2

(4.37) 05 := min {61, } and g := min {d2,d5} .
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Step 2. Induction. We prove by induction that the following inequalities hold

(4.382) ][ V(D) — (Vi(Dw)) g2 da < 72955 ][ V(D)2 dz

BTkR Bﬂ'kR

][ [Vi(Du) — (Vi(Du)),up)? de < T<1+5>’f][ |Vo(Du) — (Vo(Du))g|? dz

4.38b Fren o
(4. ) 1_— T(ké)k ~
+ ————(*"R)? ][|V0(Du)|2dx;
1—71-8
Br
(4.38¢) ][ Vi (Du)|? dz < 2][ |Vo(Du)|* dz
B kg Br

for every k > 0, where Vi := VHf . For convenience, in the sequel we shall write (4.38a)),, (4.38b),
and ([1.38d), to denote ([4.38a)), (4.38b) and (4.38¢) for a specific value of k. Clearly, (4.384)), (4.38b) and
[£38d) hold for k = 0 by (1.33)

We next suppose that (4.38a),, (4.38b), and (4.38c), hold for h = 0,1,2,...,k — 1 for some k >1
and then prove ({.384)),, (4.38b), and (4.38d),. By (4.37), (4.34) and (4.384), _,, we see that and
[@.13)) hold for r = 7*~1R/2. Hence, we can apply Lemma [4.2| with » = 781 R/2 and replacmg T by 2T
to get

f V(D) — (Vi(Du))gl? de

B kg

<errer ) ViaDw - (VieaDu)aPder (IR Vi w)Pa)

B k-1p B k-1g

for some constant ¢* > 0. Note that since ¢*7178 < % by [(@.36), cter=F""1 = % and
214 er7"72) = 7B (P L rer ATl < 1B,

Hence, recalling the facts that 8 < as/4, g < 65 by [{.37) and 7177 < % by (4.36]), and using (4.38a),_,,
(4.34), we see that

}IVi(Du) = (Vi(Du) el o

B_ip

sTHﬂ( ][ [Vie1(Du) = (Vi_1(Du))pees g2 da + (71 R) S ][ IVk—1<Du>I2dw>
(4.39) Box-in Pt

<Tlﬁ2ﬂ( S5, ][ Vi1 (D)2 da + 72801 ][ |vk_1<Du>2dx)

B,k—lR B-rk*IR
1
ggrzﬂk(% ][ [Vi—1(Du)|? dz.
B _k-1p

On the other hand, by (4.38a)), _, and the fact that 4(1 4+ 77")d5 < 1 by (4.37)), we have

][ |Vk_1(D11)|2 dx S 4 ][ |Vk_1(Du) — (Vk_l(Du))Tk_1R|2 dx

B k-1g Blk-1p

FAUVia (D) = (Viea (D) +4. f Viea(Dw)P da

BTkR

<4(1+77") ][ |Vk,1(Du)—(Vk,l(Du))Tk71R|2dx+4][ |Vi_1(Du)|? dz

B k-1p B kp

<4(1+77") 65 ][ [Vi_1(Du)|*>dz + 4 ][ |Vi_1(Du)|? dz
B k-1 B kg

][ |Vk_1(Du)|2dx—|—4][ Vi1 (Du)|? de

Bok-1p B kg
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which implies that
][ |Vi_1(Du)|*dz <8 ][ |Vi_1(Du)|?*dz <8 ][ |Vi(Du)* dz

Bok-1p B kg Bokg

since clearly a_,_,, < a_,p and this gives (H ,_,p)" < (H ). Inserting this into (4.39), we obtain
[353),.
We next show that (4.38b]), holds. From (4.39), (4.38b)), _, and (4.38¢),_,, we have

F IVi(Du) = (Vi(Du) el o

< (Ve - Vil + FURE Vi Dw d)

B k-1 B k-1p
< 7148 ][ Vi 1 (D) — (Vi1 (D)oo g2 d + 7P (7F R)2P ][ Vi (D)2 dz

BT)C_IR Bﬂ'k_lR

< 70498 [ Vo(Dw) — (Vo(Dw)f do

Br

1+ﬂ1_7—(1*5)(k*1) X - i
T (PR [ VoD da + (PRI [Vo(Du) de
-7
BR BR
(1+8)k 2 L— 70k s 2

Br Br

which is (4.38b)),,.
Finally, by (£38a),, and (£38¢),, with h =0,1,2,...,k—1 and the fact that 7~ (205)3 = < V21
by (4.37)), we obtain

(f vk<Du>|2dx>ésTZk_l< / |vh+1<Du>—<vh<Du>>ThRde)%+( f |V0<Du>2dac)é

Boip h=0 "B s, Br
ke 3 3
§72552275h< ][ |Vh(Du)|2dx> + (][ Vo(Du)|2dx>
h=0 Bongn Br

Br

which implies (4.38¢),.

Step 3. Decay estimates. Let r € (0, R). Then 7*1R < r < 7*R for some k > 0. Therefore, by the
same estimation as in (4.32]) we have

F IV (0w) = (Vi (D), do < [V, (Dw) = (VD))o o

B, B,

< 2][ |V - (Du) — Vi(Du)|* dz + 2][ [Vi(Du) — (Vi (D)), xp|? dz
B, B,

<or (@ Rt ViDwPde e ViD) - (Vi(Dw),al* da

B kg B kg

=T+1II.
For I, using (4.38¢)), we have

IS (rHHR) T ][ [Vo(Du)?dz < 7702 % ][ [Vo(Du)|? dz .
Br Br
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For I1, by (4.38b)), we have
a1— T+(1=P)k

115 7 Vo(Dw) — (Va(Dw)al de + 7" (R Vol Dwdo
Br Br

28 —n—1-28 28
<. —n-1-p (" _ 2 T r 2
ST (1) VoD - (VaDw)al do+ T (£) [ IVa(Dw)P da

T
BR BR

Consequently, recalling the definition (4.36)) of 7, we obtain (4.35]). O

5. PROOF OF THEOREM [L.1]

We are now in position to prove Theorem
Proof of Theorem[1.1l Let vy be the exponent of Lemma and fix v € (0,71), where

With this 3, we find §5 and d¢ in Lemma [I.5] We also choose x = 5 and v = 8 in Lemma [{.4]
Consequently, d5 and dg in Lemma [4.5| and d3, 4 and 7 in Lemma [4.4] are determined and depend only
on the structure constants.

Now, choose any point x; € € satisfying

2
lim inf V., - Du) — (V- Du))y, | dz =0
mint Vi 0w = (VD) e
B,«({L’l)
and
2
M :=limsup ][ ‘VHf (Du)‘ dr < +o00.
r—s0+ Br(z1)
By (x1)

Fix Q' € Q such that 21 € €. Note that there exists rg € (0,1/4) such that the inequalities in (3.9)) hold
whenever Ba.(x0) C € and r € (0,r9). Moreover, we can find Ry € (0,79/2) such that Bag,(z1) C @,
and moreover

1 T < —— J, 0.
(5.1) R, mm{4(M+1), 6 4},
2 53 2
][ ‘VHgRO(wl)(Du)—(VHERC)(wl)(Du))m,RD dr < % and ][ Vi, (D) de <21,
Brg (71) Br (w1)

Therefore, by the continuity of the integrals above with respect to the translation of the domain of
integration, there exists Ry € (0, Ry) such that for every xz¢ € Bg, (x¢) we have
(5.2)

2 2
dz < %3 and ][ V- (Du)| dox <2(M+1).

BR (z0)

V.- Du)—(V - Du)),
BRO(”"O)( u) ( HBRO(%)( u)) 0,Ro
Br (z0) Bry (z0)

Now, we fix an arbitrary point z¢ € Bg, (1), and write

Vi(P):=V,- (P), P c RVX",

Bk g, (®0)

As usual, throughout the remaining part we omit the dependence on the point x¢ and write Hf :=

H;(wo). We first suppose that

(5.3) 4 ][ V(D)2 dz < ][ Vi(Du) — (Vi(DW)yep, Pz for every k > 0.

BTkRO BT’CRO

In view of (5.1) and (5.2), applying Lemma inductively for r = 7% Ry /2, we have

} VD ~ (Vi D), o

BT"’RO

5.4 < 2 ][ Vi1 (D) = (Vs (D)1 |2 dr

Bfk_lRO

<L < kB ][ |[Vo(Du) — (Vo(Du))RO\de < TZkB%

BRO
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holds for every k > 0. Hence, for r € (0, Ro) there exists & > 0 such that 7" Ry < r < 7" Ry and so, by

arguing as in (4.32)) and using ([5.4)),

F IV (0w) = (Vi (D), P do < f 1V, (Dw) = (Vi) [
B, B,.

< 2][ V- (Du) — Vi(Du)|? dz + 2][ |Vi(Du) — (Vi(Du)), rpg, | da
B, B

T r

< er (TR Ry ][ |Vi(Du)]?dz + cr™™ ][ [Vi(Du) — (Vi(Du)) kg, |* do

BT’“RQ BT"’RO

< (65" + 1)r ][ V(D) = (Vi(Du))pe, |? da

BTkRO

28
< ed3(651 + )Tk < esy (05 4 1) (;) .
T

Therefore, we have

(5.5)

Vg (Du) = (V- (Du))yyBr(y)F 053(551 +1)
25 dr s — s s
J T Ry

We next suppose that (5.3) does not hold. Then, there exists ky > 0 such that

(5.6) 55 ][ V(D)2 dz < ][ V(D) — (Vi (D)), P da

BT)C Rg BTk Rg

for every k =0,...,ky — 1 (when ky = 0, (5.6) is meaningless) and

(5.7) ][ [Vio (Du) = (Vi (D)) 140 g, |* da < 3 ]l Vi, (Du)|* dz .

B ko Rg BTkORO

If kg = 0, in view of Lemma with R = Ry and of (5.2)), for every r € (0, Ry) we have

T 26
][ V- (Du) = (V- (D)), dz < c (Ro) ][ [Vo(Du) — (Vo(Dw))go|* dz + er?® ][ [Vo(Du)|* dz
B, Br

0 Br,

28
< cd3 (g) + er?P (M +1)
0

and so

(5.8) ][ V- (Du) — (VH:(DU))T|2 dz < ¢ (;;;B LM+ 1> .

7268
B,

It remains the case when (5.6 and (5.7)) hold for some ko > 1. For r € [t* Ry, Ry), we obtain (5.5) by the
very same argument already used when (5.3)) holds. On the other hand, if r € (0, 7% Ry), by Lemma
with R = 7% Ry and (5.5) with r» = 750 Ry, we have

f IV (Du) = (V- (D)), 2 da
B,

23

r

<c|—— Vo (Du) — (Vi (D)) k0 g, |2 dz + er®8 Vi, (Du)|2 dz
Tko Ry

BTkORO Bk Ro

53 T 26
S CW <R0> +C7’2ﬁ ][ |Vk0(Du)|2 dx.

BTkoRO
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Moreover, by arguing as in (4.32)) and (5.4) for k = ko — 1 and using (5.6) for k = ko — 1,

][ Vi, (Du)|* dz < 2 ][ Vi, (Du) — Vi, _1(Du)|? dz + 2 ][ Vi, _1(Du)? da

Brk(] Ro Brk(] Rg Brko Ry
<ec " ][ |Viy—1(Du)|* dz
Boko—1p,
<er st [ Vi (D) = (Vi (D) 1, [P
BrkO’lRo

< et 05103,

Therefore, for every r € (0, Ry) we have

(5.9)

V- (Du) — (V- (Du -2
][' ( r( )) | dz C63 o +er™ n55—163.

T 28R

Consequently, by (5.5)), (5.8) and (5.9) we conclude that the inequality

de <C

_ 2
][ |VH;T(ZO) (Du) (Vng(zo) (Du))uq |

r28
By (z0)

holds for every ball B, (z¢) with zg € Bg, (z1) and for every r € (0, Ry). Moreover, since we have from

[£13) that

V- (P1) = V- (Pa)|* ~ (H)p, (P11 — Pal)
~ [V (P1) = Vy(P2)|* + a7 [V (P1) — V(P2)|?
> [V, (P1) =V, (Py)?,

the previous inequality together with (2.14]) implies

r28

][ |Vp(Du) — (Vp(Du))zo,T|2 dz < C.

BT(Io)

Hence V,(Du) € C%#(Bg, (z1); RY*™), and this concludes the proof. O
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