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ABSTRACT. We investigate local properties of weak solutions to the following wide
class of kinetic equations,

(az + v- Vz)f = Lyf.

Above, the diffusion term L, is an integro-differential operator whose nonnegative
kernel is of differentiability order s € (0,1) and integrability oredr p € (2, 00), hav-
ing merely measurable coefficients. In particular, we provide explicit interpolative
L>°-L? estimates for weak subsolutions.

1. INTRODUCTION

In this paper we deal with a wide class of kinetic equations, whose diffusion part
is an integro-differential operator of differentiability order s € (0,1) and summability
order p € (2,00). In particular, we investigate local properties of weak solutions f =
f(t,x,v) to the following class of equations

(1.1) Or4+v-Vao)f =Lyf for (t,xz,v) € R x R" x R",

where the diffusion term L, is given by

(12 Luf(ta) = pv. [ (£ = )P w) = fE)K (e w) du

Here, the symbol p. v. stands for “in the principal value sense” and K is a symmetric
measurable kernel such that, for a.e. (¢,z) € R'™ and for A > 0 it satisfies

(1.3) Ao —w|™" P < K(v,w) < Alv — w|™"*P for a.e. v,w € R™.

As a prototype for Equation (1.1), even though in this scenario the difficulties
arising when dealing with only measurable coefficients vanishes, one can consider the
simpler case when the involved kernel K does coincide with the classical Gagliardo
one, i.e. K = |v—w| ™ *P. In this setting, equation (1.1) does reduce to

(1.4) (Or+v- Vo) f +(=Av)pf =0,

where (—A,); is the classical (s, p)-Laplacian with respect to the v-variable.

In recent years, great attention has been focused on the study of nonlocal operators
and their related fractional Sobolev spaces. For this reason, the literature is really
too wide to attempt any precise treatment. However, we still mention [9, 10], where
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the authors proved various regularity results in the same spirit as the De Giorgi-Nash-
Moser theory, and, among other things, they introduced a new quantity to measure
the long-range interactions naturally arising when dealing with nonlocal problems, i. e.
the nonlocal tail of a function

t p—l
| f( 7$7U7)L|+8 dv
"\ B, (vy) V0 — V[P

(1.5) Tail(f; B, (v)) := TSP/R

Such quantity has been subsequently proven to be decisive in the analysis of many
nonlocal problems when a fine quantitative control of the naturally arising long-range
interactions is needed. Indeed, after its introduction, a quite comprehensive nonlocal
De Giorgi-Nash-Moser theory has been successfully developed in even more general
integro-differential elliptic frameworks; see for example [9, 10, 8, 25, 6], the survey
paper [27] and the references therein as well as the recent monograph [12].

The definition of nonlocal tail was later on extended to the parabolic framework and
used to prove very fine quantitative estimates; see for example the breakthrough re-
sults by Kassmann and Weidner [17] on the Harnack inequality for fractional (linear)
parabolic equations with very general measurable (possibly nonsymmetric) kernels.
Moreover, in [30] a L*-version of (1.5) was used to prove local L>°-L? estimate via
Moser iteration technique for weak subsolutions to the nonlinear heat equation in the
superquadratic case, when p > 2. Furthermore, such L*°-tail was very recently em-
ployed to establish classical C%*-regularity for any value of the integrability exponent
p € (1,00); see for example [1, 20, 31].

For what regards the fractional panorama for Kolmogorov-Fokker-Planck equations,
as in (1.4), the weak regularity theory is far from being complete and, to the best of
our knowledge, the known results are only available in the linear case when p = 2;
see for instance the survey paper [3] and the references therein. In particular, we
refer the reader to the Holder regularity results in [29], possibly including unbounded
source terms, as well as the one in [21] covering more general, possibly nonsymmetric
diffusion operators. Furthermore, regarding classical estimates, we mention the very
recent breakthrough counterexample to the classical Harnack inequality ([18]) as well
as its related new formulation in [2], where a strong Harnack inequality is proved
provided that solutions have g-summable nonlocal tail along the transport variables
for some ¢ > ¢*(n,s), which is in fact naturally implied in literature, e. g., from the
usual mass density boundedness (as for the Boltzmann equation without cut-off), and
in clear accordance with the aforementioned counterexample in [18]. Still in the flavor
of Harnack-type inequalities, it is worth mentioning the very recent paper [22], in
which amongst other results, the author proves a strong Harnack inequality for global
solutions, a priori bounded, periodic in the space variable, and under an integral
monotonicity-in-time assumption (see Definition 2.2 there). Finally, we mention [32]
for the existence of weak solutions, and [14] for existence, uniqueness and regularity
of solutions in the viscosity sense. Always regarding these existence and uniqueness
issues, we also recall the very recent works [4, 5].

For what concerns the more general case when a p-growth exponent is involved, the
scenario is basically empty. Then, to the best of our knowledge, our contribution would
be a veritable first. In this respect, the forthcoming Theorem 1.1 serves as a first step
in the direction of proving that solutions to (1.1) enjoy classical qualitative properties.
Aside from the novelty of the result, interpolative estimates are very useful when one
deals with local regularity or qualitative properties of solutions to (1.1). However,
proving an L>°-L? estimate for kinetic equations is not a simple task. Indeed, even
in the linear case when p = 2 — as proven in the aforementioned work [18] — it is
not in general possible to bound the L°°-norm of a solution in terms of only local
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quantities even starting from globally bounded solutions. Moreover, a deeper analysis
of the counterexample in [18] shows that such supremum estimate remains false also
when an error term is added on its right-hand side — basically a tail-type contribution
as in (1.5) — if the tail belongs to L4, for ¢ < (n(1+ 2s))/(2s). Nevertheless, a L>°-L?
estimate plus a nonlocal tail remainder can be derived by assuming higher integrability
on the tail function along the transport variables; see in particular Theorem 1.1 in the
aforementioned [2].

However, despite the already mentioned recent achievement, the difficulties arising
when dealing with a p-growth exponent are a concrete stumbling block. Indeed, the
nonlinear growth setting precludes the free generalization of tools and techniques that
had already proven to be very useful in providing quantitative properties of weak
solutions to kinetic linear equations, as e. g., velocity averaging techniques ([7]) or
potential estimates via the fundamental solution ([15]). Indeed, in [2], the backbone
of the proof of the desired L>°-L? estimate is an hypoelliptic gain of integrability,
which is proven by making use of the fundamental solution of the fractional Kol-
mogorov equation. More specifically, as done in the classical framework for kinetic
equations ([26]), the transfer of regularity is based on treating as source term the
difference between the constant coefficients diffusion operator and the one with mea-
surable entries, and then estimating its L?-norm tracking down the long-range inter-
actions appearing as L%-norm of the tail quantity (1.5) on the right-hand side; see in
particular [2, Lemma 3.1]. However, as well as for velocity averaging lemmas, such a
procedure can not be pursued in the nonlinear setting we are dealing with. Hence,
our analysis is carried out starting form locally bounded solutions, in accordance with
what is classically done as e. g. in the case of the Boltzmann equation ([15, 21]), or
even for kinetic equations in divergence form ([22]). In particular, in the superlinear
case when p € (2,00), we prove that these solutions satisfy interpolative estimates in
terms of their local and nonlocal contributions, the latter encoded in their L7-tail.
The interpolative nature of the estimates below lies specifically in the arbitrariness
in the choice of the parameter §, which plays the role of an interpolation coefficient
between the local and nonlocal part of the estimate.

Theorem 1.1. Let p € (2,00), s € (0,1) and let f € W be a weak subsolution to (1.1)
in Q according to Definition 2.5 such that f € L2 (Q1), for Q1 = Q1(0) C Q. If for

some o > max(n/(sp),2), Tail(f+;B) € LY .((—1,0) x By) for any B € By, then it
holds

1 :
P

supf < (;(f (1+f§)dudxdt) +4 ][ Tail(f4; B, jg)° dedt |

Qs (=7r*P,0]X B 14sp

for any 0 <r <1 and any § € (0,1] and where 8 = B(n,s,p,0) and ¢ = c¢(n, s,p, o0, A).

We remark that the proof of our statement strongly relies on the boundedness
assumption on the weak solution coupled with the higher integrability requirement
on their nonlocal tail. These requirements may seem very strong, but as previously
mentioned they are in accordance with the existing literature for Boltzmann equations,
see for example [29, 15, 21, 22]. Lastly, we point out that in the "trickier” singular
case when p € (1,2), the adaptation of the available techniques for the proof of a
boundedness estimate does not seem straightforward and hence it will be the subject
of further studies.

As in the classical theory, a fractional Caccioppoli-type inequality is needed in order
to built the proper iteration scheme. Hence, we conclude by explicitly stating it for
any p € (1,00), since it has an interest on its own for future developments in the weak
regularity theory for solutions to (1.1) and related equations.
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Theorem 1.2. Let p € (1,00), s € (0,1) and Q1 =Q1(0) C Q. Let f be a weak
subsolution to (1.1) in Q according to Definition 2.5. For any Q, = Q.(0) C Q1 the
following estimate holds true

sup / wchp dxdv + / [WSD]I;VS’P(B ) dx dt
BT1+sp X B, "

te[—rsr,0] (=7°P,0]XB,.1+sp

D _ p
< c/ // max{w(v), w(w)}e(v) — p@)? |
(=7sP,0]x B, 1+4sp BrXxB:.

|U _ w|n+sp

p—1 d
+c/ weP [ sup / % dvdzdt
vE supp ¢ JR”\ B, |v — w|ntsp

r

+c/ |v-ngo\gop_lwzdvdxdt—i—crs’”/ w?eP dvdz dt,

r T

where the constant ¢ > 0 depends only on p and on the kernel constant A, w := (f—k)4,
for any k € R, and ¢ = p(z,v) € C§°(By1+s» X By).

Outline of the paper. In Section 2 we introduce preliminary notions about the
functional and geometrical setting of this work. Section 3 is devoted to the proof of
Theorem 1.2. The proof of Theorem 1.1 is contained in Section 4.

2. PRELIMINARIES

In this section, we recall some well known results about our underlying geomet-
rical and functional setting. After fixing the notation, we introduce an appropriate
geometric framework to study integral kinetic equation; then, we recall some prop-
erties of fractional Sobolev spaces and the functional setting required to deal with
equation (1.1).

2.1. Notation. We denote with ¢ a positive universal constant greater than one,
which may change from line to line. For the sake of readability, dependencies of
the constants will be often omitted within the chains of estimates, therefore stated
after the estimate. Relevant dependencies on parameters will be emphasized by using
parentheses.

As customary, for any r > 0 and any yy € R™, m € N, we denote by

Br(yO) = B(yo,’f’) = {y eR™ : |y - y0| < 7“},

the open ball with radius r and center yg. For any 5 > 0 we will denote with 8B, (yo)
the rescaled ball by a factor of 8, i.e. 8B, (yo) = Bgr(yo)-

For any set E C R™ we will denote the Lebesgue measure of E with |E|. Moreover,
for any f € LY(E), we let

(N :=][Efdy = ﬁ/}ﬂfdy.

For any k£ € R, we denote the positive and negative part of f, respectively, as

(f(y) = k)4 := max{f(y) = k,0} and (f(y) —k)- :=max{k — f(y),0}.

Clearly (f(y) — k)+ # 0 on the super-level set {y € R™ : f(y) > k}, whereas (f(y) —
k) #0on {y e R™ : f(y) < k}.
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2.2. The underlying geometry. In a similar fashion as for the geometrical setting
of the Boltzmann kernel [16] or as in [23], we start by endowing R*2" = R x R x R"
with the following Galilean transformation

(t07x0av0) © (t,l’,’l)) = (t+t0, x + xo + tvo, ’U+’UQ),

where (to, 2o, v0), (t,7,v) € R1T27, With respect to the group law o the couple (R127, o)
is a Lie group with identity element 0 := (0, 0,0) and inverse element, for any (¢, z,v) €
R*2n given by (—t, —x + tv, —v).

For any r > 0, we consider the usual fractional nonlinear kinetic scaling
R!*T27 s R1+27 defined by

5 (t,z,v) == (r*Pt, r' TP, o).

As customary, we introduce a family of fractional kinetic cylinders respecting the
invariant transformations defined above. For any r > 0, we denote by @, a cylinder
centred in (0,0,0) of radius r; that is,

Qr = Q-(0) :=U,(0,0) x B-(0) = (—r°P,0] X B+ (0) X B;-(0).

For every (t,To,v9) € R1T2" and for every r > 0, the slanted cylinder Q,(to,xo,vo) is
defined as follows,

Qr(to, 0,v0) = {(t,z,v) € RMF?" ¢ tq — P <t < t,
|z — 20 — (t — to)vo| < r' TP, v —wo| < r}.

Roughly speaking the integro-differential equation (1.1) is invariant under the kinetic
scaling §, and left-invariant with respect to the Galilean transform. Namely, for
any (to,zo,v9) € R?" and any r > 0, if f is a solution to (1.1) in Q,(to, o, v0),
then f((to,x0,v0)0d,(+)) solves an equation of the same ellipticity class as (1.1) in Q;.

2.3. Functional setting. We introduce the needed fractional functional setting; for
a more comprehensive treatment we refer the reader to [11].

For p € (1,00), s € (0,1) and any E C R™, we denote with W*P(E) the fractional
Sobolev space

Wg’p {f S Lp f]Ws () < +OO}
where the fractional seminorm [ lwer () is the usual one via Gagliardo kernels,

flwsr(g) = // J(w )‘pdvdw E.
ExE |U—w\"+9p

We endow W*P(E) with the following norm

[ llwer ey = [IfllLe ) + [flwer(m)-
A function f belongs to W P(E) if f € WSP(E’) whenever E’ € E. In a similar
fashion, we denote with Wy**(E) the closure of C§°(E) with respect to |||y e.n(p)-

Finally, the following fractional Sobolev embedding holds true; see [11].

Theorem 2.1. Let p > 1 and sp < n, then for any 7 € [1,n/(n—sp)] and f € WP (R")
we have

I fllzr@ny < c[flwer@ny,
for ¢ = c¢(n,p,s) > 0. Moreover, if E is a bounded extension domain for WP we have
that

1Al ) < clflwer(m),
for any f € W#*P(E) and for ¢ = ¢(n,s,p, E) > 0. If sp = n, then the statement
holds true for any T € [1,400). If sp > n, then the second inequality holds true for
any T € [1,+0o0].
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Since any bounded Lipschitz domain is an extension domain for W*?  the following
holds.

Lemma 2.2. Let vg € R™, r >0 and B, := B,(vg). Suppose f € Wi'P(B,(vy)). Then
for any T € [1,n/(n — sp)]

(][ |f|rpdv>1 <cr? //B " |yw|n(+sz)o|pd dw + C]ir'flpdv’

for ¢ =c(n,p,s) > 0.

Proof. The proof immediately follows from Theorem 2.1 above, as pointed out in [30,
Lemma 2.1]. Indeed, since f € Wi*(B,), then f € W;?(R") and f =0 in R™\ B,(vp).
Hence, f € W*P(B,(v9)) and the statement is a direct consequence of Theorem 2.1. [

We conclude this section by proving a new Sobolev embedding suitable for the
underlying functional setting of the problem we are dealing with.

Proposition 2.3. Let s € (0,1) and p € [1,00) be such that sp < n and let (t1,t2) %
Bgr x B, CRY2" with R,r > 0. If f € LP((t1,t2) x Br; W' (B,.)) is such that f >0,
then, for any 7 € [1,n/(n — sp)], we have

TP
][ ][ fdxdt dv
B, BRX(tl,tQ)

<c Ts”_"][ [flyen(p,)dzdt + ][ fPdvdzdt ]
BRX(tl,t2) " BTXBRX(tl,tQ)

where ¢ = ¢(n,p, s) > 0.

Proof. Let f € LP((t1,t2) x Br;WyP(By)). Then, (f)pux(t1.t) € W5 (B), and by
Jensen’s Inequality, we have

][ (f)%RX(thtz v)dv < ][ fP dvdadt,
B BrxBrx(t1,t2)

and
[(f)BRx(tl,tz) Wep( ][ Ws,,,(BT) dzx dt.
Brx(t1, tz)

Finally, applying Lemma 2.2 to (f)BRX(tl,tz) we get the desired estimate. O

We give a precise definition of the tail quantity briefly introduced in (1.5), which
plays a fundamental role in order to detect qualitative properties of solutions to kinetic
nonlocal equations as in [2].

Definition 2.4. Let f be a measurable function on (ti,tz) x Q, x R C R*27, The
“(kinetic) nonlocal tail of f centered in vy € Q, C R" of diffusion radius r” is the
quantity Tail(f; By(vg)) given by

Tail(f: By (w0)) := r* / [FCR0 [k

"\ By (v0) |'UO _ U‘n-&-si”

Now, we consider the following tail space

-1
p—1(mny . p—1/mny . o lg(v)[P
L (R >.—{ € L' ®) ¢ lolugy o = | s 0 <o

as firstly defined in [19]; see Section 2 there for related properties.
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Given Q = (t1,t2) X Q, x Q, C R1™2" we denote by W the natural functions space
where weak solutions to (1.1) are taken. If p € (1,+00) and p’ := p/(p — 1) is its
conjugate exponent, then we have

loc

W= {f € I ((hst2) % Qus W (€0) N LD (11, 12) X Qs LB, (RT))
O+ 0 Va)f € L((tr ) x Qs (WP (RM)) |,

where (W*P(R™))* is the dual space of W*P(R").
Furthermore, wc denote by & the nonlocal energy associated with our diffusion
term L, in (1.2); that is

/ / ann — Fw)P2(f(v) = f(w))(d(v) — dp(w)) K (v, w) dvdw,

for any test function ¢ smooth enough.
We are now in a position to recall the definition of weak sub- and supersolution.

Definition 2.5. A function f € W is a weak subsolution (resp., supersolution) to (1.1)
in Q if

/2/ 5(f,q§)dxdt+/2/ (O +v-Vy)f|@)ydzdt <0 (>0, resp.),
1 Qyp t1 Qy

t

for any nonnegative ¢ € LP((t1,ta) X Qup; WSP(R™)) such that supp ¢(t, , ) € Qy; in
the display above we denote by (-|-) the usual duality paring between W*P(R™) and its
dual.

A function f € W is a weak solution to (1.1) if it is both a weak sub- and supersolution.

3. ENERGY ESTIMATES

This section is devoted to the proof of a fractional Caccioppoli-type estimate for
weak subsolutions to (1.1), in which we extend to the nonlinear setting the approach
seen in [2, Lemma 3.1]; see in particular Step 1 there. In the upcoming proof we
will make use of the following inequality, whose proof is obtained via convexity and a
standard iteration process; see e. g. Lemma 3.1 in [10].

Lemma 3.1. Let p>1 and € € (0,1]. Then

lal? < [b]P 4 cpelbl? + (1 + cpe)etPla—blP, ¢, = (p— )T (max{1, p—2}),
holds for every a,b € R™, m > 1. Here, I stands for the standard Gamma function.
Proof of Theorem 1.2. Let Q, = @Q,(0) € Q and let f be a weak subsolution
to (1.1) according to Definition 2.5. Moreover, for any given k € R define w :=

(f — k)4+. Consider a non-negative cut-off function ¢ = ¢(z,v) € C§°(Bri+s» X By).
For a.e. t € (—r®P 0], testing Definition 2.5 with ¢ := we? yields

0o > / (ft +v -V flwe? drdo
B 1+ pXB

L TP
Brl+sp
(3.1) = Ji+ Jo

We separately consider the integrals above.
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Let us begin estimating J;. Using the fact that d;p = 0, we have that

1d 1
Ji > 3 dw / w?eP dz dv — 7/ [v - V(o) |w? do dv
t B7.1+sp XBr 2 B,,.1+sp ><BT‘
1d
(3.2) = 54 w?eP dz dv — g/ [v - VaooleP ™ w? da do.
B 1+ pXB B 1+ pXB

Let us estimate the integral Jo now. We begin with the splitting

Jy = [91+pr / [f (0) = f() P72 (f (w) = f(v)) (we? (v) = we?(w)) K (v, w) dw dv d

e2f / o ) = SO0 0) = @) () 0 0) o do
=1 Joq1+ Jop,
We begin by estimating the term Jp ;. First, let us assume that f(v) > f(w), then
[f(v) = F)P~2(f(v) = f(w))(we? (v) — we? (w))
=(f(v) - f(w))p_l(wgop(v) — weP(w))
(w(v) = w(w)” (WP (v) —wgP(w)) i f(v), fw) >k,
it f(v) >k = f(w),

0 otherwise

> (w(v) — ww))" (we? (v) — we? (w))
which yields

[f(v) = F)P72(f(v) = f(w))(we

\%
=
5
&
=

P(v) — weP(w)) K (v, w)
—1

> (w(v) = w(w)"™ (weP (v) — we (w)) K (v, w).
If the opposite holds true, i.e. f(v) < f(w), then we exchange the roles of v and w
and repeat the computations above.

Now, applying Lemma 3.1 and considering that w(v) > w(w) and ¢(w) > p(v), we
obtain

(1 = cpe) P (w) — (1 + cpe)e’ Plip(v) — p(w)[P < P (v).

Moreover, by choosing
1 w(v) —w(w)

°T max(1,2¢,)  w(v) €01}

we get
(W) — @)’ lwpP(v) > (w(v) — ww)) w(v) max{p(v), p(w)}?
5 (60) — w(w)” max{p(), p(w)}?
—cmax{w(v), w(w)}?|p(v) — p(w)[?.

The estimates above are trivial when 0 = w(v) = w(w), or w(v) > w(w) and p(v) >

@(w). On the other hand, if w(v) < w(w), then we exchange the roles of v and w.
Thus, we have that

(@(v) = w())" " (W (v) — we (w)

w(w
2 %( (v) = w(w))" max{p(v), p(w)} — emax{w(v), w(w)}[p(v) — p(w)[.
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Finally, observing that

we(v) —wpw)l? < 2P w(v) — w(w)| max{p(v), p(w)}?
+2" 7 p(v) — p(w) [P max{w(v), w(w)}?,

we conclude
Joq > c/ [th]ﬁ/s,p(B”dx
B, i+sp

53 - [ a0 0l g,

|v — w|ntsp

Now, we deal with the nonlocal term in Js». Note that
[f(v) = f(w)P72(f(v) = f(w))w(v)
> —(f(w) = F)" (f0) — k),
> —(f(w) = k)7 (Fv) — k), = —w N (w)w(v),

From this, we conclude J 5 can be treated as follows:

p—1 D
Jap = *C/ / “ (w)w(v_l)_go () dwdvdz
Byisepx By JRm\B,  |[v— W[
p—1 d
(3.4 > e s [ g
B, 1+tspXBy v€ supp ¢ JR"\ B, \v—w| p

Hence, combining (3.3) and (3.4), it yields that
Jy > c/ [wsO]ng,p(Br) dz
B, 1+sp

[ el P 4, g,

b)
|v — w|ntsp

p—1 d
(3.5) 7/ weP [ sup / % dvdz.
B, 14sp XB v€E supp ¢ JR"\ B, |’U — w\" P

All in all, by (3.1), (3.2) and (3.5) we obtain

14 ,
—— w¢pdxdv+c/ well s n oy dT
2 dt BT1+Sp><BT B7‘1+sp|: ]W (Br)
P _ p
cof [ medsn )l g,
B,itep J /B xB, |v — w|"tsp

p—1 d
+c/ wP|  sup / % dvdzx
B,14sp X By vE supp ¢ JR™\ B, ‘U_w| P
+c/ v VapleP tw? de dv,
B, 1+sp X By

for some constant ¢ depending only on p and on the kernel constant A.
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Thus, by integrating the proceeding estimate over [r1, 7], for —r*? < 73 < 75 < 0,

we get
T2
/ W2 (19, x,v) dz dv +/ / [wgp]ﬁvs,p(&) dx dt
B rltsp ><B B rl4+sp

b zef ff w0 o g g

o=t

p—1 d
+c/ weP | sup / wh™ (w) dw dvdx
- vEsupp ¢ JR"\ B, |1) — w|n+sp

+c/ v+ VPt 2dvdxdt—|—c/ WP (1, 2,v) dvda.

Qr Br1+5P X By

Taking the supremum over 75 on the left-hand side and the average integral over 7 €
[—7*P,0] on both sides of the inequality, we get

sup / w?pP dz dv
te[frsp O] B l4sp X B,

(3.7) <C/ //B . max{w(v), w(w)}?p(v) — )" " o

|v — w|ntsp

p—1 d
+c/ wP sup / w dv dx dt
” v€E supp ¢ JR"\ B, |’U — w|"+5P

+c/ |v - VapleP tw? dvde dt 4 cr°P / w2eP dvdz dt,

r r

whereas choosing 71 = —r°P in (3.6) and 7 = 0 yields (using also (3.7))

/U[MPWV »(p,) dzdt

<of [f | mee L) o g g

|v — w|ntsp

p—1 d
+c/ weP | sup / % dvda dt
. vEsupp ¢ JR?\ B, [v — w|"tsp

—|—c/ |v - ValeP tw? dvda dt 4 crP / WP dvdx dt.
Q')"

r

Thus, combining the display above with (3.7) yields the desired Caccioppoli-type
estimate. 0

4. INTERPOLATIVE L*°-LP-TYPE ESTIMATE

This section is devoted to the proof of Theorem 1.1, our main result. Before starting
we recall a classical iteration lemma; see for example [13, Lemma 4.3].

Lemma 4.1. Let 81,82 > 0 and let {A;}jen be a sequence of positive real numbers
such that

Aj < eV (AP +A77%), j=0,1,2,
with ¢ >0, b>1 and B > P2 > 0. If

Ao < min (1 c B2b32> ,
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then lim A; = 0.
Jj—oo

Proof of Theorem 1.1. Fix r > 0 such that Q, = Q,(0) C @Q;. For any fixed i € N,
we define the sequences

pi = Z 27y, Q"=0,,(Q1), and m; = Sgp f.
= :

Notice that the sequence of radii {p;}; is increasing, and hence Q° C Q**! for every i €
N. In particular, pg = r/2 whereas po, := lim; o = r. Thus, by definition of
supremum, it follows m; < m;y, for every ¢ € N. Define the following family of radii

P 427 and Q7 =6, (Qu).
Notice that the sequence of radii {r;}; is decreasing, and hence Q' C @7 for
every j € N. In particular, 7o = p;4+1 whereas r = lim;_, = p;.
Define a family {¢;} en of test functions ¢; = ¢;(z,v) € Cg°(BT;+sp X By,), such
that

0<¢p; <1, ¢;=1on Brjlifp X By, @j(x,-)=0outside By 4y, ,)/2
IVopi] <e29F/r, and |v- V,p;| < 2U+DA+sp) jpsp,
Then, consider two increasing families of parameters
kj:=(1—2"k and kj:= (kj +kj11)/2,
where k > 0 is a positive quantity which will be fixed later on.
Define @; := (f — k;)1 and w; := (f — k;j)+. Note that

@i > (f = k) Lpon0y
- S k
(4.1) 2 (ke = k) lponn) = 5 Uk 2 g Lk
and, for any 0 < 7 < ¢, it holds
27(g—7)
(4.2) T<c el

Indeed, by the following chain of estimates based on the definition of the involved
quantities, we have

w§ (f = k)i p>npy
(f - k)q ]l{f>k 1 (f k; )q T(f k; ) {f>k }
(k —kj )q T(f k; )—i— {f>k } (2 = 2k)q T(f k; ) {f>k h

kT
27 J

Now, consider the following quantities, which are the construction blocks of the
right-hand side of the Caccioppoli inequality in Theorem 1.2,

Y

Y

(43) A o= ][ / max{; (v). &; (w3105 (0) = 5 4, 4oy g
. . j Py |U7w|n+sp
,..p—l
O (w) dw
(4.4)  Jy = T;p][ 0;e [ sup / — ) dvdxdt
I Qj A VE supp ¢; Rn\Bj |U_w|n+sp

(4.5) Js = ][ [v- Vil 1z dedvdt
Q

J
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(4.6) Jy = 7“23;0][ @7 @ da dv dt.

J

We separately estimate the previous terms.

We begin with J;. Up to exchange the roles of v and w we assume that ©;(v) >
@j(w). Hence, it is estimated as follows (recalling that |V,¢;| < 297 /r and ¢; is a
Lipschitz function)

. . _ . p
g e ][ o / i) — oyl dw ) g,
Q B, |v — w|tsp

J J

< c2<j+i)prsp—p][ @ (/ |?wp(1)> dvdz dt
v Bar(w) [0 — W n—p(l—s

< 02(j+i)p][ d}fdvdxdt
Q

J

(4.2) o w?
(4.7 < ertIagp ][ —L dvdxdt.
o, k1

As for Jy, by applying Holder’s Inequality twice, the first time with 7 = 7/ = 2 and
the second one with 7 = 0/2 and 7’ = (0 — 2)/2 for some o > 2, we have

rsP oP Y w) dw
Jo (44 J d;ﬁp?( sup / S (w) > dvdzdt
R

|Q]‘ Q; N supp @; VE supp @; "\ B; |U_w|n+5p
3
< ][ (Z)Jz dvdxdt
Q;
~p—1 2 %
1 o @ (w)
x Q51 Jo, nsupp o, (rj /R"\Bj o — w[rrsp dw | Tip)si,y dvdedt
% 1 &)pfl(w) o é
< ][ @ dvdedt | | r? / ————dw| dvdzdt
Qj |Qj| Q;Nsupp ¢; R"\B; |’U_w‘n P

x (Qj n{f> ffj}>é(1§)
Q]

< eolitintsy) ]l
Qj
o1 v 7 0. = 1\ Ao
X ][ T;p/ i iwf) dw | dvdzdt ('QJ n{s> k]})
U re\B, |W["TP [oF]

< c2UHa)(ntsr) ][ (][ Tail(f;Br/g)"dxdt)a ('Qiﬂ{f>kj}>
Q U, 1Qj

where we have used that, for w € R™\ B; and v € supp ¢; (recalling that the support
in the v-variable of ¢; is contained in B, 4, )/2)

1
2

GJJQ dvdz dt)

9=

1_ 1
2 o

@F dvdz dt)

J

ol Dl
v —w ol = Tol
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i 4T s
< l—i-MSCZH].

Ty —Ti+1
Now, note that by Chebyschev’s Inequality it holds for ¢ > 1
QN {f >k} = 1Qin{f> Y = QN {f —ky > By
Qs N{f —kj >27772k}|

IN

q
, w

(4.8) < c2q<]+2)/ —L dvdxdt.
Q, k1

Hence, by applying Hoélder’s inequality on the integral term to equalize the expo-
nents and up to choosing

(4.9) k>0 (][ Tail(f; By./2)? dz dt> ’ for ¢ € (0,1],
U,
we can estimate further, for ¢ > 2,
c Q 2 q %
Ty (4.2),§(4.J) C2i(n+sp)+j(n+8p+q%2)‘li ][ OLJ dv dz dt
) Q, kI
y (le‘ n{f> ’;‘j})z”
Q5
o—1
(4.8) ) . k291 (n+sp) w? e
(4.10) < i (ntspta—1-3) (C> ][ —L dudzdt
) Q, kI

As for the integral J3 and Jy, we start noticing that \v~VIgoj|<p§71 < 2UFN(Fsp) [psp
and ¢; <1, which, since r < 1, yields that
(4.5),(4.6)

J3 + Jy = r;p][ |v~VI<pj\<p§_loD]2» dzdvdt
Q,

J
+cr25p][ @?(p? dz dvdt
j
< c2(j+i)(1+5p)][ (IJ? dvdz dt
Qj

(4.2) _ . q
(4.11) < 200 Fi(atsp—1) g2 ][ % dv dz dt.
Qj

Hence, collecting all previous estimates (4.7), (4.10) and (4.11) yields

ch(nJ’_sP)(k'g + kp)) 9i(ntsp+q—1-1)
1)

(412) 1+ o+ J3+Jy < (

o—1

w? w? 7
X L dvdadt + L dvdxdt
Q; ke Q; K

Also, note that since o > 2 and ¢ > max{2,p} the exponent n+sp+q¢—1—2 > 0.

Now, we use the previous computation when ¢ = p. With no loss of generality,
let us assume that sp < n to treat the remaining cases it is sufficient to rearrange a
bit the exponents; see for example [24, Theorem 1.1]. Making use of the definition
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of ¢;, recalling that w;j;1 = 0 on {f < kj;1} and observing k; < %j < kjt1, by
Fubini-Tonelli’s Theorem, for 7 > 1, we get

][ why ) dvdzdt
Qj+1

D 1—7p
(4.13) <mP™* ][ < ][ @il >0y do dt> < ][ @il >0y do dt> dv.
Bjt1 NV Ujt1 Uj+1

Moreover, by (4.1) we have that

1—7p 1—7p j(tp—1)
) k c2(rp
(][Uj+1 Will, >0y do dt) se (W) = g

Thus, we can estimate (4.13) further

p
w
][ L o dar dt
Qj+1 k
95 (Tp—1) P ™
SCWTTT;][ <][ & d:rdt) dv
Bjt1 \JUj+1

CQj(Tpfl) P*l R TP

j(Tp—1),,P—1 _ ) p
(4.14) < c2 m, <310][ / |6 (v) g (v) — @ (w)p;(w)| do dw dz dt

/\

kp(7+1) 1 |U _ w|n+sp

+][ (wj'ng) d’UdiL'dt) y
Qj

J

where in the last line we applied the Sobolev inequality in Proposition 2.3.

Applying now the Caccioppoli inequality in Theorem 1.2, estimate (4.12) with g = p,
and choosing 7 :=n/(n — sp) and k > 0 sufficiently large such that

(4.15) E>1,
we get
4 1 in(n+sp) np
][ Vit qudede < eoi(PetmEStsen ey (T 2 0Tk
Qj+1 kp kn*s}?“’»pilén*sp
(JJP wp 0771 nr
X ][ L dvdxdt + ][ —L dvdzdt
Q; kp kP
J J
in(n+sp)
n(ntsptp=iza/o) | mp__ =
< 2 n—sp +a 1) Hli
N k1§75
OJI-) wz.] UT_I m=p
X ][ L dvdxdt + ][ L dvdadt
Nz T
J QJ
<

in(n+sp)
2](n(n+sp+p 1— q/d)+ np _1) < 2 n—sp >
cC n—sp -

gpfl(sn—nsp
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n

wp y (5t
X ][ —L dvdzdt + ][ —L dvdzdt
Qj kP Qj kP

where: we used the fact that m; < m;;1 by definition since the sequence {p;}ien is
increasing; in the second line, we considered that (a+b)" <27 1(a™ +b7), for a,b >0
7> 1, and choose

n

(4.16) k> emitr,

for some € > 0 which will be fixed later on.
"(n+sp+pflfp/0)+ np

Thus, defining b := 2 n—sp 7= ' > 1 and

WP
A; ::][ L dvdzdt,
Q, K

J

we can rewrite the chain of estimates above as follows

Qin(n-i—sp) -
; n—sp 1+ =B 14722
‘1j+1 < cbV ( ) (Aj noer Aj ot Sp)) 5

ep—1§7=sp
Now, choosing o > max{2,n/(sp)} we have that, once defined f; := £ > 0 and
Bo := o’o(-fzp—;’;)’ it holds 81 > B2 > 0.

Then, up to choosing k such that

. A b 2 i:é(;ts"g)
kE = emy1+crPb?Pz [ § oopn ][ (14 f)dvdzdt —
QW

g pB2

o

+5<][ Tail(f+;Br/2)"dxdt) ,
U.

which is in clear accordance with (4.9) and (4.15) and (4.16), Lemma 4.1 yields that
lim A; =0, and thus f < k for a.e. (v,z,t) € Q¥. Thus,

j—o0

ino(n+sp) no P
m; < emipr +c(e)2 Pospn) (5_ Tep—m ][ 1+ f7)dvda dt>

r

al=

+9 <][ Tail(fy; By/2)? dz dt)
U,

Iterating the previous estimate we get
i

(417)  my < 5i+1mi+1+6(][ Tail(er;Br/Q)”dmdt)U gl
U

ks j:0
E .
_no P no(ntsp)\J
+C(E) (5 osp—n ][ (1 + ff_) dvdz dt) Z (52 p(osp—mn) ) .
Q- =

Hence, choosing now ¢ = &(n,s,p,0) > 0 so that the series on the right-hand side
_ no(n+sp) )
of (4.17) converges i.e. € < 2 P<U°‘P*:>, and then sending i — co we get

C

supf < —s— (][ (1+fi)dvdmdt)p+6<][ Tail(er;Br/Q)adxdt)a.

o presa
2

e U7‘
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