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Abstract

In the paper we discuss gap phenomena of three different types related to Ricci
(and sectional) curvature. The first type is about spectral gaps. The second type is
about sharp gap metric-rigidity, originally due to Anderson. The third is about sharp
gap topological-rigidity. We also propose open problems along these directions.

1 Spectral gap I: Poincaré inequality for functions

Throughout the paper, M"™ will denote a complete Riemannian manifold of di-
mension n without boundary. Moreover we follow standard notations, including
Ric = Ric(M™), diam = diam(M™), and vol = vol(M™), in Riemannian geometry.

In this section, under the standing assumption that M™ is compact, we are interested
in the best constant C, denoted by Cp = Cp(M™), in the Poincaré inequality for
functions:

/.

where f n denotes the average over M. Note that Cp coincides with the inverse of
the first positive eigenvalue, denoted by p = p(M™), of the positive Laplacian —A:
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dvol < C/ IVf[2dvol, VfeC®(M™), (1.1)
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Cp=-=-. (1.2)
w
Let us recall results by Lichnerowicz [L58], Li-Yau [LY80] and Buser [B82].

Theorem 1.1 (Lichnerowicz, Li-Yau and Buser). If

Ric > —(n—1), diam <d (1.3)
then
> c(n,d) >0, (1.4)
or, equivalently,
1
Cp < . 1.5
P= c(n, d) (15)

Proof. In order to keep the presentation as short as possible, let us provide a proof in
the special case Ric > n — 1 (then we know diam < 7 by a theorem of Meyers, namely
the dependence of d can be dropped in this case), originally due to Lichnerowicz.
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Denoting by f an eigenfunction of —A relative to the first eigenvalue u, Bochner’s
formula gives

%A|Vf|2 = |Hess;|*> + (VAF, Vf) + Ric(Vf, Vf)

2
> OO v s 4+ - niv P, (16)
where we used the Cauchy-Schwarz inequality [Hess¢| > |Af|/\/n. Integrating (1.6)
over M™ yields the sharp estimate:

w>n. (1.7)

O

Note that such a Poincaré inequality (and generalizations) is valid even for non-
smooth metric measure spaces with Ricci curvature bounded below and dimension
bounded above in a synthetic sense, i.e., the so-called CD(K,N) spaces of Lott-
Sturm-Villani (see the works by Sturm [S06b], Lott-Villani [LV07, LV09], Rajala [R12],
Cavalletti and the second named author [CM17a, CM17b]).

2 Spectral gap 1I: Poincaré inequality for differential
forms

In this section, under the standing assumption that M™ is compact, we deal with a
Poincaré inequality for differential forms with respect to the Hodge energy. Namely,
we focus on the best constant C' > 0, denoted by Cpj = Cpi(M™), such that

/ w — | dvol < C
n Z\/[’!L

k
(Jdw]® + (6w)?) dvol, Vw €T (/\ T*M"> , o (2.1)
where 7,, is the harmonic part of w. Note that C'p, coincides with the inverse of the
first positive eigenvalue py, = pg(M™) of the Hodge Laplacian Ay = dd + dd acting

on differential k-forms: ]
Cpr=—. (2.2)
Kk
Firstly let us provide an easy consequence of Theorem 1.1 on differential forms of top
degree. It should be emphasized that there is no assumption on the volume.

Proposition 2.1. If
Ric > —(n —1), diam <d, (2.3)

then
Cpn < C(n,d). (2.4)

Proof. 1t is trivial that the conclusion holds if M™ is orientable because of the Hodge
star operator and Theorem 1.1.

If M™ is not orientable, take the Riemannian double cover m : M™ — M™. For any
eigen-n-form w on M™, consider m*w on M™ which is also an eigen-n-form of the same
eigenvalue. Thus applying the conclusion in the orientable case to 7*w completes the
proof. O

Secondly, let us recall a result of Colbois-Courtois in [CC90] giving an estimate on
Cp, under the assumption of bounded sectional curvature.



Theorem 2.2 (Colbois-Courtois). If

[sec|] <1, diam <d, vol >w, (2.5)
then for any k > 1
M 2 C(n7 k,d, U)) (26)
or, equivalently,
1
Cpp < ———. 2.7
PR eln k. d,v) >0

Proof. The proof is done by a contradiction argument. If it is not the case, then we
can find a sequence of closed manifolds M with (2.5) and py(M]*) — 0. Thanks to
[Pt87] by Peters, with no loss of generality we can assume that M C1:®-converge to a
Cl-Riemannian manifold M™ for any 0 < a < 1 (in particular M is diffeomorphic
to M™ for any sufficiently large 7). Since the spectral convergence for Ay, is trivially
satisfied for this sequence, we have
lim sup by (M;") < bp(M™) (2.8)
1—00
because of the Hodge theory on M™. This contradicts the fact that M]* is diffeomorphic
to M™. O

We refer the reader to the work [M08] by Mantuano, for explicit bounds on
c(n,k,d,v). It is worth mentioning that a lower bound on the volume in the assumption
of the theorem above cannot be dropped because of an example in [CC90].

From the result above, it is natural to ask the following.

Question 2.3. What happens in Theorem 2.2 if we replace sec by Ric?

Note that the case of dimension at most 3 can be covered by Theorem 2.2. Thus a
new situation appears in dimension 4.

We are now in a position to introduce a main result of [HM24] giving an answer to
Question 2.3 in dimension 4.

Theorem 2.4. If

n=4, |Ric|] <3, diam<d, vol>w, (2.9)
then
w1 > e(d,v), (2.10)
or, equivalently,
1
Cp1 < —. 2.11
Bl = c(d,v) (2.11)

Sketch of the proof. As in Theorem 2.2, the proof is performed via a contradiction
argument, exploiting the pre-compactness of the family of Riemannian manifolds
satisfying (2.9) and the regularity theory of the arising limits.

Assume by contradiction that (2.10) does not hold. Then we can find a sequence of
closed Riemannian manifolds M7 with |Ric| < 3, py(M}) — 0 and

MACY x (2.12)

for some non-collapsed Ricci limit space X4. From [SWO01] by Sormani-Wei, it follows
that by (M7) = by (X*?) for any sufficiently large i. Thanks to works by Anderson, and
Cheeger-Naber [A89, A90, CN15], we know that X* is an orbifold. Then the spectral
convergence established in [H17] by the first named author together with pq (M}) — 0
allows us to conclude

limsup by (M;) < by (X4) (2.13)

1— 00

because of both Hodge theories [S56, G18] by Satake and Gigli for orbifolds and RCD
spaces, respectively. Thus we have a contradiction. O



Corollary 2.5. Under the same assumptions of Theorem 2.4, it holds
Cpir < C(d,v), Vk=0,1,2,3,4. (2.14)

Proof. Arguing as in the proof of Proposition 2.1, we obtain the result in the case when
k = 3 (recall that we already obtained the results in the case when k = 0,1 and 4).
Thus it is enough to check the assertion for k = 2 when M* is oriented (by the same
reason as above). To this aim, the Hodge decomposition yields the desired spectral
gap of the Hodge Laplacian for 2-forms from that of 1-forms (see, for instance, the
discussion around [T01, (2.1)]. Thus we conclude.

O
Let us recall the following conjecture proposed in [HM24].
Conjecture 2.6. If
Ric > —(n—1), diam <d, vol>w, (2.15)
then
Cpi < C(n,d,v). (2.16)

Two sub-conjectures already of interest would be:

« Establish Conjecture 2.6 under the stronger assumption that Sec > —1 (see also
Conjecture 5.5 for a stronger statement);

o Establish Conjecture 2.6 under the stronger assumption that |Ric| < n — 1;
We are able to give a partial answer to the conjecture.

Proposition 2.7. Conjecture 2.6 holds in dimension 2. More strongly, the dependence
on v >0 can be dropped; namely, if

n=2, Ric>-1, diam <d, (2.17)

then
Cpa < C(d). (2.18)

Proof. If M? is orientable, classical Hodge theory in dimension 2 (see for instance
[T01, Proposition 2.4] by Takahashi) implies that Cp; = Cp. Thus (2.18) is a direct
consequence of Theorem 1.1.

If M? is not orientable, one can take the orientable double cover and argue as in
the proof of Proposition 2.1. O

3 Gap metric-rigidity for Einstein manifolds

In this section, we deal with gap theorems for Ricci-flat and positive Einstein manifolds.

3.1 Anderson’s gap theorem for Ricci-flat manifolds

If Ric > 0, then the asymptotic volume ratio (AVR) of M" is defined by

AVR = AVR(M™) = Tim “2Br (@)

r—00 wpT™

€ [0,1], (3.1)

where the existence of the limit comes from the Bishop-Gromov inequality (moreover
it does not depend on the choice of x € M™) and the upper bound 1 is a direct
consequence of the Bishop inequality.

Let us start this section by recalling the following well known fact.

Proposition 3.1. Assume Ric > 0. Then M™ is isometric to R™ if and only if
AVR =1.



Proof. We only discuss the “if” implication, as the converse is trivial. If AVR = 1,
then the Bishop and the Bihop-Gromov inequalities show

vol(B,(z)) = wpr™, Vr >0, VreM" (3.2)

This easily implies that any ball in M™ is isometric to a ball of the same radius in R™.
The conclusion follows. O

From this proposition, it is natural to ask what happens if AVR is close to 1. The
following gives an answer to the question.

Theorem 3.2 (Colding, Cheeger-Colding). The following holds:

1. Assume Ric > 0. Then M™ is isometric to R™ if and only if a tangent cone at
infinity of M™ is isometric to R™.

2. For any n > 2, there exists e(n) > 0 such that if Ric > 0 and AVR > 1 — €(n),
then M™ is diffeomorphic to R™.

Sketch of the proof. (1) is a direct consequence of Proposition 3.1 and the volume
convergence established in [CC97, C97] by Cheeger-Colding and Colding.

For (2), under the assumptions, we know that any ball of radius R > 0 in M™ is
(05, R)-Gromov-Hausdorft close to a ball of radius R > 0 in R™. The conclusion follows
from the intrinsic Reifenberg method established in [CC97]. O

From now on let us focus on Ricci flat manifolds. The following is classical.

Proposition 3.3. If
n<3, Ric=0, AVR >0, (3.3)

then M™ is isometric to R™.

Proof. If n < 3, then Ric = 0 implies that Sec = 0, which in turn implies that M™
is locally isometric to R™. This means that there is a discrete free subgroup I' of
the isometry group of R™ such that M is isometric to the quotient R™/T". Since
M™ is smooth, I' cannot contain rotations, which have fixed point and would create
singularities in the quotient. Moreover, I"\ {id} cannot consist only of a reflection, as
in this case R"/I" is a half-space, contradicting that M™ is without boundary. Thus,
if T\ {id} is non-empty, then it must contain at least a non-trivial translation. This
implies that AVR(R™/T") = 0, contradicting (3.3). We thus conclude that T is trivial,
yielding that M™ is isometric to R™. O

We are now in position to introduce the main focus of this section, called Anderson’s
gap theorem. The following should be compared with Theorem 3.2.

Theorem 3.4 (Anderson). For any n > 2, there exists e(n) > 0 such that if Ric=0
and AVR > 1 —€(n), then AVR = 1, namely M™ is isometric to R™.

Sketch of the proof. Step 1. Both the injectivity and harmonic radii at some point
are infinite if AVR is close to 1, quantitatively.

The proof is done by a contradiction argument. For simplicity we focus only on
the case of the harmonic radius. If it is not the case, then there exists a sequence
M} of Ricci flat manifolds with finite harmonic radius r; at some points x; € M;* and
AVR — 1. Consider the rescaled manifolds r; 11\42»” whose harmonic radius at z; is
equal to 1 by definition. After passing to a subsequence, we have for some pointed
metric space (X", x)

(Ti_lMi",xi) ng (X", x). (3.4)
Since X™ is n-dimensional with non-negative Ricci and its AVR is equal to 1, it
follows that X" is isometric to R™. Note that the smooth regularity of X™ is a direct
consequence of the elliptic regularity theory together with the Einstein equation Ric = 0.
Moreover the same reason on the regularity allows us to improve the convergence (3.4)



to smooth convergence. In particular, we know that the harmonic radius of X™ must
be 1 because so is 7; ' M. This is a contradiction.

Step 2. Conclusion.
Thanks to Step 1 together with [AC92] by Anderson-Cheeger, we can construct a
globally bi-Lipschitz embedding harmonic map ® : M™ — R™. Take a blow-down of ®;

d:C(Z) >R (3.5)

where C(Z) is a tangent cone at infinity of M”. Then ® is a linear bi-Lipschitz
embedding. Since C(Z) is n-dimensional, this shows that C(Z) is isometric to R™.
Thus the conclusion follows from Theorem 3.2. O

Based on this result, let us define the Anderson constant as follows.

Definition 3.5. For any n > 2, define C4 o(n) as the infimum of € > 0 satisfying that
if a complete Ricci flat manifold M™ satisfies AVR > ¢, then M™ is isometric to R™.

The following question is natural.
Question 3.6. Determine Cy o(n) explicitly.
Note that Proposition 3.3 yields

Capo(n)=0, ifn<3. (3.6)

Thus, we focus on the case when n > 4. The first simple observation is in dimension 4.
Though the following seems to be well-known to experts, let us give a proof for readers’
convenience.

Proposition 3.7. If
n=4, Ric=0, AVR > —, (3.7)

then M* is isometric to R*.

Proof. Take a tangent cone at infinity, denoted by C(Z2), where C(Z?) is the metric
cone over Z3 by a result of Cheeger-Colding [CC96]. Thanks to a result of Cheeger-
Naber [CN15], Z3 is smooth Einstein with Ric = 3, up to a codimension 4 singular set
which thus must be empty since Z3 is 3-dimensional. Thus Z? is smooth with Ric = 2,
since dim(Z?) = 3 again, Z3 has constant sectional curvature 1. Thus Z3 is isometric
to S?/T for some finite subgroup I' of O(4). On the other hand, AVR > % implies

vol(Z3) > %Vol(Sg’). (3.8)

This also implies #I" < 2, namely T is trivial. Thus Z3 is isometric to S3. Therefore
the conclusion follows from Theorem 3.2. O

The theorem above is sharp in the sense that the Eguchi-Hanson metric on T'S?,
which is Ricci flat, satisfies AVR = % Thus:

Corollary 3.8. It holds
1

CA,O(4) = 5 (39)

Note that for higher dimensions, taking the product of R* and the Eguchi-Hanson
metric, it holds that

CA,()(?’L + 1) > CA’()(TL) >—, VYn>5. (3.10)

DN =

Similarly, we can also obtain the following result.



Proposition 3.9. Let

(MP, z;) PSS (X, @) (3.11)
be a non-collapsed pointed Gromov-Hausdorff convergent sequence of pointed Rieman-
nian manifolds M* with |Ric| < n—1. Assume that a tangent cone at x splits off R"~4.

Then x is a regular point if and only if D,(x) > % holds, where the n-dimensional
volume density Dy, (x) is defined by

D, (z) := lim M.

A2
r—0 wWpTr™ (3 )

3.2 Gap metric-rigidity for positive Einstein manifolds

In this subsection we deal with a positive Einstein analogue of the previous section.
Firstly let us recall the following fundamental result in Riemannian geometry, which
follows by analyzing the equality case in the Bishop-Gromov inequality.

Theorem 3.10. If
Ric > n —1, (3.13)

then
vol < vol(S™). (3.14)

Moreover the equality in (5.14) holds if and only if M™ is isometric to S™.
Theorem 3.11 (Cheeger-Colding). For any n > 2, there exists €, > 0 such that if

Ric>n—1, vol > (1 —e,)vol(S"), (3.15)

then M™ is diffeomorphic to S™.

The following, proved in [HM21] by Mondello and the first named author, gives a
positive Einstein analogue of Theorem 3.4.

Theorem 3.12. For any n > 2, there exists €, > 0 such that if
Ric=n—-1, vol> (1 —e€,)vol(S™), (3.16)
then M™ is isometric to S™.

Proof. Let us provide a proof along [HM21], where another proof can be found by
applying the local analytic structure of the moduli space of Einstein metrics, due to
[B87, Chapter 12] by Besse.

The proof is obtained by a contradiction argument. If it is not the case, then
applying [CC97, C96], there exists a sequence of closed manifolds M* with Ric=n—1
and vol(M") — vol(S™) such that M smoothly converge to S™. In particular the
curvature operator of M/ is positive for any sufficiently large . Then, a result of
Tachibana in [T74] yields that M]* has constant sectional curvature 1. Since M* is
diffeomorphic to S”, M must be isometric to S”. This is a contradiction. O

Based on this result, let us define the Anderson constant for positive Einstein
manifolds as follows.

Definition 3.13. For any n > 2, define C4 1(n) as the infimum of € > 0 satisfying
that if a closed Einstein manifold M™ with Ric = n — 1 satisfies vol > evol(S™), then
M™ is isometric to S™.

The following question is rather natural.

Question 3.14. Determine C4 1(n) explicitly.



Note that considering the standard projective space of dimension n, we know

1
Cai(n) > 2 Vn > 2. (3.17)

Let us provide a simple observation in dimension 3, which is already essentially observed
in the proof of Theorem 3.7.

Proposition 3.15. If
1
n=3, Ric=2, vol> ivol(S?’)7 (3.18)
then M3 is isometric to S3. With (3.17),
1
Can(3) = 5. (3.19)

Proof. Since we are in dimension 3, M? has constant sectional curvature 1, namely M3
is isometric to S3/T" for some finite subgroup I' of O(4). However, the last assumption
in (3.18) shows fI' < 2, namely I' is trivial. Thus we conclude. O

Finally, we ask the following question.

Question 3.16. Is it true that
Cao(n+1)=Can(n) (3.20)

for any n > 37

As already observed, we know that (3.20) is correct if n = 3, and that (3.20) is
incorrect if n = 2.

Remark 3.17. Tt is natural to ask whether C4,1(4) = 1 holds. In fact, it was pointed
out by Shengxuan Zhou to the authors that this fails due to the Fubini-Study metric
on CP?. The precise description is as follows.
Let us denote by grg the Fubini-Study metric on CP?, constructed by the Hopf
fibration:
S' - §° — CP?, (3.21)

where each fiber is a great circle in S°. It is possible to compute the volume by

5
vol(CP?) = VOIZ(S ) _ %w? (3.22)
m

On the other hand, it is well-known that gpg is a positive Einstein metric whose
Einstein constant is equal to 6.

Therefore, considering the normalization 2 grg, we obtain an Einstein 4-manifold
with Ric = 3 and vol = 272, Since vol(S*) = (872)/3, the above discussion yields

3 3
Cani(4) > 1 <: 212 . 87T2> . (3.23)

In connection with Question 3.16, let us provide two partial results.

Proposition 3.18. If
n=2>5, Ric=0, AVR >Ca1(4) (3.24)
then M?® is isometric to R®. In other words,

Cao(5) <Cai(4). (3.25)



Proof. Let us take a tangent cone at infinity, denoted by C(Z*), where Z* is smooth
4-dimensional Einstein with Ric = 3 on the regular set because of [CC97]. Firstly let
us prove that Z* is smooth. It is enough to show that no singular point exists.

Take a point z € Z* and a tangent cone at z of Z%, denoted by C(W?). Applying
[CCI7] again, we know that W3 is smooth 3-dimensional Einstein with Ric = 2 on the
regular set. Since W3 is 3-dimensional, then W3 has no singular points because of the
same reason as observed in the proof of Proposition 3.7, due to [CN15].

On the other hand, we regard z as a point in 9B (p), where p is the pole of C(Z%),
and we consider a minimal geodesic v from z to p in C(Z*). Note that the 5-dimensional
volume density Ds is lower semicontinuous along v because of the Bishop-Gromov
inequality. Since Dj is constant on v\ {p} and Ds(p) = AVR > C41(4) > 3, we have

D5(Z) > CA,1(4) > (326)

DN | =

which shows that the volume of W? is greater than vol(S®). Therefore Proposition

3.15 shows that W3 is isometric to S®. Thus z is a regular point, namely Z4 is smooth.

Moreover the observation above also allows us to conclude that the volume of Z4

is greater than C 1(4) - vol(S*). Thus by definition of C4 1(4), Z* is isometric to S*.
Therefore we conclude by Theorem 3.1.

O

The next proposition tells us that there are not so many examples of positive
Einstein 4-manifolds whose volume is greater than the half of the volume of the unit
4-sphere.

Proposition 3.19. For any € > 0, the set of all Einstein manifolds M* of dimension
4 with Ric = 3 and

1
vol > (1+¢€) - §v01(S") (3.27)
s compact with respect to the C°°-convergence.

Proof. Take a sequence M of Einstein manifolds with Ric = 3 and satisfying (3.27).
After passing to a subsequence, we have

Mt x4 (3.28)

for some compact non-collapsed Ricci limit space X*. Since X* also satisfies (3.27),
in particular Dy(z) > % by the Bishop-Gromov inequality. Thus X* has no singular
points by Proposition 3.9 (or by just applying [A89, A90] by Anderson). It follows
from [CC97] that (3.28) can be improved to the smooth convergence. O

See, for instance, [SX24] for an analogous gap metric-rigidity result for negative
Einstein manifolds.

4 Gap topological-rigidity under lower curvature
bounds

4.1 Lower sectional curvature bounds

Let us start by recalling a classical result due to Marenich and Topogonov [MT85] (see
also [MT91]).

Theorem 4.1 (Marenich-Topogonov). Let M™ be a complete Riemannian n-dimensional
manifold with
sec > 0 and AVR > 0.

Then M™ is diffeomorphic to R™.



To put Theorem 4.1 in perspective, recall that Cheeger-Gromoll-Perelman soul
Theorem implies that if M™ is a complete non-compact n-dimensional Riemannian
manifold with non-negative sectional curvature, admitting a point  such that all
sectional curvatures at T are positive, then M™ is diffeomorphic to R"™.

Note also that Theorem 4.1 does not generalise to the non-smooth setting of
Alexandrov spaces with non-negative curvature. Indeed the Euclidean cone over RP?,
that we denote by C (R]P’2), is an example of a 3-dimensional Alexandrov space wih
non-negative curvature, with AVR = 1/2, but it is not homeomorphic to R?.

In Theorem 4.3, we will show that as soon as AVR > 1/2 then the topological
rigidity holds.

The following result is a consequence of Grove-Petersen radius sphere theorem
[GP93].

Theorem 4.2. Let XV be an N-dimensional Alexandrov space with
1
curv > 1 and HY (XN) > ivol(SN).

Then XN is homeomorphic to SN .

Proof. Bishop-Gromov inequality in Alexandrov spaces, combined with the assumption
that HY(XN) > HN(SV)/2 imply that the radius of X¥ is strictly larger than /2.
Grove-Petersen radius sphere theorem [GP93] gives that X is homeomorphic to
SN, O

The next result is a consequence of Theorem 4.2, the Bishop-Gromov inequality,
and Perelman’s stability theorem.

Theorem 4.3. Let XV be an N-dimensional Alexandrov space with
curv > 0 and AVR > 1/2.
Then XN is homeomorphic to RY.

Proof. Let YV be a tangent cone at infinity of XV. It is easily checked that also YV
has AVR > 1/2.

Step 1. YV is homeomorphic to RY.

We know that YV = C(Z¥~1) is the metric cone over an (N — 1)-dimensional
Alexandrov space ZV~! with curv > 1. Moreover, since Y~ has AVR > 1/2, it
follows that HYN~1(ZN=1) > HN(SV~1)/2. Therefore, Theorem 4.2 gives that ZN~!
is homeomorphic to S¥~1. Thereofore, Y = C(ZN~1) is homeomorphic to RV .

Step 2. X* is homeomorphic to RY.

Let 29 € X, By Perelman’s stability theorem, for any € > 0, for every R > 0 large
enough, an open subset U C X, with B(1_¢r(z0) C U C B(14¢r(20), is homeomorphic
to Br(yo) C Y which, in turn, is homeomorphic to Bg C RV, thanks to Step 1. At
this point, arguing verbatim as in the proof of [KM21, Theorem 3.5] by Kapovitch
and the second named author, it is possible to glue such local homeomorphisms into
a global homeomorphism from X to RY by using Siebenmann’s deformation of
homeomorphisms theory [S72]. O

The constant 1/2 in the AVR is sharp, as the aforementioned example of C(RP?)
shows. Note that C'(RP?) x R* gives an example in every dimension n = 3 + k.

In case of a 2-dimensional Alexandrov space X2 without boundary, with non-
negative curvature and AVR > 0, the classical Cohn-Vossen theorem implies that X?
is homeomorphic to R2.
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4.2 Lower Ricci curvature bounds

Throughout the section, we assume the reader is familiar with the notations and
terminology of RCD(K, N) spaces, i.e. possibly non-smooth metric measure spaces
with Ricci curvature bounded below by K € R and dimension bounded above by
N € [1,00] in a synthetic sense. Let us just recall that, thanks to the work of Cavalletti-
Milman [CM21] (see also [L24] by Li) the conditions RCD(K, N) and RCD*(K, N)
are equivalent, so we make no distinction between the two and adopt the notation
RCD(K, N).

In connection with Theorem 4.1 let us start by introducing a recent beautiful result
due to Brue-Pigati-Semola in [BPS24, Theorem 1.9].

Theorem 4.4 (Brue-Pigati-Semola). Let X3 be a non-collapsed RCD(0, 3) manifold
with AVR > 0. Then X3 is homeomorphic to R3. In particular any complete 3-manifold
with nonnegative Ricci curvature and AVR > 0 is diffeomorphic to R3.

The following is a consequence of the Bishop-Gromov inequality, Brue-Pigati-Semola
manifold recognition theorem for RCD spaces, and Perelman’s proof of the Poincaré
conjecture.

Theorem 4.5. Let N = 2,3 and let (XV,d,H") be a non-collapsed RCD(N — 1, N)
space with HN (X) > vol(SN) /2. Then X is homeomorphic to SV.

Proof. 2-dimensional case. By Lytchack-Stadler [LS23], X2 is an Alexandrov space
with curv > 1. The claim then follows from Theorem 4.2.

3-dimensional case By Perelman’s proof of the Poincaré conjecture, it is enough
to show that X2 is homeomorphic to a simply connected topological 3-manifold without
boundary.

Step 1. X3 is homeomorphic to a topological 3-manifold.

For every z € X3, every tangent cone at x is a metric cone C(Y?). By a result of
Ketterer in [K15], Y2 is a non-collapsed RCD(1,2) space. The Bishop-Gromov volume
monotonicity implies that H?(Y?2) > vol(S?)/2. Thus, from the 2-dimensional case
discussed above, it follows that Y2 is homeomorphic to S2. Thus, we just proved that
every tangent cone to every point of X3 is homeomorphic to the cone over S2. The
recent result proved in [BPS24, Theorem 1.8] gives that X? is homeomorphic to a
topological 3-manifold.

Step 2. X3 is simply connected.

By a result of Wang in [W24], RCD(K, N) spaces are semi-locally simply connected,
thus the fundamental group coincides with the revised fundamental group. If X3 is
not simply connected, by the work of Wei and the second named author [MW19], we
know that the universal cover X? of X is an RCD(2, 3) space, and it must hold

H3(X3) > 2H3(X3) > vol(S?),

contradicting the Bishop-Gromov monotonicity. Thus X? is simply connected.

Step 3. Conclusion.
From Steps 2 and 3 we know that X2 is homeomorphic to a simply connected 3-
dimensional topological manifold. Perelman’s proof of the Poincaré conjecture gives
that X3 is homeomorphic to S3. O

Theorem 4.6. Let (X ,d,H") be a non-collapsed RCD(0, N) space, for some N < 4,
with AVR > 1/2. Then every tangent cone at infinity, and every tangent cone at any
point, are homeomorphic to RY.

Proof. Let us discuss only the case N = 4, the others being analogous (actually easier).

Let Y* be any tangent cone at infinity. Then Y* is an RCD(0, 4) space with AVR >
1/2. Tt is easily seen that Y achieves equality in the Bishop-Gromov monotonicity and
thus, by De Philippis-Gigli [DPG16] and [K15] by Ketterer, Y4 = C(Z3) is the metric
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cone over a non-collapsed RCD(2, 3) space Z3. By the Bishop-Gromov monotonicity,
it is easily seen that H3(Z?%) > vol(S?)/2. Recalling Theorem 4.5, we infer that Z2 is
homeomorphic to S3. Tt follows that Y4 = C(Z?) is homeomorphic to R*, as claimed.

Similarly we obtain the corresponding result for tangent cones at any point. [

5 Open problems

5.1 Related to the Poincaré inequality
Firstly we provide the following, related to Conjecture 2.6.

Conjecture 5.1. Let
M S xn (5.1)

be a non-collapsed sequence of closed Riemannian manifolds M with Ric > —(n — 1),
converging in GH-sense to a compact Ricci limit space X™. Then

1. by(MP*) = b1 (X™) for any sufficiently large i, where by 1(X™) denotes the
dimension of the space of harmonic 1-forms in the sense of [G18] by Gigli;

2. by (X™) = by (X™).

Note that if the conjecture above is valid, then Conjecture 2.6 is too, because of the
same arguments as in the proof of Theorem 3.7 (together with a result of Pan-Wei in
[PW22]). We provide a progress along this direction, yielding that the only remaining
step is to prove b 1 (X™) < by (X™).

Proposition 5.2. Under the same setting (5.1) as in the conjecture above, it holds
bi (M) <bmg1(X™), for any sufficiently large i. (5.2)
In particular if b 1(X™) < b1 (X™), then by (X™) = bi(X™).

Proof. Let us take a sequence of harmonic 1-forms w; on M* with ||w;| 2 = 1. Thanks
to a result of the first named author in [H18], since (w;); has an L?-strong convergent
subsequence, with no loss of generality we can assume that (w;); is L2-strongly converg-
ing to some w € L2(T*X™). It follows from [H18] that w € Wx*(T*X™) N L=(T*X")
holds with dw = 0 and dw = 0. Therefore in order to conclude, it is enough to check
we HRA(T*X™).

To this end, we use ideas appeared in a paper [HKMPR24] by Ketterer-Mondello-
Perales-Rigoni and the first named author. We assume the readers are familiar with
the standard notations about this topic, including the definitions of e-regular set R}
and (e, k)-singular stratum S¥.

Step 1. There exists €, > 0 such that for any x € R there exist r > 0 and
f € D(A, B,.(x)) such that w = df on B,.(x).

This is done by following the proof of [HKMPR24, Theorem 3.1] based on the
intrinsic Reifenberg method with the Poincaré lemma on M;*.

Step 2. For any Lipschitz function ¢ on X™ with suppy C X™\ S&_Q, we have
pw € H}I’Q(T*X").

This is a direct consequence of Step 1 and a partition of unity argument: indeed,
writing w = df on a small ball B,.(x), we easily get that pdf € H}f (T*X™), for any
p € Lip.(B,(z)).

Step 3. Conclusion.

For any small » > 0, find a cut-off Lipschitz function ¢, with supp(¢,) € X™\
B,(8"7%), ¢ =1 on X"\ By, (8"2%) and |[Ve,| < 2. Recalling a result proved in
[CIN21] by Cheeger-Jiang-Naber:

H™(Bs(S"%)) < C(n,e,diam(X™))s?, Vs >0, (5.3)
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we have

/ [V, | dH™ < C(n, e, diam(X™)).
Xﬂ,

After choosing € = ¢, as in Step 1, letting r — 0 for p,w € HEZ(T*X”) with Mazur’s
lemma allows to conclude that 1y, gn-2w € H}I’Q(T*X"). Since 8"~2 is s "-negligible
(for example recall (5.3)), we conclude. O

Question 5.3. What is the sharp upper bound on Cp; under Ric > K, diam < d and
vol > v?

Question 5.4. Prove Conjecture 2.6 is sharp in the sense that there exists a sequence
M} with Ric > —(n — 1), diam < d and vol > v such that Cp (M) — oo for some
k> 2.

Conjecture 5.5. If
sec > —1, diam <d, vol>wv, (5.4)

then for any k >'1
Cpi < C(n,d, k,v). (5.5)

In connection with Conjecture 5.5, let us recall a renowned conjecture by Perelman.

Conjecture 5.6 (Perelman’s bi-Lipschitz stability conjecture). Let
xS xm (5.6)

be a non-collapsed GH-convergent sequence of compact Alexandrov spaces' of dimension
n with curv > —1. Then there exists C > 1 such that X' is C-bi-Lipschitz equivalent
to X™ for any sufficiently large i.

It is worth mentioning that if Conjecture 5.6 holds, then, by a standard contradiction
argument, the above C' > 1 can be taken as a constant depending only on the dimension
n, a uniform upper bound of the diameters of X* and a uniform positive lower bound
of vol(X).

The following gives a connection between the conjectures above.

Proposition 5.7. Assume Conjecture 5.6 holds in the special case when X[ is a
sequence of smooth Riemannian manifolds. Then Conjecture 5.5 holds true.

Proof. The proof is done by a contradiction argument. If it is not the case, then there
exists a sequence M satisfying (5.4) such that M Gromov-Hausdorff converge to
a compact Alexandrov space X™ of dimension n and that Cpi(M]*) — oo. Thus
pe (M) — 0. On the other hand, [L18, Lemma 4.2] by Lott yields

lim inf g (M]*) > 0, (5.7)

1—> 00

which is a contradiction. O

In connection with the observation above, let us prove the following.
Theorem 5.8. Conjecture 5.6 is valid if n = 2 and each X? is smooth.

In order to prove this, let us prepare a couple of technical results. In the sequel
we assume that the readers are familiar with the fundamental results on Alexandrov
surfaces X2, including the curvature measure wyx2 = w = wt —w™. We refer to
[AZ62, R89, M98, S99, BL03, BB04, B05] for more details.

Firstly let us provide a quantitative way to construct a disc, whose boundary is a
given (short) simple closed curve.

'Note that, since X™ is also assumed to be compact, then the diameters of X! are uniformly bounded.
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Lemma 5.9. If
n=2 sec>—1, diam<d, vol>w (5.8)

then there exists T = 7(d,v) > 0 such that if a simple closed curve v in M? satisfies
U(v) < 1, then the interior D, of v makes sense and it is a disc. In this case, set
D;r = M?\ (yUD,).

Proof. This is a direct consequence of Perelman’s topological stability theorem [P91]
(see also [KOT7] by Kapovitch) and the Jordan curve theorem, via a contradiction
argument. We omit the details. O

Theorem 5.8 is essentially a direct consequence of the following technical lemma,
together with a result of Burago [B05].

Lemma 5.10. Under the same assumptions as in Lemma 5.9, there exist £ = £(d,v) >0
and € = €(d,v) > 0 such that if a simple closed curve v in M? satisfies £(y) < €, then
v bounds a disc D., with wt(D,) <27 — €.

Proof. The proof is done by a contradiction argument. If it is not the case, then there
exist:

1. a sequence of closed smooth surfaces M? with curvature bounded below by —1,
satisfying

M2 Y x2 (5.9)

K3
for some compact Alexandrov space X2 of dimension 2;
2. a sequence of simple closed curves v; in M? with £(v;) — 0 and w; (D,,) — 2.

In order to keep notation short, we assume that M? and X? are isometrically
embedded in an ambient metric space Z realising the GH-convergence, i.e. M? converge
to X? in Hausdorff distance sense, as subsets of Z.

Up to a subsequence, we can assume that v; — zo € X2. Let us divide the proof
into the following cases:

(I) The case when limsup,_, ., diam(D.,) > 0 and limsup,_, ., diam(D3,) >0 .

Then after passing to a subsequence we can find a sequence of points ; € D,,,y; €
D;:'i with

liminfdy2(z;,7) >0 and liirg(i)gf darz(yi, vi) > 0.

71— 00
With no loss of generality, we can assume x; — = € X2 and y; — y € X? with respect
to the metric of Z. Then by definition of xg, for all r < min{dx2(x,zo),dx2(y,x0)},
z € B.(z) and w € B,(y), we see that any geodesic from z to w contains zy as an
interior point. This contradicts the non-branching property for geodesics in X2, which
is a consequence of the Alexandrov lower sectional curvature bound on X?2.

(II) The case when lim; o diam(D,,) = 0 and limsup,_, ., diam(DZ) >0 .

[

Fix ¢ € C(X?) with 0 < ¢ < 1, ¢|p,, (20) = 1 and supp(¢) C By, (20). For
2

any i, fix z; € ;, and then find a uniformly convergent sequence p; € C(M?) to ¢
with 0 < ¢; <1, @il B, (2;) = 1 and supp ¢; C Ba,(2;). The weak convergence of the
curvature measures gives

/M2 i dwpyz —>/X<pdez :/B ( )godez (5.10)
i 2r(Zo

On the other hand, as i — oo,
/ i dwp 2 =/ goiK;F dvol—/ p; K, dvol
M? ‘ BQ,«((Ei) Bz,,w(wi)

(1.

— 21 — A2 (Bar(w0)), (by wi(D,,) — 27), (5.11)

<piKi+ dvol> — vol(Ba(x;)), (by £(y;) — 0),
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where, to obtain the second line, we exploited the assumption that the sectional
curvatures are bounded below by —1. Also, it holds that

/ pdwx2 :/ @dw;;? —/ pdwy, S/ Sﬁdwj_@
Bz (x0) Bz (x0) Bar(z0) B2y (o)

< wis (Bar(20)). (5.12)

Combining (5.10), (5.11), and (5.12), we obtain that w, (B (z¢)) — 27 as r — 0, that
is wha({wo}) = 2m. As observed in [M98] (see also page 287 of [AB16] by Ambrosio-
Bertrand), this is in contradiction with the fact that X? is 2-dimensional Alexandrov
space with curvature bounded below.

(IIT) Remaining cases.

The remaining cases lead to a contradiction by analogous arguments. The proof is
thus complete. O

We are now in a position to prove Theorem 5.8.

Proof of Theorem 5.8. This is a direct consequence of [B05, Theorem 1] and Lemma
5.10. O

5.2 Related to the gap metric-rigidity

Question 5.11. If a complete 4-manifold M* with non-negative Ricci curvature
satisfies AVR = %, then is M* isometric to the Eguchi-Hanson metric?

Note that the answer to Question 5.11 is affirmative if the Riemannian metric is
Kahler.

Question 5.12. It is possible to classify Einstein 4-manifolds with Ric = 3 and
vol > vol(S*)/27?

5.3 Related to the gap topological-rigidity
Question 5.13. Let X* be as in Theorem 4.6. Is it true X is homeomorphic to R*?
Even the smooth counterpart of such a question seems to be an interesting problem:

Question 5.14. Let M* be a 4-dimensional smooth complete Riemannian manifold
with
Ric >0 and AVR > 1/2.

Is it true M* is homeomorphic to R*?
In the affirmative case, is M* diffeomorphic to R*?

Question 5.15. For each n > 4, determine the minimal constant C> ;(n) with the
following property. If M™ is an n-dimensional smooth closed Riemannian manifold
with

Ric>n—1 and vol > Cs ;(n)vol(S"),

then M™ is homeomorphic (resp. diffeomorphic) to S™.

Note that Remark 3.17 implies that C> 1(4) > 3/4.
Finally it is of course very interesting to investigate whether the corresponding
non-smooth analogues of all of the above are valid or not.
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