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ABSTRACT. This paper examines minimal hypersurfaces in sub-Riemannian Heisenberg groups. We
extend the celebrated Simons formula and Kato inequality to the sub-Riemannian setting, and we apply
them to obtain integral curvature estimates for stable hypersurfaces. These results lead to structural
conditions that imply a Bernstein-type rigidity theorem for smooth, non-characteristic hypersurfaces
in the second Heisenberg group.

1. INTRODUCTION

In this paper, we investigate minimal hypersurfaces within sub-Riemannian Heisenberg groups. Our
main contribution is the extension to the sub-Riemannian setting of the celebrated Simons formula for
the Laplacian of the second fundamental form of a minimal hypersurface, discovered by Simons in [71].
Morover, we provide an improved Kato inequality for the gradient of the second fundamental form of
a minimal hypersurface, extending its Riemannian version first established by Schoen, Simon and Yau
in [68]. Combining the previous results, we derive integral curvature bounds for stable hypersurfaces.
Finally, we apply them to uncover structural conditions under which complete, stable hypersurfaces in
the second Heisenberg group are flat from the sub-Riemannian viewpoint, providing a first Bernstein-
type rigidity result in Heisenberg groups of higher dimension. The solution to the Euclidean Bernstein
problem played a pivotal role in advancing the understanding of the geometric structure of minimal
hypersurfaces. Therefore, it seems appropriate to briefly recall the historical origins of this subject.

The Euclidean Bernstein problem. The Bernstein problem, originally solved by Bernstein in R?
(cf. [6]), consists in characterizing entire solutions u : R™ — R to the minimal surface equation

Du

1+ |Dul?

Thanks to the combined contributions of Fleming (cf. [37]), De Giorgi (cf. [30]), Almgren (cf. [2]),
Simons (cf. [71]) and Bombieri, De Giorgi and Giusti (cf. [7]), we know that, for n < 7, entire solutions
to (1.1) are affine functions, or, equivalently, their graphs are hyperplanes. In contrast, for n > 8,
there exist entire analytic solutions to (1.1) that are not affine. Indeed, the well-known monotonicity
formula for the perimeter density allows to reduce the solution to the Bernstein problem in R"*! to
the existence of singular minimal cones in R™ (cf. [37, 30]), which occurs if and only if n > 8 (cf.
[2, 71, 7]). The very same approach is suitable for the solution to a way more general formulation of
the Bernstein problem, i.e. the characterization of global perimeter minimizers in R™. In this setting,
when n < 7, the unique non-empty global perimeter minimizers in R” are half-spaces, while there are
counterexamples when n > 8. We refer to [45] for a detailed account on the Bernstein problem in the
Euclidean space.
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An alternative approach. A new approach to the Bernstein problem was proposed by Schoen,
Simon and Yau in their seminal paper [68], where the authors solved the latter in the class of com-
plete, stable hypersurfaces satisfying suitable volume growth assumptions and under the additional
constraint n < 6. This second approach can be summarized in the following steps.

1. Combining the celebrated Simons identity for minimal hypersurfaces S C R™ (cf. [71]), namely
(1.2) ASh = —|h|?h,
with the Kato-type inequality

2
(1.3) <1 - n_1> \vs\hPf < 4|h?|Vohn|?
(cf. [68]), one provides a lower bound for A®|h|? of the form
2
(1.4) 21h>A5 )2 > <1 + 1) VS |h2|* — 4]h|°.
n—

Here, h is the second fundamental form associated to S, AS is the tangential Laplacian and V*
is the tangential gradient.
2. Owing to (1.4), one establishes LP-estimates for stable hypersurfaces such as

(1.5) /|h|pcppda < C’/ IV olP do,
S S

where C' is a geometric constant, p lies in a range of exponents which depends on the dimension
n, o is the surface measure and ¢ is a smooth test function.
3. Assuming that S satisfies volume growth conditions of the form

(1.6) o(SN B(p)) =0 (r" 1)

as r — 00, one exploits (1.5) to show that S is totally geodesic, meaning that h = 0.
4. Complete, totally geodesic Euclidean hypersurfaces are hyperplanes.

In particular, since for n < 7 boundaries of perimeter minimizers are smooth, complete, stable hyper-
surfaces and satisfy (1.6) (cf. [50]), this new approach yields a new solution to the Bernstein problem
when n < 6. Although this second approach fails to solve the Bernstein problem in its full generality,
as the case n = 7 is not covered, it is originally stated in the more general setting of Riemannian man-
ifolds satisfying suitable curvature constraints. We point out that, in the Euclidean setting, Bellettini
(cf. [5]) has recently extended Schoen-Simon-Yau’s result up to n = 7. This second approach has the
advantage of being applicable to the solution of the so-called stable Bernstein problem, i.e. the charac-
terization of complete, stable hypersurfaces, thus without a priori requiring that they are boundaries
of global perimeter minimizers. While the thee-dimensional version of the latter has been solved by
do Carmo and Peng (cf. [32]), Fischer-Colbrie and Schoen (cf. [36]) and Pogorelov (cf. [60]) via ad
hoc techniques, Schoen-Simon-Yau’s approach reduces the solution to the higher dimensional case to
the establishment of volume growth estimates as in (1.6). Following this approach, Chodosh and Li
(cf. [18, 19]) and Catino, Mastrolia and Roncoroni (cf. [12]), Chodosh, Li, Minter and Stryker (cf.
[20]) and Mazet (cf. [52]) recently solved the stable Bernstein problem in R%, R® and RS respectively.
We refer to [31, 23] for some recent developments in the Riemannian setting.

The sub-Riemannian Bernstein problem. Like its Euclidean and Riemannian precursors, the
sub-Riemannian Bernstein problem is an intriguing topic within the broader framework of sub-
Riemannian geometry and it fits into the more general context of studying minimal hypersurfaces
in sub-Riemannian structures (cf. [14, 15, 16, 28, 34, 42, 61, 43, 46, 56, 57, 62, 70] and references
therein). This research area is particularly relevant in the sub-Riemannian Heisenberg group H",
which constitutes a prototypical model in the setting of Carnot groups (cf. [8]), sub-Riemannian man-
ifolds (cf. [1]), CR manifolds (cf. [11]) and Carnot-Carathéodory spaces (cf. [47]). We briefly recall
that the n-th Heisenberg group (H",-) is R?"*! endowed with the group law

n
p-v = (2t ()= @g.t) (@9 ¢)=[z+29+7 t+t' + Y (y; —x0) |,
j=1
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where we denoted points p € R?"*! by p = (2,t) = (z,9,t) = (T1,...,Tn,Y1,-..,Yn,t). With this
operation, H" is a Carnot group, whose associated horizontal distribution, which we denote by H, is
generated by the left-invariant vector fields

0 0 0 0

aixj"‘yja and Zn-i—j:}/j:i_

7. =X = .
J J aﬂij ‘T]Bt

for j =1,...,n. A vector field which is tangent to H at every point is called horizontal. If we denote
by T the left-invariant vector field %, then Xq,...,X,,Y1,...,Y,, T constitutes a global frame of
left-invariant vector fields. The only nontrivial commutation relations are

(X;,Y;] = —[Y;, X;] = =2T
for any j = 1,...,n. H" inherits a sub-Riemannian structure by fixing be the unique Riemannian
metric (-,-) which makes X1,...,X,,Y1,...,Y,, T orthonormal. Moreover, H"” can be endowed with

an appropriate affine connection V, the so-called pseudohermitian connection, which is metric but
not torsion-free, and in a sense realizes it as a flat sub-Riemannian model. These tools both provide
an intrinsic definition of perimeter, the so-called horizontal perimeter, and enhance the study of the
extrinsic geometry of submanifolds in H”. Consequently, the sub-Riemannian formulation of the
Bernstein problem appears just as natural as its Riemannian counterpart. Nevertheless, its essence is
substantially different from the Euclidean one. First of all, a suitable generalization of the Euclidean
monotonicity formula is known to hold only for particular classes of hypersurfaces (cf. [27]), whereas its
validity for general hypersurfaces remains a major open problem in the field. This obstruction prevents
the possibility to follow either the classical approach (cf, [71]) or the more recent one developed in [5].
Moreover, there are several examples of minimal cones, both smooth (cf. [66, 15, 46]) and with low
regularity (cf. [62, 54]) which are not flat from the intrinsic viewpoint of H™. This new phenomenon
is caused by the fact that an hypersurface S C H"”, although smooth from a classical differential
standpoint, may be intrinsically irregular due to the presence of the so-called characteristic points, i.e.
those points p € S for which the tangent space 7},S coincides with the horizontal distribution H,. For
the above-mentioned reasons, the first approach we have described in the Euclidean setting does not
appear to be suitable for this context, neither in H' nor in higher dimension. Nevertheless, by means
of ad hoc techniques, the Bernstein problem in H! is now largely solved. Danielli, Garofalo, Nhieu
and Pauls (cf. [29]) and Hurtado, Ritoré and Rosales (cf. [49], and cf. also [14, 15, 66, 28]) proved
that a complete, two-sided, connected, stable C2-surface in H' must be a wvertical plane (without
characteristic points), a horizontal plane (with one characteristic point) or the hyperbolic paraboloid
t = z1y; (with a line of characteristic points). In general, we recall that a vertical hyperplane in H"
is an Euclidean hyperplane which is tangent to 1" at every point. The hyperbolic paraboloid, which
is a cone for the intrinsic geometry of H", can be easily lifted to provide smooth, non-flat, minimal
cones for any n > 2 (cf. [59]). A special class of surfaces without characteristic points, which we call
non-characteristic, is that of intrinsic graphs as introduced by Franchi, Serapioni and Serra Cassano
in [38]. In this setting, Barone Adesi, Serra Cassano and Vittone (cf. [4]) had previously shown that
entire, stable intrinsic graphs associated to a C?-function are vertical planes. We point out that,
differently from the Euclidean setting, stability plays a role even when dealing with intrinsic graphs.
Indeed, Danielli, Garofalo and Nhieu exhibited striking examples of entire, minimal intrinsic graphs
which are unstable (cf. [26]). In the non-characteristic setting, the same conclusion was achieved by
Galli and Ritoré (cf. [40]) in the class of non-characteristic, complete, two-sided, connected and stable
Cl-surfaces. The C'-regularity assumption was later improved to Euclidean Lipschitz regularity by
Nicolussi Golo and Serra Cassano (cf. [55]) and by the first author and Ritoré (cf. [44]). We point
out that the best possible regularity to guarantee the above rigidity in H' is still an open problem
(cf. [73] for some developments in this direction). On the other hand, although in H' there are
counterexamples to the regularity of perimeter minimizers, some evidences (cf. e.g. [10]) suggest that
it is reasonable to study the higher dimensional Bernstein problem in the smooth category. Therefore,
in light of the above results and considerations, the appropriate intrinsic formulation of the Bernstein
conjecture in arbitrary dimension reads as follows.

Sub-Riemannian stable Bernstein problem. Is it true that smooth, complete, two-sided, con-
nected, stable non-characteristic hypersurfaces S C H™ are vertical hyperplanes?
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While, as we have just noticed, the problem in H' is fairly well understood, very little can be said in
the higher dimensional case. In [4], the authors provide a negative answer to this question for n > 5,
essentially by lifting the Euclidean analytic counterexamples available in R"*! when n > 8. However,
the purely Euclidean character of these counterexamples suggests that the dimensional bound n > 5
might not be optimal. In any case, the validity of this long-standing conjecture in the remaining cases
H?, H? and H* remains a completely open problem. Motivated by the above considerations, in this
paper we develop the geometric tools underlying Schoen-Simon-Yau’s approach. As a consequence,
we discover some reasonable assumptions, which we now briefly describe, to solve the sub-Riemannian
Bernstein’s conjecture.

Structural assumptions. According to the result concerned, we will rely on some of the following
assumptions that we will call (P1), (P2) and (P3). On the non-characteristic part of a hypersurface
S C H" we can define its horizontal unit normal v as the normalization of the projection of the
Riemannian unit normal N onto the horizontal distribution H. Then the horizontal shape operator
A is given by the covariant derivative of v with respect to the pseudohermitian connection V. Since,
differently from the Riemannian setting, A is not necessarily self-adjoint, its symmetrized counterpart
A can be considered, and the associated horizontal second fundamental forms h and h can be defined
(cf. [48, 25, 17, 63, 64]). We say that S satisfies (P1) when J(v), the ninety-degree rotation of v
(cf. Section 2.1), is an eigenvector for h on the non-characteristic part of S. This mild assumption,
which is automatically satisfied in H', emerges naturally in the sub-Riemannian setting, for instance
in the study of umbilic hypersurfaces as introduced in [13] (cf. Section 3.4) and of (not necessarily
umbilic) minimal hypersurfaces (cf. Example 3.7 and Example 3.8.). In the non-characteristic part
of S, the intersection between the horizontal distribution H and the tangent bundle T'S generates a
(2n — 1)-dimensional sub-bundle HT'S, the horizontal tangent bundle. In turn, the latter admits the
orthogonal decomposition HT'S = span J(v)®H'TS, where the (2n—2)-dimensional sub-bundle H'T'S
is invariant under the complex structure induced by the rotation J. The remaining tangent direction
of S, say &, is non-horizontal and orthogonal to HT\S, whence it is given by a linear combination
between T" and v. However, as we are in the non-characteristic part of S, § cannot coincide with v, so
that there exists a smooth function «, the fundamental function of S, such that S = T'— av belongs to
TS. The latter appears frequently in the sub-Riemannian theory of hypersurfaces in the Heisenberg
group (cf. e.g. [14, 13, 17, 63]) and can be equivalently defined by o = <|]]\\[;§|>, where N is the
projection of the Riemannian unit normal N onto the horizontal distribution . For instance, it is the
curvature of a length-minimizing geodesic realizing the distance between a hypersurface and a given
point [64]. Moreover, when S is embedded in H", the fundamental function can be characterized by
the identity o = T'd®, where d° is the signed Carnot-Carathéodory distance from S (cf. Section 3.1).
We say that S satisfies (P2) if the fundamental function « in constant along the sub-bundle H'T'S on
the non-characteristic part of S. Again, since H'T'S = {0} at non-characteristic points when n = 1,
(P2) is satisfied by every surface in H'. Property (P2), which is automatically verified by wertical
hypersurfaces (cf. Example 5.1), appears frequently in the context of minimal hypersurfaces, both
non-characteristic (cf. Example 5.2) and characteristic (cf. Example 5.3). We stress that (P2) does
not prescribe any kind of behavior of a along the non-horizontal direction §. In order to describe
our last assumption, we recall that a smooth hypersurface S is minimal whether its horizontal mean
curvature H vanishes on the non-characteristic part of S, and that it is stable if it is minimal and

) [agdon< [ [F4SeP oy
S S

for any smooth function & compactly supported on the non-characteristic part of S. Here V5 is the
horizontal tangent gradient, oy is the sub-Riemannian surface measure and g, the stability function, is
defined by ¢ = |h|?+4(Va, J(v))+2(n+1)a? (cf. Section 3.8). If compared to the Riemannian stability
inequality for minimal hypersurfaces immersed in a Riemannian manifold, the stability function ¢ plays
the role of the Riemannian term |hg|? + Ric(INV, N), where hp is the Riemannian second fundamental
form, Ric is the Ricci curvature of the ambient manifold and IV is the unit normal. In the Riemannian
framework, it is customary to rely on suitable lower bounds for both the Ricci curvature and the
sectional curvatures in order to achieve rigidity results (cf. e.g [36, 68, 24] and references therein).
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Accordingly, we say that S satisfies (P3) if a lower bound for the stability function ¢ holds in the form
(1.8) q > |h)? + (2n — 2)a?

on the non-characteristic part of S. When n = 1,(1.8) is verified by any complete, non-characteristic
minimal surface in H! (cf. [40, 44]). Even in higher dimension, (P3), which is again verified by
any vertical hypersurface (cf. Example 5.1) seems to be a natural lower bound for complete, non-
characteristic minimal hypersurfaces (cf. Example 5.7 and Example 5.8). However, differently from
(P1) and (P2), the presence of characteristic points prevents the validity of (P3), both in H! and
in higher dimension (cf. Example 5.9 and Example 5.10). A more detailed description of these
assumptions, including the theoretical reasons to introduce them and a list of motivating examples, is
given in Section 5.

Simons formulas. A compelling reason to be interested in the extrinsic geometry of hypersurfaces
moves from recent results proved by the last two authors of this paper (cf. [59]). Namely, complete,
non-characteristic, embedded hypersurfaces S C H" with vanishing symmetric horizontal second fun-
damental form h are vertical hyperplanes. One of the main contributions of this paper consists in the
establishment of a full sub-Riemannian counterpart of the Simons identity (1.2) for A*h, where A%
is the horizontal tangential Laplacian of S, which relates the latter to the stability function g appearing
in (1.7) with the aid of appropriate sub-Riemannian Gauss-Codazzi equations (cf. Proposition 3.13).

Theorem 1.1 (Simons formula). Let S be a smooth, immersed, minimal hypersurface in H". Then

AMSH(X)Y) = —gh(X,Y) 4 8a2h(X,Y)
+ 4Hess™ a(m(J(X)),Y) + 4Hess" a(X, 7(J(Y)))
n <16a7r(J(X))a — 8a?h(X, J(v)) + 4 (Vxv) a) , J(v))
—2Xah(Y,J(v)) — 2Yah(X, J(v))
+200(Y, Va(sxn) — 20(Vx V 1, Y) — 4a2h(m(J (X)), 7(J(Y)))
+2a(J (Vxv),Vyr)

(1.9)

on the non characteristic part of S, for any X,Y € T(HTS).

Here Hess™® o is the horizontal tangent Hessian of o, while 7 is the projection onto the horizontal

tangent distribution to S (cf. Section 3). The sub-Riemannian Simons formula is significantly more
complex than (1.2), clearly highlighting the influence of the non-commutative structure in which we
are operating, due to the involvement of the fundamental function « and of its first and second-order
horizontal derivatives. In this regard, the control provided by (P2) allows us to establish a contracted
version of (1.9), which guarantees an explicit formula for AMS |l~1|2 Here A™S is the self-adjoint
counterpart of A introduced by Danielli, Garofalo and Nhieu in [25].

Theorem 1.2 (Contracted Simons formula). Let S be a smooth, immersed, minimal hypersurface in
H". Assume (P2). Then

1 Ans

5 h|? = V502 — g|h)? + 6a%|h|* — 602 ‘VJ(V)V’2 +4J(v)a |h|? — 4T (v)a 2
(1.10)

— (4J(v)a + 6a2) <B, BJ> :
on the non-characteristic part of S.

Here hy(X,Y) = h(x(J(X)),n(J(Y)) for any X,Y € T'(HTS), and £ = h(J(v), J(v)). We stress
that the a priori lack of sub-Riemannian geodesic frames requires some delicate ad hoc computations
(cf. Section 4). Although a result of this kind holds in arbitrary dimension, the specific structure of
H? allows to provide a precise description of the last term appearing in (1.10) (cf. Proposition 5.4),
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namely
1. - - - -
SAPSIBE = [THSH2 = glR|2 + 402 R — 802 [V 0] + 207
> 2
(1.11) +4(JW)a+a?) (2R = 4|V ]+ )
+ (8J(v)a + 6a2) (}VJ(V)V‘Q — 62)

on the non-characteristic part of S. In turn, the structure of (1.11) highlights in a natural way one of
the roles played by (P1) and (P3), guaranteeing a lower bound for A™5|h|? of the form

1. ~ ~ ~ -
(1.12) SATSIR2 > [THSRP — gl +o? <4\h|2 - 6€2>

on the non-characteristic part of S. We point out that the lower bound provided by (1.12) is sharp in
the class of hypersurfaces satisfying (P1), (P2) and (P3), being saturated by suitable catenoidal-type
hypersurfaces (cf. Example 5.12).

Kato inequalities. All the aforementioned contracted Simons inequality are characterized by the
presence of the gradient term |V*°h|. While the latter always admits the trivial lower bound

(1.13) V75| 1 212 < 4RIV B2,

the minimality of S, coupled with (P1) and (P2), allows to improve (1.13) to a parametric sub-
Riemannian Kato inequality in the spirit of (1.3).

Theorem 1.3 (Improved Kato inequalities). Let S be a smooth, immersed hypersurface in H". Then
(1.13) holds. Assume that S is minimal. Assume (P1) and (P2). Then

k . ~ . s .
(1.14) <1 + 21) (VRS |12 < 4lR[2 VS RJ? + 402 |R)? ((4k — 2[R + (2 + 2kn — 2k — 4n)€2>
p—

on the non-characteristic part of S for any k € [0,2].

Even just focusing on the second Heisenberg group, the last terms appearing respectively in (1.12)
and (1.14) constitute a crucial novelty compared to the Euclidean setting. Indeed, the presence of these
two o2-remainders is essentially due to the fact that, differently from the Euclidean setting, the lack of
torsion-freeness of V prevents h from being a Codazzi tensor (cf. Proposition 3.14). Consequently, the
parametric nature of the improved Kato inequality is crucial in managing to control these additional
terms. While the a?-reminder in (1.12) is constrained by (P3), the freedom to choose k € [0,2] in
(1.14) allows to balance between the contribution of the gradient term and the a-reminder. Roughly
speaking, for a better control on the latter we need to pay a worse contribution from the former. A
careful combination of (1.12) with (1.14) (cf. Section 5.4), allows to establish the sub-Riemannian
counterpart of (1.4), whose version in H? reads as

o _ k ~ _ 5
(1.15) PRS2 > (145 ) VSRR = talhl* + 40lhgs..
Here gg is the contribution coming from the two a?-reminders of (1.12) and (1.14) (cf. (5.19)).

Integral curvature estimates. Once (1.15) is achieved, and as soon as it is possible to choose
k € [0,2] small enough to ensure that ggj > 0, the stability inequality (1.7) implies sub-Riemannian
integral curvature estimates of the following form

Theorem 1.4 (Integral curvature estimates in H?). Let S C H? be a smooth, connected, two-sided, em-
bedded, stable, non-characteristic hypersurface. Assume (P1), (P2) and (P3). Assume that g5 (p) =0

for a given k € [0,2] and for any p € S. Let B € [1 - Tk—lv 1+ Tk—1> There exists a constant
C =C(B,k) > 0, thus independent on S, such that

(1.16) /S B2542,2842 4y < C /S VS 2842 gy

for any ¢ € CL(S).
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Relying on (1.12) and (1.14), the above statement is formulated in H? at least for what concerns
the a-remainder gg . Clearly, similar conditions are available in arbitrary dimension (cf. Section 5).

1.1. An application to the Bernstein problem. Heuristically, the application of (1.16) to the
solution to the Bernstein problem requires 8 to be chosen as close as possible to its upper bound,
since the bigger is the latter, the higher is the dimension n in which we can apply this approach.
Indeed, under natural sub-Riemannian volume growth assumptions of the form

(1.17) o (S0 By(p)) = O (")

as r — oo (cf. Section 7), a suitable choice of a sequence of cut-off functions and (1.16) imply that

/ B[2692 doyy = O <T2n—1—2ﬂ)
SNBr(p)

as r — oo. All in all, then, we would like to choose k large enough to ensure that 2n —1—28 < 0, but
still small enough to ensure that gg; > 0. Regarding the first condition, it is easy to verify that even
the optimal choice k = 2 allows only the case n = 2. On the other hand, when n = 2, every choice of
k € (%, 2] is an admissible candidate (cf. Section 7). Finally, when n = 2 every choice of k € [O, %]
ensures that gg, > 0 (cf. (7.1)). In this way h = 0, whence, by [59], S is a vertical hyperplane. As a
corollary of the previous results, we achieved the following Bernstein-type rigidity result

Theorem 1.5. Let S C H? be a smooth, complete, connected, embedded, two sided non-characteristic
hypersurface. Assume that S is stable. Assume that S wverifies (P1), (P2) and (P3). Assume in
addition that there exists p € S such that (1.17) holds. Then S is a vertical hyperplane.

We point out that this approach would be pointless in H'. Indeed, in H', every minimal surface
satisfies h = 0, but there are examples of minimal non-characteristic surfaces which are not vertical
planes (cf. [28]). This difference between H! and the higher dimensional case may be explained by the
fact that the horizontal tangent distribution HT'S is bracket-generating if, and only if, n > 2 (cf. [3]).
A relevant instance of this phenomenon can be appreciated in the different approaches to regularity
employed in H' [9] and in higher dimension [10].

Plan of the paper. In Section 2, we recall some preliminaries concerning the Heisenberg group. In
Section 3, we collect several properties of hypersurfaces. In Section 4, we deduce useful computational
features of the symmetric form k. In Section 5, we introduce (P1), (P2), and (P3), and we prove
Theorem 1.1, Theorem 1.2, Theorem 1.3, and (1.15). In Section 6, we prove Theorem 1.4. Finally, in
Section 7, we prove Theorem 1.5. In Appendix A we propose a weaker form of (P3).

Acknowledgements. The authors are grateful to Otis Chodosh, Manuel Ritoré and Francesco Serra
Cassano for the many stimulating conversations on the topics discussed in this paper.

2. PRELIMINARIES

2.1. The Heisenberg group. In the following, we denote by I'(TH") and I'(H) the families of
smooth vector fields and of smooth horizontal vector fields respectively. The complex structure J :
[(TH") — T'(TH") is the unique C*°(H")-linear map which satisfies

J(X;) =Y, J(Y;) = —X; and J(T)=0
for any ¢ = 1,...,n. In particular, observe that
(2.1) JJ(X))=-X and (X,J(X))=0

for any X € I'(H). The latter, together with the distribution H, realizes H" as a pseudohermitian
manifold (cf. [14, Appendix]). We recall that (-,-) is the unique Riemannian metric which makes
X1,...,Xn, Y1,...,Y,, T orthonormal. Restricting it to H, and still denoting this restriction by (-, -),
H"™ inherits a sub-Riemannian structure which realizes it as a sub-Riemannian manifold. We denote
by |- | the norm induced by (-, ). Moreover, we denote by V the so-called pseudohermitian connection
(cf. e.g. [64]), i.e. the unique metric connection (cf. [33]) whose torsion tensor is

(2.2) VyY — Vy X — [X,Y] = 2(J(X),Y)T
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for any X,Y € I'(TH"). Although V is not a torsion-free connection, it has the advantage of vanishing
along left-invariant vector fields, meaning that

(2.3) Vz,2;=0
for any 7,5 =1,...,2n+ 1 (cf. [63]). In view of (2.3), it is easy to check that
X el(TH"), Y e T'(H) = VxY eI'(H).
Moreover, denoting by R the curvature tensor associated with V, i.e.
R(X,Y)Z =VxVyZ - VyVxZ -V xy|Z

for any X,Y,Z € T'(TH"), (2.3) implies that R = 0, whence H" is flat from the pseudohermitian
standpoint. The pseudohermitian connection is related to the complex structure by

(2.4) VxJ(Y)=J(VxY).
for any X, Y € I'(TH") (cf. e.g. [35]). Given a function f € C*°(H"), we denote by

2n+1

2n
Vi=)Y(ZHZ; —and V'f=>(Zf)Z
Jj=1 j=1

the gradient and the horizontal gradient associated with the pseudohermitian connection V.

2.2. Carnot-Carathéodory structure. An absolutely continuous curve I' : [a,b] — H" is hori-
zontal if

(2.5) F(t) € Hrw
for a.e. t € [a,b], and it is sub-unit if it is horizontal and |I'(t)| < 1 for a.e. ¢ € [a,b]. If we define
d(p,q) :==inf{b : I' : [0,b] — H" is sub-unit, I'(0) = p and I'(b) = ¢},

then Chow-Rashevskii theorem (cf. e.g. [8]) implies that d is a distance on H", the so-called Carnot-
Carathéodory distance. The metric space (H",d) is a prototype of Carnot-Carathéodory space. For
any r > 0 and any p € H", we let B,(p) be the open ball of radius r centered at p induced by d.

2.3. Perimeter and perimeter minimizers. Let {2 C H" be open and £ C H" measurable. The
horizontal perimeter (or H-perimeter) of E in Q (cf. e.g. [38, 39, 41]) is defined by

Py(E,Q) :=sup {/ dive (@) dL* . ¢ € CHQ,H), |p|, < 1 for any p € Q} ,
E
where by C}(Q,H) we denote the class of compactly supported horizontal vector fields defined on €,

and where divy is the so-called horizontal divergence, defined by

n n

diva | Y (0iX5 + oniY)) | == D (X + Yients)
j=1 j=1

for any 77 (@i X; + ¢nt;Y;) € CHQ,H). We say that E is an H-Caccioppoli set whenever
Py(E,Q) < +oo for any bounded open set Q@ C H". Finally, we recall (cf. e.g. [69]) that an
H-Caccioppoli set E is an H-perimeter minimizer in ) whenever

for any 2 € H" and for any H-Caccioppoli set F' such that FAF € 2. When F is an H-perimeter
minimizer in 2 = H", we refer to it as global H-perimeter minimizer.
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3. GEOMETRIC PROPERTIES OF NON-CHARACTERISTIC HYPERSURFACES

3.1. Non-characteristic hypersurfaces. Let S C H" be a smooth, immersed hypersurface without
boundary. We recall (cf. e.g. [69]) that a point p € S is called characteristic when

Hy, =158,
and is called non-characteristic otherwise. In the latter case, the horizontal tangent space
HT,S = H,NT,S

is a (2n — 1)-dimensional vector space. The set of characteristic points of S is denoted by Sy and is
called the characteristic set of S. When Sy = (), S is called non-characteristic, and the horizontal
tangent distribution HTS is actually a constant-rank sub-bundle of T'S. According to the previous
notation, we denote by I'(7°S) and by I'(HT'S) the families of smooth vector fields which are tangent to
S and which are horizontal and tangent to S respectively. In the following, unless otherwise specified,
we assume that S is a smooth, immersed, non-characteristic hypersurface without boundary. When
our statements are of local nature, we assume without loss of generality that S is two-sided and
embedded. We denote by N its Riemannian unit normal, and by N its projection onto #, that is

N =N — (N, TT.
Being S non-characteristic, then N¥(p) # 0 for any p € S, so that the horizontal unit normal
N]HI

TN
is well-defined on the whole S. Notice that the horizontal unit normal can be characterized to be
the unique unitary horizontal vector field which is orthogonal to any horizontal tangent vector field.
When E is an H-Caccioppoli set in H® with boundary of class C, it is known (cf. e.g. [25]) that
Pu(E,-) = |[IN®|H?"_OE, being H?>" the standard (2n)-dimensional Hausdorff measure. Therefore, if

S is a two-sided hypersurface as above, in the following we adopt the notation
oH = |NH|7-[2n|_S

to denote the relevant sub-Riemannian hypersurface measure as introduced e.g. in [25, 51]. Let d° be
the signed Carnot-Carathéodory distance from S. When S is embedded, d° is smooth and satisfies
the eikonal equation |V*d®| = 1 in a neighborhood of S (cf. [64]). In this case, we assume that v is
defined in a neighborhood of S by

(3.1) v=V*Hd.

When v is locally extended as in (3.1), it follows that

(3.2) Zi(vp) = Zp(vk)

for any h,k =1,...,2n such that |h — k| # n, and

(3.3) Xk (Wnak) = Yie(vg) —2a and  Yi(g) = Xp(vpik) + 2

for any k = 1,...,n, where here and in the following, according to [17, 13|, we adopt the notation
o = Td®. In particular, an easy computation (cf. [59]) reveals that

(3.4) Vo =—-2aJ(v),

Moreover, the Riemannian normal N can be locally extended by letting

1 «
3.5 N = v+ T.
(3:5) V1+a? V14 a?

Let us provide a more precise description of the tangent space to S. First, (2.1) implies that J(v) €
['(HTS). Moreover, denoting by H'T'S the distribution defined by

H'T,S = HT,S N J (HT,S)

for any p € S, it is easy to check that it is a (2n — 2)-dimensional sub-bundle of HT'S, and that the
latter can be orthogonally decomposed as

HTS = H'TS @ span J(v).
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Finally, (3.5) implies that the vector field S defined by
S=T-av

belongs to I'(T'S) and satisfies (S, X) = 0 for any X € I'(HT'S). Therefore, the tangent space to S
admits the orthogonal decomposition

TS =H'TS @ span J(v) @ span S.
In the following, we denote by 7 : I'(H) — I'(HT'S) the projection map

2n—1
(3.6) m(X)=X - (X,v)v= Y (X,E)E;
=1

for any X € I'(H) and any local orthonormal frame Eq,...,Eg,_1 of HT'S. In particular,

(3.7) 7(J(X) eDH'TS)  and  J(@(J(X)) = —X + (X, J@))J(v).
Let X € T(HTS). By (2.2),

(3.8) (), X] = V)X — VxJ(v) € T(HTS).

In addition,

(3.9) (J(v), X, X) = (Vxv,w(J(X))).

The horizontal unit normal v evolves along S as follows.

Proposition 3.1. Let S be a smooth, immersed, non-characteristic hypersurface without boundary.
Then

(3.10) Vsv = Va4 2a2J(v).
In particular, if X € T(HTS), then
(3.11) (Vsv, X) = Xa + 222 (J(v), X).

Proof. We assume without loss of generality that S is embedded. Let v be extended as in (3.1). Then,
recalling (3.4),

2n 2n
Vsv=Vrv—aV,yv = Z T(Z;d)Zj + 2T (v) = Z ZjaZ; +20°J(v) = Via + 202 I (v).
j=1 j=1
Finally, (3.11) easily follows. O

3.2. Tangent pseudohermitian connection. The tangent pseudohermitian connection, denoted by
VS T(TS) x T(HTS) — T(HTS), is defined by

VY =VxY — (VxY,v)v

for any X € I'(T'S) and any Y € I'(HTS). An easy computation reveals that V*° is a well-defined
affine connection, and that it is metric in the sense that

(3.12) X(Y,Z) = (V5Y,Z) + (Y, V% Z)

for any X € I'(T'S) and any Y, Z € T'(HT'S). Accordingly, the torsion tensor Torgs(X,Y) : ['(HTS) x
['(HTS) — T'(T'S) is defined by

Torgs(X,Y) = VY — Vi X — [X,Y].

We stress that we are not requiring Torys(X,Y) to be horizontal, so that, by Frobenious theorem,
Torys is well-defined. The latter admits the following explicit expression.

Proposition 3.2. Let X,Y € I'(HTS). Then
(3.13) Torys(X,Y) = 2(J(X),Y)S.
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Proof. Let X,Y € T(HTS). If X = 37", X9Z; and Y = 32", Y7 Z;, then
(X, Y]y B 20(X), V), T) + (Ve Y) — (Vyw, X)

2n
(2:3) Z Xin(ZiVj — Zjl/i)
2,7=1

n n
(3.2)43.3) 920 Z Xzyn-l—’b + 20 Z Xn-‘riyi
i=1 =1

— 20 {J(X), V).
In particular, Torys (X,Y) = Tory(X,Y) — (Tory (X, Y),v)v — (X, Y], v)vr = 2(J(X),Y)S. O
If f € C*°(S), we denote by

2n—1
S
VS =) (BN E;
j=1
the horizontal tangential gradient associated with the connection Ve, where Eq, ... ,Eg,_; is any local

orthonormal frame of HT'S. More generally, if p € N and T is a horizontal (p,0)-tensor field (cf.
[33]), meaning that 7' : T(HTS)? — C°(S) is a C°°(S)-multilinear map, the (p + 1,0) tensor field
VST :T(TS) x T(HTS)P — C>®(S) is defined by

VIT(X1,. . Xp) = X (T(X1,.. ., X)) =T (VX X1, s Xp) — .. = T (X4,..., VX X))

for any X € I'(T'S) and any X1,...,X, € I'(HTS). According to the above notation, we denote by
VST the restriction of VST to T'(HTS)PH!. As a general fact, V° verifies the Leibniz-type rule

(3.14) VX(TU) = UVXT + TV5U
for any X € I'(T'S) and any couple of tensor fields T',U. If T, U are as above, we set

2n—1 2n—1
(T.Uy= > T(By,....B)U(Byy,....By,)  and  [TP= > T(Ey,....E)

i1yeyip=1 i1yeyip=1

for any local orthonormal frame Eq,...,Eq,_1 of HT'S. The horizontal tangential Hessian of T is the
(p + 2,0)-tensor field Hess™® T': T(HTS)P+2 — C°°(S) defined by

Hess™® T(X,Y, X1,...,X,) = V¥VET(X1,..., X))

for any X,Y, Xy,...,X, € I'(HTS). Finally, the horizontal tangential Laplacian of T is the (p,0)-
tensor field A™ST : T(HTS)P — C>(S) defined by
2n—1
AMST(Xy,..., X,) = traceHess™ S T(-, - X1,..., X)) = Y Hess™ T(E;, Bj, X1,..., X,)
j=1
for any X1,..., X, € '(HTS) and any local orthonormal frame Eq,...,Eo,_1 of HT'S. We denote by
R :T(HTS) x T(HTS) x T(HTS) — T'(HTS) the curvature tensor associated with V*, that is

R%(X,Y)Z = V&VYZ = VYV Z = Vi Z
for any X,Y,Z € I'(HTS), and with some abuse of notation we let
R (XY, Z,W) = (V&VYZ = VIV Z = Vix y|Z, W)
for any X,Y, Z,W € T'(HTS). The horizontal Hessian is affected by R as follows.
Proposition 3.3. Let T : T'(HTS) x T'(HTS) — C*(S) be a (2,0)-tensor field. Then
Hess™° T(Y, X, Z,W) = Hess""* T(X,Y, Z, W)
(3.15) +T(R(X,Y)Z,W) +T(Z,R%(X,Y)W)
+2(J(X),Y) (V3T) (Z,W)
for any X,Y,Z,W € T'(HTS).
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Proof. Notice that
Hess™ T(X,Y, Z,W) = XY(T(Z W) — X(T(VyZ,W)) — X(T(Z,V3W))
— VY (T(Z,W)) + T(Vvs vZW)+T(Z, vvs W)
Y(T (VS Z, W)) T(VyVYZ, W)+ T (VS Z,ViW)
Y(T(Z,VEW)) + T(V§ Z,VXW) + T(Z, V3 VW)
and, in the same way,
Hess" S T(Y, X, Z,W) = YX(T(Z,W)) = Y (T (VX Z,W)) = Y(T(Z,V3W))
—VyX(T(Z,W)) + T(Vvs ZW)+T(Z, vvs W)
— X(T(VyZ, W)+ T(VXVy Z, W)+ T(Vy Z,V5W)
— X(T(Z,VyW)) + T(VX Z,NyW) + T(Z, V5V W).
Hence
Hess""ST(Y, X, Z,W) — Hess™° T(X,Y, W, Z) = Tory(X, Y )(T(Z,W))
+T(VIVSZ -V Z — vvsy vixZ W)
+T(Z,VSVyW — VEVIW — vvsy vixW)
= Torys (X, Y)(T(Z,W)) — (vTor S(X,Y)Zv W) -1T(Z, vTor os (X, Y)W)
+T(R5(X,Y)Z,W) +T(Z,R°(X,Y)W)
= v%orvs xT(ZW)+T(R%(X,Y)Z,W) + T(Z,R*(X,Y)W)

CL) 92 J(X), Y)VET (2, W) + T(RS(X,Y) 2, W) + T(Z, RS (X, Y)W).

O

3.3. Second fundamental forms and mean curvature. In the current literature, different types
of second fundamental form are available in the sub-Riemannian Heisenberg group (cf. e.g. [48, 25,
17, 63, 64]). The horizontal shape operator A : T'(T'S) — I'(HT'S) and the symmetric horizontal
shape operator A : T'(HTS) — T'(HTS) are defined respectively by

AX)=Vxr and  A(X)=Vyr+aJ'(X)
for any X € T(HTS), where J' = .J on H'T'S and J'(J(v)) = 0. It is easy to check that A and A are

well-defined. Accordingly, the horizontal second fundamental form h and the symmetric horizontal
second fundamental form h are the horizontal (2,0)-tensor fields defined by

MX,Y)=(A(X),Y) and A(X,Y)=(A(X),Y)

for any X, Y € I'(HTS). As in the Riemannian setting, the horizontal second fundamental form h
relates the connections V and V* by the identity

VxY =V3Y - h(X,Y)v

for any X,Y € I'(HTS). It is well known that h is symmetric, while, when n > 2, h may not be
symmetric (cf. e.g. [25, 63]). More precisely, h and h are related in the following way.

Proposition 3.4. Let X,Y € I(HT'S). Then

(3.16) B(X’ Y)=hX,Y)+aC(X,Y) = h(X,Y) "2|' h(Y, X)’
)

where C' : T(HTS) x T(HTS) — C°°(S), which we will refer to as commutation tensor, is the
skew-symmetric horizontal (2,0)-tensor field defined by

C(X,Y) = (J(X),Y).
In particular

(3.17) WY, X) = h(X,Y) + 2aC(X,Y).
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Finally,

(3.18) Ih|? = |h)? +2(n — 1)a®.

Proof. Let X,Y € T(HTS). By definition of h and h we have that h(X,Y) = h(X,Y) + aC(X,Y).

Moreover, since h is symmetric and C' is skew-symmetric in view of (2.1), then

h(X,Y)=h(Y,X)=hY,X)+aC(Y,X) = h(Y,X) — aC(X,Y),

whence (3.16) and (3.17) follow. Finally, (3.18) follows from [59, Proposition 5.4]. O
According to its Riemannian counterpart, the horizontal mean curvature H is then defined by

(3.19) H = trace h = trace h = divy v,

the last identity following from [25]. In the following, we say that S is minimal whenever H = 0.

Remark 3.5. Although we have defined the horizontal shape operator A only for horizontal tangent
vector fields, we emphasize that A(S) is nevertheless well-defined and admits an explicit expression
by virtue of (3.10). Therefore, we shall use the notation h(S, X) for any given X € I'(HT'S).

3.4. Eigenvectors. Fix p € S. Since in is symmetric, then it is diagonalizable. Therefore, in the
following, we denote by F1,...,Fa, 1 any local orthonormal frame of HT'S around p such that

(3-20) Bp(Fi|p7 Fj |p) = >‘i5i7j

for any 4,5 = 1,...,2n — 1, where A1,..., Aop_1 are the eigenvalues of ibp. When S satisfies milder
assumptions, more can be said about Fq,...,Fo,_1. According to [17, 13], in the following we adopt
the notation £ = h(J(v),J(v)), and we let X = V ;,,)v — £J(v). As we know from [13], if p € S, then

X[, = 0 if and only if A|,(H'T,S) C H'T,S. In particular, when

(P1) x=0,

J(v)|p is an eigenvector of in for any p € S. Therefore, when (P1) holds and Fy,...,Fa,_1 is as in
(3.20), we may always assume that

(3.21) Fl,...,Fn_l,...,Fn+1,...,F2n_1 GF(’H’TS) and F, :J(I/).

A relevant class of hypersurfaces which satisfy (P1) is that of horizontally umbilic hypersurfaces in-
troduced in [13]. In the context of non-characteristic minimal hypersurfaces, (P1) holds, e.g., for the
following relevant examples.

Example 3.6 (Vertical hyperplanes). Vertical hyperplanes trivially satisfy (P1), as V j, v = 0.

Example 3.7 (Catenoidal hypersurfaces, I). A non-trivial example (cf. [65]) is provided by the class
of hypersurfaces of revolution around the vertical axis, say (Sg)g>o, whose profile is given by the
vertical symmetrization of the curve (s,tg(s)), where

S
tg [Eﬁ,oo} — [0, o], te(s) :/ L Ldr
prr /72 _ 2

Each Sg is complete and minimal. Moreover, it is non-characteristic, as it does not intersect the
vertical axis (cf. [65]). Since hypersurfaces of revolution are horizontally umbilic (cf. [13]), Sg
satisfies (P1). In this case, differently from Example 3.6, a tedious computation shows that

(3.22) Viwyr = —2E|z| 7" J(v),
where we have set |22 = 22 + -+ 22 +yf + - +32.

On the other hand, we have the following important example in the class of minimal, characteristic
hypersurfaces.

Example 3.8 (Hyperbolic paraboloids, I). Let S C H" be the vertical graph of the function

U(xl,--wmnnyl,--wyn):$1y1+$292+"'+$nyn-

S is a complete, minimal hypersurface with Sy = {(z,t) € H" : z; = --- = z,, = 0}. A direct
computation reveals that V ;o v = 0 on S\ Sy, whence S verifies (P1). We stress that S is not
horizontally umbilic, since its characteristic points are not isolated (cf. [13, Proposition 4.1]).
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3.5. Tangential Laplace-Beltrami operators. The general approach described in Section 3.2 al-
lows to associate to a function f € C°°(S) a natural notion of tangential Laplacian, namely

(3.23) AMS f = trace Hess™™ f.

On the other hand, the authors of [25] considered a Laplace-Beltrami operator on S of the form

2n
H,S —H,S
(3.24) Y ViV,
i=1
where the horizontal tangential derivatives Vgﬂ’sf = Zif — (V" f )y for any i = 1,...,2n do not

depend on the smooth extension of f (cf. [25]). As pointed out in [25], the operator defined in (3.24),
differently from the Riemannian framework, is not in general self-adjoint. To this aim, the authors of
[25] introduced a modified version of (3.24), the so-called modified horizontal tangential Laplacian

2n
(3.25) AMSF =NV f 420 (VI T ().
1=1

The most relevant feature of A*:S is that it is indeed self-adjoint (cf. [25, Corollary 11.4]), so that
the following integration-by-parts formula holds.

Proposition 3.9. Let p € C1(S) and 1 € C?*(S). Then
(3.26) /S @ A" doy = — /S (VS o, V59 doy,

In order to exploit (3.26), in the next proposition we show that (3.23) and (3.24) agree.
Proposition 3.10. Let f € C%(S). Set g]i}]’lj = 0,5 —vvj forany i,j =1,...,2n. Then

AMSf = ZVHSVHSf Zg ZZ;f — H(V™ f,v),

2,7=1
Proof. Recalling that |v| =1,

2n 2n 2n 2n
> VESTES > ZiZif — (VM fv) Z Zivi— Y ZiZifvivi— > Zif Zivv,
i=1 i=1

i,j=1 1,j=1

_Zv va Vz"‘ZvH vaa >Vz) >z

2n
(3.19)
Z ZZZJf - H(VHf, I/> - Z ijZiVjVi - Z ZjZifVil/j

i,j=1 i,j=1 ij=1
2n 2n omn
+ Z ZjZkf(I/i)Ql/jl/k—l- Z ZkujI/k(I/i)Ql/j + Z ZkfI/ijViVil/j
i,7,k=1 i,5,k=1 i,5,k=1
2n 2n 2n
=N G z:zif - H( ) = Zif Zivi = Y ZZifv
3,7=1 2,7=1 4,7=1

2n 2n
+ Z ZjZkfI/ij + Z ZkuijI/j
Jk=1 Jk=1
2n
=Y giZiZif — H(V"f,v).

ij=1
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Let now Eq, ..., Es,_1 be alocal orthonormal frame of HT'S. Set a{ = (E;, Z;) foranyi=1,...,2n—1
and any j =1,...,2n. Then

2n 2n—1
(3.27) Zakak = dij, Zaka =0 and atam = ng,Im
= k=1
for any 7,7 =1,.. .,2n —1land any I,m =1,...,2n. We conclude that
2n—1 2n—1
AMSF=N"Ey(Ejf) = > Vi E;f
j=1 J=1
2n—1 2n 2n—1 2n
=3 N ddizzif+ > Y b zi(ah) 2zt
j=1 hk=1 j=1 hk=1
2n—1 2n—1
= > AVE,E;, Vi) + Y (Ve Ejv)(Vfv)
j=1 J=1
27) 2n 2n—1 2n
=V g izt + Y] > b zu(ah) Zif
k=1 j=1 hk=1
2n—1 2n
=YY ai(Vz,diZ, V) - H(V )
=1 h,k=1
2n
=" 9" ZnZif — H(Vf,v),
hok=1
whence the thesis follows. |

3.6. The commutation tensor. We know from Proposition 3.4 how the commutation tensor C
intervenes in the lack of commutativity of h. Next we discuss how it affects the commutation of the
covariant derivative of h. First, C' evolves along tangent vector fields as follows.

Proposition 3.11. Let X € I'(T'S) and let Y, Z € T'(HTS). Then
(3.28) (V5C) (Y, Z) = C(Z,v)h(X,Y) — C(Y,v)h(X, Z).
Proof. Let X,Y, Z be as in the statement. Then, by (2.4),
VXC(Y,Z) = X(J(Y), Z) + (VY. J(Z)) — (J(Y), V5 Z)
= (VxJ(Y),2) +(J(Y),VxZ) + (VxY,J(Z)) = (J(Y),Vx Z)
—(VxY,v)(J(Z),v) + (Vx Z,v){J(Y),v)
= C(Z,v)h(X,Y) = C(Y,v)h(X, Z).

Thanks to Proposition 3.4 and Proposition 3.11, we describe the lack of commutativity of V°h.
Proposition 3.12. Let X,Y,Z € I'(HTS). Then
(3.29) Vih(Y, Z) = Vih(Z, Y)+2(Xa)C(Z,Y) 4+ 2aC(Y,v)h(X,Z) — 2aC(Z,v)h(X,Y).
Proof. Fix X,Y, Z as in the statement. Then, by Proposition 3.4 and Proposition 3.11,
VXY, Z) = X (h(Y, Z)) = h(VXY, Z) = h(Y, VX Z)
=X(h(Z,Y))+2XaC(Z,Y) +2aX(C(Z,Y))
— W(Z,V5%Y) = 2aC(Z,V3Y) = (VX Z,Y) — 2aC(VSZ,Y)
= VYh(Z,Y)+2XaC(Z,Y) + 2aV5C(Z,Y)
= VYWZ,Y)+2XaC(Z,Y) + 2aC(Y,v)h(X, Z) — 2aC(Z,v)h(X,Y).
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3.7. Gauss-Codazzi equations. With the next result we derive the sub-Riemannian counterpart of
the classical Gauss-Codazzi equations. We refer to [67] for a proof, which we include anyway for the
sake of completeness.

Proposition 3.13 (Gauss-Codazzi equations). Let X,Y,Z, W € T'(HTS). Then the Gauss equation

(3.30) RY(X,Y,Z,W) = h(Y, Z)W(X, W) = h(X, Z)h(Y, W)
and the Codazzi equation

(3.31) (V§h) (X, Z) = (VXh) (Y, Z) + 20(X,Y)h(S, Z)
hold.

Proof. We know that VxY = V3Y — h(X,Y)v. Hence
VxVyZ =VxV5yZ - Vx(h(Y,Z2)v)=V5VyZ — WX, VyZ)v — X(h(Y, Z))v — h(Y, Z)A(X).
Similarly,
—VyVxZ=-VyVIZ +h(Y,V3Z)v + Y (h(X, Z))v + h(X, Z)A(Y)
Moreover,
—Vixy1Z = —VixyZ + (X, Y], Z)v
Summing the three equations term by term we get that
RY(X,Y)Z + h(X,Z)A(Y) — h(Y, Z)A(X)
(Y( (X, 2)) — h(V§ X, Z) - h(X, V5 2)) v
(—X (h(Y, Z)) +h(VSY,Z) + h(Y, VX Z)) v
+ VX - VLY 4+ [X,Y], Z)v
= RY(X,Y)Z + h(X,Z)A(Y) — h(Y, Z)A(X)
+ Vyh(X, Z)v — VWY, Z)v — h(Torgs(X,Y), Z)v
= RY(X,Y)Z 4+ WX, Z)A(Y) — h(Y, Z)A(X)
+ Vyh(X, Z)v — VY, Z)v — 2(J(X),Y)h(S, Z)v.
The thesis follows projecting the previous identity either on W or on v. O
In the following, we shall also need the following Codazzi equation for the symmetric form h.
Proposition 3.14 (Codazzi equation for h). Let X,Y,Z € T(HTS). Then
V{h(X,Z) — VYWY, Z) =2(Za)C(X,Y) + (Ya)C(X, Z) — (Xa)C(Y, Z)
+2a%C (v, 2)C(X,Y) 4+ aC(v, X)h(Y, Z) — aC(v,Y)h(X, Z).
Proof. In view of Proposition 3.4, Proposition 3.11 and Proposition 3.13,
VYh(X, Z) = VYWY, Z) = Vyh(X, Z) — VXh(Y, Z) + Vi (aC(X, Z)) — VX (aC(Y, Z))

=2C(X,Y)h(S,2)+ (Ya)C(X,Z) — (Xa)C(Y, Z)
+aVyCO(X,Z) — aV5C(Y, Z)

CL) 2(Za)C(X,Y) + 402C(X, Y)C(v, Z) + (Ya)O(X, Z) — (Xa)C(Y, Z)
+aC(Z,v)h(Y,X) — aC(X,v)h(Y, Z)
—aC(Z,v)h(X,Y) 4+ aC(Y,v)h(X, Z)

=2(Za)C(X,Y) +4a*C(X,Y)C(v, Z) + (Ya)CO(X, Z) — (Xa)C(Y, Z)
+20%C(Z,v)C(X,Y) — aC(X,v)h(Y, Z) + aC(Y,v)h(X, Z)

=2(Za)C(X,Y)+ (Ya)C(X,Z) — (Xa)C(Y, Z)
+20°C(v, Z)C(X,Y) + aC(v, X)W, Z) — aC(v,Y)h(X, Z).
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Corollary 3.15. Let X, Y € T'(HTS). Then

(3.3 VYh(Y,Y) = Vih(X,Y) 4+ 3YaC(Y, X) + 302(J(v),Y)C(Y, X)
' + a(J (W), Y)Y, X) — alJ(v), X)R(Y,Y).

3.8. Variation formulas. Let S C H" be a smooth, embedded, non-characteristic hypersurface
without boundary. Assume in addition that S is two-sided. Let Q C H"™ be an open bounded set such
that QNS # 0, and let £ € C1(Q). Then it is known (cf. [53, 22, 67, 72]) that

d
. o) = [ H
(3.33) o) _ = [ Hedon
and
d2 H,S 12 2 2
(3.34) dtQUH,t(Q)’tO:/S(‘V St =& (g - H?)) dow,
where
2n
(3.35) 0= > Zn(w)Zr(vn) + 4(Va, J(v)) + 4na®
h,k=1

and where by 0y ; we denote the horizontal surface measure associated with the smooth variation Fj
along the vector field £v. Observe that ¢ does not depend on the chosen unitary extension of v (cf.
[59]). Moreover, in view of [59, Proposition 5.1] and (3.18),

(3.36) q=|h]®> +4(Va, J(v)) + 4a® = |h]2 + 4(Va, J(v)) + 2(n + 1)a>.

As customary (cf. e.g. [40]) we say that S is area stationary whenever the quantity in (3.33) vanishes
for any Q and £ as above, and that S is stable if it is area stationary and the quantity in (3.34) is
non-negative for any €2 and £ as above. Notice that S is minimal if and only if it is area stationary.
In particular, when S is stable, the stability inequality

(3.37) [ g dow< [ [9%Se dony
S S
holds for any ¢ € C1(S).

4. FURTHER PROPERTIES OF THE SECOND FUNDAMENTAL FORMS

In this section we establish some properties of A and h which will be useful in the next section.
In order to facilitate a more conscious reading we would recommend the reader to skip directly to
Section 5, and if necessary to go back to this section in accordance with the references to the latter.
Through this section we assume S is smooth, immersed, non-characteristic hypersurface.

Proposition 4.1. Let Fq,...,Fony1 be as in (3.20). Then

(4.1) iy (F5, (I (F)) = 0,
so that

(42)  hy(Fj,m(J(F))) = —a+a(J(v),F;)*  and  hy(n(J(F))),Fj) = a — alJ(v),F;)*.
In addition

(4.3) hy (V5Fi, F;) =0
foranyi=1,...,2n—1 and any X € I'(T'S). Moreover,
2n—1
(4.4) v (iz (VST Fi)> (p) =0
for any X, Y € T(TS). Finally, -
(4.5) Z (hp(VE VST Fo) + hyp(VEF, VEF) ) =0

i=1

for any X, Y € T(TS).
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Proof. To prove (4.1), notice that

2n—1
h(Ej,m(J(F;) = Y (w(J(F), Fi)h(F;, Fr) = (J(F)), Fjh(F;, F;) =0,
k=1
while (4.2) follows from (3.7) and (3.16). Fix i = 1,...,2n — 1. Then
2n—1
h(VXFiFi) = > (VXFi,Fe) b (Fi, Fi) = A (VEF, Fi) = 0,
k=1

whence (4.3) follows. Moreover, (4.4) follows since

Sy (V) ) 0) = 3 ¥ ((FEF R A () ()
i—1 ik=1

2n—1 2n—1
= > hp(Fi FR)Y ((VXFLFi)) () + Y (VRF:LF) Y (R(Fi, Fr))(p)
i,k=1 i,k=1

2n—1 2n—1

Z (VXFi.Fi)) () + > (VIFi,Fr) Y(h(F;, Fi))(p)

=1 i,k=1

UL ST (UFLF) Y (AL FL)) ()

=0,

the semi-last equality following by the symmetry of A. Finally,
2n—1 ~ ~
> (ML F) + h(VEF, VEF)))
i=1
2n—1 ~ 2n—1 _
= > (VRVYFLFN(FLF)) + Y (VEFLF)(VIF, Fr)h(F5, Fy)
ij=1 ivj k=1
20) 2n—1 2n—1
i=1 ij=1
2n—1 2n—1
= ) N(VEFL VEF) + D N(VYFLF) (VXFLF))
i 4,j=1
2n—1
= ) (VEFLFNVEFLF) (N — X).
i,7=1

From one hand, exchanging the indices in the previous equation, we get that

2n—1 2n—1
(4.6) D (VEFLFN(VIFLF) (N — X)) = D (VEF, F)(VEF, Fa) (A = \j).
ij=1 ig=1

From the other hand, recalling (3.12), we infer that

2n—1 2n—1
(4.7) D AVSFLENVIFLF) N = A) = > (VEF, F)(VXFFi) (A — Ai).
i,j=1 i,j=1

Therefore, combining (4.6) and (4.7), (4.5) follows.
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Proposition 4.2. Let X, Y € I'(HTS). Then

(4.8) trace VY h(-,-) = XH
and
(4.9) trace Hess™® h(X,Y,-,-) = Hess™® H(X,Y).

Proof. Fix X,Y as in the statement. Let p € S. Being the trace operator independent of the choice
of the orthonormal basis, we let Let Fi,...,Fo,41 be as in (3.20). To prove (4.8), we observe that

2n—1 2n—1
trace V() = Z VXh(F:,Fi) = XH 2 Z h(V5Fi, Fi) Wxm.
i=1 pa
Notice that
(4.10) Hess™® H(X,Y) = VXVyH = VX(YH) = XYH - VXY H.

On the other hand, exploiting Proposition 4.1,

2n—1
trace Hess = Z VS Vyh(F, Fy)
=1
2n—1 N
=S Vi (Yh(Fi,Fi) - 2h(V§/Fi,Fi)>
=1
2n—1 _
=y (XYh(F,»,Fi) — VY h(F;, F;) — 2V W(VEF;, F;)
=1
— 2XR(VEF,,F) + 20(VEs  Fi, Fy) + 2h(VEVEE, Fy) + 2h(VEF, V}S}Fi))
2n—1
(13) (XYh(FZ-, F.) — VSYR(F;, Fi) — 2V R(VSE,, F))
=1
— 2Xh(VyFi, Fi) + 2h(VY VI Fi, Fi) + 21(VF, V?{E‘))

= (XYh(Fi, F;) — VXYh(F;, Fi))

U9 Hegs?S H(X,Y).

Proposition 4.3. It holds that

1 - - - -
(4.11) SATSIR2 = (TSR + (b, A™Sh),

where (-, ) is defined in Section 3.2.
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Proof. Take Fy,...,Fo,_1 as in (3.20).

2n—1

~ ~ 2
VASHE = 3 (VA Fr))
i,5,k=1
2n—1 _ _ ~ 9
-y (Fl-h(Fj,Fk) — W(V§.F;, Fy) —h(Fj,VgiFk))
i,k=1
2n—1 _ 9 2n—1 _ 9
== (Fih(Fj,Fk)) +2 3 (h(VgiFj,Fk))
i,k=1 ij,k=1
2n—1 _ _ 2n—1 ~ _
—4 > Fh(F;, Fo)M(VEF;, Fe)+2 Y h(VRF; Fr)h(F;, VE Fy)
ij,k=1 ij,k=1
2n—1 ~ 9 2n—1 ~
-y (F,-h(Fj,Fk)) +2 ) (VEF),F)?h(Fy, Fy)?
ij,k=1 ij,k=1
2n—1 ~ _
—4 > h(Fy,Fp)Fih(F;, Fi)(VE,F;, Fr)
ij,k=1
2n—1
+2 Y WE;F)h(Fr Fe) (VT Fr) (Ve Fr, F))
1,5,k=1
(3.12) 2n—1 ~ 9 2n—1 ~
S <Fih(Fj,Fk)) +2 3 (VEF; F)2h(Fy, Fy)?
ij,k=1 ij,k=1
2n—1 2n—1 ~
+4 ) W(EFHFAFE;, Fe) (VR F;Fr) =2 Y h(F;,Fj)h(Fr, Fr) (VE,Fj, Fi)?
7Jk 1 ,],k 1
On the other hand,
27171~ ~ 2n—1 _ _
> h(Fj,F)) (AH’Sh) (Fj,F;) = > h(F;,F;)VE, Vi, h(F;, F;)
j= ij=1
2n—1 _ ~ ~
= > h(F;,Fj) V3, (Fih(FjaFj) - 2h(V§iijFj)>
ij=1
2n—1 ~ ~ 2n—1 ~ ~
= Y h(F;,F)FFh(F;,Fj) =2 > h(F;,F;)Fh(VEF;, F;)
i,j=1 hj=1
2n—1 ~ ~ 2n—1 ~ ~
— > h(F;,Fj)VE,Fih(F;,F;) +2 ) h(F;,F))h (vvs P, Fj,Fj)
i,j=1 t,j=1
2n—1 2n—1 ~
— > h(F;,F)FR(VEF;,F;) +2 ) h(F;,F)h(VE VEF;, F))
7.] 1 ,] 1
2n—1 ~ 2n—1 ~ ~
— > h(F;,Fj)Fib(F;, VEF;) +2 ) A(F;,F)h(VEFs, VEF;)
iJ:l ij=1
(4 3) 2n—1
ZhFFAHS( ) =4 h(F;,F)Fih(VEF;, F;)
i,j=1
2n—1 2n—1
+2 ) h(F;, F)R(VE,VEF; Fj) +2 ) h(F;,F;)h(VEF;, VEF;).

1,j=1 i,j=1
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Notice that
2n—1 2n—1

—4 Y h(F; F)FR(VEF;F)) = —4 > h(F;,F)F; ((VgiFj,Fk%(Fk, ))
i,j=1 i,5,k=1
2n—1 2n—1 _ _
)4 D h(F;F)*F; ((VEF;,Fj)) =4 > h(F;,F)Fh(Fi, F;)(VE,F;, Fr)
1,5=1 i,3,k=1
2n—1
= _4 Z h Fh(Fijk)<vF FjaFk>
i,5,k=1
Moreover,
2n—1 %20 2n—1
2 ) h(F;,F)h(VE VEF 2Zh (Vi Vi Fi,Fj)
7] 1 ,] 1
2n—1
= _2 Z h VF FjavF >
t,j=1
2n—1
=2 Z h vF FjaFk>
i,7,k=1
(3.12) 2n—1 N
=72 ) W(Fy, Fr)* (VR Fy, Fr)?.
i,j,k=1
Finally,
2n—1 2n—1
2 h(F;,FHR(VEF;, VEF) =2 > h(F;,Fj)h(Fy, Fr)(VE,F;, Fi)?.
4,7=1 i,j,k=1
Therefore we infer that
(4.12)
~ 277,—1~ 5 2n—1 2n—1 ~
VHSHE + ST R(F,F)) <AH’Sh) (FjF)= > (F (F;,Fy) ) + Z h(F;, F;)AMS (h(F;, F,
=1 i,5,k=1
We conclude noticing that
1 _ 2n—1
iAH’SVlP = Z VE, Vi, ( (Fj,Fr) )
,]k: 1
2n—1
= Y Vi (WF;, FOFAE; Fy)
i,j,k=1
2n—1 _ 9 2n71~ _
= Y (Fh(FLFQ) + Y h(F;, F)AMS(h(E;, Fy))
i,5,k=1 j=1
4 12 2n—1 _
VIV £ 3T R(E,F) (A%Sh) (F,,F)).
7j=1

Proposition 4.4. Let Eq,...,Eo,_1 be any local orthonormal frame of HTS. It holds that
2n—1

(4.13) (VSR J(v)) = 4a |V s v|* — dafh]? +2 > 1B, Er), (Vi Via)v: Er).
jk=1
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Proof. Take Fy,...,Fo,_1 as in (3.20). Then

2n—1
(VIR Jw) =2 Y h(F;,Fi)d (h(Fj,Fk))
7,k=1
(3.20) 2n—1 ~
=02 3 h(F; Fy) I w) (A(FSF))
j=1
2n—1 ~ 2n—1 ~
=2 WE;,F)NV50)Ve, i Fi) +2 > h(F),F) (Ve V0)F;)
j=1 j=1
R=0 5 2n—1 2n—1
=L Z h(E;, FVE, Vi, Fi) +2 > (5, F) (V)50 i)
7j=1
2n—1 2n—1
+2Zh ) (Vi,v, Vi, J (v +2Zh Vv, [J(v),Fj])
(2.4),(3.8 2n—1 2n—1 _
L35 o > WEFe)(Ve, Ve Fie) +4 > h(F;, F)h([J(v),F,],F;).
J,k=1 j=1

We conclude noticing that

2n—1 o 2n—1 _
43 RE FDRT0),F5] Fy) P2 4 S RS, F)X(T ), Fy], Fy)
j=1 j=1

2n—1

)y Z R(E;, Ej)2h(E;, 7 (J(F))))

2n—1 2n—1

(4.2) ~
=" —4a Y h(F;F) +da Yy (), F))h(F),F))?
j=1 j=1

= —4Oé|fL|2 + 4 |VJ(V)I/‘2 .

5. SIMONS FORMULAS AND KATO INEQUALITIES

5.1. The full Simons identity. This section constitutes the core of the paper. Namely, we establish
Simons formulas and Kato inequalities for minimal hypersurfaces in H". First, we provide the proof
Theorem 1.1, establishing a full Simons identity for the (2,0)-horizontal tensor field A*9}h associated
with a minimal hypersurface and generalizing its Celebrated Riemannian counterpart (cf. [71]) to the

sub-Riemannian setting. Namely, we show that

AMSh(X,Y) = —qh(X,Y) + 8a%h(X,Y)
+ 4 Hess™ a(n(J(X)),Y) + 4Hess™S a(X, 7(J(Y)))
+ (16a7r(J(X))a ~ 8a2h(X, J (1)) + 4 (Vxv) a) (Y, J(v))
—2Xah(Y,J(v)) — 2Yah(X, J(v))
+2ah(Y, Voyx)yv) = 22(VxV 0y, Y) — 40> h(r(J (X)), m(J(Y)))
+ 2 <J (va) ,VYV>

for any X,Y € I'(HTS).
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Proof of Theorem 1.1. Let Eq,...,E9,_1 be a local orthonormal frame of HT'S. Let hs and C, be
the (1, 0)-tensor fields defined by hs(Z) = h(S,Z) and C,(Z) = C(Z,v) for any Z € T'(HTS). Then
2n—1
i=1
(3.31) 2n—1
2D ST G (VSh(E, Y) + 20(X, E)hs(Y))
i=1

2n—1 2n—1
= Z Hess" h(E;, X,E;,Y) + Z Vgi(QC(X’ Ei)hs(Y))
i=1 P
I
315 2n—1 2n—1 2n—1
(3.15) Z Hess™S MX,Ei, E.,Y) + Z h(RS(X, E)E;,Y) + Z h(Ei,RS(X, E)Y)
i=1 — —
1
2n—1
+ Y 20(X,E)VSh(E,Y) +1
i=1
11
2n—1
=Y VR(VEAE,Y)) +1+11+ 11
i=1
(3.20) o= 2nl 2n—1
20 ST VE(VERY.E)) + Y VEREQC(Y,E)) + S V§(2aC,(E)A(E,Y))
=1 i=1 i=1
v Vs
2n—1
— > V200, (Y)h(B;, E;)) +1+ I+ 1T
i=1
VI
(3.31) 2] 2n—1
=7 VI(VYA(ELE)) + ) VX(2C(Y,Ehs(Ei)) +1+ T+ T+ 1V 4 V + VI
=1 i=1
VII VIII

=141+ I+ 1V +V + VI + VII + VIIL
We compute I, ..., VIII. Let Gq,...,Go,_1 be a local orthonormal frame of HT'S such that
(5.2) Gn = J(I/) and J(Gl) = Gn+1,...,J<Gn_1> = ng_l.

Computation of I.

2n—1
[= Z Ve, (2C(X, Gi)hs(Y))
=1
314y 22} =
U2 N on(s.Y)VE,O(X.Gi) + Y 20(X, GV hs(Y)
i=1 =1
3.98).(3.6) 2} ~
(3.28),(3.6) D 2h(8,Y)C(Gi, v)M(Gi, X) = Y 21(S,Y)C(X, v)h(Gi, Gi) + 2V  x) hs(V)
=1 i=1
He 2n—1
=0 D 20(8,Y)C(Gi, v)h(Gi, X) + 2v7€(J(X))h5(Y)
=1

5.2
) (S, V)T (), X) + 2V 0 his (V).
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Notice that

C2K(S,Y)h(J (), X) P2

On the other hand,

2V soephs (V) = 2m(J (X)) (W(S,Y)) = 2h(S, V3 1) Y)

(3.11)
= 2m(J(X)(Ya +20°(Y, J(v)) = 2V yx) Y — 40*(V3 )Y, T ()

= 2Hess" a(r(J(X)),Y) + 8a7r(J(X))a<Y, J(v))

K(S, V)X, J(v) "L “avan(X, J(v)) — 4a2h(X, JW)(Y, J(v)).

+4a’m(J(X)NY, I (v)) = 40 (Vr(y(x))Y, T ()
= 2Hess™"% a(n(J(X)),Y) + 8a7r(J(X))a<Y, J(v)) + 402(Y, Ve d ()
(2.4)

2 Hess™5 a(r(J(X)),Y) + 8ar(J(X))a(Y, J(v)) — 4a® (J(Y), Vo (sx)V)
= 2Hess"® a(n(J(X)),Y) + 8an(J(X))alY, J(v)) — 4a2h(x(J (X)), 7 (J(Y))).
In conclusion,
I = 2Hess™ a(n(J(X)),Y) + 8an(J(X))a(Y, J(v)) — 4a’h(x(J(X)),n(J(Y)))
—2Yah(X, J(v)) — 4a*h(X, J(W))(Y, J(v)).
Computation of VI.

2n—1
— > V%(2aC,(Y)h(E;, E;))
=1
2n—1 2n—1
= - VX(2aC,(Y))h(Ei, Ej) — 2aC(Y,v) Y VIh(E;, E;)
=1 =1

—V5 (200, (Y))H — 2aC(Y, v) trace VXA(-, )

=) V5 (200, (Y)H — 2a0(Y, v) X H

Computation of VII. Thanks to Proposition 4.2, we infer that

VII = trace Hess™S h(X,Y, -, ) = Hess™S H(X,Y) "=° 0.
Computation of VIII.
VIII = trace V5 (2C(Y, )hs(+))

2n—1
= Y VXC(Y,Gi)hs(Gi))
=1
3.14 2n—1 2n—1
2T 9n(8, GO VR Y, Gi) + Y 20(Y, Gi) Vi hs(G)
i=1 =1
498 2n—1 2n—1 2n—1
U207 (S, GG (X, Y) = 3 28(S, GOV, n)A(X, Gi) + 3 20(Y, Gi) Vi hs(Gr)
=1 =1 =1

O2LEO _on(s, JWw)W(X,Y) — 21(S, Vx)C(Y, v) + 2V hs(x(J(Y))).

Notice that
—on(S, JW)h(X,Y) "2 (—2(Va, J(v)) — 40%) h(X,Y).
On the other hand,
—2h(S,Vxv)C(Y,v) =2 (Vxv)alY,J(v)) + 4a?h(X, J()(Y, J(v)).
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Finally,
2Vhs(n(J(Y))) = 2X (h(S,(J(Y)))) — 2h(S, VEm(J(Y)))

CRRCII. S (X, 1(J(Y))) + 4a2(n(J(Y)), Vx J (1))

= 2Hess" a(X, 7(J(Y))) — 4a2h(X, J(x(J(Y))))

(
0 9 Hess™S a(X, 7(J(Y))) + 462h(X,Y) — 4a2h(X, JW))(Y, J()).

Putting the previous equations together, we conclude that
VII = —2(Va, J(w)h(X,Y) + 2 (Vxv) alY, J(v)) + 2Hess™ a(X, n(J(Y))).
Computation of II.

2n—1 2n—1
II = Z RS(X, G, Gy, Gj)h(Gj,Y) + Z RS(X, G;,Y, Gj)h(Gi, Gj)
i,j=1 6,j=1
0 2n—1 2n—1
2057 h(Gi, G (X, G)(Gy, Y) = S B(X, Gi)h(Gy, Gy)h(Gy, Y)
i,j=1 4,j=1
2n—1 2n—1
+ 3 WG, Y)I(X,G))h(Gi, Gy) = Y h(X,Y)h(Gy, Gj)?
i,j=1 1,j=1
. 2n—1
H=0 > h(Gi, Y)I(X, Gy)(h(Gi, G;) — h(Gy, Gi)) — |h[*h(X,Y)
i,j=1
57y ml
P20 90 37 h(Gi, Y)R(X, Gy)C(Gy, Gi) — [B2R(X,Y)
i,j=1
17 2n—1 2n—1
27 90 D h(Y,Gi)A(X,Gj)C(Gy, Gi) +40” > (X, Gy)C(Y, Gi)C(Gy, Gi) — |h[*h(X,Y).
i,j=1 i,j=1

Notice that
2n—1 2n—1 2n—1
> h(Y,Gi)h(X, G;)C(Gy, Gy) Z h(X,G;) <Vyl/, > (J(Gj),Gi>Gi>
i,j=1 i=1
(3.12) 2n_l
=7 ) (X, Gy)(Vyr, J(Gy))
7j=1

2n—1
=— <VXV, > {J(Vyw), Gj>Gj>

—(Vxv, J(%yv)> +(Vxv,v){(J(Vyv),v)

CL) T xw, J(Vyv).

On the other hand,

2n—1 2n—1 2n—1
> WX, Gy)C(Y, Gi)C(Gy, Gy) ZhX Gy < Y), Z<J<Gj>,Gi>Gi>

ij=1 i=1
2n—1

X, Gy) (J(Y), J(Gy)) — Z WX, Gj) (J(Y), ) {J(Gj), v)

Gj) + WX, J(v)) (J(Y),v)

I
ivm”“m.

Y) =X, J()) (Y, J(v)) -
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Therefore we conclude that
II = (—|h? + 40®) K(X,Y) — 4a*h(X, J(v)) (Y, J (v)) — 2a(V xv, J(VyV)).

Computation of IV.
2n—1 2n—1
IV=> 2V3(Gia)C(Y,Gi) + Y 2G;aVZC(Y,G))
i=1 i=1

2n—1 2n—1
29 908 (x(J(Y))a) + Y 2G;iaC(Gi,v)A(X,Y) = Y 2GaC(Y,v)h(X, G;)
i=1 =1

= 2Hess" a(X, 7(J(Y))) = 2(Va, JW)W(X,Y) + 2(Y, J(v)) (Vxv) a
Computation of V

2n—1 2n—1
V=Y 2XaC(Gy,)h(Gi,Y) + Y 2aX(C(Gi,v)h(G;,Y))

i=1 i=1

2n—1 2n—1 2n—1
— > 2aC(V5Gi, )h(Gi,Y) — Z 20C(Gi, V)M(V5Gi, V) = Y 20C(Gi,v)h(Gy, VXY)
=1 ;
(3.17) 2n—1
=7 —2Xah(Y,J(v)) - 2aXh(J(v),Y) + Y 2a(VXGi, J(v))h(G;,Y)

i=1
+ 20h(VSJ(1),Y) 4 20h(J (v), VXY)
2n—1
= —2Xah(Y,J(v)) — 2aX(V v, Y) = > 20(Gi, VST (v))1(Gi,Y)
=1
+ 20h(V5J(1),Y) 4 2ah(J (v), VXY)

= —2Xah(Y,J(v)) = 2aX(V o)1, Y) + 2ah(J (v), VXY)
= —2Xah(Y, J(v)) — 20(VXV sy, Y)
= =2Xah(Y,J(v)) — 2a<vaJ(u)V7 Y).

Computation of III.
I = 2V2h(n(J(X)),Y)
= 2S<VW(J(X))V7 Y> - 2<VV§71*(J(X))V7 Y> - 2<v7r(J(X))V7 V§Y)
= 2VEVrun Y) + 2(Vauxnys V3Y) = 2(Vesaoots YY) = 2(Vax v V3Y)
= 2<V3V7T(J(X))I/, Y)— 2<VVS7T(J(X))V, Y)+2(Vsn(J (X)), v)(V,1,Y)
=2(R(S,n(J(X)))v,Y) + 2<vﬂ-(J(X))VSV, Y)+ 2<V[S,7r(J(X))]V7 Y)
— 2<vvsﬂ(J(X))V, Y)+2(Vsn(J(X)),v)(V,1,Y)

R0 2Vrax)Vst,Y) + 2(Vis rrx)-vesrgx ) Y) + 2(Vsm(J (X)), v){(V,1,Y)

3.10),(3.4
(310464} 2V Vi, Y) + 4V x) 2T @), Y) + 2(V torg (r(5(x)).5)V )

= 2(Vy, sixnst Y) +4a(Y, J(v)h(S, m(J(X))).
Notice that
2V Viae,Y) =2(V3 (J(X))v o,Y) = 2Hess™® a(n(J(X)),Y).

Moreover,

=
<
EY
=
e
°
[\
=
S
=
I
Qo
2

Y, J(V))TF(J(X))OJ + 4a2<v7r(J(X))J(V)7 Y)
(J(X)a = da?h(r(J(X)), 7 (J(Y))).

[
(0.9
2
=
=
=
5
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In addition,

2V o (eI 050 YY) =) —A(m(J(X)), J(S)) (T, Y)
= —A(n(J(X)), J(T))(Vrw, ) + dalrm(J(X)), J () (Vaw, V)
0y,

Observe that

2V, st Y) = 2{Vy.oparts Y)
= 2m(J(X) (Vo1 Y) +20(V ot Y)
D _sar(J(X))alY, J(v)) + 20h(Va(sxpws Y)
CLD _sam(J(X))alY, J(0)) + 20h(Y, Vagsi0) + 402h(x(J (X)), 7(J(Y))).
Finally,
40 (Y, TS, 7(1(X)) T dam(T(X))a(y. T(0).

In conclusion, we infer that

ITI = 2 Hess™% a(r(J(X)),Y) + 8ar(J(X))a(Y, J () + 2ah(Y, Vi (5(x))V)-
The thesis follows from adding the terms that we have just computed. O
5.2. Contracted Simons formulas. Combining Theorem 1.1 with Proposition 4.3, Proposition 4.4,

we provide contracted Simons formula for AM-S fL|2 In order to handle the Hessian term appearing
in the second line of (5.1), we assume throughout this section that

(P2) VHSa = (Va, J(v))J(v).
Condition (P2) is motivated by the following relevant instances.

Example 5.1 (Vertical hypersurfaces, I). Vertical hyperplanes satisfy (P2), since « = 0. More
generally, we say that a hypersurface is vertical if T is tangent to S at every point. As for vertical
hyperplanes, a = 0, whence vertical hypersurfaces (not neessarily minimal) satisfy (P2).

Example 5.2 (Catenoidal hypersurfaces, II). Every catenoidal hypersurface arising from Example 3.7
satisfy (P2). More generally, every horizontally umbilic hypersurface (not necessarily minimal) satisfies
(P2) (cf. [13, Proposition 4.2]). We stress that differently from the previous examples, o = 0 only
when Sg intersect the horizontal hyperplane {t = 0}.

Among minimal characteristic hypersurfaces, we have the following important example.

Example 5.3 (Hyperbolic paraboloids, II). Let S be the hyperbolic paraboloid as in Example 3.8.
A direct computation shows that S\ Sy verifies (P2).

Precisely, we recall that condition (P2) implies that, on a minimal hypersurface,

1. ~ ~ ~ ~ ~
653 iAH’SW = |VPSh2 = glh)? 4 602 |h[? — 60® |V jov| + 4T (V) h[? — 4T (v)a £
— (4J(v)a + 6a2) <B, BJ> ,

where h is the (2,0)-tensor field defined by h;(X,Y) = h(n(J(X)),n(J(Y)) for any X,Y € ['(HTS).
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Proof of Theorem 1.2. Fix a local orthonormal frame F1, ..., Fq,_; satisfying (3.20). Then

2n—1
43 ~
AHSW VISR ¢ § : h(F;,F;) (AH»Sh) (F;,F))

) jwrshp - th|2 + 8a2[h2

2n—1 2n—1
+4) " h(F;,Fj) Hess™ 5 a(n(J(F)),Fj) +4 > h(F;, F)) Hess™S a(F;, 7(J(F;)))
=1 i=1
2n—1

+ 3 B(E; ) (1607 (I (F))a — 8a”h(Fy, J(v) + 4 (Vr,v) @) (B}, ()

2n—1 2n—1
—4 Z hW(Fj, Fj)h(EF;, J(v))Fja +2a Y h(F;,F)h(E), Vair,)»)
j=1
2n—1 2n—1
—2a Z h(F;, F)(VE, Vv, Fj) — 40 > h(F;, Fj)h(x(J(F,)), 7(J(F;))).
7j=1

We compute each therm separately. First, we deal with the Hessian term. Indeed, by (P2),
2n—1 2n—1

4" h(F;,Fj) Hess™ % a(m(J(F;)),Fj) =4 > W(F;,Fy) (W(J(Fj))Fja - (vi(J(Fj))Fj) a)
j=1 Jj=1

2n—1

B4 hE,LFy) (W(J(Fj)) ((Fj, J(»)) I (v)a) = <Vw<J<Fj>>Fj7 J(V)> JWO‘)
=1

2n—1

=43 R(F;Fy) ((Fis Vo, (0)) TW)a + (B, Jw) (I (F) I (v)a )
=1

2n—1 2n—1
= —4J(W)a Y h(F;,Fh(x(J(F), m(J(F)) +4 D> h(F;,F) (Fj, J(v) 7 (J(F)))J (v)a.
j=1

=1

But

7 (J(F)Iw)a B T0)n(IF))a+ (Vapw,)I0) @ = (Vs m(I(F)) a

(3.7),(P2) <V7T(J(Fj))J(V)7 J(u)> JW)a = (V)7 (J(F)), J (1)) J(v)ex

—~

D (Y s T (JE))) T ()a

DT o By TW)a — (T (), F) (Y g0, J0)) T ()
=Mﬂ),ﬂﬂwafHNWEﬁNWm

whence

2n—1 2n—1
4" h(F;,F;) Hess™ a(m(J(F;)),Fj) = 4] (v)ox Z h(F;, Fj)h (x(J(F;)), 7(J(F;)))

+4J (v Z (Fj, F)R(J(v), Fj)(J(v),Fj) — 40T (v Z (v),F;)?

= —4J(v Z (Fj, F))h (n(J(F))), 7(J(F)))) + 4T () |V yoyv| — 42T (v)a.
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In the last equality we used the fact that

2n—1 2n—1
5 5 2
(54) Z h(F]7F])h(J(V)7F])<J(V)7FJ> = ‘VJ(I/)V‘ and Z h(F F; )<J< )7Fj>2 =L
: ~
On the other hand,
2n—1 ~ (3.7),(P2) 2n—1 ~
43" h(F;, Fj) Hess™S a(Fj, n(J(F;) 2 4T (w)a S h(F;,Fy) (Ve,x(J(F)), J())
j=1 J=1
3.7) 2n—1
W4y Z h(F;,F,) (J(x(J(F;))), Ve, v)
2n—1 2n—1
(3.7) ~ -
=" 4J(v)a Y W(F;,F5) (F;, Ve,v) —4J(v)a Y h(F;,F)(J(v),F;) (J(v), VE,v)
j=1 j=1
(5.4) = 2
=" 4J(v)alh|? = 4T (V) |V sV ]

Regarding the fourth line,
2n—1
3 h(F;,F;) (16a7r(J(Fj))oz — 8a2h(F;, J (1)) + 4 (Vi,v) oz) (Fj,J (1))
=1

2n—1 2n—1
(3.7),(P2) - - - .
= 7 =80 Y h(F;,Fj)h(F;, JW)(F;, J(v) + 4T (v)a Y h(F;, Fj)h(J(v),F5)(F;, J(v)
j=1 J=1
) 802 |V v + 4T (W) [V 0]
Moreover,
2n71~ N 2n—1 N
—4 Y h(Fj, F)R(F;, J(@)Fja+2a Y h(F), F)RE), Vase,)v)
=1 i=1
(P2) 2n—1 ~ _ 2n—1 ~
=" —4J()a > B(F;, FHhFE;, JW)(I(v),Fy) +2a Y h(F5,F)h(F, Vae,)v)
j=1 j=1
(3.16),(5.4) 2 el
2 I [V | 420 Y W(ESLF)h(r(I(F))), Fy)
j=1
2n—1 ~ ~
—20” Y h(F;, Fy)h(r(J(F))), x(J(F;)))
j=1
(3.16) !
=7 —4JW)a [V gl + 200 3 R(F;, F))2h (n(J(F))), F;)
7=1
2n—1 ~ 2n—1 ~ ~
— 20 Y (), F)2 (I (n(J(F)))), Fj) — 20 > h(F;, Fy)h(x(J(F))), n(J(F;)))
j=1 =1
2n—1 2n—1 ~
W 4w |V + 202 3 R(F — 202 3" h(F;,F))2(J (), Fy)?
Jj=1 ]
2n—1

—2a° Z iL(Fj,Fj)il(ﬂ(J(Fj»vﬂ(‘](Fj)))
=1

2n—1
—4J () |V g v|” + 202 h[2 = 202 |V v |* = 202 > h(F;, F)h(x(J(F;)), 7(J(F;))).
j=1

(5.4)
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Finally, by Proposition 4.4,

2n—1
—2a Z h(F;, F;)(VE,V 00, Fj) UL 42 V|’ — 4a®|hf? — a(V|R|2, J(v)).
The thesis follows combining the previous computations and recalling (3.25). ]

As regards the product <}~L, h J>, we observe that

2n—1 2n—
sz = = = = 2
(5.5) ‘<h,hj>‘ = 3 R(Gy. GR)R(I(Gy), Z (G, Gr)? = [B? = 2|V v|” + 22,
j k=1 k=1
g,k#n ;é
were we exploited a local orthonormal frame Gl,...,ng,l as in (5.2). When n = 2 and S is

minimal, <B, h J> can be computed explicitly.

Proposition 5.4. Let S C H? be a smooth, immersed, non-characteristic hypersurface without bound-
ary. Assume that S is minimal. Then

(5.6) <ﬁ, BJ> = 2|V, 0| — R

In particular,

(5.7) 2012 — 4|V yyv|* + 2 =0

Proof. First, (5. 7) follows by (5.5) and (5.6). Let Gq,...,Ga,—1 be as in (5.2). Then
= 2|V v|* = 2 + 1(G1,G1)? + 7(G3, G3)? + 2h(G1, Ga)?.

But, as S is minimal,

S
>
>

<
~———
Il
!
()
i
()
fint
>
—
D
&
()
w
N~—
|
[N}
>
—~
()
o
D
w
~—

Owing to Proposition 5.4, the contracted Simons formula in H? reads as follows.

Corollary 5.5. Let S C H? be a smooth, immersed, non-characteristic hypersurface without boundary.
Assume that (P2) holds. Assume that S is minimal. Then

M SIh|? = (VSR — glh]? + 42 [R)? — 802 |V i v|° + 2020
(5.8) +4(J()a+a?) (202 = 4|9 4yv[* + )
+ (8J()a+602) (|9,0)v[* - ).

While (5.8) is just a direct consequence of (5.3) and (5.6), the form in which we have expressed it
allows certain important aspects to be highlighted. For instance, (5.7) provides a lower bound for the
second line of (5.8) as soon as

(P3) JW)a+a? > 0.
Condition (P3) implies that the fundamental function ¢ is bounded below by |h|? for any n > 1, as

- (P3) . -
(5.9) q=|h?+4J()a + (2n + 2)a? ; A2+ (2n — 2)a? > |h)%

We point out that (P3) appears naturally in the context of complete minimal hypersurfaces, as sug-
gested by the following examples.
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Example 5.6 (Vertical hypersurfaces, IT). Vertical hyperplanes satisfy equality in (P3), since oo = 0.
More generally every vertical hypersurface (not necessarily minimal) satisfies equality in (P3).

Example 5.7 (Catenoidal hypersurfaces, III). Every catenoidal hypersurface arising from Exam-
ple 3.7 satisfy (P3). Precisely, a long but simple computation shows that

J(V)a + o = 3?28,
More generally, every minimal horizontally umbilic hypersurface satisfies (P3). Indeed, in this case,

Jw)a+a? = 2n1_2\f1|2 (cf. [13, Proposition 4.2]).

Example 5.8 (Helicoidal hypersurfaces). Let S C H" be the helicoid parametrized by
F:R™ — H", F(s8,0,&,...,&6nm2y .. ynn) = (sc080, &y ... Epyssinbd, ma, ... 1y, 0).

An easy computation shows that S is a smooth, embedded, complete, minimal, non-characteristic
hypersurface. Moreover, it is not difficult to verify that

2
1+ s?
(1+82)2+82(£%+-~-+£%+?7%+-~+77%)> ’

JW)a+a? = (

whence S verifies (P3).

The properties of a minimal hypersurface of being complete and non-characteristic appear crucial
for the validity of (P3). This fact is already evident in H'. In the first Heisenberg group, where we
recall that (P1) and (P2) are always satisfied, every complete, minimal, non characteristic surface
in H! satisfies (P3) (cf. [40, 44]). Instead, there are examples of complete, minimal, characteristic
surfaces for which (P3) fails. In turn, the latter provide counterexamples in higher dimension too.

Example 5.9 (Hyperbolic paraboloids, III). Let n > 1. Let S hyperbolic paraboloid of Example 3.8.
We recall that S is a complete, minimal hypersurface, satisfying (P1) and (P2), with uncountably
many characteristic points. A direct computations reveals that

1

4a? + -+ 422

Jw)a+a* = —

on S\ Sp, whence S does not satisfy (P3).

As further support to the intrinsic nature of (P3), it is interesting to analyze its behavior in the
flattest, characteristic example.

Example 5.10 (The horizontal hyperplane). Let S C H™ be the horizontal hyperplane {t = 0}. S
is a complete, minimal, characteristic hypersurface, with Sy = {0} and a # 0 on S\ Sp. Moreover,
S\ Sy verifies (P1) and (P2). In addition, a direct computation shows that J(v)a+a? =0 on S\ Sp.

To conclude this section, we observe that the control on the horizontal shape operator provided
by (P1) would allow to discard the contribution provided by the last line of (5.10). Indeed, (P1) is

equivalent to require that ’VJ(Z,)V|2 = (2. Therefore, when (P1), (P2) and (P3) hold, (5.10) implies
the following lower bound.

Corollary 5.11. Let S C H? be a smooth, immersed, non-characteristic hypersurface without bound-
ary. Assume that (P1), (P2) and (P3) hold. Assume that S is minimal. Then

1. - ~ - -
(5.10) §AH75|h|2 > V512 — g|h|? + 40 |h)? — 602

The inequality provided by (5.10) is sharp in the class of minimal hypersurfaces satisfying (P1),
(P2) and (P3), as the next example shows.

Example 5.12 (Catenoidal hypersurfaces, IV). Let Sg C H? be any catenoidal hypersurface as in
(3.7). Since Sk satisfies (P2), then it satisfies (5.10) by Corollary 5.5. A computation shows that
|h|> = 6E|z|78. We know from (3.22) that 2 = IVayv|* = 4E%|2|7%. In particular, as 2|h|? = 32
and £% = |V ,)v|?, the last two lines of (5.8) vanish, and Sg satisfies the equality in (5.10).
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5.3. Improved Kato inequalities. In this section we provide a lower bound for |V ﬁ|2 in terms
of [V?:5|h|?|2, basically under assumptions (P1) and (P2). Namely, we show that

k
A1 1
(5.11) <+2n—1
for any k € [0, 2].

Proof of Theorem 1.3. Let Eq,...

2n—1

> Bl
7,k=1
2n—1

Ej|h|* = h(Ej, Ex)?)

) (V755 |h)2 1% < 4R VH5h)? + 402 h)? ((4l<: —2)[h)? + (2 + 2kn — 2k — 4n)e2)

,Eon—1 be any local orthonormal frame of HT'S. Notice that

2n—1

=2 W(E;,Ex)VR,E;, Ex) +4 > h(E;, Ex)h(VEE;, By

k=1 k=1
(512) 2n—1 ~ 2n—1 ~
=2 Y W(E;, E)VEAE;,By) +4 Y h(Ej, Ep)h(Es, B (Vi Ej, Ey)
],]{,’:1 j7k75:1
(312) - 7
=72 h(E;,Ex)VE,h(E), Eyp)
J,k=1
forany i =1,...,2n — 1, so that
2
2n—1 [ 2n—1 _ _ ~ R
(5.13) > (B, Ep) Ve, ME;, By | < 4lhf[VEh),

VSRR O 4y
i=1 \jk=1

where in the last passage we used the Cauchy-Schwarz inequality. In particular, (1.13) follows. Assume

that S is minimal, and that (P
assuming (P1), we set F,

1) and (P2

2n—1

VPSR < 4P )y VR A(E; )

i,j=1
2n—1

=4|h> Y VEh

i,j=1
i#]j

2n—1
4.8 ~ ~
am2 S VLA,
i,j=1
i#]
2n—1
< 4R ) VEA(F,
2,0=1
i#]
2n—1

=4(2n - 1)|h)> Y Vi, h(

ij=1
i#j
Set
2n—1 ~
R= Y VihE;,F
ij=1

i#]

) hold. Let Fy,...
= J(v). Arguing as in (5.13),

,Fop—1 be as in (3.20). Since we are

2n—1

)2+ 4> VEE,F)
i=1
2
2n—1 [ 2n—1

Fj)2 +4Ifz!2 Z Z Vgﬁ(F] F])

=1 =
J#
2n—1

F;)2 4+ 4(2n — 2P 3 V5 A(E,,F,)?

ij=1
i#j
FjaFj)2'
2n—1
— ) VEA(F;,F)?
1,j=1
i#£j
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Then

2n—1 2n—1
k 7 7 ~ ~
<1 g 1> VSRR < 4hf | Y0 ViRA(E; F))? +k Y Vi h(F;, Fj)?

ij=1 ij=1
i#]
~ 2n—1 ~ 2n—1
=4|n* | > VE,ME;,F -+k§:vF (Fi, Fj)2 + kR
,j=1 i,j=1
i#]
~ 2n—1 _ 2n—1 2n—1
=4hf? | Y VERF;F)?+2 ) VR AFLF) 4+ (k—2) Y VR AF,F;)? + kR
i,j=1 i,j=1 1,j=1
i#j i#]
~ 2n—1
<ApP | VSR + 2) Y VR h(Fi,F;)® + kR
i,7=1
i#]
We apply the Codazzi equation (3.32) to handle the remainder R. In this way, by (P1) and (P2),
2n—1 2n—1
R= > Vih(F;,F)* =Y Vi hF,F))
7,j=1 4,j=1
i#] i#]
2n 1 2n—1 2n—1 2n—1
Z V5 h(F;, Fy)? Z Vi, h + > VEMFLF)? - ) VEA(FLF)
7.] 1 7_] 1
J;én i#" £, 1,J7#N i#]
(3.32),(P2) o= - - 2
20N (TR RI0), Fy) — (5, Fy))
j=1
J#n
2n—1 2n—1 2n—1
}:'vjwqu“J' + > VEAFLF)? = VR A(FLF)
4,7=1 ,j=1
Zn i£],ij7n i#j
2n—1 ~ ~ ~
=20 Y h(F;,F)VE (I (v),F)) + o?|h)? — o>
j=1
j#n
(P1) 2n—1 ~ ~ 2n—1 ~ ~
=20 ) " h(F;,Fj)h(VE,J( +2a§:h DRI (), VB, F)) + o’ |h* — o?f?
j=1
j#n J#n
(3.:20) e -
20 X:h )2 (Ve, J(v),F;) + 204 Y B(F;,F;)(Ve,Fj, J(v)) + ?|h|* — o2
j=1
Tn j#n
2n—1 2n—1
= 2a Z h(F h(F;, J(F;)) + 2l Z h(F;,F)h(F;, J(F;)) + 2> — o262
J#n J#n
2n—1 2n—1

(4—2) 2042 E iL(Fj,Fj)2 - 2042£ E E(Fj,Fj) + O£2V~l’2 - 04262
j=1 j=1
jn J#n

H=0 3a2|}~z|2 — a2
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On the other hand,

2n—1 2n—1
> VR AFLF)? = Y VEA(J(v),Fy)?
ij=1 =1
i j#n

P1) N (3 - 2
=" (V5 I (), ) + h(J (), VE F)) )
=1
j#n
(3.20) 2n—1 B )
= <<VFJJ(V)7Fj>h(FjaFj) + <VFij,J(y)>€>
=1
J#n
2n—1

=5 (ah(F),F)) —a£>2

j=1
i#n
HE0 ?|h2 4 (2n — 1)a22.

The thesis follows combining the previous computations. [l

5.4. Simons-Kato inequalities. Combining the results of Section 5.2 and Section 5.3, we can derive
several consequences. For future convenience, we focus on the case n = 2, since higher dimensional
estimates follows similarly. To this aim, we fix a minimal hypersurface S C H? such that (P1), (P2)
and (P3) hold. For any 6 > 0 we define the function A(J) by

(5.14) A(8)(p) = \/Ihpl? +6

for any p € S. Notice that the function A(J) belongs to C°(S), for any § > 0. This desingularization

will be crucial in the forthcoming Section 6. Observe that As > || and that As — |h| uniformly on
S as § — 0. Since A(8) > 0, we can multiply (5.10) by 4A(4)?, so that

(5.15) 2A(6)2AMS|R2 = 4A(5)2 VS R)? — 4A(8)2|R)? + 4a2A(5)? (4\ﬁ|2 - 6z2)
for any 6 > 0. In particular, by (5.7), we deduce from (5.15) that
(5.16) 2A(6)2AMS|R|2 = 4A(5)2 VS R|? — 4gA(8)2|R)? + 4a2|R)? (4\ﬁ|2 - 662)

for any 6 > 0. Moreover, (5.11) implies that

(5.17) <1+2 u

n—1

> IVS|R)2[2 < 4A(8)2 VS hJ? + 402 h)? ((4k — 2)[A)% + (2 + 2kn — 2k — 4n)e2)

for any 6 > 0 and any k € [0,2]. Combining (5.9), (5.16) and (5.17), we conclude that

. . k ~ B
(5.18) 2A(8)2AMS B > <1 +5— 1) (VO |21 — 4gA(0)* + 402 h g5k
for any § > 0 and any k € [0, 2], where
(5.19) g5 k(p) 1= (6 — 4k)[hy|* = 2k((p)?
for any p € S.

6. THE IMPROVED STABILITY INEQUALITY

In this section, we establish the sub-Riemannian analogue of [68, Theorem 1] in the Heisenberg
group by proving Theorem 1.4. Our approach relies on the Simons—Kato inequalities obtained in
Section 5.4. For future purposes, we specialize our exposition to H?, although the reader should not
encounter difficulties in adapting the same strategy to higher-dimensional cases.
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Proof of Theorem 1./. We recall that we are assuming

(6.1) gsk(p) =0

for a given k € [0,2] and for any p € S. Let us recall (cf. [27, Lemma 11.6]) that
(6.2) AMS (Fou) = (F o u) V502 + (F o u) A5y,

for any FF € C?(R) and any u € C?(S). Fix 5,8 > 0, k € [0,2] and a test function ¢ € C}(S).
Choosing ¢ = A(8)%p in the stability inequality (3.37), where A(6) is as in (5.14), we infer that

/S g (A(5)5¢>2 doy, < /S s (A(a)%)\2 dow

2
= / ‘ﬂgaA((S)ﬁQVH’S\B|2+A(6)BVH’S¢ doy

B AP VRS + BoA@P TS, T40) + A5 [VHS ol dow
/ ; SPUTHSIRP 4 LTS AR, V) + AT doy
326 /B 2A( ) 71212 1 ZAHSA((;)QﬁJrA( )2ﬁ’v7{5(p|2d0%

(6. 2) / < ) A(5)2574|v7{75’ﬁ‘2|2 _ §¢2A(5)2574 <2A(5)2 A bt 2) X A(5)25|V,H’S<p‘2do-ﬂ

(5.18) ~ ~
< /Sg <1 . g) © A(5)26_4‘VH’S‘h|2‘2 + A(5)2B|VH’S(,D‘2 o ,34,02062%’214(5)2’8_4gs,k d(T'H

B k 2 28—4 | H,S 7122 5 \?
b [ 5 (14 gry ) PAGP ISR + 5q (46)) do

(6.1) k B . 2
< B (18- 55 ) PAGP TR + 50 (40P )+ AGPHTS S do

Therefore, factoring out, we deduce that
(6.3)

i 7 2
g (2n T + 8- 1) L¢2A(5)2B—4‘vﬂ,s|h|2|2 doy < /S(ﬂ —1)q (A((S)Bcp) A8V 2 doy,.

Assume first that g € [1, 1+ %) In particular, 5 — 1 > 0. Therefore, exploiting again (3.37)
and combining Cauchy-Schwarz and Young inequalities,

/ q(A<5>%) doy < / V% (40)°%)| dow

/ B 2 A58 GRS FPP 1 BoAG)P TS hP, 745 4) + AP [T5 P dow
/5 5)28- 4|VHS]h\2|2+6<<pA 5 Q‘VHS|h| ‘)( )B‘VH,SSO‘) + AP IVHS | doy,
/ﬂ 25 4|VHS’h‘2|2+A( )QB‘VH’SQOF(ZO'%

_ = 9]2 2
+ ZB&A«SW SIRP] 240 (9| dow

= [ GG aw@ [P + (14 2) 40 VSl do
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for any given € > 0, so that

(3-1) [ a(4@7%) dou < L6 =13 +2) [ P TE | do

4
+u&—m<1+5>/lM®%WvHﬁﬂ2mm.
€/ Js
Combining (6.3) and (6.4),

k N
g <2n i B- 1) /9902A(5)2ﬁ_4‘vﬂ’5|h’2\2 doy < g(ﬁ - 1) +€)/S

+@=1) (142 402|996 dow+ [ APV do
S S

(6.4)

~ 2
30214(5)26_4 ‘VH,SWz’ doy,

so that, factoring out and dividing by %,

(6.5) P(z, B,k) / PP A(S)PP VISR doy < Q(e, B) / A@B)? (VS| doy,
S S
where
Pe,8,k)=—F +@-)f+ 5~ 1+e  and Qe,B) =4+ =14,
Notice that
Qe,8) >4

for any € > 0 and any 8 > 1. Moreover,

>0 ﬁﬁe@1+
P(Oaﬁ7k) =0 lfﬁ—l"_ 27171
<0 ifB>1+4 /52—

=)

Since the map ¢ — P(g, 8, k) is continuous and 8 < 1 + ﬁ, there exists € = é(k, 8) such that

(6.6) P(é,5,k) > 0.
Choosing € = € in (6.5), we exploit (6.6) to infer that
2 41\ 28—4 o H,S |7 12|12 < Q(E,B) / 28 (OH,S |2
(6.7) /Sga A(9) V752 |h|*|* doy < PGAE) SA(&) |V g0| doy.

Finally, recalling (P3), we combine (6.4) and (6.5) to conclude that

(5 9) 2
g/j¢!h95+2daa <il/lz<A0ﬂ5¢) doy
S

(6.4) R _ ~ 512 2
<G [ Paert [TSp] do (142) [ A077 [9%5of do

©.7) (B(B+€)Q(E,B) B B 1 oH,S, |2
s ( 1P, B, k) +1+5>/SA(5)2 V52l don

Since the constant

_ (B(B+2)Q(E B) B
C(ﬂ,k)—( 1P, B, ) +1+A>

is independent on § > 0, the dominated convergence theorem allows to let 6 — 07 in the previous
inequality to deduce that

(6.8) /S IR doy < C(B, k) /S RPAITHS o2 doy.
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In order to conclude, we exploit (6.8) replacing ¢ with ¢AT!. In this way Holder’s inequality implies

/|ﬁ|2ﬂ+2¢25+2d@:/|,;|25+2 (9054-1)2 dom,
S S

(6.8) ~
< CB.k) / P2V (P ) doy,
S
- 283

= @+ 2R [ (1fle)" 19l do

S

_B_ _1

< (B+1°C(3. ) ( / |ﬁ|2ﬁ+2<p2ﬂ+2dm> ( / |v%%|2ﬁ+2dm)

S S

whence

/S BPEH202542 oy < (54 1)%8720(8, k)P /S TS [284 dory.

The thesis follows when 8 > 1. Finally, assume that 3 € [2”*14“ 1). In this case, (6.3) implies that

2n—1
[P do < [ a(40)%)" dow <
S S 1-p

and the thesis follows as in the previous case. Il

A(8)* |V p|*dS,
S

7. THE BERNSTEIN PROBLEM

As an important applications of our curvature estimates, we solve the Bernstein problem in the
class of hypersurfaces S C H? satisfying (P1), (P2) and (P3), providing the sub-Riemannian analogue
of [68, Theorem 2]. To this aim, we assume the validity of suitable sub-Riemannian volume growth
conditions, inspired by the behavior of perimeter minimizers (cf. [58, Theorem 2.2]).

Proposition 7.1. Let E C H" be a global perimeter minimizer with smooth, non-characteristic bound-
ary. Then there exists a constant ¢ > 0 such that

Py(E, B,(p)) < er*™
for any r >0 and any p € OF.

Remark 7.2. With regard to the above volume growth condition, notice that 2n +1 = @) — 1, where
@ = 2n + 2 is both the homogeneous and the metric dimension of H" (cf. [69]).

In order to apply Theorem 1.4, we need to ensure the validity of (6.1) for suitable values of k. To
this aim, we see that

(5.19) " 5 (B5:7) 16\ 5 |2
(11) asa ) 2 6~ iy~ 2007 5 (6= k)l >0
provided that k < % Before stating our main result, we point out that, in view of [3], when n > 2
the notion of completeness for an embedded hypersurface S C H™ can be equivalently given by the
restriction of the ambient metric on S or by the intrinsic metric of S, provided that the latter are
induced by the Euclidean, Riemannian or sub-Riemannian structure of H”. Therefore, in the following
we will talk without ambiguity of complete hypersurfaces.

Theorem 7.3. Let S C H? be a smooth, complete, connected, embedded, two sided non-characteristic
hypersurface. Assume that S is stable. Assume that S wverifies (P1), (P2) and (P3). Assume in
addition that there exists p € S and a constant ¢ > 0 such that

: on (SN B (p))
(7:2) A eS¢
Then S is a vertical hyperplane.

Proof. Fix p € S as in the statement. Let (R;); be a sequence of positive numbers such that
lim;_,oc Rj = 4o00. In this way, up to a subsequence, we deduce from (7.2) that

(7.3) on(S N Bag, (p)) < eR3™H!
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for any j € N and a suitable constant ¢ > 0. In view of [21, Lemma 3.6], it is possible to find a positive
constant C' > 0 and a sequence of non-negative functions (¢;); C C}(H?) such that

. . C
(7.4) ¢j = 1in Bg,(p), @; =0in H?\ Bar,(p) and IV, < =
J
We wish to apply Theorem 1.4 to the sequence (¢;);. To this aim, since S is complete, then SNsupp ¢;
is compact in S for any j € N, whence (p;); € C2(S). Fix k € [0, %]. Then, in view of (7.1), (6.1)
holds. Therefore, for any fixed j € N, we can apply (1.16), so that

" (7.4) .
/ P52 doy, < / RPB22892 4o
SNBr; (p) SNBag, ()

(1.16)
< / |V’H7S§0|2ﬂ+2 dO’H
SNBag; (p)

< / IVHp[25+2 dary,
SﬂBsz (p)

o\ 2842

a1 [ &

< (R) 03(S N Bar,(p))
j

=~

(72;) cR3%8
= J

for a suitable positive constant ¢ independent of 57 € N. Observe that, if we could choose § > % in the
previous inequality, we could pass to the limit as 7 — oo to infer that

/ P52 dogy = 0,
S

whence h = 0. To this aim, it suffices to notice that % <1+ \/g — k> %. Therefore, any choice

of k € (%, %} allows to conclude that h = 0. Finally, being S non-characteristic, we can apply [59,
Theorem 1.1] to conclude that S is a vertical hyperplane. (Il

As a consequence of Theorem 7.3 and Proposition 7.1, we get the following corollary.

Corollary 7.4. Let E C H? be a global perimeter minimizer. Let OF be smooth, connected and
non-characteristic. Assume that OF verifies (P1), (P2) and (P3). Then OF is a vertical hyperplane.
APPENDIX A. WEAKENING (P3)

In this final Appendix we show how (P3) can be suitably refined. To this aim, we introduce a
parametric form of the latter, requiring that

(A.1) 4J(W)a + (4 +w)a® > 0.
for a fixed constant w € [0,2]. Observe that (A.1) is clearly implied by (P3) for any w € [0,2]. When
n =2 and (P1), (P2) and (A.1) hold, we obtain a parametric Simons inequality of the form

1. ~ ~ ~ -

5Mvsmy? > V902 — q|h)? + (4 — 2w)a?|h)? — (6 — 3w)a?l?.

For any 0 > 0, let A(J) be as in (5.14). As w < 2, then 6 — 3w > 0, so that we apply (5.7) to infer

. (5.7) - -
(4= 2R — (6—3w)® > (4— 2w)[Af2 — §(6 — 3w)[R[2 = 0.

Therefore, arguing verbatim as in Section 5.4, we deduce that
2A(6)2AMS B2 > 4A(5)2 VSR — 4qA(8)2|R)? + 40?|h|? ((4 — 2w — (6 — 3w)£2)

for any 0 > 0 and any w € [0, 2]. Therefore, following again the lines of Section 5.4, we conclude that

k
n—1

(A2) 2AQ@PAMSNP > (14 5. ) IV ~ 404 + 40l gs



CURVATURE ESTIMATES FOR MINIMAL HYPERSURFACES IN THE HEISENBERG GROUP 39

for any 6 > 0 and any k,w € [0, 2], where

95,kw(p) = (6 = 2w — 4k)|hy|* + (3w — 2k) £(p)°
for any p € S. Exploiting (A.2), the conclusions of Theorem 1.4 continue to hold provided that
(A.3) g8 kw(p) 20

for any p € S. Moreover, in order to apply Theorem 1.4 to the proof of our main theorem, we recall
that we need to ensure the validity of (A.3) for a suitable k € (%, 2} . Let us describe our approach as
follows. Let my € [0, 2] be such that

(A.4) U(p)* = mylhy|?

for any p € S. Notice that the upper bound for my follows from (5.7), while my; = 0 can be chosen
whether no further information is available.

Proposition A.1. Assume that

2
9
Then there exists k € (2,2] such that (A.3) is satisfied.

3my — 6
=  w<u(my):= e

A. < =
( 5) e 6777,@ —4

Remark A.2. Notice that the function s — wu(s) is continuous and increasing on [0, %], and moreover
u(0) = % and u (%) = 2. In particular, (A.5) holds for any w < % without any further information on
my, while the best choice w = 2 can be made as soon as m, > %.

Proof of Proposition A.1. Let k € (%, 2]. Assume first that 0 < w < 5. Then 3w — 2k < 0, so that

1
3

- (5.7) 16 -
95.kw(P) = (6 — 2w — 4k)|hy|* + (3w — 2k) £(p)* > (6 — 3k> Ayl

for any p € S, whence (A.3) holds for any k € (%, %] . On the other hand, assume that w > % Since
w > %, we can chose k > % small enough to ensure that 3w — 2k > 0. Assume first that my € [0, %]
In this way, by (A.5), w < u(my), so that

95 kw(D) = (6 — 2w — 4K)|hy|* + (3w — 2k) £(p)*

(A4 -
> (6 —w(2—3my) — 4k — 2kmy)|h,|

(A.5) 3 3 _
> (4 <4 — k) + 2my (4 - k)) Ayl

for any p € S. As the last term in the above inequality vanishes when k = %, and due to the last strict
inequality, the thesis follows when m, € [0, %] Finally, assume that m, > %.Recalling that w < 2,

95k (D) = (6 — 2w — 4K)|hy|? + (3w — 2k) £(p)?

(A4) 9
> (6 — 2w — 4k + my(3w — 2Kk)) | hy|

4 40\ -
><6—w— k)|hp|2

379
40 (3 ~
> (S —k]) |
o (5-%) 1
for any p € S, whence the thesis follows as in the previous case. [l

Replacing (P3) with (A.1) allows then to provide the following refined version of Theorem 7.3

Theorem A.3. Let S C H? be a smooth, complete, connected, embedded, two sided non-characteristic
hypersurface. Assume that S is stable. Assume that S verifies (P1), (P2) and (A.1), where w is as in
(A.5). Assume in addition that there exists p € S and a constant ¢ > 0 such that

: on (S N Br(p))
Jm e mar oS¢
Then S is a vertical hyperplane.
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