CURVATURE ESTIMATES FOR MINIMAL HYPERSURFACES IN THE
HEISENBERG GROUP
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ABSTRACT. In this paper we solve the Bernstein problem for a broad class of smooth, non-characteristic
hypersurfaces in the second sub-Riemannian Heisenberg group H?2.

1. INTRODUCTION

The Euclidean Bernstein problem. The Bernstein problem, originally solved by Bernstein in R?
(cf. [6]), consists in characterizing entire solutions v : R” — R to the minimal surface equation

(1.1) div <Du> =0
1+ [Dul?

Thanks to the joint effort of Fleming (cf. [33]), De Giorgi (cf. [27]), Almgren (cf. [2]), Simons (cf.
[66]) and Bombieri, De Giorgi and Giusti (cf. [7]), we know that, for n < 7, entire solutions to (1.1) are
affine functions, or, equivalently, their graphs are hyperplanes. Moreover, for n > 8, there exist entire
analytic solutions to (1.1) which are not affine. Indeed, the well-known monotonicity formula for the
perimeter density allows to reduce the solution to the Bernstein problem in R"*! to the existence of
singular minimal cones in R™ (cf. [33, 27]), which occurs if and only if n > 8 (cf. [2, 66, 7]). The very
same approach is suitable for the solution to a way more general formulation of the Bernstein problem,
i.e. the characterization of global perimeter minimizers in R™. In this setting, when n < 7, the unique
non-empty global perimeter minimizers in R™ are half-spaces, while there are counterexamples when
n > 8. We refer to [41] for a detailed account on the Bernstein problem in the Euclidean space.

An alternative approach. A new approach to the Bernstein problem was proposed by Schoen,
Simon and Yau in their seminal paper [63], where the authors solved the latter in the class of com-
plete, stable hypersurfaces satisfying suitable volume growth assumptions and under the additional
constraint n < 6. This second approach can be summarized in the following steps.

1. Combining the celebrated Simons identity for minimal hypersurfaces S C R™ (cf. [66]), namely
(1.2) ASh = —|n|?h,
with the Kato-type inequality

2
(1.3) <1 + ) VS |12 < 4182 VR

n—1

(cf. [63]), one provides a lower bound for A®|h|? of the form

(1.4) 2|h|2AS|h)? > (1 + 2) VS |h2|* — 4]h|C.
n—1
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Here, h is the second fundamental form associated to S, AS is the tangential Laplacian and V*
is the tangential gradient.
2. Owing to (1.4), one establishes LP-estimates for stable hypersurfaces such as

(1.5) / |h|PeP do < C’/ IV olP do,
S S

where C' is a geometric constant, p lies in a range of exponents which depends on the dimension
n, o is the surface measure and ¢ is a smooth test function.
3. Assuming that S satisfies volume growth conditions of the form

(1.6) o(SNB.(p) =0 (7“"_1)

as r — 00, one exploits (1.5) to show that S is totally geodesic, meaning that h = 0.
4. Complete, totally geodesic Euclidean hypersurfaces are hyperplanes.

In particular, since for n < 7 boundaries of perimeter minimizers are smooth, complete, stable hyper-
surfaces and satisfy (1.6) (cf. [46]), this new approach yields a new solution to the Bernstein problem
when n < 6. Although this second approach fails to solve the Bernstein problem in its full general-
ity, as the case n = 7 is not covered, it is originally stated in the more general setting of Riemannian
manifolds satisfying suitable curvature constraints. Moreover, it has the advantage of being applicable
to the solution of the so-called stable Bernstein problem, i.e. the characterization of complete, stable
hypersurfaces, thus without a priori requiring that they are boundaries of global perimeter minimizers.
While the thee-dimensional version of the latter has been solved by do Carmo and Peng (cf. [28]),
Fischer-Colbrie and Schoen (cf. [32]) and Pogorelov (cf. [56]) via ad hoc techniques, Schoen-Simon-
Yau’s approach reduces the solution to the higher dimensional case to the establishment of volume
growth estimates as in (1.6). Following this approach, Chodosh and Li (cf. [17]), Chodosh, Li, Minter
and Stryker (cf. [18]) and Mazet (cf. [48]) recently solved the stable Bernstein problem in R* R5 and
RS respectively (cf. also [5] for some recent developments).

The sub-Riemannian Bernstein problem. Like its Euclidean and Riemannian precursors, the
sub-Riemannian Bernstein problem is an intriguing topic within the broader framework of sub-
Riemannian geometry, It fits into the more general context of studying minimal hypersurfaces in
sub-Riemannian structures (cf. [13, 14, 15, 25, 30, 38, 57, 39, 42, 52, 53, 58, 65] and references
therein). This research area is particularly relevant in the sub-Riemannian Heisenberg group H",
which constitutes a prototypical model in the setting of Carnot groups (cf. [8]), sub-Riemannian man-
ifolds (cf. [1]), CR manifolds (cf. [11]) and Carnot-Carathéodory spaces (cf. [43]). We briefly recall
that the n-th Heisenberg group (H",-) is R?"*! endowed with the group law

n
pp=(@ut) @0 )=z+29+7.t+t+_ (y —29)) |,
j=1
where we denoted points p € R?"* by p = (Z,7,t) = (x1,...,Tn,Y1,---,Yn,t). With this operation,
H™ is a Carnot group, whose associated horizontal distribution, which we denote by H, is generated
by the left-invariant vector fields

0 0 0 0
for j =1,...,n. A vector field which is tangent to H at every point is called horizontal. If we denote

by T the left-invariant vector field %, then Xy,...,X,,Y1,...,Y,, T constitutes a global frame of
left-invariant vector fields. The only nontrivial commutation relations are

[X;, ;] = =[Y;, X;] = 2T
for any j = 1,...,n. H" inherits a sub-Riemannian structure by fixing be the unique Riemannian
metric (-,-) which makes X1,...,X,,Y1,...,Y,, T orthonormal. Moreover, H"” can be endowed with

an appropriate affine connection V, the so-called pseudohermitian connection, which is metric but
not torsion-free, and in a sense realizes it as a flat sub-Riemannian model. These tools both provide
an intrinsic definition of perimeter, the so-called horizontal perimeter, and enhance the study of the
extrinsic geometry of submanifolds in H”. Consequently, the sub-Riemannian formulation of the
Bernstein problem appears just as natural as its Riemannian counterpart. Nevertheless, its essence is
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substantially different from the Euclidean one. First of all, a suitable generalization of the Euclidean
monotonicity formula is known to hold only for particular classes of hypersurfaces (cf. [24]), whereas
its validity for general hypersurfaces remains a major open problem in the field. Moreover, there
are several examples of minimal cones, both smooth (cf. [61, 14, 42]) and with low regularity (cf.
[58, 50]) which are not flat from the intrinsic viewpoint of H". This new phenomenon is caused by
the fact that an hypersurface S C H", although smooth from a classical differential standpoint, may
be intrinsically irregular due to the presence of the so-called characteristic points, i.e. those points
p € S for which the tangent space 7,5 coincides with the horizontal distribution #,. For the above-
mentioned reasons, the first approach we have described in the Euclidean setting does not appear to
be suitable for this context, neither in H' nor in higher dimension. Nevertheless, by means of ad hoc
techniques, the Bernstein problem in H! is now largely solved. In [45], Hurtado, Ritoré and Rosales
(cf. also [14, 61, 25, 26]) proved that a complete, two-sided, connected, stable C2-surface in H' must
be a vertical plane (without characteristic points), a horizontal plane (with one characteristic point)
or the hyperbolic paraboloid t = z1y; (with a line of characteristic points). In general, we recall that
a vertical hyperplane in H" is an Euclidean hyperplane which is tangent to T at every point. The
hyperbolic paraboloid, which is a cone for the intrinsic geometry of H”, can be easily lifted to provide
smooth, non-flat, minimal cones for any n > 2 (cf. [55]). The situation is different when considering
surfaces without characteristic points, which we will call non-characteristic. In this regard, Barone
Adesi, Serra Cassano and Vittone (cf. [4]) showed that entire, stable intrinsic graphs associated to a
C?-function are vertical planes. The same conclusion was achieved by Galli and Ritoré (cf. [36]) in the
class of non-characteristic, complete, two-sided, connected and stable C'-surfaces. The C'-regularity
assumption was later improved to Euclidean Lipschitz regularity by Nicolussi Golo and Serra Cassano
(cf. [51]) and by the first author and Ritoré (cf. [40]). We point out that the best possible regularity
to guarantee the above rigidity in H' is still an open problem (cf. [68] for some developments in
this direction). On the other hand, although in H! there are counterexamples to the regularity of
perimeter minimizers, some evidences (cf. e.g. [10]) suggest that it is reasonable to study the higher
dimensional Bernstein problem in the smooth category. Therefore, in light of the above results and
considerations, the appropriate intrinsic formulation of the Bernstein conjecture in arbitrary dimension
reads as follows.

sub-Riemannian stable Bernstein problem. Is it true that smooth, complete, two-sided, con-
nected, stable non-characteristic hypersurfaces S C H™ are vertical hyperplanes?

While, as we have just noticed, the problem in H! is fairly well understood, very little can be said
in the higher dimensional case. In [4] the authors provide a negative answer to this question for n > 5,
essentially by lifting the Euclidean analytic counterexamples available in R"*! when n > 8. However,
the purely Euclidean character of these counterexamples suggests that the dimensional bound n > 5
might not be optimal. In any case, the validity of this long-standing conjecture in the remaining cases
H?, H3 and H* remains a completely open problem. In this paper we affirmatively solve the Bernstein
conjecture in a broad class of hypersurfaces in the second sub-Riemannian Heisenberg group H?. More
precisely, since the classical Euclidean approach does not align well with this setting, we identify some
reasonable assumptions whereby to develop and apply an approach in the style of Schoen-Simon-Yau.

Structural assumptions. Let us be more precise about our assumptions, that we will call (H1),
(H2) and (H3). When a hypersurface S C H" is non-characteristic, we can define its horizontal unit
normal v as the normalization of the projection of the Riemannian unit normal N onto the horizontal
distribution H. Then the horizontal shape operator A is given by the covariant derivative of v with
respect to the pseudohermitian connection V. Since, differently from the Riemannian setting, A is not
necessarily self-adjoint, its symmetrized counterpart A can be considered, and the associated horizontal
second fundamental forms h and h can be defined (cf. [44, 23, 16, 59, 60]). The first assumption (H1)
requires that J(v), the ninety-degree rotation of v (cf. Section 2.1), is an eigenvector for h. This mild
assumption, which is automatically satisfied in H!, emerges naturally in the sub-Riemannian setting,
for instance in the study of umbilic hypersurfaces as introduced in [12] (cf. Section 3.4). Since S
is non-characteristic, the intersection between the horizontal distribution H and the tangent bundle
TS generates a (2n — 1)-dimensional sub-bundle HT'S, the horizontal tangent bundle. In turn, the
latter admits the orthogonal decomposition HT'S = span J(v)®H'TS, where the (2n —2)-dimensional
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sub-bundle H'T'S is invariant under the complex structure induced by the rotation J. The remaining
tangent direction of S, say &, is non-horizontal and orthogonal to HT'S, whence it is given by a linear
combination between T and v. However, as .S is non-characteristic, S cannot coincide with v, so that
there exists a smooth function «, the fundamental function of S, such that S = T — av belongs to T'S.
The latter appears frequently in the sub-Riemannian theory of hypersurfaces in the Heisenberg group
(cf. e.g. [13, 12, 16, 59]) and can be equivalently defined by o = <‘]]VV’§|>
the Riemannian unit normal N onto the horizontal distribution H. For instance, it is the curvature
of a length-minimizing geodesic realizing the distance between a hypersurface and a given point [60].
Moreover, when S is embedded in H", the fundamental function can be characterized by the identity
o = Td®, where d° is the signed Carnot-Carathéodory distance from S (cf. Section 3.1). Our second
assumption (H2) requests that the fundamental function « in constant along the sub-bundle H'T'S.
Again, since H'T'S = {0} when n = 1, (H2) is satisfied by every non-characteristic surface in H'.
Moreover, we stress that we are not prescribing any kind of behavior of a along the non-horizontal
direction S§. In order to describe our last assumption, we recall that a smooth, non-characteristic
hypersurface S is minimal whether its horizontal mean curvature H vanishes, and that it is stable if
it is minimal and

) / 1€ dow < / VRSP doy
S S

, where N is the projection of

for any ¢ € C1(S), where V5 is the horizontal tangent gradient, o3, is the sub-Riemannian surface
measure and ¢, the stability function, is defined by ¢ = |h|>+4(Va, J(v))+2(n+1)a? (cf. Section 3.8).
If compared to the Riemannian stability inequality for minimal hypersurfaces immersed in a Riemann-
ian manifold, the stability function ¢ plays the role of the Riemannian term |hg|? + Ric(N, N), where
hgr is the Riemannian second fundamental form, Ric is the Ricci curvature of the ambient manifold
and N is the unit normal. In the Riemannian framework, it is customary to rely on suitable lower
bounds for both the Ricci curvature and the sectional curvatures in order to achieve rigidity results
(cf. e.g [32, 63, 22] and references therein). Accordingly, we propose with (H3) a lower bound for the
stability function ¢ of the form

(1.8) q = |h)? + (2n — 2)a® — wa?,

depending on a parameter w € [0,2]. Once more, (1.8) is verified by any complete minimal surface in
H!' with the best possible choice w = 0, as shown by Galli and Ritoré in [36]. While (H1), (H2) and
(H3) are thus satisfied in H', the relevance of this set of assumptions in arbitrary dimension is further
supported by the fact that they hold, again with w = 0, for every minimal umbilic hypersurface (cf.
Remark 7.7). Furthermore, it would be interesting to understand the consistency of these assumptions
in the particular case of entire intrinsic graphs, which constitute a relevant class of hypersurfaces to
which our approach may apply.

The sub-Riemannian Schoen-Simon-Yau’s approach. The sub-Riemannian generalization of
Schoen-Simon-Yau’s approach moves from recent results proved by the last two authors of this paper
(cf. [55]). Namely, complete, non-characteristic, embedded hypersurfaces S C H" with vanishing
symmetric horizontal second fundamental form & are vertical hyperplanes. Our first step (cf. The-
orem 5.1) consists in the establishment of a full sub-Riemannian counterpart of the Simons identity
(1.2) for A™:Sh, where AM9 is the horizontal tangential Laplacian of S, which relates the latter to
the stability function ¢ appearing in (1.7) with the aid of appropriate sub-Riemannian Gauss-Codazzi
equations (cf. Proposition 3.12). The previous result, which holds in arbitrary dimension and without
requiring (H1), (H2) and (H3), provides a significantly more complex formula than (1.2), and makes
clear the influence of the non-commutative structure in which we are operating. In our second step, we
exploit the full Simons identity to provide a lower bound for A% |7L|2, where AM:5 is the self-adjoint
counterpart of A" introduced by Danielli, Garofalo and Nhieu in [23]. As explained thoroughly
in Section 5, it is during this procedure that the importance of assumptions (H1), (H2) and (H3)
naturally appears. Moreover, the a priori lack of suitable sub-Riemannian geodesic frames requires
some delicate ad hoc computations (cf. Section 4). Although a result of this kind is actually available
in arbitrary dimension (cf. Section 5.2), the specific structure of H? (cf. Section 5.3) allows to improve
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the latter to a more accurate lower bound of the form
(1.9) 2\R[ZAMS|R|2 > 4|h2IVHSHI? — 4qlR|* + 4a2|R)? ((4 —2w)|Af? — (6 — 3w)€2> ,

where ¢ is the eigenvalue associated with J(v) and w is forced by (H3). Next, in order to get rid
of the first-order term |V7h|%, we exploit (H1) and (H2) to provide a sub-Riemannian parametric
Kato-type inequality in arbitrary dimension (cf. Section 5.4), whose version in H? reads as

(1.10) <1 + ’;) ]vﬂvsyﬁﬁf < ARPRVHSRR + 402 R ((4k — 2) A% + (2k — 6)62) :
where k € [0,2]. The last terms appearing in (1.9) and (1.10) respectively constitute a crucial novelty
compared to the Euclidean setting. Indeed, the presence of these two o-remainders is essentially due
to the fact that, differently from the Euclidean setting, the lack of torsion-freeness of V prevents h
from being a Codazzi tensor (cf. Proposition 3.13). As we will see shortly, a key step in our approach
consists in managing to control these additional terms. While the a®-reminder in (1.9) is constrained
by (H3), the freedom to choose k € [0,2] in (1.10) allows to balance between the contribution of the
gradient term and the o?-reminder. Roughly speaking, for a better control on the latter we need to
pay a worse contribution from the former. Combining (1.9) with (1.10) (cf. Section 5.5), we finally
establish the sub-Riemannian counterpart of (1.4), namely

s L B 5 B
(111) AFPARSE > (14 ) VAP = dalhlt + 40P gs

where gg k. is the appropriate contribution coming from the two a?-reminders of (1.9) and (1.10)
(cf. (5.32)). Once (1.11) is achieved, and as soon as it is possible to choose k € [0,2] small enough
to ensure that ggj. > 0, we can exploit the stability inequality (1.7) to establish sub-Riemannian
LP-estimates for h in arbitrary dimension, namely

(1.12) /SIMQB—M(PZB—H doy < C/g |VH’S(,0’26+2 doy,,

2n—1 7 2n—1
the application of (1.12) to the solution to the Bernstein problem requires 5 to be chosen as close as
possible to its upper bound, since the bigger is the latter, the higher is the dimension n in which we
can apply this approach. Indeed, under natural sub-Riemannian volume growth assumptions of the
form

(1.13) o (SN Br(p)) = O (r**)
as r — oo (cf. Section 7), (1.12) implies that

/ |17L|2B+2 doy = O (TQn—l—Qﬁ)
SmBr(p)

as r — oo. All in all, then, we would like to choose k large enough to ensure that 2n — 1 — 25 < 0,
but still small enough to ensure that gs . > 0. Regarding the first condition, it is easy to verify that
even the optimal choice k£ = 2 allows only the case n = 2. On the other hand, when n = 2, every
choice k € (2,2] is an admissible candidate (cf. Section 7). Finally, if w is sufficiently small (but
cf. Section 7 for finer considerations) it is always possible to choose k € (%, 2] which ensures that

where ¢ € C1(S), C = C(B, k) is a structural constant and 3 € [2”_1_k 1+ k ) Heuristically,

9Skw = 0 (cf Proposition 7.3). In this way h = 0, whence, by [55], S is a vertical hyperplane. For
instance, when w < %, our main result reads as follows.

Theorem 1.1. Let S C H? be a smooth, complete, connected, embedded, two sided non-characteristic
hypersurface. Assume that S is stable. Assume that S verifies (H1), (H2) and (H3) with w < 3.
Assume in addition that there exists p € S such that (1.13) holds. Then S is a vertical hyperplane.

Finally, we point out that the sub-Riemannian Schoen-Simon-Yau’s approach would be pointless
in H!. Indeed, in H', every minimal surface satisfies h = 0, but there are examples of minimal non-
characteristic surfaces which are not vertical planes (cf. [25]). This difference between H!' and the
higher dimensional case may be explained by the fact that the horizontal tangent distribution HT'S



6 G. GIOVANNARDI, A. PINAMONTI, AND S. VERZELLESI

is bracket-generating if, and only if, n > 2 (cf. [3]). A relevant instance of this phenomenon can be
appreciated in the different approaches to regularity employed in H! [9] and in higher dimension [10].

Plan of the paper. In Section 2 we recall some preliminaries concerning the Heisenberg group. In
Section 3 we collect some properties of non-characteristic hypersurfaces. In Section 4 we deduce useful
computational features of the symmetric form . In Section 5 we introduce (H1), (H2) and (H3)
and we establish (1.11). In Section 6 we deduce (1.12). In Section 7 we prove (a finer version of)
Theorem 1.1. In Section 8 we provide the proof of the full Simons identity stated in Theorem 5.1.

Acknowledgements. The authors are grateful to Manuel Ritoré and Francesco Serra Cassano for
the many stimulating conversations on the topics of this paper.

2. PRELIMINARIES

2.1. The Heisenberg group. In the following, we denote by I'(TH") and I'(H) the families of
smooth vector fields and of smooth horizontal vector fields respectively. The complex structure J :
[(TH") — T'(TH") is the unique C*°(H")-linear map which satisfies

J(X;) =Y, J(Y;) = -X; and J(T)=0
for any ¢ = 1,...,n. In particular, observe that
(2.1) JJ(X))=-X and (X,J(X))=0

for any X € I'(H), whence the latter, together with the distribution H, realizes H" as a pseudoher-
mitian manifold (cf. [13, Appendix]). We recall that (-,-) is the unique Riemannian metric which
makes X1,...,X,,Y1,...,Y,, T orthonormal. Restricting the latter to the horizontal distribution H,
and still denoting this restriction by (-, -), H" inherits a sub-Riemannian structure which realizes it as
a sub-Riemannian manifold. We denote by | - | the norm induced by (-,-). Moreover, we denote by V
the so-called pseudohermitian connection (cf. e.g. [60]), i.e. the unique metric connection (cf. [29])
whose torsion tensor is

(2.2) VxY = Vy X — [X,Y] = 2(J(X),Y)T

for any X,Y € I'(TH"). Although V is not a torsion-free connection, it has the advantage of vanishing
along left-invariant vector fields, meaning that

(2.3) Vz,2; =0
for any 7,5 =1,...,2n+ 1 (cf. [59]). In view of (2.3), it is easy to check that
X eT(TH"),Y e T'(H) = VxY eT'(H).
Moreover, denoting by R the curvature tensor associated with V, i.e.
R(X,Y)Z =VxVyZ —-VyVxZ -V xy|Z

for any X,Y,Z € T'(TH"), (2.3) implies that R = 0, whence H" is flat from the pseudohermitian
standpoint. The pseudohermitian connection is related to the complex structure by

(2.4) VxJ(Y)=J(VxY).
for any X,Y € T'(TH") (cf. e.g. [31]). Given a function f € C°°(H"), we denote by

2n+1 2n
Vi=)Y (ZHZ; and V'f=> (Zf)Z
j=1 j=1

respectively the gradient and the horizontal gradient associated with the pseudohermitian connection

V.
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2.2. Carnot-Carathéodory structure. An absolutely continuous curve I' : [a,b] — H" is called
horizontal whenever

(2.5) (t) € Hrg

for a.e. t € [a,b], and it is called sub-unit whenever it is horizontal and |I'(t)| < 1 for a.e. t € [a, b]. If
we define

d(p,q) :==inf{b : I' : [0,b] — H" is sub-unit, I'(0) = p and I'(b) = ¢},
then Chow-Rashevskii theorem (cf. [19]) implies that d is a distance on H", the so-called Carnot-
Carathéodory distance. The metric space (H",d) is a prototype of Carnot-Carathéodory space. For
any r > 0 and any p € H", we denote by B,.(p) the open metric ball of radius r centered at p induced
by d.

2.3. Perimeter and perimeter minimizers. Let 2 C H" be open and £ C H" measurable. The
horizontal perimeter (or H-perimeter) of E in 2 (cf. e.g. [34, 35, 37]) is defined by

Py(E,Q) :=sup {/ divy (@) dL> ™ : ¢ € CHQ,H), |pl, < 1 for any p € Q} ,
E

where by C1(Q,H) we denote the class of compactly supported horizontal vector fields defined on €,
and where divy is the so-called horizontal divergence, defined by

n n

divae | D (05X + 0niY) | = D (X605 + Yionss)
j=1 j=1
for any 377 (@i X + ¢nt;Y;) € CY(Q,H). We say that E is an H-Caccioppoli set whenever
Py(E,Q) < +oo for any bounded open set Q@ C H". Finally, we recall (cf. e.g. [64]) that an
H-Caccioppoli set F is an H-perimeter minimizer in 2 whenever

for any 2 € H" and for any H-Caccioppoli set F' such that FAF € Q. When FE is an H-perimeter
minimizer in 2 = H", we refer to it as global H-perimeter minimizer.

3. GEOMETRIC PROPERTIES OF NON-CHARACTERISTIC HYPERSURFACES

3.1. Non-characteristic hypersurfaces. Let S C H" be a smooth hypersurface without boundary.
We recall (cf. e.g. [64]) that a point p € S is called characteristic when

Hy, =158,
and is called non-characteristic otherwise. In the latter case, the horizontal tangent space
HT,S = H,NT,S

is a (2n — 1)-dimensional vector space. The set of characteristic points of S is denoted by Sp and is
called the characteristic set of S. When Sy = (), S is called non-characteristic, and the horizontal
tangent distribution HTS is actually a constant-rank sub-bundle of T'S. According to the previous
notation, we denote by I'(7'S) and by I'(HT'S) the families of smooth vector fields which are tangent to
S and which are horizontal and tangent to S respectively. In the following, unless otherwise specified,
we assume that S is a smooth, embedded, non-characteristic hypersurface without boundary. When
our statements are of local nature, we assume without loss of generality that S is two-sided. We denote
by N its Riemannian unit normal, and by N its projection onto A, that is

NE =N — (N, T)T.
Being S non-characteristic, then N*(p) # 0 for any p € S, so that the horizontal unit normal
N]HI

ST
is well-defined on the whole S. Notice that the horizontal unit normal can be characterized to be
the unique unitary horizontal vector field which is orthogonal to any horizontal tangent vector field.

When E is an H-Caccioppoli set in H" with boundary of class C*, it is known (cf. e.g. [23]) that
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Py(E,-) = |[IN%|H?"_OF, being H?" the standard (2n)-dimensional Hausdorff measure. Therefore, if
S is a two-sided hypersurface as above, in the following we adopt the notation

oy = |NH|7'[2n|_S

to denote the relevant sub-Riemannian hypersurface measure as introduced e.g. in [23, 47]. Let d° be
the signed Carnot-Carathéodory distance from S. Since S is smooth and non-characteristic, then d°
is smooth and satisfies the eikonal equation |V*d®| = 1 in a neighborhood of S (cf. [60]). Therefore,
in the following, we assume that v is defined in a neighborhood of S by

(3.1) v=V"a.

When v is locally extended as in (3.1), it follows that

(3.2) Zi(vn) = Zn(vk)

for any h,k =1,...,2n such that |h — k| # n, and

(3.3) Xk (Vnak) = Ye(vg) — 2 and Yi(vk) = Xi(Vnyk) + 2

for any k = 1,...,n, where here and in the following, according to [16, 12], we adopt the notation
a = Td®. In particular, an easy computation (cf. [55]) reveals that

(3.4) Vo =—-2aJ(v),

Moreover, the Riemannian normal N can be locally extended by letting

1 o
3.5 N = v+ T.
(3:5) V1+ o2 V1+ o2

Let us provide a more precise description of the tangent space to S. First, (2.1) implies that J(v) €
[(HTS). Moreover, denoting by H'T'S the distribution defined by

WT,S = HT,S N J (HT,S)

for any p € S, it is easy to check that it is a (2n — 2)-dimensional sub-bundle of HT'S, and that the
latter can be orthogonally decomposed as

HTS = H'TS @ span J (v).
Finally, (3.5) implies that the vector field S defined by
S=T—-av

belongs to I'(7'S) and satisfies (S, X) = 0 for any X € I'(HTS). Therefore, the tangent space to S
admits the orthogonal decomposition

TS =H'TS @ span J(v) & span S.
In the following, we denote by 7 : I'(H) — I'(HT'S) the projection map

2n—1
(3.6) m(X)=X—(X,vjv= Y (X,E)E,
=1

for any X € T'(H) and any local orthonormal frame Eq,...,Eg,_1 of HT'S. A simple computation
shows that

(3.7) n(J(X)) € D(H'TS) and J(r(J(X)))=-X+(X,J(v))J(v).
The horizontal unit normal v evolves along S as follows.

Proposition 3.1. It holds that

(3.8) Vsv = Va4 202 J(v).

In particular, if X € T(HTS), then

(3.9) (Vsv, X) = Xa + 2a%(J(v), X).
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Proof. Let v be extended as in (3.1). Then, recalling (3.4),
2n 2n
Vsv=Vrv—aV,w =Y T(Zd)Zj+20°T(v) =Y ZjaZ;+20°J(v) = V*a + 22°J(v).
j=1 j=1
Finally, (3.9) easily follows. O

3.2. Tangent pseudohermitian connection. The tangent pseudohermitian connection, denoted by
VS T(TS) x T(HTS) — T(HTS), is defined by

VY = VxY — (VxY,v)v

for any X € T(TS) and any Y € T(HTS). An easy computation reveals that V° is a well-defined
affine connection, and that it is metric in the sense that

(3.10) X(Y,Z) = (VY,Z) + (Y, V5 Z)

for any X € I'(T'S) and any Y, Z € T'(HT'S). Accordingly, the torsion tensor Torys(X,Y) : ['(HTS) x
[(HTS) — T(T'S) is defined by

Torgs(X,Y) = VYY — Vi X — [X,Y].

We stress that we are not requiring Torys(X,Y) to be horizontal, so that, by Frobenious theorem,
Torys is well-defined. The latter admits the following explicit expression.

Proposition 3.2. Let X,Y € I'(HT'S). Then

(3.11) Torgs(X,Y) =2(J(X),Y)S.

Proof. Let X,Y € T(HTS). If X = Y7, X1Z; and Y = Y 2", Y7 Z;, then
_<[X) Y]v V> = (TOIV(va)a V> + <VYX - VxY, V>

D 21(X), V) (0. T) + (Vx0.Y) — (Vyr, X)

23) i XYI(Zv; — Zvy)
ij=1
G209 o4 Zn: XY™ 4 24 Zn: Xty
— alg(X)Y)) -
In particular,
Torys(X,Y) = Tory(X,Y) — (Torvy(X,Y ), v)v — (X, Y], v)vr = 2(J(X),Y)S.
This concludes the proof. O
The following corollary of Proposition 3.2 will be crucial in the following developments.
Corollary 3.3. Let X € I'(H'TS). Then
(3.12) [J(v), X] = V5, X — VX J(v) € T(HTS).
In particular
(3.13) (), X), X) = (Vxu, J(X)).

If f € C*°(S), we denote by
2n—1
VHIf =Y (BN E;

j=1
the horizontal tangential gradient associated with the connection VS, where Eq,...,Eg,_; is any local
orthonormal frame of HT'S. More generally, if p € N and T is a horizontal (p,0)-tensor field (cf.
[29]), meaning that T : T(HTS)P — C*(S) is a C*°(S)-multilinear map, the (p + 1,0) tensor field
VAT :T(TS) x T(HTS)P — C>®(S) is defined by

VIT(X1,. ., Xp) = X (T(X1,.. ., X)) = T (VX X1, s Xp) — .. — T (X1,..., VX X))
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for any X € I'(T'S) and any X;,...,X, € I'(HTS). According to the above notation, we denote by
VST the restriction of VOT to T'(HTS)P+!. As a general fact, V° verifies the Leibniz-type rule
(3.14) VX(TU) = UVXT + TVU

for any X € T'(T'S) and any couple of tensor fields T, U. If T is as above, we denote its squared norm
by

2n—1 )
’T|2: Z T(Ei17-~'aEip)
i1yeenip=1
for any local orthonormal frame Eq, ..., Eq,_1 of HT'S. The horizontal tangential Hessian of T is the

(p + 2,0)-tensor field Hess™® T': T(HTS)PT2 — C>(S) defined by
Hess™® T(X,Y, X1,...,X,) = V¥VIT(X1,..., X))

for any X,Y, Xy,...,X, € I'(HTS). Finally, the horizontal tangential Laplacian of T is the (p,0)-
tensor field A™ST : T(HTS)P — C>(S) defined by

2n—1
A™ST(Xy, ..., X,) = trace Hess ™ T(-, -, X1,..., X, Z Hess T(Ej, Ej, X1, ..., X,)

for any X1,...,X, € I'(HTS) and any local orthonormal frame Eq, ..., Eg,_1 of HT'S. We denote by
RY:T(HTS) x T(HTS) x T(HTS) — T'(HTS) the horizontal curvature tensor associated with V<,
that is

R¥(X,Y)Z = VXVyZ - V§ViZ —Vixy|Z
for any XY, Z € T'(HTS), and with some abuse of notation we let
RY(X,Y,Z,W) = (V&VYZ = VEVIZ = Vi 2, W)

for any XY, Z, W € T'(HTS). The horizontal Hessian of horizontal tensor fields is affected by RS as
follows.

Proposition 3.4. Let T : T'(HTS) x I'(HTS) — C*°(S) be a (2,0)-tensor field. Then
Hess™° T(Y, X, Z,W) = Hess""* T(X,Y, Z, W)
(3.15) +T(R(X,Y)Z,W) +T(Z,R%(X,Y)W)
+2(J(X),Y) (V3T) (Z,W)
for any X,Y,Z,W € T'(HTS).
Proof. Let
S(A,B,C) = V5T (B,C) = A(T(B,C)) = T(V5B,C) — T(B,V5C).
Then
Hess™  T(X,Y, Z,W) = X(S(Y, Z,W)) — S(VXY, Z,W) — S(Y,V3Z, W) — S(Y, Z, VW)
= XY(T(Z,W)) = X(T(V§ Z,W)) = X(T(Z,V§W))
— VY (T(Z,W)) + T(Vvs vZW)+T(Z, vvs W)
—Y(T(VZ, W)+ T(V§VIZ, W) + T(V5 Z,V3W)
—Y(T(Z,N3W)) + T(V5Z, VW) +T(Z, V3 VW)
and, in the same way,
Hess™ S T(Y, X, Z,W) =YX (T(Z,W)) =Y (T(VXZ,W)) = Y(T(Z,V3W))
— VX (T(Z,W)) + T(VVSXZ W)+T(Z, VVSXW)
- X(T(VYZ,W)) + T(VIVyZ, W) + T (V5 Z, VW)
— X(T(Z,V5W)) + T(V%Z, VW) + T(Z, VX V5 W).
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Hence
Hess"ST(Y, X, Z, W) — Hess’"* T(X, Y, W, Z) = Tory (X, Y )(T(Z,W))

+T(VSVYyZ - VyVSZ — vgiy_véxz, W)
+T(Z,VLVyW — V- VW — v@iy_vngv)
= Torgs (X, Y)(T(Z,W)) = T(Viu_ s (xv) 2 W) = T(Z, Voo (x37W)

+T(RS(X,Y)Z,W) +T(Z,R°(X,Y)W)
= V%,rvs T2, W) + T(R*(X,Y)Z,W) + T(Z, R*(X,Y)W)

LY 2(J(X), V) VET(2,W) + T(RS(X,Y) 2, W) + T(Z, RS (X, Y)W),

Il
3.3. Second fundamental forms and mean curvature. In the current literature, different types
of second fundamental form are available in the sub-Riemannian Heisenberg group (cf. e.g. [44, 23,
16, 59, 60]). The horizontal shape operator A : T'(T'S) — I'(HT'S) and the symmetric horizontal
shape operator A : T'(HTS) — T'(HTS) are defined respectively by

AX)=Vxr and  A(X)=Vyr+aJ'(X)
for any X € T'(HT'S), where
J =JonHTS and J'(J(v)) = 0.

It is easy to check that A and A are well-defined. Accordingly, the horizontal second fundamental
form h and the symmetric horizontal second fundamental form h are the horizontal (2, 0)-tensor fields

defined by

hX,Y) = (A(X),Y) and A(X,Y)=(A(X),Y)

for any X,Y € I'(HT'S). As in the Riemannian setting, the horizontal second fundamental form h
relates the connections V and V° by the identity

VxY =V3Y — h(X,Y)v

for any X,Y € T'(HTS). It is well known that h is symmetric, while, when n > 2, h may not be
symmetric (cf. e.g. [23, 59]). More precisely, h and h are related in the following way.

Proposition 3.5. Let X,Y € I'(HT'S). Then

(3.16) WX, Y) = h(X,Y) +aC(X,Y) = h(X’Y);h(Y’ X)

where C : T(HTS) x T(HTS) — C°(S), which we will refer to as commutation tensor, is the
skew-symmetric horizontal (2,0)-tensor field defined by

C(X,Y) = (J(X),Y).

In particular

(3.17) WY, X) = h(X,Y) + 2aC(X,Y).
Finally,
(3.18) h|? = [h)? +2(n — 1)a®.

Proof. Let X,Y € I(HTS). By definition of h and h we have that
h(X,Y)=h(X,Y)+aC(X,Y).
Moreover, since A is symmetric and C' is skew-symmetric in view of (2.1), then
MX,Y)=hY,X)=h,X)+aC(Y,X) = h(Y, X) — aC(X,Y),

whence (3.16) and (3.17) follow. Finally, (3.18) follows from [55, Proposition 5.4]. O
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According to its Riemannian counterpart, the horizontal mean curvature H is then defined by
(3.19) H = trace h = trace h = divy v,
the last identity following from [23]. In the following, we say that S is minimal whenever H = 0.

Remark 3.6. Although we have defined the horizontal shape operator A only for horizontal tangent
vector fields, we stress that A(S) is nevertheless well-defined, and admits an explicit expression in
view of (3.8). Therefore, with a slight abuse of notation, in the following we shall use the notation
h(S, X) for a given X € I'(HT'S).

3.4. Eigenvectors and umbilicity. Fix p € S. Since ﬂp is symmetric, then it is diagonalizable.
Therefore, in the following, we denote by Fi, ..., Fo,_1 any local orthonormal frame of HT'S around
p such that

(3-20) ﬁp(Fi|pv Fj ’p) = /\i‘si,j

for any 4,5 = 1,...,2n — 1, where A1,..., Aop_1 are the eigenvalues of pr. When S satisfies milder
assumptions, more can be said about Fp,...,Fo,_1. According to [16, 12], in the following we adopt
the notation £ = h(J(v),J(v)), and we let X = V ;,,)v — £J(v). As we know from [12], if p € S, then

X[, = 0 if and only if A|,(H'T,S) C H'T,S. In particular, when
(H1) xX=0,

J(v)|, is an ecigenvector of hy, for any p € S. Therefore, when (H1) holds and Fy,...,Fy, 1 is as in
(3.20), we will always assume that

(3.21) Fi,....,Fn-1,...,Fny1,.. ., Fop1 € T(H'TS)  and  F, =J(v).

A relevant class of hypersurfaces which satisfy (H1) is that of umbilic hypersurfaces introduced in [12].
We recall that S is called umbilic when (H1) holds and

Al:-~-:)\n—1:/\n+1:-~-:)\2n—1 =\

for any p € S, where A = A(p). We collect some basic properties of umbilic hypersurfaces which will
be useful in the sequel.

Proposition 3.7. Let S be umbilic. Then

(3.22) VS = (Va, J(v))J(v),
(3.23) (Va, J(v)) = X2 —a? — M.
(3.24) |h> =62 — X+ H),
and

(3.25) e ;Z:fv}ﬁ _ ;Z:?Hﬁ.

Assume in addition that S 1s minimal. Then

1
2n —1

Proof. First, (3.22) and (3.23) follow from [12, Proposition 4.2]. Recalling that

(3.26) (Via, J(v)) = |h)?2 —a? > —a?.

H=02n-2)A+/¢ and A2 = (2n — 2)\2 + ¢2,

(3.24) and (3.25) follow. Finally, if H = 0, (3.26) follows from (3.23), (3.24) and (3.25). O
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3.5. Tangential Laplace-Beltrami operators. The general approach described in Section 3.2 al-
lows to associate to a function f € C°°(S) a natural notion of tangential Laplacian, namely

(3.27) AMS f = trace Hess™® f.

On the other hand, the authors of [23] considered a Laplace-Beltrami operator on S of the form

2n
(3.28) DAY vl

where the horizontal tangential derivatives
Vit S =Zif = (Vv

for any i = 1,...,2n do not depend on the chosen smooth extension of f (cf. [23]). As pointed out
n [23], the operator defined in (3.28), differently from the Riemannian framework, is not in general
self-adjoint. To this aim, the authors of [23] introduced a modified version of (3.28), the so-called
modified horizontal tangential Laplacian

2n
(3.29) AMSF =NV f 420 (VL T (0)).
=1

The most relevant feature of A5 is that it is indeed self-adjoint (cf. [23, Corollary 11.4]), so that
the following integration-by-parts formula holds.

Proposition 3.8. Let o € C1(S) and 1 € C?(S). Then
(3.30) /S @ A" doy = — /S (VIS V59 doy

In order to exploit (3.30), in the next proposition we show that (3.27) and (3.28) agree.
Proposition 3.9. Let f € C?(S). Set gi’j =0,; —vivj foranyi,j=1,...,2n. Then

AMS f = ZVHSVHSf Zg ZiZ;f — H(V" ),

1,j=1

Proof. Recalling that |v| =1,
2n 2n 2n 2n
Z VEH’SVEH’SJ? = Z Zzsz va, Z Ziv; — Z ZiijViVj — Z ijZZ'VjI/i
i—1 i1 ij—1 ij—1

_Zv va Vz"‘ZvH vaa >Vz) >z

2n
(3.19)
Z ZZZJf - H(VHf, I/> - Z ijZiVjVi - Z ZjZifVil/j

i2j=1 irj=1 ij=1
2n 2n
Z Z; Zkf(yz) Vi + Z ZifZ; Vk(l/Z vj+ Z ZifupZijviviv;
i,5,k=1 i,5,k=1 i,,k=1
2n o 2n 2n
=N G zzif - H( ) = Y Zif Ziviyi = Y Zi Zifv
ij=1 ij=1 ij=1

2n 2n
+ Z ZjZkfI/ij + Z ZkuijI/j
Jk=1 Jk=1
2n
=Y giZiZif — H(V"f,v).

ij=1



14 G. GIOVANNARDI, A. PINAMONTI, AND S. VERZELLESI

Let now Eq, ..., Es,_1 be alocal orthonormal frame of HT'S. Set a{ = (E;, Z;) foranyi=1,...,2n—1
and any j =1,...,2n. Then

2n—1

2n 2n
(3.31) Zafa;? = dij, Zafuk =0 and atal = g[lH,Im
_ k=1

for any 7,7 =1,...,2n— 1 and any [,m = 1,...,2n. Denoting by df(-) = (Vf,-), we conclude that

2n—1
AMSF =N V5V f
j=1
2n—1
= > Vi, df(E))
j=1
2n—1 2n—1
=Y Ei(E;jf)- > Vi Eif
J=1 j=1
2n—1 2n 2n—1
= > 4@ Zuf) ~ Y (VEE; V)
j=1 hk=1 j=1
2n—1 2n 2n—1 2n
=3 S ddtzzr+ S Y dizuad)zg
Jj=1 hk=1 j=1 h,k=1
2n—1 2n—1
= (VE,Ej,Vf)+ > (Vg,E;v)(Vfv)
J=1 j=1
(3.31) 2n 2n—1 2n
= gﬁ’kZther Z Z ahZh Zkf
h k=1 j=1 hk=1
2n—1 2n
-3 diVaaiZ, Vi) - H(V L)
=1 hk=1

2n
=Y 9" Znzif - H(Vf,v),

hok=1

whence the thesis follows. O

3.6. The commutation tensor. We know from Proposition 3.5 how the commutation tensor C
intervenes in the lack of commutativity of h. Next we discuss how it affects the commutation of the
covariant derivative of h. First, C' evolves along tangent vector fields as follows.

Proposition 3.10. Let X € I'(T'S) and let Y, Z € I'(HT'S). Then
(3.32) (VSC) (Y, Z) = C(Z,v)h(X,Y) — C(Y,v)h(X, Z).
Proof. Let X,Y, Z be as in the statement. Then, by (2.4),
VXC(Y,2) = X(C(Y, Z)) = C(VXY, Z) = C(Y, VX Z)
= X(J(Y), Z) + (VXY J(2)) = {J(Y), V5 Z)
= (VxJ(Y),Z2) + (J(Y),Vx2) + (VxY,J(2)) = (J(Y),Vx Z)
—(VxY,0)(J(2),v) + (Vx Z,v)(J(Y),v)
= C(Z,v)hX,Y) = C(Y,v)h(X, Z).
(Il

With the aid of Proposition 3.5 and Proposition 3.10, we describe the lack of commutativity of VSh
in its last two entries.
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Proposition 3.11. Let X,Y,Z € T'(HTS). Then
(3.33) VYWY, Z) = VSWZ,Y) +2(Xa)C(Z,Y) 4 20C(Y,v)h(X, Z) — 20C(Z,v)W(X,Y).
Proof. Fix XY, Z as in the statement. Then, by Proposition 3.5 and Proposition 3.10,
VYWY, Z) = X(h(Y, Z)) — h(V}Y, Z) — h(Y, V3 Z)
= X(WZ,Y))+2XaC(Z,Y) +2aX(C(Z,Y))
—WZ,V3Y) —2aC(Z,V5Y) = (VY Z,Y) - 2aC(VXZ,Y)
= VYh(Z,Y)+2XaC(Z,Y) +2aV5C(Z,Y)
= VYh(Z,Y)+2XaC(Z,Y) + 2aC(Y,v)h(X, Z) — 2aC(Z,v)h(X,Y).
O

3.7. Gauss-Codazzi equations. With the next result we derive the sub-Riemannian counterpart of
the classical Gauss-Codazzi equations. We refer to [62] for a proof, which we include anyway for the
sake of completeness.

Proposition 3.12 (Gauss-Codazzi equations). Let X, Y, Z, W € T'(HTS). Then the Gauss equation

and the Codazzi equation
(3.35) (V§h) (X, Z) = (VXh) (Y, Z) + 20(X,Y)h(S, Z)
hold.

Proof. We know that
VxY = VY — h(X,Y)v.

Hence
VxVyZ =VxVyZ - Vx(h(Y,Z)v)
= VIV Z — WX, VyZ)v — X (WY, Z))v — h(Y, Z)A(X).
Similarly,
—VyVxZ =-VYVIZ +h(Y,V3Z)v+ Y (h(X,Z))v + h(X, Z)A(Y)
Moreover,

—VixyZ = —Vixy)Z + (X, Y], Z)v
Summing the three equations term by term we get that
0 =" RS(X,Y)Z + h(X, Z)A(Y) — h(Y, Z)A(X)
+ (Y(MX,2)) = WV X, Z) — WX, VyZ)) v
(=X (WY, 2)) + h(VXY, Z) + h(Y,V5Z)) v
+hVyX —VSY +[X,Y], Z)v
= RY(X,Y)Z + h(X,Z)A(Y) — h(Y, Z)A(X)
+ Vyh(X, Z)v — V5h(Y, Z)v — h(Torgs (X, Y), Z)v
= RY(X,Y)Z + h(X,Z)A(Y) — h(Y, Z)A(X)
+ Vyh(X, Z)v — VY, Z)v — 2(J(X),Y)h(S, Z)v.
The thesis follows projecting the previous identity either on W or on v. O
In the following, we shall also need the following Codazzi equation for the symmetric form h.
Proposition 3.13 (Codazzi equation for h). Let X,Y,Z € T(HTS). Then
VYh(X,Z) — VYWY, Z) = 2(Za)C(X,Y) + (Ya)C(X, Z) — (Xa)C(Y, Z)
+20%C(v, Z)C(X,Y) + aC(v, X)h(Y, Z) — aC(v,Y)h(X, Z).
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Proof. In view of Proposition 3.5, Proposition 3.10 and Proposition 3.12,
VYh(X, Z) = VXh(Y, Z) = VVh(X, Z) = VXh(Y, Z) + V3 (aC(X, Z)) = VX (aC(Y, Z))
=20(X,Y)h(S,2)+ (Ya)C(X,Z) — (Xa)C(Y, Z)
+aVyC(X,Z) — aV3C(Y, 2)

97 )C(X,Y) +4a*C(X,Y)CO(v, Z) + (Ya)C(X, Z) — (Xa)C(Y, Z)

(
+aC(Z,v)h(Y,X) — aC(X,v)h(Y, Z)
—aC(Z,v)h(X,Y)+ aC(Y,v)h(X, Z)
=2(Za)C(X,Y) +4a*C(X,Y)C (v, 2) + (Y)C(X, Z) — (Xa)C(Y, Z)
+20%C(Z,v)C(X,Y) — aC(X,v)h(Y, Z) + aC(Y,v)h(X, Z)
=2(Za)O(X,Y) + (Ya)C(X, Z) — (Xa)C(Y, Z)
+20%C (v, Z)C(X,Y) 4+ aC(v, X)W(Y, Z) — aC(v,Y)h(X, Z).

Corollary 3.14. Let X, Y € T'(HTS). Then
(3.36) Vh(Y,Y) = V§h(X,Y) +3YaC(Y, X) + 3a2(J(v),Y)C(Y, X)
' +alJW), VYWY, X) — a(J(v), X)L(Y,Y).

3.8. Variation formulas. Let S C H"” be a smooth, embedded, non-characteristic hypersurface
without boundary. Assume in addition that S is two-sided. Let @ C H"™ be an open bounded set such
that QNS # 0, and let ¢ € C}(Q2). Then it is known (cf. [49, 21, 62, 67]) that

d

(3.37) 2o (9 _0 / HE doy

and

(3.39) on@| = [(95eP e (g 1)) a

. dtQUH,t +=0 - < q OH,

where
2n

(3.39) 0= Y Zn(w)Zi(vn) + 4(Va, J(v)) + 4na®
h,k=1

and where by 0,; we denote the horizontal surface measure associated with the smooth variation F;
along the vector field £v. Observe that ¢ does not depend on the chosen unitary extension of v (cf.
[55]). Moreover, in view of [55, Proposition 5.1] and (3.18),

(3.40) q=|h?* +4(Va,J(v)) + 40 = |h]? + 4(Va, J(v)) + 2(n + 1)a?

As customary (cf. e.g. [36]) we say that S is area stationary whenever the quantity in (3.37) vanishes
for any Q and £ as above, and that S is stable if it is area stationary and the quantity in (3.38) is
non-negative for any €2 and £ as above. Notice that S is minimal if and only if it is area stationary.
In particular, when S is stable, the stability inequality

(3.41) [ g dow< [ [9Se dony
S 5
holds for any ¢ € C1(S).

4. FURTHER PROPERTIES OF THE SECOND FUNDAMENTAL FORMS

In this section we establish some additional properties of h and h which will be useful in the next
section. Although we do believe that many of them may have an independent interest, in order to
facilitate a more conscious reading we would recommend the reader to skip directly to Sectlon , and
if necessary to go back to this section in accordance with the references to the latter.
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Proposition 4.1. Let Fq,...,Fo,41 be as in (3.20). Then

(4.1) (5, J(F)) = 0

forany j=1,...,2n—1 such that J(F;)|, € H'T,S, so that

(4.2) hp(Fj, J(Fj)) = —a and  hy(J(F),Fj) = a
forany j =1,...,2n—1 such that J(F;)|, € H'T,S. In addition

(4.3) hy (V5Fi, F;) =0

foranyi=1,...,2n—1 and any X € I'(T'S). Moreover,

2n—1
(4.4) ZY( VXFZ,F)>( )=0
for any X, Y € T(TS). Finally,
2n—1 ~ _
(4.5) > (hp(VEVEFLF) + hyp(VEFs, VEF) ) =0
i=1
for any X,Y € T(T'S).
Proof. To prove (4.1), notice that
_ 2n—1 N ~
h(Ej J(F)) = Y (J(F;), Fi)h(F;, Fr) = (J(F;), Fj)h(F), F;) =0,
k=1

while (4.2) follows from (3.16). Fix i =1,...,2n — 1. Then
~ 2n—1
k=1

whence (4.3) follows. Moreover, (4.4) follows since

2n—1 2n—1
3 v (R(VEFLE)) ) = 3 v (VIR B (FLED) ()
i=1 i,k=1
2n—1 ~ 2n—1 B
=Y hp(Fi F)Y ((VXFLF)) () + D (VEFLFe) Y (h(Fi, Fr))(p)
z’,k:l ,k=1
— 2n—1
(3.20) Z ((VSF, F2)) (p) + Z (VXFi, Fi) Y (h(Fi, Fr))(p)
=1 ik=1
2n—

1
= (VXFi,Fi) Y (h(Fi, Fr))(p)

n—1
CL0 ST (VEFLFR) Y (R(Fs Fi)(p)
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the semi-last equality following by the symmetry of k. Finally,

2n—1

- (MVEVEFLF) + h(VEF:, VEF)
i=1
2n—1 _ 2n—1 ~
= D (VIVYFLFD(FLF) + Y (VYFLFj) (VIF, Fr)h(F;, Fy)
4,j=1 ij, k=1
(3.20) ) 2n—1
=) M(VIVEFLF) 4+ ) N(VEFL ) (VEFLF))
i=1 ij=1
(% 10) 2n—1 2n—1
i=1 ij=1
2n—1 2n—1
i,j,k=1 ij=1
2n—1
=) (VEFLFNVEFLF) (A — A).
ij=1

From one hand, exchanging the indices in the previous equation, we get that

2n—1 2n—1
(4.6) D AVEFLFN(VIFLF (A — ) = D (VEF, F)(VIFL F) (A — Ap).
i,j=1 hj=1

From the other hand, recalling (3.10), we infer that

2n—1 2n—1
(4.7) D AVEFLENVIFL )N = A) = > (VEF, F)(VIFLFi) (A — A).
i,j=1 i,j=1
Therefore, combining (4.6) and (4.7), (4.5) follows. O

Proposition 4.2. Let X, Y € I'(HTS). Then

(4.8) trace Vyh(-,-) = XH

and

(4.9) trace Hess"% hMX,Y,- ) = Hess™S H(X,)Y).

Proof. Fix X,Y as in the statement. Let p € S. Being the trace operator independent of the choice

of the orthonormal basis, we let Let Fy,...,Fa,41 be as in (3.20). To prove (4.8), we observe that
2n—1 2n—1 N (4.3)

trace VSh(-,-) = Y VXh(Fi,F;) = XH -2 > h(VYF;,F;) = XH.

i=1 i=1

Notice that

(4.10) Hess™® H(X,Y) = V5VyH = V5 (YH) = XYH — V5YH.
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On the other hand, exploiting Proposition 4.1,

2n—1
trace Hess™ h(X,Y,-,-) = Z Hess™® h(X,Y,F;, F;)
i=1
2n—1

= Zv Vih(F;, Fy)

2n—1
=Y v¥ (Yh(FZ-,Fi) - 2B(V§Fi,Fi)>
i=1
2n—1 _
= (XYh(FivFi) — VXY h(Fi, Fi) = 2V h(V5Fy, Fy)
=1
oXT(USE B 4 9R(USUSE, B 4 9 (USE. VST,
2XR(VFi, Fi) + 2h(VEs  Fi, Fy) + 2h(V5 VIR, F) + 2h(VEF, VXFZ))
L 2n—1 ~
=Y (XYh(FZ-,FZ») — VSYWE,,Fy) — 2V h(VSE,, Fy)
i=1
— OXI(VSF;, Fy) + 2h(VEVSF,, Fy) + 2h(VSF,, v;m)

2n—1
= (XYh(Fi, Fi) = VY R(FG,F,) + 20(VEVEF,, i) + 2h(V5F,, VEF,) )
=1

2n1
')

w Z (XYh(F;, Fi) = VEYA(F;, F))

UL Hess™S H(X,Y).

Proposition 4.3. Let Fq,...,Fa,_1 be as in (3.20). Then

2n—1
(4.11) A”S|hy2 VSR 4+ ST R(FS,F)) (A”vsﬁ) (F;,F))
7j=1

at p.
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Proof. Notice that
2n—1

VHSHE= Y (vgzh Fj,Fk)>
i,4,k=1
2n—1 ~ ~ ~ 9
> (Fih(Fj,Fk) — W(V§.F;, Fy) —h(Fj,V;iiFk))
ij,k=1
2n—1 ~ 9 2n—1 ~ 9
> (Fih(Fj,Fk)> +2 ) (h(VgiFj,Fk)>
1,5,k=1 i,5,k=1
2n—1 2n—1
—4 > Fh(F;, Fo)(VEF;, Fr)+2 Y h(VRF; Fr)h(F;, VE Fy)
1,5,k=1 i,j,k=1
2n—1 ~ 9 2n—1 ~
= Z (th(F],Fk)) +2 Z <V§iFj,Fk>2h(Fk,Fk)2
i, k=1 i, k=1
2n—1
—4 > h(Fy,Fp)Fh(F;, F)(VE,F;, Fr)
ij,k=1
2n—1
+2 Y WFF)h(Fr, Fe) (VR Fj, Fr) (Ve Fr, F))
ij,k=1
(3.10) 2n—1 ~ 9 2n—1 N
Y (Fih(Fj,Fk)> +2 3 (VEF; Fp)?h(Fy, Fr)’
i,5,k=1 i,j,k=1
2n—1 2n—1
+4 ) W(F;F)FAF;, Fo)(VEFj,Fr) =2 Y h(F;, Fj)h(Fy, Fr) (Vi Fj, F)?
i,j, k=1 i, k=1
On the other hand,
2n—1 2n—1
> h(Fj,F)) (AH’Sh) (Fj,Fj) = > h(F;,F;)VE, VE h(F), F)
j= ij=1
2n—1
= > h(F;,F) V3, (FiB(FjaFj) - QB(VgiijFjD
ij=1
2n—1 2n—1
= Y h(F;,F)FFh(F;,F;) -2 > h(F;,F;)Fh(VEF;, F;)
i,j=1 hj=1
2n—1 2n—1
— > h(F;,Fj)VE,Fih(F;,F;) +2 ) h(F;,F))h (vvs P, Fj,Fj)
i,j=1 t,j=1
2n—1 2n—1
— > h(F;,F)FR(VEF;,F;) +2 ) h(F;,F)h(VE, VEF;, F))
,j=1 4,j=1
2n—1 2n—1
= > h(F,F)Fh(F;, VEF)) +2 > h(F;,Fj)h(VE Fj, VEF))
i,j:l t,j=1
(4 3) HS 2n—1
Z h(F;, Fj)AMS (h( — 4> h(F;,F)Fh(VEF;,Fj)
i,j=1
2n—1 2n—1
+2 ) h(F;, F)R(VE,VEF; Fj) +2 ) h(F;, F;)h(VEF;, VEF;).

1,j=1 i,j=1
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Notice that

2n—1 2n—1
4 Y h(F,F)FA(VEF,F)) = —4 Y h(F),F)) ~<<v§iF]~,Fk>ﬁ(Fk, ))
i,j=1 i,5,k=1
(%2()) 2n—1 ) 2n—1
=7 -4 " h(F;,F)°F ((VEF;Fy) —4 > h(F;,F;)Fh(F,F)(VEF;,Fr)
1,j=1 1,7,k=1
(3.10) ol ~ S
=" —4 > h(F;,F;)Fh(F;, Fe)(VE,Fj, Fr).
i,5.k=1
Moreover,
2n—1 2n—1
23 h(F;, F )RV VS, Fy) Y2 2 ST RS, F)X(VE VEF,L )
1,j=1 t,j=1
2n—1
= —QZh )2 (VE F;, Vi F))
t,j=1
2n—1
=2 Y h(F;,F;)*(Vp,F;, Fr)?
i,5,k=1
G0y =l 908 )
=7 =2 > h(Fy,Fp)X(VEF;, Fi)’.
ij,k=1
Finally,
2n—1 2n—1
2 W(F;,F)R(VEF;, VRF) =2 > h(F;,Fj)h(Fy, Fi)(VE,F;, Fr)?.
i,7=1 i,j,k=1
Therefore we infer that
(4.12)
_ 2n—1 N _ 2n—1 _ 9 2n—1 ~ _
’vH’Sh’2 + Z h(F]’,F]’) <AH’Sh) (Fj,Fj) = Z (th(F],Fk)> + Z h(F]’,F]’)AH’S(fL(FJ‘,F]‘)).
Jj=1 i,3,k=1 j=1
We conclude noticing that
2n—1
5> v (s E?)
1,5,k=1
2n—1
= > Vi (AF,, FOFAE,Fy)
i,j,k=1
2n—1 2n—1
-y (F h(F;, Fy) ) Z h(F;, F;)AS(h(F;,F)))
i,k=1
(4-12) ) 74,87 |2 ~ H,S7,
=V VSR ST R(F, ) (AMSR) (F)F).
7j=1

Proposition 4.4. Assume that (H1) holds. Then
(VSIh)2, J(v)) = 20(VL, J(v)) — 4alh|> + 2a* + 20 HL.
In particular,

1. ~ 1 ~ ~
§A”’S\h\2 = iAH’S|h|2 +2al(V, J(v)) — 402 |h|? + 2020% + 202 HY.
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Proof. Let Fq,...,Fa,_1 be as in (3.20). Since X = 0, we can assume that F,, = J(v). Therefore

2n—1
(VEIR?, T > h(Fj,Fr)’

k=1
2n—1 ~ ~
=2 3" hF;, F)J () (h(F;, Fr))
j.k=1
0) 27171~ ~
=72 h(F,F)I(v) (h(FyaFj))
j=1
(3.17) . o~ -
=723 h(Fj,F))J(v) (h(F;,F)))
j=1
2n—1
20(VL, J (1)) + 2 Z h(F v) (h(F;,F;)).
Jaﬁn
Notice that
2n—1 2n—1 2n—1
2 Z h(F v) (h( =2 Z h(F 5, F) (V50 VEv, Fi) +2 ) h(F,F)) (Ve V5, F).
1
J;ﬁn J#n ;#n
First, we have that
2n71~ 2n—1 ~
2> h(FF)(V5,) Ve F) =2 > h(F5,Fi)(V 50) Vi v, F)
=1 =1
j#n j#n
2n—1
=2 Z h(F (J(v), Fj)v. Fj)
J#n
2n—1 2n—1
2 Z B(EG F Ve,V sev ) +2 3 h(E; ) (Vi 0 Fy)
1
g p
2n—1 2n—1
"2 Z B3 ) Ve,V syv Fy) +2 3 h(ELF) ()00 F)
1
p Jn
H1)+ (3.12) nl
2Zh v, (0T (v +2Zh [J(v),Fj], F;)
Jsﬁn J#n
2n—1 2n—1
= —2€Zh hEF;, J(F —i—ZZh J(v),Fj],F;)
J#n J#n
2n—1 2n—1
2a£2h +2Zh [J(v),F;],F})
J#n J#n
(12) 2n—1 ~
=" 20H( - 20> +2 > h(F;, Fj)h([J(v),F;],F;).
j=1

i#n
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Observe that

2n—1 2n—1
(3.17) - -
17="2Y" h(F;,F)h([J(v),F;],F;) + 20 Z hE;, F)([J(v),F;], J(F;))
=1
;7&’1 j#n
(3.20) . o= - 2l
=2 Z h(Fj7 Fj)2<[J(V)7Fj]7 FJ> + 2« Z h(Fj7Fj)<[J(V)7Fj]7 J(FJ)>
=1 =1
jn jn
515 2n—1 2n—1
2ZhF37F F]7J< +20éz hF]vF )<[J( ),F]],J(F]»
1
J?ﬁn g#ﬂ
2n—1 2n—1 ~
"2 2 Z WE;LF))? +2a ) h(F; F)([T (), Fy, T (F;))
=1
Tan j#n
~ 2n—1 R
= —20/h|* + 200% + 20 Y W(F;,F5) ([T (v), F,], J(F;)).
=1
j#n
On the other hand,
2n71~ 2n—1 _
2 h(F,F)(Ve,v, V5, Fi) =23 h(F;,Fjh(F;, V5, F))
=1 =1
7 7
(3.17) 2n—1 _ _ 2n—1 N
=72 W(F,F)R(F;, Vo F)) =200 > h(F;,F)(V5,Fs J(F))
=1 =1
= 7
(4.3) 2n—1 B
=" =20 Y W(F;,F;) (V5 Fj, J(F))
=1
j#n
2n—1 ~
=20 Y h(F;,F;)(Tory(F;, J(v)), J(F;))
=1
j#n
2n—1 ~ 2n—1 ~
—2a Z h(Fijj)<vFjJ(V)7 J(F])> — 2 Z h(Fij])<[J(V)7 Fj]a J(FJ)>
=1 =1
j#n j#n
2n—1 2n—1
E Z h(F;,F;)(Vr,J(v) — 2 Z h(F (v),F,], J(F;))
]75“ j;én
2n—1 ~ 2n—1 ~
= —2a Y h(F;,F)? =20 Y h(F;,F){[J(v), Fy, J(F)))
— —
?#n J#N
~ 2n—1 _
= 2a|hf + 200 — 200 3" R(F;, F)){[J(0). Fy], J(E))).
=1
J#n

Putting all the pieces together, the thesis follows.

23
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5. SIMONS AND KATO INEQUALITIES
The aim of this section is to provide a lower bound for A%:S ]ﬁ|2 To this aim we establish and

properly combine suitable sub-Riemannian Simons and Kato inequalities.

5.1. The full Simons identity. Our first step consists in providing a full Simons-type identity for
the (2, 0)-horizontal tensor field A" h associated to a minimal hypersurface. Due to its computational
complexity, in order to facilitate the reader’s overall understanding of our approach, we have postponed
its proof until Section 8. The sub-Riemannian Simons identity reads as follows.

Theorem 5.1. Let S be a smooth, embedded, non-characteristic hypersurface without boundary. As-
sume that S is minimal. Then

AMSH(X,Y) = —qh(X,Y) + 8a2h(X,Y)
+ 4Hess™® a(m(J(X)),Y) + 4Hess" a(X, 7(J(Y)))
n (16a7r(J(X))a — 8a2h(X, J(v)) + 4 (Vxv) a) Y, J(v))
—2Xah(Y,J(v)) —2Yah(X, J(v))
+2ah(Y, Vxyv) = 22(Vx Vo), Y) — 40> h(r(J (X)), m(J(Y)))
+2a(J (Vxv),Vyv)
for any X,Y € T(HTS).
5.2. Simons inequality in arbitrary dimension. We are going to combine Proposition 4.3, Propo-
sition 4.4 and Theorem 5.1 to provide a lower bound for A™5|h|2. To this aim, we assume that (F1)
holds, so that, here and in the rest of this section, we can fix a local orthonormal frame Fq,...,Fo,_1

which satisfies (3.20) and (3.21) at a given p € S. Under these assumptions, we deduce the following
properties.

Proposition 5.2. Let j=1,...,2n—1, j #n. Then

(5.1) 2ah(F;,V yr,yv) = 20°h(F;, Fj) — 2a°h(J(F;), J (F;))
and
(5.2) =20V, V jo) 1, Fj) = —20°C.

Proof. Fix j=1,...,2n—1, j # n. Then

3.16 ~
20h(F;, V jx,)v) U2 gai(Ey, Vie,v) = 20°C(F4,V ye,yv)

2n—1

= Z 20(V 5, Vs Fi)h(F 5, Fi) — 202h(J(F;), J(F;))
k=1

= 20(V yp,y v, Fj)B(F;, F) = 20°h(J(F;), J(F;))
= 20h(J (F;),Fj)h(F;, F;) — 20°h(J (F;), J(F;))

2 202 h(F;, Fy) - 20%h(J (F;). J(F)).

Moreover,

—20&<VF].VJ(V)Z/, Fj> = —QQth(J(U), Fj) + 205<VJ(V)I/, VFij>

(HII) 2045<J(V), VFJ- Fj>

= —2al(Vr,J(v),Fj)
= 2alh(F;, J(F;))

(~1£2) —2024.
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Owing to Theorem 5.1, we deduce that

AMSR(I(v), J(v)) = —ql + 4(V joyv)a — 40V e, J(v)) — 20(V 5,y V sy v, T (V)
2 gt 20V 1) V sy, T0))
= —ql —2a(VL, J(v)).
On the other hand, if j =1,...,2n—1, j # n,
ATSh(F;,F;) = —qh(F;, Fj) + 8a*h(F;, F;) 4+ Ba(F;) — 4F;ah(F;, J (1))
+ 200 (Fj, Vs, v) — 2a(VE;V 501, Fj) — 4a?h(m(J (F))), 7 (J (F;)))
W) Gh(F;,F;) + 8ah(F;,F;) + Ba(F;)
+2ah(F;, V y,yv) — 20(VE, V)0, Fj) — 40”h(J(F;), J(F;))
CILO2 (R, F;) + 10621(F;, F;) + Ba(F;) — 20%¢ — 6a2h(J(F;), J(F;))
where B, is defined by
(5.3) B,(X) = 4Hess™® a(X, J(X)) + 4Hess™ a(J(X), X)
for any X € T'(H'TS). Notice that
(5.4) Bo(J(X)) = —Ba(X)

for any X € T'(H'TS). In this way, recalling (4.11),

2n—1
= (VSR 3 R, ) (ATSR) (), F))
7=1
2n— 1
J#n
= |[VH5h|2 — q? — 200(V50, T (1))
2n—1 2n—1 2n—1

—qZh )% + 100 Zh )% — 602 Zh (F5), J(F;))

J#n J#n J#n
2n—1 2n—1
+ Z h(F — 202 Z h(F
J#n J#n
M0 \GHS]HI2 — g2 — 200(V50, T (1))
2n—1 2n—1 2n—1

_qZh )% + 1002 Zh )% — 6a° Zh (), J(F;))

J#n J#n J#n
2n—1
+ Z h(F F;) 4 2%
J#n
= |[V*5h|2 — q|h)? + 10a?|h)? — 820 — 200(V50, T (1))

2n—1 2n—1
—GaQZh Zh F;).

J?é” J#n

25



26 G. GIOVANNARDI, A. PINAMONTI, AND S. VERZELLESI

Recalling Proposition 4.4,

A” S|h|? = VSR — g|h|? + 62 (h* — 60°(2
55 2n—1
(55) —6a” > h(F;,Fj)h(J(F;
j=1
j#n
Let us consider the family
(Ky,. ., Kpo1, K, Ky, -, Kope1) = (J(Fe), -0

Notice that (K, ...
notation, we can rewrite (5.5) as

A’HS’h|2 |VHSh|2 q|ﬁ|2+6a2\ﬁ|2
5.6 2n—1
(56) — 60 > h(F;,F)h(K;,K;)
=1

In order to proceed, we further assume that

(H2) vits

Proposition 5.3. Assume that both (H1) and (H2

assume moreover that ¥, = J(v). Then
2n—1 _
Z W), Fj) Ba(Fj) = 4(Va, J(v))|h[* -
J#n

Proof. Fix j #mn,j=1,...,2n — 1. By our choice of Fy,...

(5.7) Fja=0 and

Therefore

(5.3)

J(Fn_1), J (@), J(Frz1), . ..

a=(Va,J(v))J(v).

) hold. Let Fq,...

2n—1
ZhFj,F F;).

J#n

,J (Fan—1)).

,Kopn—1) is still a local orthonormal frame for HT'S near p. Exploiting the above

2n—1
ZhFj,F F,).

Jaﬁn

,Fon_1 be as in (3.20), and

2n—1

AVa, J(v)) > h(F;,F)h(K;, K;).

J=1

,Fo,—1 and by (H2), we deduce that

J(F;)a = 0.

B, (Fj) "=’ 4Hess™ a(F;, J(F;)) + 4 Hess™™ a(J(F;),F;)

= 4V§ (J(Fj)a) + 4V 5 (Fja)
= 4F;(J(Fj)a) — 4V§ J(F;), Via) + 4] (F;)(Fja)) — HVig  Fj, Via)
(T (F)), Vi) — 4V ), V)
D Ve, 1) (~(VE I E), T0)) — (Ve Fi, T )

UV, JW)) (=T, (F5), T 1)) = (V e, B, T )
= 4V, J(v)) ( (Ve Fj,v) + (vJ(F].)J(Fj),w)

= 4(Va, J(v)) (h(F;, Fj) -

h(J(¥;), J(F))) -
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In this way,
2n—1 2n—1
ZhFJ,F F;)=4(Va,J(v ZhFJ,F
nén #n
2n—1
UV, J(v Z h(F;,F;)h(J(F;), J(F;))
J#n
~ 2n—1
= 4Va, JW) > = 4(Va, J(v)) Y h(F;,F)h(K;,K;).
j=1

Since (HQ) holds, we can exploit Proposition 5.3 to write (5.6) as

= [V — g|hf* + 6a°(A|?

(5.8) 3 2n—1
AVa, JW)|BP + (=60° — 4(Va, J (1)) Y W(F;,FHh(K;, K;).

j=1
Let us further assume that
(5.9) 4HVa,J(v)) > —6a>.

In this way, observing that

2n—1 2n—1 2n—1
> h(F;,FAK; K;)| < Z h(F;, F;)2 Z hK;, K;)2 < |hf?

we exploit (5.9) to infer that

2n—1
(=60 — 4(Va, J(v Z h(F K;) > (—6a® — 4(Va, J(v))) [h]?,
so that
(5.10) %A%SW? > [VHSHI? — glhf2.

Remark 5.4. We point out that the inequality provided by (5.10) is sharp in the class of minimal
hypersurfaces which satisfy (H1), (H2) and (5.9). First, observe that, owing to Proposition 3.7 every
minimal umbilic hypersurface satisfies (H1), (H2) and (5.9). We claim that, when S is umbilic, equality
holds in (5.10). Indeed, notice that

2n—1 2n—1

(5.11) S h(F;, Fy (K, K;) = 2 + A Z K K;) 202 - e U2 g2,
=1
’ J#n

In particular, plugging this identity into (5.8) implies the claim.
Remark 5.5. Let us recall (cf. (3.40)) that

q=|h*+4(Va, J(v)) + (2n + 2)a?
Therefore, if we assume (5.9), then

(5.12) q=|h*+ (2n—4)a?® > |h)? > 0.
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5.3. A refined Simons inequality in H?. In the forthcoming sections, we shall need a more refined
version of (5.10) in the second Heisenberg group HZ2. Therefore, in the rest of this section we assume
unless otherwised specified that n = 2. The advantage of working in H? consists in the fact that, as
in the umbilic case, we can provide an explicit expression of the term appearing in the left hand side
of (5.11). More precisely, the following holds.

Proposition 5.6. Assume that (H1) holds. Assume that H =0. Then
2n—1

(5.13) > W, F)h(K;,K;) = 3¢ — |hf>.
j=1

Proof. Let Fi,F9,F3 be as in (3.20). Since (H1) holds, we can assume that Fo = J(v), so that
Fi,F3 € I'(H'TS). But then either F5 = J(F1) or F3 = —J(F1). Therefore, without loss of generality,
we let

(514) FQ = J(l/) and F3 = J(Fl)
Let us set Ay = h(F1,F1) and A3 = h(F3,F3). Exploiting (5.14), we infer that

2n—1
D h(EFFHAK;K) = 02+ 2)As.
j=1

Moreover, as H = 0, then A\ + A3 = —/£, so that
0=H?= (L4 M +23)2 = B[+ 20(\1 + \3) + 2013 = |2]? — 202 + 21 A3,
whence (5.13) follows. O
Exploiting (5.13), we rely on (5.8) to infer that
(5.15)
%A’#S\m? = |VH*Sh2 — glh? 4+ 602|h|> + 4(Va, J())|h]* + (=60 — 4(Va, J(v))) (362 — |h[?)

= |V*Sh2 — g|h)? + (602 + 4(Va, () (2|h]* — 36%).
We claim that the second factor in the last term of the previous line is non-negative. To this aim, let

us recall the following straightforward lemma.

Lemma 5.7. Let K € Nyg, and let ay,...,ax € R. Then
2

K K
(5.16) daj| <K of

j=1 j=1
Moreover, equality in (5.16) holds if and only if a1 = ... = ak.

Minimal hypersurfaces share the following relation between ¢ and ]ﬁ\
Proposition 5.8. Let n > 2. Assume that (H1) holds. Assume that H =0. Then
(5.17) (2n — 1)0% < (2n — 2)|h|2.

Moreover, equality holds in (5.17) if and only if S is umbilic.
Proof. Fix # € [0,1]. Then
0% = B2+ (1 - B2
2

2n—1
VB Y hELE) [+ -8y
=1
J#n
(5.16) 2n—1 ) ,
< (2n—2)8 ) h(F;,Fj)* + (1-B)t
=1
j#n

< max{(2n — 2)8,1 — B}|h%.
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Noticing that

min {max{(2n — 2)5,1- B} = 0,

BE[0,1] 2n —1
(5.17) follows. If S is umbilic, we already know from (3.25) that equality holds in (5.17). Finally,
assume that equality holds in (5.17). Then

2n—1

2n — 2 2n — 2
2 _ 24
¢ 2n—1 2n—1zh

J#n
so that
2n—1
(2n —2) Z h(F
J#n
On the other hand, being S minimal, then
2n—1
Z h(F
J#n
so that
2
2n—1 2n—1
Z h(F 2n — 2) Z h(F
J#n J#n
In light of Lemma 5.7, we conclude that S is umbilic. ]

In view of (5.17), and recalling (5.9), it is clear that (5.15) implies (5.10). Therefore, to improve
our estimate, we refine (5.9) by requiring that

(H3) AVa,J(v)) = —(4+w)a?
for a fixed constant w € [0, 2].

Remark 5.9. The constraint w € [0, 2] in (H3) is motivated by two reasons. On the one hand, since
w = 0, in view of Proposition 3.7 every minimal umbilic hypersurface satisfies (H1), (H2) and (H3).
On the other hand, since w < 2, (H3) implies (5.9), so that all our previous considerations still hold.

Nevertheless, coupling (5.15) with (5.17) and (H3), we can improve (5.10) to
1 A ~ ~ ~
A |2 CL2) [T — glh P + (602 + 4(Va, J(v))) (2] — 36%)

(5.17),(H3) - - -
> |VHSRIZ —q|h)? + (2 — w)a?(2]h) — 30%).

In the end, assuming (H1), (H2) and (H3), we conclude that
1. ~ ~ ~ -
(5.18) §AH’S|h|2 > VIR — q|h)? + (4 — 2w)a?|h)? — (6 — 3w)a?l?.

5.4. Kato inequalities. Our goal here is to provide a lower bound for [V*51|? in terms of [V*:5|h[2|2,
basically under assumptions (H1) and (H2).

Theorem 5.10. Assume (H1). Then

(5.19) h|?1? < 4|h|2 V75 h)2.
If in addition H is constant and (H2) holds, then
k - - ~ - -
(5.20) <1 +5 1) (VA5 |12 < 4lR[2 VS RJ? + 402 |R)? ((4k — 2[R + (2 + 2kn — 2k — 4n)€2>
i

for any k € [0, 2].
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Proof. Let Fi,...,Fa,—1 be as in (3.20). Since we are assuming (H1), we can choose F,, = J(v).
Notice that
2n—1
Filh* = Fi(h(F;,Fp)?)
7,k=1
2n—1
=2 h(F;,Fp)Fi(h(F;,Fr))
J,k=1
(3.20) ol ~
(5.21) =723 h(F;,F))Fi(h(F;, F)))
j=1
2n—1 ~ ~ 2n—1 ~ ~
=2 h(F,F) Vi A(F;,Fj) +4 Y h(F;, F)h(VEF;,F)
j=1 j=1
3) anl~ ~
='2 Y h(F;,F;)VE h(F;,F;)
j=1

forany i =1,...,2n — 1, so that

2n—1
VSR = > (Fil)?)?
i=1
2n—1 [2n—1

(5.21) - -
=4 Z Z h(FjaF])vglh(F])F])
i—1 \ j=1

2n—1
<A Y VER(E;F)?,
ij=1
where in the last passage we used the Cauchy-Schwarz inequality. Therefore

2n—1
(5.22) VS|P < 4lh? Y VR AF;,F))
ij=1

In particular, (5.19) follows from (5.22). Assume now that H is constant. Then

2n—1
IVHS!WI2 < 4\h|2 > VRAF;F))?
,j=1
2n—1 2n—1
=4|h> Y VEA(E;F)? + 4|0 Y VR A(F,F)?
).7 1 i=1
i#j
2
48) 2n—1 _ 2n—1 | 2n—1 ~
4lR? Y Vi A P +4n > [ > VR AFE;F
t,j=1 i=1 j=
i#j J#i
5.16) 2n—1 ~ 2n—1 ~
< 4\h\2 > VEh )2 +4(2n = 2)|h* Y VE h(F;,F))?
i,j=1 i,j=1
i#j i#j
2n—1
=4(2n - 1)|)> Y Vi, A(F;, F;)?,
,j=1

i#]
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whence
2n—1
(5.23) AP < 4(2n — DR ) VR A(F;, Fj)
4,y=1
i#]
Exploiting (5.23), we see that
k
<1+ >|V’H5'|h|2|2 712 2 |V’H5|h|2|2
2n —
5.22),(5.23) 22” ! 22” !
< AR VER(F;F))? + kR Y VR R(EF;,F))?
4,j=1 1,j=1
i#]
2n—1 2n—1 2n—1
= 4[> Y VR A(E;F)? + 4R Y VR A(F,F)? + 4k|h? Y VR R(F;,F;)?
1,j=1 i=1 1,j=1
i#] i#j
~ 2n—1 ~ ~ 2n—1 ~
=4|h> Y VEA(E;F)? + 4|0 Y VR A(F;,F)?
ij=1 i=1
i#]
N 2n—1 2n—1 2n—1
+ 4|h? k:ZVS h(F;, F;) +kaF +kaF (Fj, F;)?
i,j=1
J#n iZn i#j
i,JF#n
I 11

II1

At this stage we need to apply the Codazzi equation (3.36) to the terms I,II and III. First, notice
that

(35@ 2
k Z (vS F;) — ah(F;,F; ))
J#n
(5.24) 2n—1 2n—1 ~ 3
=k Z Vi h — 2k« Z W(F;, Fj)VE (I (v), Fj) + ka®|h* — kae.

J#n J#n
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Moreover,
2n—1 N
—2ka Z h(F]vFJ)vgjh(‘](V)vF])
=1
J#n
2n—1 2n—1
(1) . -
=" 2ka Z h(Fij])h(vg]‘](V)vF]) + 2k Z h(FJ,F])h(J(V),ngF])
=1 =1
Jn jn
(3.20) 2l In—l
=" 2ka Y h(F;, )X (VR J(v), Fj) + 2kat Y h(F;,F;)(VE,Fj, J(v))
— —
jn jn
2n—1 2n—1
=2ka Y h(F;,F;)*(Ve,J(v),F;) + 2kal Y h(F;,F;)(Ve,F;, J ()
(5.25) j=1 j=1
J#n J#n
2n—1 2n—1
= —2ka Y A(F;, F))*h(F;, J(F))) + 2kal Y h(F;,F;)h(F;, J(F;))
=1 =1
j#n j#n
2n—1 2n—1
2 oka? 37 h(F;,Fy)2 — 2k0 Y h(F;,Fy)
j=1 j=1
i#n i#n
2n—1
"=%9k02 N n(F;,F))? + 2ka?e?
j=1
J#n
= 2ka’|h)?.
Finally,
2n—1 _ 2n—1 ~ _ 9
SVERI0)F)? = 3 () (RI@),F))) = B(VE (), F5) = h(J (), V5, F))
=1 =1
j#n j#n
2n—1 _ _ 9
ST (V) Fy) + hI), VE )
=1
j#n
) 2n—1 ~ 9
20 ST (VR T0), Fh(F;, Fy) + (VE B, ()0
=1
j#n
2n—1 _ 9
(5.26) = 3 (<R, J(F))A(F;, Fy) + h(F, I(F,))0)
=1
j#n
. 2n—1 _ 9
=S (ah(F;,Fy) - at)
=1
j#n
2n—1 2n—1
=a? ) h(Fj,F)? =202 W(F;,F;) + (2n — 2)a??
—O‘Z(pj) «Q Z(]a])+(n )a
j=1 j=1
J#n j#n

HEO o?|h|? — o20% + 20207 + (2n — 2)a20?
= ?|h2 + (2n — 1)a?%.
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In this way we can conclude that
& 2n—1 2n—1 _
1029 Z Vi, h — 2k« Z h(F (T (), Fj) + ka®|hf* — ko
J#n J#n
& 2n—1
G20 Z Vi, h F;)? + 3ka?|h|? — ka?¢?
J#n
2n—1 2n—1 N
=2 Z Vi h Z VE AT (), F5)? + 3ka®|h|* — ko
]#n j#n
6) 2n—1 2n—1 ~
= Z Vi, h 24 Z Vi A(E;, J())? = (2= k)a?|h]* = (2 — k)(2n — 1)a’¢?
J#n J#n
+ 3ka’|h)? — ko262
2n—1 2n—1 ~
= Z N 24 Z Vi, A(F;, J(v)) + (4k — 2)a”|hf* + 2(1 + kn — k — 2n)a”(,
J?én ];én
On the other hand,
( 2n—1 2n—1 2n—1
S S
Dk Z Vi h(®i J(v) Z Vi h(®i, J(v))” + Z V(I (v), Fi)?.
z;én z;én z;én
Finally,
2n—1
2
2 3 (VF (Fi,F;) + 3F;aC(F, FZ-)>
4,j=1
£
i,j#n
2n—1 2n—1 ~ 2n—1
=k Y VR I(FL,F))?+6k Y FjaVR h(F;, F;)C(F;,Fi) + 9% Y (Fja)’C(F;, Fy)?
4,j=1 i,j=1 ij=1
A £ A
Z?]#n 7]#” ,L’];én
k2n—1 2n 1 2n—1 2n—1
=2 > Vi h(F;,F)? ZVF )7 +6k Y F;aVi h(J(F; +9k:z (Fja)?
3,j=1 3,j=1 Jj=1
1 1 J#n T
1/7]3&77' 7]757'1,
k 2n—1 2n 1 2n—1 _
= > Vi h(F;,Fy)? Z N )2+ 6k Y FjaVi h(J(F)),F))
i,j=1 i,j=1 Jj=1
£ £ J#n
i,j#n INESD
+ 9k|VHSa)? — 9k(Via, J(v))2.
In this way, exploiting (H2), we conclude that
2n—1 2n—1 ~
< Y VEAF,F)?+ > VR A(F
3,j=1 i,j=1
A £
i,j#n i#n
so that (5.20) follows. O
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5.5. Simons-Kato inequalities. Combining the estimates of Section 5.2, Section 5.3 and Section 5.4,
we can derive several consequences. For future convenience, we focus on the case n = 2, since the
higher dimensional estimate, owing to (5.10), follows in the same way. To this aim, we fix a minimal
hypersurface S C H? such that (H1), (H2) and (H3) hold. Moreover, for any § > 0 we define the
function A(0) by

(5.27) A(8)(p) = \/Ihpl? +6

for any p € S. Notice that the function A(d) belongs to C°(.S), for any § > 0. This desingularization

will be crucial in the forthcoming Section 6. Observe that As > || and that As — |h| uniformly on
S as § — 0%, Since A(§) > 0, we can multiply (5.18) by 4A(5)?, so that

(5.28)  2A(0)2A™5|h|2 = 4A(8)2 VO h|? — 4qA(6)?|h|? + 402 A(6)? ((4 —2w)|A> = (6 — 3w)£2)

for any § > 0 and any w € [0,2]. In particular, since w < 2, then 6 — 3w > 0, so that we can apply
Proposition 5.8 to infer that

- (5.17) -, 2 -
(4 —2w)|h* = (6 —3w)f? > (4—2w)|h|* - §(6 —3w)|h? =0.

Therefore, we deduce from (5.28) that
(5.29)  2A(6)2AMS|R)2 > 4A(5)2 VS| — 4qA(8)2|R)? + 40?|h[? ((4 — 2w)[Af? - (6 - 3w)€2)

for any 0 > 0 and any w € [0, 2]. Moreover, (5.20) implies that

(5.30) (1 +

for any 6 > 0 and any k € [0,2]. Therefore, combining (5.29) and (5.30) and recalling (5.12), we
conclude that

T 1) IVS|R22 < A2 VS hI? + 402 |h|? ((4k — )[R + (2 + 2kn — 2k — 4n)e2)

k
n—1

(5.31) 2AQ@PAMSYiP > (14 5 ) IVOTRPE ~ 4040 + 402l

for any 6 > 0 and any k,w € [0, 2], where
(5.32) 95k(P) = (6 — 20 — 4k) Py |* + (3w — 2k) £(p)”

for any p € S. On the other hand, when n > 2 the very same argument allows to combine (5.10) with
(5.20) to deduce that

k

n—1

(5.33) 2AQOPAM SN > (14 5 ) IVRPE = 4A() + 40l

for any 6 > 0 and any k € [0, 2], where

gsnk(p) = (2 — 4k)a2mp\2 — (24 2kn — 2k — 4n)a’l(p)?
for any p € S.

6. THE IMPROVED STABILITY INEQUALITY

In this section we prove the sub-Riemannian analogue of [63, Theorem 1] in the Heisenberg group.
We aim to rely on the Simons-Kato inequalities which we achieved in Section 5.5. For future purposes,
we specialize our exposition in H?, but the reader will not encounter difficulties in adapting the same
strategy to higher dimensional statements (cf. Remark 6.2).

Theorem 6.1. Let S C H? be a smooth, connected, two-sided, embedded, non-characteristic hyper-
surface. Assume that S is stable. Assume that (H1), (H2) and (H3) hold for some w € [0,2]. Assume
that

(6.1) 9Skw(P) =0
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for a given k € [0,2] and for any p € S. Let 5 € [2%11’“,1 + /5 1) There exists a constant
C =C(B,k) > 0, thus independent on S, such that

(6.2) L|ﬁ|2ﬁ+2¢25+2 doy < O/S VA 2042 g
for any ¢ € CL(9).

Proof. Let us recall (cf. [24, Lemma 11.6]) that

(6.3) AMS (Fou) = <F’ o u) (VS + <F o u) A5y,

for any F € C?(R) and any u € C?(S). Fix 8,6 > 0, k € [0,2] and a test function ¢ € CL(9).
Choosing ¢ = A(8)%p in the stability inequality (3.41), where A(6) is as in (5.27), we infer that

/S g (A(d)%)Q do 2" /S \v”rs (A(é)%)‘2 do,
B

2

_ /S B o A2V 4 AG)PVHS | don
5 _ ~
PAGTTHVISIRP 4 BA(8) VISR, VIS g) + A(6)P IV doy
/ﬁ 25 4|VHS’h‘2|2 <VH’SA(5)2B,VH’SQD2>+A(5)25‘VH’SQO|ZCZO'H

(3.30) B2 1
/ 2A( )25 4|VH S‘h|2|2 QA’H SA((S)Qﬁ—I—A( )Qﬁ’v’H S<p|2 dO‘H
@ [2(1-5)¢ A(6>25—4|v“%2|2—%ﬁA(cs)%—‘* (24022

5.31) ~ ~
g /5 g (1 - ﬁ) PP APV + APVl — B al |2 A(S) g5 ke o

~ 2) +A(5)2B|VH’SQD‘2 dO'H

2
B k 2 4 s\28—4 oM, S |7 (22 3 \2
b [ 5 (15 gy ) AP ISR + 0 (46)) don

(6.1) k B - 2
< / g <1 — B3 > GPAE)P TSR + Bq (A(0)p) + APV o2 doy.
s n—1

Therefore, factoring out, we deduce that
(6.4)

k T 2
1 (g 78-1) [ A0 ISR do < [ (310 (460)6) "+ A@PITHf do

Assume first that g € [1, 1+ %) In particular, 5 — 1 > 0. Therefore, exploiting again (3.41)
and combining Cauchy—Schwarz and Young inequalities,

/q(A((S)ﬁsO da% /‘VHS 90)‘2 doy

/ B 2 A5Y5 GRS FPP 1 BoAG)P 2T hP, 745 4) + AP [T5 P doy
/5 5)28- 4|VHS]h\2|2+6<<pA 5 Q‘VHS|h| ‘)( )B‘VH,SSO‘) + AP IVHS | doy,
/ﬂ 25 4|VHS’h‘2|2+A( )QB‘VH’SQOF(ZO'%

ep - 72?2 B 2
+/S4¢2A(5)2/3 HVHESIRR| + ZA0) VS| dow,

= [ GG aw@ [P + (14 2) 40 VSl do
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for any given € > 0, so that

(3-1) [ a(4@7%) dou < L6 =13 +2) [ P TE | do

4
+(8-1) (1 - ﬁ) / A0 [V 5| doy.
) Js
Combining (6.4) and (6.5),

k N
g <2n i B- 1) /9902A(5)2ﬁ_4‘vﬂ’5|h’2\2 doy < g(ﬁ - 1) +€)/S

+@=1) (142 402|996 dow+ [ APV do
S S

(6.5)

~ 2
30214(5)26_4 ‘VH,SWz’ doy,

so that, factoring out and dividing by %,

(6.6) P(z, B,k) / PP A(S)PP VISR doy < Q(e, B) / A@B)? (VS| doy,
S S
where
PeBk)=—F+ @8+ —1+c  and Q) =4+ -1
Notice that
Qe,8) >4

for any € > 0 and any 8 > 1. Moreover,

>0 1fﬁe[1 1+
P(Oaﬁ7k) =0 lfﬁ—l"_ 27171
<0 ifB>1+4 /52—

=)

Since the map ¢ — P(g, 8, k) is continuous and 8 < 1 + ﬁ, there exists € = é(k, 8) such that

(6.7) P(é,5,k) > 0.
Choosing € = € in (6.6), we exploit (6.7) to infer that
2 41\ 28—4 o H,S |7 12|12 < Q(E,B) / 28 (OH,S |2
(6.8) /Sga A(9) V752 |h|*|* doy < PGAE) SA(&) |V g0| doy.

Finally, recalling (H3), we combine (6.5) and (6.6) to conclude that

~ (5.12) 2
[ Ao, < [ a(46)%) do
S S

(6.5) R B -2 2
<) [ Par TS| do (142) [ a077 [9%5of do

©6:8) 7 B(B+€)Q(E, B) B B 1 oH,S, |2
s ( 1P, B, k) +1+5>/SA(5)2 V52l don

Since the constant

_ (B(B+2)Q(E B) B
C(ﬂ,k)—( 1P, B, ) +1+A>

is independent on § > 0, the dominated convergence theorem allows to let 6 — 07 in the previous
inequality to deduce that

(6.9) /S IR doy < C(B, k) /S RPAITHS o2 doy.
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In order to conclude, we exploit (6.9) replacing ¢ with @®*+!. In this way Holder’s inequality implies
that

/ IR[28+2,2842 ggr, / |7 [26+2 (@ﬁ+1)2 don
s s
(6.9

9) ~
< C@.k) /S P89S (P4 doy,

= (1708 [ (o) IVl do

_B_ _1
- B+1 B+1
< (B +12C(8,k) ( /S |h|2ﬁ+%25+2dm> ( /S |v”’%|2ﬁ+2dm) |

whence

/S BP9 oy < (54 1)%8720(8, k)P /S TS [284 doy.

The thesis follows when 8 > 1. Finally, assume that 5 € [QZ;iIk , 1). In this case, (6.4) implies that

- 2 1
[P don < [ a(a@P) dow < 1 [ A@P1950R ds,
s s 1-5Js
and the thesis follows as in the previous case. O

Remark 6.2. As already pointed out, the vary same proof of Theorem 6.1 applies for an arbitrary
n > 2. In this case, it suffices to assume (5.9) instead of (H3), and to rely on (5.33) rather than on
(5.31). Accordingly, (6.1) has to be replaced by requiring that g, x(p) = 0 for any p € S.

7. THE BERNSTEIN PROBLEM

We are ready to solve the Bernstein problem in the class of hypersurfaces S C H? which satisfy
(H1), (H2) and (H3), providing the sub-Riemannian analogue of [63, Theorem 2]. To this aim, we are
going to assume the validity of suitable sub-Riemannian volume growth conditions, inspired by the
behavior of perimeter minimizers in the Heisenberg group (cf. [54, Theorem 2.2]).

Proposition 7.1. Let E C H" be a global perimeter minimizer with smooth, non-characteristic bound-
ary. Then there exists a constant ¢ > 0 such that

Pu(E, B.(p)) < er®*!
for any r > 0 and any p € OF.

Remark 7.2. With regard to the above volume growth condition, notice that 2n +1 = @ — 1, where
Q@ :=2n + 2 is both the homogeneous and the metric dimension of H" (cf. [64]).

Since we wish to apply Theorem 6.1, we need to ensure the validity of (6.1) for suitable values of
k. Let us describe our approach as follows. Let my € [0, %] be such that

(7.1) 0(p)* = mylhy|?

for any p € S. Notice that the upper bound for m, follows from (5.17), while m; = 0 can be chosen
whether no further information is available.

Proposition 7.3. Assume that
3my —6

2
7.2 <= = =
(7.2) my 5 w < u(my) —

<~

Then there exists k € (3,2] such that (6.1) is satisfied.

Remark 7.4. The relevance of having k& > % in Proposition 7.3 will be evident in a few lines. Notice
that the function s — wu(s) is continuous and increasing on [O, %], and moreover u(0) = % and
u (%) = 2. In particular, (7.2) holds for any w < % without any further information on my, while the

best choice w = 2 can be made as soon as my > %.
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Proof of Proposition 7.3. Let k € (%, 2], and assume first that 0 < w < % In this way 3w — 2k < 0, so
that

- (5.17) 16 -
9skw(®) = (6 — 2w — 4k)|hy|*> + (3w — 2k) £(p)* > (6 — 3k> |hy?

for any p € S, whence (6.1) holds for any k € (%, %] . On the other hand, assume that w > % Since
w > %, we can chose k > % small enough to ensure that 3w — 2k > 0. Assume first that my € [0, %]

In this way, by (7.2), w < u(my), so that

95.kw(P) = (6 — 2w — 4K)|R,|* + (3w — 2k) £(p)?

(7.1) -
> (6 —w(2 — 3my) — 4k — 2kmy)|hy|?

(7.2) 3 3 ~
> (4 (4 — k) + 2my (4 — k:>> Byl

for any p € S. As the last term in the above inequality vanishes when k = %, and due to the last strict
inequality, the thesis follows when m, € [0, %] Finally, assume that my, > %. In this case, recalling
that w < 2,
95k(P) = (6 — 2w — k)|l |* + (3w — 2K) £(p)”
(7.1) _
> (6 — 2w — 4k + my(3w — 2Kk)) |hy|?
4 40 ~
40 (3
> (2= k) |k
o (5-¢) 1
for any p € S, whence the thesis follows as in the previous case. O

Before stating our main result, we point out that, in view of [3], when n > 2 the notion of com-
pleteness for an embedded hypersurface S C H™ can be equivalently given by the restriction of the
ambient metric on S or by the intrinsic metric of S, provided that the latter are induced by the
Euclidean, Riemannian or sub-Riemannian structure of H. Therefore, in the following we will talk
without ambiguity of complete hypersurfaces.

Theorem 7.5. Let S C H? be a smooth, complete, connected, embedded, two sided non-characteristic
hypersurface. Assume that S is stable. Assume that S verifies (H1), (H2) and (H3), where w is as in
(7.2). Assume in addition that there exists p € S and a constant ¢ > 0 such that

(7.3) i 7508 ()

r—+00 r2n+l =

Then S is a vertical hyperplane.

Proof. Fix p € S as in the statement. Let (R;); be a sequence of positive numbers such that
lim;_,oc Rj = 400. In this way, up to a subsequence, we deduce from (7.3) that

(7.4) o34(S N Bag, (p)) < eR™!

for any 7 € N and a suitable constant ¢ > 0. In view of [20, Lemma 3.6], it is possible to find a positive
constant C' > 0 and a sequence of non-negative functions (¢;); C C!(H?) such that
L — u, < C
(7.5) ¢j = 1in Bg,(p), ¢j = 0in H"\ Bag,(p) and IV7p;] < =
J
We wish to apply Theorem 6.1 to the sequence (¢;);. To this aim, since S is complete, then SNsupp ¢;
is compact in S for any j € N, whence (p;); € CL(S). Since w satisfies (7.2), Proposition 7.3 implies
the existence of k € (%, 2] such that (6.1) holds. Therefore, for any fixed j € N, we can apply (6.2),
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so that

~ (7.5) ~
/ ‘h|2,5+2 dO"H g / ‘h|25+2¢25+2 dO"H
SNBr;(p) SNBzr, (p)
(6.2)
SﬂBQRj (»)
/ |VH§0‘2B+2 dO’H
SﬁBsz (»)

- ~\ 26+2

(7.5) C

< (R) on (SN Bag, (p))
J

N

o ER3
= J

for a suitable positive constant ¢ independent of j € N. Observe that, if we could choose § > % in the
previous inequality, we could pass to the limit as j — oo to infer that

/ \h|2*2 doyy = 0,
S

whence h = 0. To this aim, it suffices to notice that

3 k 3
2<1+\/; <= k>1'

Therefore, we can conclude that h=0. Finally, being S non-characteristic, we can apply [55, Theorem
1.1] to conclude that S is a vertical hyperplane. Il

As a consequence of Theorem 7.5 and Proposition 7.1, we get the following corollary.

Corollary 7.6. Let E C H? be a global perimeter minimizer. Assume that OE is smooth, connected
and non-characteristic. Assume in addition that OF wverifies (H1), (H2) and (H3). Then OFE is a
vertical hyperplane.

Remark 7.7. When S is a minimal umbilic hypersurface, then S satisfies (H1), (H2) and (H3) with
w = 0. In particular, umbilic hypersurfaces automatically satisfy (7.2).

8. PROOF OF THEOREM 5.1

In this final section we provide the proof of the full Simons identity presented in Theorem 5.1.

Proof of Theorem 5.1. Let Eq,...,Eo,_1 be a local orthonormal frame of HT'S. In order to avoid am-
biguities when computing derivatives, we let hs and C,, be the (1,0)-tensor fields defined respectively
by

hs(Z)=h(S,Z) and  C,(Z)=C(Zv)
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for any Z € T'(HT'S). Then

2n—1
A™SH(X,Y) = Hess™5 h(E;,Ei, X, Y)
=1
2n—1
=1
(3.35) 2n—1
=) VE(VIA(ELY) +20(X, Ehs(Y))
=1
2n—1 2n—1
= ) Hess™ h(E;, X,E;,Y)+ > V5, (2C(X,Ei)hs(Y))
i=1 =1
1
(3.15) 2n—1 2n—1 2n—1
=73 Hess"S (X, Ei, i Y) + Y h(RY(X,E)E;,Y) + > h(E;, RS(X,E;)Y)
=1 =1 =1
11
2n—1
+ ) 20(X,E)VER(E;, Y) +1
i=1
IIT
2n—1
=) VX(VEAE,Y)) + T+ I+ 1II
=1
(3.33) 2n—1 2n—1 2n—1
=) VR(VEAY.E)) + ) VS2EaC(Y,E) + ) VI (200, (E)h(E;,Y))
=1 =1 =1
v v
2n—1
— ) VX(2aC,(Y)h(E;, E;)) +1+ I+ III
=1
VI
(3.35) 2n—1 2n—1
=0T VR(VER(EE)) + Y VR (2C(Y, Eihs(E:)) +1+ I+ L+ IV + V + VI
=1 =1
VII VIII

=I1+II+II1+1IV+V + VI+ VII + VIIL

We need to compute separately the terms I, ..., VIII. To this aim, we denote by Gy, ..., Go,_1 a local
orthonormal frame of HT'S such that

(8.1) G, =J(v) and J(G;) = Gy
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for any i =1,...,n — 1 (cf. [16]). Computation of I.

I = trace VS (2C(X, )hs(Y))

2n—1
=) V2, (2C(X,Gi)hs(Y))
i=1
514 2n—1 2n—1
T (S YIVE X G + Y 20(X, G T hs(Y)
i=1 =1
3.32),(3.6 iy S
(3:32),(3.6) > 20(8,Y)C(Gi, v)A(Gi, X) = D 20(S,Y)C(X, v)h(Gi, Gi) + 2V5 5 x) hs (V)
i=1 =1
_ 2n—1
H=0 > 21(S,Y)C(Gi, v)h(Gi, X) + 2V x hs(Y)
=1

8.1
) _2h(S,Y)A(I(v), X) +2V5 5 hs(Y).

Notice that

(S, Y)R(Iw), X) P2 —on(S, V)R(X, J() "L —2Yah(X, T (1)) — 4a2h(X, J)Y, T (1)).

On the other hand,

2V3 iy hs(Y) = 2x(J(X))(h(S,Y)) = 2h(S, V5 x))Y)

2 2m(J (X)) (Ve -+ 20%(Y, T (1)) — 2V 50 Vet — 403V 0y Ve T (1)

= 2Hess’"® a(n(J(X)),Y) + 8an(J(X))alY, J(v))

+ 4o (J(X))Y, J(v)) — 40*(Vr(gx)Ys T ()
= 2Hess™"% a(n(J(X)),Y) 4 8an(J(X))alY, J(v)) + 4a(Y, Ve d ()
D 2 Hess™ S a(n(J (X)), Y) + 8am(J(X))alY, J(v)) — 402 (J(Y), Vuisix V)
— 2 Hess™S a(r(J(X)),Y) + 8ar(J(X))alY, J(1)) — 4a2h(r(J(X)), 7(J(Y))).

In conclusion,

I = 2Hess™® a(n(J(X)),Y) + 8an(J(X))alY, J(v)) — 4a’h(n(J (X)), n(J(Y)))
—2Yah(X, J(v)) — 4a2h(X, J(W)(Y, J(v)).

Computation of VI.

2n—1
- Z V5 (2aC, (Y)h(E;, E;))
=1
2n—1 2n—1
==Y VEQaC,(Y)h(Ei, Ey) — 2aC(Y,v) Y VEh(E;, E)
i=1 i=1

= —V%(2aC,(Y))H — 2aC(Y, v) trace V5 h(-, -)
(4.8)

[

—V3(2aC,(Y))H — 2aC (Y, V)X H

H=0

0.

Computation of VII. Thanks to Proposition 4.2, we infer that

VII = trace Hess™"° h(X,Y, ) = Hess™S H(X,Y) H=Z0
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Computation of VIII.

VIII = trace V5 (2C (Y, ) hs(+))

2n—1
=) VX(2C(Y,Gi)hs(Gy))
i=1
3.14) —
U2 a8, GOVRO(Y.Gi) + Y 20(Y. GV hs(G)
— i=1
3.32) e — S
T2 Y M GIC(G XL Y) = 3 2M(S,GICIY (X, Gi) + ) 20(Y, G Viihs(G)
i=1 =1 =
(8.1),(3.6)

LEO _on(S, J(w))W(X,Y) = 2h(S, Vxv)C(Y,v) + 2V hs(r(J(Y))).
Notice that
—on(S, J)(X,Y) ) (—2(Va, J(v)) — 40?) H(X,Y).
On the other hand,
—2h(S,Vxv)C(Y,v) =2 (Vxv)alY,J(v)) + 4?h(X, J()(Y, J(v)).
Finally,
2V5hs(m(J(Y))) = 2X (h(S, 7(J(Y)))) — 2h(S, Vi (J(Y)))

(3.9),(3.7) J(Y))) + 402 (x(J(Y)), VxJ(v))

40’h(X, J(n(J(Y))))
) —

2 Hess™¥ a( X, 7 (
= 2Hess™% a(X, 7(J(Y))

) —
@D 2 Hess™* o (X, m(J(Y))) +4O‘2h(X Y

40*h(X, JW))Y, J(v)).
Putting the previous equations together, we conclude that

VIIL = —2(Va, J(w)h(X,Y) + 2 (Vxv)alY, J(v)) + 2Hess™ (X, 7(J(Y))).

Computation of II.

2n—1 2n—1
=) R%X,Gi Gi,Gj)h(G;,Y) + > R5(X,G;,Y,G))h(Gi, Gy)
i,j=1 i,j=1
- 2n—1 2n—1
2057 B(Gi, G (X, GGy, Y) = 3 B(X, Gi)h(Gy, Gy)h(Gy, Y)
i,7=1 i,7=1
2n—1 2n—1
+ > MGy, Y)(X,G)h(Gi, Gj) — > h(X,Y)h(G;, G;)?
i,j=1 i,j=1
. 2n—1
H=0 > h(Gi, Y)R(X, G)(h(Gi, G;) — h(Gy, Gi)) — |h[*h(X,Y)
i,j=1
3.17 !
CLD 90 37 h(Gi, Y)R(X, Gy)C(Gy, Gi) — [B2R(X, Y)
i,j=1
2n—1 2n—1

27 90 D h(Y,Gi)A(X,Gj)C(Gy, Gi) + 40 D (X, G5)C(Y, Gi)C(Gy, Gi) — |h[*h(X,Y).
i,j=1 i,j=1
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Notice that

2n—1

2n—1 2n—1
> h(Y,Gi)h(X, G;)C(Gy, Gy) Z h(X,G;) <Vyl/, > (J(Gj),Gi>Gi>
ij=1 i=1
(3.10) 2}
=7 ) (X, Gy)(Vyr, J(Gy))
j=1
2n—1
= — <VXV7 > <J(VYV)>GJ>GJ>
j=1
—(Vxv, J(Vyv)) + (Vxv,v)(J(Vyv),v)
3.10
CL) v, J(Vyw).
On the other hand,
2n—1 2n—1 2n—1
i,j=1 i=1

7

I
im“m\

Therefore we conclude that

II = (—|h]* + 40®) h(X,Y)

Computation of IV.

2n—1

]

2n—1

= > h(X,G) (J(Y),v
j=1

Gj) + h(X, J () (J(Y),v)

—h(X, JW) (Y, J(v)).

2n—

— 40X, J() (Y, J(v)) — 2a(Vxv, J(Vyv)).

1

IV =Y 2V3(Gia)C(Y,Gi) + Y 2G;iaVSC(Y,G))
i=1

=1

2n—1

U2 908 (r(T(V))a) +

=1

2n—1

Y 2G;iaC(Gi,v)A(X,Y) = Y 2GaC(Y,v)h(X,G;)

i=1

= 2Hess" a(X, 7(J(Y))) = 2(Va, J)W(X,Y) + 2(Y, J(v)) (Vxv) a

43
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Computation of V
2n—1 2n—1
V=Y 2XaC(Giv)h(G;,Y)+ Z 20X (C(Gi, v)h(Gi,Y))

i=1

2n—1 2n—1 2n—1
— > 20C(VXGi,v)h(Gi,Y) — Z 2aC (G, v)h(VX Gy, Y) — Z 2aC(Gy, v)h(Gy, VSY)
=1
3.17 !
CLD _aXah(Y,J(v) — 2aXh(I(v),Y) + 3 20V Gy, J())h(Gy, Y)
=1

+ 20h(V5J(1),Y) 4 2ah(J (v), VXY)
2n—1
= —2Xah(Y,J(v)) — 2aX(V 50, Z 20(Gy, V5 J (1)) h(Gy, Y)

+ 20h(V5J(1),Y) 4 20h(J (v), VXY)

= —2Xah(Y, J (1)) — 20X (V v, Y) + 2ah(J (v), VEY)
= —2Xah(Y, J(v)) - 2a(V5V o)1, Y)
= —2Xah(Y,J(v)) = 2a(VxV o)1, Y).

Computation of III.
I = 2V2h(n(J(X)),Y)
= 25(Vauyt: Y) = 2(Vgsacxnt Y) = 2Vaw, V3Y)
= 2AVEVruxn Y) + 2{Vaxnys V3Y) = 2Vysaoors Y) = 2Vaxy v V5Y)
= 2VsV, it Y) = 2(Vysraxn?s Y) + 2(Vsm(J(X)), v)(V,r,Y)
= 2(R(S, n(J(X))v,Y) + 2(Vrs(x)Vst, Y) + 2(V (s zsx ) Y)

= 2Vygrxn Y) +2(Vsm(J(X)),v)(Vor,Y)

R=0
=" 2(Vrux)Vsts Y) + 2(Vis z((x))-Vsr (XN Y) + 2(Vsm(J (X)), v)(V,1,Y)

(3.8),(3.4)
= 2V o) VY)Y + AV (x0T (1), Y) + 2(V g (r(5(x)),5) Y )

= 2(Vv, xst Y) +4a(Y, J(v))h(S, (I (X))).
Notice that
2V Ve, Y) =2(V3 (J(X))v a,Y) = 2Hess™® a(r(J(X)),Y).

Moreover,

=
N
2
=~
s
°
[\
=
S
>
[
03]
2

Y, J())m(J(X))a + 40 (Vr(y(x)) I (), Y)
— 8a(Y, J())(J (X))o — 4ah(m(J (X)), 7(J(Y))).
In addition,

(2.2)
2(Viorgxax)sv Y) = —Ar(J(X)), J(S)(Vrv,Y)

)
= —4(x(J(X)), JD) Vv, Y} + daln(J(X)), J0)) (Vv V)

@0,

Observe that

(2.3)
2V, s Y) = 2V, Giaparts V)

=27(J(X))a(V,1,Y) + 20(Vy

D _tan(J(X))alY, J(v)) + 20h(Va (s 0, Y)

w0, Y)

w(J(X))

20 _dan(J(X))alY, J(v) + 2ah(Y, Vi xv) + 402h(r(J(X)), 7(J(Y))).
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Finally,

40(Y, JNWh(S, 7(J(X))) P dan(J(X))alY, J0)).

In conclusion, we infer that

I = 2 Hess™* a(n(J(X)),Y) + 8an(J(X))alY, J(v)) + 2ah(Y, Vorax))v)-

The thesis follows from adding the terms that we have just computed. (Il

[
2]

REFERENCES

A. Agrachev, D. Barilari, and U. Boscain. A comprehensive introduction to sub-Riemannian geometry, volume 181
of Cambridge Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 2020.

F. J. Almgren, Jr. Some interior regularity theorems for minimal surfaces and an extension of Bernstein’s theorem.
Ann. of Math. (2), 84:277-292, 1966.

G. Antonelli and E. Le Donne. Pauls rectifiable and purely Pauls unrectifiable smooth hypersurfaces. Nonlinear
Anal., 200:111983, 30, 2020.

V. Barone Adesi, F. Serra Cassano, and D. Vittone. The Bernstein problem for intrinsic graphs in Heisenberg groups
and calibrations. Calc. Var. Partial Differential Equations, 30(1):17-49, 2007.

C. Bellettini. Extensions of schoen—simon—yau and schoen—simon theorems via iteration a la de giorgi, 2023. preprint,
https://arxiv.org/abs/2310.01340.

S. Bernstein. iiber ein geometrisches Theorem und seine Anwendung auf die partiellen Differentialgleichungen vom
elliptischen Typus. Math. Z., 26(1):551-558, 1927.

E. Bombieri, E. De Giorgi, and E. Giusti. Minimal cones and the Bernstein problem. Invent. Math., 7:243-268,
1969.

A. Bonfiglioli, E. Lanconelli, and F. Uguzzoni. Stratified Lie groups and potential theory for their sub-Laplacians.
Springer Monographs in Mathematics. Springer, Berlin, 2007.

L. Capogna, G. Citti, and M. Manfredini. Regularity of non-characteristic minimal graphs in the Heisenberg group
H'. Indiana Univ. Math. J., 58(5):2115-2160, 2009.

L. Capogna, G. Citti, and M. Manfredini. Smoothness of Lipschitz minimal intrinsic graphs in Heisenberg groups
H", n > 1. J. Reine Angew. Math., 648:75-110, 2010.

L. Capogna, D. Danielli, S. D. Pauls, and J. T. Tyson. An introduction to the Heisenberg group and the sub-
Riemannian isoperimetric problem, volume 259 of Progress in Mathematics. Birkhauser Verlag, Basel, 2007.

J.-H. Cheng, H.-L. Chiu, J.-F. Hwang, and P. Yang. Umbilicity and characterization of Pansu spheres in the
Heisenberg group. J. Reine Angew. Math., 738:203-235, 2018.

J.-H. Cheng, J.-F. Hwang, A. Malchiodi, and P. Yang. Minimal surfaces in pseudohermitian geometry. Ann. Sc.
Norm. Super. Pisa Cl. Sci. (5), 4(1):129-177, 2005.

J.-H. Cheng, J.-F. Hwang, A. Malchiodi, and P. Yang. A Codazzi-like equation and the singular set for C' smooth
surfaces in the Heisenberg group. J. Reine Angew. Math., 671:131-198, 2012.

J.-H. Cheng, J.-F. Hwang, and P. Yang. Existence and uniqueness for p-area minimizers in the Heisenberg group.
Math. Ann., 337(2):253-293, 2007.

H.-L. Chiu and S.-H. Lai. The fundamental theorem for hypersurfaces in Heisenberg groups. Calc. Var. Partial
Differential Equations, 54(1):1091-1118, 2015.

0. Chodosh and C. Li. Stable minimal hypersurfaces in R*. to appear in Acta Math.

0. Chodosh, C. Li, P. Minter, and D. Stryker. Stable minimal hypersurfaces in R®. preprint, https://arxiv.org/
abs/2401.01492.

W.-L. Chow. Uber Systeme von linearen partiellen Differentialgleichungen erster Ordnung. Math. Ann., 117:98-105,
1939.

G. Citti, N. Garofalo, and E. Lanconelli. Harnack’s inequality for sum of squares of vector fields plus a potential.
Amer. J. Math., 115(3):699-734, 1993.

G. Citti, G. Giovannardi, and M. Ritoré. Variational formulas for submanifolds of fixed degree. Calc. Var. Partial
Differential Equations, 60(6):Paper No. 233, 44, 2021.

G. Colombo, M. Magliaro, L. Mari, and M. Rigoli. Bernstein and half-space properties for minimal graphs under
Ricci lower bounds. Int. Math. Res. Not. IMRN, (23):18256-18290, 2022.

D. Danielli, N. Garofalo, and D. M. Nhieu. Sub-Riemannian calculus on hypersurfaces in Carnot groups. Adv. Math.,
215(1):292-378, 2007.

D. Danielli, N. Garofalo, and D. M. Nhieu. Sub-Riemannian calculus and monotonicity of the perimeter for graphical
strips. Math. Z., 265(3):617-637, 2010.

D. Danielli, N. Garofalo, D. M. Nhieu, and S. D. Pauls. Instability of graphical strips and a positive answer to the
Bernstein problem in the Heisenberg group H'. J. Differential Geom., 81(2):251-295, 2009.

D. Danielli, N. Garofalo, D.-M. Nhieu, and S. D. Pauls. The Bernstein problem for embedded surfaces in the
Heisenberg group H'. Indiana Univ. Math. J., 59(2):563-594, 2010.

E. De Giorgi. Una estensione del teorema di Bernstein. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (3), 19:79-85, 1965.
M. do Carmo and C. K. Peng. Stable complete minimal surfaces in R* are planes. Bull. Amer. Math. Soc. (N.S.),
1(6):903-906, 1979.


https://arxiv.org/abs/2310.01340
https://arxiv.org/abs/2401.01492
https://arxiv.org/abs/2401.01492

46
[29]
[30]
[31]

[32]

G. GIOVANNARDI, A. PINAMONTI, AND S. VERZELLESI

M. P. do Carmo. Riemannian geometry. Mathematics: Theory & Applications. Birkhduser Boston, Inc., Boston,
MA, portuguese edition, 1992.

S. Don, L. Lussardi, A. Pinamonti, and G. Treu. Lipschitz minimizers for a class of integral functionals under the
bounded slope condition. Nonlinear Anal., 216:Paper No. 112689, 27, 2022.

S. Dragomir and G. Tomassini. Differential geometry and analysis on CR manifolds, volume 246 of Progress in
Mathematics. Birkh&user Boston, Inc., Boston, MA, 2006.

D. Fischer-Colbrie and R. Schoen. The structure of complete stable minimal surfaces in 3-manifolds of nonnegative
scalar curvature. Comm. Pure Appl. Math., 33(2):199-211, 1980.

W. H. Fleming. On the oriented Plateau problem. Rend. Circ. Mat. Palermo (2), 11:69-90, 1962.

B. Franchi, R. Serapioni, and F. Serra Cassano. Rectifiability and perimeter in the Heisenberg group. Math. Ann.,
321(3):479-531, 2001.

B. Franchi, R. Serapioni, and F. Serra Cassano. On the structure of finite perimeter sets in step 2 Carnot groups.
J. Geom. Anal., 13(3):421-466, 2003.

M. Galli and M. Ritoré. Area-stationary and stable surfaces of class C' in the sub-Riemannian Heisenberg group
H'. Adv. Math., 285:737-765, 2015.

N. Garofalo and D.-M. Nhieu. Isoperimetric and Sobolev inequalities for Carnot-Carathéodory spaces and the
existence of minimal surfaces. Comm. Pure Appl. Math., 49(10):1081-1144, 1996.

G. Giovannardi, A. Pinamonti, J. Pozuelo, and S. Verzellesi. The prescribed mean curvature equation for ¢t-graphs
in the sub-Finsler Heisenberg group H". Adv. Math., 451:Paper No. 109788, 2024.

G. Giovannardi and M. Ritoré. Regularity of Lipschitz boundaries with prescribed sub-Finsler mean curvature in
the Heisenberg group H'. J. Differential Equations, 302:474-495, 2021.

G. Giovannardi and M. Ritoré. The Bernstein problem for (X, Y')-Lipschitz surfaces in three-dimensional sub-Finsler
Heisenberg groups. Commun. Contemp. Math., 26(9):Paper No. 2350048, 2024.

E. Giusti. Minimal surfaces and functions of bounded variation, volume 80 of Monographs in Mathematics. Birkhauser
Verlag, Basel, 1984.

S. N. Golo and M. Ritoré. Area-minimizing cones in the Heisenberg group H. Ann. Fenn. Math., 46(2):945-956,
2021.

M. Gromov. Carnot-Carathéodory spaces seen from within. In Sub-Riemannian geometry, volume 144 of Progr.
Math., pages 79-323. Birkh&user, Basel, 1996.

R. K. Hladky and S. D. Pauls. Constant mean curvature surfaces in sub-Riemannian geometry. J. Differential Geom.,
79(1):111-139, 2008.

A. Hurtado, M. Ritoré, and C. Rosales. The classification of complete stable area-stationary surfaces in the Heisen-
berg group H'. Adv. Math., 224(2):561-600, 2010.

F. Maggi. Sets of finite perimeter and geometric variational problems, volume 135 of Cambridge Studies in Advanced
Mathematics. Cambridge University Press, Cambridge, 2012. An introduction to geometric measure theory.

V. Magnani. Characteristic points, rectifiability and perimeter measure on stratified groups. J. Eur. Math. Soc.
(JEMS), 8(4):585-609, 2006.

L. Mazet. Stable minimal hypersurfaces in RS, 2024. preprint, https://arxiv.org/abs/2405. 14676, 2024.

F. Montefalcone. Stable H-minimal hypersurfaces. J. Geom. Anal., 25(2):820-870, 2015.

R. Monti, F. Serra Cassano, and D. Vittone. A negative answer to the Bernstein problem for intrinsic graphs in the
Heisenberg group. Boll. Unione Mat. Ital. (9), 1(3):709-727, 2008.

S. Nicolussi and F. Serra Cassano. The Bernstein problem for Lipschitz intrinsic graphs in the Heisenberg group.
Calc. Var. Partial Differential Equations, 58(4):Paper No. 141, 28, 2019.

S. D. Pauls. Minimal surfaces in the Heisenberg group. Geom. Dedicata, 104:201-231, 2004.

A. Pinamonti, F. Serra Cassano, G. Treu, and D. Vittone. BV minimizers of the area functional in the Heisenberg
group under the bounded slope condition. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 14(3):907-935, 2015.

A. Pinamonti, G. Stefani, and S. Verzellesi. Lipschitz approximation of almost d-perimeter minimizing boundaries
in plentiful groups. preprint, https://doi.org/10.48550/arXiv.2312.15473, 2023.

A. Pinamonti and S. Verzellesi. A characterization of horizontally totally geodesic hypersurfaces in heisenberg groups.
preprint, https://doi.org/10.48550/arXiv.2305.13148, 2024.

A. V. Pogorelov. On the stability of minimal surfaces. Dokl. Akad. Nauk SSSR, 260(2):293-295, 1981.

7] J. Pozuelo and S. Verzellesi. Existence and uniqueness of t-graphs of prescribed mean curvature in heisenberg groups,

2024. preprint, https://arxiv.org/abs/2405.06533, 2024.

M. Ritoré. Examples of area-minimizing surfaces in the sub-Riemannian Heisenberg group H' with low regularity.
Calc. Var. Partial Differential Equations, 34(2):179-192, 2009.

M. Ritoré. A proof by calibration of an isoperimetric inequality in the Heisenberg group H". Calc. Var. Partial
Differential Equations, 44(1-2):47-60, 2012.

M. Ritoré. Tubular neighborhoods in the sub-Riemannian Heisenberg groups. Adv. Calc. Var., 14(1):1-36, 2021.
M. Ritoré and C. Rosales. Area-stationary surfaces in the Heisenberg group H'. Adv. Math., 219(2):633-671, 2008.
M. Santos and J. Veloso. Second variation of sub-riemannian surface measure of non-horizontal submanifolds in
sub-riemannian stratified lie groups. J Dyn Control Syst, 29:721-756, 2023.

R. Schoen, L. Simon, and S. T. Yau. Curvature estimates for minimal hypersurfaces. Acta Math., 134(3-4):275-288,
1975.

F. Serra Cassano. Some topics of geometric measure theory in Carnot groups. In Geometry, analysis and dynamics
on sub-Riemannian manifolds. Vol. 1, EMS Ser. Lect. Math., pages 1-121. Eur. Math. Soc., Ziirich, 2016.


https://arxiv.org/abs/2405.14676
https://doi.org/10.48550/arXiv.2312.15473
https://doi.org/10.48550/arXiv.2305.13148
https://arxiv.org/abs/2405.06533

CURVATURE ESTIMATES FOR MINIMAL HYPERSURFACES IN THE HEISENBERG GROUP 47

[65] F. Serra Cassano and D. Vittone. Graphs of bounded variation, existence and local boundedness of non-parametric
minimal surfaces in Heisenberg groups. Adv. Calc. Var., 7(4):409-492, 2014.

[66] J. Simons. Minimal varieties in riemannian manifolds. Ann. of Math. (2), 88:62-105, 1968.

[67] S. Verzellesi. New and old sub-Riemannaian challenges bridging analysis and geometry, 2024. Ph.D. thesis, University
of Trento.

[68] R. Young. Area-minimizing ruled graphs and the Bernstein problem in the Heisenberg group. Calc. Var. Partial
Differential Equations, 61(4):Paper No. 142, 32, 2022.

(Gianmarco Giovannardi) DIPARTIMENTO DI MATEMATICA E INFORMATICA ”U. DINI”, UNIVERSITA DEGLI STUDI DI
FIRENZE, VIALE MORGANI 67/A, 50134, FIRENZE, ITALY
Email address: gianmarco.giovannardi@unifi.it

(Andrea Pinamonti) DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI TRENTO, VIA SOMMARIVE, 14, 38123 Povo
TN

Email address: andrea.pinamonti@unitn.it

(Simone Verzellesi) DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI TRENTO, VIA SOMMARIVE, 14, 38123 Povo
TN

Email address: simone.verzellesi@unitn.it



	1. Introduction
	The Euclidean Bernstein problem
	An alternative approach
	The sub-Riemannian Bernstein problem
	Structural assumptions
	The sub-Riemannian Schoen-Simon-Yau's approach
	Plan of the paper
	Acknowledgements

	2. Preliminaries
	2.1. The Heisenberg group
	2.2. Carnot-Carathéodory structure
	2.3. Perimeter and perimeter minimizers

	3. Geometric properties of non-characteristic hypersurfaces
	3.1. Non-characteristic hypersurfaces
	3.2. Tangent pseudohermitian connection
	3.3. Second fundamental forms and mean curvature
	3.4. Eigenvectors and umbilicity
	3.5. Tangential Laplace-Beltrami operators
	3.6. The commutation tensor
	3.7. Gauss-Codazzi equations
	3.8. Variation formulas

	4. Further properties of the second fundamental forms
	5. Simons and Kato inequalities
	5.1. The full Simons identity
	5.2. Simons inequality in arbitrary dimension
	5.3. A refined Simons inequality in H2
	5.4. Kato inequalities
	5.5. Simons-Kato inequalities

	6. The improved stability inequality
	7. The Bernstein problem
	8. Proof of fullsimons
	References

