FREE BOUNDARY REGULARITY FOR A SPECTRAL OPTIMAL PARTITION

PROBLEM WITH VOLUME AND INCLUSION CONSTRAINTS
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ABSTRACT. This paper is devoted to a complete characterization of the free boundary of all solutions
to the following spectral k-partition problem with measure and inclusion constraints:

k .
w; C Q are nonempty open sets for all i =1,...,k,
inf E A1 (w;) - v pty ‘P . : ’
i=1 wiNw;j =0foralli# jand 35 | lwi| =a

where Q is a bounded domain of RY | a € (0,|Q|). In particular, we prove free boundary conditions, clas-
sify contact points, characterize the regular and singular part of the free boundary (including branching
points), and describe the interaction of the partition with the fixed boundary 0.

The proof is based on a perturbed version of the problem, combined with monotonicity formulas,
blowup analysis and classification of blowups, suitable deformations of optimal sets and eigenfunctions,
as well as the improvement of flatness of [Russ-Trey-Velichkov, CVPDE 58, 2019] for the one-phase
points, and of [De Philippis-Spolaor-Velichkov, Invent. Math. 225, 2021] at two-phase points.
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This paper is devoted to a complete characterization of a solution to a spectral partition problem
settled in a box and with measure constraints. More precisely, given k € N, a bounded Lipschitz domain
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Q c RY and a € (0,]9|), we study the problem:

k .
. w; C ) are nonempty open sets for all i =1,... k,
Ay k(a) = inf E M(w) @ o & (1.1)
P w;Nwj =0foralli#jand >, |wi| =a
In [6], it is shown that an optimizer always exists and that, moreover, if (1, ...,Qy) is any optimizer

and we take, for each i = 1,...,k, u; € H}(;) to be an associated first eigenfunction for the set
Q;, then w; is locally Lipschitz continuous in 2. The aim of the present paper is to pursue a deeper
study of the problem: we will provide a complete description of the free boundary U¥_;9Q; (regularity,
characterization and properties of contact points between different elements of the partition, interaction
with the fixed boundary 99,...) for all solutions of (1.1).

In order to state our results, we introduce some notation. Let (£1,...,€) be a partition of Q, i.e.,
Q1,...,Q C Q are open sets, and Q; N Q; = 0 for every i # j. For each i = 1,...,k, we define the
following mutually disjoint sets:

e T'op(09;) denotes the set of interior one-phase points, namely
Lop(084) = (0S4 MY \ U200
e I'p(09);) denotes the sets of one-phase points on the boundary of 92, namely
I'p(08%) = (02 NON) \ U;£;08;;
o I'1p(09;) denotes the sets of interior two-phase points:
Lrp(0Q;) = {J: € (09; N0, N Q) \ Ug;,:0, for some j # i }
Our main result is the following.

Theorem 1.1. Let Q C RN be a bounded Lipschitz domain. Problem (1.1) admits a solution, and every
optimal partition (Q1,...,Q) of (1.1) satisfies the following properties. For eachi=1,...,k, each set
Q; 1is connected, and the boundary 0X); of Q; can be decomposed as the following disjoint union

00Q; = FOP(an) U FTp(aQZ) Uul'p (891),
Moreover:

(1) 9Q;NQ can be decomposed as a disjoint union of a regqular and a (possibly empty) singular part,
09; N Q = Reg (09; N Q) U Sing (0Q; N Q) ,

where:
(a) the regular part Reg (0Q; N Q) is a relatively open subset of 3 N and it is of class C1
for all « € (0,1/2]. Moreover, the two-phase free boundary is regular, that is,

Lrp(€2;) C Reg (982, N Q);

(b) the singular set Sing (02; N Q) is a closed subset of 9Q; NQ of Hausdorff dimension at most
N — 5. Precisely, there is a critical dimension N* € {5,6,7} such that
- if N < N*, then Sing (092; N Q) = 0;
- if N = N*, then Sing (992; N Q)is locally finite in §2;
- if N > N*, then Sing (092; N Q)is a closed (N — N*)-rectifiable subset of 9Q; N with
locally finite HN—N" measure.
(2) If, in addition, Q is of class C11, then the full 9Q; can be decomposed as the disjoint union of a
regqular part Reg (0€;) and a singular part Sing (0%2;), where:
(a) Reg (0SY;) is an open subset of O and locally the graph of a CYY/? function; moreover,
Reg (0€2;) contains both Reg (092; N Q) and 0 N O8Y;
(b) Sing (09;) = Sing (092; N Q).

Remark 1.2. We highlight that, in Theorem 1.1, the assumption that Q has Lipschitz boundary is needed
only to show that there are no two-phase points at the fixed boundary 0 (see Section 3.2 below). For
the inner reqularity results (namely, of 0Q,, N ) it is enough to consider a bounded domain .

Observe that, for the one-phase problem k& = 1, a complete characterization of solutions has been
obtained in a collection of works [9, 10, 11, 42], and we will comment this below in this introduction.

Before we explain the strategy of the proof of Theorem 1.1, we provide the state of the art of this
topic, pointing out what are the similarities and differences with related open partition problems in the
literature.



1.1. State of the art and related problems. The study of shape optimization for spectral functionals
has been a very active topic in the last few years, see [32] for a general overview. The interest is motivated
both by the several applications in physics and engineering, where these quantities naturally arise, and
by the mathematical beauty and difficulty of the problems in this field. We will focus the discussion
here on spectral functionals with eigenvalues of the Dirichlet Laplacian (and, above all, the first Dirichlet
eigenvalue) but other boundary conditions or other operators could also be considered. Concerning
optimal partitions for the (sum of the) first eigenvalues of the Dirichlet Laplacian, in the last 20 years
there has been a flourishing of works, mostly for two main classes of problems, and nowadays several
properties of optimizers are well-understood. The first class of spectral optimal partitions for the principal
Dirichlet eigenvalue that has been studied starting from [18] and [20, 21] is the following:

inf iA (@) : w; C € are nonempty open sets for all i =1,... k, (1.2)
— 1) w; Nw; = 0 for alli # j ’ ’

which corresponds to a = || in (1.1), that is, it coincides with the level Aq x(|©2]) (since, by minimality,
the solution to (1.2) exhausts the whole domain €2). In this setting, it is known [18, 20, 47] that optimal
partitions exists, and that the interior free boundary, i.e. U;0w; N €, is regular, up to a singular set of
lower dimension. A deeper analysis of the singular set has been carried out much more recently in [2],
where the author proves both that the (N — 2)-Hausdorff dimension of the singular set is finite, as well
as a stratification result. Let us notice that, in this case, also the problem for higher eigenvalues has
been studied in [41]. We also point out to the reader the very recent work [40], where the boundary
regularity (namely, at the intersection with the boundary box 2) is considered for the sum of first
Dirichlet eigenvalues. Let us stress that the shape and properties of the optimal sets in this case are
rather different from the ones of our problem (1.1): in our case, as stated in Theorem 1.1, the free
boundary U¥_, 9Q; can not contain triple or higher multiplicity points, and it intersects the boundary of
Q) at one-phase points tangentially. This is in sharp contrast with spectral partition problems without
measure constraints (1.2), where triple points may appear and the sets of the optimal partition reach
the boundary of the box orthogonally.

Another optimal partition problem which has been considered in the literature [7, 12, 24, 45] and
whose behavior is more similar to that of our problem (1.1) is:

k k
i , | . w; CQ are nonempty open sets for all i = 1,...,k,
1nf{;/\1(wz)+mzl|wl| : oo, for alli £ ’ (1.3)

for m > 0. The properties of the solutions of (1.1) and of (1.3) are the same, see [24, Corollary 1.3].
The main results of existence and regularity of the solutions for this problem have been proved first by
Bucur and Velichkov [12], and then improved in the works [7, 45], while the complete regularity picture
has been proved in [24].

In this setting, it is also interesting to study the one-phase case, namely k = 1. Extensive work has
been conducted in this topic, starting from the existence result by Buttazzo and Dal Maso [13] in the
framework of capacitary measures and quasi-open sets. In this case, the regularity of the optimal sets
comes directly from the associated one-phase free boundary problems [3], see also [9, 10]. Several works
concerning the regularity of optimal shapes have been done, on the other hand, in the case of higher
eigenvalues [11, 35, 38] in RN (where it is easy to prove, by scaling, the equivalence with a constraint
problem), and [39] for the second eigenvalue in a bounded €.

We highlight that problems (1.1) and (1.3) are not equivalent. Instead, it has been shown in [6] that
(1.1) is equivalent to

Jr
inf Ek:)\ (wi) + Zk: |lwil —a . @i C ) are nonempty open sefs for all i =1,....F, (1.4)
2 1(wi) + 1 21 - wi Nw; = 0 for alli # j ’

for sufficiently large p > 0. Even though this problem may look similar to (1.4), the term with the positive
part lacks good Lipschitz-type estimates from below, which creates several difficulties in terms of the
study of free boundaries (for example, in the proofs of nondegeneracy properties or of finite perimeter).
In conclusion, the technical issues due to the measure constraint do not allow to apply directly the
known results for (1.3), but rather require the development of several new ideas and tools. This is not
surprising, as also in the case of the one-phase problem, namely k = 1, the study of the problem with the
measure constraint requires substantial additional work [10, 42]. The arguments therein use strongly the
deduction of a Euler-Lagrange equation, and in particular a local minimality property for A;(-) + Ay |
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for inner and outer perturbations respectively. However, this is also a property which seems specific of
one-phase problems, and in order to deal with multiple phases we have to follows a different direction,
see Subsection 1.2.

Although we have seen that the features of problems (1.2) and (1.3) are rather different, the main
techniques to study the regularity of the sets of an optimal partition are based on the tools developed
in the framework of free boundary problems. These tools and ideas will be crucial also in our paper as
well, as it can be guessed already from the statement of our main result. Therefore, we try to summarize
(without any claim of completeness) also the most important results on the regularity theory for free
boundary problems.

One-phase free boundary problems. The first and seminal paper on the regularity theory for one-
phase free boundary problems was developed by Alt and Caffarelli [3], for functionals of type

J(u) = /Q (IVu® + Q@)xjusoy) dz,  w =g on AL, (1.5)

where Q is a Holder continuous given function and uy € H/?(9Q, R*). They prove existence of minimiz-
ers, nondegeneracy, Lipschitz continuity of optimizers, finite perimeter of the free boundary, and that the
reduced boundary is C1'* (while the remaining singular set has ¥ ~! measure zero). Several important
tools have been developed to show those properties, such as harmonic extensions to build suitable com-
petitors, and blowup analysis. Higher regularity results for the reduced boundary, namely the passage
from CH to analytic (if Q is regular enough), employ the renowned techniques of Kinderlehrer-Nirenberg
[34].

Concerning the singular set, in [3] it is shown that it is empty in dimension 2. Then a stratification
result was first done by Weiss [52], introducing a monotonicity formula: namely, calling N* the lowest
dimension for which the Alt-Caffarelli functional (1.5) admits a one-homogeneous singular local minimizer
in the whole space = R¥_ he proved that the singular set has at most dimension N — N* and N* > 3.
Then several works [17, 33, 27, 29] improved the result by showing that N* € {5,6, 7}, that the singular
set has HV~N"_finite measure, and it is (N — N*)-rectifiable.

Two-phase free boundary problems. The first paper on two-phase free boundary problems in this
setting is the celebrated work by Alt, Caffarelli, and Friedman [4], concerning the functional

Jip(u) = /Q(|VU|2 + M X0 + A2 X {u<0y + Ao X {uzo}) d2, u = v on 99, (1.6)

where v € H'/2(09) and A+ > Ao > 0 (actually, they considered the simplified version where A\, # \_
and Ay = \g or A\_ = )¢ so that the zero region has zero measure). In this work, the fundamental ACF-
monotonicity formula was first introduced. Then, several regularity results in the two-phase setting have
been deduced, see for instance [14, 15, 26] and references (we refer the reader to the introduction of
[24] for a complete list and description). Summarizing, it was proved that the optimal sets (namely
{u > 0} and {u < 0}) are regular up to a singular one-phase set, which is small, but there could also be
branching points which were not completely understood until recently. Finally (following by the work [46]
in the particular dimension 2) the work by De Philippis, Spolaor and Velichkov [24] led to a substantial
advancement in the understanding of the problem; the authors were able also to classify the branching
points (the key technical issue being a suitable improvement of flatness at those points). Let us stress
that branching points do not appear in the ACF case when Ay # A_ and Ay = Ay or A_ = )y, but
actually are a key feature of the problem as soon as the zero phase exists. This difference is analogous to
the difference between problem (1.2) (where the partition fully occupies the box) and (1.3) (where the
partition does not fully cover the box and thus there is a zero phase).

1.2. Strategy of the proof. The proof of the main Theorem 1.1 is rather involved and requires several
technical steps. Therefore, for the reader’s sake, we summarize here the main ideas. We start with the
information that, if (Q1,...,Q) is a solution to (1.1), then

AL(©:) = min § A (w) 1w € Q\ Ujsify, |w|=a— > [
J#i
for each i, and so, at one-phase points, one can use the existing results in the literature. This is not
however the case at two-phase points, whose study is the core of this work.
Having this in mind, first of all, in Section 2, we introduce a penalized version of problem (1.1) in
order to get rid of the measure constraint in (1.1), inspired by what is done in [1] in the one-phase
4



setting. We use a penalization with good upper and lower Lipschitz-type estimates (see Lemma 2.1 for
a precise statement), which also allows to avoid the positive part as in (1.4). This penalized problem
can be naturally formulated in a free boundary environment, as it is equivalent to consider a partition
or the vector of first eigenfunctions (suitably normalized) associated to each set of the partition. It is
through this penalization that we are able to treat two-phase points; on the other hand, this penalization
is not C'', which creates many difficulties and requires several new ideas. For this new problem without
measure constraint, in this chapter we prove some of the basic results concerning existence of a solution
(which in this case is at the same time both a partition and a vector of H' functions), the nondegeneracy
and Lipschitz continuity of the optimal eigenfunctions and suitable density estimates. The techniques
used here are essentially the nowadays standard strategies for proving these basic regularity results in
free boundary problems, and we adapt them to our situation.

Then, in Section 3, using a three phase monotonicity formula, the nondegeneracy property and ideas
from [12], we prove that optimal partitions in our setting do not admit neither triple nor higher multiplic-
ity points (in the interior of the box), neither two-phase nor higher multiplicity points at the boundary
of the box (.

Section 4 is aimed at proving the equivalence between the original problem and the penalized one (for
a suitable choice of the parameter in the penalization), in the sense that the energy levels coincide and
both problems have the same optimizers. To do this, we first need to show the existence of a one-phase
point in the reduced boundary of at least one set of the an optimal partition, which allows us to use
shape variations to deduce an optimality condition, which is the key to show the desired equivalence as
it was done in [1].

Then, in Section 5, we start a detailed study of two-phase points, precisely classifying all blowups
centered there. To do this, we need to use ACF-type monotonicity formulas and techniques inspired
from the works of Conti, Terracini and Verzini [21, 20]. We stress that, since the penalization is not C,
then blowup limits are not local minimizers of some functional, and this fact is the main difficulty of this
part (and a key difference between our penalized problem and (1.3)).

Thanks to the analysis of blowups at two-phase points, we can use, in Section 6, the notion of viscosity
solutions to interpret the optimality condition at all points of the free boundary of an optimal partition
and then employ the improvement of flatness of [42] for the one-phase points and the one of [24] at
two-phase points (including the branching points) to conclude the proof of our main result. We stress
that we are not able to use from the beginning the approach of the viscosity solution on the penalized
problem, once again because the penalization is not C! (and it does not seem possible to find a regular
penalization with the good properties that we need).

Finally, in the appendix, we include some useful results and remarks, some basic facts about Geometric
Measure Theory and quasi-open sets.

Notation. We denote the ball centered at o € R and radius » > 0 by B,.(zp); whenever zo = 0, we
simply write B,. Given a measurable function v :  — R, we denote its nodal set by Q,, := {v # 0}. For
measurable sets A,,, A C Q, we say that A4,, — A in L}(Q) if xa, — xa in L}(Q), where x denotes the
characteristic function. The notation for L?(2) norms is || - ||,,, for p € [1, 00], while ”“Hiﬂ(sz) = [ |Vul?
0
is the standard Hj-norm, where |- | denotes, as usual, the Euclidean norm. The N-dimensional Lebesgue
measure of a measurable set £ C RY is denoted by |E|. The average of a function f over a set E is given
by fE f= ﬁ /  f- The positive and negative parts of f are denoted, respectively, by f, = max{f,0},
f— =max{—f,0}. We denote by O, the relative boundary of a set.

2. A PENALIZED PROBLEM. EXISTENCE, NONDEGENERACY, LIPSCHITZ CONTINUITY, FINITE
PERIMETER, DENSITY ESTIMATES.

In this section, inspired by [1], we introduce a penalized function to treat the regularity of the free
boundary for the solutions of (1.1). We proceed by establishing various properties pertinent to the
solutions of this functional. We start with the following piecewise linear auxiliary function: for 5 € (0, 1],
define

o %(s—a) ifs>a
fn(s)._{n(s_a) fs<a (2.1)

Lemma 2.1. The function f, satisfies the following properties.
(1) fy(s) > —na for every s > 0,



(2) n(s2 —s1) < f(s2) — fn(s1) < %(82 — 51) whenever 0 < 51 < ss.

The proof of this lemma is straightforward, and we omit it. Now, we work with the penalized functional

k / |V, |2 k B
Ty, ug) =Y F—— 4 f, (Z |Qui|> . (ur...,ug) € H,
=1

i=1 / u?
Q

where
H:= {(ul, cuy) € HY(Q;RF) : wy; # 0 for every 4, w; - u; = 0 for i ;é]} (2.2)
We now focus our attention on the infimum:
¢y = inf J,,. (2.3)
)i

For future reference, observe that, by Lemma 2.1-(1),
k 2
Vui —
Zfﬂ‘iuz'g,]n(ul,...,uk)—i—a, for every (uq,...,ur) € H, n € (0,1]. (2.4)
i=1 Q7
Remark 2.2. We point out that in [6, Theorem 1.2] it is shown that

Q
u2

A g(a) =min{J(u1,...,ug): (u1,...,ux) € Ho}, where J(u1,...,ug) = zk: =
= /Q
and H, = {(u1,...,ur) € HE(Q;R*) : w; # 0 for every i, w;-u; =0 fori# j, Ele |Q0,] < a}.
2.1. Uniform bounds, variational inequalities and regularity of minimizers.
Lemma 2.3. There exists C = C(N,k,a,Q) > 0 such that
A k(1)) —a <e¢, <Ayg(a)  for every n € (0,1],
where we recall that Ay ,(|Q]) coincides with the level (1.2).

Proof. Take (uy,...,u) € H, (recall Remark 2.2) and note that Zle |0, | < a, thus using the definition
of f, it holds f,,(32F_, |,

) < 0. Hence, we obtain
J(ur,. .. ug) > Ip(ur, ..., ug) > ¢y
Then, passing to the infimum in H,, we deduce
A k(a) > ¢y
The lower bound, on the other hand, is a consequence of (2.4) and the fact that
k / [V |*
o _

Ay (|2]) = inf 27: (uy,...,ux) € H
e
Q

i=1
(for this identity, see, for instance, the proof of Theorem 1.1 in [20]). O

By using the previous result, we can prove the existence of minimizers of J,, over H. This is the
content of the next lemma.

Lemma 2.4. The level ¢, is achieved, that is,
there exists wy = (U1, ..., Uky) € H such that Jy(u,y, ..., Uky) = cy.
Moreover, there exists a constant C' = C(N,k,a,Q) > 0 such that

unll @) < C, for every L?—normalized minimizer u, of ¢,, and n € (0,1]. (2.5)
6



Proof. The existence of a minimizer is a straightforward consequence of the direct method of the Calculus
of Variations. Indeed, Lemma 2.3 implies that ¢, > —oo. Take a minimizing sequence (u1 p, ..., Ukn) €
H such that

In(Uin, .o Ukn) = Cp, / ufn =1 for every 1.
Q

Then, by (2.4) and Lemma 2.3,
k
Z/ Vol < Jy(utp,.ugn) +a<c,+14+a<C+1+a (2.6)
i=179

for sufficiently large n. In particular, for each i, the sequence (u; ,)nen is uniformly bounded in H{ (),
and then there exists u; € Hg(2) such that, up to a subsequence, as n — oo,

win — u; weakly in Hg(Q), strongly in L*(2), and pointwise a.e. in Q.
In particular,

/ uf =1 and w;-u; =0a.e in{, (2.7)
Q

so that, in particular, (ug,...,ux) € H. Moreover,

/|Vu,‘|2 §liminf/ |V n|?
Q n Q

and, since x,, < liminf, x,, , a.e. in Q, by Fatou’s lemma

k k
D Q] < liminf Y |9, |-
i=1 i=1

In conclusion, since f,, is a continuous and increasing function:

ey < Jylur, ... u,) < 1inglinf (Ut gy U ) = €y,

and ¢, is achieved by (u1,...,un).
The uniform bounds in Hg(2) norm are a consequence of (2.4), which implies

k
Z/|Vul-|2§Jn(ul,...,uk)—i—a:cn—i—a§C+a. O
i=17%

Now, we are ready to prove some regularity results for the minimizers of J,,. We start by showing, in
particular, the L*° boundedness of the solutions.

Lemma 2.5. Letn € (0,1] and let (u1,...,ux) € H be a nonnegative L?-normalized minimizer of J,,
attaining the level ¢,. Then

—Au; = A (Qy)u; in Qy, and  — Au; < A (Qy,)u; in Q.

As a consequence, there exists a constant C = C(N,k,a,Q) > 0 (in particular, independent of n) such
that

il oo () < C.

Proof. Let us note that Q,, = {u; > 0} is a quasi-open set (see Section A.2). For all nonzero v €
H}(€,,), testing the minimality of (uy,...,uy) for Jp with (uq,...,%-1,v,ui41,ux) € H and noting
that {v > 0} C {u; > 0} and f,, is increasing shows immediately that u; is the first Dirichlet eigenfunction
on ;.

Let ¢ € C°(Q) be a nonnegative function and, for ¢ > 0 small and ¢ = 1,...,k, consider the
perturbation
(w1, i1, (wi — ) o wign, ... ug) € H.
Observe that Q,, _¢p)+ € Qy,, thus we have [Q,, —4p)+| < [Qy,|. Since (uy,...,ux) is a minimizer of

Jnl7, we have

Zk 2 Zk Zk 2 | JolV(ui—to) P2 Zk
j=1 j=1 j=1 !

j=1
jti j#i



which implies, by Lemma A.1 and the fact that |lu;|2 = 1,

k k
Ll gy (S 1000 | = 4 | 1001+ 0ol | < [ 190 = e (152t [ wios ot0)
Jj=1 j=1

J#

= (/ |Vui|2_2t/ Vui.Vgo—&—o(t)) (1+2t/ uitp-i-o(t))
Q Q Q
:/ \Vui|2+2t/ \Vui|2/uigont/Vui'V<p+o(t),
Q Q Q Q

as t — 07. Hence, by using the monotonicity of f,, we obtain

k
0< o ( Do 1u,1] = £ Z|ﬂu,\+|ﬁuﬁw+| < 2t/wz w+2t/|Vu1\2/uzso+o()

=1 j=1 Q
J#i

By dividing the inequality above by ¢ > 0, and passing to the limit as ¢ — 0%, we conclude that
Vu; -V < |Vui|2/ uip, le, —Au; < Ayu; in
Q Q Q

Finally, the uniform L*°~bounds are now a consequence of (2.5) and of a standard Brezis-Kato type
argument (or, alternatively, a consequence of the result for eigenfunctions by Davies [23, Example 2.1.8])
O

Following some ideas from [6], we proceed with some qualitative properties for minimizers, which
shall lead to their Lipschitz regularity (see Theorem 2.7 and Corollary 2.8 below). This proof uses some
perturbations which will also be employed later on in the classification result for blowups at two-phase
points (Theorem 5.1), in particular in the proof of Lemma 5.11.

Proposition 2.6. Letn € (0,1] and let (uy,...,uy) € H be an L?-normalized minimizer of Jy achieving
cn. Define

ZuJ and Xy, = / |Vu|> fori=1,.

J#i

(1) For each i =1,...,k, g € Q, r > 0, and for any nonnegative function o € H}(Q) such that
supp(p) € Bar(zg) € Q, we have

<—Aﬁi — At + Zkujug‘7<p> > =C (" el +rliels +rIVels +rlielil Vel +rliel3lVel3) ,
JFi
(2.8)
where C = C(N, k,a,Q,n).
(2) If B is a ball contained in the domain Q and |B N {u; =0} =0 for every j =1,...,k, then

—Adi—)\uiui—l—Z/\ujuj >0 in B, foralli=1,... k.
JFi

Proof. Without loss of generality, we prove the claims for i = 1.

(1) Consider the perturbation

we = (U, ... Upy) = ((a1 o) (G — to) T, (e — tw)*) , (2.9)

with ¢ € (0,1) sufficiently small. It is straightforward to check (see [6, Lemma A.3| for the details) that

u € H, Quy, € Qy, UQy, Qy,, SO, for j > 1.
By using the minimality of v = (u,...,ux), we have J,(u) < J, (ut)7 that is
k k 2 k +12 k
_ Jo V(i + 1) Jo V(i —te)*]
Vi + f Q| ) < + + fo | Q] + Q] ] -
Z/ ae> [PEEERTERD S e et R B
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Hence, since f, is an increasing function and €, t| + Zf—z |, | < Zf,l |, | + ||, we estimate
R
— @+t +Hz = (@ =) +||2
Jo IV (i + o)t ZLI'V U; — tp) +|2
Mm+w+m 2 @ — ) IR

s (Z 9, + |ﬂ¢|> -, (2_; |Qu,-|>

Using Lemma 2.1- ( ) to estimate the right hand side, we obtain

V(1 +to)*|? o)t ?
/|v Z|2 fQ Zf 7|Qgp|

(@1 + )13 tw +||2

This inequality corresponds precisely to [6, eq. (3.4)], with the constant p therein being replaced by 1/n
in our case. From here, we can repeat word by word the proof of [6, Proposition 3.2] to complete the
proof of (1).

(2) This proof is adapted from [6, Proposition 3.4] to our situation. By taking ¢ € C2°(B) and consid-
ering once again the deformation (2.9), we have

k

Z\Quml—ZIQunﬁBHZ D, N (Q\B) < |Bl+ ) |2, N (Q2\ B)|

i=1
k
= ZIQW N B +Zlﬂui NQ\B) =) [Qu,l
i=1 i=1 i=1

Then, by minimality, J,(u;) > Jp(u), which implies, using Lemma A.1 and since f, is increasing,

k + 2 k
2 o fg‘v Uy + )| f |V (t; — tp)t
7 Qu - Qu
;;K;V“' 1 + )13 E: nu—¢¢+w E:' wl | = | 219

Jo IV (a1 +to)t|? Z Jo IV (0 — to)*?
S/le(fu + to) T2 (1 —2t/ﬂuig0+o(t)> +§;/QV(€LZ-—w)+|2 <1+2t/ﬂuig0+o(t))

[+ ) 1B [CRIm:
k
= [ WG+ 1) P+ S VG-t P | — 2t [ VG410 P [ e
Q Q Q

=2

k
+2t2/ |V(ﬁi—t<p)+|2/uigo+o(t).
i=2 /% @

Now, combining this with

/(|V(u1+tg0 —|—Z|V i —to)t /|V iy + tp)|? Z/|Vu,|2+2t/Vu1 Ve +o(t),
and
/|v i+ 1) /|Vu1|2 1) = A, +0(1) /|v s — tp) |2 /|Vuz\2+0() A, + 0(1)

as t — 01, we conclude

O<2t/Vu1 Vo — 2t)\ul/u1<p+2t2)\ /uigp—i—o(t).
Q

=2
9



Dividing the above inequality by ¢ > 0 and letting t+ — 07 entails the result. (]
The following is a general criterion to guarantee that a k-uple of functions is Lipschitz continuous.

Theorem 2.7. Consider (uy,...,ux) € H}(2; R¥) such that, for each i =1,...,k, u; is a nonnegative
L2-normalized function satisfying
(1) —Au; = M (Qy,)u; in Qy,  and  — Auy < A (Qy, )u; in S
(2) Whenever we take xo € Q, v > 0 and any nonnegative function ¢ € C°(Q), such that supp(p) €
Ba, () € Q, and 0 < ¢ < 1, we have

<—Aﬁz’ = Austti ) Auy <P> > = C(r" 47| Vel3), (2.10)
J#i
where C' depends only on ||luillgi(q), - -, [ukllmi ), [utllss, - - - llukll and N.

(3) If B C Qs a ball such that |BN{u; =0} =0 for every j =1,...,k, then
—Ady = Ay + Y Agyu; >0 in B, forali=1,... k.

J#i
Then u; is locally Lipschitz continuous in Q for each i = 1,...,k, and for all Q' € Q there
evists C > 0, that depends on N, |[u1|lmy(ays-- - lukll mp @) 1utlloo, - - -5 lukllo and dist(2',€2),
such that
@) — Wl _
THYyeQY |IE - yl

Proof. The proof follows the same ideas as in [6], in fact, these properties are all it takes to prove
Lipschitz continuity just like in [6, Theorem 1.2]. Let us be more precise.
e Property (1) corresponds to [6, Proposition 3.1], (&) to [6, Proposition 3.4]. On the other hand,
(2) is more general than (2.8) (which corresponds to [6, Proposition 3.2]).
e We now perform a simple scaling of (2.10). Consider R > 0,zo € Q and a sequence (7y,),, oy such
that B, g (zg) € Q. For each i = 1,...,k, define

Ui () = u; (o + 1) .

Then, given a nonnegative ¢ € Hg () with supp(¢) C Br, we have

<Aai,n — 12X\, Ui + 12 Z A, o, <p> > —Cr,R(RV 72 + ||Vy|3). (2.11)
J#i
This plays the role of [6, Proposition 3.3] under the more general assumption (2.10).
e From this, we can prove the continuity of minimizers (uq, ..., u) repeating almost word by word
the proof of [6, Proposition 3.8]. Indeed, let zg € N;{u; = 0}; one takes (z,)nen C Q such that
Ty, — Xo, sets 1y, == |To — | — 0 and aims to prove that u; ,(z) = u;(xo + rpz) = 0 = u,(x0).

Property (3) is used in [6] to prove this claim under the condition |B,, (x¢) N{u; =0}] = 0
for every j. In the complementary situation, one uses Property (1) and (2.11) to show that
the limit of the scaling u; ,, is superharmonic, and then uses (2.10) for test functions satisfying
IVolloo < Ci/r (Cy does not depend on ) which implies

<—Aﬂi — )\ulul + Z /\ujuj, (,0> > —CTN_l
J#i
with this new constant C' also depending on Cj. These are the necessary ingredients for the
proof of [6, Proposition 3.8] to work.
e To prove the Lipschitz continuity of each w;, it is enough to consider 3 :  x (0, 00) — R defined
as

1 _
S(x,r) = T—N/B ( )|VU|2, for (z,r) € Qx (0,00).

and show that ¥ is bounded over ' x (0, 00), for every Q' compactly contained in . This is
proved by a contradiction argument; with the continuity of each u; and the properties previously
recalled, we can now follow word by word the arguments from [6, Section 4]. (|

Corollary 2.8. Let (uy,...,ux) be a minimizer for the functional J,,. Then each u; is locally Lipschitz
continuous in Q.
10



Proof. From Lemma 2.5 and Proposition 2.6, the minimizers of J,, satisfy the conditions of Theorem 2.7,
hence we have in particular that any minimizer of the functional J,, is locally Lipschitz continuous. [

Next, we show that the nodal sets of a vector (uy, ..., ux) € H that achieves (2.3) have measure smaller
than or equal to the constraint a of the original problem, so that f;, (Zle |, |) =7 Zle |0, .

Lemma 2.9 (Optimal partitions have measure smaller than or equal to a). There exists 7 = 7)(N, k, a,(2) €
(0,1] such that, given n € (0,7) and (u1,...,ux) € H a nonnegative L?-normalized minimizer achieving
cy, then it holds

k
> I, < a.
=1

Proof. We argue by contradiction. Suppose that 25:1 |2,] > a for some L?-normalized minimizer
(u1,...,ux), and consider the perturbation

(uy,--uy) = ((w = 0)F, o (ue = 0)F),
for t > 0 small. Since (ug,...,u;) € H, it is clear that also (ul, ..., ul) € H for t > 0. Moreover, for ¢
sufficiently small, we have Zi:l |Qyuz| > a.
Since (u1,...,ux) is a minimizer of J,, on H, we have
o (uaseoug) < Jy(ul, ... uf).
Hence,

k ) k fQ|v wp —t +‘2 k
S [ vl (i) < BTEITE L (5 a,).
=1 i=1 i=1

i=1
and, by using the definition of f,, and the contradiction assumption,

b 1 (& f|Vul—t+\2 k
;/Qwuilun(;m“i_a><; RN w0 " 2;'

From this, we can follow the proof of [6, Proposition 2.3] (where, instead of 1 ;> one has p), and conclude

1 2(k 1)/2 cn

f<MBW<Zm“

where C' is the constant of the upper bound for ¢, from Lemma 2.3. We have found a contradiction up
to take n sufficiently small, so the claim is proved. O

2N

<z -
= N‘Bl|1/Na s

2N
) - 2b=1/2C 5 _n

We conclude with the following observation.

Remark 2.10. Let (ui,...,u) € H be an L?-normalized minimizer for Jn, attaining c,. Then each €y,
is connected (by minimality and from the fact that all sets are open). Moreover, for each i =1,...,k,
defining

Di =0 \ U ﬁuj .
J#i
the function u; is a solution to the (one-component) minimization problem

min{foQ +f7,(|u#19u7u9|) ve HND )\{0}} (2.12)

Observe that
Fa (1 Vs Qu, UT) = g0 (1)),
where
o) = {?(8 Uiz Yl —a) - if s> a— [ Uz )
S5+ 10z Q51 —a) ifs <a—[Ujxz Q]

and we note that g, satisfies the same propertz'es of fn, see Lemma 2.1. Then (2.12) is equivalent to

{ﬁg @mmnweﬂam%. (2.13)

11



Summarizing, u; is a minimizer for (2.13), and the interior one-phase points of d{u; > 0} for problem
(2.3) are the interior (one-phase) free boundary points when looking at w; as a minimizer of (2.13).
Therefore, the interior one-phase points of 0{u; > 0} can be treated with tools from the regularity theory
for one-phase free boundaries [1, 3, 10, 42, 51].

2.2. Nondegeneracy of eigenfunctions and density estimate from below. In this subsection, we
establish more qualitative properties for the minimizers (uq, ..., ux) of J, in H, ie., elements in H that
achieve c,. We prove a nondegeneracy condition which implies, in particular, the fact that €,, has the
finite perimeter. We begin with an estimate from below, which was first proposed in [3] for the harmonic
case.

Lemma 2.11. Given n € (0,1], let (u1,...,ux) be an L?>-normalized minimizer for the problem c,. For
every 0 € (0,1), there are positive constants I(Q,po depending only on 0, N, k, a,  and n, such that the
following assertion holds: if p < pg and xg € Q, then for alli=1,..., k we have

][ wdHY P < Kop = u; =0 in Bop(z0) N Q. (2.14)
OB, (x0)NQ

Proof. Without loss of generality, we fix 2o = 0; we also consider u; to be defined in the whole RY, being
extended to 0 in the complementary of Q.

Step 1. (building a competitor) By Lemmas 2.4 and 2.5, there exist universal constants v, M (depending
only on N, k, a, Q) such that

—Au; <y in R™ in the distributional sense, [|u;|| ) <7, HWH%IC%(Q) <M (2.15)
for every i = 1,..., k. Then, the function
|1'|2 P
= oui(zT) + Yy
x = ui(T) + 5N

is subharmonic in B,.
By Lemma A.3 and using the assumption in (2.14), for every 6 € (0, 1) there exists ¢ = ¢(f, N) such
that

|z — pz) +7p2(1 —0)

0p:= sup u; < sup (u; +7

B /g,m6 B, 2N 2N
<c ][ ug dHN N 4 yp” | < e(Kop +7p7). (2.16)
dB,NQ
Let us consider the nonnegative solution w of
—Aw = M~, in B g, \ B,
w =, on 9B s, (2.17)
w =0, on By,.

Observe that the function w is explicit in the annulus B NG \ Bp:

_ My oz M~((Vbp)® = (6p)%) (63/2p2)N =2 1
w(l“) ((ep) | ‘ )+ <5p + 2N ) (\/gp)N—Q _ (ep)N—Q ((QP)NQ x|N2> 5

- 2N
if N > 3, while
8y + 5% (VOp)* = (6p)*)
log(1/v/9)
if N = 2. By definition, w > u; on 8B\/§p7 therefore the function

. TN
L in R \B\/gp,
min{u;, w}, in B,

w(z) = == ((0p)* — |2|) +

= 5N (log |z — log(6p))

satisfies v = w = 0 in By,, v = u; = 0 in RV \ © and observe that

v < U, QUCQuN Qv\Bﬂp:Qul\B\/@p
12



Step 2. (Comparing energies) Since v € H{(2) and from the properties listed above, observe that
(u1,...,ui—1,9|Q, Uit1,-..,uk) € H, which we can test against the minimality of (u1,...,ux). At the
level of the corresponding nodal sets, this can be thought as an inner variation of the optimizer, giving

/ Vo2
/Q Vaual? + £5(37 1%, ]) < + 503 190, + 192]) (2.18)

/ J#i
Q

/ /|vm|2+ﬁ7 me — £2 O 190, + 1)) S/QIWIZ- (2.19)

J#i

or, equivalently,

As v =01in By, using also the Lipschitz-like property Lemma 2.1-(2) of f,, we obtain
N1Qu; N Bop| = 1l(Qu; \ Q) N Bop| < nl(Qu, \ Q) N B\/§p| =1 (|Qu,| = [Q])
< Fa(Q 1920 1) = Fa (D 1920, 1 + 192
J J#i
On the other hand, notice that, since v = u; in @\ B 5, and v = u; = 0 in RN\ Q,

[o=[ats [@-u=1- [ @iey=1- [ @io),
Q Q Q B 5,9 Byg

0p

Putting the information above together into (2.19), we have

<1_/B (u?—vQ)) (/Q|vui2+n9uim39p> g/9|vu|2.

Moreover, since v = 0 in By,

[owupan(i- [ @) ennsui< [ vk [ o) [ vap
B, B, B B Q

Vop Vop
(w2 —0?) / V.
Q

:/ |VU\2+/
B /5,\Bop B

Clearly, by (2.15) and by taking po sufficiently small,

Vop

Vop

1

0< [ =) < il Bl < 70511 < 5.
Byg,
Recalling also the definition of M > 0 from (2.15),
/ |Vui|2+g|Qui N By, | §/ Vo2 + M (u? — ).
By B /5,\Bo, Bg,
Thanks to the inequalities above, we infer
/ Vail? + 11Qu, 0 By :/ Vail? + 2100, 1 By —/ IV 2
Bep 2 Bs, 2 B /5,\Bos
<[ PP eM [ o) )
Byg,\Bep Bs,

Step 3. (estimating the right-hand-side of (2.20)) Now we estimate both terms of the right-hand-side
of (2.20). From the definition of v, we obtain

/ (IVof? — [V ?) = / (IVasl? — |Vusl?) + / (IVal? — [Vuil?)
B 5,\Ba, (B /5,\Bop)N{ui<w} (B3, \Bop)"{ui>w}

B / (IVwl® — Vi)
(B5,\Bop){ui>w}
< 2/ ([Vw|? = Vu; - V). (2.21)
(B g,\Bop)N{ui>w}
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Moreover, since 0 < u; + w < 2|[ug|[ = (o) < 27 in (B 5, \ Bop) N {ui > w},

[ o= weds [ wee= (u?
B, B 5,\Bo, Bo, (B y5,\Bop){ui>w}

< 27/ (u; —w)+/ u?. (2.22)
(B, \Bop){uwi>w} B

0p

I
g
N
+
S
>
)
g
SON

By combining (2.21) and (2.22) with (2.20), we conclude that

/ Vil + 2|9, N By gz/ (IVw|? = Vu; - Vaw)
Bo, 2 (B, \Bo,)N{u;>w}

+ 2M7/ (u; —w) + M u?. (2.23)
(B 5, \Bop)N{ui>w} By,

On the other hand, testing (2.17) with (u; — w) and integrating over B s, \ By,, we obtain

/ Vw-V(uifw)++/ a—w(uifw)_s_ d’HNflf/ a—w(uifw)Jr dHN ! = M’y/ (u;—w)y,
B 5,\Bop dB 5, ov 9B, ov B 5,\Bo,

where v stands for the inner unit normal with respect to B, ;5 » and By, respectively. After multiplying
this identity by a factor 2, and since u; <6, = w on 8B\/§p and w = 0 on 0By, we have

(uifw):fQ/ ow w; dHN T

(2.24)

2/ (|Vw|* = Vu; - Vw) + 2M7/
(B/5,\Bop)N{u; >w} (B./5,\Bop)N{u;>w}
where, in the last integral, v denotes the inner unit normal to By,,.

Recalling the explicit expression of the torsion function on an annulus (see also [8, Equations (4.22)-
(4.23)]), with a direct computation one obtains, for € 9By,,

N—4
M~8p | (2N8,+M~0p*)(N—2)6" 2 .
g + = if N > 3,
ow (.13) — |’U)/(9,0)| < N 2Np(20N22_9N—2)
v 20p | _2NO, g N

"N " 2Nlog(1/vV0)p
In either case, recalling that v and M are universal constants, there exists 8 = S(N, 6) such that

aﬂ
ov

5+p

<p=L" ondBy,. (2.25)

We can now combine (2.23), (2.24) and (2.25) to obtain

dp
/ |Vug)? + \Qu, N By,| < B2 Rl / w; dHN 71+ M u?. (2.26)
By, P 9B, By,
By definition of 6,, we have the estimate
M ui =M u; < M62|Qy, N Byyl. (2.27)
ng ngﬁﬂui

Moreover, using the definition of d,, the trace inequality in W' and the Young inequality we obtain,

/ u; d HN1<04N0 / uiJr/ |V,
639,, By B()p
1 Vu;|?2 1
< a(N, 0) 7/ ui—|—/ (' il +>
P JBg,n{u;>0} Bo,N{u;>0} 2 2
9, 1 1 9
a(N,0) | { =+ 5 ) [Qu, N Bop| + 5 IVuil* | (2.28)
p 2 2 /By,

14




for some a = (N, 0) > 0. By using (2.27) and (2.28) in (2.26), and recalling again (2.16), we have, for
all p < pg

[ v+ 210w 0 By
0p
S, + P N-1, 2
< B2 N 4 62M |, 0 By,
p 9B,

< B(e(Ko+vp) + p) / w; dHN 1 + A (Kop + vp*)2 M |Qy, N By,
9Bs,

(5, 1 1
< GalclKo+29)+0) | (24 3) 00 Bl 43 [ 190
o

P

+ *(Kop +7p*)* M|, N By,|

1 1
< Ba(c(Ko +vp) + p) (C(Ko +7p) + 2) | 0 Bop| + 5 / |V |?
0

P

+ ¢ (Kop +7p°)?M|{u; > 0} N By,|

<mwmm+m/|w#

ng

+(mwm+m+mwwﬁww+

<5
1
2
Then, by choosing Ky, po sufficiently small (and depending on 7) so that

@(C(Ko +7p0) + po) <1, (50!(0(}{0 +vpo + po))(c(Ko +vpo) + 1) + ¢ (Kop + ’YP?))QM) <

)+ (Kopo + ’YP%)2M> |2, N Byy|.

VRS

i

2 2
we conclude that u; = 0 in By, for all p < po. O

Remark 2.12. The results of Lemma 2.11 and, in particular, equation (2.14), can also be written in
the following equivalent ways:

][ U; d/HN71 < Kop — u; =0 1in ng(xo) N Q,
BP(CE())QS)

or
sup u; < Kop = u; =0 in By,(xo) NQ, (2.29)
By (z0)NQ2
see for evample [38, Remark 2.8]. They imply there is a universal constant C > 0 such that, if xo € Qu,,
SUPR, (zo)nQ i = Cp. Moreover, equation (2.14) can be also written in the following counterpositive way:

Bop(z0) N Q, #0 = u; dHN T > Kop. (2.30)
Bp(ﬁo)ﬂﬂ
An immediate and fundamental consequence of Lemma 2.11 and of the Lipschitz continuity of the
minimizers (u1,...,u) of J, on H is the following two-sided density estimate on each €,,.

Lemma 2.13. Givenn € (0,1], let (u1,...,ux) be an L?~normalized minimizer for the problem c,, and
take po and Ko from Lemma 2.11. There exists p1 = p1(N,k,a,Q,n) € (0,p0), &€ > 0 (depending on
N, k,a,Q, on the Lipschitz constant of (u1,...,ux), and on Ky - thus, in particular, on n) such that, for
everyi=1,...,k,

— P L1 -¢ whenever xo € 08, N, p < p1. (2.31)

In particular,
HYL(0Q,, \ 07Qy,) = 0. (2.32)

Proof. Step 1. Let us start from the bound from below in (2.31). The proof is very similar to the case of
harmonic functions treated in [50, Lemma 5.1]. The nondegeneracy condition (2.29) from Remark 2.12
implies that
lwill o< (B, ) (x0)) = Ko for every p < 2pp.
15



Thus, there is a point y € B, /s(x0) such that u;(y) > Ko5. On the other hand, by letting L be a
Lipschitz constant for u;, then w; > 0 in the ball B, (.%o }(y) C B,(xo). In conclusion,
5 min{1, 7"

B
90,0 Byxo)| o Pgminin ey O (4 min{1, Ko} = ¢
|Bp(zo)| | By (o) 2 i
Step 2. Upper bound of (2.31) at one-phase points. This can be obtained as in [3], see also [50,
Lemma 5.1], with a few modifications. We adapt these ideas to our situation, where the functions are
not harmonic but, instead, are eigenfunctions (see also the related [51, Theorem 5.4]). Precisely, let

r9=0¢ (GQW \ Uj#é‘ﬂuj) N Q and consider the function A solution of

—Ah =7 in By,

h = in Q\ By,
where 7 is the constant of (2.15). As a consequence, we obtain that —A(h—wu;) > 0in B,. In particular,
we have that u; < h and {u; > 0} C {h > 0} in B,. Moreover, since h is the torsion function multiplied

by v with boundary datum w;, recalling that u;(0) = 0 and that w; is Lipschitz continuous with constant
L=L(N,k,a,Q,n), see Theorem 2.7, we deduce by a comparison argument that

Al L~ (B,) < Chp, (2.33)

with a constant Cj, = C (N, k, a,Q,n). Testing the optimality of (u1, ..., ux) with (u1,...,ui—1, hyuit1,. ..

using also (2.1) and an integration by parts, we have

1
f|Bpﬂ{ui:0}|2/ |Vui|2dm—/ |Vh|2d:c:/ |V(ui—h)|2dx+2/ (Vh~V(ui—h))d:c
n B, B, B, B,

oh

:/ |V(ui—h)|2dx+2/B (—Ah)(ui—h)derQ/a (s = 1) - AHN !

B, 3 B,
=/ |V (u; — h)|? dac—2'y/ (h — u;) dx.
B, B,
Let us first treat the terms not involving the gradient: using the bound L*° on h and the positivity of
u;, we have

/ (h —u)dx < / hdxz < Cpp|B,|. (2.34)
B B

P P
Let us now focus on the gradient term. By the Poincaré and Cauchy-Schwarz inequalities, we have

2
2 Ca (1 ) da
/Bmui—h)\ o> 2 (p/B(h »d) ,

P
where Cy is a universal constant depending only on the dimension. Thus, in order to prove the upper
bound in the claim, we first need to show that p‘%ﬂ J5 (b —u;) dx is bounded from below by a positive

P

P

constant. Notice that, by the non-degeneracy of u; (see Remark 2.12), we have
Cp < supu; <suph,
B2 B2

2

for a constant C = C'(N, k, a,Q,n). On the other hand, since h(z) +’y% is harmonic in B, the Harnack
inequality in B, implies
Cp < sup h < Oy (h(z) +vp*) forevery z € By,
B2

where Cy is a dimensional constant. Thus, by taking p; such that 2Cyp1y < C, we obtain that
h = CnCp = Cp in Bg. On the other hand, if L = L(N,k,a,Q,n) is the Lipschitz constant of u; (by
Theorem 2.7), then for any ¢ € (0,1), u; < Lep in B,,. Then

J

which, after choosing & < % small enough, shows that

1
*/ (h—uz)dx > (7()|.B/)|7
pPJB,

(hfui)d:cz/ (h — ;) dx > (Cp — Lep)| Bz,

3 Bep
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for some constant Cy = Cy(N, k,a,2,n) > 0 and thus

/ IV (ui — W) dz > Cy|B,|.
B

P

for some Cp = Cp(N, k,a,Q,n) > 0.
At this point, using also (2.34), we have

1
ColBy| < B, 1 {u=0}] + Cip|By|.
It is then enough to take

< 2o
P1 > QCha

and we obtain that

Cy 1
?|Bp\ < ;|Bp N {u; = 0},

which entails the density estimate from above, so the upper bound is proved for one-phase points.
Step 3. Upper bound of (2.31) at two-phase points. Suppose now that there exists ¢ # j such that
xo € 08y, N O, N, so that xg is a two-phase point (thus, in a neighborhood of xq there are no other
components). Then

| Bp(@o)| _ [ N Bp(o)| + [Qu; O By(20)| + {ui = uj = 0} N By (o)
| By(z0)] | By(z0)

Hence, by using the bound from below proved in Step 1 we obtain

1=

|2y, N B,(xz0)] o |Qu,; N B,(0)] ~ Huwi =u; =0} N By(zo)|
| By (o) 1By (20| By (o)

S1_§7

as wanted.
Step 4. We now focus on the final claim, estimate (2.32). Notice that from Federer’s Structure Theorem
(see Theorem A.7), we have

HN1(9°Q, \ 0°Q,) = 0.
On the other hand, the definition of essential boundary and the results of Steps 1,2, 3 imply
0y, = 0, \ (A0 NOY) =09, O

One can also deduce the following nondegeneracy property of the gradient, see for instance [7, Corol-
lary 3.4].

Corollary 2.14. Given n € (0,1], let (uy,...,ux) € H be an L?> normalized minimizer for Jy achieving
¢n. Then there exist po, Ko > 0 (the constants from Lemma 2.11) and Cn > 0, a constant depending
only on the dimension N, such that

][ |V, |* > C’NKg, for all p < po, xg € 0Ny, (2.35)
Bp(xo)

Proof. Tt is clear that, for all p > 0,

B, (xg) N &y, # 0.
Moreover, we have that for all p < pg

OB, (o) N Qy, # 0.

In fact, if for the sake of contradiction this does not hold, and for some p € (0,p9] > 0 we have

Qu, NOB,(x¢) = 0, then, recalling also that €,, is connected (Remark 2.10), then Q,, C B,(x¢) and

thus A\ (Qu,) > Ai(B,), which is in contradiction with the minimality of (u1,...,ux) up to taking po

sufficiently small. Then, the conclusion follows by applying Lemma A.2, (2.30) and (2.31). O
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2.3. The optimal sets have finite perimeter. We close this section with another important property
for minimizers (u1,y,...,ux,,) of c,: the sets €2, =~ have finite perimeter.

Lemma 2.15. Let (uy,y,...,uk,y,) € H be an L?-normalized minimizer of J, attaining c,. There exists
a positive constant C = C(N, k,a,Q) such that, for everyi=1,...,k,

Per(Q,,,) < Cn~ /2,

Proof. We drop the dependence of the minimizers on 7, for simplicity. For ¢ > 0 and i = 1,...,k, we
consider the perturbations
(ul, ey Uj—1, (Ui — t)+,ui+1, e ,Uk).
The minimality of (uq,...,u) implies that
Jn(ul, e ,Uk) S Jn(uh ey Uj—1, (uz — t)Jr, Ui4-1y - - ,uk).

Hence,
k k k 9 k
Jo IV (ui — )7
EZ/WVWP+¢a > 19, s§j/ﬁvWP+-;|@0_ﬂ+P-+ﬁ D 1, + Q-0+ ]
j=17% j=1 j#i 7S o W% i
and, by using the fact that [, _y+| < [y, | and Lemma 2.1-(2),
k k
Jo IV (u; — )2
Vil + 1 (12| — Qo ) < / SN A Al o
;‘/Q ( ( t) ) ]Z# o J fQ |(uz — t)+|2

This implies (by using [6, Lemma A.1])

/|Vui\2+77\{0<ui <1 g/ |Vui|2+2t/ui/ IV (s — )2
Q {u; >t} o Jo
ot [ [Fiu-oP,
Q

for t sufficiently small.
Hence, by using ||u;||2 = 1, ¢ < 1 and the Holder inequality, we infer that

/ V|2 + {0 < us <t} < (2t|Qui|1/2 + Ct2) / IV (u; — t)F2,
{0<u; <t} Q
< (20?4 C)eyt.

By the Coarea formula and the Young inequality, we deduce

t
2\/5/ HY " ({u; = s})ds = 2/ | V| dz < / Vi >+1]{0 < u; <t} < (C+2a'/?)eyt,
0 {0<u; <t} {0<u; <t}

or, equivalently,
t 1/2
2 t
/ HY L (fu; = s}) ds < m.
0 2\/n

Now, we take t = 1/n to obtain

1/n 1/n (C’—|—2a1/2)c
n Per({u; > s ds:n/ HYN T {u; = s})ds < —— 21
| Pt > spas=n [ (fui = 5}) N

Hence, there exists §,, € [0,1/n] such that

1/n (C +2a'?)c
Per({u; > d,}) < n/ Per({u; > s})ds < ———21
( H ; ({ H NG

and, by taking the limit as n — 0 and using the lower semicontinuity of the perimeter with respect to
L'-convergence, we conclude

(C+ 2a1/2)c,,7.

Per({u; > 0}) < NG

O
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3. TWO-PHASE POINTS IN THE INTERIOR AND ONE-PHASE POINT ON THE BOUNDARY

3.1. Absence of triple points in ). First, we rule out triple points in the interior of {2, using a three
phase monotonicity formula, as in [7, 12].

Theorem 3.1. Given n € (0,1], let (u1,...,ux) be a minimizer for the functional J,, over H, achieving
cn. Then, if 1 <14, 5,1 <k are three different indezes, we have that

09, N O, N2, N2 =10.

Proof. We argue by contradiction. Suppose that we can find zo € 02, N 9, N 08y, N 2. Then, by
Corollary 2.14, we have

][ |Vu;|* > 4K}, ]l |Vu;|? > 4K3, ][ |V |* > 4K3, (3.1)
By-(z0) B.(x0) By-(z0)

for r sufficiently small. By applying Lemma A.4 (in the form of inequality (A.1)), we obtain
3

1 |V, |2 2
d < 1
H <r2+€ /B |z V-2 5”) <C(1+ Z /32 Um | s

m=i,j,l m=i,j,l

which implies

3
1
H (N/ Vum|2dx> <rec 1+ Z / ul | < rec.
meiji N\ J/B: m=i,j,1 Y B2
Therefore, for r sufficiently small
[T (f 1venfac) < arsy
m=i,j,l ¥ Br
which is a contradiction with (3.1). O

3.2. Absence of two-phase point on the boundary of 2. We can also show that there are no
two-phase points on the boundary of €2, inspired by, for example, [39, Section 4].

Theorem 3.2. Let Q C RY be an open bounded set with Lipschitz boundary, n € (0,1] and (uy, ..., ux)
be a minimizer for J, on H. Then

Oy, N O, NOQ =0, for alli # j.
Proof. For the sake of contradiction, let xo € 92N 9Q,, N IQ,;. Then by Corollary 2.14 we have

][ |Vu,)? > 4K2, ][ |Vu;? > 4K3, for r < 7 sufficiently small. (3.2)
B,-(z0) B, (zo)

Since 09 is Lipschitz, then Br(xo) \ (24, U {2y;) is a nonempty domain with Lipschitz boundary; for
simplicity, from now on we assume without loss of generality that o = 0. We need to build an auxiliary
third phase there to employ the three phase monotonicity formula. We follow the approach of [39, Proof
of Proposition 4.2]. Let v € H'(R") be the (1 + 7)-homogeneous, non-negative harmonic function on
the cone Cs = {x eRY : zy > (5\x|}, which vanishes on 0Cs. We note that, for § small enough, it is
clear that, up to a rotation, Cs C RV \ Q,, U 2y, . In polar coordinates,

where ¢ is the first eigenfunction of the spherical Laplacian on Cs NSV~ that is,
—Agv-1p=(14+~)(N-147~)¢ in CsnSN7L, $=0 on 9C;NSNL, /SNA () df =1,
where we notice that v is uniquely determined by ¢ (and the dimension N) and

lim 5(3) = 0.

Moreover, we have that

Av >0 in sense of distributions in RY.
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By the three-phase monotonicity formula, Lemma A.4, which we can apply thanks to the subharmonicity
of v, there are constants C' > 0 and £ > 0 such that

Cr3¢ > (][ |V, |2 dx) (][ |Vu;|? dx) (][ VU|2dx).
B, B, B,

1
r3€ > C’NKSLW/ \Vv|2dx

Now, from (3.2),

ki [ (@260 + 190002 b dp = CoIcd1 )

which is impossible when § (and thus ) is small enough (e being a fixed constant, depending on N,
A1(£;) and A1(2;), but not on 9). O

4. EXISTENCE OF A ONE-PHASE POINT, SHAPE VARIATIONS AT THE FREE BOUNDARY, AND
EQUIVALENCE WITH THE CONSTRAINED PROBLEM

Let us first show that at least a regular one-phase point exists in the reduced boundary of one
component of the partition. This is something that is natural to expect, but its proof is not completely
trivial.

Lemma 4.1. Given n € (0,1], let (uy,...,ux) be optimal for problem (2.3). There exists i € {1,...,k}
such that Top(0Qy,) N 0*Qy, # 0.

Proof. If, for some i € {1,...,k}, we have that 9Q,, N IQ # 0, then thanks to Theorem 3.2, we infer
that all points p in the relative boundary of 92, with respect to 0%, i.e. p € Ore; (5‘Qu N 89) # (), are

one-phase points. As a consequence, also using the relative isoperimetric inequality (see for example [36,
Remark 12.38]), we deduce that HV=1(0,, N B,(p)) > 0 for all r > 0. Since the set of one-phase
points Top(9€2,,) is a relatively open set of 9Q,,, and HN~1(9€,, \ 0*Qy,) = 0, we can find a point
p € 0*Qy, NTop(0Q,).

If this does not happen, namely for all : = 1,..., k& it holds 9Q,, N 92 = (), then we can find another
open, bounded set with Lipschitz boundary €’ C Q such that the optimal vector (uq,...,ux) still solves
problem (2.3) in Q" and there is at least a contact point p € 9’ NI, for some ¢ € {1,...,k}, so we are
reduced to the situation of the previous paragraph. To show the existence of such an €', it is sufficient
to choose a direction, for example e, and consider the intersection Q; = QN {z € RN :z-eg=a; > t},
for t € R. Then we can define Q' = Q7 (which is clearly an open, bounded set with Lipschitz boundary),
where t is the largest ¢ such that € contains all U;€2,,,. This choice of ¢ also ensures that 9Q' NI, # 0
at least for some 7, so we have concluded. O

We now prove (see Propositions 4.2 and 4.3 and Remark 4.4 below) that, in the sense of measures as
in [1, 3], there exists m,, such that an optimal vector (ui,...,u;) for (2.3) is a solution to

—Au; = M (Q)u; — |V [HN L 0*Q,, in Q,
|Vu1\ = mn on (6*91“ \UJ#@Q%) N Q,
|Vui| > my, [Vuj| >m,; and |Vu;| —|Vu;|=0 on 0*Q,, NO*Qy,, NQ.

At this point the notation |Vu;| is purely formal (see Propositions 4.2 and 4.3 and Remark 4.4 for the
actual statements), but it will be precise once we prove that 9%, is regular. We note that we do not

have different constants for each component because the measure-penalization term computes f,, on the
measure of the union of all Q,,, ¢ =1,...,k, and does not penalize each set with a different weight.

Proposition 4.2. Let (u,...,ux) be optimal for problem (2.3). For alli=1,...,k, there is a nonneg-
ative Borel function q,, : 0*Q,, — R such that, in the sense of distributions, one has

— Ay = A (Qu)ui — qu, () HY L O*Q,, in S (4.1)

Moreover, for all points T € 0*(y,, the measure theoretic inner unit normal v,,(T) is well defined and,
as e — 0,
Q,, —=

. —{z:z v,,(T) >0} in LY(Q). (4.2)
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Finally, for every T € 0*Q,,, we have

u(@ter) | Qu,(@)(x v, (T)y  in LYQ), ase — 0. (4.3)

Proof. Checking that equation (4.1) holds is standard and boils down to showing that —Aw; — Ay (Qy; )u;
is locally a Radon measure concentrated on 9*2,,, and can be done for example as in [11, Proposition 2.3],

see also Lemma 2.5. Claim (4.2) is a direct consequence of Theorem A.G, while (4.3) follows as in [3,
Theorem 4.8]. O

We are now in position to prove an optimality condition at one-phase points of the reduced boundary
of each component of an optimal partition, following the approach of [1].

Proposition 4.3. Under the assumptions and notations of Proposition 4.2, there exists my, > 0 such
that the functions (qu,, - .., qu,) satisfy the following:

Qu; = My on (6*97” \ Uj#aQuj) N aQ, foralli=1,...,k. (4.4)

Proof. Let 4,5 € {1,...,k}, i < j, and
20 € (9"Qu, \ Uit ) N2, @1 € (9, \ Uiy 02, ) NQ

such that xg # x7. Then we construct a family of volume preserving diffeomorphisms as follows: let
p > 0 be such that

Bp(l‘o) cQ \ U@giaQw, Bp(xl) cQ \ U,g#j&QW, Bp(.l‘o) N Bp(l‘l) =0, (4.5)

and let ¢ € C1([0,1]) be a nontrivial function, such that ¢ = 0 in a neighborhood of 1. We define, for
k>0,

|z — o] | — 1]

Tp,n(‘r) - T(ZL’) =T+ Kpp < ) VaoXB,(z0) — KPP < ) Va1 XB,(21)>

where v, _, with m € {0,1}, is the measure theoretic inner normals to 9*€),, at z,, for £ = i,j and
m = 0,1. We have:

r — X

T —x T —x T —x
DT(x):Id+/£<p’(| ; 0) ®VonBp(mo)_’“Pl<| 1|) ! ® Vs XB, (21)- (4.6)

|z — x0] P |z — 21|

We have that 7(x) —z vanishes outside B,(z9)U B,(x1) while, for x small enough, 7 is a diffeomorphism.
Using the Jacobi’s formula det(Id + £A) = 1 + trace(A)¢ + o(€), valid for any matrix A € RV*N | we
have

det(Dr(x)) =1 + ! (1=} £=20
et(D7(x)) =1+ ky ( p = — 20| VaoXB, (z0) (Z)
T—T T—
— I‘il(pl < 1|) - * Vg, XBp(wl)(x) + O(K)XBp(IO)UBp(wl)($) (47)
P |z — a4

as k — 0, uniformly in p. We call Q, ¢ = 7(Qy,) and @, ¢(2) = ue(771(2)), noting that u,, € H}(Qp.0),

for £ = i, j. Notice that, by (4.5), it is clear that (u1,...,Ups, ..., Upj,- .., ux) € H, so it is an admissible

vector. We now perform the first variation of each term of the sum defining J,,. Regarding the variation
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of the L?-norm,

> &/ ~2<>dz—/g

tefi,j}

) = Z / x) det(D7(x)) —u?(x)) dx

ug Ledi, }

7/ p(20)N (@) det(Dr(2)) - dx+7/ (o), (z) det(DT(z)) —u?(m)) dx

= / - (U?(mo + py) det(Dr (o + py)) — u(wo + py) ) dy
B (0)n—%i 20

] e e (1500 o0 det (D4 ) = e+ )
1(0 4

u?(zo + py) o
= ——p* k¢ (|y Vo dy
/B<) 2 Wby e

u?(z1 + py) Y
[y PR R () v dy o)
Bﬂﬁ(%) P yl

=0,(1)(p* + K)
(where 0,(1) — 0 as K — 0), where we performed the change of variable x = x,, + py, exploited (4.7) and
used Proposition 4.2. We stress that the computations regarding the volume and the Dirichlet integral
contributions are identical to those performed originally in [1, Theorem 3]. For the volume term, one has

3 (9]~ 190,]) = Ok)pN +0(r)p™  as k,p— 0;
Le{ij}
from the properties of f,, (Lemma 2.1), one immediately infers that
Fa(1€0,: U Q5 U (Ueg iy Q) = Fr(| Ve Qu|) = 0x(1)p™ +o(w)p™,  as k,p— 0.

For the Dirichlet energy term we rewrite all the details from [1], since we are going to need some
intermediate steps in the proof of Proposition 5.14 below:

Ekjk( f, ¥l = [ )
= Z / | Duy(z)[D7(x)] 7Y ? det(D7(x)) — |Vug|? do

fé{m}
- / Do + py)[Dr(ao + py)] 1 det(Dr(ao + py)) — Vs da
Blﬁ
+ /  [Duj(a1 + py)Dr(ar + py)] 1P det(Dr(a + py)) — Vsl da
Blﬁ

~ Yy ~ ’ ~ 2 Yy
=—K 20 (|ly (Vu R > Vi, vzy) — ¢ (Jy)) [V, (l/xo . )
/Blnﬂuipzo (| |) g |y‘ ( g ) (| |)| P | |y|

- Y ~ Yy
o [ 2800 (Vs ) () = DT (v 1) o0
BinZnim vl [yl

=r(Colp)ds, (w0) — Ci(p)as, (x1)) + 0p(1) + o(k),
where we have used Proposition 4.2 (which implies that Vi, ; — qu, (IO)Von{wsz >0} a.e., and the
same for u; at 1) and for m € {0,1}

Ve, —
Con() 1= — / o () e gy = / oyl AN (1), (48)
Bin{y-va,, >0} |y| Bin{y-vs,,=0}

The last equality follows from the Divergence Theorem, recalling that v, is an inner normal and
. Y Vg,
div(e(lyl)ve,,) = w’(lyl)Tr-
Notice also that, by the radial symmetry of ¢, Co(p) = Ci(¢) = C(p), namely this quantity is not
affected by the choice of the normal v.
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Summarizing, we have that (recalling also that [, u? = 1), and using the minimality of (u1,..., u)
Tp(ut, .o oug) < Jp(ur, .o Upiy ooy Upjy e e Uk)
< Jyur, o un) + wpN C(0) ((qu (0))* = (au, (21))%) + 0(p™) + p™ o(k).
Therefore
0 < kp™ C (@) ((u, (20))* = (qu, (21))*) + 0(p™) + p" o (k).
Dividing by xp", letting p — 0, and then x — 0, we deduce that
quj (Il) S Qu; (I0)7

using also the fact that gy, ¢.; are nonnegative. Since xg, 2, are arbitrary (and taking i = j in the above
arguments), then there exists a constant m,, such that

Qu; (z0) = my, for all zp € (0", \ Uj2i0Q,,,) NQ, i=1,... k.
(]

Remark 4.4. Using a proof similar to the one of Proposition 4.3, it is possible to show the following
result at two-phase points of the reduced boundaries:

Qu; = My Qu; =My and  qu, — qu; =0 on 0"y, N0, NQ, foralli#j.
However, we will prove this kind of result at all two-phase points, see Proposition 5.1/ below.
The density estimates from above and from below of Lemma 2.13 then entail the following result.
Lemma 4.5. There are universal constants 0 < ¢ < C such that, for all n € (0,1] and for all i,
0<c<qu(z)<C forzedQ, NTop(0Q,), which implies 0<c<m, <C.

Proof. The first statement follows as in [3, Theorem 4.3]. Then, since q,, is equal to m,, at one-phase
points, we deduce the same bounds also on m,,. O

We are now in position to prove the existence of a constant n for which there is equivalence between
the constrained and the unconstrained problem, showing in particular that A; x(a) and ¢, coincide and
have the same solutions.

Lemma 4.6. There exists 19 > 0 such that, for 0 < n < no, if (u1,,...,Uky) s optimal for prob-
lem (2.3), then we have

k
> 1, =a
=1

In particular ¢, = Ay x(a), and the partition (Qu, ;.. .,Qu,,,) solves our original problem (1.1). Con-
versely, if (Q1,...,Q) is a solution to (1.1), then the corresponding eigenfunctions (u1,...,ux) opti-
mize (2.3).

Proof. Step 1. (Saturation of the constraint) We already know that Zle |2
Lemma 2.9. For the sake of contradiction, let us assume that

k
Z |, , | < a.
i=1

Then, following the same idea of [1], it is enough to do an outward perturbation at a one-phase (regular)
point xg € 90"y, , N for some i = 1,..., k. Such a point exists thanks to Lemma 4.1. We use the
optimality condition at the one-phase free boundary, |Vu; ,|*(z¢) = m,,, with m,, uniformly bounded from
below (and from above) by Lemma 4.5, and a standard first variation argument on the first eigenvalue of
the Dirichlet Laplacian. More precisely, we consider a small ball B, (zo) C Q\ U;%Qy,, such that | U;
Qu, ,UB,(20)| < a, and take a smooth vector field compactly supported in this ball, £ € C°(B,(z0), RY).
For t > 0 sufficiently small, we define

Qui,n,t = (Id + tf)(Qui,n) C Qui,n U BT(xO)-

We note that we do not require that £ only pushes outward the set. A shape variation formula (see [32,
Section 5.9.3]) leads to

A () = A ( Qg ) = t/ Qu; ,§ vdHN 7+ o(t)
0*Q ﬁBT(IU)
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= tm,, E-vdHN " +o(t) ast—0,
9", NBy(20)

where, in the last identity, we used Proposition 4.3. Then we use the Divergence Theorem (on the set
Qu,,, N Br(x0)), and we can choose a vector field as a suitable multiple of the one in [50, Lemma 11.3]
and t sufficiently small so that

A (Qu, ) = A (Quy ) = tmy / div&dr + o(t) = my|Qu, , , \ Qu, , [t +o(t).
' ’ Qu,; , NBr (o) .
Using the minimality of (u1,,...,uxy), the information above and Lemma 4.5, we finally obtain
k k
clgui,mt \ Qui,n < m”']‘Qui,n,t \ Qui,nl < Z /\1 (Quj,n) - Z A1 (Quj,mt)
j=1 j=1

< Pl Ujzti Qg Uy al) = (105 Quy 1)
= 77(|Qui,n,t \ Qui,n| - ‘Qui,n \ Qui,n,tl) < 77|Quz‘,mt \ Qui,n |

For n < n small enough we obtain a contradiction.

Step 2. (Equivalence between (1.1) and (2.3)) From Lemma 2.3, ¢;, < Ay x(a). On the other hand, if
(Ui, ..., Uk,y) is optimal for problem (2.3), then by Step 1, it belong to H, and fn(Zle |Q0,]) = a, so

ey = Jy(ur s uky) = J (U, - uky) > A1 g(a).

Therefore Ay ;(a) = ¢, and the rest of the claims follow directly. O

Remark 4.7. Thanks to Lemma /4.6, we can now fix 1 > 0 small enough so that, taking an optimal
vector (us,...,u;) € H of problem (2.3), the nodal sets Qu,, ..., S, are mutually disjoint and satisfy

the measure constraint | UF_; Q.| = a. Thus f,(UF_1Qy,) =0, J,(u1, ..., u;) = Zle A1(Qy,), and
(Quys -, Q) s an optimal partition of the original constrained optimal partition problem (1.1).

In order to conclude the proof of Theorem 1.1, we will use, in Section 0, the fact that we have found
both a solution of (2.3) and (1.1). In the following section, in order to classify blowups at two-phase
points, we exploit (2.3).

5. CLASSIFICATION OF BLOWUPS AT TWO-PHASE POINTS

Up to now, we have only partially classified blowups at points of the reduced boundary (recall Proposi-
tions 4.2 and 4.3, and Remark 4.4). In this section, using other arguments, we completely classify blowup
limits at all two-phase points, combining then all these information together to obtain a common lower
bounds of some quantities. More precisely, we prove the following result.

Theorem 5.1. Take n € (0,1] and let (uq,...,ux) be an L?-normalized solution for problem (2.3). Let

i #j and xo € Trp(0%) NTrp(09y), that is, xo € (O, N Oy, NQ)\ Upi,jQu, is a two-phase point
at the boundary of Qy, and Q.
Take the blowup sequences centered at xq: for small € > 0,
u;(xo + ex) uj(zo +ex) Q—xo

Uie(x) = - uje(x) = B forxz e Q. = —

extended by zero outside Q.. Then there exists m(xg) such that, up to pass to a subsequence, as € — 0,

Use = m(zo)(x - v)4, wj . — m(xo)(z-v)_  strongly in LS, (RY) and H} . (RY), (5.1)

loc
for some v € 9By. Moreover,

Q,, —x

Q. —
0 4 {z-v>0} fo‘)—%{x-ua)} in LL_(RM).

€
The remainder of this section is dedicated to the proof of this theorem. To simplify notation, we take
from now on ¢ = 1, j = 2 and assume without loss of generality that zo = 0. We also consider uq,us
extended by zero to RV \ Q.
We start with a first characterization of the blowup limits.
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Lemma 5.2. Under the assumptions of Theorem 5.1, there exists 1, us € C?o’cl RYYN HL (RY) such
that, up to pass to a subsequence,

Ule = U1, Ug,e — U2 strongly in LSS, (RY), and H} (RY).

loc

Moreover,
—Au; <0 mRY, —Aug; =0 in Qa, and w;-u2=0. (5.2)

Proof. Observe that, since u; is Lipschitz continuous and 0 € 9, then, in each compact K € RY,
[ure(2)] = ure(x) —ur(0)] < Llz| < C,  [Vure(a)] = [Vur(ex)] < C,

and the same for uy .. Hence, the sequences are bounded in Hlloc(RN ) and, by Ascoli-Arzela’s theo-
rem, the blowup sequences converge locally uniformly, up to pass to a subsequence, and also weakly in
H} (RM). On the other hand,

—Au; e <N (Qy,)u; e in RY, —Au; . = A (Qy, )u; o in Qu,. and  wuyc-ug.=01in RY,

which shows (5.2). The only thing left to prove is the strong H}! -limit of blowup sequences. For that,
we follow [47, Lemmas 3.7 and 3.11] (see also [41, Step 5 of the proof of Theorem 4.1] or [42, Lemma
7.4]). We know that

Pie = A e + 2N (U uie,  fi = AU

are positive Radon measures, concentrated on 92, . and 9y, respectively. Let R > 0 and take ¢ to
be a smooth cutoff function such that 0 < ¢ <1, ¢ = 1 in Bg, ¢ = 0 in RV \ Byp. Then

pie(Br) < /

pdp; e = / —Vu;. - Vo + 52)\1(Qui)ui,g<p de < C
BZR BzR

and, by testing the equation —A(u; - — ;) = €A1 (Qu,  )Uie — pie + i by (usc — U;), we obtain

/| Ve -t < |19 —wke=- [ (Ve ) V)~ )

Bar

+ 62/\1(91*75) /

Ui e (Uie — Ui)p — / (wie — )@ dps e
BQR B2R

+/ (wie —Ui)pdp; — 0
Bar
as e — 0. O

The rest of the proof of Theorem 5.1 goes as follows:
(1) First, we prove that there exists a,b > 0 and v € 9B; such that

1 (z) = alx - v)4, ts(z) = blx - v)_.

(i-e., 11, Uy are two-plane functions). This is done by showing an Alt-Caffarelli-Friedman type
monotonicity formula for (ui ¢, us.) - see Proposition 5.7 -, which then provides that the Alt-
Caffarelli-Friedman functional for the blowup limit (%1, @2) is constant.

(2) Then, using a suitable variation argument and using the fact that (ui,us) minimizes prob-
lem (2.3), we deduce that a = b. Observe that, due to the form of the perturbed problem with
functional J,, we do not have any local minimality condition for the blowup limit (@1, %2), which
makes this step particularly delicate.

(3) Finally, we show that a > m,, combining Proposition 4.3 with a continuity in z of an Alt-
Caffarelli-Friedman type functional.

We proceed with these two steps in the following two subsection.

5.1. Alt-Caffarelli-Friedman type monotonicity formulas. Blowups are two-plane functions.
In this subsection we prove an Alt-Caffarelli-Friedman type monotonicity formula for subsolutions of
divergence-type operators (see Proposition 5.7 below), which we then apply to the blowup sequences
Ule, Uze. Even though monotonicity formulas have been used in several contexts (see e.g. [4, 15, 16,
19, 21, 22, 28, 37, 44, 48], for a nonexhaustive list), we could not find in the literature a version we
could use directly to our purposes. For that reason, we present here a proof. To start with, we recall the
Friedland-Hayman inequality [31] (see also [4] or [14, Chapter 12]).
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Lemma 5.3. Given w C 0B; relatively open, let \1(w) denote the first eigenvalue of the Dirichlet
Laplace-Beltrami operator on w, and let

2
~(t) = N2 + <N_2> +t, fort>0.
2 2
Then
Y(Ar(w1)) +v(Ar(w2)) = 2
for every wy,ws C OBy, relatively open, with wy Nws = 0.
Moreover, equality is achieved if and only if each w; is a half-sphere.

Remark 5.4. The function v arises from the equation t = y(N — 2 + ), appearing when looking for
harmonic functions with homogeneity v on cones.

From now on we will mostly follow the notation and structure of [43], where a one-phase monotonicity
formula was shown (check Proposition 2.5 therein), adapting it for the two-phase case (see Proposition
5.7 below).

By Lemmas 2.4 and 2.5, there exists A > 0 (independent of < 1) such that

A(Qy,) = / |V > < A for every i =1,2. (5.3)
Q

Next, let R = R()\) > 0 be such that the ball By = Byz(0) has first Dirichlet eigenvalue equal to .
We denote by ¢ the corresponding positive eigenfunction, normalized in L>°:

~Ap = M\p in Byp,

=0 on 9By5, (5.4)

©(0) = 1.
We recall that ¢ is radially symmetric and radially decreasing, attaining its only maximum at the origin.

Lemma 5.5. We have
— div (4,02V <1;)> <0 inBg, fori=1,2. (5.5)
Proof. This is a direct computation (cf. [21, Lemma 9.1]):
~ div (ﬁv (1;)) v (Vg — 1V9) = A + Mg = wip(M (@) — X) < 0,
where the last inequality follows from (5.3). O

Based on the fact that u, us satisfy (5.5), we now prove an Alt-Caffarelli-Friedman-type monotonicity
formula. We assume first that N > 3.
With that in mind, let T, € C?*(Bsg/y \ {0}) be the Dirichlet Green function of the operator

—div (ngV') in Byp/s, that is, the solution to

—div (¢*VIy) =4 in Bsg)s, (5.6)
]‘—‘QP :0 on aB3R/2,
where § is the Dirac delta centered at the origin. This Green function is given explicitly by
3R/2 s1—N
r,(|z)) =T r:N—Z/ ———ds, r=|z|,
ollz]) =To(r) = ( ) ) ||

1-N
and so, in particular, ' (r) = (2 — N) " . We also define, for 0 < r < R,
v @2(r)
Y(r) = TN72§02(7‘)F¢(7‘), ¥(0) := lim ¢(r) =1. (5.7)

r—0+

We recall the following result.

Lemma 5.6 ([43, Lemma 2.4]). Let N > 3. We have:
(1) (r) >0 for any r € [0, R];
(2) ¥(3R/2) = 0;
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(3) there exists C = C(N,\) > 0 such that
[(r) — 1] < Cr forr € (0,3R/2), (5.8)
and in particular ¢ is Lipschitz continuous in Bsgs.

Proposition 5.7 (Alt-Caffarelli-Friedman-type monotonicity formula). Let N > 3, and let wy,ws €
CRM)N HL (RN) be nonnegative functions such that wy - w2 = 0, and

—div (p*Vw;) <0 in By fori=1,2. (5.9)
Then there exist C = C(N) > 0 and 7 = #(N) € (0, R) such that the function
1 P(lz) 1 P(lz) >
. Cr
\Il(wtha ) ) |$|N 2 ‘ | r2 /T |LU|N_2 |V’LU2‘
= —/ T, |V, |* - / T, |Vwa|”. (5.10)

is nondecreasing in r € (0,7).
Proof. We follow closely the computations in the proof of [43, Proposition 2.5], to which we refer to for
more details.

Step 1. Let i € {1,2}. By (formally) using I',w; > 0 as test function in (5.9), and w?/2 as test function
n (5.6), we see that

¥ (e s
/ |x|(1|v|)2vwi|2 :/ ©°T' |V, |? S/ ¢2Fvwi(6uwi)_/ <@2V(7),VF¢>
B, B b

r r r

w2 w?(0
= [P - [ gory) -
0B, 0B,
1 P(r) N -2
< 2 ‘ N L2 N =2 5
< /BBT (cp I yw; (Oyw;) 2wzg0 ) -~ (rN w; (O,w;) + 5 N=T )

Step 2. Denote ¥(wy,ws,7) by ¥(r). We compute the logarithmic derivative of :

T r
/ (]|v |)2‘le|2 5 wjéi)z/ |vwi|2
|$| 4 T 0B,
>C—--+> .
U(|x|) r 4 U(r) N -2
|Vw;|? i=1 w; (Opw;) + w3
5. |o]N=2 i op, \rN—2 i\GvtWi opN—1 Vi

For i = 1,2, let v; = vlm = w;(rz) : 0B; — R and w;, = {x € 9B : vzm () > 0}. Observe that

w1, Nwa, = 0. Moreover,
d 4 / Vel
alogqj(r)zc_;_"_wr(,‘r)z Wi, r N_2
S (s + M7 2)

/ (02 (1) (Byvi)? + 62(r) Vi)

N—2
i=1 / w Ula’U B U?)

/ (02 () (Byvi)? + 62 (1) (wi r)02)

N -2 ’
i=1 / ( r)v;(Oyv;) + U?)
Wi, r 2
where Aq(w; ) denotes the first eigenvalue of the Dirichlet Laplace-Beltrami operator on w;,. Since

[ (vt + 552 ) < [ (%(aﬂm # B2l
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by choosing a > 0 such that

(N=2(a+1) 921 (w,) 11 \/(N—Z

= = a=—=
2 2a(N — 2) L

where the function ~(-) is as in Lemma 5.3,

2 1<
= ; 2+f7“+ 1/)(7’ ; )\1 Wi ’r‘)) . (512)

Step 3. Observe that

2 - w.
y (2 (r)M (i) — ¥ (wir)| = w ( ) = 1\ (wir)

V52 020 i)+ (552)” + (i)

|¢2(7‘)71‘ Al(wi,r) . N M "
= r)+1 \/m = [y(r) 1‘7()\1(0‘)1_’7”))7()‘1( 1,7"))

S CT’Y(Al (wi,r))a

using the fact that t € R* ~ v/t/~(t) is bounded, combined with (5.8). Therefore there exists C; > 0
such that, for 7 > 0 small,
YW (MM (wir)) o Y(A(w,r)) (1 = Cr)
P(r) 1+Cr

Going back to (5.12) and using Lemma 5.3 we have, for small r,

%

> y(M(wr,))(1 = Cir).

dii log U (r) > <2 + 9 > y(a(win) (1 - cm)

2 .
=1
2 C C

>—| -2+ = 2(1 — =2(=-2

>2 (<24 Graan-am) =2 (§ -201).
which is positive by choosing C' > 4.

O

Lemma 5.8. Let 4y, us be the blowup limits as in Lemma 5.2. Then

1 Vi[> 1 / W

— - = =, 5.13

2 Jp V=22 fp Jx[N-2 v ( )

for v = U(uy/p,uz/p,0") := lim,_ g+ ¥(u1/p,uz/p,7) > 0. In particular, (u1,u2) is a two plane
configuration:

u(z) =a(z-v)y,  u2(x)=blz-v)-,
for some a,b > 0 with ab= "+, and v € 0B;.

Proof. We aim to apply Proposition 5.7 to the functions w; = w;/p. First, we make a change of variable

so that
eC’er 1 ¢(|5$|) v < Ul,e > v( U2,e ) dx
p(ex) p(ex)
e 1 () (u) 1 Q) (u) _ <’“ U )
e (5r)2/ N2 \Y% - dx (5r)2/ ¥ 2 Vv - de =V >’ 4,076 .

r2 z|N—2
By Proposition 5. 7 there exists U(uy /e, uz/@,0%) := lim. o+ V(u1/p,us/p,er) =~ € [0,00). On the
other hand, since 255 — ; strongly in H L(RY) (recall Lemma 5.2 and the fact that ¢(0) = 1), then

Uy . 1 Y(lex|) Us.e i/ Vi |* i/ |V
V(w(ex)) Vo) )| 7 o a2 S, a2

2 B, |&[N7?
as € = 0. In conclusion, the functional of the classical Alt-Caffarelli-Friedman monotonicity formula is
constant in r, for the functions @, 4e. Then, by [4] (see also [14, p. 224]), there exists a,b > 0 and
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v € 0B; such that @;(x) = a(z - v)y, G2(z) = b(z - v)_. By going back to (5.13), we deduce that
ab = 7. O

Lemma 5.9. Under the notations of Lemma 5.2, for each i = 1,2 we have
XQu, .~ XQ,, @.e.in RY, strongly in L, (RY).

Proof. We adapt to our context the proof of the second part of [42, Lemma 7.4]. For each ¢ = 1,2, by
Lemma 5.8, either 9Qgz, = @ (when @; = 0) or 9y, is the hyperplane {z - v = 0}. We prove that, in any
case, Xq,, . — X, pointwise in RM\ {z-v = 0}. Fix i = 1,2. For zg € Qy,, by the continuity of w;
there exists § > 0 such that 4; > 0 in Bs(w). Since u; . — 4; strongly in L2 (RY), then u; . (z0) > 0
for € > 0 small, and
Xa.,  (2o) =1 —=1=Xxa,, (o).

Now let zp € RM \ Q,,. In particular, 4, = 0 in Bs(xg), for some § > 0. Assume, in view of a
contradiction, that @, .(x¢) > 0 for all € > 0 sufficiently small.

Then, using the nondegeneracy property of u; in the form of Remark 2.12, there exists a universal
constant C' > 0 and x. € Bs(x) such that

Ui,s(frs) = ||ui,€||L°°(Bs(’»Uo)) > Co.

Then, as ¢ — 0 and up to pass to a subsequence, x. — 19 € Bs(2o), and by uniform convergence of
blowup sequences (Lemma 5.2),

ﬂi(.%o) >C6 >0,
a contradiction. Therefore, the sequence of characteristic functions converges a.e. in RY, while the L'
convergence is a direct consequence of Lebesgue’s dominated convergence theorem. O

Lemma 5.10. Under the notations of Lemma 5.2, we have 41, us Z 0.

Proof. Let ¢ = 1,2. By Lemma 2.13, there exist a constant £ > 0 such that, for € > 0 small, we have
¢ <1960 B _ [0 0By
— [B:(0)] | B1|
On the other hand, by Lemma 5.9, [Qy, . N Bi| — [Qg, N Bi|, and so u; # 0. O

5.2. Conclusion of the classification of blowup limits at two-phase points. Proof of Theorem
5.1. So far we have show that 41 = a(x - V)4, 4 = b(x - v)_, for a,b > 0 such that ab = v :=
U(ui/p,us/p,07), together with strong convergences of blowup sequences. In order to conclude the
proof of Theorem 5.1, it remains to show that a = b.

Let R > 0. We show that @ — 42 is harmonic in Br. Take 0 < ¢ € C2°(Bpr) and define the blowdown
sequence

e () = €p (g) , e >0,
satisfying supp(p.) C Ber and the following scaling properties
lpelle = ¥ el leelz =V 2llell3, [IVeells = ¥Vl and [Qp, | =V [Qy]; (5.14)

Since zg = 0 € (00, NIy, N Q) \ Ug#,gﬁw, the for ¢ > 0 sufficiently small, we have B.r C
O\ Upz1,29,,. We also observe that:
luilly = ¥ uiell, 1= [luills = V2w cll3, 1Vulls = eV [ Vuicll3 and [Qu,| = e[y, .| (5.15)

Lemma 5.11. Under the previous notations, there exists C > 0 (depending on @) such that
0<2t [ V(uie—uze) Vo +Cte® + 12| Vol3

Br
k k
fn <5NQ(ﬁ1,g+w)+| +eV Z Q(ﬁi,s—tw)+|> — In <5N Z |Quzs|>]
i=1

1
o~
< =2

and

0 §2t/ V(us. —urs) - Voo + Cte® + 2| Vo2
Br

29



k

k
1
+ N fn EN‘Q(ﬁz,g+w)+| +eV Z ‘Q(ﬁi,€*t§9)+| —Jn <5N Z |Quzs>
i=1

i#2
fore >0 sufficiently small (depending on R >0) and t € (0,1). Here, for each i, ;e := tj e — 3 ;4 Uje-

Proof. We prove only the first inequality, as the other case is analogous. Using the minimality of
UL, ..., U, We have

Jn(uh L) uk) S Jn(ul,t,ea s 7uk,t,s)7
where, as in (2.9),

Ut e = (ul,t,sa cee 7uk,t,s) = ((ﬁl + t@s)Jr 3 (’LALZ - tSOE)+ P (ﬁk - tSOE)Jr) )
recalling that 4; = u; — Zj# uj, for i =1,..., k. This yields

k k

V(@ + tpe)*|? V(Ui — tpe)T|?
> [t (S inl) < & eyt
i=1 =1

||(U1 + tpe +||2 | U; — tpe +||2

+ fTI <|Qu1,t,s| + Z |Qui,t,s |> .

i=2
By scaling the inequality above and using both (5.14) and (5.15) we obtain

k k +2 +2
N 2 N Jo IV (1 + toe) | Jo IV (i —too) T
E Vu,; g Q... < E
€ 2 /Qs| Ui e|® + fy (6 i:1| U'L,5|> = (G + tee) T2

= (@ —te)t3

k
+ fn <5N|Q(ﬂ1’i+t4p)+| +eN Z |Q(ﬁi,57t<’p)+ > , (5.16)

i=2
where Q. = Q/e. By [6, Lemma A.1], since ||u;]l2 = 1 for every i = 1,...,k, there exists C; > 0 such
that, for ¢t > 0 small,

1 1

e A <142 [ wpe+ CillodlB? (2 2)
MG+ t0) B = (@ — t)* 13 o o

and so there exists Co (depending on ¢) such that

Jo IV (i1 + o) )2
i S [Vt P (1202 [ g+ 0N 2ol
€ 2 .

:gN/ |V (i +to)T|> — 2tsN+2/

Q. Br

2?5/ u1pe + Ot |58,

ul,sw/\V(ﬁlers)*V
Q
+ NPl /Q V(i + o)

SEN/ V(e + o) ? + Cote™ 2, (5.17)
Qa

for every t € (0,1). Here, we have used again (5.14), (5.15), as well as the locally uniform convergence
of u; .. Similarly, for i > 2,

Jo IV (@ — toc)*|? X
Tt g =, [Vt =0 P ot (.19)
i e b R

Therefore, by plugging (5.17) and (5.18) into (5.16), and given that

k
V(e + t) 2+ 3 IVt — o) = [V(ine + 1)
=2

we have

k
sNZ/ |V, |2 SeN/ IV (01 + )] 4 2CoteN+2
i=1 "% 2

+ f ( 1, . +ep)+| € Zm(ulgfw +|> < NZ ;.. > :

=2
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Dividing both sides by €, and using the fact that

k
/ V(e + 1) =3 / Vs |? + 2t / Vi - Vg + 2 / Vol?
Q = Jo. Q. Q

k
=Y [ VP2 [ Voo wo) Ve [ (9o
= Jo. Br Q

for € > 0 sufficiently small, we obtain the desired conclusion. O

Lemma 5.12. Under the previous notations, for a.e. t € (0,1) and £ = 1,2, we have

k k

1

| [ V12 vt Y D Qo | | = F (eNZmui?E) =0,
i£L i=1

as e — 0.

Proof. We present the proof for ¢ = 1, as for ¢ = 2 is analogous. First, recall that, from (5.15) and
Lemma 4.6, we have eV Zle Q.| = Ele |2,| = a, which yields to

k k
1 N n N

Let us denote my . = my(t) = eN|Qq, oo+ | +V E?:z |4, .—te)+|- We have two possibilities,
either my . < eV Zle |Qu, .| =aormy.>eV Zle |, .

= a.

Case 1: If m1 . < a, then

k k
1 n
~/n <€N|Q<ﬂ1,g+w>+| +eNy |Q<m‘g—w)+|> = <€N|Q<a1,s+w)+| +e > 1Qa, .ty | - “)

N

=2 =2

k a
=17 <Q<a1,g+w)+ + D 19, .oyt — €N> :
=2
and hence
1 1 k k k
o (mue) = - f <5N > |Qu> =1 <|Q(a1,g+w)+| + D Q% —ty = D |Qui,a|> :
=1 1=2 =1

Case 2: On the other hand, if m; . > a, then we have

k k k
1 1 1
o (me) = - f <5N > 19, ) =, (5NQ(a1,5+tw)+ +e Y Qo) | =N D | )
i=1 =2 i=1

k k
1
51 (CISEIPEES SRR )P
i=1

=2

In both cases, we need to examine the quantity

k k
M1e(t) = [Qay )+ |+ D a0t — D D,
=2 i=1

and show that, for a.e. t > 0, lim._,o M1 -(t) = 0, so that the claim of the lemma holds. Observe that,
since supp ¢ C Br C 2\ U’Z>3QWYE, we have Qq4, . _4p)+ =y, _, for i =3,... k. Moreover,
Qs o)t = (Qus . —us.+t0)+ N Br) U (. N (Br)°),
and
s, c—to)* = (Quzc—wr . —te))+ N Br) U (Qu, . N (Br)°) -
Hence,

m1e(t) = Qs . —ug.c +to)+ N BRI+ [Quy . N (BR)| + [Qus.. —ur o —to)+ N Brl +[Qu, . N (Br)‘|
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k k
+ Z |Qui,5| - Z |Qui,5|
i=3 i=1
= |Q(u1_’€7ugrg+tg,a)Jr N BR| + |Q(7¢2,57u1,572&,@)Jr N BR| - |QU1‘5 N BR| - |Qu2‘5 N BR|
= |Q(u1,e*u2,s+t<,0)Jr N BR| + |Q(u1,£7u2,5+tw)7 N BR‘ - |Qu1,5 N BRl - |Qu2,5 N BRl
= |{x € Br : (Ul,e — U2, +tp)(x) # 0}| - |Qu1,s N Br| — ‘Quz,a N Bg|.
By passing the limit as ¢ — 0, and using Lemmas 5.8 and 5.9, we obtain
lim iy < (1) = {2 € B ¢ (a(z- )" — bz 1) +1p)(x) # 0}~ Ba
={{x € Bg :a(z-v)T —b(x-v)” +te(x) =0}
Finally, since ¢ > 0,
{rx€Bgr :alx-v)T=blz - v)” +tp(z) =0} ={r € Bg : a(z-v)" —b(z-v)” = —tp(z)}
C{ze€Br: (x-v)<0, to(x) =b(z-v)}U{z € Bg|z-v=0}
plr) b
= - Br : x-v =0}
@) t}U{xE r:x-v=0}
Since |[{z € Br : z-v = 0}| = 0 and, by Sard’s Theorem, {m €Bg: (z-v)<0, 24 — %}’ =0 for
a.e. t > 0, the conclusion follows. [l

:{meBR](m-V)<O,

Lemma 5.13. Let @y, us be as in Lemma 5.2. Then

Ay — 1) =0 inRY
and, in particular, a = b.
Proof. By Lemma 5.12, there exists ¢, — 0 such that, for each n,

k k
1
N [fn <5N|Q(ﬁ1,s+tnw)+| +eV Z |Q(ﬂi,stn<p)+|> = [ <5N Z |Qum|>] -0
i=1

i=2
as € — 0. By Lemma 5.11,

0 <2t, V(ul,s - UQ,E) : VSD + Cjtrzg2 + t2||v90||§

Br
k k
I <5N|Q(ﬁl,a+tnw)+| +el Z ‘Q(m,s—tncpﬁ > —Jfa <5N Z ‘Qua
i=1

=2

1
=

)

By letting € — 0, and using the convergences of the blowup sequences provided by Lemma 5.2, we have
0<2t, [ V(a—a2)- Vo+1i3|Vels.
Br
Finally, we divide the inequality above by t,, and let n — oo to see that

0< V(ﬂ1 — 17,2) . VQD.
Br

Since R > 0 and ¢ are arbitrary, this means that
—A(@i; — 1) >0 in RV,
By doing a similar computation, we can also show that
~A(lp — @) >0  in RY,
hence @; — s is harmonic in RV, O

Conclusion of the proof of Theorem 5.1. This result is now a direct consequence of Lemmas 5.2, 5.9, 5.10
and 5.13. (]

Finally, we relate the information obtained at one-phase reduced boundaries (Proposition 4.3) with
the one obtained at all two-phase points (Theorem 5.1).

Proposition 5.14. Leti # j and take o € Trp(0Q;) NT'rp(08;). Then m(xo) > my,, where my, is the
constant appearing in (4.4).
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Proof. Take xg € 0§, N IQ,; NQ, and let 1 € 9", be a one-phase point for some | € {1,...,k} -
which exists, by Lemma 4.1. Take the blowup sequences
u; (rg +cx u(xr1 + ex
u; o (z) = M7 w.(z) = y
€ €

By Propositions 4.2 and 4.3, there exists v, (z1), the measure theoretical inner normal to the boundary
of 02, at x1, and
QO —
Tw T, {z vy, (z1) >0} ae. and Lj,,.

€

On the other hand, by Theorem 5.1, up to considering a subsequence, there exists v(zg) € 9, such
that

Upe = my(z- vy, (21))4 i Lis. N Hy,.,

Qu, —

wie — m(zo)(z-v(20))y in L7, N HE ., O 5 {z-v(zo) >0} ae. and L},

€
(observe that while v(xg) may depend on the sequence, this is not the case for m(zg)). Now we simply
repeat the same procedure of the proof of Proposition 4.3, considering a diffeomorphism that pushes
inward €, at 2o (using v(zo) as normal) and pushes outward €, at z1 (using v, (z1)). More precisely,
we set

r — X r — T
Tpﬁ(z) = T(l‘) =X+ Kpp <|p0|) V(Q:O)XBI)(IO)QQ% — KpY <p1|) Vy, (ZEI)XB,)(M)'

and consider U, ;(z) = w;(17(2)), Up(z) = w(t71(2)). For sufficiently small x, p, we use
(Ui ooy Uiy ey Upy e ey Up) el
as a test function for J,. By repeating the proof of Proposition 4.3 (which relies only on the convergence
statements for blowup sequences!) we obtain this time
0 < rkp" Clp)(M(20))* = (my)?) + 0(p™) + pN o(x)

and so m(zg) > m,, as wanted. O

6. OPTIMALITY CONDITIONS IN THE VISCOSITY SENSE. CONCLUSION OF THE PROOF

From now on, we fix » > 0 small enough, and take an optimal vector (uy,...,us) € H for problem (2.3),
such that (Q,,...,8,) is an optimal partition of the original constrained optimal partition problem
(1.1) (recall Remark 4.7). In this section, we show that (uq,...,ux) satisfies, in the viscosity sense,
suitable optimality conditions at the free boundary. This will allow to apply the regularity result of [24]
at two-phase points, and the regularity result of [42] at one-phase points, concluding the proof of Theorem
1.1.

First of all, we introduce the notion of viscosity solution of a PDE.

Definition 6.1. Let Q C RN be an open set. We say that a continuous function Q: Q — R touches
from below (resp. touches from above) a function w: Q@ — R at zy € Q if Q(zo) = w(xy) and

Q(z) < w(x), (resp. Q(x) > w(x)), for all x in a neighborhood of xg.

Definition 6.2. We say that Q: 0 — R is an admissible comparison function in §2 if
e QeC'({Q>0NYNC'({Q <0} NQY);
e QeC?’({Q> 0N NC*({Q <0} NQY;
e 9{Q >0} NQ and I{Q < 0} NQ are smooth manifolds in €.

We start with the results for the one-phase points. Recall that m,, is the same constant of Proposi-
tion 4.3 and 5.14.

Proposition 6.3. Let (uq,...,u;) be optimal for (2.3). Leti € {1,...,k} and xy € (8Qui \ Uj#@Quj) N
Q be an interior one-phase point. We have the following:

(i) Suppose that Q is a comparison function and Q4 touches u; from below at xg, then |VQ 4 (:170)|2
My ;

IN

Y

(ii) Suppose that Q is a comparison function and Q4 touches u; from above at o, then |VQ (zo)|*
My
Moroever, T'op(0);), that is the one-phase free boundary of Q,, NQ, can be decomposed in a regular part
Reg; and in a singular part Sing, such that
e Reg; is locally the graph of a CY® function for any « € [0, 1),
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e There exists a universal constant N* € {5,6,7} such that Sing; is empty if N < N*, discrete if
N = N*, and dimpy (Sing;) < N — N* otherwise.

When the claim of Proposition 6.3 holds, we say that [Vug|* = m, on (0, \ U;j2:00Q,,) N Q in the
sense of viscosity solutions.

Remark 6.4. The constant N* is the lowest dimension at which there exists singular local minimizers
for the Alt-Caffarelli one-phase functional in RN .

Proof. In view of Remark 2.10, we note that the set €2, is a solution to the shape optimization problem:

min ¢ A\ (w) 1w C Q\ Uz, Wl :a—Z|wj\ . (6.1)

i
Thanks to [42, Lemma 5.30] we deduce the claim with a certain constant m; > 0 on the one-phase
free boundary, namely (0, \ Uj2;0Q,;) N . The fact that the constant m; is exactly m, (and does
not depend on i) follows thanks to Proposition 4.3, and performing a blowup at a one-phase point of

the reduced boundary. The last claim concerning the regular and singular part also follows from [42,
Theorem 1.2]. O

We now focus on the two-phase points. Let (ug, ..., ux) be a solution for problem (2.3) and g € 9€,,,N
Oy, \ Uiz, i, be a two-phase point. Up to relabeling the indexes, we can assume that i = 1, j = 2.
We denote u = u; — uy and since there are no triple points (and no two-phase points at the boundary of
the box ), we take R > 0 sufficiently small such that Br(z¢) C Q\ Uk ,Q,,. We can now prove that,
at two-phase points (branching and not branching), the following optimality conditions, in the sense of
viscosity solutions, hold true:

\Vui|? > my,  |Vug|? >m,, and |Vui|?> —|Vus/>* =0 on 9Q,, N, NQ,

where m,, > 0 is the constant from Proposition 5.14, see also Theorem 5.1. Let us state it in a more
precise way.

Proposition 6.5. With the notation above, we have the following:

(i) If Q is a comparison function touching from below u = uy — ug at a two-phase point x, then
IVQ™(z0)? 2 my,  and,  [VQ*(x0)* —[VQ (x0)* < 0.

(i) If Q is a comparison function touching from above u = u; — ug at a two-phase point x, then
IVQT (z0)]* 2 my,  and,  [VQ™(wo)* —|VQ (z9)]* > 0.

Proof. This proof, since we now have the information on the behavior of the blowup limits at two-phase
points (see Theorem 5.1), follows as [24, Lemma 2.5]. For the sake of completeness, we report here the
proof of part (¢) (the other case is analogous). Let zg € 0Q,, N Oy, \ Ui>38,, and @ be an admissible
function that touches u = u; — ug from below at z¢. Let ug, r, and Qg r, be blowup sequences of u
and @ at xp. Then, up to extracting a subsequence, we can assume that ug, ,, converges uniformly to
a blowup limit of the form (see Theorem 5.1)

+

Uoo () = m(zo)(z - )T —m(xg)(x-v)7,

for some v € 0B;. Recall also from Proposition 5.14 that m(zq) > m,,.

On the other hand, since QTand @~ are differentiable at zo (respectively in {Q > 0} and {Q < 0}),
we deduce that @, , converges to the function

Qoo(@) = [VQ (20)] (z - )4 — [VQ™ (w0)| (z-v')_,

where v/ = |VQ* (z0)| ' VQ¥ (z0) = —|VQ™ (z0)| " VQ~ (2z0). Now since, Qoo touches 1o, from
below, we have that v/ = v,

|VQJr (:co)’2 - |VQ* (x0)|2 <0 and ’VQ+ (zo)| < my, |VQ* (:co)’ > my,
thus (i) is proved. O

We are now in position to prove the regularity result at two-phase points, again following [24] (where
the most difficult step, namely the improvement of flatness, is proved).
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Theorem 6.6. Let (uy,...,ux) be a solution for problem (2.3) and xo € Oy, N Oy, \ Urzi jQy, be
a two-phase point. There exists 1o > 0 (depending possibly also on xg) such that 0Qy,, N By, (xo) and
Oy, N By, (x0) are CH* graphs for all a € [0,1/2).

Proof. As usual, up to relabeling the indexes, we can assume that i = 1,7 = 2. We denote u = u; — ug
and since there are no triple points, we take R > 0 sufficiently small such that Br(x) C 2\ Uk ;Q,,.
We divide the proof in some steps. -
Step 1. There is a unique blowup of u at zy. Moreover there exists « > 0 such that for every
open set D' € Bg(xg) there is a constant C (D', N) > 0 such that, for every two-phase points z,yog €

(8Qul N O, \U123Qul> N D', we have
Im (z0) = m (yo)| < C'lzo —wol”  and  |v(z0) — v (yo)| < Colzo — yo|”, (4.1)
where
m (o) (z - v(x0))" — m(wo)(z - v(x0))~ and m (yo) (- v(y0)) ™ — m(yo)(z - v(yo))~
denote the blowup limits of u at zy and yg respectively. In particular, (89u1 N O, \Ulngul) ND is
locally a closed subset of the graph of a C® function.

Proof of Step 1. This follows from the improvement of flatness result at two-phase points [24, Theo-
rem 4.3]. O

Step 2. There are C%“ continuous functions m; : 9QF — R,my : 9, — R such that m; >
My, My > My, and uy, ug are viscosity solutions of the one-phase problem

—Aup = A (Qy)ur in Qyy, |Vul=my; on 9Q,,

and
—Aug = A1 (Quy)us  in Qy,, |Vug|=mo on  9Q,,.

Proof of Step 2. We show the proof only for u;, being the other case analogous. We already know the
equation satisfied by w; in €,,, thanks to Lemma 2.5. By [24, Theorem 4.3], we infer that for all
two-phase points zg € D’, we have

|u(z) — my (z0) (z — o) - v (z0) | < Co |z — @07, (6.2)

where x € By, (xg) Ny, , with v € (0,1/2), 0 <19 < R and Cy > 0 depending only on D’.

To conclude we only need to prove that m; € C%* (9€2,,). Since m; is a-Hélder continuous on the
set of two-phase points by Step 1 and constant on the set of one-phase points, thanks to Proposition 6.3,
we just need to show that if z( is a two-phase point such that there is a sequence x,, of one-phase points
converging to xg, then my (z9) = m,,. To this end, let y,, € 0, N Oy, N Br(xo) be such that

dist (2, 00y, N O, N Br(2o)) = |Tn — Yn| -
Then we set

1
Tn = |Tn —yn| and wup,(z)= T—ul (T + 1)
n

and note that u 5, is a viscosity solution of the free boundary problem
_Aul,n = ’I“n)q (Ql)ulm in Qul,n n B1, \Vulm

Since u; ,, are uniformly Lipschitz they converge to a function u; o, which is also a viscosity solution of
the same problem (thanks to De Silva regularity paper for viscosity solutions [25]). On the other hand,
by (6.2), we have that

=m, on 0Q A NDB.

U100 () = my (z0) (2 v (20)) ",

which gives that m; (zo) = m,,. O

Step 3. Conclusion of the proof of Theorem 6.6. Let zg € 9, N 9Qy,, N Br(xg) and let £ be
the constant in [25, Theorem 1.1]. Thanks to the classification of blowups at two-phase points, we can
choose g > 0, depending on xg, such that

lttzg.r0 = (- v)* |, <&

so that thanks to Step 2, we can apply [25, Theorem 1.1] to conclude that locally at zq the free boundaries

0Q,, and 99, are C1® graphs. By the arbitrariness of zo this concludes the proof for some a. The

fact that the result follows for all a € [0,1/2) is pointed out in [30]. O
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To conclude, we present a summary with the complete proof of the main theorem of this paper.

Conclusion of the proof of Theorem 1.1. By Lemma 4.6, we may fix n > 0 sufficiently small to that, by
taking an optimal vector (u1,...,ux) € H of problem (2.3), then the associated nodal sets

(Quys - -+, 8y, ) form an optimal partition of the original constrained optimal partition problem (1.1),

and every possible optimizer of (1.1) is of this form (being therefore connected - see Remark 2.10). We
check that this partition satisfies the statement of Theorem 1.1. First of all, given i,

8Qu1 =Top (8Qu1) U ].—‘Tp(aQui) ul'p (8Qu1)

as a consequence of Theorems 3.1 and 3.2.

The fact that Trp(Q,,) C Reg(d€2;), which is of class C%%, follows from Theorem 6.6. All the
remaining properties in (1) follow from Proposition 6.3.

Finally, assuming C1'! regularity of €2, since the boundary of the box €2 only admits one-phase points
and (6.1) holds, [42, Theorem 1.2] shows that there are no singular points on 9 and that the regular

part is C1/2. In particular, item (2) is proved. O

Remark 6.7. As a final remark, we point out that the proof of Lemma 4.1 was already showing that
branching points had necessarily to be cusps. In fact, with the same argument therein, if a two-phase
branching point were not a cusp, then we could find a new box Q' for which the point is on the boundary
of the box. But then, thanks to Theorem 3.2, we know that there can mot be two-phase points in the
boundary of the box and we have a contradiction.

A. SOME USEFUL RESULTS AND REMARKS

Lemma A.1 ([6, Lemma A.1]). Let u € L%(Q) with ut # 0. Then, for all ¢ € L*(),

1 1 2 / .
= F up+o(t ast — 0T,
TwE 2~ T T T Jo® oW

Lemma A.2 ([12, Lemma 4.5]). There exists C > 0 such that, for every R >0 and v € H' (B,),
1 2
= [{u=0}NB,| <][ ud?—[N1> < C’N/ |Vu|? d,
d

[d T

where Cn is a constant that depends only on the dimension N.

Lemma A.3. Let u be an HZIOC(RN) nonnegative function, subharmonic in RN, and let w € B, C RY,

Then N
4 N-1
< | — .
wus (Gitamy) |, 00

In particular, given 0 € (0,1),

1
sup 4 < ——— u(y) dHN ~(y).
Be,,rgﬂ (- Q)N][aBp ) )

Proof. Let v be the harmonic extension of u|sp, in B,, that is, the unique solution of
Av =0in B,, v =1u on 0B,.

Then, by the maximum principle and Poisson’s formula, for € w and since |z — y| > d := dist(w, 0B,)
for every y € 0B,),

2 2 2 2
p? — |z / vy)  one1, s PPzl / uly) N
ulz) <wvlzx) = dH = dH
() <) = BB Jo, eyl W =8B Jog, eyl )

N
P N-1 P N-1
< u(y) dH =——F ][ u(y) dH .
0B, /aBp () () (dzst(w, aBp)> o5, (v) (v)
In the particular case that w = By,, simply observe that dist(w,dB,) = (1 — 6)p. d
Lemma A.4 ([12, Lemma 2.14]: three-phase monotonicity lemma). Let u; € H}. (]RN) ,i1=1,2,3, be

three nonnegative Sobolev functions such that Au; > —1 for each i = 1,2,3, and u; - u; =0 in RY for
each i # j. Then there are dimensional constants € > 0 and C > 0 such that

3
1 |V 2 V| 1
—_ de | <C |1 d 0,-|.
H <r2+5 /BT o[V -2 x) < < —|—;/B1 o[V -2 T for every r € '
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Remark A.5. It is well known that, under the assumptions of the previous lemma,

2
/ |V}\L/Z_|2 de < C <1 —|—/ uf)
B, |zl By

(see [16, Remark 1.2], or [49, Lemma 2.1] for a proof that does not require the continuity of the functions
u; ). Therefore,

S vl : ’ 1
- <C|1 2 ~). Al
H <r2+5 /BT "2 dx) _C( +;/32ul> for every r € (0,2> (A1)

=1

A.1l. Some fact about Geometric Measure Theory. Here we recall some facts about geometric
measure theory, referring for example to [5, Chapter 2] for more information. The De Giorgi perimeter
of a Borel set £ C RY is the quantity

Per(E) := Sup{/ div(¢) dz : ¢ € CHRN,RY), [¢]loo < 1} .
E

If Per(E) < 400, then we say that E has finite perimeter.

Equivalently, it can be defined in the setting of functions of bounded variation as the total variation
of the distributional derivative of characteristic functions. We recall that if Q@ ¢ RY is an open set,
u € LY() is a function of bounded variation, and we write u € BV (£2), when the distributional derivative
Du of u is an R¥-valued finite Radon measure. Then E C R¥ is a set of finite perimeter, if and only if
xE € BV(RY) and

Per(E) = \DXE\(RN) =: ||DXEHTV(]RN). (A.2)
Whenever it exists, the quantity
BN B, ()
0 = lim ————— € (0,1
2@ =l g €01

is called the density of a Borel set E at x. Given t € [0, 1], we denote by E! the subset of points of RY
such that 0z (z) = t, and we call essential boundary of E the set 9°E = E \ (E° U E'). Eventually, we
define the reduced boundary of E as the set *E C 9°F of points of the essential boundary such that
the measure theoretic inner unit normal

vg(z) := lim 7DXE(BT($))
- =0 |Dxg|(B(2))

exists.
The geometry of the boundary of sets of finite perimeter is described by the following two fundamental
results.

Theorem A.6 (De Giorgi’s Structure Theorem). Let E be a set of finite perimeter. Then O*E is
HN L —rectifiable, P(E) = HN"Y(0*E) and, if v € O0*E, then (E — z)/r converges in L _ to the
hyperspace orthogonal to vg(x), as r — 0. Moreover the following divergence formula holds:

/diV(bdx:— ¢-vpdHN L,
E o*E

for any vector field ¢ € CH(RN,RY).

Theorem A.7 (Federer’s Structure Theorem). Let E be a set of finite perimeter. Then 0*E C E'/?
and HN=Y(0°E \ 0*E) = 0. In particular O*E, EY2 and 0°F are equivalent, up to a HN ~'-negligible
set.

A.2. Some facts about quasi-open sets. Finally, we recall some definitions and facts about quasi-
open sets which will be needed in the paper.

Definition A.8. A quasi-open set is a measurable set Q C RN such that for all € > 0 there exists
K. compact such that its (Newtonian) capacity cap(K.) < € and Q\ K. is open. Similarly, a function
u: Q — R is quasi-continuous if for all € > 0 there exists a compact set K. such that cap(K.) < € and
the restriction of u to Q\ K. is continuous. Fventually, we say that a property holds quasi-everywhere
on a set if it holds up to a set of null-capacity.
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It is well-known that every u € H*(RY) admits a quasi-continuous representative u. Moreover, if @
and u are two quasi-continuous representatives of u, then they are equal quasi-everywhere. Therefore, in
this paper, for every u € H'(RY) we identify it with its quasi-continuous representative. A quasi-open
set is then simply a superlevel set of (the quasi-continuous representative of) a function v € H*(RY).
For more details on quasi-open sets and quasi-continuous functions, and the definition of capacity we
refer for example to [32, Chapter 3.

Let us also stress that it is standard to define the Sobolev space H} on a quasi-open set  C RY as

H}(Q) = {u e H'(RY) : u = 0 quasi-everywhere in RV \ Q}.

If Q is an open set, this definition coincides with the usual one, see [32, Section 3.3.5] for more details.
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