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Abstract

We prove a lower bound for the value of the L'-relaxed area of the graph of the map
w: By(0)\ {0} C R? — R?, u(x) := x/|z|, = # 0, for all values of the radius [ > 0. In the
computation of the singular part of the relaxed area, for [ in a certain range, in particular [ not
too large, a nonparametric Plateau-type problem with partial free boundary, has to be solved.
Our lower bound turns out to be optimal, in view of an upper bound proven in a companion

paper.
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1 Introduction

Given a bounded open set Q C R™ and a map v : © — R of class C, the area of the graph of v
over ) is given by the classical formula

A0, Q) = /Q M(V0)| da, (1.1)

where M(Vwv) is the vector whose entries are the determinants of the minors of the gradient Vv
of v of all orders k, 0 < k < min{n, N} (conventionally, the determinant of order 0 is 1). Classical
methods of relaxation suggest to consider the functional defined, for any v € L'(€2,R"Y), as

A(v, Q) = inf { lim inf A(vy, Q)}, (1.2)

k——+o00
and called (sequential) relaxed area functional. The infimum is computed over all sequences of maps
v, € CH(Q,RY) approaching v in L' (€2, RY). Following [1], it follows that A(-, Q) extends A(-, Q)
and is L'-lower semicontinuous. When the codimension N = 1, it is well-known both the domain
of A(-,Q) and its expression [22]: A(v, () is finite if and only if v € BV (2), in which case

A(v, Q) :/Q\/1+ Vol2dz + |D*|(Q), (1.3)
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Vv and D?®v representing the absolutely continuous and singular parts of the distributional gradient
Dv of v. Formula is a basic example of non-parametric variational integral that is a measure
when considered as a function of Q [30], and is crucial, among others, in the study of capillarity
problems [26], and in the analysis of the Cartesian Plateau problem [29]. The case N > 1 (referred
here to as the case of codimension greater than 1) is much more involved, and only a few results
are available about the behaviour of A. Again, one of its main motivations is the study of the
Cartesian Plateau problem in higher codimension; in addition, from the point of view of Calculus
of Variations, it is of interest in those vector minimum problems involving nonconvex integrands
with nonstandard growth [3], [21], [28].

In this paper we restrict attention to the case n = 2 = N, and compute a lower bound for the
relaxed area of the graph of the vortex map u : B;(0) C R? — R? given by
x € B(0) \ {0}. (1.4)

x
which turns out to be optimal. Our sharp estimate, together with the upper bound provided in [8,9],
gives the explicit value of A(u,B;(0)). Before stating the main result, observe that u belongs to
WP(Q,R?) for all p € [1,2), and that the image of u is the one-dimensional unit circle S! C R?, so
that Ju(z) = det(Vu(z)) = 0 for all z € 2\ {0}. On the other hand, the distributional Jacobian
of u is nonzero, and precisely equals the measure 7dy. In [1, Lemma 5.2], the authors showﬂ that,
for [ large enough,

A(u,Bl(O)):|ﬂGu]]|—|—7T:/B(O)\/1+\Vu|2dx+7r. (1.5)

Here [G,] represents the current given by integration on the graph of u (see Section . With
the aid of an example, they also show that A(u, B;(0)) must be strictly smaller than the right-hand
side of , since there is a sequence of C''-maps approximating v and having, asymptotically, a
lower value of A(-,2). We anticipate here that, when [ is small, the above mentioned sequence is
not optimal, and the construction of a recovery sequence for A(u, B;) is much more involved and
requires to solve a sort of Plateau-type problem in R? with singular boundary (i.e., with partial
overlapping). Equivalently, with a reflection argument with respect to a plane, it can be seen as
a non-parametric Plateau-type problem with a partial free boundary; in [9] valid for any [ > 0,
we have analysed this problem, and in particular we show that, excluding a singular configuration,
there is a non-parametric solution attaining a zero boundary condition on the free part.

We emphasize that, for [ small, the fact that the above mentioned sequence is not optimal is
strongly related with the choice of the L'-convergence in the definition of A. Even if this is
the most natural notion of convergence for the approximating maps v; of u, one can also opts to
choose stronger topologies. Some results are known when one chooses, instead of the convergence
in L', the strict convergence in BV (Q;R?) (see [5/6,(16}/17,37]). With this convergence, it has been
shown in [5] that the relaxed area of the vortex map u always equals the right-hand side of .

In order to construct a recovery sequence for A(u, ), the necessity of solving a 1-codimensional
Plateau problem with partial free boundary in nonparametric form, is not a surprise. A similar
construction is done in [11], to show an upper bound for the relaxed graph area of the triple
junction map ur; in [39] it is shown that this sequence is optimal. Together with ur, the relaxation
of the area of the vortex map are the only non-trivial examples in which it is possible to compute
explicitly A. In other cases, it is only possible to show some specific upper and lower bounds, see
for instance [14,/40]. To state our main result we need to fix some notation. For [ > 0 we denote
Ro; :=(0,20) x (—1,1) and let dpRy; := ({0,2(} x [-1,1]) U ((0,2]) x {—1}) be what we call the

Tn [1] the proof of (L.5)) is given also for N = n > 2, where now 7 in (L.5)) is replaced by wy,.



Dirichlet boundary of Ry;. Define ¢ : dp Ry — [0,1] as ¢(t,s) := V1 — s if (t,s) € {0,210} x [-1,1]
and p(t,s) = 01if (¢,s) € (0,2l) x {—1}. We introduce the functional F; in the following way:
Given h € L*([0,1],[—1,1]) and ¢ € BV(Ry; [0, 1]) we define

Filh,w) i= A, Ri) = (B SGo) + [

OpR;

poglants [ a0
(0,1)x{1}
where we have noted, for any h, its subgraph SG}, := {(t,s) € Ry : s < h(t)}.
We further define

Xl = {(h,'(ﬂ) the LOO([Ovl]a [_L 1]),¢ € BV(Rla [07 1])7¢ =01in Rl \ SGh} (17)
The main result of the present paper is the following:

Theorem 1.1 (Lower bound for the area of the vortex map). Letl > 0 and u : B;(0)\{0} —
R? be the vortex map defined in (1.4). Then

A(u,Bl(O))Z/ V14 |Vul2de +2 inf  Fi(h, ). (1.8)
B,(0) (h)eX)

In [8] it is proved that this estimate is sharp, and as a consequence equality holds in ; it
is also proved that for [ large enough the infimum is not attained in ﬁgl X Xp,,, and it equals 7.
Instead a minimizer exists for [ small, hence v is real analytic in the interior of SGy; furthermore,
we show that h is smooth and convex, and 1 has vanishing trace on the graph of & (see |9, Theorems
1.1, 1.2)).

The proof of Theorem is extremely involved: we assume (uy) to be a recovery sequence
converging to u, so that A(ug, B;(0)) — A(u,B;(0)), and we analyse the behaviour of the graphs
G, over two distinct subsets of B;(0), respectively one on which uj, converges uniformly to u, and
one where concentration phenomena are allowed (let us call this the “bad set”, denoted Dy in the
sequel). In the former, studied in Section {4 we see that, up to small errors, the contribution of the
areas of G, gives the first term on the right-hand side of . In the set Dy, the graphs G, might
behave very badly. In order to detect their behaviour we introduce suitable projections in R? (the
maps ¥y in Definition and the maps 7y, in Definition and use them to reduce the currents
carried by the graphs G, to integral 2-currents supported in the cylinder [0,] x B1(0) € R3. To
this aim, it is necessary to use a cylindrical Steiner-type symmetrization technique for these integral
currents, described in Section [3] Afterwards, an additional partition of the domain is needed, and
we focus on what happens far from the origin and in a neighbourhood B.(0) of it. The first analysis
is carried on in Sections [5] [6] and [7] The analysis around 0 is instead done in Section [§] Roughly
speaking, we construct a cylindrically symmetric integral 2-current in [0, 1] x B1(0) whose area, up
to small errors, is equal to the area of G, over Dy. In order to relate the area of this current with
the second term on the right-hand side of , we have to artificially add some rectifiable sets to
this current (see Section E[), in such a way to force the new integral current to be a candidate for
the minimum of F;. Some additional rearrangements are needed here, and are described in Section
The passage to the limit as & — +oo, and the conclusion of the proof, are then performed
in Section where we also show that all the errors in the estimates of the previous sections are
negligible.

2 Preliminaries

2.1 Notation and conventions

For a map v € C'(Q,R?) and Q cc R?, A(v,Q) coincides with the area of the graph G, :=
{(z,y) € A xR? : y = v(x)} of v seen as a Cartesian surface of codimension 2 in  x R? and is



given by

A(U,Q):/ VI Vo2l + [ To(@r, 22)P de1dzs.
Q

Here Vv is the gradient of v, a 2 x 2 matrix, [Vv|? is the sum of the squares of all elements of Vo,
and Jv is the Jacobian determinant of v, i.e., the determinant of Vv. The relaxed area functional
(with respect to the L!-convergence) is denoted by A(v, ) and is defined in . We first remark
that the infimum in (1.2)) can be considered as taken over the class of sequences v € Lip(€2; R?).
This does not change the value of A(-, ), as observed in [11].

Recall that in formula the symbol M(Vv) denotes the vector whose entries are all de-
terminants of the minors of Vu. Precisely, let « and /5 be subsets of {1,2}, let & denote the
complementary set of , namely & = {1,2}\ a, let | - | denote the cardinality, and let A € R?*? be
a matrix. Then, if |a| + |5] = 2, we denote by

ME(A) (2.1)

the determinant of the submatrix of A whose lines are those with index in 3, and columns with
index in &. By convention Mg(A) = 1 and moreover

Mi=ay, ijef{l2), M3 (A) = det 4,

and the vector M(A) will take the form
M(A) = (ME)(A)) = (1,a11, a12, a1, azs, det A),
where o and 3 run over all the subsets of {1,2} with the constraint |a| + |3] = 2. We will identify
a and § as multi-indeces in {1, 2}.
2.1.1 Area in cylindrical coordinates

Polar coordinates in RZ .
denoted by (p, 0).

Assume that B = {(r,a) € R? : r € (rg,71), @ € (ap,a1)}; then the area of the graph of
v = (v1,v2) in polar coordinates in B is given by

A, B) = / /a a M(V0)|(r, ) rdrdo.

are denoted by (r, ). Polar coordinates in the target space R%arget are

For i € {1,2}, we have
1 . . 1
Oz, V; = €08 a0pv; — . sin ad,v;, 0z,v; = sin a0, v; + - €08 0y ;.
Hence
1 .
IVi? = (0rvi)? + ﬁ(ﬁavi)Q, i€{1,2}, (2.2)
1
Oxlvlamvg - 83021118351’02 = ; (&nvlaavg — aavlar’LQ) .

Thus the area of the graph of v on B is given by
A(v, B)

B
rL o 1 2
:/ / 14+ (0pv1)2? + (Orv2)? + 2 {(&wl)z + (0qv2)? + <8Tvlﬁav2 — &lvl&nvg) } rdrdo.
ro Jag
(2.3)



We denote by B, = B,.(0) C R? = R2 . the open disc centered at 0 with radius 7 > 0 in the
source space. Our reference domain is Q = B; C R2 ., = ]R%xl’m) where [ > 0 is fixed once for
all. The symbol u will be used to note the vortex map in , which we assume to be defined on
B\ {0}

For any p > 0, it is convenient to introduce the (portion of) cylinder C;(o), as

Ci(o) :== (=1,1) x By ={(t,p,0) € (-1,1) x RT x (—m,7] : p < 0} CR® =Ry x R, ety (2.4)

where (t, p,0) are cylindrical coordinates in R?, with the cylinder axis the t-axis. For o = 1 we
simply write

ai(1) =a. (2.5)

For a fixed parameter ¢ € (0,1), we also set

Ci(o) == (g,1) x B, = {(t,p,0) € (0,]) x R x (—m,7] :e < p < 0} CRy x R%arget. (2.6)

Also in this case we use the notation
Ci (1) =Cy. (2.7)

The closure of Cj(p) (resp. C§(p)) is denoted by Cy(p) (resp. Cj(p)), and the lateral boundary of
Ci(p) (resp. C;(p)) is denoted by 0iaCi(p) (resp. OacC(p)).

Remark 2.1. We will often deal with integral currents supported in
[0, l] X El C él.

The choice of C; = (—1,1) x By covering also certain negative values of the first coordinate ¢ is
useful to control and detect the behaviour of these currents on the plane {t = 0}.

2.1.2 Area formula

Let f: U C RF — R" be Lipschitz continuous, with & < n. The area of the image f(U) of U by f
is given by

jgeff(w)dx,

with the Jacobian matrix of f given by

Jf = \Jdet (V)TVF) = /D (det A2 ae.inU,

where, for almost every x € U, the sum is made on all submatrices A(x) of V f(x) of dimension
kxk.

2.2 Currents

For the reader convenience we recall some basic notion on currents. We refer to [25], [33] and [28]
for an exhaustive discussion.

Given an open set U C R" we denote by D*(U) the space of smooth k-forms compactly supported
in U and by Dy (U) the space of k-dimensional currents, for 0 < k < n. If T' € Dy (R™), the symbol
|T| denotes the mass of the current T', and if U C R"™ is an open set, the symbol |T'|yy will denote
the mass of 7" in U, namely

Tly = sup T(w),



the supremum being over all w € D¥(U) with ||lw|| < 1.
For k > 1 it is defined the boundary 0T € Dj_1(U) of a current T' € Dy (U) by the formula

AT (w) := T(dw) for all w e D*L(U),

where dw is the external differential of w. For T' € Dy(U) one sets 9T := 0.

If F: U — V a Lipschitz map between open sets, and T' € Dy(U), we denote by FyT € Dy(V)
the push-forward of T' by F' (see |33, Section 7.4.2]).

Given a k-dimensional rectifiable set S C U and a tangent unit simple k-vector 7 to it, we denote
by [S] the current given by integration over S, namely

1S](w) =/S<T(x),w(x)> i (z),  we DEU).

We will often omit specifying which is the vector 7 if it is clear from the context. We will often
deal with the case k = 2, and U C R? where there are only two possible orientations. Moreover in
the case k = 3 and U C R3 the current [S] reduces to the integration over the 3-dimensional set
SCR3 and 7 =e; Aes Aes.

We call T € Dy (U) an integral current if it is rectifiable with integer multiplicity and if both
|T|y and |0T |y are finite. The Federer-Fleming theorem for integral currents then states that
a sequence of integral currents T; € Dy(U) with sup,(T;| + |0T;|) < 400 admits a subsequence
converging weakly in the sense of currents to an integral current 7'.

A finite perimeter set is a subset £ C R™ such that the current [E] € D, (U) is integral. The
symbol * E denotes the reduced boundary of F. F is unique up to negligible sets, so that we always
choose a representative of E for which the closure of the reduced boundary equals the topological
boundary [34].

An integral current 7' € Dy (U) is called indecomposable if there is no integral current R € Dy (U)
such that R # 0 # T — R with

Ty + 0Ty = |R|y + |0R|y + |T — R|y + [0(T — R)|v.

We will often use the following decomposition theorem for integer multiplicity currents: For every
integral current T' € Dy (U) there is a sequence of indecomposable integral currents T; € Dy (U)
with T = Y. T; and |T| + 0T = Y., |Ti| + >, |0T;| (see [25, Section 4.2.25]). In the case that
T € D,(U), U C R", the previous decomposition theorem can be stated as follows: There is
a sequence of finite perimeter sets with {E;}icz such that T = > . ([E;NU] — >, o[£ N U]
with 3, |Ei N U| + S, H" Y (U N 9*E;) = |T| + |97 (see [33, Theorem 7.5.5] and its proof).
Moreover, the decomposition theorem applied to FE; allows us to assume that the sequence ([E;])
consists of indecomposable currents. In the case of 1-dimensional currents, it is possible also to
characterize indecomposable currents, namely 7' € D;(R") is indecomposable if T = ][0, |T]]
with 7 : [0, |T'|] — R™ a 1-Lipschitz simple curve, i.e., injective on [0, |7’|). If moreover 9T = 0 then
+(0) = (|T)).

We will exploit the property that any boudaryless current 7' € D,,_1(R"™) is the boundary of a
sum of currents given by integration over locally finite perimeter sets E;, i.e., T = ), O[E;]. This
is a consequence of the cone construction, and for integral currents can be obtained also from the
isoperimetric inequality (see [33, Formula (7.26)] and [33, Theorem 7.9.1]).

We need also the concept of slice of an integral current with respect to a Lipschitz function f
(see [33, Section 7.6]). Since we only employ it for slices with respect to parallel planes, the function
f will be f(x) = xj, where xj, is the coordinate in R™ whose axis is orthogonal to the considered



planes. We denote by T; € Dy_1(R™) the slices of T' € Di(R"™) on the plane {x; = t}, which will
be supported on this plane. We will also use that, if T is boundaryless, then

T {zxy, <t}) =T for a.e. t € R.

For a map v € C1(Q;R?) the symbol G, := {(x,v(r)) € Q x R?} represents the graph of v, which
is a 2-dimensional oriented submanifold which is naturally identified with an integral boundaryless
current given by integration over it, denoted by [G,]. Its mass, which coincides with the #H2-
measure of G, is given by

1G]] = A(v, ©) = /Q M(V0)| do.

If v € BV(Q;R?) we denote by R, C € the set of regular points of v, i.e., the set consisting of
points 2 which are Lebesgue points for v, v(z) coincides with the Lebesgue value of v at x, and v
is approximately differentiable at . We also set

GE .= {(x,v(x)) € R, x R?}.
The set G is H2-rectifiable and is identified with an integral current given by integration over it,
denoted by [GEF]. Also,
G511 = Aw.) = [ [M(Vo)] da,
Q

where now Vv is the approximate gradient of v. In this case, in general, [G,] is not a boundaryless
current.

2.3 Generalized graphs in codimension 1

Let v € LY(Q). Also in this case we denote by R, C € the set of regular points of v, as above. We
introduce

GE .= {(z,v(x)) € R, x R},
SGE .= {(z,y) € Ry x R:y < v(z)}.

We often will identify SGEF with the integral 3-current [SG,] € D3(Q2 x R). If v is a function of
bounded variation, 2\ R, has zero Lebesgue measure, so that the current [SG,] coincides with
the integration over the subgraph

SGy:={(z,y) e A xR:y <v(zx)}.
For this reason we often identify SG, = SG{?. It is well-known that the perimeter of SG,, in 2 x R
coincides with A(v, Q).

The support of the boundary of [SG,] includes the graph G, but in general consists also of
additional parts, called vertical. We denote by

Gy == O[SG,]L(Q x R),

the generalized graph of u, which is a 2-integral current supported on 0*SG,, the reduced boundary
of SG, in Q2 x R.

Let O C R? be a bounded open set such that 2 g/\ﬁ, and suppose that L := QNN is a rectifiable
curve. Given ¥ € BV (Q) and a W! function ¢ : Q — R, we can consider

— Jf onf
w'_{ap on Q\ Q.



Then (see [29], [2])

A, Q) = A, Q) + /L [ — pldH! + Alp, 0\ Q).

2.4 Polar graphs and subgraphs in a cylinder

Consider the (portion of) cylinder C; = (—1,1) x By defined in (2.5), endowed with cylindrical
coordinates (t,p,0) € (—=1,1) x [0,1) x (—m,n|. Take the rectangle H = {(¢,p,0) € C; : § = 0},
which is endowed with Cartesian coordinates (¢, p) € (—1,1) x (0,1). If © : H — [0, 7] is a function
defined on H, we can associate to it the map id <1 © : H — () defined as

(t,p) = (t,p,0(t,p)),  (t,p) € H.

The polar graph of © is defined as
G2 = {(t,p,O(t,p)) : t € (~1,1), p € (0,1)} = id =1 O(H),

where again we have used cylindrical coordinates.
We define a sort of polar subgraph of © as

SGE' = {(t,p.0) : t € (~1,1), p€[0,1), 0 € (=1, 0(t, p))}.

Here 1 > 0 is a small number introduced for convenience, and it will suffice to take n < 1. If the
set SGp@O1 has finite perimeter, its reduced boundary in {—n < 6 < 7 + n} N C; coincides with the
generalized polar graph Gg of ©,

Go = (I"SCEN N ({-—n< 0 <m+n}NCy). (2.8)

This set includes, up to H?-negligible sets, the polar graph G%Ol. When SG%O1 has finite perimeter,

the current [[SG%OI]] € D3(C)) is integral and its boundary in {—n < 8 < w+n}NC; is the integration
over the generalized polar graph of ©, i.e.,

ASCYIL({—n < 8 <7 +n}NC) = [Gel,
where Gg is naturally oriented by the outer normal to 9*S G%Ol.
Notice also that since © € [0, 7] the current [Ge] carried by the generalized polar graph Gg is
supported in {0 <6 <7} NC.

3 Cylindrical Steiner symmetrization

In this section we introduce the cylindrical Steiner symmetrization of a finite perimeterf| set U C
C; = (—1,1) x B1(0). This rearrangement is obtained slice by slice by spherical (two dimensional)
symmetrization, a technique introduced first by Polya. We refer to [15] and references therein for
an exhaustive description of the subject. Here we collect the main properties used in the sequel of
the paper. Furthermore we will introduce a generalization of this symmetrization in order to apply
it to integral 2-currents.

Let us recall that C; is endowed with cylindrical coordinates (¢, p,0) € (—1,1) x [0,1) X (—m,7].
If 21, 22, x3 are cartesian coordinates, we have x1 = t, xo = pcosf, x3 = psinf. Sometimes it will
be convenient to extend 27-periodically the values of 6 on the whole of R.

2Recall that we choose a representative of U such that the closure of its reduced boundary 8*U equals the
topological boundary.



For every t € (—1,1) let Uy := U N ({t} x R?) the slice of U on the plane with first coordinate ¢,
and for every p € (0,1) let U(p) := U N ({t} x {p} x (==, 7]) be the slice of U; with the circle of
radius p.

Definition 3.1 (Cylindrical Symmetrization of solid sets in Cj). Let U C C; be a finite
perimeter set. For every t € (—1,1) and p € (0,1) we let

O(t, p) = Ou(t, p) = ;H%Ut(p)), (3.1)

and we define the cylindrically symmetrized set S(U) C Cj as

S(U) = {(t7p7 0) te (_17 l)) pE (O) ]-)7 NS ( - @(t’p)/Qa @(tvp)/Q)} : (32)

Notice that ©y = Og(17). The set S(U) enjoys the following properties:

(1) H2(S(U)s) = H2(U;) and HY(0*(S(U)y)) < HY(9*(Uy)) for every t € (—1,1);

(2) IS(U)| = |U| and H2(0*S(U)) < H*(9*U).

A proof of these properties is contained in [15, Theorem 1.4]. In particular, since U has finite
perimeter, so is S(U) and its perimeter cannot increase after symmetrization. We will need to apply
symmetrization to integral 3-currents in C;. That is, (possibly infinite) sums of finite perimeter sets
with integer coefficients. For this reason we introduce the following generalization of cylindrical
symmetrization.

Let £ € D3(C)) be an integral 3-current. By Federer decomposition theorem [25, Section 4.2.25,

p. 420] (see also [25, Section 4.5.9] and |33, Theorem 7.5.5]) it follows that there is a sequence
(E;)ien of finite perimeter sets such that

£ =3 (-1 [E], (3.3)

7

for suitable o; € {0,1}. We can also assume the decomposition is done in undecomposable compo-
nents, so that

&1 =" |E and €| => H 0" Ey). (3.4)

According to Definition , we can symmetrize each set E; into S(Ej;).

Definition 3.2 (Cylindrical symmetrization of an integer 3-current). Let E := supp(E)
denote the support of the current £€ Ds(C)). We let

S(E) := US(Ei),

which will be referred to as the symmetrized support of £. The symmetrized current S(E)€ D3(Ch)
is defined as
S(&) := [S(E)]. (3.5)

Notice that the multiplicity of [S(FE)] is one, hence [S(E)] is the integration over a finite perimeter
set.



3.1 Cylindrical symmetrization of a two-current. Slicings

Let us focus on a slice & of the current £ with respect to a plane {t} x Rfarget. Suppose for the

moment that £ is the integration over a finite perimeter set (that we identify with E) in Cj; &
is the integration over the slice F; of E, and suppose that the boundary of FE; is the trace o of a
rectifiable Jordan curve. Applying Definition to the set E we see that F; is transformed into the
symmetrized set S(E;) whose boundary is againﬂ the trace o4 of a Jordan curve. By the properties
of the symmetrization we infer H!(o) > H! (o).

However, if the boundary of F; is the trace o of a nonsimple curve, then the procedure is more
involved. More generally, from Definition we see that for a.e. t € (—1,1) the slice & of £ is an
integral 2-current, and it can be represented by integration over finite perimeter sets (E;); (with
suitable signs) which are exactly the slices of the sets E; in (3.3). Moreover for a.e. t € (—1,1)
the boundary of & is a 1-dimensional integral current with finite mass, and it coincides with the
integration (with suitable signs) over the boundaries of (E;);, namely

08, = > (~1)7[(E:)].
(2
Let us call this boundary o (which, with a little abuse of notation, we identify with an integral
1-current, an at most countable sum of simple curves), and set o5 := J[S(E);]. By Definition
it then follows that S(€); = [S(E)¢]. Now, by the properties of the symmetrization, we see that
H(supp(c)) > H!(spt (0s)). Also in this case it turns out that o is the integration over countable
many simple curves (with suitable orientation).

We have described so far how the boundary of £ is trasformed slice by slice. In general if £ is a
3-integral current in Cj, then the current S := 0& has the property that

|S| > H*(0"S(E)).

There is also a viceversa. Precisely assume that S is any boundaryless integral 2-current in Cj. Then
there is an integral 3-current £ whose boundary is §. So that we can define the symmetrization of
S by symmetrizing £.

Definition 3.3 (Cylindrical symmetrization of the boundary of a three-current). The
symmetrization of S = 0€ is defined as

S(S) == BS(E).
The next lemma will be useful in Section Bl

Lemma 3.4. Let S be a boundaryless integral 2-current in C;. Lett € (—1,1) be such that SL({t} x
R?) = 0. Then
S(S)L({t} x R*) = 0. (3.6)

Proof. We know that S = 0€. By the properties of the cylindrical symmetrization (see item (2)
above) for each set E; we have

7—[2<({t} x R?) N 8*Ei> > H2(({t} « R?) N a*g(g)).
From our assumption it followsﬁ that for all i we have H2(({t} x R?) N d*E;) = 0, and thus

H2(({t} x R NO*S(E;)) =0, ieN.

3S(E:) is simply connected. Indeed the support of p — ©O(t, p) is a connected subset of (0, 1).
4This follows since the decomposition is done in undecomposable components: if there is some boundary of some
E; then it cannot cancel with some other boundary (oppositely oriented) of some Ej.
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To conclude the proof we have to show that
21> (({t} x R2) N a*S(E)) =2 (({t} x R2) N 6*(UiS(Ei))> —0. (3.7)

The conclusion easily follows if the family {F;} is finite, since in this case O(U;S(E;)) C U;0S(E;).
If this family is not finite we argue as follows: fix € > 0 and N € N so that (see (3.4)))

+o0o
> HO'E)<e (3.8)
i=Nc+1
‘We have
S(E) = US(E;) = (Ue, S(E)) U ( Ui .1 S(E;)) =t AUB,
thus

({t} x R?) NIS(E) C (({t} x R%) N 9* A ) U (({t} x R2) N 6*B>.
By the previous observations H2(({t} x R?) N d*A) = 0; we will prove that
HE(({t} x B2) 0" B) = H2(({t} % B2) 0" (U1%, 1 S(E) ) <=,
so that follows by arbitrariness of € > 0. To do so, it suffices to write
+oo
H(({t) x R MU, 1 S(E)) < HA(O7 (U5, 1 S(E) < Y. HA(0'S(E)) <.
i=N.+1

The last inequality follows from and from the fact that symmetrization does not increase the
perimeter. As for the second inequality, it follows from the lower semicontinuity of the perimeter.
Indeed, setting Fj := Uf:NEHS(Ei) for kK > N. + 1, we see that F, — Fy = UfiNEHS(Ei) in
LY(C)), and since Fj, has finite perimeter we infer

k
2/ % : : 2/ % : : 2/ a*

O]

As before, we can look at what happens to the current S slice by slice. If € = S, then
St = —0(&) for a.e. t € (—1,1). Assume that £ decomposes as in (3.3)), then

&= (-D)7[(E)]  for ae te(-1,0). (3.9)

Now the sets (E;): are symmetrized as before, and their union, denoted S(E};) (so that S(£); =
[S(E:)]) satisfies

OIS(EY)] = —S(S)
and
Sl > HH(D*S(E)y).
Let us go back to (3.9). In general

& < ZHQ((Ei)t)S (3.10)

11



Figure 1: The symmetrization of a subset of By bounded by a Jordan curve, with the respect to
the radius {6 = 0}; see formula ([3.1).

however, since the decomposition is made of undecomposable components, (3.4) holds and hence

& =) H((Ei)e) for a.e. te (—1,1). (3.11)

This can be seen integrating in ¢ formula , so that if strict inequality holds for a positive
measured set of t € (—1,1) we would get the strict inequality in the first equation of , which
is a contradiction.

Moreover, by construction, H?((E;);) = H2(S(E;);) for all i, and since S(E); = U;S(E;); it also
follows

& = Z”HQ((Ei)t) = ZHQ(S(Ei)t) > HY(S(E)y).

Now we fix ¢ such that (3.11)) holds and set F; := (E;)¢, F := &, F := spt (F), S(F) = S(E):.
The set F; € B; can be sliced with respect to the radial coordinate p € (0,1), so that exploiting
that

(E)p = Z(—l)‘”[[((Ei)t)p]]

holds for a.e. p, we can repeat the same argument as before to obtain

Fpl =D H'((F),)  for ae. pe(0,1).
Again we have >, H'((F}),) > H'(S(F),). Recalling that S(F), = S(E); NdB,, we conclude that,
for a.e. t € (—1,1) and for a.e. p € (0,1) the slice (&), satisfies
|(&)pl = H'(S(E): N B,) = pO(t, p), (3.12)
where we have defined O(t, p) := p~'H!(S(E):NdB,) the measure in radiants of the arc S(E);NdB,.

Remark 3.5. In the sequel we are going to apply the cylindrical symmetrization to a current
supported in the portion of the cylinder (0,1) x By C ;. The fact that we symmetrize in C; =
(—1,1) x By is useful to avoid possible creation of boundary on the disc {0} x Bj.
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4 Lower bound: first reductions on a recovery sequence

Let u(x) = z/|z|, © # 0, be the vortex map and ©Q = B;. In the aim of proving (1.8]), consider a
recovery (ug) C C1(Q,R?) for the area of the graph of u, i.e., uy, — u in L'(Q, R?) and

lim inf A(ug, Q) = A(u, Q);

k—+4o00

with no loss of generality we can suppose that up — u almost everywhere in €2 and

liminf A(u, Q) = lim A(ug, Q) < +oo. (4.1)

k—+o0 k—4o00

If

ﬁ if |[x] > 1

. T2 B 2 -
II: Rtarget — By C IRtarget? H(:C) = {x i ’x| <1,

is the projection map onto Bi, then
A, Q) > AIlov,Q) Vv e CHQ,R?).

Notice that in general ITov ¢ C1(£2, R?); however ITow is of class C! on the set {x € Q: |v(z)| < 1}
and Lipschitz continuous in 2. Therefore, possibly replacing u; by II o ug, we may assume that

uy, takes values in B; for all k € N. (4.3)

We start by dividing the source disc 2 in several suitable subsets. First we observe that from (4. 1]
there exists a constant C' > 0 such that

l
C> / |Vug| dx :/ / |Vug(r, )| dH (a)dr VEk e N. (4.4)
Q 0 JOB,

By Fatou’s lemma, we then infer

l
/ L(r) dr < C,
0

where

L(r) := liminf |Vug(r, o) dH () for a.e. 7 € (0,1).
k—=+oo JoB,

In particular, L(r) is finite for almost every r € (0,1). Since uy — u almost everywhere in ), we
have that for almost every r € (0,1)

ug(r, @) = u(r, a) for H! —a.e. a € 9B,.
Thus we can choose ¢ € (0,1) arbitrarily small such that the two following properties are satisfied:

L(e) < C. for a constant C: > 0 depending on ¢;

lim wug(e,a) = u(e,a) for H' —ae. o € OB..
k—+o0
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4.1 The functions dj, the subdomains A, and D{, and selection of ()\;)

By Egorov lemma, there exists a sequence (A,,) of measurable subsets of €2 such that, for any n € N,
An+1 g Arw

1
Ayl < —, 4.
Aal < (47)
and
up — u in L®(Q\ A,,R?) as k — +oo. (4.8)

Definition 4.1 (The function d; and the set D?). We indicate by dj : Q\ {0} — [0,2] the
function

dy = |up, — ul, (4.9)
and for any d > 0 we introduce
DY = {z € Q\ {0} : di(z) > 6} =: {d}, > }. (4.10)
Notice that
DS C {x € Q\ {0} : dp(x) = 6} =: {di = 6}. (4.11)

For € € (0, 1) satisfying (4.5) and (4.6)), we have dj, € Lip(Q \ B.; R?) N WH1(Q; R?). Given n € N,
from (4.8)) it follows that for any 6 > 0 there exists k5, € N such that dj, < g in Q\ A, for any
k > ks, and thus

5
O\ 4, C {dk < 5} CO\D) k> ks
Passing to the complement, from (4.11)) and the inclusion {dy = §} C {dy > §/2}, we get

DS CA, and  9DLC A, Vk>ksn. (4.12)

Lemma 4.2 (Choice of \; and estimates on D;"“) Let € € (0,1) satisfy and (4.6). Let
n >0 and A, C Q be a measurable set satisfying and . Then there are a (not relabelled)
subsequence of (ux) and a decreasing infinitesimal sequence (Ag) of positive numbers, both depending
on n and €, such that the following properties hold:

(i) for all k € N we have N\, # 1 — |ug(0)| and the boundary of the set D,)g"“ = {dp > A} consists
of an at most countable number of continuous curves which are either closed or with endpoints
on 0X), and whose total length is finite;

(ii) DY UADY: C A, for all k € N;

(i) lim [ dpdH'=0= lm ()\,ﬂil(ang)»

k—+o0 8Dkk ——+o00

(iv) GDI;\’“ NOB; consists of a finite set of points. Henc also the relative boundary of DZ"“ NoB.
in 0B consists of a finite set {x;}icr, of points which are the endpoints of the corresponding
finite number of arcs forming D,;\k N JB., and

I di () = O; 41
k—1>r—|I—1<>oZ k(i) =0 (4.13)

5The relative boundary of D;’c N 0B. is contained in OD,?’“ N O0B:.
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(v) HY(DY* NOB.) < L for all k € N.

Proof. Let
I:=(0,2)\ [ J{1 = [u(0)]},

keN

which is of full measure in (0, 2).
We have, for an absolute positive constant «, recalling the definition of djy in (4.9),

2
/ |Vug — V| dov > a/ \Vdy,| do = a/ H ({d, = \}) d), (4.14)
Q Q 0

where the last equality follows from the coarea formula, recalling also that wuy takes values in
Bj. The left-hand side is uniformly bounded with respect to k, thanks to (4.4)) and the fact that
Vu € LY(Q,R?). Thus, denoting

or(:) i=H'({dx =-}),  ¢:=liminf gy, (4.15)
k——+o0

we get, from Fatou’s lemma,

/2 o(\) dA = /(p()\) A< O, (4.16)
0

I

for some constant C7 > 0.

Let us now focus attention on the set 9B.. We apply the tangential coarea formula to 0B, (see
for instance [34, Theorems 11.4, 18.8]) so that, if Oy, stands for the tangential derivative along 0B.,
we have

2
/ |Ogdr| dH' = / HO({dr = A} NOB.) d\.
0B 0
Arguing in a similar manner as before, denoting
() =H'({dp = -} NOB.), 1= lim inf ¢y, (4.17)
—+00

it follows that, exploiting condition ([4.5]), there exists a constant C. > 0 such that

/¢(A) dX\ < C’é. (4.18)
I
‘We now claim that

IA\m) C I ml—lg-rs—loo Am =0, ml_l)r_ri_loo(go()\m))\m) =0= mlj}rfm(w(Am)Am). (4.19)

Recalling that I is of full measure, assume (4.19) is false, so that either there are ¢g > 0 and dg > 0
such that

€o

o(A) > Y VA € (0,00) N1, (4.20)
or there are ¢{, > 0 and §, > 0 such that
/
b(N) > %0 YA€ (0,8,) N 1. (4.21)
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Suppose for instance we are in case (4.20)): since I has full measure, this contradicts (4.16); the
same argument applied to (4.21)) leads to contradict (4.18). Hence claim (4.19) is proven, and
therefore, upon passing to a (not relabelled) subsequence we might assume that (\,,) is decreasing,
and

1 1
O(Am)Am < —, Y(Am)Am < — Vm € N.
m m

Thus, recalling (4.15) and (4.17)), for any m € N there are infinitely many [ € N such that

2 2
M)A < =, A A < . 4.22
O1(Am)Am < - Vi Am)Am < - (4.22)

Moreover, for any n € N and m € N there exists k(n, A,,) € N such that
1

DymuUdDy™ C A, and  HY(DpmNOB.) < -

where the inclusion follows from (4.12)) and the inequality being a consequence of (4.6)). For any

m € N we can choose h,, € N (depending also on n) such that h,, < hpy1, hm > k(n, \p), and
(4.22) is verified for | = h,y,. Therefore

Vh > k(n, Am), (4.23)

lim (o, (Am)Am) = 0, (4.24)
DymudDy™ C A, for all n,m €N, (4.25)
i (W, (A )Am) = 0, (4.26)

HY(Dym NOB.) < = for all n,m € N. (4.27)

Notice also that from we have ¢y, (Am) < +o0, so that {dp,, = A} N IB. is a finite
set {Z;} of points. The relative boundary 8(D2: N 0B:) of D,)l‘;’: N 0B, in 0B, must belong to
8D,)1‘:Z NoB. C {dp,, = A\m} NIB: = {z;}. Hence, let {z;} C {z;} be the set of boundary points of
Dj™ N 9B; in 0B..

Since DZ‘:Z N OB; is open in 0B, we have that (whenever it is nonempty) it consists either of the
union of arcs with endpoints {x;} or is the whole of 0B., and statements (ii) and (v) follow. Notice
also that

> dn,, (x) = AnH(O(D)™ N OB:)) < Amthn,, (Am),
z€d(Dy™NIB.)

and (4.13)) follows from (4.26)).
To prove (iii) we see that, by definition of ¢ in (4.15) and recalling (4.24)), we obtain

. 1 1 _ _ _
ml_l)r_li_loo (4 =Am) dn,, dH" = ml_lg_loo ()‘mH ({dn,, = )‘m})) = mgr_f_loo(/\mSOhm(/\m)) =0.
A similar argument holds for v, using (4.26)), and also (v) follows.
It remains to prove (i). The first assertion follows since A,, € I from (4.19)). As for the second
assertion, we see that D}é: is a subset of '\ {0} whose perimeter is finite: indeed, by definition the
reduced boundary of D?LZ is a subset of {dj,, = A}, which has finite ! measure by (4.22)). Thus

8D,)1‘Z is a closed 1-integral current in 2\ {0} and by the decomposition theorem for 1-dimensional
currents it is the sum of integration on simple curves |25, pag. 420, 421], either closed or with
endopoints on the boundary of Q\ {0}, i.e., {0} U0Q. The finiteness of the total length of these
curves follows, since D,)l‘z is a set of finite perimeter. This concludes the proof of (i), and of the
lemma. O
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Corollary 4.3. Let e, n and (M) be as in Lemmal[{.Z Then

Jm (A Qe =) =0 T OHO({d = A} 0 9B<(0))) =0

Proof. It follows from the proof of Lemma 4.2 O

Once for all we fix the sequence (\;) as in Lemma and, in order to shorten the notation, we
give the following;:

Definition 4.4 (Definite choice of Dy). We set
Dy := Dp*. (4.28)
Let us recall that
0Dy, C{di = A} (4.29)

Also, observe that, upon extracting a further (not relabelled) subsequence, we might assume that
the characteristic functions x , converge weakly™ in L>°($2) to some ¢, € L*>(€2; [0, 1]) (the sequence
(Dy) depends on n, and so ¢, depends on n). Since the limit holds also weakly in L!(Q) we see
that

.. 1
[Cnllnr ) < %figofHXDkHLl(Q) < (4.30)

Recalling the definition of Mg (A) in (2.1)), we prove the following statement.

Lemma 4.5 (The currents T} and the limit current 7,). Let n € N be fized and let A,, C §2
satisfy ([4.7) and [@.8). For any k € N define the current Ty, € D2(2 x R?) as

/ (@, up(2)) ME(Vur(z)) dz if |B] < 1,
O\Dy,

Tk(w) =
0 if 16| = 2,

where w € D?(Q x R?) is a 2-form that writes as

wiz,y) = p(@,y)de® Ay, € CZ(QxR?), || +[8| =2 (4.31)
Then

lim Ty = T, € Do( x R?) weakly in the sense of currents,

k—+o00

where

Tn(w) == /ng(a:,u(x))Mg(Vu(x))(l — (u(x)) do Vw as in ([({.31).

Proof. Since the Jacobian of u vanishes almost everywhere it follows that 7, (pdy! A dy?) = 0 for
all ¢ as in (4.31). Then for 2-forms w = @dy' A dy* the convergence Tj(w) — Tp(w) is achieved.
We are then left to prove that for all 2-forms w with w(z,y) = @(x, y)dz® A dy®, ¢ € CZ(Q x R?),
la| + 8] = 2, and |5] < 1, it holds

Jim (2, u(z)) M2 (Vug(z)) do = / oz, u(z)) M2 (Vu)(1 = ¢o(z)) da. (4.32)
—+oo JO\D,, Q
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To simplify the argument we treat separately the cases w = ¢(z,y)dz' Adz? and w = ¢(z, y)dz' Ady’
for some 7, j € {1,2}. In the former case we simply have

/Q Pl u(e)) de = / o, up(2)) X\, (z) d.

Q

Then, using that uy — w uniformly in Q \ Dy (see (4.8)), Lemma (ii) and (4.28)) and xo\p, —
Xq — Cn weakly™ in L°(2), it follows

lim o(z,ug(z)) doe = / oz, u(x))(1 = Co(z)) de = Tp(w).

k—+o0 Q\Dy, Q

Assume now w = p(x,y)dr* Ady’, i,j € {1,2}, i # j. In this case ([4.32)) reads as

im ([ @)D @) - |

Lo | ol u(@) Dyt () (1 = Ga()) dr) =0,

with 7 = {1,2} \ {i}. Since Xp, — Cn weakly™ in L°°(£2), this is equivalent to proving

im ([, ot @) D) de — |

D;u; dr) =0.
Jim g, P U Dits (@) o)

The quantity between parentheses on the left-hand side can be written as

/Q\Dk (SO(JJ,Uk(x)) - <P(ar,u(m))>l}i[(uk(:c))j] dx _|_/

el u@)) (Dif(ur(2));] = Dyus(x)) da,
Q\Dy,

and we see that the first integral tends to zero as k — 400, since u; — u uniformly in Q \ Dy, ¢
is Lipschitz continuous, and the L!(Q)-norm of D;[(ug);] is uniformly bounded with respect to k.
The second integral can be instead integrated by partsﬂ obtaining

/ (s u(@)) (Dil(ug(2));] — Dyus()) da
O\Dy,

=/ p(a,u(@)((ur()); — uj(x))v;(z) dH' () —/ Di(p(x, u(x)))((ur(2)); — uj(x)) da
=: I + 1I;.

Thanks to the fact that ¢ is bounded and that |(ug);(z) —u;(z)| < di(x) = A\ on 0Dy, we conclude
by Corollary that limy_, 1 o Ix = 0. Moreover

1L, = _/ 8z;¢($,u($))((uk(x))j — Uj(aj))dx
2
& /Q\Dk Oy, (@) Dy (@) (g3 () = w3 (2))de = Ty + T

Then limg 400 111 = limp—, oo Iz 2 = 0, since the partial derivatives of ¢ are bounded, D;u €
LY(Q\ Dy, R?), |(ug); — uj| < dp < A on Q\ Dy, and limy_, 4 oo A, = 0. O

5From Lemma i), Dy, has rectifiable boundary; moreover, (-, ux(-)) is Lipschitz. We can then apply a version
of the Gauss-Green theorem, see for instance [34] pag. 124, exercise 12.12].
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Remark 4.6. The mass of the current T} is given by

|Ty| = / V14 |Vug|?dz. (4.33)
Q\Dy,
To see (#.33)) we choose a 2-form w € D?(Q x R?) as

wi= > pasdz® Ady®, Wl <1,
o] +]8]=2

setﬂ &(z,y) = (pap(z,y)) € RS, and
M(Vug(x)) := (1, Dy [(ux(2))1], Do[(ur(x))1], D [(uk(x))a], Do[(ug(2))2], 0) € RS = R x R* x R,

so that -
Tho(w) = /Q\D (@, g (2)), MV (2)))da

< H@H/ yﬂ(vuk(:p))ydmg/ V1+ [V 2da.

(4.34)

To prove the converse inequality, choosing &(z,y) = % would give the equality in (4.34).
uy(x

I%gzk§| is not necessarily of class C2°, so we need to use the density of C°(Q2 x R?) in
k
L' (2 x R?) (here we use that M(Vuy) € L>(£2,R%) since uy, is Lipschitz continuous).

With a similar argument, setting

However,

M(Vu(z)) := (1 = Cu(z)) M(Vu(z)) € RS, zeQ\ B.

we can show that the total mass of T, in (2 \ B.) x R? is given by

AR /Q ML= G (4.35)

€

4.2 Estimate of the mass of [G,, ] over Q\ Dy
We denote by &, = &, =Idpaug : 2 = QX R? the map

By () = (. up(2)), (4.36)

in such a way that ®5(Q) = Gy, , with Gy, = {(z,y) € @ x R? : y = ug(x)} the graph of u.
We denote as usual by
[Gu,] € D2(Q x R?) (4.37)

the integral current supported by the graph of uy.
We now want to estimate the area of the graph of uy over the set (2 \ B;) \ D.

Proposition 4.7. Let € € (0,1) satisfy (4.5) and [A.6), n € N, (\g) be as in Lemma[f.3, and let
Dy, be as in (4.28)). Then

1 2
liminf/ IM(Vug)| dz > / IM(Vu)| de — — — —. (4.38)
k—+o00 Q\Dj, Q\B- n En

"Here o and J run over all the multi-indeces in {1,2} with the constraint |a| 4 |8] = 2.
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Proof. Set €. := Q\ B.. Since, by definition, T}, vanishes on smooth 2-forms supported in (D N
Q.) x R?, we employ (.33 to obtain

liminf/ IM(Vuyg)| de > liminf/ V14 |Vugl? de > liminf |Ty| o\ p,)xr2
k—+o0 Q\Dy, k—+o00 Q\Dy, k—+o0

(4.39)
=liminf |T;|o_ g2 > |Tnlo. xr2,
k—+o0

where we use that (7)) weakly converges to 7, (Lemma [4.5)), and the weak lower semicontinuity of

the mass. In turn, from (4.35)) and (4.30)),

mmw:/Q |M<w>r|1—<nrda:z/ rM<Vu>|dx—/Q M(Va)|[Cal de

> [ 1MV do = IM(T0) 0 G20 (4.40)
1
> [ 1MT0)] do = MV 0
Next, using V14 22 <1+ |z| an |[Vu(x)| < |72‘ which, on )., is bounded by 2/¢, we also get

2
IM(V) L (0n) = IV + [Vullpeon) < 1+ 2

We deduce 1 2
[ Tnlo.xr2 > /E IM(Vu)| dz — P
From (£.40) and (#39) inequality ([{38) follows. -

5 The maps Yy, m),, and the currents Dy, @k, Er

Recalling that Dj is defined in and , in Section we have estimated the area of
the graph of uy over Q \ Dy. The next step, which is considerably more difficult, is to estimate
the area over Dy, and this will be splitted in several parts (Sections . After introducing some
preliminaries in Section the first step is to reduce the graph of uj (a surface of codimension 2
in R*) to a suitable rectifiable set (¥ (D}) and its projections) of codimension 1 sitting in C; C R3,
with C; defined in . In this section we introduce all various objects needed to prove the lower
bound.

Definition 5.1 (The map V). For all k € N, we define the map ¥, = ¥, : Q — R? =
IR|m| X IR%‘aﬁrget as

Uy (x) :=(|z|, ug(z)) Va € Q. (5.1)

Notice that U}, takes values in Cj, and is Lipschitz continuous. Moreover ¥;, = R o ®}, where
@), = Id > ug : Q — R* is defined in (4.36), and R : R* 5 (z,y) — (]z],y) € R®. By the area
formula and since Lip(R) = 1 we have

G, M e = / M(Vuy)| de = / (VOIVDL)b do > / (VOTVT,)} de,
B B B

for any Borel set B C ).

8 Djuj(z) = 12 — zl‘lg, hence Zij(Diuj (x))? = 25 + 272
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5.1 The sets V(D) and the currents (¥;);[Dy]

We start noticing that
\Ifk(Q\Dk) Cél\Cl(l—)\k), k’EN, (52)

where we recall that C;(1 — \g) is defined in (2.4). Indeed, since Q\ Dy C {dy < Ax} for any k € N
we have .
Ak = |ug(z) — ml > dist(ug(x),S") =1 —|up(z)|,  z€Q\ Dy, (5.3)

so that |ug(z)| > 1 — A (and |ugk(z)] < 1 by ([£.3)). In particular

U (0Dg) C C\ Ci(1 = A\p), k € N. (5.4)
As a consequence, since the map Wy, is Lipschitz continuous, we have:
Corollary 5.2. For all k € N the integral 2-current (Vy)[Dy] is boundaryless in Ci(1 — \y,).

Observe that the set Wy (D) is rectifiable and containsﬂ the support of (V)3 [D]; also Wy (Dy)
is contained in [0,1) x Bj. Specifically, the fact that C; has axial coordinate in (—1,1) and not in
(0,1) will be convenient in order to control the behaviour of (¥)s[Dy] on {0} x R%.

Definition 5.3 (The projection my,). We let
TAp = T - ]Rg = Rm X R%arget — 61(1 — )‘k) (5.5)
be the orthogonal projection onto the compact convex set Cy(1 — \).

In Section [5.2{ we project W (Dy) on Cy(1—\;) in order to get a rectifiable set (and its associated
current) whose area, counted with multiplicity, is less than or equal to the area of the original
set; the area of the projected set, in turn, gives a lower bound for the mass of [G,,] over Dy
(see formulas and ) Then, as a second step, we symmetrize my, o W(Dj) using the
cylindrical rearrangement introduced in Section |3| to get a still smaller (in area) object. The
estimate of the area of the symmetrized object is divided in two parts: the first one (Section
deals with 7y, o Wi (Dr N (2\B;)) whose symmetrized set can be seen as the generalized graph of a
suitable polar function. In Section[§we deal with the second part, where we estimate the area of the
symmetrization obtained from 7y, o W (D,NB;). In Sections |§| and |10}, we collect our estimates and
we utilize the symmetrized object as a competitor for a suitable non-parametric Plateau problem.
To do this we need to glue to the obtained rectifiable set some artificial surfaces, whose areas are
controlled and are infinitesimal in the limit as & — 4o00. This limit is taken only at the end of
Section allowing us to analyse a non-parametric Plateau problem whose boundary condition
does not depend on k, so that also its solution does not depend on k. The area of such a solution
will be the lower bound for the area of the rectifiable set my, o Wy (DN (Q\B:))Umy, o Ui (DrNB.),
and then finally for the area of the graph of u; on Dj.

5.2 Construction of the current @k via the currents D, and W,

We are interested in the part of the set ¥y (Dy) included in C;(1—\;); we need an explicit description
of the boundary of W (Dy), and to this aim we compose W), with the projection my, in (5.5

Definition 5.4 (Projection of ¥ (Dy): the current D). We define the current D€ Da(C)
as

9}, (Dy) could properly contain the support of (¥)4[Dx], due to possible cancellations.

21



Remark 5.5. In general ¥y (D) C Ci(1 — M) U (Cp\ Cy(1 — A\g)), while spt (D) € Cy(1 — Ag).

Since Lip(my,) = 1, the map 7, does not increase the area, and therefore

1[G, I, e > / (W) da > / T (my, 0 W3)| d. (5.7)
Dy, Dy,
|[[G“k]]|(Dkﬂ(Q\§s))><]R2 2/ . ’J(‘I’k” d$ 2/ - ‘J(Ti‘)\k O\I/k)| dl‘ (58)
Dkﬁ(Q\BE) Dkﬁ(Q\BE)

The same holds for the mass of the current Dy, i.e.,

[(Wk)s[Dill = D]

and, recalling also the definition of C} in ({2.7)),

G u ]l Dy xr2 = (W) Dilles = [Dkle:- (5.9)

Remark 5.6. The area, counted with multiplicity, of the 2-rectifiable set my, o Wy (Dy) is greater
than or equal to the mass of the current g, more specifically

/ | (mx, 0 Wi)| dz = [Dilz,1-x,) and / (a0 W)l do > [Dilas -y,
Dy, DpN(Q\B:)

(5.10)
This is due to the fact that my, o W;(Dj) might overlap with opposite orientations so that the
multiplicity of ®j vanishes, and the overlappings do not contribute to its mass. In particular,
spt (D) C my, o V(D).

From (5.7) and ([5.10) it follows

[Gullpexee 2 1Dkle,1-x,), [Gull (DB xre 2 1DklEz1a,)- (5.11)

We now analyse the boundary of ®%. Up to small modifications, we will prove that Dy is
boundaryless in Cj(1 — A,) (see (p.20) and (5.23), where X} are suitable small numbers in (0, A)
chosen below in Definition [5.12)) and so D, can be symmetrized according to Definition [3.3] Before
proceeding to the symmetrization we need some preliminaries. We build suitable currents W,
with their support sets denoted by W, (see (5.17) and (5.16))), with OW}, coinciding with 0Dy, (see

B21). (:22), and (5:23)).

Remark 5.7. By (5.4), m, o Ux(0Dy) is contained in 9,:Ci(1 — A). By Lemma [£.9[i), m, o
U (0Dy) is the union of the image of at most countably many curves, and this union, counted with
multiplicities, has finite H! measure: specifically, if we define

M (my, o U1(0Dy,)) ::/ Ohg (mr,, 0 Wy)| dHY,

0Dy,

where Oy, stands for the tangential derivative along 0Dy, then M (my, o Vi (0Dy)) < +oo since
HY(ODy,) < +oo (still by Lemma (1)) and uy is Lipschitz continuous.
Moreover

09y, = (TF)\k o \I/k)ﬁa[[Dk]]E Dl(Cl) in Cj. (5.12)

It is convenient to introduce a suitable map 7 parametrizing the region C;\ C;(1— \;) in between
the two concentric cylinders; this map can then be pulled back by 7y, o ¥y, but only in Q\ Dy, to
get the map 7.
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Definition 5.8 (The maps 7, 7). We set

T=7a 0 [1— My 1] X 0C(1 = Ag) — Cp\ Cy(1 — \g) C R?,

5.13
T(p,t,y) == (t, %p), pel—A, 1], (t,y) € 90C(1 —Ng) = [—1,1] x OB1_j,. (5.13)

By (5.2) it follows my, o Ui (2\ Dy) C 0C1(1 — Ag), hence we can also set
T(p, ) = Tup 2o (ps @) == T(p, mx, © Yi(2)), pel—N,1], z€Q\ Dy. (5.14)

Notice that 7(p, -, ) takes values in 9Cj(p) for any p € [1 — A, 1], that 7(-,¢,y) moves along the
normal to the lateral boundary of dC;(1 — Ay) at the point (¢,y), and 7(1 — Ag, -, ) is the identity.
We also observe that, due to the fact that 7y, o W), takes values in [0,[) x By, the same holds for 7.

Remark 5.9. If \; > 0 is small enough (which is true for k& large enough), the Jacobian of 7 is
close to 1 so that the H!-measure, counted with multiplicities, of the set 7(p, 7z, o ¥x(8Dy)) is, for
fixed p, bounded by two times the H'-measure of 7, © Vi (0Dy), still counted with multiplicities.
More precisely,

),
0Dy,

),
(Q\Es)maDk

for all p € [1 — A\, 1] and k € N large enough, where we recall that, from Lemma (i), 0Dy, is
rectifiable.

6tg (7T)\k O\IJ],C)‘ d?‘[l 2 /aD
k

O T(p, T, © \Ifk)‘ dH?, p €l — A1, (5.15)

Og (7, © \P’“)’ M 2 /(Q\B )NoD
5 k

6tg T(p, T\, o \I’k)’ d?‘[l,

Now we take a sequencﬂ of numbers X}, € (0, \t), which will be fixed in the sequel (see Definition
5.13).

Definition 5.10 (The set W), and the current Wy). We define the 2-rectifiable seﬂ
Wi i=7([1 = M, 1= X] X ma, 0 U(8Dy)) = 7([1 — A\, 1 — X] x 9Dy), (5.16)
and the 2-current
Wi :=T3[[1 — M, 1 = X,] x Dy € Do(Cy). (5.17)

Clearly spt (Wy) C Wy; Again, although Wy is defined as a current in (j, it is supported in
[0, l] X Bj.

Remark 5.11 (Use of [-] for not top-dimensional currents). 9Dy, is endowed with a natural
orientation, inherited from the fact that it is the boundary of the set Dy; consistently, we sometimes
use the identification [0Dy] = O[Dy]. With a little abuse of notation we have noted the current
integration over [1 — Az, 1 — ;] X 0Dy, meaning that 9Dy, is endowed with this natural orientation.
Finally, recalling that 7(p,-) takes values in 9Cj(p), we can do the following identification:

Fl = Moy 1 — Ny] x D] = 701 — Aku 1 — Ny] x Dy <Cl(1 CADN\G(1— )\k)>.

0The sequence (\;) depends on e and n.
HThe set Wy consists of “vertical” walls, normal to ACi (1 — Ag), build on 75, o ¥ (0Dy), with height A;, — Ag: see

Fig. @
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We denote

M(W,) = / I(F(p.2))| dp dH(x) (5.18)
[1=Ak, 1= A} ] xODy

the area of W counted with multiplicities. By the area formula and using (5.15)) we infer

We| < M(Wy) < 2(A\ — A;)/ g (mr, o V)| dHY =2\, — Nj) M (my, 0 Wi (ODg)).  (5.19)

oDy,

Then we are led to the following

Definition 5.12 (The sequence (\,)). We select ), € (0, \) so that

2(\k — A,) M (my, 0 ¥ (0Dy)) < % Vk € N. (5.20)
Finally we observe that
Wi = 7(1 = X, ) ((mng © W)sOIDR] ) — (7, 0 W1),DID]. (5.21)
Definition 5.13 (The current @k) We define
Dy, i= D + Wie Do(C). (5.22)

The next result will be useful to select a primitive of @k

Corollary 5.14. The current Dy is supported in [0,1] x El_% and

D) is boundaryless in the open cylinder Ci(1— \y,). (5.23)

In particular 09, = 0 in Dy ((—00,1) x By_y; ).

Proof. The statement follows by construction, and noticing that, since 7(1—\}, -, )4 ((mo\yk)ua[[pk]])
has support in 9,4Cj(1 — \,), one can use (5.12)) to deduce ([5.23). O

5.3 The 3-current &, and the symmetrization of 331@

Since we want to symmetrize @ k. according to Definition we need to identify a unique primitive
3-current & such that &, = Dy.
The restriction of the map my, o ¥y to Q\ Dy, takes Q\ Dy, into 0C;(1 — Ax) (see (5.2))), and can

also be written as

W&OWWﬂ:(wag;ﬂAw» z € Q\ Dy. (5.24)

The current (my, o U )3[2\ Di] has boundary
A, 0 W)y [Q\ Di] = —(mx, 0 V)0 Dy]. (5.25)

Definition 5.15 (The currents )y and Xj). Recalling the definition of T (see (5.14)), (5.13))) we

set

Ve =T[[1 = A 1= A ] < (2\ Di)] € D3(Cy), (5.26)
X =[Cr(1 = N) \ Ci(1 = M)] = Vi € D3(Ch). (5.27)
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Notice that X} cannot be directly defined as a push-forward via the map 7, for part of ¥y (Dy)
could be contained in Cj(1 — \g), and for this reason we are led to define it as a difference.

The current ), could have multiplicity different from 0 and 1, and in particular could not be the
integration over a finite perimeter set. This depends on the fact that the map ¥, could generate
overlappings and self-intersections of the set my, o Uy (2\ Dy). If the multiplicity of Yy is only 1
or 0 then the same holds for Xj. Also, Vi might be null, and in this case X} coincides with the
integration over the region Cj(1 — \}) \ Ci(1 — A\;). A finer description of these two currents will
be necessary later, and this will be done by a slicing argument in Lemma below.

Recalling (5.17)),
Vg =Wy =-0x,  in Ci(1—X)\Ci(1—\p),

as it can be seen by considering the push-forward by 7 of (5.25)). We proceed to the symmetrization
in Cj(1—\},) of the current ©y, in (5.22). By (5.23) it follows the existence of an integer multiplicity
3-current &, € D3(Cy(1 — X)) such that

0, =D in C(1—=A,). (5.28)

The current & is unique up to a constant, that we might assume to be integer, since £ has integer
multiplicity. Hence we choose such a constantlg so that

AR (ol(1 —AD\G( - Ak)) — X, (5.29)
Let Ei denote the support of & ; by decomposition,
Er=> (—1)7[Ep] in Ci(1—Xp), (5.30)

with Ej; C Cy(1 — A},) finite perimeter sets, the decomposition done with undecomposable compo-

nents, see (3.3), (3.4). We denote
S(Ek) = UiS(Ekﬂ')

the union of the cylindrical symmetrizations of the sets Ej ;, see (3.2). Recalling ([5.28]), Definition
and (3.5)), the symmetrization of the current Dy is
S(Di) = 8S(E) = A[S(ER)]L Ci(1 — Ay). (5.31)

Formula (5.31)) contains the needed information about the symmetrization of Wy (D), since by
construction Dy = DL Cy(1 — \) (recall (5.6)).
We have

D= (-1)7[0"Erg]  in Ci(1—Np), (5.32)

%

and since the decomposition in ([5.30)) is done by undecomposable components, by (3.4)) it follows,
in Cj(1— X)),

Okl = H0"Er)  and 9By C spt (Dy).

12The fact that this choice is possible is a consequence of the constancy theorem (see for instance |33, Proposition
7.3.1]). Indeed, let & have the same boundary (i.e., W) of X) in Cy(1 — A) \ Ci(1 — A\g). Thus & — Xy is
boundaryless, and must be an integer multiple of the integration over C;(1 — A\,) \ Ci(1 — i), i.e., E& — Xk =

RICi(1 — X)) \ Ci(1 — A)]. We then set & := &, — h[Ci(1 — A;)] so that E = Xk in Ci(1 — A,) \ Ci(1 — Ag).
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Remark 5.16 (Nonuniqueness of the decomposition). Once the decomposition is fixed,
the symmetrization is uniquely determined. However, the decomposition might not be unique, and
the resulting symmetrized current in general depends on the choice of the decomposition. This will
not be an issue, since our procedure leads to a minimization problem independent of this step.

Since
H2(0*S(Ey)) < H*(9"Ey.) for all i € N,
and S(Ej) = U;S(Ey,;), we also have

HAO'S(ER)) <Y HX (0" Ery) = [Dl. (5.33)

The same inequalities hold if we restrict the mass to the set C}, namely
IS@®k)lcs < 1Dl (5.34)

Now we want to understand whether S(BS %) has some boundary on {0} x R2. We have already ob-
served (Corollary ) that Dy, has no boundary in Cj(1—\}). The same holds for the symmetrized
current:

~

Corollary 5.17 (Closedness of S(9j) in (—00,l) X By /). The current S(@k) is supported in
[0, x By_y, and 8S(Dy,) = 0 in Dy((—00,1) x By_y,).

Proof. By definition, S(@ 1) is the boundary of the current carried by the integration over the finite
perimeter set S(Ej) in Cy(1 — A}). Hence 9S(®Dy) = 0 in D1(Ci(1 — A})). The conclusion then
follows from the fact that S(Dy) is supported in [0,1) x By_y C Ci(1 — ). O

6 Towards an estimate of [S(D;)|: two useful lemmas

Now that the symmetrization S(C‘Sk) of the current Dy, in Ci(1 — )}, is obtained (see (5.31))), we
need to estimate its mass. This will be done separately in 656(1 — X)) = [6,1] X Bj_), and in
Ce(1—=X) =[~1,¢] x By_,. In formula of Section 7| we express the restriction of S(@k) to
C} as generalized graph of suitable functions 95 . and —¥; . and estimate the area of these graphs
(see Proposition below). In addition, we need a fine description of the trace of the symmetrized
set boundary OS(E}) on the lateral part of 0C;(1 — X},); this will be done in Section

We start by collecting in Lemma [6.3] and Lemma two important preliminary estimates; we
need to introduce the functions |ug|™, Jug|™.

For any r € (,1) we consider the closed curvd'3|a € (0,2n] — Ui(r,a) € {r} x By; the image of
Uy (r,-) is the slice of Uy (2\ B.) with the plane {t = r}.

Definition 6.1 (The functions |uy|*). For all v € (g,1) we define

- = 3 , , + = s s 61
ol ()= min ool () = max fus(r, ) (6.1)

Thus the map W(r,-) defined in (5.1)) takes values in

{r} x (E\ukﬁ(r) \B|uk|_(1”))‘

13We use here polar coordinates (r, cv).
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Let us remark that |ug|™ (r) might be equal to 0, that |ug|"(r) < 1, and that it might happen that
|ug| T (r) = |ugk|~(r), see Fig. 2l Moreover, from ({5.4]),

lug| > 1 — Mg in Q\ Dy, (6.2)
so that
lug|T(r) > 1— A\ if ris such that (Q\ Dy) N OB, # O,
whereas it might happen that
lup| (1) < 1— A\g if ris such that (Q\ Dg) N 9B, = O. (6.3)
In such a case, since Dy, C A,, (Lemma (ii)), this can happen only if 9B, C A,,.
Definition 6.2 (The set Q). We define
Qre:={re (&) |Ju|m(r) <1—X} (6.4)

Then
Qre C{re(el): 0B, CA,}. (6.5)

The next lemma, that will be used in Section |§|7 shows that the measure of Q. is small (see Fig.

2).
Lemma 6.3 (Estimate of Q) .). We have

1
1
H (@) < 2men’
Proof. If t € Q¢ then 0B; C A,,. Then
1 1 1 1 1
H (Qre) = 1dt < — 2wt dt = — H(0By)dt < —|A,],
Qk,s e Qk,s e Qk,s 27TE

where the last inequality is a consequence of the coarea formula and ((6.5)). The thesis then follows
recalling that |A,| < 1, see (4.7). O

By slicing and from (5.29)), (5.30]), we have for almost every ¢ € (0,1) and almost every p €
(1 - )‘/ﬁ 1- )‘;ﬂ)7

(Xl = D (=17 [Eri 0 ({t} x 0B,)],

i
and

HY(S(Bw) N ({t} x 9B,)) < ZHl(Ek,i N({t} x 0By)) = [(Xk)1,pl, (6.6)

since the decomposition is done in undecomposable components (see (3.12))).
Recalling the definition of © in (3.1]) we have, for fixed t € (0,1) and for any p € (0,1 — \}],

O(t. p) = Os(my) (£ p) = ;H%suzk) A ({t} x 0B,)) (6.7)
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Figure 2: The graphs of the functions |ug|™ and |ug|~ defined in (6.1), and the set Q. in (6.4).

denotes the measure (in radiants) of the slice S(Ej) N ({t} x 0B,). By construction,
Ok(t,p) = Ok(t,0)  forany p,oe (1 — X, 1= Ap),

since the slices of A}, and hence of the sets E}, ;, are radially symmetri in Ci(1=N)\Ci(1—=Mp).
We now look for an estimate of ©(t, p), for t € (g,1) and p € (1 — Mg, 1 — X}): the next lemma
will be used in Section [9l

Lemma 6.4 (L!-estimate of the angular slices). We have

l
1
/ Oult.p) dt < —+or(l) Ve (1—Ae1=X), (6.8)
13

where o (1) is a nonnegative function, depending on € and n, and infinitesimal as k — +oo.
Proof. Tt is convenient to set
Hy = DpN 0By, ng,t = (Q\ Dg) N OB, Yt € (g,1). (6.9)

Observe that the relative boundary of Hy , i.e., the boundary of Hj,; when considered as a subset
of OBy, is contained in 0D; N 9B;.

We fix t € (e,1) such that the relative boundary of Hy; is a finite set of points (this happens for
H-a.e. t, since H1(ODy) < 400 from Lemma (1)) and fix any p € (1— A, 1—X,). By inequality
(6.6) we have

Ok(t, ) < —|(Xi)t,pl, (6.10)

D=

so it is sufficient to estimate the mass of a (slice of a) slice of the 3-current A} defined in (/5.27).

We recall that by (5.27)) we havﬂ
(Xe)ep = [{t} x 9Bp] — (Vi)t.p, (6.11)

! Each radial section is (suitably rescaled) the same since, by definition, function 7 in (5.13) is radial.
5The orientation of B, is taken counterclockwise.
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where [{t} x 0B,] has a natural orientatiorm inherited by the fact that it is the boundary of
[{t} x B,] in {t} x R?, which in turn is a slice of [C(p)]. By (5.26)

Vi)t = e[{p} x (N D) NOBy)] = 7(p, 7r, © W (-))s[HE (] (6.12)

see (5.13)), (5.14), (5.24), and Remark for the orientation of [{p} x ((2\ Dx) N 0B;)]. As for
[H ,‘;t]] we endow the set H lit C 0B with the orientation inherited by 0By, i.e., by a counterclockwise
tangent unit vector. Now, since the restriction of 7(p,my, 0 W(-)) to OB, takes values in {t} x 0B,),
the current (), is the integration over arcﬂ in {t} x 0B,. To identify these arcs we distinguish
the following three cases (A), (B), (C):

(A) Hj,=@. From (6.12) it follows (V)t,, = 0 and (Xy)¢, = [{t} x 0B,] from (6.11). Thus

Ok(t p) = 2m < 9m L = TH! (i), (6.13)

(B) Hi, = 0By C Q\ Dy, hence (Vy)i,p = 7(p, ™, © Uk(+))4[0B:] from (6.12). Then

Vi)t = [{t} x 90B,]. (6.14)

Indeed, fix three points x1, z3, z3 € IB; in counterclockwise order such that |Ii§| — é—j” > 4 for
i # j. Since dg(z) = |\ng| —u(z)| < A for x € Q\ Dy, x # 0, the points z; := my, o Uy (x;) are still
in counterclockwise order in {t} x 0Bj_), (the image of the arc Tz covers the arc Z1z3 that does
not contain z3). Therefore (my, o ¥y ()i [TiTi1] = [Zizig1] for i = 1,2, ﬂ (with the convention
x4 = x1, 24 = 21), and hence

3 3

(M © Wk(D)[0B] = Y _(m, o Ui () sl@imiza] = ) [zizei] = [{t} x 9Bi-y,].

i=1 i=1

Taking the push-forward by 7 we get . From this and we deduce (X);, = 0, and
Gk(t7 :0) = 0.

Before passing to case (C), we anticipate an observation which will be useful to deal with it.
Let 7173 C (2\ Dg) N OB; be an arc oriented counterclockwise. We want to identify the current
(7, © Vi)g[T1@2]; to do that we consider three different cases for ziz3. Case 1: M%‘ - é—;'\ > 2.
Hence z; := my, o Ui(z1) and 29 := my, o ¥i(x2) must have the same order on B;_j, of 21 and
x2, moreover (my, o Vi)s[Z1@2] = [Z122], where Z1Z; is the arc connecting z1, 22, starting from
z1 and oriented counterclockwise. Case 2: Mﬁ—h - é—g'\ < 2\ (that implies |21 — 22| < 4)g, and
21, z9 could have reversed order of z7 and x3). Let 21,29 have the same order of z1,z9, then
(mr, © Yi)s[T172] = [Z122] where Z1%; is the arc connecting 21, 22, starting from z; and oriented
counterclockwise. Now let z1, 29 have the reversed order of x1,z9. If T1x3 is the short path arc
connecting x1, x2, then (my, oWy ) [7172] = [z172], where Z1%; is the (short path) arc connecting 2,
z9, starting from z1, and oriented clockwise. If Z773 is instead the long path arc joining x1, x2, then
(mx, © Yi)s[T1@2] = [{t} x 0B1-a,] + [Z122], where [{t} x 0B;_),] is oriented counterclockwise,
and z1z2 is the (short path) arc starting from z; and oriented counterclockwise. Notice also that
in case 2 we always have H!'(Z123) < 8A.

Now, we analyse the third case.

%The orientation of the 3-current [C;(p)] induces an orientation of its slice [{t} x B,]. This orientation induces
an orientation of [{t} x 0B,], which coincides with the orientation of [{t} x RQ]]P induced by the slicing by p.

7Such arcs could overlap, since in general the multiplicity of Jx might be different from 1.

'®The boundary of (mx, o Wr(-))s[TiTi+1] is 6z,,, — 0=;, hence (mx, o Wi (-));[ZiZit1] is an arc connecting 2; and
zi+1. Since this arc cannot contain the third point, it must be [z;zit1]], counterclockwise oriented.
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(C) Hi, is union of finitely many arcs. Let us denote by {xix’é} these distinct arcs with
b . . /L
endpointﬂ T = (t, a}) € 0By, with the index i € {1,...,h = hy;} varying in a finite set, so that

h h

[HE ] =Y [wlay]l  and  [Hid = [zdai™],

i=1 =1

where again the orientation of x%x} is the one inherited by the counterclockwise orientation of 9B,
and, by convention, h+1 = 1. Being H,‘;t relatively closed set in 0By, it might happen that xll = 3:12
for some i. Notice that x; belongs to the relative boundary of Hj; which, in turn, is a subset of
0Dy, N 0B;y.

We denote

z;- (=), © \I'k(xé) € {t} x0B1_,,.

After applying my, o Wi(-), the points xz might also reverse their order, i.e., the orientation of the

arc Ty, o Uy, (mﬁx%) could be the opposite of the orientation of 4x%.

In order to describe the current (X});, we need first to extend 7(p,my, o Ui(+)) to Hy,: note
carefully that 7y, o Uy (-) is well-defined in Hf ,, but not necessarily in Hy, since 7y, o Wy (Hj ) N
C;(1 — Ax) may not be empty, and in such a case it is not in the domain of 7(p,-). The extension
we get (see (6.16)) will allow to write a specific double slice of X} as push-forward, see ([6.25)).
We stress that this extension is done for a fixed slice {t} x R? and in general it cannot be done
globallyf?’] for all ¢ € (&,1).

For t fixed such that case (C) holds, we extend the function 7y, o Wy(-) to Hy; as follows. Let
xéxﬁ“ be an arc of Hj;; we want to map this arc on an arc in {t} x 0Bj_j, joining the two image
points zj, zi™! with the orientation from 23 to zi"!. However there are infinitely man choices
of an arc connecting 25 to z’i“. To specify which arc we choose we distinguish two possibilities:
|24 — ”1\ < 2\, and |25 — 24T > 2. Notice that |25 — 24T < 2)\ is the only case in which the

points % and :cZ'H could have images 2} and 2!" With a reversed order on {t} x 0Bj_),. Indeed,
since ab, z'! € 8Bt N 0Dy, we have dk(a:) = |m — uk(xz)| = A,. In particular, if the distance

between 2z and 2i! is larger than 2\, it means that the distance between uk(mQ) and g (z})

were larger than 2)\ (7, does not increase the distance), so that 24 and zl ! must have the same

z+1
order of =2 and +1| on dB1, which is the same order of x% and ac”l on 0B;.

|z él
We are now in a position to specify the arc: when |25 — zf”l\ > 2\, we define 2221+1 to be
the counterclockwise oriented ar. from 24 to ,z’Jrl When |2} — +1| < 2\, we argue as follows:

Let ; be the angular amplitude of the arc x’zx’lﬂ. We define z%zi“ as the unique oriented arc

from 2% to zi“ satisfying the following property: If ﬁi is its oriented angular amplitude (positive

if counterclockwise oriented, negative otherwise), then
1Bi = Bil < 2Ay, (6.15)

where Xk is the angular amplitude of a chord on 0B;_), of length \; (see Fig. . It is easy to

check that there is a unique arc zézi“ satisfying this property. Moreover the same property holds

9Tn polar coordinates.

20We do not need a global extension since we aim to obtain an estimate which holds for a fixed t.

21We can for instance join z3 to z*! travelling along an oriented arc connecting them, and then travelling along
the whole circle an arbitrary number of times (thus considering a self-overlapping arc).

221 jkewise the orientation from x4 to zit!.
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Figure 3: The choice of the arc between 2} and zi*l.' The correct arc is the one in bold on the
dashed circle {t} x @B;_y,. On top left the case |25 — 271 < 2 and the arc is clockwise oriented;
on top center again case |25 — ziﬂ\ < 2\ and the arc counterclockwise oriented; on top right the
case |25 — 24T > 2)\;; on bottom left again the case |25 — 2i7| < 2); when the oriented arc 2524t
is the long one. Finally on bottom right it is depicted again the case |25 — 207 < 2);, but the

counterclockwise arc between 25 and zi™' has reversed order with respect to aj and o™, so that

Bi is the long arc; in this case the correct arc such that | EZ — Bil < 2Xk is the short one connecting
25 and 2™ (double bold) together with a complete turn around the circle.

for 3; and EZ in the case that |2 — zi“\ > 2\, since my, o Wy (-) does not change the angular
coordinate of a point x; of a quantity larger than Ag.

Once we have specified the image arc, we can define Py ; : x’é:ﬂfl — zéziﬂ to be the affine (with

respect to the angular coordinate) function mapping :c’z to z5 and ac’f“ to zi“. We then introduce
P, = Py : 0By — {t} x 0B;_), as follows:
TN, © \Ifk(l‘) ifz e Hl?,t’
Py(x) := (6.16)
]3;“(:10) if z € zhai™ for some i.
We claim that
(o, Pu()[0Bd] = [{t} x 9B, ]. (6.17)

Since the map 7(p, -) is an orientation preserving homeomorphism between 0B;_, and 0B, it is
sufficient to show that

Py()4[0B¢] = [{t} x 0B1-x,]- (6.18)

Equivalently, we will prove that
S (2] + 22D = [{} x 9B1-y, - (6.19)

i=1
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Let w; (resp. f;) be the angular amplitude, in counterclockwise order, of the arc z!x} (resp.
chrth). Trivially we have S (w; 4 8;) = 27, If & (resp. B;) is the angular amplitude of Zi2L
(resp. zézi“), taken with sign +1 according to their orientation, we see that to prove (|6.19) it

suffices to show

h

> (@i + By) = 2. (6.20)

=1

To do this we use (6.15); notice first that the counterpart of (6.15) holds for the arc between %

and z%: Namely the map T, © U transforms the arc 24z of angular amplitude w;, in the arc 2424
of amplitude &; in such a way that

@i — wi| < 27y (6.21)
Now, if (9; is the angular coordinate of z;-, and ozg- is the angular coordinate of xg-, we know that
0% = o’ + 13, with ]r | < Ae (6.22)

Here again A is the angle of a chord of length Ay, on 0B;_),. To prove ([6.20) we reduce ourselves
to show that

O = w; +rh — 1, (6.23)
Bi = Bi +ritt — b, (6.24)
for all 7. Fix i; we can assume ob = o} + w;, and by (6.22)) we get
O = wi + 15—l + 2k,

with k; € Z accordingly to the number of oriented complete turns around the circle 0B;_,,. From

(6.21)) we have k; = 0 for all 4, and (6.23)) follows. A similar argument, using (6.15), leads to (6.24)),
hence (6.20)) is proved, and (|6.17)) follows at once. Define

y; = 7(p, z;) € {t} x 90B,.
From (6.17)), (6.11]), and (6.12]) it follows that

(X)e.p = 7(p, Pe(-)¢[OB:] = 7(p, ma, 0 Wi () [H ol = 7(ps Pr(-))a[Hel, (6.25)

so that, since the maps 7(p, -) send the arcs 232" onto yiy'™!, we have

Z [viyi, (6.26)

hence

h
(X)) <> HY( (ayi™). (6.27)
i=1

We now estlmate the length of the arcs y2y§+1. For simplicity we fix i and set Y] := yb, Yo := yT’l,

X; := } and X := 27!, Let d(-,-) denote the distance between points of {t} x 9B, (i.e., the
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length of the minimal arc connecting the two points) let 7, be the orthogonal projection of R?
onto the convex set B,, and write Y; = (¢, YZ) with ¥ € B,, for i = 1,2. Then, setting Xi

target

- B \X\
and denoting )?1)?2 the arc between )?1 and X2 on {t} x OB;, we have
H' (V1Y2) < H! (Wp(Xl)Wp(X2)> +d(m,(X1), Y1) + d(my(Xa), Y2)
— pH! ()2'1)?2) +d(my(X1), V1) + d(m,(X2), Ya)
< pH (X1 Xz) + ZImp(X1) = Vil + ZImp(Xa) — Vol
(6.28)

< U (Ka %) 4 5 Imp(X2) = mp 0w (X0 + Gy 0 k(X2) — Vi
+ 5 Im(X2) = 7 0 ur(Xa)| + Sy 0 up(X2) — Vol
< B (X2 ) + 5 (d(X0) + di(X2) + 700 = M),
where we use that, for x # 0,

dp () = I‘% — up(2)| = |u(@) — up(z)| = [mp 0 u(z) — mp o up(z)],

because Lip(m,) = 1, |7, o u(X;) — Yi| < M\ — A, for i = 1,2, and X; € 0By, t > e. By (6.10)
(6.27) and (6.28]), we infer
T

Onlt. p) < i%l(Hk,tHQx%; (di(x) + ). (6.29)

Estimate (6.29)) holds for #!-almost every t € (g,1) such that neither case (A) nor (B) happens.
Moreover, by (6.13]) it holds also in case (A). Case (B) does not contribute to the L' norm of
Ok(-,p), and therefore ((6.29)) holds for H!-almost every t € (g, 1).

Denoting by m(z) = |z|, so that |Vm| = 1 out of the origin, the coarea formula allows us to
write
[ aeantoz [ Pueano - [ > = [ > ae
0Dy, 0Dy, € zem—1(t)ndDy, € 2EOH,
Similarly

l
/ e dH (o) > / MHO({w € OH,}) dt
0Dy,

)

Recalling (4.7)), from (6.29) we finally get

: 1 ™ 1
< |Dg|l + = 2 o)< — 1
[ outt e < u+ 5T | o)+ 230 dilo) < )

where 0k (1) depends on e and n (since \; does) and vanishes as k — +o00, thanks to Lemma
(i) 0

33



7 Estimate from below of the mass of [G,,] over D, N (2 \ B.)

Now we want to identify the current S(@k) in ((5.31]) as sum of polar graphs (Section , and to

do this we need some preliminaries.

Definition 7.1 (The function ¥ ). Recalling the definition of © = Ogg,) in (6.7), we set

Uge: (2,0) x (0,1 —N\y] x {0} — [0, 7], VUpe(t, p,0) := Qk(g’ ,0)‘ (7.1)

Note that dom(dy ) € dom(©y). The polar graph of ¥y, . is the set GSZL = {(t, p, Vpc(t, p,0)) :
(t,p,0) € (e,1) x (0,1 — A,] x {0}}. By construction S(E}) is the polar subgraph of 9, . restricted
to the half-cylinder {(t,p,0) : t € (¢,1),6 € (0,7)}. More precisely, let n be any numbe@ with
0 <n < 7; then the polar subgraph

SGngs = {(tnove) € (5’ l) X (07 1- )‘;c] X (_7T/47 77) 10 € (_77719167E(tvp7 0))}
satisfies
SGH' N {0 € (0,m)} =S(E) N {0 € (0,m)}, (7.2)
and similarly (for the polar epigraph), setting
UGli%lk’E = {(t7p)9) € (€7l) X (07 1- A;c] X (_71-777/4) NS (_ﬁk,s(ta P, 0)77])}7
we have
UGPS), N{0 € (—m,0)} = S(Bx) N {0 € (~7,0)}. (7.3)

Remark 7.2 (The sets ;. = 0, ¥ . = 7). Careful attention must be paid to the sets {¥ . = 0}
and {U;. = m}. Indeed on such sets the two graphs of 9; . and —v; . overlap and then, when
considered as integral currents, they cancel each other. Moreover the set 0*S(E}) includes the two
graphs of ¥; . and —9;, . with the exception of these two sets. In other words, from and
we have

S(Ex) N Cf = (SG5" n{0 € (0,m)}) U (UG, N{de(-m,0)}) (7.4)

up to H3-negligible sets. From this formula it is evident that the graphs of Vg and —y . over
{© = 0} U {O} = 27} cancel each other, and thus they do not belong to the reduced boundary
of S(Ex). Moreover, the polar subgraph and the polar epigraph are sets of finite perimeter, as is

their union in ([7.4]).
Definition 7.3 (The polar projection map 7r801). We let 7r801 = ngo)}iﬁ (Ci(1=N) — C(1—
X.) N {6 = 0} be the polar projection defined by

77801(75,;),9) = (t,p,0). (7.5)

357 = 0 is not allowed, since in this case the boundary of the subgraph (as a current) does not include the set
where 0 = 0.

2
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Figure 4: The graphs of the functions |ug|T and |ug|~ and the set S,(fe) in Definition See also

Fig. [}

We now introduce various subsets of (0,1) x (0,1) x {0} in cylindrical coordinates, namely
7r801(7r)\,C o UL(0\ B.)) C S,(fg - S,(fe) UJg,. € S,(:LE). We start with S,(fg (see also formulas ((7.16)
and (9.4) below), and note preliminarly that

75 (7, 0 U(2\ Be)) (7.6)
coincides with
{(t,p,0) € Cr:t e (1), pe[lug]~(t) AL —Xp), lug| T () A (1= Xp)]},
lug| ™, |ug|" being the functions introduced in (6.1)).

Definition 7.4 (The set S,E:QE)) Recalling the expression of Q. in (6.4), we define

S 1= 78 (ma 0 WR(@\B)) U (2, \ Qi) X [1= Ay 1= X x {0}), (7.7)

see Fig. [

We have S,(fg) = T(I))Ol (7r>\]C o Wi(Q\ Bo) UT([1— A, 1 — N x A)), where 7 is defined in ([5.13),
and A := {(t,y) € m\, 0o Ux(Q\ B.) : t € (,1),y € OB1_, }, since (t,y) € my, o V(2 \ B.) and
y € 0B;_,, implies that t € (¢,1) \ Qk, see Fig. [2/and (5.5).

Remark 7.5. (i) It might happen that m), o ¥)(Dy \ B:) = @. By construction we have
7B (2 0 W (@\Bo)) N (2 )\ @) x [1= M 1= Ml {0}) = ((2.D\ @) x {1~ A} x {0},

The two functions |ug|™ and |ug|™ could coincide in large portions of (g,1) (and even every-
where), so that 7r8°1(7r>\k oW, (2\ B:)) could collapse to a curve (for instance if ¥, (Q2) C 9C)).

On the other hand, %2(515:23)) > 0 (see Lemma .
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(11) Notice that A D) TN, © \I/k(aDk \EE) U TN\, © \I/k((Q \Es) \ Dk) Moreover AN T, © \I/k(Dk)
may not be empty.

(iii) Inside the cylinder C}(1—\g), S ,(C is exactly the 7r8°1—projection of my, oW (Dy\Be); remember
also that (my, 0 Up)s([Dr \ Be]) = (9€)LC:(1 — Ar), by (6:6), (5:22) and (5.29).
(iv) Recalling the definition of Wy in (5.16]),

) s
€

801 (TF)\k o \I’k(Dk \EE) U Wk> - Sl(ce) (78)
and the above inclusion might be strict.

(v) If g (t, p,0) € (0,7) then (¢, p,0) € Skg, by (7.8] . Indeed in this case the circle (72°))~1(t, p, 0)
intersects both some sets in {Fj;} (see (5.30)) and their complement, so in particular

( 801) L(t, p,0) must intersect the reduced boundary of some of the sets in {E};}, namely
A © V(D \ Be) UWy, for H%-ae. (t,p,0) € Sl(fg. Furthermore

{(t,0,0) : O c(t,p,0) € (0,7)} = 70" (spt (S(Dy))),
up to H?— negligible set@
Remark 7.6. (i) ©5 = 27 on {(¢,p,0) : t € Qe,p € (\ukﬁ( ),1 —X})}. Notice that the part
1 -

of the cylinder {(¢,p,0) : t € Qre,p € (Jug|™(¢), N.),0 € (—m,m]} does not intersect
mx, © Vi(Dy), and neither Wy, by construction. As a consequence it does not intersect

spt (S(Dy))-
(il) We Write {(t,p,0) € SIEQ) . either ©k(t,p) = 0 or O(t,p) = 27} = S,(fg N{O € {0,27}}.

15
Then S ﬁ {©) € {0,27}} corresponds to the values of t and p for which (¢, p,0) € S,g ) and
the shce S(Ek)(t p) = S(Ek) N ({t} x 9B,) is either empty or the whole circle {t} x 9B, (up to

H!-negligible sets). Notice also that the intersection wgol (77,\,C o U.(Dy \ B:) U Wk) N S,(m)
{6}, € {0,27}} may not be empty on a set of positive H?—measure. Indeed in the proof of
Proposition |7.9, we show that the 7rg -projection 0 (71)% o \Ilk(Dk)) \ spt (5k) is contained

in Sk,s N{O € {0,27}}.

7.1 The current S(@k) as sum of a polar subgraph and a polar epigraph

1 2
Let Gp‘; L(S(z)m{@kE{O %}}) be the polar graph of £v;, . (S,ig) N {6 € {0, 27?}}); these two sets,
by symmetry, overlap, and

POI pol
& I L(S(2>ﬂ{@k6{027r}})]]+[[ Ol

)

(5(2)m{eke{0 271'}})]]

] and [GP° ] are oriented in op-

he fact that [GP*
due to the fact that [[G o L(S(Q)H{er{o QW}})

L(S(Q)O{GkG{O 2#}})
posite way. Indeed we endow [[Gf;o1 3 <S(2)ﬂ{@ke{0 277}}>]] with the orientation inherited by looking

2 There could be (t,p,0) € WSOl(spt (S(@k))) such that ¥ .(t,p,0) ¢ (0,7). Indeed take t € (g,1) such that
0B¢ C Dy, and assume that Uy (0B;) = {t} x 0B,, p < 1 —Ax. Then 9y (¢, p) = m and {t} x OB, C 9"S(E}); however
this can only happen for (¢, p) in a negligible H?-set.

25This is the set where T, © Wi (Dy) overlaps itself with opposite orientation; this set might have positive area,

see Fig.
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at it as the boundary of the polar subgraph of 9}, ., and we endow [[Gpo1 ] with

I_(s<2)n{@ke{o 2#}})
the opposite orientation, since we look at it as boundary of an eplgraph.

Definition 7.7 (The currents g;fs). We set

G = OISGY DL ({0 € (0,m}NCF1 - M) + [[GZOI L(s2nterelo, %}})]]
7.9)
Gre = (c‘)[[UGp ]]) ({0 € (—=m,0)} NCF(1 = Ay)) + [[Gpﬁ |_( )n{ere{o, 27r}})]] (

The non standard orientation of G, . is chosen in such a way that condition in Proposition
- 7.9 below takes place. In this pr0p051t10n we will also see that, being S(Ey) a ﬁnlte perimeter set
in C}, its reduced boundary, seen as a current, has finite mass. In turn, the integration on its
boundary is exactly QZE + Gy, . (see also (7.4)).

Remark 7.8. The generalized polar graph of 9 . might have large parts on which 9. € {0,7};
for this reason we neglected this part in the currents introduced in ([7.9)) by restricting the boundary
of the subgraph in {§ € (0,7)} N C7(1 — \,) (and similarly for the epigraph). However we want
to consider the graph above the set ¥; . € {0,7} on the strip S](fe), in particular the projection of
the set where 7y, o Wy (Dj,) overlaps itself (which may have positive area), for this reason we have
to add the term [[Gpo1 L (snionel, 2ﬂ}}>]] in formulas (7.9). The reason why we have to get rid of
the graph of ¥; . on {U;. € {0,7}} outside S,(fg) is that this term is not controlled by the area of

(7, © U (Q2\ B.)) (see also Remark [7.6] (iv))

Proposition 7.9 (Estimate of the mass of gf;e ). Let ¢ be fized as in and ., and
recall the definition (5.31) of S(@k) Then the following properties hold:

G+ G = S@R)LCF(1 =N, (7.10)

G|+ 1G] = [S@w)les -y + 2H? (5(2) n {6 € {0, 27?}}) (7.11)
_ 1

Gl + 19| S/ (a0 W)| da + = + 0x(1), (7.12)
DpN(Q\B:) n

where o (1) is a nonnegative infinitesimal sequence as k — +oo, depending on n and ¢.

Proof. Identity ([7.10]) follows by definition and from ([7.4)). Concerning ((7.11)), setting for simplicity
JoIT = 5 n {6y € {0,271}, (7.13)

it is sufficient to observe that spt ([G;_]) and spt ([G; .]) coincide on the set 19k75(J,8’627T) (whose

measure is equa to the measure of JIS 82”) Thus, the currents Q,‘: . and G, _ cancel each other on
this set, since they are endowed with opposite orientation. Hence

1G]+ (G| = G + Grll + 2H2 ()27, (7.14)

and (|7.11)) follows from ((7.10)).

26Indeed ¥y, restricted to J,S:f” N {O) = 0} is the identity map and ¥y . restricted to J,S::“ N{O, = 27} is a
m-rotation.
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Let us prove . We recall that the rectifiable set my, o Wy (D)) U W}, includes the support
of the current CDk There might be parts of my, o Wy(Dy) U Wy, where the multiplicity of ’Dk is
zero, and this happens for instance where two pieces of my, o Uy (Dy) U W}, overlap with opposite
orientations. We decompose 7y, o Wi (Dy) U W), as follows:

o 0 Ur(Dy) UWi = Z) U spt (D) = ZJ U spt (D) U spt (W), (7.15)

where

79 .= (m o W(Dy) \ spt (@k)) U (Wk\ spt (Wk))

is the set where D & has vanishing multiplicity. It is convenient to introduce the following notation

for the set in :
S = mbl(my, 0 W(2\ BL)). (7.16)
We claim that
Syl agiT cmp(2p), (7.17)

where W(F]’Ol is the projection introduced in (7.5 (again, here the inclusion is intended up to H?2-

negligible sets). To prove this we argue by slicing: for ¢ € (g,1) set
0,27 1 0,27
(P NI = (S N a2y 0 ({t) x R?).
It is sufficient to show that

(Sl cap(2])  for HY —ae. t € (e,0). (7.18)

€

In turn, denoting (Z9); := Z2 N ({t} x R?) we will prov@
Sy N a2y C b (Z0))  for HY —ae. t € (e,1). (7.19)

Now, (Z,g)t is for H'-a.e. t € (g,1), the set where the coefficient of the integral current (35k)t is zero.

Recalling (7.13)), we have thaﬁ Ok(t,p) € {0,27} for p € [Jug|~ (£) A (1 — Ng), Jug|T(#) A (1= Agp)]
such that (t p,0) € Jk . This means that either

e for all i the intersection between Ej; (see (5.30))) and {t} x 9B, is empty (up to H!'-negligible
sets), or
e for at least one i, it happens Ej; N ({t} x 9B,) = {t} x 0B, (up to H!-negligible sets).

0,27

In both cases, for H!-a.e. p € (S( 'n Ji= )i, the current (S(@k))t is null on the set

{(t,p,0):0 € (—m,7),p€ (S( )ﬂJgfﬂ) }.

Indeed, recalling that S(®,) = A[S(E)], in the first case this is obvious, in the second one it is
sufficient to remember that Ej, = U;Ey ;. In other words, the set (), o Uy (Dy)); must overlap itself

with opposite directions in this set, because the multiplicity of (D), is null there. Hence we have

proved ([7.19)), and claim (7.17) follows.

2"The only fact we will use is that the s -projection of the set mx, o ¥y (Dy) is surjective on S,(fg (essentially by

definition) and then the inverse image of a point where S(@k) is null is covered at least two times.
28Gee Fig. the two bold segments: on one ©; = 0 and on the other one O = 27
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As a consequence of ([7.17)) and of its proof, we have
OHZ(J2T) < 2HA (mBN(ZR N CF (1= Ak))) + 20 — A

< / I (mag 0 Welda + MWy NG (L= N) — [Bilor gy + ox(1),  (7.:20)
D;.N(2\Be)

see ([5.18)). Indeed, the first inequality is easy to see, recalling that J,S’?ﬂ is the union of S,ilg N J,S ’82”

and J,S,’fﬂ \ S,SE), and the latter has measure less than (A, — \})! that is infinitesimal as k — +o0

(we denote it by ox(1)). To see the second inequality we use decomposition (7.15). Since Z} is
covered at least two times (with opposite directions), the area M ((my, o Vi (Dy) UWE)NCF(1—X,))
of my, o Wi(Dy) UWy in Cf (1 — X)) counted with multiplicity, i.e.,

M((m, 0 Ui(Dy) UTW3) N CE(L = X)) 1= / (a0 Wa)lda + MWy N CF(L = X)),

DpN(Q\Be)
satisfies
M ((mx, © Wi(Dy) UWi) N CF (L = M) 22H2(Z0 N CF (1= X)) + [Drlesny
>2H (xbN(Z) N CF(1 = M) + \@k|c;(1_xgc),
>2H (mb* (21 0 CF (1= M) + Diler1-x,

i)’

and ((7.20)) follows.
In order to prove ([7.12)) it is now sufficient to observe that

G+ 197 ] = [S@i)loraxy) + 2H2(I2T)

<IS(Dk)lcz(1-x,) +/ _

| J(m, © W) |da + M(Wi, 0 CF (1= M) = [Drler 1-xy) + 0k(1)
DiN(Q\B:)

1
S/ . |J(7T)\k0\1/k)|dl'+*+0k(1),
ka(Q\BE) n

where we have used (5.20)) and (5.34) localized in the cylinder Cf (1 — A}).

Corollary 7.10. We have

_ 1
[Gu]l periensoyxre 2 1G] + 19,1 = — = ok(1).

Proof. Tt follows from ([7.12)) and (5.8]). O

Now we restrict our attention to the rectifiable sets spt (Q,:Cts), the supports of the currents in

(7.9). We recall that the function ¥y . might take values in (0,7) only in the “strip” SI(CQE), see
Remark (v), and

5,225) C (g,1) x [0,1] x {0} C C;.

Now we add to g,jg a graph on some additional set outside 5’1225), see Fig@
Definition 7.11. We let

Ju. ={(t,p,0) € Cr:t € Qre, p € [lurl™(t),1 - N} (7.21)
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Figure 5: Intersection of the cylinder Cj(1 — \) with {t = 7} x R%2. The symmetrization of a
closed current in Bj_ e which on the left is emphasized in grey, and with dark grey the region in
which the multiplicity of the current is 2. The set is bounded by a generic curve with endpoints
on 0B;_),, in turn these endpoints have been joined with 0B _ A by radial segments L;. The
area emphasized has been symmetrized with the respect to the radius {# = 0} in the right picture,

(9317_)\;

where we have indicated the angles +0(¢,1 — X)) /2.

)

Jor.

/\ Jq.

/

Figure 6: The graphs of the functions |ug|™ and |ug|~ and the set Jq, . in (7.21)). See also Fig.



By definition of Q- in (6.4)), we have that for H?-a.e. (¢,p,0) € JQ,.. it holds (WSOI)*l((t, p,0))N

spt (S(Dy)) = O, so that ke € {0,7} on Jg, .. Recalling (5.29) and (5.27), it is not difficult to
see that (W(I;Ol)_l(JQm) C S(E)). Hence

Vpe=m in Jg, .
(see also Remark [7.6)).

Now, we want to add to the currents g;fa in (7.7) a new part above a region that becomes, in
Section [T0] the subgraph of the function hy ..

Definition 7.12 (The currents gf;?i and (](jgks). We define

G =G+ [G7 | 1€ Da(GF(1— A,

ﬂkVEI_JQky
GY), . =G+ 1675, |, 1€DACE1 =)
Lemma 7.13. The following holds:
195 1 = 1G] + H2(Ja,..); (7.22)
H*(Jg,.) < |Qrel < 273€n; (7.23)
G +6%) = aIS(ENI-C(1 - Ny). (7.24)

Proof. Formula ((7.22)) follows from the fact that gkf . and [[Gﬂk,gl— JQk,sﬂ have disjoint supports, and
|ﬂG§k’E|_JQk7€]]| = H?*(Jg,.)- Inequality (7.23) follows from

1
< 7
— 2men

?ﬂb@—/’u—&wwwmﬁswm

Qk,s

where the last inequality is a consequence of Lemma Formula ([7.24)) follows as in Proposition
using the fact that [[Gi‘}k,s'—JQk,s]] and [[G*ﬁk,el—JQk,E]] have opposite orientation. O

Current gff;)e + Q(jgks is closed in Cf(1 — X)). We can look at its boundary as a current in

Ds((e,1) x R?), which has support on the lateral boundary of the cylinder Cf(1 — A;). To this aim
we study the trace of U)o (that is ©(t, p)/2) on the segment

(e,0) x {1 =X\, } x {0} (7.25)
Observe that by definition
Upe=m on Qe x {1 =X, } x {0} C (e,1) x {1 = \.} x {0},
whereas on ((¢,1) \ Qr ) x {1 — .} x {0} we have
Dhe(t, 1 = N, 0) = Op(t, 1= A,) /2 = Ok(t, p)/2, € (1) Qe
for all p € (1 — A, 1 — ).
Definition 7.14 (The 2-rectifiable set ¥ .). We let

She = {(t,p, 0):te(el), p=1—N,, 0 (—Op(t,1—N.)/2,04(t,1 — A;)/z)}. (7.26)
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Referring to the right picture in Figure [5, the section of ¥ . is the short arc connecting the
points (£,1 — X, —O(¢,1 — A};)/2) and (£,1 — X}, O(f, 1 — X)) /2); see also Fig. @

If we denote by [¥j, c] the current given by integration over 3, . (suitably oriented), its boundary
coincides with the boundary of géi)g + g(j;k _on Dat CF (1 — N).

Lemma 7.15 (Properties of X;.). ¥ ., oriented by the outward unit normal to the lateral
boundary of Ci(1 — X},), is such that

gﬁ + g(g) _+ [Eke] € Da((e,1) x R?) is boundaryless.

k,e

Moreover
1
H?(S,e) < o o (1), (7.27)

where the sequence og(1) > 0 depends on n and e, and is infinitesimal as k — +oo. Finally

Ok L({e} x R?) = [{e} x {1 — X} x —@k(s,; —X) Oxle ; — )

1, (7.28)

oriented counterclockwisd®]

Proof. The fact that the current Qgi +g® . T [Skc] is boundaryless in Da((e,1) x R?) is a
consequence of the fact that Zkﬁ is a subset of the polar subgraph of the trace of ¥; . on (e,l) x

{1 =X, } x {0}. Concerning (7.27) we have

O (t,1— /\ 1
2(5,.) = / / (1= N)dOdt < — + o (1), (7.29)
Ok (t,1-X,) /2 En

where the last inequality follows from Lemma[6.4] As for the last assertion, we have to understand
which is the orientation of [, ., which has been chosen in such a way that gf;?e +Q£31gk H[Eke] =
(O[S(Er)])L((e,1) x [0,1 = X,] x {6 € (—m,7]}). Hence, since S(Ey) is contained in Cy(1 — A,), the
orientation of [¥ ] is the one inherited by the external normal to J[S(E}))], namely the outward
unit normal to the lateral boundary of Cy(1 — X}). O]

8 Estimate from below of the mass of [G,,] over D; N B.

We now analyse the image of Dy N B, through ¥;. We want to reduce this set to a current
Vi € Do({e} x R?) (defined in (8.12))), in order that it contains the necessary information on the
area of Wy (D NB;). To this aim we need first to describe the boundary of V4 and then show that
its mass gives a lower bound for the area of the graph of uj (see formula (8.13)).

Borrowing the notation from the proof of Lemma the set 0B; is splitted as:

OB: = (Dx N OB:) U ((2\ Dy) NOB.) =: Hy. . U H .. (8.1)
We denote by
{wi}ik, C{@i})E, == 0B. N 0Dy, (8.2)

the finite family of points (see Lemma 4.2 (v)) which represents the relative boundary of Hj, . in
0B.. Recall that {Z;}; ’“1 is finite as well by Lemma {4.2| (iv). For notational simplicity, we skip the
dependence on e.

Recalling the definition of W, in ([5.16)), the following crucial lemma states that (my, o ¥y (Dy)) U
W}, does not intersect the plane {e} x R? in a set of positive H2-measure.

Looking at the plane {e} x R? from the side t > ¢.
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Lemma 8.1. The rectifiable set (my, o Vi(Dy)) U Wy, satisfies
H2<(7T)\k o \I/k(Dk) U Wk) N {t = E}) =0.

Proof. Tt is sufficient to show that H2((my, o Wi(Dy)) N{t = ¢}) = 0 and H2(Wp N {t =€}) = 0.
To show the first equality, suppose H?(my, o Wx(Dy) N {t = €}) > 0. Since Lip(my,) = 1 and 7y,
takes the plane {t = ¢} into itself, we have H?(Uy(Dy) N {t = €}) > 0. Again, being ¥}, Lipschitz
continuous, we deduce that ¥, (¥ (D) N {t = £}) has positive measure. But ¥, ! (¥y(Dy) N {t =
e}) C U, '({t = }) = 9B. which has obviously H? null measure.

Let us prove that H*(Wj,N{t = £}) = 0. Recalling (see (5.16)) that Wi, = 7([1 — A\, 1 — A}] X vk)
with vy := my, o W;(0Dy), and since 7(+, 2) in does not change the axial coordinate of z, we
see{ﬂ that 7([1— Ag, 1 — A,] x &) N {t = €} has positive H? measure only if v, N {t = e} has positive
H! measure. Again, since also 7y, does not change the axial coordinate, as before this happens
only if U, ' (3N {t = €}) has positive #'-measure, where 7, := ¥;(9Dy); by Lemma this is not
possible, since we know that ;N {t = e} = {Wx(7;)} (see (8:2)), and then ¥, '(FpN{t = }) = {@;}
which is a finite set. O

We recall from (j5.6) and (5.22)) that
Dy, = (mr, 0 Up)s[Di] + Wi (8.3)

An immediate consequence of Lemma formula (8.3)), and the fact that @k is boundaryless in
Ci(1 — X,), is the following:

Corollary 8.2. We have D, L{t =} = 0. In particular
d@Dpl{e <t <) ({t=c}) = -0@L{-1<t<e})L({t=¢)) in Cp(1 — \},).

If {Ek;i}ien, Eri € Cp are the sets which we have symmetrized (see ), S(Ey) is the sym-
metrized set, and S(@k) is the symmetrized current, we have to understand the behaviour of S(@k)
on {e} xR2. We have observed that DL ({e} xR2) = 0 because H2 ((ma, © Ui(Dy) UWg) N {e} x R?) =
0. The same holds for the symmetrized current, as a particular consequence of Lemma [3.4

S@r)L({e} x R?) = 0.

~

8.1 Description of the boundary of the current S(D)L((—1,¢) x Bi_y,)

Our first aim is to describe the boundary of S(Dz) on {e} x R? (Corollary . To do so, let us
recall that 7, is given in Definition and that the points x; are defined in (8.2)).

Definition 8.3 (The current Hy ). Recalling (8.1), we set
Hie = (7, © Vi)i[Hie] € Di({e} x Br), (8.4)
where Hy, . is oriented counterclockwise.

Let us denote by {z;} C {x;} the points which represent the support of the current [Hj]. We
can consider the orthogonal projectiorﬂ onto the lateral boundary of Cj(1 — \A}), and we denote

30For instance, using the coarea formula.
31Defined at least in the region Cy(1 — A,) \ Ci(1 — Ag).
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by Lj; the segment connecting 7y, (V5 (z;)) (which belongs to the lateral boundary of Cj(1 — Ay))
to the image point of Uy (z;) through this projection.
We consider the 1-integral current in {e} x By_ A given by

Hie + Z [Zxi] € Di({e} x Bi_y,), (8.5)

)

where [Lj ;] are the integrations over the segments Ly, taken with suitable orientation in order
that

O(Hue+ D ILiil) =0 in{e) x Biy. (8.6)

Before stating the following crucial lemma, we recall that the current ﬁk is defined in C} but is
supported in [0,1] x By y .

Lemma 8.4 (Boundary of DL ((—1,) x R?) in {e} x By_y ). We have
O(DkL((—1,8) xR?)) = Hpe+ > [Lig]l  in Di({e} x By_y,). (8.7)

Proof. We recall that R
D =Dk + W,

where Dy, is defined in (5.6) and, by (5.17), Wi = 7[[1 — Ak, 1 — A;] x 0Dy]. Observe that

O (WieL((—1,¢) x R?)) = Z (L] in the annulus {e} x (B;_y, \ Bi_a,)-

Indeed, this follows from the definition of Ly ;, the equalitylﬂ

WiL((=1,e) x R?) =R[[1 — A, 1 — A\] x (BN 9Dy)]
:’Fﬁ[[[l — Ak, 1-— )\2] X 8(Dk M Bs)]] — ’Fﬁ[[[l — Ak, 1-— )\2] X Hk,g]],

and . Moreover, from ,
8(@kl_((—1,5) X R2)> L({e} x B1) = a(((mk o W) [DR])L((~1,¢) x R2)> L({e} x By)
= 9((mx, © Wi [Dx N B ) L({e} x By)

((m o ). 0Dk N B€ﬂ> L({e} x By)
= Hpe on {e} x By,

where in the last equality we usﬁ [0(Dr NBe)] = [Dx, NOB,] = [Hyc] on 0B.. d

Thanks to Corollary [5.17, both D}, and S(@k) have no boundary in (—oo,1) X By_y,. Now, we

need to describe the boundary of the symmetrized current S(@k) restricted to (—1,¢) x By_y,

see (8.11). We recall the definitions of X} and Yy in (5.27) and (5.26)), and for t € (—1,¢] and
p € (1 =X, 1 — X)) the function ©(t, p) defined in (6.10). Also in this case

Qk(t7p) :Gk(ta Q) for all p,0 € (1_)\]671_)\;6)

32Notice that d(Dx N B:) = (9D, NB.) U (dDx N9B.) U (Dy NIB.); recall also that, by Lemma[4.2] (iv), 9Dy, NdB.
consists of a finite set of points.
33Here we take the boundary of Dy in B, in the sense of currents, so that isolated points are neglected.
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In cylindrical coordinates, if
Xi= (e, 1= M, Op(e, 1 = Ag)/2),  Xoi=(g,1— A, —Op(e, 1 — Ap)/2),
we denote the two 1-currents
S(L)1:=7(, X1)s[(1 = A, 1 =X and  S(L)2 = 7(-, Xo)s[(1 = A, L = X[, (8.8)

see Fig. [} Set
Yl :T(l_)‘;chI)a }/2 :T(l_ 2;7X2)- (89)

We know, by construction and definition of ©y, that
O(S@r)L(~1,¢) x (Bi_x, \ Bi-x,))) L({e} x R?) = S(L)1 — S(L)z
in Dy ({e} x (Bi_y, \ Bi_»,))- We define

S(Hre) == 0(SDp)L((—1,2) x By_y,)) L({g} x R?) = S(L)1 +S(L)2 (8.10)

in Di({e} x B1-»,), see again Fig. [7l With these definitions at our disposal we can now write

O(S@0)L((-1,) x Bi_y))
=S(Hr.e) +S(L)1 — S(L)2 + d(S(Dr)L{t € (—1,8)}) L({—1} x By_y) (8.11)
=S(Hr,e) +S(L)1 — S(L)2.

Here we have used once again that S(@k) is supported in [0,{] x By, and then its boundary on
{t = —1} is always null.
We can clarify the meaning of the last term in formula (8.11]).

Corollary 8.5. We have
S(Hre) +S(L)1 —S(L)2 = —8(8(33k)l_((5, l) x Bl—/\k)) L({e} x R?).

Proof. Tt follows from (8.11]), Corollary and Lemma O

8.2 Construction of the current V.

Let II. : R® — {e} x R? be the orthogonal projection on {¢} x R2.

Definition 8.6. We set

Vie i= (IL)s (SR L((—1,€) x Bi_y,) )€ Do(C). (8.12)

)

Lemma 8.7. We have
G ]l(DpnBoyxr2 = [Viel = 2m(Ae — Ap).

Proof. By (8.12)), since Lip(Il;) = 1, we have, using (8.3)), (5.17]),
|Vk75| :|Vk75’(_lva)X(Bl—)\k\Bl—)\k) + ’Vk,a‘(—l,s)xB1_)\k

§|V’€7€|(—1,5)X(Bl_A;C\Bl—Ak) + ’®k|(—175)X31—Ak

(8.13)
:|Vk,e’(—1,3)><(Bl_>\;€\Bl_)\k) Dkl (—10)xB1 s,
<2m(A = A) + Gu ]l (Db xre;
where we have also used a localized version of in (—1,e) x Bi_,. O
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Figure 7: The current S(Dj)L((e,l) x Bj_ »,) is depicted. At ¢t = ¢ we emphasized the various
objects composing its boundary, taken with their orientation.

By Corollary it hold{™]
OVie = S(Hie) +S(L)1 — S(L)2 in {e} x By_y. (8.14)

Clearly the above current is boundaryless in {¢} x B;_ A3 more precisely it is an oriented curve

connecting Y5 to Y7 (defined in ) as soon as Yy # Y1, with S(Hy, ) clockwise orienteﬂ If we
extend V. to 0 on the whole plane {e} x R? (keeping the same notation) we have

OWVie = L +S(Hie) +S(L)1 —S(L)2 on {e} x R2, (8.15)

for some current £ supported on {e} x 0B;_ \ and whose boundary is two deltas, with suitable
signs, on Y7 and Ys. In particular £y is the integration between Y; to Y3 on the circle {e} x 0B; _ A
However there are two arcs which connect these two points, namely (in cylindrical coordinates)

(e {1 - x | Z2HELEA) O 23] (5.16)
oriented clockwise and
({s} y 831_/\2) \ {{5} {1 - M) x [—@k(s,; — AZ)’ @k(s,;— )\2)}} (8.17)

oriented counterclockwise. We have to identify £; with the integration over one of these two arcs.

34Recall that 9(T1.)y (S(@kﬂ_{t < 6}) = (Hs)ga(S(@k)L{t < E}) and that the map II. does not move the plane

where O(S(Dx)L{t < &}) is supported.
35When looking at the plane {e¢} x R? from ¢ > «.
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Proposition 8.8. L is the counterclockwise integration over the arc connecting Y1 and Yo given

b (1.

Before proving this proposition we anticipate a useful observation.

Remark 8.9. We set
S(Ek)e :=S(Eg) N{t =¢}.

Since S(Dy) is the boundary of the integration over S(Ey), the current S(Dy)L((—1,¢) x By )+
[S(Ek)c] is boundaryless in Do(Cy(1 — A})) (with S(E}). suitably oriented). It follows, invoking
Corollary that

O[S(Egk)e] = —=S(Hk,e) —S(L)1 + S(L)2 in {e} x By_y; -
The fact that
OVie = Ly +S(Hie) +S(L)1 — S(L)2 in {e} x R?, (8.18)
(where Ly, is as in Proposition means that V. is the integration over the set
Bl—A;C \ S(Ek)e-

In particular Vj . has coefficient 1 in By, \ S(Ej)- and zero in S(Ej).. On the other hand, if £y,
were the integration over (8.16|) oriented clockwise, then we would have that V. had coefficient
—1in S(Ek)g and 0 in Bl_/\;C \S(Ek)g

We can now prove Proposition [8.8|

Proof. Appealing to Remark W it is sufficient to show that the coefficient of V. is 1 in By_ X, \
S(Ek)e. Equivalently we can show that this coefficient is zero in By_y N S(Ej)e.
Let us recall, by definitions (5.26) and (5.27),

Vi)t = T[[1 = My 1= N] x ((2\ D) N9By)] for a.e. t € (0, ¢], (8.19)
(Xk)e = [{t} x (Biox; \ B1-x,)] — Q) for a.e. t € (0,¢]. (8.20)

Recalling Lemma (i), we now divide our analysis in two cases:
(1) Jug(0)] <1 = Ay
(2) |ue(0)] > 1 = Ay
We notice that, in both cases, by continuity of uy, for all 6 € (0,1) there is ti > 0 such that
up(By) C Bs(up(0)) ¥Vt e (0,t3)]. (8.21)
Case (1): If ¢ is sufficiently small, we can also assume that
Bs(ur(0)) C Bi-y,(0), (8.22)
and therefore

up(B) € By, (0) WVt e (0,£] (8.23)
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In this case it turns out that if ¢ < ¢} then the current (Y); in (8.19) is null, because |u|*(t) <
1 — Mg, hence (Q\ D;) N0B; = O by (6.2). In particular, by (8.20]),

(X)e = [{t} x (Bi_x \ B1-x,)]  for ae. t <t}

Eventually, since B; C Dy, for any t € [0,#}], from (8.21)), we also deduce wuy, (Eti N Dy) = ug (Eti) C
Bs(uk(0)), so that

Ui(Dy) N ([0,£3] x By) =7, 0 Ug(Dy) N ([0,£5] x By) C [0,£5] x Bs(ug(0)). (8.24)

Now, consider the decomposition (5.30]) of &. By the crucial identification ([5.29) and (8.22)) we
infer that there must be a set Eyj, € {Ej;}ien withlﬂ

X L((=1,80) x By_y) = [(=1,82) x (Bi_x, \ Bi-»,)]
= [Brn N ((—1,1) x (Biox, \ Biay)]-
Therefore
Eppn 0 ((=1,8) % (Bi—x, \ Bi-»,)) = (—1,8) x (B, \ Bi-x,)-

This has the following consequence: denoting as usual S(E}) ;) the cylindrical symmetrization of
Ey ;, we infer

S(Brn) N ((—1,80) x (Bi_y \ B1-x,)) = (=1, )) x (Bi_x, \ B1-x,),
and since S(Ej ;) C S(E)) we also have

S(ER) N ((=1,82) x (Bi_x \ Bi-x,)) = (=1,)) x (Bi_x \ B1-»,)- (8:25)
We now consider two subcases.

(1A) H? (({6} X (B, \Bi-x,)) \S(Ek)s) > (0. To conclude the proof it is sufficient to show that

the multiplicity of Vj . on ({e} x (Bi-x, \ Bi-x,)) \ S(Eg): is 1, (8.26)

because ({e} x By_y,) \ S(Ey)e is, by definition, outside the finite perimeter set S(E}).

We argue by slicing, and consider the lines 1,5 in R3 given by 1,9 = R x {p} x {6}, with p
and 6 fixed. Consider any point py of coordinates p € (1 — Agz, 1 — A,) and 6 € (—7, 7] such
that

Po € ({8} X Bl—)\;) \S(Ek)e (827)

For a.e. such p € (1 — A, 1 — X)) and 6 € (—m, ] the slice of DrL((~1,¢) x By_y,) with
respect to this line is the sum of some Dirac deltas with suitable signs, according to the
orientation of D k. Indeed iA)k is the integration over the boundary of the finite perimeter set
S(E%), so it turns out that, for a.e. p € (1 — A\;,1 — \}) and 6 € (—m, 7] the slice of [S(E})]
with respect to the line [, ¢ is exactly

[S(Ek)p0l = [S(Ex) Nl (8.28)

36Since the decomposition in (5.30) is done in undecomposable components, such a set is unique.
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(1B)

that is the integration over some disjoint intervals. If pi,po,...p,, are the intervals endpoints
(written in ordelm on l,¢) and if we assume that the last interval between the points p; and
po = (g, p,0) is outside S(F}y), then it results

OIS(Er)psl == D 0pi+ D Op- (8.29)
>0 'l>dod
7 even 70

If instead the last interval [p1, po| is inside S(Ej) we have

OS(Er)psl = D 6p— > Oy (8.30)
>0 'i>c?d

Let us now prove claim . We have obtained that, for a.e. p € (1 — A, 1 — A}) and
any 0 € (—m, 7| such that holds, the slice 9[S(Ek),¢] is the sum in (8.29)), and thanks
to we deduce that the total number of points involved in must be odd. As a
consequence, the push-forward by Il of 9[S(E}), ] is a Dirac delta with coefficient —1. Since
this holds for a.e. p € (1 — A, 1— X)) and any 6 € (—n, 7], the conclusion follows.

Suppose H> (({6} x(B1-x, \Bi-x,)) \S(Ek)g) = 0. In this case we pass to the complementary
set; namely, if {e} x (By_y \ Bi-x,) = S(Ek): N ({e} x (Biox, \ Bi_»,)), up to H%-negligible
sets, we show that the multiplicity of V}, . on this set is null. To do so it is sufficient to repeat
the slicing argument above for a.e. (p,0) such that py = (¢,p,0) € {e} x (B1_x \ Bi-»,)-
For these points (8.30) takes place, since by (8.25| - the number of points involved in the sum
is even. The conclusmn follows.

Case (2): Choosing 6 € (0,1) small enough,

Ui(By) C [0,43] x Bs(ur(0)), (8.31)

and, using |ug(0)| > 1 — Ag,

T © Wk(Dy N By) C [0, 3] x (By_y, \ Bi-y,)-

Recalling the definition of Dy, it is not difficult to see that the current Dy, L((=1,£) x By_ x,) s
supported in [O,ti] x (B;_ X, \ Bi-»,). By the properties of cylindrical symmetrization, we have
also that S(@k)l_((—l,ti) x By _y; ) is supported in [0,#2] x (El_)\; \ Bi_x,)-

Obviously, being V), null on (—1,0) x By_ N5 We have

XL ((—170) x (Bi_x, \Bl—Ak)> = [(=1,0) x (B1_x, \ Bi-x,)];

and we find a set Fj p,, such that

AL (1,0 x (Bioy, \ Bioa)) = [Bin N ((-1,0) x (Bi_y, \ Bioa))l.

If we pass to the symmetrized set, arguing as in case (1A), we infer

S(Ex) N ((=1,0) x (Bi_y, \ Bi-x,)) = (=1,0) x (B1_y, \ Bi-x,).

37p1 is the point closer to {e} x R?
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Figure 8: We represent the symmetrization of a general closed current in By. On the left it is visible
that on two parts the curve overlaps itself in such a way that the multiplicity of the associated
current is zero. In the symmetrized set, on the right picture, we have emphasized in bold the

corresponding set J,>™ in (7.13).

In other words, (—1,0) x (By_y \ Bi—,,) is contained in S(E})), and since the support of 0*S(E})
does not intersect the set (—1,0) x By_ N, We infer that also

(—1,0) x By_y, C S(Ek)- (8.32)
We now decompose {e} x Bj_j, as

{e} x Bioy, = (({e} x Bi-x) NS(Eg)e) U (({e} x Bi-x,) \ S(E)e),

and one of these two sets on the right-hand side must have positive H?-measure. Assume that
H?(({e} x Bi-x,) \ S(Ek)c) > 0. Then we will prove that the multiplicity of Vi . on this set is 1
(if instead ({e} x Bi-»,) \ S(Ek). has zero measure then it is sufficient to prove that V. has zero
multiplicity on ({e} x Bi_y,) N S(E}).; we drop this case being completely similar to the former).

Therefore we now proceed as in case (1), slicing with respect to lines [, 9 with (¢, p,0) € {e} x
({e} x Bi—a,) \ S(Ek)c. Since the last point py = (e, p,0) does not belong to S(Ej)., we are
concerned with the sum in (8.29), and by we infer that the number of {p;} involved in the
sum is odd. The conclusion follows as in case (1). O

9 Gluing rectifiable sets

In this section we show that, up to adding to dS(E},) a rectifiable set with small H2-measure, OS(E},)
can be described as a polar graph of a suitable modification of the function 9y . over a subseﬂ of
the rectanglﬁ (0,1) x [0,1] x {0} C R3, and with Dirichlet boundary conditions independent of
k. In Section [10] we will reduce the estimate of the area of the graph of ux to an estimate for a
non-parametric Plateau problem which in turn will be independent of k.

First we remark that S(Ey) € Cj(1 — \},) and S(Dy,) = 9S(&) in Ci(1 — A,), see (5.31). If we
look at S(E%) as a subset of Cj, we cannot conclude 0*S(E)) = S(”)Sk) in Cj, and S(@k) is not a
closed current in (. For this reason we have to identify the boundary of S(@ k) in Cj.

3B called S,(fi, see (9.4).

39Tn cartesian coordinates.
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Figure 9: The largest (resp. smaller) basis circle has radius 1 (resp. 1 — ). The smallest top
circle has radius 1 — A;. The symbol Wj, . denotes the restriction of W, to 618(1 — \,), after
symmetrization. Note that Qf;?a + g(jgk . does not include ¥, . and Vj, .; see ((7.24)).

Recalling Corollary [8.5 and Definition

o((65) +6%), + ISk L((e,D) x B:) ) L({=} x R?)
=9(S(®1)L((e,1) x RY)) L({e} x R?) = =S(Hrc) — S(L)1 + S(L)2 — [V1Ya],

in Dy((—o0,1) x R?), where [Y1Y3] is the integration on Y7Y> (see (8.16)) oriented from Y; to Ya.
As a consequence, from (8.18)), we obtain

0G5 +G%) +[Skel + Vi) LU} x R:) = [{e} x 0B,y ] in Da((—00,1) x R?),
where 0B;_ A is counterclockwisely oriented.

9.1 Enforcing boundary conditions at {0} x R?; a modification 1/9\;6’5 of Uy,

Let ai. denote the integration over the annulus {e} x (By \ By_y; ), in such a way that
dare = [{e} x 0Bi] — [{e} x 9B1_x ],
see Fig. [0l Then

laq| = m(1— (1 —X,)?) < 27, (9.1)
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and

a(gﬁ{g + gﬁ%m + [kl + Vie +axe) = [{e} x 0B1]  in Dy((—00,1) x R).

Finally, we add to the current gfgi)s + g(_?’gk |t [Xke] + Vi + age the integration over the lateral
boundary of the cylinder (0,e) x Bj, so that the resulting current

G +G%) 4 [Skel + Vie +ane + [(0.2) x 0B1] € Do((0,1) x B?), 9.2)
satisfies
a(ggﬁa +6°), 4 [Bkel + Vee +are +[(0,6) x 6B1]]) — [{0} x 8B1] in Da((—o00,1) x R?);
in particular it is boundaryless in D((0,1) x R?).
Now, we want to identify the solid region that we may call the “inside” of the current in (9.2)).
Definition 9.1 (The sets Oy ). We let
Ok := (S(Eg) N ((e,1) x R*)) U ((0,¢] x By) C [0,1] x R*. (9.3)

A direct check shows that the current built in (9.2)) is the integration over the boundary of [Oy ].
Indeed, by ([7.24]) and Definition we see that the integration over S(Ej) N ((g,1) x R?) has as

boundary gf;?s +g(j§k [kl in (e, 1) x R?, whereas (0, €] x By trivially has boundary (0,¢&) x B,

in (0,¢) x R2. The current Vie + ak,c represents the boundary of [O, ] concentrated on the plane
{e} x R%. In turn we will see (formulas (9.6), (9.7)) that Oy is the polar subgraph of a suitable

modification of ¥y .. Thus we are going to introduce the new extra “strip” (recalling the definition
of S in (77) and of Jg, _ in (7:21)):
4 2
Skl s = S Udg,. U((e,D) x [1 = X 1] x {0})
={(t,p,0) :t € (e,1),p € [Jur|~(t) A (1 = \g), 1],0 = 0},

see Fig. (and also Figs. @
Definition 9.2 (The function 9.). We define U : (0,1) x [0,1] x {0} = R as

(9.4)

Ure n(e,1) x [0,1—X,.] x {0}
Ope =140 in (g,1) x [1 =X, 1] x {0} (9.5)
™ in (0,e] x [0,1] x {0}.

Accordingly, we extend the currents gfi)s and Q(jgk _ as follows: As in (7.2)) we fix n € (0, %),
and set ’ ’

SGE = {(t,,0) € (0,0) x [0,1] x {0} : 0 € (=, D (t,,0))},
UGS i={(t,p,0) € (0,0) x [0,1] x {0} : 0 & (=Dt p, 0), )}
Remark 9.3. By construction,
SGE" n{0 € (0,m)} = OrN {0 € (0,m)}, (9.6)
UG{%IM N{0 e (=m0} = Op.N{0 € (—m,0)}, (9.7)

where the set Oy, . is defined in (9.3)).
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Figure 10: The graphs of the functions |ug|™ and |ug|~ and the set 5’248) in (9.4). See also Fig.

The next currents are constructed to reach the segment (0,7) x {1} x {0}.

Definition 9.4 (The currents gﬁ% ). We define the currents
k,e

4 . pol pol
g{é\k,s L (8|ISG1’9\]€’E]])I—{0 E (07 W)} + [[Gak’sl_ ({f;}\k’se{ﬂﬂr}}ﬂsl(fg)

0 pol - P
g_&w — (8HUG—5k,EH)L{6 € (—m0)} + [[Giik,sl— ({9r.-ef0.m} }ns(?)

II?
(9.8)
1.

In other words, the support of 91%4) coincides with the generalized polar graph of 1/9\k,5 restricted to
k,e

pol
J+[G”

. . . ol
S,(m) x [0, 7r]. Notice that also in this case [GP. L ({%,ae{o,w}}nsé‘ﬁ)]} -

B ({Trcclomy fst?)

0, and
gg? + gf%m — [0*O.c] in (0,1) x R2, (9.9)
Moreover, by and ,
G50 1416 1=105) +6 |+23 ({Iie € {0.m}} N 52). (9.10)
Finally

G =G +1(e,) x [1 = X 1] x {0} + [ ({0 S 0 S T} + Vi L{O S 0 < )
tapL{0<O<a}+]((0,6) x 0B)N{0 <6 <}, (9.11)

g =%~ (e, l) x [1 = N 1] x {0} + [Ske N {=7 <O <O} + VielL{—7 <0 <0}
+ ak’gl_{_ﬂ- <f< 0} + [[((O,E) X 331) N {—7‘( << 0}]],
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so that

G +6% =G0 +6% ISkl + Ve +are +[0.¢) x 9Bi].

Remark 9.5. The function 1/9\k,e is defined on the whole domain (0,1) x [0, 1] x {0}, but it might
take values in (0, 7) only in S,(fg), see Remark (V) Moreover, referring also to Remark we

see that the currents 91%4) and g(% neglect the generalized polar graph of 1/9\k’5 (defined in (2.8))
k,e —VUk,e
on ((0,1) x [0,1] x {0}) \ S,(ﬂi), with the only exception of the “vertical” part [(0,¢) x 0Bj].
An important step in the proof of Theorem is given by the next inequality.

Proposition 9.6 (Area estimate from below in terms of |g1%4) | + |g(47% |). Lete € (0,1) be
k,e —Vk,e

fized as in ([(L.F), (4.6), and let n € N. Then

(4) (4) c
[Gudlp, x> > 1G5 |+ lg_ml —me — — — o), (9.12)

yE

for an absolute constant C' > 0, where the sequence or(1) > 0 depends on € and n, and is infinites-
tmal as k — 4o00.

Proof. By (9.11)) we get
|g1(§i)€| S,ggs\ + AL+ | [ZreN{0< 0 <a}]|+ Vi L{0 < 0 < 7}
+ Jage L0 <0 < m}| + [[((0,) x 0B1) N {0 < § < 7}]].

A similar estimate holds for |G (4{3\ [, so that
—VUk,e

1957 1416 1< 1657 1+16%, |+ ISkell + Vel + larel + 10,€) x 0B1]| + 2,1
ﬁk,e ﬁk,s k,e k.,e

Coupling the above inequality with (7.22)) and (7.23]) gives

4 4
o0 1+16%, |
_ 1
SIGE ]+ G|+ 1Zn el + Wael + Janel + 1100,) x OBi]| + 2X0 + —

S/ _ (w0 Wp)lde + |[Bk ]l + Vel + kel + [[(0,€) x 9B1]
DpN(Q\Be)
1

1
+ 2N+ — + —
TEN n

C
S/ _ NIy 0 Wi)lde + [[Gu | (pyrpoyxr2 + e + — + 0x(1),
DiN(Q\B.) en

where the second inequality follows from (7.12)), the last inequality follows from (7.27)), (9.1) and
(8.13), and C > 0 is an absolute constant. Here o(1) is a nonnegative quantity, infinitesimal as
k — +o00, and depending on € and n. In conclusion

@) @ ¢
|Q§k’5|+|gﬂ§kys\ me — — or(1)

SH[GUk]”(Dkﬂ(Q\BE))XRQ + H:[Guk]H(DkﬁBg)XRQ = H[Guk]]|Dk><R2'
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10 Estimate of \g | and a minimum problem with partial free

boundary

k,e
problem with a sort of free boundary. Precisely, after suitable projections, we will arrive to a

Plateau-type problem on the closed rectangle R;, where

Ry = (0,1) x (—1,1) x {0}

In this section we reduce the analysis of gﬁ% in Definition to a non-parametric Plateau-type

in Cartesian coordinates, equivalently R; = {t € (0,1), p € [0,1), 8 = 0}U{t € (0,1), p€[0,1), 6 =
7} in cylindrical coordinates. The rectangle R; will be often identified with (0,1) x (—1,1), thus
neglecting the third coordinate. We will impose a Dirichlet boundary condition ¢ on a part

dpR; = ({0} x [~1,1]) U ([0,1] x {~1}) (10.1)

of OR;, while no conditions will be imposed on {iI} x (—1,1); more involved conditions will be
assigned on (0,1) x {1}, see the mutual relations between ¢ and h in (10.23)) (see also the problem
on the right-hand side of ((10.25))).

Then the strategy to estimate from below the relaxed area of the graph of the vortex map v will
be the following (see Section : We split

Alug, Q) = /

M(Vay)| da:+/ M(Vag)| de.
O\Dy

Dy

k—+o00

In order to estimate the lim inf / |IM(Vug)| dx we will employ (4.38), whereas, to evaluate
O\Dy

lim inf / IM(Vug)| dr we will use (9.12)), so that we first want to render the right-hand side
D

k—4o00
of this latter inequality independent of k. This will be done with the aid of the non-parametric
Plateau-type problem (see also [9]).

Definition 10.1 (The projection p). We let p: C; N {t > 0} — R; be the othogonal projection.
Recall that 9(41 are defined in , that g(f” is the generalized polar graph of gk ¢ on its
iﬁk,s 191@,5 ’

domain of definition (see (9.5))), and that 3}9,5 takes values in [0, 7]. We first prove the following
preliminary result:

Lemma 10.2. Let ¢ € (0,1) be as in (4.5), (4.6), and k € N. Then there is a negligible set
Cre C (0,1) such that, for allt € (0,1)\ Cp,
p(spt (@47)) n({t} x B?) (10.2)
k,e

is a subinterval of the segment R, ﬂ ({t} x R?) = {t} x [-1,1] x {0} with one endpoint (t,1,0).

Moreover p(spt (gg: )) = p(spt (g 3 ))

Proof. The latter assertion follows by symmetry To prove the former, we argue by slicing. For

a.e. t € (0,0) the set spt (9(4) ) N ({t} x R?) coincides with the support of the current (9(4) )t
k

see |33, Def. 7.6.2]. First notlce that for all ¢t € (0, ¢) the conclusion follows by constructlon@

4°In this set we have 9. = 7 and the current (g<4 )t is the integration over the half-circle {t} x ((0B1) N

{6 € (0,7)}), whose projection through p is the whole 1nterva1 with endpoints (¢,1,0) and (¢,1,0) (in cylindrical
coordinates).
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It remains to consider the case t € (¢,1). Recall that the set S,ii) in (9.4) has the form
{te (e, pellul~ @) A=), 1, =0}

Therefore, for a.e. t € (g,1) the slice (91%4) )t is the integration over spt (gg) ) restricted to the
k

SE k,e
plane {t} x R?, which in turn is the integration over the generalized polar graph (see (2.8))) of U
restricted to the closed set

{t} > [lux]~ () A (1= Ag), 1] x [0, 7).

Namely
(G5 )0 =Tswt (G5) ) 1 ({8} x [fuxl~ (1) A (1= M), 1] x [0, ],

@

so that the support o; of (gﬂ ¢+ can also be obtained as
k,e

+o0
or= () ot (10.3)
h=1

where
of = st (05 )1 ({e % [(fl () A (1 = ) - % 1] % 0.1]).

For h € N large enough, let

1 1 1
U = {t} x ((Jue]"(0) A (1= ) = 7, 1) X (=5, 7+ 7),
h h h
which is a relatively open set in {t} x By, and let (le) )¢ be the slice of 91%4) on {t} x B;. We have
k,e k,e
1
spt (G5 )eLUn) € of € {t} x [(Jusl " (6) A (1= M) = 7,1) x [0, 7. (10.4)

On the other hand since 91%4) L({t} x By) is the boundary of the subgraph of 1/9\14375 in {t} x By, it
k,e
is a closed l-integral current in U and in ({t} x (B \E(Iukl‘(t)/\(l—kk))—%)’ so that the boundary
4 . .
8((Qék%5)tLUh) in D1 ({t} x By) is supported on (OUy) N ((0B1) U 8B(mk|_(t)/\(1_)\k))_%). From
(10.4)), the fact that ¥x. = 0 at (¢,1) and that 9. is constant on the segment ((|ug|™(¢) A (1 —
Ak)) — £, |luel = (8) A (1 — Ag)) with value either 0 or 7, we deduce that

spt (9((G5) )i U))
C (1) A=) A (1= M) = 2 (0,70 U (683 > (1) x {0)). (10.5)
Moreover, if we set

Py = (t,1,0) and Pl := (t, (jug] () A (1= Ap)) — %,5k,€((\ukr(t) A=) — %)),

from (10.5]) it follows that
(G5 )L Un) = dpy = bp.
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By decomposition of the integral 1-current (gg*) )t LUp (see [25, Section 4.2.25]), there are at most
k,e

countable Lipschitz curves {a'} such that off connects P! to Py, and ol is closed for i > 0.
We claim that there cannot be closed curves af, namely {a!};en = {af}. Indeed, since ol
connects Py and P}, we see that ({t} x dB,) N af consists of at least one point for H'-a.e. p €
((Jue|=(®) A (1 = X)) — +,1). On the other hand, ({t} x 0B,) Nof* consists of only one poin for
H'-ae. p € ((Jux|~(t) A (1 —Ag)) — £,1). So there cannot be other curves af otherwise the last
condition will be violated. W \

From the claim we deduce that the current (gg )¢ LU}, is the integration over a simple curve ag
k

connecting P2h and Py, and its support coincides with of. Now, from and the fact that o, is
a segment on {t} x ((Jux|~ () A (1= X)) — +, |ug|=(£) A (1 = Ag)), we conclude that also oy must
be a unique curve, say ag, connecting P; to Py := limy_, PQh. By continuity of the projection by
P, ap is an interval with one endpoint in p(P;) = (¢,1,0), for a.e. t € (g,1). O

The new coordinates (wi, wy, ws). In what follows, it is convenient to revert the rectangle with
respect to its second coordinate: if (¢, p,0) € [0,1] x [0, 1] X (—m, 7] are the cylindrical coordinates in
the cylinder Cj exploited so far, we introduce Cartesian coordinates (wy, wa, ws3) € [0,1] x [—1,1] x
[—1,1] defined as

wy :=1t, wy:= —pcosl, ws:= —psinb, (10.6)
in such a way that the segment {0 < ¢ <,p = 1,0 = 0} coincides with the bottom edge [0, 1] x
{—1} x {0} of the rectangle R;.
10.1 The two functions hj. and vy,

Thanks to Lemma we are allowed to give the following

Definition 10.3 (The function hy.). Let € € (0,1) be as in (4.5)), (4.6), and k € N. We define
hie:[0,1] = [-1,1] as

heewr) = (p(spt (G5))) O ({un} x B2)) 1.

For all wy € (0,1) for which Lemma is valid, we have that 1+ hy o(w1) equals the length of
the interval in ((10.2)). Now the content of Lemma|10.2|is that the p-projection of spt (91%4) ) on Ry
k,e

is of the form

p(spt (Qg?)) = Sth,s = {(wl,wg) € R :w € (O,Z),wg S (—1,hk75(w1))}, (10.7)
up to a set of zero H?-measure. The function hie is built in such a way that (wi,—1) and
(w1, hgc(w1)) are the endopoints of the interval p(spt (gg‘) ) N ({wi} x R?) for almost every
k,e
wy € (0,1). Observe that
hpe > —14 X, in (g,1),

and
hre =1 in (0,¢).

41Because of is the - support of a polar graph; the points where this intersection is not a singleton coincide with
the values of p where J; . has a jump.
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Indeed, from Definition equation (9.4) and Definition we see that the set ((O,l) x [1—
N 1] {0}) U ((0,5) x [<1,1] x {0}) is contained in p(spt (G5 ).
k,e
We have built O, in (9.3) as the set enclosed between g(‘% and gg‘) , see formula .
—Vk,e k,e

We now perform a (classical) Steiner symmetrizatiorﬂ of the set Oy with respect to the plane
{ws = 0}. We denote by S¢i(Oy,) the symmetrized set.

Remark 10.4. We emphasize that the set Oy in (0,€) x R? is exactly (0,¢) x By, and is already
symmetric with respect to the plane containing R;. For this reason Oy does not change (in that
region) after Steiner symmetrization,

Ok,s N {w1 S (0, 6)} = Sd(Ok’g) N {w1 S (0, E)} (10.8)
Since the perimeter does not increase when symmetrizing, from we conclude

657 +GY) | = HX(9"8a(0ke) N ((0,1) x B?). (10.9)

Now, using the sets Oy, ., we can define the functions v, . which, together with the functions Ay .
given in Definition will allow to express the singular part of the relaxed area using a Cartesian
Plateau-type problem with partial free boundary (see Remark (10.10)).

Definition 10.5 (The function ¢y .). We introduce the function vy . : B — [0,400) as
1
wkﬁ(wl,wg) = 57‘[1({103 : (wl,wg,wg) S Ok’g}), (wl,wg) € R;. (10.10)

We stress that the set where 1. > 0 is contained, up to H?2-negligible sets, in the region
SGh,, . defined in ([10.7). Notice also that ¢ . may take the value 0 in SGp, _ on a set of positive
H2-measure.

Remark 10.6. (i) By definition of classical Steiner symmetrization,
Sa1(Ok.e) = {w = (w1, w2, w3) € Ry X R : w3 € (—vge(wr, w2), Yre(wri, wa))}

= {’UJ = (UJl,U)Q,'UJ?,) € SG/‘L]“E xR: w3 € (_wk’,é‘(wlaw2)7wk,8(w17w2))}7

up to Lebesgue-negligible sets, the second equality following from the fact that . = 0
almost everywhere in R\ SGy, _;

(ii) since Oy has finite perimeter, it follows that ¢y, . € BV (R));

(iii) since O L ([0,€) x R?) = C;L([0,¢) x R?) and Ok L ([e,1) x R?) is contained in Cj(1 —
M) L([e, 1) xR?) (as a consequence of (9.5))), it follows that 1 - has null trace on the segments
(0,1) x {—1} and (0,1) x {1}.

We can split 0*S¢(Ogc) as

0"Se(Ore) = ((0"Sa(Oke))N{ws > 0}) | J((0*Sa1(On,e))Nfws < 0}) =: (9"Sa1(Or.c)) 'U(0*Sa1(Ok )~
(10.11)

*2Despite Oy, is obtained by cylindrical symmetrization, it still can have “holes” (see Fig. [8| for a slice), that
disappear when further performing the Steiner symmetrization.
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up to a set of H2-measure zero, in such a way that

(0°8a(Ore)* = (075G, )N (Bix (0,40)),  (9"Sa(Op))™ = (D UGy, )N (Ryx (—00,0)),

(10.12)
where SGy, . and UG_y, _ are, respectively, the (standard) generalized subgraph and epigraph of
+1Yp . in R; x R. Notice that, since vy, . > 0,

(67SGy, ) N (i x [0, +50))

= (8*Scl(Ok,£))+ U {(w1,w2,0) € SGy, . : Yre =0y U (R \ SGp,, ),
(0*UG_y, ) N (Ry % (—00,0])

= (0"Sa(Or,e))” U{(w1,w2,0) € SGy,_ = e =0} U (R \ SGh,,.),

(10.13)

up to H2-negligible sets.
We are ready to prove the following:

Lemma 10.7 (Lower bound for |gf§4) | + |g(4§ |). We have
k,e —Vk,e

G5 14165 | 2H (975G, ) N (B x [0, +20)) + H? ((9"UG—y, ) N (1 x (~00,0)))

— 2H*(R; \ SGh, ).
(10.14)
Moreover, H2 ((9"SGy,..) 1 (i x [0, +59))) = H2 (9UG—,..) 1 (Ri  (~00,0])).
Proof. The last assertion follows by symmetry. Let us prove the former: By (10.13) we have

H2(0*SGy, . N (R x [0,+00))) =H?((0"Sa1(Oke)) ") + H*({ (w1, w2) € SGy,. .+ tpe = 0})
+H* (R \ SGh, ),

H2 (0" UG_y, . N (R x (=00,0])) =H?((0"Sc1(Ok,e)) ™) + H*({ (w1, w2) € SGh,, . = toge = 0})
+H* (R, \ SGh, )

Taking the sum of these two expressions and using ((10.9)), , we obtain

H?(0*SGy, N (R x [0,400))) + H*(0*UG—_y, . N (R x (—00,0)))

<165) +6% 1+ 2H2({(wn,wn) € SGi, < e = 0)) + 2H(Ry\ SC.).
Recalling ((9.4]), we now claim that, up to H2-negligible sets,

{(wl,’UJQ) € Sth ¢k5(w1,w2) —0} C {ﬁk —O}ﬂSka, (10.15)
see Fig. [l From the claim it follows that
H2({(w1,w5) € G, : Yre = 0}) < H2({Jke € {0,7}} N S(Y),

and hence by (9.10) we conclude

H?(9*SGy, . N (R x [0,400))) + H*(O*UG_y, . N (R x (—00,0]))
<169 | +16") |+ 212 (R \ SGy, ),
k,e —Vk,e
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that is . It remains to show . As usual, we argue by slicing; hence for almost all
wy € (0,1) we will show that holds (up to H!-negligible sets). Notice that both the left
and right-hand sides of are empty for w; < &, so we assume w; > . Therefore, fix
(w1, w2) € SGp, . (with wy > €) such that iy (w1, w2) = 0 and assume, by contradiction, that
ak@(fﬁl,ﬁ)g) > 0. In a first step we will suppose ws < 0. We might further assume that ws is a

Lebesgue point for the function gk’s(@l, -). Hence in any left-neighbourhood of this point 1%,5 is
strictly positive on a set of positive meausure, i.e., we can find positive numbers 1, do such that
for all § € (0,01), there exists a set B C (wg — d, w2), of positive measure such that

Ope(@y,w) >8>0  Vw e B. (10.16)

If WSOI is the projection in Definition ([7.5)), since we < 0 for d3 > 0 small enough the segment
I := {(w1, w2, ws) : w3 € (0,63)} satisfies

Iy := 7 (I) C {(@1, w2, 0) : wy € (@ — 8, W)}

We have that 77801 : I — Iy is a homeomorphism. Now, if ¢y . (w1, w2) = 0 the segment I cannot
intersect the subgraph of Jy . (on a set of positive H!-measure), and thus

§k7g(1ﬁ1,w2) < 9((71’801‘[0)_1({(71,’[1)2,0)) for H'-a.e. (w1, ws,0) € I, (10.17)

where 6 represents the usual angular coordinate. Since 0((7r§OI| IO)_l(@l, wy,0)) is infinitesimal as

wy — W, , condition contradicts .

Let us now treat the case wo > 0. This is much simpler to deal with, up to noticing that 9y .
is defined on S,(fe) C {(w1, w2, w3) : wy € [—1,0]}. The fact that ¢y (w1, w2) = 0 means that the
line (wy,ws) X R does not intersect Oy . on a set of positive H!'-measure but this contradicts the

fact that (wq,ws) € SGh,,.- Indeed since (w1, ws) € SGp,, . hence there exists wa > ws such that
Yre(wr,wg) > 0. Let A := O N (w1, w2) X R) then a suitable rotation of A around the axis of

the cylinder shall meet (w;,w2) X R on a set A of positive H!-measure (note that AcC Ok,), which

contradicts ¢y, o (w1, w2) = 0. O
Remark 10.8. By , and , we deduce
the trace of 1. on B N{wy =0} is /1 — w3, for wy € [-1,1]. (10.18)
Moreover, by construction and by Remark (iii),
Yre(wi,—1) =0 and pe(w1,1) =0, wy € (0,1). (10.19)
Remark 10.9. We can write (see [29])
H2((0"8G s, ) N (Ry x [0,00))) = Althne, R1), (10.20)
where

AWpe, Ry) = /R 1+ [Vbgel? do + | D | (Ry)

is the area of the graph of the scalar BV-function ¢y, in R;. Moreover, by (10.19), it follows
|D¥p e |(Ry) = | D*¢pc| (R \ ({wy = 0} U{wy =1})) and hence

Ao Ri) = A(Pre, B\ ({wr = 0} U{wy =13)).
Recalling the expression (10.1)) of dp Ry, define ¢ : OpR; — [0,1] as

V1 — w3 ?f (w1, wg) € {0} x [—1,1], (10.21)
0 if (wq,ws) € (0,1) x {—1}.

p(wr, wa) 1= {
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10.2 A minimum problem with partial free boundary

For convenience, we recall the following definitions, introduced in ([10.22)), (10.23)): for h € L>([0,1],[-1
and ¢ € BV(Ry;[0,1]) we define

Filh,v) = A R) = RN SG + [ -l i+ [ et (o)
Op Ry (0,)x{1}
and
Xp=A{(h,¥) - h € L=([0,1],[-1,1]),¢ € BV(R;, [0,1]), = 0 in Ry \ SG}. (10.23)
Remark 10.10. (i) The Borel function hy. : [0,]] — [—1,1] satisfies hy. = 1 in [0,¢), and

Y. € BV([0,1] x [—1,1]) is such that:

(i1) g = 0 almost everywhere in Ry \ SGp, _;

( ) 1/%5 wlaw2 Mfor wl,wQ (0’5) X [_171]7
(i3) Yre(-,—1) =0in [0,1].

In particular
(Pes Vre) € Xi.

(ii) if (h,) € Xj, and if h is smaller than 1 almost everywhere on (0,[) then the last addendum
on the right-hand side of (10.22) vanishes.

(iii) Thanks to and (10.19), it follows from Remark that
H?((0"SGly, ) N (Ry X [0,400)) = H? (R \ SGi, ,)
=AWpe, B\ ({wr =0} U {wy =1})) — HA(R;\ SGh,..) = Filhie, Yre)-
As a consequence, from Lemma [10.7] we have

G50 1416 | = 2Fulhee,thne): (10.24)

Notice that in minimizing F; we have a free boundary condition on the edge {/} x [-1,1]. By
Remark [10.10| (i) and inequality ((10.24)) we have

@ 416D (52wt Ak 10.2
|g19k,5| + ‘gfﬂk,é:’ - (h,”ll/J%EXl‘/’—-’l( 7/lp)7 ( 0 5)

which leads to the investigation of the minimum problem on the right-hand side performed in [9).
Let us rewrite the functional F; in a convenient way. Let (h, 1)) € X;, and let Gy, = {(wy, h(w1)) :
wy € (0,1)} C R; be the graph of h. We have, using (10.22)),

Fi(h, ) = A, SGp) + /G P ) dH + /8 vl dH!, (10.26)

where, in the integral over G}, we consider the trace of ¥ L SGp on Gj. Combining ((10.25)) with
(19.12), we readily infer:

Corollary 10.11. Let e € (0,1) and n € N. Then for any k € N we have

. C
G u Dy xr2 = 2 (hﬂlbr)ngl Fi(h, ) —me = — —ox(1), (10.27)

for an absolute constant C > 0, and where the sequence o (1) depends on e and n and is infinitesimal
as k — +oo.

61

1))



11 Conclusion of the proof of Theorem (1.1

We are finally in the position to conclude the proof of Theorem We write

A(uk,Q):A(uk,Q\Dk)JrA(uk,Dk):/ |M(Vuk)]d:):+/ M (V)| da.

Therefore
A(u, Q) > liminf/ |IM(Vug)| dx—i—liminf/ IM(Vug)| de. (11.1)
k——+o0 Q\Dy, k——+o0 Dy,
Given € € (0,1) satisfying (4.5 and (4.6), and given n € N, from (4.38]) it follows
1 2
1iminf/ M (V)| do > / M(Va)| do— - — 2 (11.2)
k—4-o00 O\ Dy, O\B. n EN
Furthermore, from (10.27)) we have
C
Vug)| dz = |[Gy >92 inf  Fy(h ) —me — — — op(1). 11.3
[, M) de = [Gullpuse 22 it Filh )~ = T —ox(1). (119

We can pass to the liminf as £ — +o00 in the above expression, to obtain

C
lim inf dx > 2 inf h —TE — —. 114
fmind | IM(Tu) de 22, it G 0) == (11
From (IL.1), (I1:2) and (IL4) we obtain
_ c+2 1
A(u, Q) > M(Va)| de+2  inf  Fi(,h) —me — S 11.5
.02 [ WMl der2 it Fi ) —re = S (115)

for all n € N and ¢ € (0,1). Letting n — +oo and then ¢ — 0" (keeping the validity of (4.5)) and
([4.6))), by the dominated convergence theorem (since Q \ B. — Q as e — 01) we get

A(u,Q)Zliminf(/ _ IM(Va)| de+2 o ﬁ(h,w)—m)
Q\B.

e—0T hap)eX

= [ IM(Vu)|dz+2 inf Fi(h).
[ Ml de+2 it A)

This concludes the proof. ]
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