GEOMETRIC FEATURES OF NONLOCAL MINIMAL SURFACES

MICHELE CASELLI

Spring 2024

These notes were born from gathering ideas for a seminar on nonlocal minimal surfaces that I
held at Stanford University during the Winter and Spring Quarters of 2024. They intentionally
focus on comparing fractional objects with their local counterparts (perimeter, surfaces, mean
curvature). For this reason, I think they will be helpful, particularly for readers already familiar
with the theory of classical minimal surfaces.

Further material on this topic that I have found useful preparing this notes can be found

in [CRS10,BV16, Gar19, Sav22, CS07, CDSV23, CFS23, CCS20).
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1. THE FRACTIONAL LAPLACIAN AND THE H®(R") SPACES.

For s € (0,1) define

2
H(R™) = {u € LAR") ¢ [uldeqgn) = // ) ‘x_ [ul@) = wl) 4,4y < —|—oo}.
n>< n
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This is a Hilbert space with its natural norm

lealFrs gny = lllZ2 a2y + [ulirs an)-

One can also give a completely analogous definition on every open {2 C R”, which is denoted
by H*(2) and we will define in (3). These are called fractional Sobolev spaces, and they appear
naturally in many places in mathematics. For example

e They are the real interpolation spaces H*(Q) = (L%(Q), H'())s2 in the sense of
harmonic analysis.

e They are the trace spaces of classical Sobolev spaces. In particular, H1/2 (09) is the trace
space of H'(Q), and in general H*~1/2(9Q) is the trace space of H*(Q) for s € (0,1).

e They are the Hilbert spaces associated with the fractional Laplacian
u(z) — u(y)
—A)’u(x :/ dy, 1
(Al = [ T 1)

which is a fractional power of the Laplacian —A in a strong and functional-analytic
sense.

By the symmetry in x, y one can rewrite

u(y)|? s
HS Rn //Ran" |33 - y‘n+28 d dy =2 n U(_A) uwdz.

For Q € R™, we call localized energy the following quantity

1 Ju(z) — u(y)®
£ () 1= / / [ulz) ~ w1 gy 2
o) 2 R7 xR7\ Qe x Qe |z — y|nt2s @)

Even though we call this the localized energy in €0, this requires u to be defined in the whole R"
to be computed. Thus, for example, in order to minimize this energy, we need to prescribe u in
Q¢ and not only on 0f2.

Lemma 1.1. Let Q C R"™ open and fix u, € H5(R™). Let
Hg(Q) = {ue H(Q) : u=ygin Q°}.

If w is a smooth critical point of u — ESOb on the space H, (), then (—A)*u =0 in Q. That is,

(=A)*u =0 (in Q) is the Euler-Lagmnge equation of SSOb

Proof. For every ¢ € C2°(§2) we have

d (u(z) —u(y))(e(z) — ¢(y))
0= ER(u+e // dxdy
de |.—g “ °) R"XR"\QCXQC |z — y[rt2s

_ —u@)e(@) — ) .
B //Rann |z — y|nt2s dady

= 2/ o(—A)’udr = 2/ o(—A)’udzx.
n Q
Since this holds for all ¢ € C2°(€2), this clearly implies that (—A)%u in €. O

Remark 1.2. If we had deﬁned the localized energy by the (arguably more natural) formula

)|2 dxd
QxQ ’«’15 - |"Jr2S v
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the Euler-Lagrange equation would turn out to being

R
i ,

|z — y["+2e

for every x € Q. But the left-hand side is not the fractional Laplacian in the standard sense. For
example, with Dirichlet boundary conditions, this operator does not have the same eigenfunctions
of the Dirichlet Laplacian, but (1) does. Indeed, (2) is the correct localization of the fractional
Laplacian, which is a nonlocal operator.

Exercise 1.3. Prove that
[U]%{s(Rn) = Cn,s |£‘25|a(£)|2 df
Rn

In particular, the exercise above implies that
H*(R") = {u € L*(R") : / (1+ [€*)|al? d¢ < +oo} :

We will use this characterization a few times. One important feature of the H*(Q2) spaces (this
will imply the existence of sets minimizing the s-perimeter and more) is the fractional version
of the Rellich—Kondrachov theorem.

For 2 C R" set
H(Q) ={ue L*(Q) : & (u) < +oo}, (3)

endowed with the norm HUH?{S(Q) = |lull z2¢q) + Ei?zb(u).

Theorem 1.4. Let s € (0,1). Then, H*(B;) < L?(By) is compact.

Proof. Let E : H*(By) — H*(R"™) be an extension operator with Fv = v in B and
[Bolis@ny < Cllvllzsays 1B0I2@ey < CllvlTag,), supp(Bv) C Be.

Let {ug}r be a sequence in H*(B1) with ||ug|/gs(p,) < C. Up to subsequences that we do
not relabel, there exists u € L?(Bj) such that u;, — u in L?(B;) and Euy — Fu in L?(Bs). We
show that the convergence of this subsequence holds strongly in L?(By).

Then, for R > 0 we have

lur = wellZ2(p,) < CllBur — Bugl|F2gny
— [ 1Bu©) - Bule) de
=/ \Bun(€) — Bugle)[? de +/
Br

| 1Bux(©) = Bu(©) de

R

For the second term

/ Bun(€) — Bug(€)2de < C / B (6) de
B B?%

c
R

C [ e
< g [ PPl ds
C C C

= E[Eukﬁzs(w) < ﬁ\\uk”%s(m < Rase
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On the other hand, for every ¢ € By by the weak convergence Fuy, — Eu in L?(Bs) we have

E-u\k(f) = / e € Buy do — e By de
BQ BQ

as k — oo, since e”¢ € L?(By). Moreover

[Eup(§)] < / jur| dx < ||ug| 2(5)|Ba| /* < C € L*(Bg).
By
Hence, by dominated convergence for the first integral, we have

| \Bue) - Bl dg o
Br
as k,{ — oo. Then

C
lim sup ||ug — ugl|? < —.
kEHOEH k EHL?(Bl) = R2s

Since this holds for all R > 0, this implies that u; — u strongly in L?(B1), and we are done. [
Moreover, the same proof gives the following stronger result.
Theorem 1.5. Let s,0 € (0,1) with s < o. Then H°(By) — H*®(B1) is compact.

Fractional (sub)harmonic functions satisfy a maximum principle similar to the one for classical
harmonic functions.

Theorem 1.6. If (—A)*u >0 in Q and u > 0 in Q°, then u >0 in Q.

Proof. The proof is almost trivial. Suppose that z, € Q realizing ming u satisfies u(z,) < 0.
Then z, is a global minimum of u (since u > 0 outside §2) and hence u(x,) < u(z) for every
z € R™. Then

0 < (=A)°u(zo) = PV. M <0,
Re |z — oyt
and hence u = u(x,) < 0, which contradicts that u is nonnegative outside €. O

Even though a global maximum principle holds, due to the nonlocality of the operator, any
form of local maximum principle does not hold.

Lemma 1.7 (Theorem 2.3.1 in [BV16]). There exists a nonconstant, bounded function u : R™ —
R with (—A)%u =0 in By and uw > 0 in By such that infg, u = 0.

1.1. Riesz potentials. There is another point of view to look at the fractional Sobolev spaces
H?*(R™), which is valuable for gathering some intuition, that is the one of Riesz’ potentials. We
refer to [Gar19] and the references therein for a detailed discussion of Riesz’s potential.

Definition 1.8. (Riesz’ potential) Let 0 < o < n and uw € C°(R™). Then we call the operator

ILyu(x) == Chq /n m_u(yy‘) dy = ux @, ()

n—aox

the Riesz potential of order o, where

@a (.Z') . Cn,a

el

Here Cy, o > 0 is a positive constant depending only on n and o, whose value is unimportant to
us. The only important property of Cy, o is that it is chosen so that (4) holds.
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The only property we will care about of the Riesz potentials is that I,u inverts the fractional
a/2-Laplacian, as stated in the next proposition.

Proposition 1.9 ([Garl9]). Let u € C°(R™). Then for every 0 < a < n there holds
Io((=A)*Pu) = (=A)**(Iou) = u. (4)
Equivalently, ®, is the fundamental solution of the fractional o /2-Laplacian.

Remark 1.10. Note that the constants are set so that, at least formally, for a = 2, I inverts
the standard Laplacian, and ®o is the Green’s function of R™.

Now, we are in the position to rewrite the H?®-seminorm in a useful form.

Lemma 1.11. For s € (0,1) and u € HS(]R”) there holds

2
1— s)[ul?. n: // ()’ dxd :cs/ VI_suzdx,
( )[ ]H (R™) - ’Hf— ’n+25 Y ]Rn| 1 |

where V on the right-hand side denotes the classical weak gradient, and lim,_, - cs = 7/2.

For a proof of a more general fact, we refer to [SQO]. Nevertheless, we first give formal proof
and then an actual proof using the Fourier transform.

Formal proof. For u € C2°(R™) one can easily see that I_su € HZ(R"), thus

/R” \VIl,Su\de = <V11,su, VI1,3u>L2(Rn) = <Il,su, —A(Il,su)>L2(Rn)

= ) (Dot ()T )
< —5)((- > 7 (e, ()00
—s)(u, (= >L2(R”)
= (1 - 3)[U]%{S(Rn)a
where ¢, is a constant of s that remains bounded as s — 17. O

Proof. We have
/ VIl = / €2/ Tral? de
R R
— / €2l s By de
Rn
- / €21 ® )R de
RTL

But we can compute
= iz e i@t Cn,
(1)1*5(5) = /n € w 5@1,5(x) d]) = CTL7S /Rn |x|n71+s dﬂf = ’£|77ijs )

where the last equality can be easily seen by scaling and rotational invariance.
Thus

/Rn VI _sul® = cns /Rn €)% | Ful? d¢ = cms[u]?{s(Rn) .
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Let us take a moment to comment on this formula. Assume for simplicity that that
supp(u) C Bpg, then for every x € Byp one can rewrite (up to a constant that tends to 1
as s — 1)

I sul) = 1—s uy—z) , 1—s u(y)

= = d = *k y
0B1] Jrn Jyl s Y T (0B gy, e Y T T

where )
_ 1 —=38 XBsgr
MS(‘T) - |6Bl| ‘l‘|n71+3

is a sequence of kernels such that, as s — 17

3R
1s(R™) = (1 — 5) /0 o dp= (3R)" 1,

and for every § > 0

3R
ps(R™\ Bs) = (1 — 8)/ p~Sdp=(3R)'™* =5 =0.
1)

Remark 1.12. Be careful of the following: since we are convolving against a kernel that is not
compactly supported in R™, it is not true that I1_su has compact support even if u does. This is
one point where one can see the non-locality of the seminorms, as the convolution instantly sees
u everywhere from every point in R™. Nevertheless, even if the kernel has tails in the whole R™,
since ) .

s (1 — )P -

B2 B |- (=) (1—5) —1, as s—> 17,
the "effective support” of the kernel we are convolving with is any power of (1 —s). This means
that, as s — 17, all the mass of the kernel is concentrating near zero at velocity polynomial in
(1 —s), and all the effects that happen at a scale smaller than this will be neglected.

Hence (say, in Bog) I1—su is a convolution of u against an approximation of the identity, and
thus I1_su — u suitably. Now, looking again at (neglecting constants)

[WFsny = IV (T1—st)[[F 2 ) -

This formula allows us to write the H*-seminorm of a fixed function as an H'-seminorm of a
(nonlocal, that is, against a kernel without compact support) approximation of uw. From this
formula, you can probably gather intuition from what you already know about standard Sobolev
spaces.

2. THE FRACTIONAL PERIMETER.

We start with a motivating example to see why the H*(R"™) spaces naturally induce a notion
of perimeter. Let £ C R™ be smooth and bounded and {p; }.~¢ fe a family of standard mollifiers.
For every p € [1,00) It is not hard to show that

eV % pell 1, = P / V(i * pe)Pdz — H'(DE),

n

as € — 0. Indeed, at least formally, as ¢ — 0 all the mass concentrates around an e-neighborhood
Y. of OF and |V (xg * pe)| ~ 1/¢ there. Moreover |X.| ~ eH" (OF), hence

- /Rn IV (x * pe)Pdz ~ P71 B |e™ ~ H"H(OE) . ()
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Surprisingly, the same works with the fractional Sobolev seminorms of H*(R"™), but the
situation is very different for s € (0,1/2) or s € (1/2,1).

Case s € (1/2,1). Since H*(R™) is associated with an operator (the fractional Laplacian) of
order 2s, for the same reason in (5) the power of ¢ to expect in front of the seminorm is 2571,
Indeed, it turns out that for s € (1/2,1) there holds (up to dimensional constants)

e xp * pelips — H"H(OE).
Hence, in this range, this recipe converges to the classical perimeter of E again.

Case s € (0,1/2). In this case, the situation is very different. First, one can see that
xE € H?(R™) and we no longer need the mollifier! We will prove in Lemma 2.3 that characteristic
functions of regular sets are in H*(R"™) for s € (0,1/2). Thus, for s € (0,1) one defines the s-
perimeter Perg(FE) just as

Pers(E) = [XE]?{S/Q(Rn)?

without any regularization of the characteristic function.

Definition 2.1. For s € (0, 1), the fractional perimeter (or s-perimeter) of a measurable
set E C R" is defined as

1 9 1
Per,(E) = i[XE]HS/Q(Rn) = //EXEC dedy.

This object is not the classical perimeter and, indeed, is structurally different. For example,
it scales as

Pers(AE) = N *Perg(E) VA >0,
instead of scaling as A" ™! as the classical perimeter does.
One can even define a localized version of the nonlocal perimeter in a bounded open set
) C R™, in the same spirit of the localized fractional Sobolev spaces H®(2). This will be useful

because, for example, we would like to say that a hyperplane in R™ is an s-minimal surface even
though a half-space has infinite s-perimeter for the definition above.

Definition 2.2. For s € (0,1), the fractional perimeter (or s-perimeter) of a measurable
set E C R™ in a bounded, open set ) is defined as

1 Ixe(z) — x5Y)|?
.__ ¢Sob _
Per,(E, Q) := £y o (xE) = 5 //R"XR"\QCXQC o =gt dxdy .

Letting

1
J4(A, B :// b
( ) AxDB |5L'_y|nJrs Y

be the interaction between the sets A and B, one can write
Per,(E)
=JL(ENQENQ) +L(ENQENQ)+J(ENQLENQ) + J(ENQSENQY). (6)
Among the four terms on the right-hand side, the first three terms consider interactions
in which at least one contribution comes from 2, but the last term is different since it only

considers contributions coming from outside €. It would, therefore, be natural to define the
localized version of the fractional perimeter as the sum of the first three terms.
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Indeed, this is what we have done in Definition 2.2 since, with our definition
1
Per,(E, 0) = 5520 (xs)
=J(ENQLENQ)+ L(ENQENQ)+ J(ENQS,ENQ)

is exactly the sum of the first three terms in (6).
It is important to notice that if E C Q or E¢ C Q then Perg(E, Q) = Perg(E).

Let us start by proving that smooth sets have finite s-perimeter for every s € (0, 1).

Lemma 2.3. Let E C R" be bounded and smooth and s € (0,1). Then
(i) xg € H/2(R™). That is, E has finite s-perimeter.
(ii) There holds
limsup (1 — s)Pery(F) < wy_1Per(E),

s—1—
for some dimensional C > 0.

Proof. We have

S IXE e 2 = dedy = | dx dy
2[ Vo2 Bxpe [T —y["te E o |z —y[mte

1
S/dfv/ T s Y
E Br(z)e [T —y["Ts

where R := dist(z, 0F) and this is well defined since JF is a compact set. But

/ - dy = w /OO ! P hdp = w /OO dp__ wn1 7
Br(z)e [T —y[n+s " pnts " e plts s

For ¢t € (0,diam(E)) set E; := {x € FE : dist(xz,0F) < t}, this is an open set with Lipschitz
boundary. Fix 6 > 0, then there is ¢, (depending on E and 0) such that [0E| < (1+ 0)|0E| for
t € (0,t,). Then, by the coarea formula

9 Wn—1 1
<
[XE]HS/2(]R”) =g /E dist(z, 8E)5dx

— Ynl / L dx + Wn-1 / - dx
s g, dist(x,0F)* s Je\g, dist(z,0E)s

t*
< w"l/ 3|0, dt + L8| B
S 0 S
Wn—1 1—s |, Wn—1,_5
14+ 8)|0F|t —— 1t °|E| < .
< Ol (14 OBl + 2L B < oo

This proves (). Moreover, multiplying by (1 — s) and taking s — 1~ gives

limsup (1 — s)Pers(E) < (14 §)wp_1Per(E),
s

and letting § — 07 gives (i7). O

With more effort, one can strengthen part (ii) into the convergence of the s-perimeter to the
classical one as s — 1. This result is originally due to Dévila in [D02].
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Theorem 2.4. Let E C R" be a set of finite perimeter and Q2 be a bounded open set with
regular boundary. Then, there exists a dimensional constant c, > 0 such that

lim (1 — s)Pers(E, Q) = ¢, Per(E,Q).

s—1—

Sketch of the proof in [D[)@]. The proof is elementary but in full details not ”easy”. To simplify
the argument, let us assume 2 = R" and F is bounded, say £ C Bgr. Actually, we will show
in Step 1 in the proof given after this sketch that this is not restrictive and actually implies the
general result. Then

2
(1 — s)Pery(E) = // |XE|$ — |n+sy)’ dxdy
_ 1= / Ixe(®) — xB(Y)] dudy

=

:Wnl//’XE W) l—s dady
|$_ Wn1|z — y|P 5T

_ Wnl/ / ey +2) —xe(y)l  1-s dy
4 Bior |Z| "‘)n—1|2|n+871 '

Note that the sequence of measures

_ (1 )XBloR dz

C Wi 1|z‘n+s 1

satisfies, as s — 17, that

10R
s (R") = (1= 5) / = dp = (10R)** — 1, (7)

and for every 6 > 0
10R
pe(®\ By) = (1=s) [ o dp = (10R)!~* ' . s)
)

Then, the result follows from proving an even more general fact on BV functions: for every
u € BV(R™) and {us}s>0 sequence of radial kernels satisfying (7) and (8) there holds

u(z) —u

([ 040 ar) i,
nolz—yl

weakly in the sense of Radon measures. U

To carry out the proof in full generality, we will need the following approximation result. See
Proposition 15 in [ADPM11] for a proof.

Lemma 2.5. Let E C R™ be a set with finite perimeter in §, and let s € (0,1). Then, for every
e > 0 there exists a polyhedral set I C R™ (whose choice is independent of s) such that

[(EAI)NQ| <e, |Per(E,Q)—Per(I,N)| <e, dimy(dIININ)=n-—2, 9)

and
(1 — s)|Pers(E, Q) — Perg(I1, Q)] < €. (10)

Proof. All the estimates in (9) are Proposition 15 in [ADPMI11]; then (10) follows by
interpolation using (9). O
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Proof of Theorem 2.4. We divide the proof into four steps.
Step 1. We can assume €2 = R"™ and E bounded.

Assuming we have proved the result for 2 = R™ and F bounded, we show how it implies the
real one. Fix € > 0, and let II be the polyhedral approximation of E given by Lemma 2.5.
Write

1
Per,(ILQ) = (Pers(HﬁQ) + Per, (II°N Q) —Pers(Q)> + Z,(TINQ, T NOS) + J,(TTNQC, TN Q) .
Since all the sets II N €2, 11 N Q2 and 2 are bounded, we have

1—
lim TS (Pers(H N 9Q) + Per,(II° N Q) — Pers(Q)>

s—1—

= %(Per(ﬂ N Q) + Per(II° N Q) — Per(Q)) = ¢y Per (11, 2),

where we have used the transversality condition of the boundaries to infer H"~1(9II, 9Q) = 0.
Moreover, again, by the transversality, one can check that

lim (1 —s)7(IINQ,IINAQY) = lim (1 —s)T(IINQIINQ) =0.

s—1— s—1—

Indeed, in both integrals, the singularity of the kernel happens only on points in OII x 02,
which is (n — 2)-dimensional. Then, an argument with the coarea formula similar to the proof
of Lemma 2.3 shows that both limits tend to zero.

Then, we have proved that for II there holds

lim (1 — s)Pers(I1, Q) = ¢, Per(11, Q) .

s—1-
But since

(1 — s)|Perg(E, Q) — Perg(I1, Q)] < €.
holds for every s € (0,1), we get by the triangle inequality

limsup | (1 — s)Pers(E, Q) — ¢, Per(E,Q)| < &+ cne.

s—1—

As this holds for every € > 0, this proved the result.

Step 2. Proof for n = 1.
We have to show: for F' € BV(R) (i.e. a finite union of intervals) there holds

lim (1 — s)Pers(F') = #{points in OF}.

s—1—

Indeed, for just one interval I = [a,b] C R a direct computation shows

1 2(b—a)l=*
1-— ———drdy=—"--"——2
( 8)/1/c|x—y|1+5 xray S — 4
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as s — 17. Moreover, if F' € BV(R) then F' is a finite union of disjoint intervals F' = Uicv:1 1.
Then

k=1

k=1 ke k=1 ke
N
= Pery(ly) =2 Ju(Ix, Io)
k=1 ke

Multiplying by (1 — s) and sending s — 17, all the cross interactions with k& # ¢ tend to zero
since the intervals are at a positive distance, and we get
hm L (1 — s)Pers(F) = 2N,

S—
which is the number of points in OF as desired.
Step 3. Slice the fractional perimeter along lines.
Since xg € BV(R") then xg € H¥?(R"), hence

Pery(E) = Cp. / dL / Perlt(E) dH™ 1 (h), (11)
n Lt

where G7' is the linear Grassmanian of lines, C, s > 0 is a constant that stays bounded as s — 1~
and Perf*"(E) is the 1-dimensional s-perimeter of E restricted to L + h. This follows from a
more general formula allowing to slice fractional seminorms with k-dimensional subspaces, see
for example, [CFP24, Theorem 2.12].

In the specific case of lines (k = 1), it can also be proved using just polar coordinates that

// f(x,y) dedy = Cp dL/ dh// flz,y)|z —y|"tdH (z)dH (y)
n xR gr Lt (L+h)x (L+h)

for every f > 0. When f(z,y) = xg(z)xg-(y), this formula also gives (11).
Step 4. Reconstruct the perimeter of E with a Crofton formula.
For example (Theorem 3.2.26 in [Fed87]): if M is an (n — 1)-dimensional rectifiable set, then

HL (M) = 6, /g a /L CHMA L+ )} dH ().

Combining these three steps, we can conclude the proof. By Step 1, we can assume that E is
bounded and 2 = R”. Since E is bounded, by translating and scaling, we can, with no loss of
generality, assume that F C Bj.

Let dL be the standard measure on the linear Grassmanian G'. Since E has finite s-perimeter,
it follows from (11) that almost every restriction Elp), with respect to the tensor product
measure dP := dL ® H"1(L1), has finite (1-dimensional) s-perimeter in L 4+ h.

Hence, for almost every L + h, the set F ]( L+h) 1s a finite union of intervals. For every such
L + h in this set of full measure, since E is bounded, by the interpolation inequality between
W*1(R) and BV(R) (or, essentially by the proof of Lemma 2.3 for n = 1) we have, for some
constant C' > 0 independent of s that

(1= s)Perf™(E|(11n)) < CPer(E|1n), L+ h) = C#{0EN (L +h)} € L'(dP),
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since by the definition of dP and Crofton’s formula
/ dL / H{OE N (L + 1)} dH"\(y) = CpPer(E) < +o0.
g{L Lt

Moreover, for every L + h in this set of full measure, by Step 1
lim (1 — s)Per’™(E|(p1n)) = #{0E N (L + h)}.

s—1—

Thus, by dominated convergence

s—1— s—1—

lim (1 — S)Pers(E) = lim Cn,s/ dL/ (]_ _ 8)Per£+h(E) danl(h)
gr  Jrt

= Chy / dL | #{0E N P}dH"*(h)
n LJ_
1

= ¢pPer(F),
as desired. 0

Remark 2.6. It was proved by Ambrosio, De Philippis, and Martinazzi in [ADPM11] that the
s-perimeter even I'-converges to the classical perimeter as s — 17, that is
I'— lim (1 — s)Pery(E,Q) = ¢, Per(E, Q).

s—1—

2.1. Perimeter minimizers. This subsection is entirely devoted to the properties of perimeter
minimizers, that is, sets that locally minimize the fractional perimeter.

It will be useful in a few places that the fractional perimeter satisfies an isoperimetric
inequality analogous to the classical one. To prove it, it is convenient to name the local part of
the fractional perimeter. Let

_ 2
Per|o(E) := // ‘XE(x)_ ﬁigy)’ dzdy .
QxQ |z =y

We stress that Perg|o(E) # Perg(FE,Q), and actually Pers|q(F) < Pergy(E, ), with equality
FENQ=0o0or ENQ =0.

Theorem 2.7 (Fractional isoperimetric inequality). There is a constant C = C(n,s) > 0
such that, for every E set of finite s-perimeter there holds

min{|E|, |E°|} = < CPery(E).

Proof. The proof adapts to the fractional case of the classical isoperimetric inequality. See, for
example, [AFP00, Theorem 3.46].

By the fractional Poincaré inequality (which, for example, can be proved by compactness as
the classical Poincaré inequality using Theorem 1.4), for every Qr = Qr(z) hypercube of side

R we have that
/ |u—uQR|2d3:§CRS// Mdmdy,
QRr QRrRXQR |x - y|n+s

where ug, = @ fQR udzr.

Plugging v = xg gives
2
S

E
ENQrI 40 < cRPer|o, ().

XE— —V~
|Qr|
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Denoting my(R) := %, the left hand side equals to

B0 Qr(x)|(1 = ma(R)? + (1Qn] — |E N Qu(a))ma (R)?
= 1Qal (ma(B)(1 = ma(R)?) + (1 = ma(R))ma(R)?)

= |QR|mx(R)(1 - mm(R))a
thus

ma(B)(1 — ma(R)) < = Per,|q, (B),

for some C, > 0 dimensional constant.
Now choose R, > 0, depending on E and C,, such that

Cs 1
Rf_s Pers(E) = m .

With this choice, m}, := my(R.) satisfies m%(1 —mZ) € [0,1/10)U(9/10, 1]. Moreover, since the
map = — mk(R,) is continuous, either m} € [0,1/10) for all x € R™ or m} € (9/10, 1] for all
x € R™. Up to changing F with E°, we can assume m € [0,1/10). Covering almost all of R”
with disjoint open cubes {Qr, (x;)}; of side R., we get

Bl =) |ENQr.(zi)| = R?me(R*)

(12)

7

< CR:Y  Per|q, (o) (E) < CRiPery(E) = CPery(E)+ |

where in the last equality, we have used the definition of R, from (12). U

Definition 2.8. Let 2 C R™ be a bounded open set, we say that E C R™ is a minimizer
of the s-perimeter (or an s-minimizer) in 0 if

Pery(E, Q) < Pery(F,Q),
for every measurable F' such that E = F outside €.

Now, we list here some classical properties of fractional perimeter minimizers for the reader
to compare with the classical ones. We omit the proof of most; we only include few proofs to
serve as a comparison with the proofs in the classical case. Most of the proofs can be found
in [Sav22], [CF17], and [CRS10].

e (Lower semicontinuity) Let Ey — F in L] _(Bj), then
Perg(F, By) < liminf Perg(Ey, By) .
k—o0
e (Compactness, see also Theorem 1.4) If Perg(Ey, B1) < C uniformly in &, then there is
a subsequence of the Ej, that converges in L'(By).

o (Existence) Let E, C R™ be a set with locally finite s-perimeter in B;. Then, there exists
a set £ minimizing the s-perimeter Per(-, B1) among all sets E with E\ By = E, \ Bj.

e (Density estimate) Let £ C Bj be a minimizer of the s-perimeter in By and! 0 € 9F.
Then there is ¢ = ¢(n, s) > 0 such that

‘EQBR(OH > C|BR| and ‘BR(O)\E’ > C’BR’ .

1Here we understand OF as the complement of points of density 1 and 0.
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Proof. The proof is taken from [Sav22]. By scaling invariance, we prove the statement
just for R = 1. Moreover, since being an s-minimal surface is invariant under
complementation, we just show the first inequality. Let

V(r):=|ENB,| and A(r):=H""YENB,)=V'(r).
By the fractional isoperimetric inequality of Theorem 2.7
]EﬁB\n —V() <C’Per5(EﬂB)
Testing the minimality of £ with the competitor E \ B, gives
J(ENB, E)<J(ENB,,E\B,),
hence
Pers(ENB,)=J(ENBy,(ENB,))=J(ENB,,E°)+J(ENB,,E\ By)

<2J(ENB.E\B)
<2J(ENB,By).

Now for x € £ N B, note that B,_;(x) C B, thus we have

n—s 1
VrnngEﬂBr,Bﬁz/ / . ydw
) ( ) E‘OBT ¢ |z —y[rte Y

< C/ / ——dxdy
BB, JB,_ (@) [T — |"+8
1

= C/ / 7pn_1dﬂl'dy =C dya
ENB, Jr—|z| PTF enB, (r—|z[)*

and by polar coordinates again

n—s r A
) < o/ _Al) 4 (13)
o (r—p)
(Here see Remark 2.9). Integrating on [0, R] gives
/ V(r ndr<C/ A(r)(R—r)""*dr < CR'™V(R). (14)
Now set Ry := 5 +27% and apply (14) to R = R}, to get

Ry n—s
V(r)y = dr < CV(Rg),

0
but since V(R) > V(Rk+1) on [Ri11, Rk)

— n—s Rk n—s
27(k+1)v(Rk+1) - (Rk _ Rk+1)V(Rk+1)T < / V(T) n dr < CV(Rk),
R4
or

k 14+ Ok 0
V(Re41) < C(2°V(Rg)) "= = C27°V(Ry)”,
for some 0 > 1 depending on n and s. Iterating this inequality, one can get
V(Ry) < C(CV(Ry)” = C(CV (1)

for some Cs = Cs(n, s). This implies that if V(1) = |[ENBy| < 1/(2Cs) then V(Ry) — 0
as k — oo, and since Ro, = 1/2 we would get

V(1/2) = [EN By =0,
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and this implies 0 ¢ OF. This concludes the proof with ¢ = 1/(2C,).

Remark 2.9. Note that (13) is the nonlocal version of the differential inequality
V(r)s < ChA(r),

which is used in the proof of the density estimate for classical minimal sets and is obtained
by testing minimality against 0Br(0) N E.

e (Compactness of minimizers, [CRS10]) Let Ej be a sequence of s-perimeter minimizers
in By, and assume that
Ey — E in L} (R™).
Then F in s-minimizer in Bj.
Proof. Fix F any competitor for E, that is a set F' C R™ such that F'\ By = E \ By.

Define
Fk — F lIl Bl,
£y in BY.

This is a competitor for Fjy, and by the minimality of Ey we know Pers(FEj, By) <
Pers(Fy, B1). We claim that

Pery(Fy, B1) — Pers(F, By) . (15)
Indeed, using the definition of F} and the fact that F' = F outside B; we get
Per,(F}, By) — Per,(F, Bl)‘ < 7.((ExAE) N B, By)

XEkAE Y)
dxdy .
//;1 XB(‘ |LE - |n+s

Since £y, — E in LIOC(R”), up to subsequences, we have that xg, Ap — 0 almost
everywhere. Moreover, the convergence is dominated since

XE,AE(Y)

e L'(B; x BY).
o= yfre < [ ypers © L (B BD)

Thus, by dominated convergence, we get (15). Then, by the lower semicontinuity of the
s-perimeter (along the chosen subsequence)

Pery(E, By) < liminf Pers(Fy, B1) < liminf Pers(Fy, B1) = Pers(F, By) .
k—o0 k—00

That is, F is an s-minimizer in Bj. O

e (Maximum principle, [DSV23]) Let E, F' C R™ be s-minimal sets in By with £ C F. If
there is x such that x € 0E N OF, then £ = F.

Remark 2.10. This mazimum principle is the nonlocal version of the classical result
by Leon Simon for classical perimeter minimizers. If both E and F were known to be
smooth near the touching point x, then the proof of this would be elementary using the
first variation formula. Nevertheless, the result in [DSV23] is nontrivial since it allows
the surfaces to touch at an irregular boundary point.

Moreover, there is also a complete analog of the monotonicity formula and tangent cones to
minimal sets. All this was developed in [CRS10]. We refer to Section 2.5 for a precise statement
of the monotonicity formula and definition of the Caffarelli-Silvestre extension.
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(Monotonicity formula) Let Ug be the Caffarelli-Silvestre extension of yp — xge as in
Theorem 2.22. If F is a local minimizer of the s-perimeter and is smooth, then for every
x € OF the function
1

Sp(r) =

/’a’I’L*S

/ 217%|VUg|? dzdz is nondecreasing in
+
B (z,0)

and is constant if and only if F is a cone.

o (Tangent cones, see Corollary 3.3 in [Sav22]) If E' minimizes the s-perimeter in B; and
x € OE N By, then a subsequence of the blow-ups E;m as 7 — 0T converges in Ll _(R™)
to a minimal cone.

e (Regularity of flat minimizers) Let E be an s-perimeter minimizer and z € OF be such
that the blow-up cone at x is a half-space. Then E is smooth in a neighborhood of .

Proof. As the blow-up cone is a half-space, the fact that then E is C1“ graph (in a
neighborhood of x) for some « is proved in [CRS10]. Then, a combination of the two
works [FV17] (E Lipschitz = FE is Ch for every a < s) and [BFV14] (E is C1® for
some a > /2 = FE is C*) shows that it is actually smooth. O

e (Classification of minimal cones) There is § = d(n) > 0 such that, for s € (1 —d,1) and
2 < n < 7 the only s-minimizing cones are the half-spaces. Moreover, this is sharp as
the Simons cone is minimizing the s-perimeter in dimension n = 8.

Proof. For n = 2 and every s € (0, 1) this was shown by Savin and Valdinoci in [SV13a].
Then, it was proved for 2 < n < 7 and s close to 1 by Caffarelli and Valdinoci
in [CV13]. O

o (Full regularity of minimizers) Let n > 2 and £ C R" be an s-minimal surface. There is
d = d(n) > 0 such that for s € (1 —4,1), then:
(1) if n <7 then OF is smooth.
(2) if n > 8 then ¥ := JF is smooth outside a closed set sing(¥) C OF with
H(sing(X)) = 0 for every a > n — 8.

2.1.1. Minimal cones vs stable cones. As pointed out above, for s close to 1 and 2 < n < 7, the
classification of s-minimizing cones in R™ is well understood. Nevertheless, the classification of
stable s-minimal cones in R™ in this dimension range is (expected, but) a much more complex
issue. Indeed, the classification of stable cones in low dimensions turns out to be more challenging
for s € (0,1) than in the classical case s = 1.

At present, the fact that every stable s-minimal cone in R" is flat is known for n = 2 and every
s € (0,1) by a result of Savin and Valdinoci in [SV13b], for n = 3 and s close to 1 by Cabré,
Cinti and Serra in [CCS20], and for n = 4 and s close to 1 by a recent preprint [CDSV23] by
Chan, Dipierro, Serra and Valdinoci. Moreover, these three results use very different techniques
for the proof.

Evidence that classifying stable s-minimal cones is a very hard problem can be taken from
the following result. It is proved by Dévila, del Pino, and Wei in [DdPW18] that there exist
nonflat stable, s-minimal Lawson cones in R” for small s. This suggests that unlike the classical
theory (or the case s close to 1), the flatness of s-minimizing cones may not hold in dimension 7
for s small. Hence, all the proofs of the classification of stable cones must be sharp to take into
account that s small and s close to 1 could (and, in many cases, will) have different behavior
regarding this classification. For this reason, the proofs presented above of the classification of
stable s-minimal cones require technical and sharp estimates with respect to the dependence on
s.
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2.2. First variation and nonlocal mean curvature. Now we are in the position to define
the nonlocal mean curvature.

Definition 2.11 (Nonlocal mean curvature). Let x € OF, we call

Hop(w) = py. [ XEWXEW) g,
n |x—y|’n S

the s-mean curvature of E at x.

We will sometimes denote H g just by H, when the dependence on the set E is clear from
the context.

Note that, since the kernel |z — y|_(”+s) is singular near the diagonal, the principal value is
needed even for smooth sets, since for x € OF

1 1
/E oyt W /E o s W= o

2.2.1. Nonlocal mean curvature and excess. Let E C R™ and denote by X := JF its boundary.
This subsection describes how the nonlocal mean curvature Hg(x) at a boundary point z € ¥
relates to the classical mean curvature Hy(x).

Definition 2.12 (Excess). For a boundary point x € ¥ = OE we call

1

exp(z,r) == W /aBT(I) (xBe — xE) do

the excess of E at .

One can easily see that |ex(x,r)| < 1 and actually it expands as
exp(z,r) = Hy(x)r + o(r?), (16)

where Hy is (classical) the mean curvature of ¥ with respect ot the inner normal. In particular,
this implies that

. exg(x,r)
Hist) = i, ZE20

Exercise 2.13. Prove the expansion formula (16) for the excess arguing as follows. Since this
is a local statement, up to translation and rotation, assume that in a neighborhood of x, OF is a
graph of a function u : R"1 — R with u(0) = 0 and Vu(0) = 0. Then, write the desired integral
in terms of u, use a Taylor expansion in v and that Hgapn(w)(0) = Au(0) to conclude.

By the very definition of H g, one can observe that

H,p(z) = PV. / XE‘Céy_) ;fffs(y) dy

/ / XEdadr—aB|/ exElifT)dr,
9B ( rr s

provided that the limit in the pr1n61pa1 value exists.

So, the nonlocal mean curvature is just a weighted average of the excess with arbitrarily
big radii. As the following proposition shows, this formula makes it easy to conclude that the
nonlocal mean curvature converges (at least pointwise) to the classical mean curvature.
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Proposition 2.14. There is a dimensional constant ¢, > 0 such that, for every x € OF
lim(1 — s)H, g(z) = cpnHpp(x).
s,

Proof. We have (we neglect dimensional constants in front of the integrals)

(1 8)H, p(x) = /OOO exp(z,r) (1 —s) dr

r rs

B Lexp(z,r) (1 — 5) N . > exp(x,r) -
_/O . e+ (1 )/1 XBET). gy

r rlts

The second integral tends to zero as s — 17 since, just by using |ex(z,r)| < 1 we get
> exp(x,r)
’(1 — S)/l T‘leT

For the first integral note that fs(r) := (1 — s)r~* is a sequence of functions on (0, 1] with
mass equals 1 for every s, and that converges to zero everywhere on (0, 1]. Then, by a standard
argument of weak compactness of sequence of measures with bounded mass, we have fs; — d;py
as s — 17 in duality against C°(]0,1]), thus

S(l—s)/ r 1 dr =15 0.
1

1
lim (1 —s)Hg g(xz) = lim wfs(r) dr = lim exp(@;7) = Hyp(z),
s—1— s—17 Jo r r—0t
where in the last line, we have used formula (16) for the expansion of the excess. U

Actually, more than Proposition 2.14 is true. Indeed, if OF is the graph of some C*® function
u in By in some direction, then the convergence in Proposition 2.14 holds uniformly in = as

]sgup lenHop(x) — (1 — s)Hy p(a)| < C(1 — s)[u]czap,)
1/2

for some C' = C(a,n) > 0. See [CV13, Lemma 9] for a proof of this fact.

2.2.2. First variation formula. Recall the definition of the s-perimeter

1
P FE) = 2 = —— dxd
ers(E) = [XElys2 //EXEc P xdy
where we have let Ky(z,y) == —

= // Ks(z,y) dzedy,
ExFEc°
= eyt

To prove that H, g is actually the first variation of the s-perimeter, we will need to
approximate the kernel s with a sequence K¢ of non-singular ones and then send ¢ — 0T
just at the end. Let, for example

X{lz—y|>e}

Ki(ry) = i
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Proposition 2.15 (First variation). Let E C R™ be a set with finite s-perimeter and
$X : R™ — R™ be a smooth one-parameter family of diffeomorphisms such that (f)é((:v) =ux.
Let X = %}t:(](bf( be its velocity field, and assume X has compact support. Then

—|  Pery(¢X(E / H, (N - X)do,
@15 OF

where N is the outer unit normal from E on OF.

Proof. Let K¢ be a non-singular approximation of Ky as above, and let

Perf(FE) := //E . Ks(z,y) dedy .
X c

Write By := ¢;* (E). Then, by Lemma 4.1 we get

Perf(E;) = d / K(z,y)dx | dy
t=0 E} Ef

t=0 dt
( Ks(z,y) dm) dy +/ < Ki(z,y) dx) N - X doy,
OE \JE¢

dt

ge

= < Ki(z,y) dagc) (—N)-Xdy+/ ( Ki(x,y)dx)N-XdJy
oE \JE*

= /6E ( . K5 (2, y) (xEe(y) — XE(y))dy> (N - X) doy,

where in the last line, we have used in an essential way that the kernel K is symmetric.

Now, we would like to take e — 07 inside the derivative to get

Perg(Ey) = /8E (P.V. - Ks(x,y) (XEc(y) — XE(y))dy> (N - X)doy,

dt

t=0
_ / H, p(2)(N - X) do.
oFE

but this requires a bit of care since we are exchanging the limit in € and the derivative in t.
Set
e(t) :=Peri(E;), and ¢(t) := Pers(Ey),
so that ¢, T ¢ monotonically, since the approximated kernels K monotonically converge to K
from below. Moreover, for a smooth set F' and =z € 0F let also

@)= [ K (e () = xe)

Here, there is no need for the principal value since K¢ is nonsingular.
We know by the first part of this proof, applied at time ¢ instead of only ¢ = 0, that
ee(t)= [ Hp,(Ny-X)do, (17)
OF:
where N; is the outer unit normal to E;. If we can show that the derivatives ¢, converge

uniformly in a neighborhood of zero, that is

A1) _/aE Hyp, (N; - X) do| = 0. (18)

lim sup
e=0% |t <o
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Then, we can conclude by using standard arguments from real analysis.
By (17) we have

—/ Hs,Et(Nt‘X)da:/ (H;Et—Hstt)(Nt-X)da
OFE} OE:
Moreover, analogously to the proof of Proposition 2.14

X (y) — XE(Y) ex exg, (z,7) (z,7)

Note that, by the proof of (16) (that is, following Exercise 2.13 and using Taylor with the
exact remainder at second order), if OF is graphical around z € OF in Br(z), then for r < R/2

sip @) cop R ),

where C(dF, R, z) depends only on the C? norm of OF in Bg(z).

Let K be a compact set such that supp(X) CC K. Then, taking 6 = 6(X) > 0 sufficiently
small so that all the C? norms of OF; are bounded by (a constant times) the C? norm of E for
It| <6, we get

€
sup  sup |H§Et(a§) — Hs,Et($)| < C’/ rSdr = Cel ™, (19)
[t|<6 z€dENK 0
where C' depends on s and the C? norm of OF in K.
Hence, letting e — 0T, we get the desired uniform convergence (18). Thus, we can exchange
limit and derivative to get
d

| Pery(Ey) = 1 =1 0
il ers(Ey) = Oaggys() lim o (0)

= lim H:p(N-X)do
e—=0t JoE sib

:/ Hyp(N-X)do,
OF

where in the last line, we have used again (19) for the uniform convergence of the approximate
nonlocal mean curvature to the nonlocal mean curvature of E. This concludes the proof. ([

Definition 2.16 (s-minimal surface). Let Q be a bounded open set and E C R™ be a set
with locally finite s-perimeter in Q. Then, E is said to be an s-minimal surface in € if,
for every vector field X with compact support in € there holds

4 Per, (¢ (E),Q) = 0.
t=0

dt

By the first variation formula of Proposition 2.15 we see that, if E is a smooth s-minimal

surface in {2 then W) )
o XE<\Y) — XE\Y _
H, p(x) = PV. / S E Ry =0,
for every x € OF N ). Heuristically, this is saying that

L= Ly
gle—y["ts Jge |z —y|nts
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that is E and E° have equal average interaction with x € 9F. However, this formula cannot be
interpreted since, even for smooth sets, these two integrals always do not converge.

Exercise 2.17. For n = 1 and A > 0, check that the nonlocal mean curvature of a segment

2
[0,A] at 0 equals 3.

Exercise 2.18. Using the first variation formula, prove the strict mazimum principle for smooth
s-minimal surfaces, that is, the following.

Let R > 0 and E,F C R™ be smooth s-minimal surfaces in Br(x) where x € OENOF. Then,
if ECF we have E = F.

2.3. Second variation and stability. Next, we state the second variation formula for the
nonlocal perimeter without proof (see Theorem 6.1 in [FFM T 15] for detailed proof).

Proposition 2.19. Let E be a smooth s-minimal surface and ¢;¥ : R* — R™ be a family of
diffeomorphisms as in Proposition 2.15. Then
2

— | Pers(¢:X(E
2|, ers(¢p (£))

B (X -N)(@) - (X-NWP IN@) = NP A200) dodo
_//aEXBE do,do, //BEBE (X - N)*(x) doydo,

‘x_y‘nJrs |$_y|n+s

= |f (@) - 1@)I* _ IN(z) — N(y)|? .
a //c')ExBE |z — y|nts dozdoy //BExaE |z — y|nts J () dodo,

where N is the outer unit normal from E on OF, and f := N - X is the tangent part of X to N.

Observe that, by symmetry

[ St i, =2 [ gt ([ S i, )i

and
N@) - NP o ([ @ -NG)N@) Y
//8E><8E |z —y|ts f(w) ooy =2 8Ef (=) </8E ! y) Ao

|z — y|mts

Hence, the second variation can be rewritten as

2
| Per0F(E) =2 [ Jaslr)fdo

oF

dt?|,_,

where

Jeonlfl@) = pv. [ LD =W 0 /8E (N(@) = N@) - N@)

o |z —y|"+e |z — y[rte
is called the fractional Jacobi operator.

Note that this is very reminiscent of the second variation formula for classical minimal surfaces,
which, with our notations, would be

d2

| P E) = [ VrR skt

where Ay, = VN is the second fundamental form of ¥ = 9F.
Nevertheless, the principal term

oy [ 1@ 1),

s |z —ynts
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in the fractional Jacobi operator is not the fractional s-Laplacian of ¥, but since ¥ is (n — 1)-
dimensional it has the same singularity type of the %—Laplacian (—Ay) 5 of 3.

Indeed, it can be shown that
f(x) — fy) ]
1—3) |P.V. doy,| = —Axf(x),
( )|: . |x—y|”+s Y Ef()

as s = 17. See [DAPW18] for a proof of this fact.

2.4. An instructive example on nonlocal stability. We now discuss a simple but instructive
example to understand what nonlocal stability and instability mean. Consider the set £ C R™
defined by

E:= ] {2k:(]o\/1 TS <an < (2k+1)CVI— s}, (20)
keZ
whose boundary consists of parallel hyperplanes at distance d := C,/1 — s.
Clearly, by symmetry
Hp(x) =0
for every x € OF, and hence F is an s-minimal surface. The crucial property regarding this set
is that, depending on the value of C,, E can be stable or unstable.

Proposition 2.20. Let E be as in (20) and Q = [—1,1]". Then, for every s € (9/10,1)
(1) E is stable in Q provided C, > 1 is large (depending only on n).
(13) E is unstable in Q if Cy < 1 is small (depending only on n).

Proof. In what follows, C, ¢ > 0 denote dimensional constants where, in general, C' is big and ¢
is small.

Set ¥ := OF = U;czX;, where each ¥; has the induced orientation from F, and we denote
by N; the outer unit normal to X; from E. Moreover, we call 31,...,%,, the hyperplanes that
intersect (Q, that is

OZZ’QQ:EQQ.
=1

We want to show that E is stable provided we take C;, large, that is (recall Proposition 2.19)
for every f € CX*(X2NQ)

IN(z) = N()|? , @)= fwP, )
//sz 2z — gt f*(x) doydoy, S//ZXZ P do,do,. (Stab)

Hence, we estimate the left-hand side from above to show ().
Fori=1,2,...mlet J(i)={j : 7>1,7—1iodd}. We have

IN(z) = N(y)]? ,o B INi(z) — N;(y)[? N
//EXE |z — y|"*s F(@) doadoy = Z//Elxz |z — y|7ts [ (@) dowd Y
P> //z = |x— e () doacl

=1 jeJ(i)

S5 (/‘d‘)d

=1 jeJ(i)
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where we have used that supp(f) CC Q.

Write the coordinates in R" as = (,z,), and for € ¥; set d;; := dist(X;,3;) = d|i — j|.
We get, for every j € J(i), that

doy B dy dy
oo™ Jrr (77 s
5 12—y R (|2 — g2 + [an — yal?) 2 R (|7 — g +d7) 2

1 / dz C
= 75 ~ n+s = s (21)
di" e (B2 ) A

where we have made the substitution 2 — y = d;;z. Thus

[ SRR b o L § e

i= 1]6]1)

2Py Hs/f o

Clearly, for every i = 1,2,...,m and s € (9/10, 1) there holds
1
c< ) o = ¢ (22)

for C,c > 0 absolute constants. This gives, for s € (9/10,1) and C, > 1 that

IN(2) — N(y)P? o
//M EETE fg(w)daxd“yéwz:/,fzd"

Cl+s

do .

By the fractional Poincaré inequality for the H T([—l,l]”_l)-seminorm, applied to each
restriction fly, € C°(X; N Q), we have

2 [f(z) = fy)?
/f do < C(1 //EXE ]:n— = ————————do,doy, (23)
Then

IN(z) — N(y)|]? . o do M = |f(2) = fy)? o
//EXE |x_y|n+s f (‘T)d xd Y = Co ;//szzz |x_y|n+s d xd Y

Cl-5)7 £ (x) — f(y))?
= Co //zxz |z — y|nts Aoz doy

which, since (1 —s) T S 0ass— 17 , implies stability (Stab) if Cs > C), for some dimensional
Cy, > 0. This concludes the proof of (¢ )

Now, we show (i7). We want to choose C,, small to make (Stab) fail. With no loss of generality,
assume C, < 1/100.

On the one hand, following the same lines above using the lower bound in (22) and choosing
each fly, = ¢ € CX(Z; N Q) equal to the minimizer of the fractional Poincaré inequality
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(23) (this is the first eigenfunction of the fractional 1$*-Laplacian in R"~!, with zero Dirichlet

boundary condition outside [—1,1]"!) one gets for the left-hand side of the stability inequality
(Stab) that

IN(z) = N@)]*
) do,do,
//EXZ‘ |x_y|n+s 4 ( ) Y
1 —s

>SS L O e, > e,

h have set £(p) =[] e -
where we have set £(p) [SO]H%(RWU

On the other hand, for the right-hand side of the stability inequality
_ 2
// o) @(ﬁ/)! dorydo,
I ON ’x - y|n ®
S |o(a) — o(y)I // (@) — o(y)?
= —————do,do, + ————"—do,do
Z//Eixzi |z —y|Ts Y Z wixy; o=yt Y
lo(z) = o(y)?
)+ // do,do 25
Z i X%, ‘96' - ‘n+s . (25)

i#j

J[ R i, <p [ ([ Wy ) g,
sixs; Tyt min \Jy; |z -yt

Moreover

J

and, similarly to (21), for fixed i and j # ¢ we have

_ 2 =N (7 )2
[ gy [ ) )P
s, Tyl Rt (|7 -y +dpy)
C[ O
Rt (|2 — yJ? 4 d?[i — j[?) 2

: 21712
C / min{1,d*|Z|*} e
Rn—1 (

dres 212 + i — )5

Claim 1. There holds

ind1. d2|3|2 1+s 1
/ min{1, d°|7] LS &5 < C’min{ d - ‘H_S}' (26)
mrt (224 Ji = 517)" L= fi=Jl
Proof of Claim 1. We have
: 1 21312 =12 1
/ ~m1n{ d|z] LS dESdQ/ ~|Z|n+sdg+/ — &z
Rt ([22 4 i = j1?) 2 Bia (|27 +1) 2 B, (122 +1)%

2 1/ 1 2 2
=0d/1 Pl dp+0/1/dpn+sﬂ dp

C
2 1+s
<d 7d1*5(1—s) + Cd

Cd1+s
< .
—1-s
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On the other hand, bounding trivially min{1, d?|Z|?} < 1 we get arguing exactly as in (21)

in{1, d?|Z|? 1
/ mln{ ) ’Z‘ i-'—s dg S / n+s dg = — C s
R ([212 + i = j[2) 2 R (212 + 0 = j[2) 2 i =l

These two last inequalities prove (26).

O
Lastly, by the very definition of d and since s € (9/10, 1) note that
1+s 1+s
d = Ce — < 2C;.
L=s (1-5)7
Hence, putting together the estimates above
_ 2
S 0 i <oy [ ([0 ) 0
o1 g I BixE; \95—\ =1 jAi s lr =l
1
< e zzmm{ )
i=1 j#i
1
= d1+s me j13/2
Claim 2. As C, — 017 we have
1
Z min 1+3/2 —0.
Proof of Claim 2. We have
1 _ . 1
me 132 Z min | Co, 3/2 + Z min | Co, 372
1<j<C_2/3 >0
=l Y
i>Cq 2/3
[l

Let us denote by o(1) anything that tends to zero as Cs — 07 uniformly in s € (9/10,1).
With this notation, we have shown

2 Cm
ZZ//z x5; S0|JU —y|"(+s)| doadoy < dTO(l) (27)

i=1 j#i

Now, suppose by contradiction that E was stable for C, arbitrarily small. Then stability
(Stab) would hold for f = ¢. Putting together the estimates (24), (25) and (27) it would imply

cm Cm
@5(%0) < mé&(p) + —po(1),

or, multiplying by C1**(1 — s) and recalling d = Co/1 — s, equivalently
e(1— 5)E(p) < CI* (1= 8)E(p) + C(1 —5) T 0(1).
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But since ¢ < (1 — $)E(p) < C for every s € (9/10,1) (as ¢ is the minimizer in the fractional
Poincaré inequality (23)), sending C, — 0 gives 0 < ¢ < 0, contradiction.

Hence, ¢ is an unstable direction for E for C, small depending only on n, which concludes
the proof of (i7). O

2.5. The Caffarelli-Silvestre extension and the monotonicity formula.
Definition 2.21. We define the weighted Sobolev space

H'(R™ x (0,00)) = H'(R" x (0, 00), 2 ~*dxdz)
as the completion of C°(R"™ x [0,00)) with the norm

2 . 2 2
HUHfII T HUHL2(R”X(O,oo),zlfsdxdz) + HVUHL2(R"X(O,oo),zlfsdacdz) ’
where VU = (%,,%,%—g) denotes the Euclidean gradient in R™"1. This is a Hilbert

space_with the natural inner product that induces the norm above. It is a known fact that any
U € HY(R" x (0,00)) has a well defined trace in L*(R") that we denote by U(z,-).

The following essential result by Caffarelli and Silvestre shows that fractional powers of the
Laplacian on R" can be realized as a Dirichlet-to-Neumann map via an extension problem.
See [CFS23] for a proof of this fact that also holds on Riemannian manifolds.

Theorem 2.22 ([CS07]). Let s € (0,2) and u € H*/?>(R™). Then, there is a unique
solution U = U(x,z) : R" x [0,+00) — R among functions in H'(R™ x (0,00)) to the
problem

div(2}=*VU) =0, on R" x (0,00)
U(z,0) = u(zx) for z e R",

and it satisfies

1—s

: _so0U _ =1/ A\Ns/2
Zg%l+z 5(3372)— Cs ( A) U(CC), (28)

where cs is a positive constant that depends only on s.

Remark 2.23. There is a quite easy heuristic on why this produces a fractional power of the
Laplacian for s = 1/2. In this case, the extension is just the harmonic extension AU = 0 in
R™ x (0,00) and the left-hand side of (28) is just the normal derivative. Call T := lim,_,o+ U,
the operator that takes the extension and then the mormal derivative. Since the extension of
U.(-,0) is U, itself there holds
T?=ToT =T(U.(-,0) = lim U,,,
2—0t

but since U is harmonic
lim U,, = lim (-A,U) = —Au.
z—0t == z%O""( * )
Thus, T is a first-order operator whose square is the Laplacian.
With this result, it follows immediately that the fractional Sobolev seminorm can be expressed

as the infimum of the energy of the extensions with fixed trace. Here and onwards we denote
R :=R" x (0, 00).

Proposition 2.24. The fractional Sobolev seminorm is equal to

2 _ : 2 1-s . —
[U]Hs/2(Rn) = Cs Veﬁlllgq“) {/R’}r“ |\VV|*2' " dadz : V(z,0) = u(:c)} .
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Moreover, this infimum is attained by the unique U € ffl(R:‘_H) giwen by Theorem 2.22, and
hence also

2 _ 2 1-s
[U]Hs/2(Rn) = Cs /]R"+1 ]VU| dl‘dZ

where ¢y is the constant in (28).

We are ready to state the monotonicity formula for nonlocal minimal surfaces. This
monotonicity formula was proved for minimizers in the original work [CRS10] by Caffarelli,
Roquejeoffre, and Savin. Still, the proof only uses infinitesimal perturbations, so it’s essentially
a proof for stable critical points.

Then, for general critical points, the monotonicity formula was shown in [MSW19] on R" and
in [CFS23] on general Riemannian manifolds.

Let
B (x,0) := B"™(z,0)n {z > 0}.

Theorem 2.25 (Monotonicity formula, [CRS10,MSW19,CFS23]). Let E be an s-minimal
surface in R™ (meaning a critical point of the s-perimeter under inner variations), and
let Ug : RnH — (=1,1) be the Caffarelli-Silvestre extension of xg — Xge in the sense of
Theorem 2 22. Then, for every x € OF the function

dp(r) = ! /B+( D)zl—S\VUEdedz (29)

TTL—S

in nondecreasing in r, and is constant if and only if E is a cone.

Note that the quantity in (29) is scale-invariant as

Prp(Ar) = @p(r).

3. UNIFORM ESTIMATES FOR THE FRACTIONAL ALLEN-CAHN EQUATION

3.1. The BV-estimate for stable solutions. In this subsection, we want to sketch the proof
of the BV-estimate for stable solutions of the fractional Allen-Cahn equation

(=A)*2u+W'(u) = 0. (ACy)

First, we point out that (ACy) is the Euler-Lagrange equation of the localized Allen-Cahn
functional

Ealu) := " (u) + EL (u),
1 Ju(@) — u(y)[?
5SObu:// ) — W)l gy,
6" () 2 R7 xR7\ Qe x Qe |z — y|t2s Y

Pot / W

Usually, in the setting of the (classical and) fractional Allen-Cahn equation, one takes W to
be the double-well potential W (u) = (1 — u?) / 4. Nevertheless, this choice is not crucial for the
estimates that follow since these hold for general nonnegative potentials.

where

and



28 M. CASELLI

Definition 3.1 (Stability). Let Q C R™ open and u : R™ — (—1,1) be a solution of (ACs) in
Q. We say that u is stable in € if

1 x) — 2
56(10[77,77]:2//]R . deder/QW”(u)nQdmZO, Vn € C(Q).
’VLX n

Theorem 3.2 (Stable BV, [CCS21]). Let s € (0,1) and u : R™ — (—1,1) be a solution
of (ACs) in By that is stable in By. Then, there exists C = C(n,s) > 0, such that

/ |Vu|dz < C.
B4

A similar result can be obtained working only in the setting of fractional minimal surfaces,
in contrast to solutions to the fractional Allen-Cahn equation. This holds even for a perimeter
estimate in the case of finite-index fractional minimal surfaces, as it was shown in [F'S24].
Nevertheless, we believe that the setting of smooth functions that are solutions to the fractional
Allen-Cahn equation is easier to follow, so we present here the results in this case.

Remark 3.3. We emphasize that in the BV-estimate above (and the same will hold for the
BV-estimate for finite index solutions), the constant C' on the right-hand side is independent of
the potential W. This implies that if one replaces W by e *W (that is, one takes a solution to
the fractional Allen-Cahn equation with € and not € = 1), the same bound holds with a uniform
constant as € — 0T,

Before diving into the proof of the BV-estimate, let us state and prove an abstract (but very
useful) result due to Leon Simon that we will need at the end of the proof.

We will apply this to the subadditive function defined on balls B +— |[Vul|p1(p)-
Lemma 3.4. Let B € R, My, > 0 and S : B — [0,+00) be a nonnegative function defined on
the family B of open balls contained in the Fuclidean ball B1(0) C R™ that is subadditive for
finite unions, meaning that whenever B C |J; B; a finite union then S(B) < ). S(B;). Then,
there exists a constant 0o = do(n, ) > 0 such that, if

T"BS(BT/4(.T0)) < 6,rP8(B,(20)) + M,  whenever B,(x¢) C B1(0),
then
S(By/4(0)) < CMo,

for some constant C' = C(n, ) > 0.

Proof. Let
r\ B
Q:= sup (5] S(Brj2(2)),
By (2)CBi (2) /

and let me assume () < +oo. This will indeed be true in our case with S(B) = [|Vu|1(p) for
u is smooth. By assumption for every B,(z) C By we have

r\#8 r\8

_ < — <

(5) SBys(z) <6 (5) S(Bry(2) + Mo < 0Q + Mo,

and taking the supremum over all B,.(z) C B; gives

~ r\B8
Q:= sup <§) S(Bys(z)) <6Q + M, .
Br(z)CBl
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From here, if we knew that

Q<CQ, (30)
we would get _
QSCQSC(5Q+CMO — QSCMO?

having taken 6 = 1/(10C), and this would conclude the proof taking B /5(0) as a competitor in
the definition of Q.

Hence, we are left to prove (30). Fix a covering of By /o C |J By 40(2i) of By/2(0) of balls with
radius 1/40, with the centers x; € By/5(0). Let N be the number of balls in this covering (this
is a dimensional constant). For every B,.(z) C Bj, scaling and translating this covering we get

B, 2(z) C U Byjao(2i), zi € Byja(z) foralli < N.
i<N
In particular B, 5(2;) C By for all 4, thus by the very definition of Q we get

r\B ~
_ ) <
By the subadditivity of S, we obtain

r

(1) 88,220 < (1) > 8(Bu) < 5N,

and taking the supremum over all B,(z) C By we get (30).
(]

Remark 3.5. As we will see shortly, the standard situation where this lemma is of use is when
one can obtain, for some 6 € (0,1) and C > 0, an inequality like

VullLap) < C + CHVU||%’1(B4)’
Indeed, if this holds, then Young’s inequality gives, for every 6 > 0, that
|Vullpas,) < C +0||Vull Lo, + C(9,0)
= 6||VUHL‘1(B4) + 01(57 0) :
Then, just by scaling and translating for every By(x) C R™ we get
r VUl La s,y < 0TI VullLags,, ) + C1(6,0) -
From here, choosing § = d5(n,q —n) the one of Lemma 3./ one concludes a uniform bound

IVullLa(s, ) < CC1(d, ).

We can now prove the BV estimate for stable solutions Proposition 3.2. The proof presented
here is a slight modification of the one given in [CCS21].

Proof of Theorem 3.2. Let v € S*™!. The idea is essentially to compare the energy of u with
one of the translations u(- +tv). To do so, let ¢ be a smooth, radial cut-off function with ¢ =1
in By and with ¢ = 0 outside B := B;.

Moreover, we also take ¢ to be linear as a function of |z| in By \ Byjp. Let also ¢(z) =
x + to(x)v and vy := uo ¢; '. Taking ¢ linear in |z| for 1/2 < |z| < 1 is not strictly necessary,
but it will make the computations a bit cleaner since it will avoid higher order terms in ¢ in the
Jacobians J¢i:. Indeed, by the very definition of ¢1; we have

Vi =id + tv @ Ve.
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Hence (this is somewhere called the "matriz determinant lemma”)

J¢it == det(VgZ)ﬂ) =1+ t% (31)

Claim 1. For every function v and ¢t < 1/100 there holds
Ep(vr) + Ep(v_y) — 2E5(v) < CEF (v),
for some C' = C(n) > 0.

Proof of Claim 1. The full proof can be found in [CCS21, Lemma 3.1]. We sketch the main
steps of the argument.

The idea is just to change variables inside the integrals in £p(vy;) and estimate the Jacobians.
For the Potential part, since ¢4+ sends B to B, we have

€8 (usy) = /B W (ose) do = /B W (v) Jor dy.

Hence, using (31) for the Jacobians
E5* (ve) + E™ (v-) = / W () (Jer + T o) dy = 2657 (v),
B

or equivalently
ER (ve) + ER (v—t) — 265 (v) = 0. (32)
Regarding the Sobolev part of the energy, we have (again since ¢4, sends B and B¢ to
themselves)

1 _ 2
E%Ob(vit) _ = // ‘U:I:t(x) U:tt(y)’ dxdy
R xR™\ B¢ x B¢

2 |z — y[mts
| 0(2) ~ v(w)P
2 Jori(x)J o1 (y) dady .
2 JJrn xR\ Bex Be |p1e(x) — par(y)|Hs +(x) t(y)
Expanding at the second order with Taylor’s formula gives
1 1

T bwi(2) — dre(y) T Ja — y[nte

where R(z,y) = $¢”(€) for some £ € [0,¢]. In particular, R satisfies
o |z —yl? C

|$se(@) — e ()" T5H2 7 |o — y[rts’
if we choose ¢ < 1/100. Here we have used that |Vp| < 2.

Hence (note that the first order terms cancel)

Jpi(x)J ¢ (y) + Jo—t(x)Jo—t(y)
|9e(z) — de(y) "+ |p—i(z) — d—i(y)["F*

(1 + t0yp(x)) (A + t0ye(y)) | (A = tdyp(x))(A — t0rp(y))

[R(z,y)| <

|pe(x) — de(y)["Fe [p—t(z) — p—t(y)["F*
= ‘lenJrS + CtQR(x, y)

2 1
S
PR e P T
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Thus, regarding the Sobolev part of the energy
ERP(ve) + EFP(voy) — 265" (v) < CEF (v). (33)
Putting together (32) and (33) finishes the proof of Claim 1. O

Observe that dividing by #? in what we have shown in Claim 1 and sending t — 07 gives
Ep(u)[Vxu, Vxu] < CEF(u), (34)
where X is the vector field X := vp.
Moreover, since u is stable in B testing the stability inequality with |Vxu| gives
Ep(W)[[Vxul, [Vxul] > 0.
On the other hand, it follows writing Vxu = (Vxu)+ — (Vxu)_ that
0 < Ep(w)[|Vxul, [Vxul]

- ( ) Vxu, Vxul —4//BXB VXU)M(_);Z)JZU (v )dacdy.

Together with (34), we have proved

// (Vxu)4(2)(Vxu)-(y) dzdy < CEP(u)
BxB | B ’ |

xr — |n+s
and since = |n+s > con B x B we get
1(Vxw) 41l ) | (Vxw) -1y < CEFP(w). (35)

Moreover, by the divergence theorem
/ VXu:/ Vu~X:/ u(X-z)daz—/ udiv(X) dz.
B B oB B
Hence, using that (Vxu)y — (Vxu)— = Vyu and that |u| <1 we can estimate
0¥+l ) = 1 (Txw)- Il )| = ] [ vl <c. (36)

Thus, putting together (35) and (36)

2
IVxuldaz = (I9xw+ s + 1(Txu)- s )

2
= (1T sy = I(Vxw)-llam)) + A Txw) oo | (Txw) -l s)
< CEXFP(u) + C.
Moreover, by interpolation (see, for example, [CFS23, Proposition 2.22]) and Young’s
inequality

€5 (u) < ClIVully g llullzits) < ClIVullpys) +C,

(B)
hence
IVxull7p) < C+[[Vullpys

Since X = v in By, taking v = €3, €2,..., €, and adding up all these inequalities gives

IVullZis, . < C+ 1Vullis,) -
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Note that we are controlling ||Vu]|%1(31/2) with ||Vu||L1(Bl/2), but in a bigger ball. Nevertheless,
one can conclude by Young’s inequality and Lemma 3.4 as explained in Remark 3.5 to conclude
a uniform bound on ||Vul|z1(p, 1) This concludes the proof.

(]

3.2. The BV-estimate for finite Morse index. The entire discussion in this section is
essentially copy-paste from [CFS23]. The goal is to show how to extend the ideas in the proof
of the BV-estimate for stable solutions to finite Morse index, ultimately proving:

Theorem 3.6 (Finite index BV). Let s € (0,1) and u : R™ — (—1,1) be a solution of
(AC5) with Morse index < m. Then, there exists C = C(n,m,s) > 0, such that

/ |Vu|dx < C.
B4

3.2.1. Finite Morse index and almost stability. For critical points of local functionals, it is well
known that having Morse index bounded by m implies stability in one out of every m+1 disjoint
open sets. In the nonlocal case, this is not the case anymore, but in one of the sets, it is possible
to obtain a weaker, quantitative lower bound on the second variation, which we will refer to as
almost stability.

Definition 3.7 (Almost stability). Let Q C R™ open, A > 0, and u : R™ — (—1,1) be a solution
of (ACs) in Q. We say that u is A-almost stable in  if

Es()mn,n = —Alnl7iqy, YneCe(Q).

Compare the above definition with the one of stability (i.e. A = 0) of Definition 3.1.

Lemma 3.8 (Finite Morse index = almost stability). Let u : R™ — (—1,1) be a solution
of (ACs) with Morse index < m. Consider a collection Uy, ... ,Un+1 of (n+ 1) disjoint
open sets, and set
A, = m - max sup -
" i# Uy |7 = ymTE
Then, there is (at least) one set Uy among Uy, ... ,Un+1 such that u is Ap,-almost stable
in Uy, in the sense of Definition 3.7.

Proof. We prove the Lemma just for m = 1 for the sake of clarity; the proof goes on exactly the
same for general m. Let n; € C°(U;) and ny € C°(Us). Testing the second variation of the
Allen-Cahn energy with linear combinations of 7; and 7y gives

) dxdy .

S

& (w)fam -+ bre) =" (u) r, i) + V" () ey — 200 [ a
U1 XU ’.’E - y|

Slnce ‘n — < Afor all (z,y) € Uy xUsz (this holds by the very definition of A), the interaction
term can be bounded as

m(@)na(y)
b / / dady < 2A]ab]|n | 11 gy 7]l 1 s
U1 XU ’x - ’n+ 1 2

< @AlmlIZs gy + Al Z -
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Hence

E" (w)[am + bna] < CL2<5”(U)[7717 m+ A||771||%1(u1)) + b2<5”(u)[7727772] + A||772||%1(u2))' (37)

=:F1(m) =:F2(n2)

We want to show that either F(n;) > 0 for all g1 € C°(Uy) or Fa(n2) > 0 for all e € C°(Us).
Suppose neither of these two held, then there would exist 7, € C°(Uy), n2 € C°(Us) such that
Fi(m) < 0and Fy(n2) < 0. This would imply, however, that (37) is negative for all (a, b) # (0,0),
thus contradicting that the Morse index of u is at most one. O

The proof of the BV-estimate for finite index is made of two essential results.

The first one says that A-almost stability actually implies the BV-estimate, in a smaller ball, if
A is small. Since the case A = 0 is the one of stable solutions, this result is a slight improvement
of Theorem 3.2.

Proposition 3.9 (Almost stability = BV, [CFS23]). Let s € (0,1) and u: R® — (—1,1)
be a solution of (ACj) which is A-almost stable in Bi(x), in the sense of Definition 3.7.
Then, there exist constants Ao, C > 0 (depending only on n and s) such that: if A < Ao

then
/ |Vu|de < C.
By 4(z)

Proof. The proof is extremely similar to the one of the BV estimate for stable solutions
Proposition 3.2. The point is just to realize that for A small, the bad term (coming from
the almost stability instead of stability) absorbs to the left, and one can conclude in the same
way. See [CFS23] for all the details. O

The second result is a covering theorem tailored for this kind of situation. Note that, by
Lemma 3.8 we know that given a solution u with Morse index at most m, then w is A-almost
stable in one out of (m + 1) sets with A decreasing as the distance between the sets gets bigger.

On the other hand, Proposition 3.9 above says that if A is small, i.e., if the distance between
the sets is big, then almost stability implies the BV-estimate. Hence, combining these two
results, we know the BV-estimate in one out of (m + 1) sets if they are sufficiently far from each
other. It remains to prove that this is sufficient to conclude a uniform estimate in a smaller ball.
This is what Lemma 3.10 is all about.

In the following, we denote by Q,(x) C R™ the (hyper)cube of center x and side r.

Lemma 3.10 ([CFS23]). Letn>1,m > 0,60 € (0,1), Dy >0 and § > 0. Let S : B — [0, +00)
be a subadditive® function defined on the family B of the (hyper)cubes contained in Q1(0) C R,
such that

(i) sup  S(Q(z)) =0 asr—0.
{z| Qr(z)eB}
(ii)) Whenever Qr(zo), Qr(x1),..., Qr(xm) C Q1(0) are (m + 1) disjoint cubes of the same
side at pairwise distance at least Dgr, then
Jie{0,1,...,m} such that S(Qg,(x;)) < r°Mj.

Then
8(Q1/2(0)) < CmMp,

2Meamimg subadditive for finite unions of (hyper)cubes.
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for some C = C(n, 0,3, Dy) > 0.

Proof. Let p = 27F, for a fixed integer & > 1, and consider the regular partition of Q(0) into
2kn cubes of sidelength fp. Let us call § := {Q}} the family of cubes in this partition. In this
way, clearly #§1 < p~™. Let 2} denote the center of the cube Q! and, for every A > 0 and cube
Q of side 7, let AQ be the cube with the same center and side Ar.

Now, we split the family §; as §1 = &1 UB into the families of good and bad cubes as follows.
Start by considering Q1, if there holds

S(Q1) < Mop” (38)

then it is considered a good cube, we assign it to &1, and we remove it from §;. On the other
hand, if Q1 does not satisfy (38), then we assign it to the bad cubes B; and remove it from .
Moreover, if this happens, also all the cubes Q € §1 such that the distance of %Q from %Q% is
less than Dgp are considered bad as well, so they are assigned to B, and removed from §;. By
a simple count, there are at most (2 + 2Dy + 44/n/0)™ such cubes. We continue this procedure
of splitting §1 into good cubes and bad cubes until there are no cubes left.

By property (ii), we may have assigned cubes to the bad set %B; at most at m steps.
Since at each of these steps we removed at most (2 + 2Dy + 4/n/6)™ cubes, this means that
#%1 < m(2 =+ 2D0 + 4\/5/9)71 =: No.

Regarding the good set &1, we know it contains at most #§1 < p~" cubes since this is just
the total number of cubes in the cover. Moreover, by construction in every Q € &; we have

S(Q) < Myp” .
Hence

S(Q(0) < Y S(Q+ ) S(Q <My’ + Y S(Q).

QeB, 0eBy 0eBy

The argument continues iteratively under the same scheme, on the union of the at most Ny
bad cubes that are in 8. Consider the partition §o := {QZQ} of the cubes in B; obtained
splitting each cube into 2¢" smaller cubes of side #p?. Notice that #F2 < Nyp~ ™. Now assign
cubes in §9 to the good cubes G5 or bad cubes B4 as before: starting from Q%, assign it to Bo
if

S(Q%) < MOIOQB )

and then remove it from §o. Else, if this is not the case we assign Q% to the bad cubes B, and
remove it, together with all the cubes Q € §5 such that %Q is at distance less than Dgp? from
%Q% Continue the procedure until there are no cubes left in Fo. By property (ii) again, exactly
the same argument as in the first part shows that §o contains at most Ny = m(2+2Dy+4+/n/0)"
cubes assigned to the bad set, that is #8B9 < Ny. This produces a partition §2 = &9 U B9, and
we get

Y SQ <) SO+ D S(Q < NoMp™ ™+ ) S(Q).
QeB QEeBy QeBo QeBy

Iterating this argument, after k steps we have always #9B; < Ny, and in particular by (i) and
subadditivity

S(Br) < Y S(Q) —0,

QEDB
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since each Q € By, has side #pF — 0. Thus, the set of the points belonging to infinitely many
bad families is S-negligible. Hence

S(Q9(0)) < Mop” ™™ + NoMop™ ™" + NoMop* ™" + ...
_ : No

S NOMOP/B " p]’B - - @

; pr(p~? = 1)

Now notice that Q;/5(0) can be covered, for some { = &, dimensional constant, by &,07"
many cubes of side /10 such that the cube with the same center and side 1/10 still is contained
in Q1(0). Since property (i7) is translation invariant, covering Q,»(0) in such a way gives

£nf " No §n0"m(2Dg + 3/n/0)"
S5(Q1/2(0)) < mM P 1) 05

and as this holds for every p = 2%, just choosing any fixed k gives the desired estimate.

M, .

Proof of Theorem 3.6. Consider the subadditive function on cubes
S(0,(z)) = / V| da.
r(z)

By Lemma 3.8 and Proposition 3.9 rescaled, there exists a constant Dy = Dy(n,s) > 0 such
that (i) of Lemma 3.10 is satisfied with § =n—1 and 6§ = 1/4. Clearly also S satisfies (¢) since
u is smooth. Then, Lemma 3.10 concludes the proof. (]

4. APPENDIX

In the proof of the first variation formula, we need the following simple result for the derivatives
of integrals over moving sets.

Lemma 4.1. Let E C R" be smooth and ¢y : R” —> R™ be a smooth one-parameter family of
diffeomorphisms such that ¢o(x) = x and with X := 5 ’t 0@t with compact support. Then

dtt_o/t( )f(tvx)df'f—/Eat(O,x)d:er aEf(o,x)(N.X)d%

where N is the outer-unit normal to OF from E.

Proof. The fact that X has compact support in R™ implies that all the integrals and derivatives
below are finite. We have

/ f(tx) dz = / £(t, 60()| det(den(y)) | dy
¢t(E) E

Thus

d B g | y
di t:o/t( )f(t7$)d$—[E 57 (0.9) + Vol (0,9) - X + £(0.) div(X) dy, (39)

where we have used that

% . O|d€t(d¢t)‘ = tI' d¢t

Finally, by the divergence theorem, the right-hand side of (39) equals to

/8t0y)dy+/d1v( d_/atOyder/f X) do

and this finishes the proof. O

}t _o) = tr(VX) = div(X).
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