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ABSTRACT. Let (M,g) be a complete, connected, non–compact Riemannian 3–manifold. Sup-
pose that (M,g) satisfies the Ricci–pinching condition Ric> εRg for some ε > 0, where Ric and R
are the Ricci tensor and scalar curvature, respectively. In this short note, we give an alternative
proof based on potential theory of the fact that if (M,g) has Euclidean volume growth, then it
is flat. Deruelle–Schulze–Simon [9] and Huisken–Körber [14] have already shown this result
and together with the contributions by Lott [17] and Lee–Topping [15] led to a proof of the
so–called Hamilton’s pinching conjecture.

1. INTRODUCTION

Let (M,g) be a complete and connected Riemannian 3–manifold. We denote by Ric and R
the Ricci and scalar curvature, respectively.

Definition 1.1. A Riemannian manifold (M,g) is Ricci–pinched if Ric > 0 and there exists a
constant ε > 0 such that Ric> εRg.

The following theorem was known as Hamilton’s pinching conjecture and its proof required
the joint efforts of Lott [17], Deruelle–Schulze–Simon [9] and Lee–Topping [15].

Theorem 1.2. Let (M,g) be a complete, connected Riemannian 3–manifold. Suppose that (M,g) is
Ricci–pinched, then it is flat or compact.

Notice that being flat or compact is not mutually exclusive, consider for instance a flat 3–
torus. This result is a generalization of the well–known Myers’s diameter estimate: if (M,g) is a
complete and connected n–dimensional Riemannian manifold such that Ric> (n−1)k2g, for
some constant k > 0, then M is compact and diam(M,g)6 π/k. Richard Hamilton conjectured
Theorem 1.2, possibly taking inspiration from its extrinsic counterpart that he proved for
hypersurfaces of the Euclidean space [11].

Theorem 1.3. Let M be a smooth, strictly convex, complete hypersurface in Rn. If the second funda-
mental form of M is pinched, in the sense that there exists ε > 0 such that

hi j > ε Hgi j,

where gi j is the induced Riemannian metric, then M is compact.

A first step towards the proof of Theorem 1.2 was done by Chen and Zhu [6] who proved,
employing the Ricci flow, that a 3–dimensional, complete and non–compact Riemannian
manifold, with bounded and nonnegative sectional curvature, which is Ricci–pinched is flat.
Then, Lott [17] improved their result, requiring milder assumptions on the sectional curva-
ture, and Deruelle–Schulze–Simon [9] showed that the conjecture is true if the curvature is
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bounded. Finally, Lee and Topping [15] removed the bounded curvature assumption. All
these results employ the Ricci flow. We mention that higher–dimensional versions of Hamil-
ton’s conjecture were proven by Ma and Cheng in [18] and by Deruelle–Schulze–Simon [8]
(see also [5]).

In this short note, we give an alternative, direct, and mostly self–contained proof of a
weaker version of Theorem 1.2.

The asymptotic volume ratio of (M,g) is defined as

AVR =
3

4π
lim

r→+∞

Vol(Br(p))
r3 ,

for any point p∈M. When Ric> 0, thanks to the Bishop–Gromov theorem, the quantity AVR
is well–defined and independent of the point p ∈M. Moreover, AVR ∈ [0,1] and AVR = 1 if
and only if the manifold is R3 endowed with the Euclidean metric.

Theorem 1.4. Let (M,g) be a complete, connected, non–compact, Ricci–pinched Riemannian 3–
manifold. Suppose that AVR > 0, then (M,g) is flat.

We will get Theorem 1.4 as a consequence of a slightly more general result, where the
assumption AVR > 0 is replaced by another condition on the asymptotic volume growth. We
say that (M,g) has superquadratic volume growth if there exist a point p ∈M and two constants
Cvol > 0 and α ∈ (1,2] such that, for sufficiently large r,

C−1
vol r1+α 6 Vol(Br(q))6 Cvol r1+α . (1.1)

Theorem 1.5. Let (M,g) be a complete, connected, non–compact, Ricci–pinched Riemannian 3–
manifold. Suppose that (M,g) has superquadratic volume growth with α > 4/3 in (1.1), then
(M,g) is flat.

More precisely, we will prove that, under the assumptions of the theorem above, (M,g) is
isometric to flat R3.

Condition (1.1) holding with α = 2 is equivalent to AVR> 0, hence Theorem 1.4 is a special
case of Theorem 1.5. We mention that Theorem 1.5 is contained in the paper of Deruelle–
Schulze–Simon [9, Theorem 1.3] and has been proved also by Huisken–Köerber using the
inverse mean curvature flow [14]. Our proof in the next sections avoids the existence and
regularity theory for the inverse mean curvature flow [12, 13], being replaced with the more
widely known potential theory. At the end of the paper, we also show an application to
manifolds with boundary.

2. PROOF OF THEOREM 1.5

Let (M,g) be a complete, connected, non–compact, orientable, Ricci–pinched Riemannian
3–manifold. We suppose by contradiction that (M,g) is not flat, then there must exist a point
o ∈ M with R(o) > 0. As a consequence, by considering the asymptotic expansion of the
surface area and the mean curvature H of the small spheres ∂Br(o), as r→ 0, there exists a
radius r� 1 such that ∂Br(o) is a smooth surface and

ˆ
∂Br(o)

H2 dµ < 16π, (2.1)
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see for instance [10, Theorem 3.2].
We then set Ω = Br(o) and we define the function w as the solution of the elliptic problem∆w = |∇w|2 on M \Ω

w = 0 on ∂Ω

w→ +∞ as d(x,o)→+∞

(2.2)

The existence and regularity of such a solution are granted by the classical theory of har-
monic functions. Consider indeed the following problem∆u = 0 on M \Ω

u = 1 on ∂Ω

u→ 0 as d(x,o)→+∞

(2.3)

and assume that (M,g) has superquadratic volume growth, that is condition (1.1) holds.
Then, if Ω ⊆ M is a regular domain, problem (2.3) admits a unique solution u ∈ C∞(M \

◦
Ω)

which takes values in (0,1] and it is smooth till the boundary (see the papers by Varopou-
los [19], Li–Yau [16] and Agostiniani–Fogagnolo–Mazzieri [1]). Then, w =− logu is a smooth
solution of problem (2.2).

Let Ωt = {w6 t}∪Ω. We define the following function F at every regular value t ∈ [0,+∞)
of w solution of problem (2.2), as

F (t) =
ˆ

∂Ωt

H |∇w|− |∇w|2 dµ,

where H denotes the mean curvature with respect to the outward pointing unit normal ν =
∇w/|∇w| and µ is the surface measure of the level set ∂Ωt = {w = t}. By Sard theorem the set
of critical values of w has zero Lebesgue measure, hence the function F is then well defined
almost everywhere in [0,+∞).
Notice that, by simply expanding the square in (H/2−|∇w|)2 > 0, we have

F (t) =
ˆ

∂Ωt

H |∇w|− |∇w|2 dµ 6
ˆ

∂Ωt

H2/4 dµ. (2.4)

In particular, being ∂Ω0 = ∂Br(o) a regular level set of w, we have F (0) < 4π , by equa-
tion (2.1).

The following lemma is in the spirit of similar results in [1, 3].

Lemma 2.1. The function F admits a locally absolutely continuous, nonincreasing extension (still
denoted by F ) to the whole [0,+∞). Moreover, at the regular values of w, there holds

F ′(t) = −
ˆ

∂Ωt

[
|∇>|∇w||2

|∇w|2
+Ric(ν ,ν)+ |

◦
h|2 + 1

2
(H−2|∇w|)2

]
dµ 6 0, (2.5)

where ν = ∇w/|∇w| and h are the outward pointing unit normal and the second fundamental form of
∂Ωt ,

◦
h the traceless part of h and ∇> denotes the tangential part of the gradient (with respect to ∂Ωt).

Proof. At every regular value t ∈ [0,+∞) of w, it is straightforward to see that

F (t) =−
ˆ

∂Ωt

〈
∇|∇w| , ∇w

|∇w|

〉
dµ, hence F (t)−F (s) =−

ˆ
{s<w<t}

div(∇|∇w|) dµ,

(by the divergence theorem) for every pair of regular values s < t of w in [0,+∞) such that
the open set {s < w < t} has no critical points.
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The vector field ∇|∇w| is well defined and smooth outside the set of the critical points of w
and by direct computation, we get

div(∇|∇w|) = |∇w|

[
|∇>|∇w||2

|∇w|2
+Ric(ν ,ν)+ |

◦
h|2 + 1

2
(H−2|∇w|)2

]
.

If the open set {s < w < t} does not contain critical points of w, then the inequality F (s)−
F (t)> 0 follows and equation (2.5) is immediate. If instead the open set {s < w < t} contains
some critical points, to obtain the same conclusion, one can use appropriate approximating
vector fields η(|∇w|)∇|∇w|, smooth on all M\Ω and with nonnegative divergence, as in [1, 3].
Following such argument, one also gets that F ∈W 1,1

loc (0,+∞), with a weak derivative given
almost everywhere by formula (2.5). �

Lemma 2.2. There exists t̃ ∈ [0,+∞) such that for all t > t̃, there holds F (t)6 Ce−2t , for a positive
constant C.

Proof. If Σ is a closed, connected surface in (M,g) with Ric> εRg, we have

2
ˆ

Σ

Ric(ν ,ν) dµ > ε

(
16π−

ˆ
Σ

H2 dµ

)
if genus(Σ) = 0, (2.6)

2
ˆ

Σ

Ric(ν ,ν)+
∣∣ ◦h∣∣2 dµ >

ˆ
Σ

H2 dµ if genus(Σ)> 1. (2.7)

These two inequalities follow from the Gauss–Bonnet theorem and the Gauss–Codazzi equa-
tions, taking into account the pinching condition in the first one (see [14, Lemma 8]).
Suppose that t > 0 is a regular value of w, then the number of the connected components
of ∂Ωt is finite, by its compactness. If all of them have genus greater or equal to one, by
inequality (2.5) and using estimate (2.7) for every single connected component, after adding
we obtain

−2F ′(t)>
ˆ

∂Ωt

2Ric(ν ,ν)+2|
◦
h|2 dµ >

ˆ
∂Ωt

H2 dµ > 4F (t),

where the last inequality is given by formula (2.4). If there exists at least one connected
component with genus zero, letting Σ1

t 6= Ø be the union of the n ∈ N connected components
of genus zero and Σ2

t the union of the connected components of genus greater than one, by
inequalities (2.5) and (2.6), we have

−2F ′(t)>
ˆ

∂Ωt

2Ric(ν ,ν)+(H−2|∇w|)2 dµ

>
ˆ

Σ1
t

2Ric(ν ,ν)+ ε (H−2|∇w|)2 dµ + ε

ˆ
Σ2

t

(H−2|∇w|)2 dµ

> ε

(
16nπ−4

ˆ
Σ1

t

H |∇w|− |∇w|2 dµ

)
−4ε

ˆ
Σ2

t

H |∇w|− |∇w|2 dµ

= ε

(
16nπ−4

ˆ
∂Ωt

H |∇w|− |∇w|2 dµ

)
> ε (16π−4F (t)) ,

where we used the fact that ε 6 1/3 (this follows by tracing the Ricci–pinching condition).
Hence, we can conclude that for almost every t ∈ [0,+∞), there holds

F ′(t)6max{−2F (t),ε (2F (t)−8π)}.
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The thesis then follows from this differential inequality, keeping into account that F is
locally absolutely continuous, by Lemma 2.1. Indeed, by the monotonicity of F , either
F (t) > 8πε/(2+ 2ε) for every t > 0, or there exists t̃ > 0 such that F (t) 6 8πε/(2+ 2ε) for
every t > t̃. In the first case, F ′(t) 6 ε(2F (t)− 8π), for every t > 0 and F (t) 6F (0) < 4π .
Hence, there must exist some t > 0 such that F (t) < 8πε/(2+2ε), which is a contradiction.
In the second case, F ′(t) 6 −2F (t) for all t > t̃, which implies F (t) 6 4π e−2(t−t̃), hence the
thesis. �

Now we introduce another function G , defined at every regular value t ∈ [0,+∞) of w as

G (t) =
ˆ

∂Ωt

|∇w|2 dµ.

Lemma 2.3. For almost every t ∈ [0,+∞), there holds 06 G (t)6F (t). In particular,

lim
t→+∞

F (t) = lim
t→+∞

G (t) = 0.

Proof. As a consequence of [4, Theorem 3.1] the function G admits a nonincreasing C1–
extension on all [0,+∞) (indeed, G (t) = F1

2 (e
t), where Fβ

p are the monotone quantities in-
troduced in [4]). One can readily check that at every regular value t ∈ [0,+∞) of w (almost
all, by Sard theorem), we have

0> G ′(t) = G (t)−F (t),

which gives the thesis. �

We then need the notion of normalized capacity of a bounded closed set D⊆M:

c2(∂D) = inf
{

1
4π

ˆ
M\D
|∇ψ|2 dVol

∣∣∣∣ ψ ∈C∞
c (M),ψ > χD

}
.

The relation of such capacity with the function w is given by the fact that (recalling that
w =− logu with u the harmonic function solving problem (2.3))

c2(∂Ω) =
1

4π

ˆ
M\Ω
|∇u|2 dVol =

1
4π

ˆ
∂Ω

|∇u| dµ =
1

4π

ˆ
∂Ω

|∇w| dµ,

where we kept into account that |∇w| = |∇u| on ∂Ω, as u = 1 (see [4, Proposition 2.8] for a
detailed justification of the first two equalities). Moreover, with the same argument, at every
regular value t ∈ [0,+∞) of w, we have ([4, Proposition 2.9])

c2(∂Ωt) =
1

4π

ˆ
∂Ωt

|∇w| dµ =
et

4π

ˆ
∂Ωt

|∇u| dµ =
et

4π

ˆ
∂Ω

|∇u| dµ = et c2(∂Ω), (2.8)

where we used again the divergence theorem in the domain Ωt \Ω.

Proof of Theorem 1.5. We consider first the case in which (M,g) is orientable.
We need the following “classical” estimates for a solution u : M\Ω→ (0,1] of problem (2.3)

(see for instance [1, 7, 16]): there exist a positive constant C = C(M,Ω) such that for all x ∈
M \Ω,

u(x)6 Cd(x,o)1−α , (2.9)
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where α is the exponent in condition (1.1).
By equation (2.8) and Hölder inequality, at every regular value t ∈ [0,+∞) of w, we have

e3t c2(∂Ω)3 = c2(∂Ωt)
3 =

(
1

4π

ˆ
∂Ωt

|∇w| dµ

)3

6
1

(4π)3

(ˆ
∂Ωt

|∇w|−1 dµ

)(ˆ
∂Ωt

|∇w|2 dµ

)2

and from Lemmas 2.2 and 2.3, we know that there exists t̃ ∈ [0,+∞) such that for all t ∈ [̃t,+∞),
there holds ˆ

∂Ωt

|∇w|2 dµ = G (t)6 Ce−2t ,

for a positive constant C. Thus, using the coarea formula, we obtain

d
dt

Vol({w6 t}) =
ˆ

∂Ωt

|∇w|−1 dµ >
[

4π c2(∂Ω)
]3 e3t /G 2(t)>

[
4π c2(∂Ω)

]3 e7t /C2.

for almost every t ∈ [0,+∞). Let Rt = sup
{

d(q,o) : q ∈ {w 6 t} = Ωt
}

for any t ∈ [0,+∞)
and tn → +∞ be an increasing sequence of regular values of w (whose existence is again
guaranteed by Sard theorem). Integrating the above inequality on [0, tn] and using the su-
perquadratic volume growth assumption, we get

1
7C2

[
4π c2(∂Ω)

]3 (e7tn−1
)
6 Vol({w6 tn})6 Vol(BRtn

(o))6 Cvol R1+α
tn . (2.10)

Being w =− logu, by estimate (2.9), we have w(x)>− log(Cd(x,o)1−α), then if d(q,o) = Rtn , it
must be q ∈ ∂Ωtn , that is, w(q) = tn and we have

tn = w(q)>− log(Cd(q,o)1−α) =− log(CR1−α
tn ),

hence, Rα−1
tn 6 Cetn , which implies Rα+1

tn 6 Ce
α+1
α−1 tn for a positive constant C = C(M,Ω). Then,

by inequality (2.10), we conclude that

e7tn−16 CRα+1
tn 6 Ce

α+1
α−1 tn ,

which is clearly a contradiction if α > 4/3, as tn can be chosen arbitrarily large. This argu-
ment proves the thesis under the additional assumption that the manifold is orientable. In
particular, (M,g) is isometric to the Euclidean space R3, which is the only flat Riemannian
3-manifold with superquadratic volume growth with α > 4

3 in (1.1).
Now, suppose that (M,g) is nonorientable. We consider its orientable double cover, which

is also Ricci-pinched and has superquadratic volume growth. Hence, this cover must be Eu-
clidean space. This yields a contradiction, as R3 cannot be the double cover of any nonori-
entable Riemannian 3-manifold. �

Replacing the “starting subset” Br(o) with a different regular subset Ω with a compact
boundary, such that ˆ

∂Ω

H2 dµ < 16π,

and repeating the above argument, one obtains the same conclusion. It is then straightfor-
ward to obtain also the following result when M has a boundary.
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Theorem 2.4. There not exist a complete, connected, non–compact, orientable Ricci–pinched Rie-
mannian 3–manifold (M,g) that has superquadratic volume growth with α > 4/3 in (1.1) and a
compact smooth boundary ∂M satisfyingˆ

∂M
H2 dµ < 16π. (2.11)

Remark 2.5. Clearly, as before, the case AVR > 0 correspond to the case α = 2 in assump-
tion (1.1), hence, in particular, there not exist a complete, connected, non–compact, ori-
entable, Ricci–pinched Riemannian 3–manifold (M,g) with AVR > 0 and a compact smooth
boundary ∂M satisfying condition (2.11).

Remark 2.6. If one is interested in proving only Theorem 1.5, it is known that M must be
diffeomorphic to R3 (see [20]), then M is orientable and thanks to the strong maximum prin-
ciple, one can show that the regular level sets of w are connected (see [2, 3] for more detail).
This observation simplifies a little bit the proof of Lemma 2.2 in such a case.
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