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ABSTRACT. In this paper, we study the thermo-elastodynamics of nonlinearly viscous solids in the Kelvin-Voigt
rheology where both the elastic and the viscous stress tensors comply with the frame-indifference principle.
The system features a force balance including inertia in the frame of nonsimple materials and a heat-transfer
equation which is governed by the Fourier law in the deformed configuration. Combining a staggered minimizing
movement scheme for quasi-static thermoviscoelasticity [35] 2] with a variational approach to hyperbolic PDEs
developed in [5], our main result consists in establishing the existence of weak solutions in the dynamic case.
This is first achieved by including an additional higher-order regularization for the dissipation. Afterwards, this
regularization can be removed by passing to a weaker formulation of the heat-transfer equation which complies
with a total energy balance. The latter description hinges on regularity theory for the fourth order p-Laplacian
which induces regularity estimates of the deformation beyond the standard estimates available from energy
bounds. Besides being crucial for the proof, these extra regularity properties might be of independent interest
and seem to be new in the setting of nonlinear viscoelasticity, also in the static or quasi-static case.

1. INTRODUCTION

Understanding the coupling between mechanical and thermal phenomena in viscoelastic solids has been a
mainstay in the mathematical and physical literature over the last decades. Even at small strains, the problem
is notoriously difficult since the heat-transfer equation has no obvious variational structure due to the low
regularity of data. In fact, after the pioneering work of DAFERMOs [15] [16] 17, 18] in one space dimension, new
fundamental ideas related to the existence theory for parabolic equations with measure-valued data developed
in [0, T0] were needed to obtain results in three dimensions [8, 11, 44]. At large strains, the problem is still
considered to be extremely difficult even in the isothermal case, due to the highly nonlinear nature of models
respecting material frame indifference [I]. For some results without temperature coupling, we refer to [37, [38]
for existence of global-in-time weak solutions for initial data sufficiently close to a smooth equilibrium and to
a local-in-time existence result [33]. By now, more general settings can only be treated by passing to weaker
solution concepts such as measure-valued solutions [19, 20, 29]. Resorting to energy densities with higher-order
spatial gradients, i.e., to so-called nonsimple materials [46], [47], existence of weak solutions has been shown in
[24] [35] for the quasi-static case (without inertia) and in [5] for the dynamic case (with inertia). The variational
approach adopted in these papers is quite flexible and has led to various extensions in the last years, ranging
from models for dimension reduction [25] 26], [27], to problems with self-contact [12 13} [32], approximability [14],
diffusion [48], or homogenization [28], to applications for fluid-structure interactions [5} [@} 7, [31].

Nonlinear frame-indifferent models in thermoviscoelasticity were analyzed only very recently [2, [3, 4, B3],
again adopting the concept of nonsimple materials, yet neglecting inertial effects. The goal of this work is
to extend this analysis to the setting of thermo-elastodynamics including inertia. While our work follows the
Lagrangian perspective, let us mention that in the last years several works appeared in the isothermal and
nonisothermal framework which employ the alternative Eulerian approach instead, see [40} 4T}, [42] 43|, [45]. In
this context, higher-order gradients are involved rather in the dissipative than in the conservative part, which
sometimes is referred to as multipolar viscous solids. Besides adopting the Lagrangian framework, a main
motivation of our work is to establish an existence result without higher-order regularization of the dissipation.

We now introduce the large-strain model in more detail. In the Kelvin-Voigt rheology, the force balance of
a nonlinearly viscoelastic material in a setting of nonsimple materials is given by the system

f = pd%y — div(9pW (Vy,0) + 05 R(Vy, 0, Vy,0) — V(DH(Ay)))  in [0,T] x Q. (1.1)

Here, [0,7] is a process time interval with 7' > 0, © C R? (d = 2,3) denotes the reference configuration,
y: [0,7] x Q — R? is the time-dependent deformation, @: [0,T] x  — [0,00) denotes the temperature, and
£:[0,T)xQ — R? is a volume density of external forces acting on Q. The free energy density W : R4*4x[0, c0) —
RU{+00} depends on the deformation gradient Vy (with placeholder F' € R4*?) and respects frame indifference
under rotations as well as positivity of the determinant of Vy. Additionally, adopting the framework of nonsimple
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materials, the stored energy features a contribution depending on the Laplacian Ay given in terms of a convex
potential H: RY — R with p-growth for some p > d. Finally, R: R¥*? x R?¥? x [0,00) — R denotes a
(pseudo)potential of dissipative forces (F is the time derivative of F). As observed by ANTMAN [I], R must
comply with a time-continuous frame indifference principle meaning that R can be written in terms of the right
Cauchy-Green tensor C' := FTF and its time derivative C' := FTF + FTF, see below for details.

The system is coupled to a heat-transfer equation of the form

ev(Vy,0) 0,0 = div(K(Vy, 0)VO) + 0, R(Vy, Vo, 0) : Vouy + 00%,W (Vy,0) : Voy in[0,7] x Q, (1.2)

where cy (F,0) = —002%,W (F,0) is the heat capacity, K denotes the matrix of the heat-conductivity coefficients,
and the last term plays the role of an adiabatic heat source. This corresponds to a heat transfer modeled by the
Fourier law in the deformed configuration which is pulled back to the reference configurations and thus includes
dependence on the deformation gradient. The coupled system (1.1)—(1.2)) is complemented with suitable initial
and boundary conditions, see f below.

The goal of this article is to establish an existence result for weak solutions to the nonlinear thermo-
elastodynamic system 7, see Theorem Our proof strategy heavily hinges on two recent advances in
the variational analysis of nonlinearly elastic solids: we combine the staggered minimizing movement scheme for
proving existence results in quasi-static thermoviscoelasticity [35] [2] with a variational approach to hyperbolic
PDEs [5] which allows to include inertia.

In the following, we describe the main ingredients for the proof in more detail. The fundamental idea in
[5] consists in replacing the acceleration term pdZy by a discrete difference p%y('fh) which allows to turn
the hyperbolic problem into a parabolic one. The latter time-delayed problem can be approximated by a
time-discretized scheme as in [35] [2] with time step 7 > 0. Then, given solutions to the discretized problems
with two different length scales 7 and h (called the velocity and the acceleration time scale, respectively), one
first passes to 7 — 0 and afterwards to h — 0 to obtain a weak solution for (1.I). As in [35], a generalized
version of Korn’s inequality [36] relying on the second-order regularization is essential in order to tame the
nonlinearity arising from the frame indifference of the dissipation term. Concerning the coupling to the heat-
transfer equation, the approach in [35] 2] crucially relies on the theory of parabolic equations with measure-valued
right-hand side [I0]. A delicate part of the proof lies in the passage to the limit 7 — 0 in the dissipation term
0:-R(Vy,Vowy,0) : Vo, see (1.2). For this, strong convergence of the time-discrete approximations Vo.y,
is indispensable which is guaranteed by exploiting the convergence of a mechanical energy balance, cf. [35]
Proposition 5.1] for details.

Although all techniques mentioned above are crucial ingredients in our work, it turns out that they do not
suffice in the setting with heat coupling and inertia. The main reason lies in missing regularity which impedes
the derivation of a mechanical energy balance. To explain this issue, let as consider the simplified problem

pOfy — Adyy + A(|Ay|P*Ay) = f, (1.3)

which arises from by neglecting the first Piola-Kirchhoff stress tensor dpW, and considering a linear
variant of Oj R as well as a p-homogeneous variant of H. In the quasi-static case p = 0 or in the time-
delayed problem where pdZy is replaced by the discrete difference pw, a test of the time-discretized
problem with d;y and an integration by parts (neglecting boundary terms) leads to the natural energy bounds
Ay € L*([0,T); LP(Q)) and Vd,y € L([0,T); L*(Q2)). Then, in the case p = 0, a mechanical energy balance
is achieved by testing with 9y, cf. [2, Equation (4.11)]. In this context, the term A(]Ay|P~2Ay) might
in principle not have the correct duality coupling to apply the chain rule. However, since the other two terms
f and A,y are in duality, also the delicate fourth-order term can be handled by comparison. In contrast, for
p > 0, the two terms pd%y and A(]Ay|P~2Ay) are not in duality and the chain rule (and thus the mechanical
energy balance) may fail.

This fundamental issue has already been observed in [35, Remark 6.6]. A possible workaround lies in adding
an additional regularization for the dissipation, see , which in the simplified setting reads as

pd2y — Adyy + A(|Ay[P~2Ay) — e0, A%y = . (1.4)

With the test d;y, this induces the energy bound VAd;y € L2([0,T]; L?(2)) which is strong enough to recover
the chain rule. In this case, a mechanical energy balance can be guaranteed and we can follow the strategy
devised in [35] 2] and [5], see Theorem (Note that we choose a simple higher-order regularization which
does not comply with the principle of dynamical frame indifference. A frame-indifferent regularization would
necessarily be very nonlinear.) This regularized setting is related to [43] where existence results under higher-
order regularizations of the dissipation have been derived in a Eulerian settting. Yet, a main motivation of our
work is to derive an existence result without such regularization.
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Our strategy relies on passing to a weaker formulation of the heat-transfer equation which is inspired
by the derivation of a total energy balance (see [35, Equation (2.21)] or below) and does not feature the
delicate dissipation term 9z R(Vy, VOy,0) : VOiy, see for details. On a formal level, the idea is to test
with 0,y which allows to replace the dissipation term in . As discussed above, however, this test is
actually not allowed in (L.3). Therefore, we perform this replacement first on the regularized level (L.4), and
afterwards we pass to the limit ¢ — 0. This procedure leads to a modified weak formulation of the system
which does not guarantee a mechanical energy balance but has the essential feature that the total energy is in
equilibrium with the work by external body forces and heat sources, see . Moreover, the solution concept
introduced here becomes a standard weak solution or a strong solution once the necessary regularity properties
for the deformation and the temperature are available.

Although curing the issue with the dissipation, the passage to the weaker modified setting causes a new prob-
lem: the resulting weak formulation features a third-order term V(D H (Ay)) which is not compatible with the
available energy bound Ay € L>([0,T]; LP(£2)), see below . Therefore, it is necessary to improve the regu-
larity of the deformation. Loosely speaking, this is achieved by testing with —Ay which after integration
by parts (omitting any boundary terms) leads to an elliptic estimate. In fact, using Voyy € L%([0,T]; L?(2)),
the first term | [ 03yAydtdz| < C|\V8ty||2Lz([0’T];L2(Q)) < C'is controlled. Assuming p = 2 for simplicity here,
the second and third term can be controlled as

T
‘/0 /QABty : Aydtdﬂﬁ’ < CIVOwllerz o2 IVAYN L2 0,11 1200 < CINVAYI L2 0, 73522(0))

T
[ ] a0 Ayaeds| > 219801 o000

This allows to obtain the control VAy € L?([0,T]; L*(£2)) which suffices to give sense to the term V(DH (Ay))
in the weak formulation. Again, on a rigorous level, this test is performed for the regularized problem with
e-independent bounds, and then the regularity for y is obtained in the limit of vanishing regularization ¢ — 0,
see Proposition [3.11] and Lemma [3.12] for details. More precisely, for given p > d, the additional regularity reads
as (1+|Ay) "z [VAy|* € L2([0,T]; L*(R)), see Theorem Even in the nonlinear case of p # 2, the regularity
estimates introduced here rely on the theory for the Laplace operator only and as such are independent of
nonlinear reqularity techniques. This seems to be a special feature of the fourth order p-Laplacian, which was
observed by the authors very much to their surprise. Up to their knowledge, it has not been used before.

Besides being crucial for our proof, the result might be of independent interest and improves the known
regularity properties also for results in the quasi-static case (p = 0) [35, 2] or in the isothermal case [24].
It seems that even in the static case of elastic minimizers this extra regularity property has not been shown
previously. Let us mention, however, that compared to [2 24} [35] the regularity issues force us to impose
Dirichlet conditions on the entire boundary 0f2.

The plan of the paper is as follows. Section [2] introduces the nonlinear model and states our main results.
Then, the results are proved in Sections[3}{5] We start by considering the e-regularized problem and introduce a
discretized solution with time stepping 7 of the parabolic approximation with time delay h > 0. This introduces
a three layer approximation, and we successively pass to the limits in the layers, namely first in 7 (Section ,
then in h (Section , and eventually in the regularization & (Section . It is important to mention that
all essential a priori bounds are already established on the 7-level in Section [3| and transfer over to the limits
7 — 0, h — 0, and € — 0. Moreover, some additional higher-order bounds based on elliptic regularity theory are
provided (see Lemma that blow up in the limit ¢ — 0. Still, they are crucial to perform the final limiting
passage in the heat-transfer equation to control some e-dependent terms resulting from the regularization, see
Proposition [5.4] for details.

2. THE MODEL AND MAIN RESULTS

2.1. Notation. Denoting by d € {2,3} the dimension, we indicate by  C R? an open bounded set with C5-
boundary and fix p € (d,2*), where 2* = oo for d = 2 and 2* = 6 for d = 3. In what follows, we use standard
notation for Lebesgue, Sobolev, and Bochner spaces. By 1 ; we denote the indicator function of a set J C R
or J C Q. The lower index | means nonnegative elements, i.e., L2 (€2) denotes the convex cone of nonnegative
functions belonging to L?*(€2) and a similar definition is used for H1 (). Mean integrals are denoted by .
We also set Ry = [0,+00). Let a A b := min{a,b} for a,b € R. Moreover, we let Id € R?*? be the identity
matrix, and id(z) := z stands for the identity map on R%. We define the subsets SO(d) == {A € R¥¥4: ATA =
Id, det A = 1}, GL*(d) := {F € R**4: det(F) > 0}, and R&<? == {A € R¥*¢: AT = A}. Furthermore, for
a matrix F' € R¥*? we write F~7 = (F~1)T = (FT)~!, and given a tensor G (of arbitrary dimension and
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order), |G| will denote its Frobenius norm. We write the scalar product between vectors and matrices as - and
:, respectively. The tensor product of two vectors vq, v, € R? is denoted by v; ® vy € R¥%. As usual, in the
proofs generic constants C' are strictly positive and may vary from line to line. If not stated otherwise, all
constants only depend on d, p, €2, and the potentials and data defined in Subsection below. We frequently
use a scaled version of Young’s inequality with constant A € (0,1) by which we mean ab < Aa? + C\b? for
a,b > 0, exponents ¢, ¢ > 1 with 1/¢+ 1/¢' = 1, and a suitable constant C > 0.

For Q C R? and p as above, we introduce the set of admissible deformations by

Via = {y € W»P(;R%): y = id on 99, det(Vy) > 0 in O}, (2.1)

and we say that the absolute temperature 6 is admissible if § € L1 (Q).

2.2. Energies and their respective potentials. The variational setting described in the sequel mostly co-
incides with the one from [2], up to a more special choice of the strain-gradient energy. In the following, let
Cy > 1 be some fixed positive constant.

Mechanical energy and coupling energy: The elastic energy W*: Viq — R, is given by

Wel(y / we(Vy) dz, (2.2)

where We': GLT(d) — R, is a frame indifferent elastic energy potential with the usual assumptions in nonlinear
elasticity. More precisely, we require:

(W.1) Welis C2;
(W.2) Frame indifference: We(QF) = W (F) for all F € GL*(d) and Q € SO(d);
(W.3) Lower bound: W (F) > C%](|F|2 + det(F) 1) — Cp for all F € GL*(d), where ¢ > ppfdd.

Adopting the concept of 2nd-grade nonsimple materials, see [40] [47], we also consider a strain-gradient energy
term H: Via — R4, defined as

) = /QH(Ay) dx. (2.3)
Here, H: R? — R, is of the form
H(v) = b(|vl) (2.4)

for v € RY, where h: R, — R, is defined as

s) :/0 max{20, pa?~ "} do. (2.5)

The definition of ) ensures that H is uniformly convex and has p-growth. More precisely, we have

(H.1) H is uniformly convex and C';
(H.2) Frame indifference: H(QAy) = H(Ay) in Q for all y € Yiq and Q € SO(d);
(H.3) [v|’ < H(v) < Colv|’ and |DH (v)| < Colv[P™" for all v € RY,

where DH(v) = (9,, H(v))%,; = max{2, p|v|P~%}v is the gradient of H with respect to v. The mechanical
energy M: YVia — R is then defined as

M(y) =W (y) + H(y). (2.6)

Besides the mechanical energy, we introduce a coupling energy WeP': Viq x L% () — R given by
Wy 0) = [ W(9y.0)d (2.7)
Q

where WeP: GL*(d) x Ry — R describes mutual interactions of mechanical and thermal effects, and satisfies

(C.1) WePlis continuous, and C? in GL*(d) x (0, 00);

(C.2) WY QF,0) = WCpl(F ) for all F € GL*(d), 8 >0, and Q € SO(d);

(C.3) WePI(F,0) = 0 for all F € GL*(d);

(C.4) [WePHEF,0) — WPYF,0)| < Co(1+ |F|+|F|)|F — F| for all F, F € GL*(d), and 6 > 0;
(C.5) For all F € GL*(d) and 0 > 0 it holds that

Co(1 +[F]) 1

2 cpl < 2 cpl <
|aFFW (Fv 0)| = COv |8F0W (Fv 9)' = max{@, 1} ) CO

—003,W°PY(F,0) < Cj.
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Notice that, by and the second bound in O WeP! can be continuously extended to zero temperatures
with dpW(F,0) = 0. For ' € GL*(d) and 6 > 0, we define the total free energy potential

W (F,0) = W (F) + W®P(F,0). (2.8)
Dissipation potential: The dissipation functional R: Yia x H*(Q;R%) x L} (2) — Ry is defined as

R(y,7,0) ::/QR(Vy,Vg,G) dz, (2.9)

where R: R¥? x R4%d x R, — R, is the potential of dissipative forces satisfying
(D.1) R(F,F,0) = 1D(C,0)[C,C] == 1C : D(C,0)C, where C = F'F, C == FTF + F'F, and D €
C(Rg;ig X R+;RdXdXdXd) with Dijri = Djiri = Dyuij for 1 <i,5,k,1 <d
(D.2) C%'C‘Z < C:D(C,0)C < Cy|CJ? for all C, C € REX4 and 6 > 0.

sym

Notice that Assumption [(D.1)| implies that the viscous stress 0, R(F, F', ) is linear in the time derivative C as
well as (see e.g. [2 (2.8)])

dxR(F, F,0) = 2F(D(C,0)C). (2.10)
We also define the associated dissipation rate £: R¥4 x R4 x R, — Ry as
E(F,F,0) = 0;R(F,F,0): F =2R(F, F,0), (2.11)

where the second identity follows from (2.10) and Assumption |(D.1)] see also [2, (2.9)].
Below, for technical reasons explained in (|1.4)), we will also consider a regularized version of the dissipation
Re: Via x H3 (G R?) x LY () — Ry, defined as

Re(y,7,6) ::/R(Vy,vg,e) dx+§/ |VAg[? dz (2.12)
Q Q

for a small regularization parameter € > 0.

Heat conductivity: The map K: R, — R‘Siyxn‘f denotes the heat conductivity tensor of the material in the

deformed configuration. We require that K is continuous, symmetric, uniformly positive definite, and bounded.

More precisely, for all # > 0 it holds that

1 < K(8) < Co, (2.13)
Co

where the inequalities are meant in the eigenvalue sense. We define the pull-back K: GLT(d) x Ry — ngxn‘f of

K into the reference configuration by (see [35, (2.24)])

K(F,0) == det(F)F'K(0)F~".

Thermal energy and total internal energy: Following [2 4, [35], the (thermal part of the) internal energy
Win: GLT(d) x (0,00) — R is defined as

W(F,0) :== WPYF,0) — 00,WP(F, 0). (2.14)
Using and the third bound in we see that W™ can be continuously extended to zero temperatures
by setting Wit (F,0) = 0 for all F' € GL*(d). Furthermore, by the third bound in we have that

QoW (F,0) = —00,WPY(F,0) € [C;*,Co]  forall F € GL'(d) and 6 > 0.
Along with |(C.3)| this shows that the internal energy is controlled by the temperature in the sense that
1 .
—0 <W™(F,0) < Cyb. (2.15)
Co

Finally, we define total internal energy functional £: Yia x L1 (Q) — Ry by

E(y,0) = M(y) + W™(y,0) with Wi (y, ) = [ W™(Vy,0)dax. (2.16)
Q

We remark that the above assumptions on the potentials coincide with the ones in [2] Section 2.1], up to the
fact that, differently to [2, (2.4)], we only allow the potential of the strain-gradient energy to depend on the
norm of the diagonal Ay of V2y. Moreover, for d = 3, the range of p € (3,6) is restricted as we need the
Sobolev embedding H?(2;R?) cc W?2P(Q; R?). Eventually, in contrast to [2], in the definition of admissible
deformations, see , we need to impose Dirichlet conditions on the entire boundary 02 as this allows us to
apply elliptic regularity results. We refer to [35, Examples 2.4 and 2.5] for a class of potentials satisfying all
assumptions above.
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2.3. Equations of nonlinear thermoviscoelasticity with inertia: Existence of weak solutions. Let
I := [0,7] where T > 0 denotes a time horizon, let p > 0 be a constant mass density in the reference
configuration, let £ > 0 be a constant heat-transfer coefficient, let f € W1 (I; L?(€2;R9)) be a time-dependent
dead force, and let 6, € W (I; L (09)) be an external temperature. Moreover, let € > 0 be a regularization
parameter, where ¢ = 0 corresponds to the setting without regularization. In the strong form, we study the
system

f = pd%y — div(0pW (Vy, 0) + 05 R(Vy, 0, Vy,0) — V(DH(Ay)) + 0, VA%Y),  (2.17a)
—005, WP (Vy,0)0,0 = div(K(Vy,0)V0) + &(Vy, 0:Vy,0) + 007,W P (Vy,0) : ;Vy + |0 VAy|*, (2.17b)

coupled with the boundary conditions

y=id in I x 09, (2.18a)

DH(Ay)=0 in I x 09, (2.18b)

ed, Ay =eA%y =0 in I x 99, (2.18¢)
K(Vy,0)Vl - v+ kb = kb, in I x 09 (2.18d)

and subject to the initial conditions

y(0) =0,  Oy(0)=vyy,  6(0) = b, (2.19)

for initial values yo € Via, yo € Hg(Q;R?), and 6y € L2 (). We refer to [35, Section 2] for a thorough
explanation of this model. We highlight that, compared to [35], we include inertial effects, i.e., the mechanical
equation features the term pd2y. Moreover, for € > 0 there are regularizing terms both in (2.17a) and ([2.17b)),

complemented with the additional natural boundary condition (2.18c)). In the regularized setting, we will assume
stronger initial conditions for the deformations, namely yo - € Vig® and yg . € H*(Q;R?) N Hg(Q;R?), where
Vigt = {y € Yia N HY (G RY): 0,Ay(t) = Ay(t) = 0 H -a.e. in 0Q}. (2.20)

We now first treat the case € > 0 and afterwards we address the system without regularization.

Existence of weak solutions for the regularized system. We introduce the notion of weak solutions
related to (2.17al)—(2.18d)) for £ > 0.

Definition 2.1 (Weak solutions to the regularized thermo-elastodynamic system for viscous solids). Let yo . €
Vidtr Yo € H3 (O RY) N HY(Q;RY), 0y € L2(Q), f € WHHT; L2(;RY)), and 6, € WHI(T; L2 (09)). We say
that a pair (ye, 0.) with

Yy € L=(I; Yia) N H (I; H3(;RY)) 0 H2(I; (H* (4 RY) N H (9 RY))7),

0. € L*(I; H{ (%))
is a solution to the regularized thermo-elastodynamic system with initial conditions (yo.e, ¥g ¢ 00) if ¥=(0) = yo.e,
dye(0) = yp., the internal energy w. = W"(Vye,0;) lies in L*(I; H*(Q)) N H'(I; (H'(Q))*) and satisfies
we(0) = wp . = W(Vyoe,0), and the following equations are satisfied for every z € C(I x Q;R?) with
z=0o0n I x 99 and for every p € C°°(I x Q):

0:// OrW (Vye,0.) : Vzdacdt+// DH(AyE)-Azdxdt—i—s// OVAy. : VAzdxdt
I1JQ I1JQ I1JQ (221)

—|—//GFR(VyEﬁtVyE,@E):Vzdxdt—&—p/(@ftys,z}dt—// f-zdadt,

1Ja I 1Ja

0://IC(VyE,@E)VGE~V<pdscdt+/(6tw5,<p> dt—H// (0, — 0.)pdH dt
1Jo I 1Jog

(2.22)
- // (ﬁ(Vye, Vye,0.)) + 0FWCPI(Vy5, 0:) : 0:Vy. + 5|8tVAy€\2)gpdx dt,
1Ja

where (-, -) denotes the dual pairing of H3(Q; R?)NHE(Q; R?) and its dual or of H!(Q) and its dual, respectively.

Following the lines of [35] (2.28)—(2.29)], one can show that (2.17a)) together with ([2.18al)—(2.18¢) is equivalent
to (2.21). Besides the regularizing term, the only difference in (2.17a)) compared to [35] is the presence of the

inertial term. Arguing as in [35] (2.16)—(2.17)], we can rewrite the heat-transfer equation (2.17b) in terms of
the internal energy w. as

Oywe = div(/C(Vye, os)vos) +&(Vye, 0:Vye,0-) + 5‘atVAys|2 + aFWCpl(vysv 0:) : 0 Vye,
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where we have used (2.14) and the identity
drwe = pWP(Vy.,0.) : 0, Vy. — 0.0%, WP (Vy.,0.) : 0:Vy. — 0.02, WP (Vy.,0.)0:0.

Taking also (2.18d)) into account, this yields the weak formulation (2.22]).
The first main results of the paper read as follows.

Theorem 2.2 (Existence of weak solutions to the regularized system). Let p € (2,400) if d =2 orp € (3,6)
ford =3. Assume that|(W.1)H(W.3), [(H.1)H(H.S)} |(C.1)H(C.5), |(D.1)H(D.2), and (2.13)) hold true. Let e > 0.
Let yo.e € Vi, yo.. € H3 (LR NHG (4 RY), 0y € LA(Q), f € WH(T LA (4 RY)), and 6, € WH(I; L2 (09)).
Then, there exists a weak solution (ye,0.) to the regularized thermo-elastodynamic system with initial data
(Y0.c,Y0.e»00) in the sense of Definition .

For weak solutions, we can derive energy balances and some regularity properties. Recall (2.6) and (2.16)).

Theorem 2.3 (Regularity of solutions and total energy balance). In the setting of Theorem we find weak
solutions (ye,0:) satisfying y. € L=(I;Yi5%). Moreover, for each t € I, the system satisfies the mechanical
energy balance

t
M(ye(t))+g\|8ty€(t)|\%2(9)+/ / (€092 0V e, 00)) + €10V A Az + D WP (Ve 02) - 0, ) ds
0 JQ

t
= M)+ Gl + [ [ 7-oedods, (2:29
0

the thermal energy balance

/wg( )dx—/wogdx—i—/ / E(Vye, Ve, 6.) + <0V A + 0 WP (Vi 0.) : 0,V ) dads (224)
Q

+ K / (0, — 0.)dH " ds,
o
and the total energy balance

E(we(0),0:(1)) + 5191y (1)1 320

t t
=E&(Yo,e,60) + gHy{J,EH%z(Q) +/ / k(0, —0.) dH " ds —I—/ [ Oy dzds.
o Joo 0o Jo

We emphasize that the energy balances are well-defined pointwise for each ¢t € I since the regularity of the
deformation and the temperature imply y. € C(I; W2P(;RY)), 0,y. € O(I; L?(;RY)), and w. € C(I; L3(Q)),
where we use that p < 2* and [39, Lemma 7.3]. The total energy balance arises by summing and
(2.24). In particular, we observe that the system is closed for K = 0 and f = 0. Still, an exchange of mechanical
energy and thermal energy is possible due to the (regularized) dissipation rate £(Vye, 0;Vye, 0.)) + |0,V Ay.|?
and the adiabatic heat source Op WP (Vy.,0.) : 9;Vy. which cancel out in the summation of and @ .

(2.25)

Existence of weak solutions for the system without regularization. Our goal is to remove the regular-
ization by passing to the limit ¢ — 0 for weak solutions (y.,6.) in the sense of Definition Unfortunately,
the available a priori bounds and compactness results yielding a limit (y,0), see Lemma below, are not
strong enough as they guarantee convergence of all terms in (2.21)(2.22) except for the acceleration 9%y, in
and the dissipation rate {(Vye, 9; Ve, 0.) in (2.22)). Accordingly, also the validity of the mechanical and
thermal energy balances 7 cannot be expected in the limit ¢ — 0 as

t t
liminf/ /§(Vy5,8tVyE,06)dxds>/ /ﬁ(Vy,atVy,G)dxds
0 JQ 0 JQ

e—0

is possible under the available compactness results. In [2, Lemma 4.5] and [35] Propositions 5.1 and 6.6], equality
was guaranteed by a chain rule for the mechanical energy (see [35, Proposition 3.6]) which also allowed to derive
a mechanical energy balance. Due to the presence of the inertial term, it appears to be impossible to adapt this
strategy to the current setting.

We overcome this difficulty by appealing to a weaker formulation of the mechanical and the heat-transfer
equation. In , it suffices to perform an integration by parts in time to deal with the term d23y.. The
passage to a weaker form of (2.22]) is based on the observation that the delicate dissipation term cancels in the
summation of and (2.24). More precisely, this passage is achieved by testing with z = Oy and
adding the result to (2.22). This leads to the following notion of weak solution whose form will be explained in
more detail by a formal computation in 7 below.



THERMO-ELASTODYNAMICS OF NONLINEARLY VISCOUS SOLIDS 8

Definition 2.4 (Weak solutions to thermo-elastodynamic system for viscous solids). Let yo € Yia, ¥y €
HY (3 RY), 0g € L2 (), f € WH(I; L2(RY)), and 6, € WHI(1; L2 (092)). We say that a pair (y,0) with

y € L®(I; Vi) N HY(I; HY(Q;RY), 6 e LN WPH(Q)
is a solution to the thermo-elastodynamic system with initial conditions (yo,y(,8o) if the following equations

are satisfied for every z € C°(I x Q;R?) with z = 0 on I x 9 and z(T) = 0, and for every p € C®(I x Q)
with o(T") = 0:

O:// OFW(Vy,Q):Vzdxdt—i—// DH(Ay) - Azdzdt (2.26)
1Ja 1o

+//GFR(Vy,atVy,H):Vzdxdt—p//8ty-8tzda:dt—//f~zdxdt—p/y6-z(0)dx,
1Ja 1Ja 1Ja Q

0=//K(Vy,9)V9-Vgodmdt—m// (Gb—ﬁ)apd’}-[d_ldt—//Lpf-atydxdt
1Ja 1Joa 1Ja
—// (Wel(Vy)+H(Ay)+w+glatyIQ)aﬂpdxdt—/ (Wel(Vyo)JrH(Ayo)+wo+§|y6|2)<p(0)dx
1Ja Q

" /I /S (0 W (V0.0)+ 04 RV 9010.0)) : (O © V)t
_ // DH(Ay) - 0iyAp dzdt — 2 // V(DH(Ay)) : (0ry @ V) dz dt, (2.27)
rJo o

where for shorthand we set w := W*(Vy, §) and wq = W(Vyo, 0).

In particular, we observe that, due to the lack of regularity of 9%y and d;w, the initial conditions of d;y and
w are given implicitly in a weak form, relying on an integration by parts in time. An important aspect of the
weak formulation ([2.27)) is that it directly guarantees the total energy balance. Indeed, for each ¢ € I such that

t+4d

t+6
lim /ydxds:/y(t,x)derQ’p(Q;Rd), lim /8tydxds:/8ty(t,x) dz € L*(Q;R?),
=0/ Jo Q =0/t Jo Q
t+6
lim /wdde:/w(t,x)deLl(Q)
=0Jt—5 Jo Q

. . . _ . 1
(and thus for a.e. t € I), we can test (2.27)) with ¢ given by ¢ =1 on (0,t—6), o =0on (t+6,7T) and ¢’ = —55
on (t —4,t 4+ 0). In the limit § — 0, after rearranegment, this yields

/Q(Wel(w@)) + H(Ay() +w(t) + £[ory(0)[?) da

t t
:/ (Wel(Vyo)—I—H(Ayo)-l—wo-i-glyé\z)dx—l—ff// (Hb—e)de_ldS—l—/ /f-@tydxds (2.28)
Q 0 JoQ 0 JQ

which is exactly the total energy balance, cf. also . Whereas a total energy balance still holds, the
respective form of and may become inequalities. In some sense, this weaker form based on a
replacement is inspired by fluid-mechanics for compressible heat conduction fluids, where the conservation of
the total energy is guaranteed by transferring the heat equation into an inequality for the entropy [22] 21].

Theorem 2.5 (Existence and regularity of weak solutions). Let p € (2,+00) if d = 2 or p € (3,6) for

d = 3. Assume that[([W.DH(W.3), [(H.1H(H.3), [(C-TH(C-5), [(D-TH(D.2), and hold true. Let yo € Via,
yh € HY (B RY), 0y € L2(Q), f € WH(I; LA (G RY)), and 0, € WHI(I;L2(0Q)). Then, there exists a weak
solution (y,0) to the thermo-elastodynamic system with initial data (yo,yh,00) in the sense of Definition [2.4]
The weak solution satisfies y € L2(I; H3(Q;RY)) and (1+ |Ay|)*= |VAy|* € L2(I x Q).

Note that ([2.28]) holds and (2.18b) is satisfied in the sense of traces.

Formal derivation of the weak formulation. Let us close this section with a formal derivation of equation
(2.27) which will be made precise below in Proposition for the regularized system. Assuming sufficient
regularity for y and 6, let us check that the formulations in (2.27) and (2.22) (for € = 0) coincide. First, an
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integration by parts in time shows that, for e = 0, (2.22)) is equivalent to

0= // K(Vy,0)VO -V dedt — // (&(Vy,0,Vy,0) + OrWP(Vy, 0) : 9 Vy)p dzdt
1Ja 1Ja

+I€// (0—0,)¢ de_ldt—//w@tnpdxdt—/woga(())dm
1Jo0 1Jo Q

for every ¢ € C°°(I x Q) with ¢(T) = 0. Now, we test (2.21]) with z := 9,y for p € C>°(I x Q) with ¢(T) = 0.
Using (2.8)), (2.11)), expanding V(0;y¢), and rearranging the terms, we obtain

—//é(Vy,atVy,H)godmdt—//8FWCPI(Vy,0):8tVycpdmdt
1Ja 1Ja

(2.29)

://6FW61(Vy,9):8tVyapdxdt+//3FW(Vy7¢9) : (O @ V) de dt
1Jo 1Ja

(2.30)
+ // 0:-R(Vy,0:Vy,0) : (Ory @ V) daxdt + // DH(Ay) - A(Oryp) da dt
1Ja 1Ja
—// f-(?tygodxdt—i—p// 0dZy - Opy da dt.
1Ja 1Ja
By the chain rule, the fundamental theorem of calculus, and ¢(T') = 0 we get
1 d 1
// 0Ihy - Oy da dt = 7// — (¢|Owy|?) da dt — f// 0yp|Oy|? dar dt
/e 2 )rJodt 2JrJa
1/, 1
=5 [ =5 [ [ ovlow? a s (231)
2 Ja 2JrJa
Moreover, by integration by parts in Q and since dyy = 0 in I x 9 (recall that y(t) € Via), we have that
// DH(Ay) - A(Owyp) dzdt = // DH(Ay) : (gp@tAy + 20, VyVy + 8tyA<p) dx dt (2.32)
1Ja 1Ja

:// DH(Ay):atAygodzdtf// DH(Ay):atyAgadxdth// V(DH(Ay)) : (Ory ® V) da dt.
1JQ I1JQ I1JQ

Eventually, by the chain rule and by integration by parts with o(T) = 0 we get

// (0rW(Vy) : 9;Vy + DH(Ay) - 9;Ay) dxdt:// (p%(Wel(Vy)—&-H(Ay)) dadt
I1JQ I1JQ
:—/ 0(0) (W (Vyo) + H(Ayo)) dx—// Ao (W (Vy) + H(Ay)) da dt. (2.33)
Q I1JQ

Combining (2.29)—(2.33)) we infer (2.27).

Outline. The rest of the paper is structured as follows. In Section [3] we consider a time-delayed parabolic
system for a time-delay h > 0 whose existence is established by a minimizing movement scheme with time
discretization 7 > 0. In Section [4] we pass to the limit ~ — 0 and prove existence of solutions to the regularized
system, see Theorem[2.2] Eventually in Section[5]we pass to the limit ¢ — 0 and show Theorem[2.5] Importantly,
all relevant a priori estimates are established already on the level 7 > 0 in Section [3] and immediately transfer
to the limits 7 — 0, h — 0, and € — 0.

3. MINIMIZING MOVEMENTS FOR TIME-DELAYED PARABOLIC SYSTEM

We fix a regularization parameter € > 0 and a time-delay h > 0. For convenience, without further notice, we
assume that T/h € N. In this section, we include the e-dependent regularizing term in (2.17)) and we suppose
more regular initial conditions yo, g, denoted by yo c, yéys. As done in [5], by replacing the acceleration term

p02%y by a discrete difference p%y('fm, we turn the hyperbolic problem ([2.17a)) into a parabolic one. The
main goal of this section is to prove the following existence result for the resulting problem, where for convenience
we use the notation Ij, :== [—h,T].

reg

Theorem 3.1 (Weak solutions of the time-delayed regularized problem). Let T, h,e > 0, yo. € Vig"»
Yo.. € H3(Q;RY) N HJ (G RY), and 0y € L3(Q). Then, there exist y, € L>=(1; Viq%) N H (In; H*(Q; R?)) with
yn(t) = yo.e + tyh . for all t € [=h,0] and 0, € L*(I; H1(2)) such that wy = W™(Vy, 0y) € L*(I; H'(Q)) N
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H(I; (HY(Q))*) with wy(0) = wo, == W (Vyo.,00) and the following holds true: For all z € C*(I x (;R?)
satisfying z = 0 on I x 0S) we have

// OrW (Vyn,0n) + 0 R(Vyp, atVyh,Hh)> :Vz+ DH(Ayp) - Az +e0;VAy, : VAzdx dt

(3.1a)
//f zdxdt—f// Opyn(t) — Oryn(t — h)) - zdx dt,
and for all p € C*°(I x Q) it holds that
/ K(NVyn, 00)V0, - Vo — (E(Vyn, 0:Vyn, 0n) + Op WP (Vyp, 01) : 0,Vyn) ¢ dzdt
Q
(3.1b)

T
B 6/ / 100V Ayn|* o dav dt + /<8twh> @) dt = "6/ (0, — 01)p dH1 dt,
0 /0 I 1J09

where (-,-) denotes the dual pairing between H'(Q) and (H*(Q))*.

A similar notion of weak solutions has already been considered in [35] [2]. The main differences of the above
equations f to, e.g., |2 (2.19)-(2.20)] is the presence of the additional h-dependent terms arising
from the time-discretization of the acceleration as well as the regularizing terms depending on ¢, which induce
better regularity properties of the solutions. The solutions also depend on €, which we however do not include
in the notation for simplicity. The proof of existence follows along the lines of the reasoning from [2, Sections 3
and 4] and is based on a minimizing movement scheme. To keep the presentation concise, many proofs in this
section will only be sketched, highlighting primarily the differences to the arguments in [2].

3.1. Staggered minimizing movement scheme and its well-definedness. We introduce a discrete time-
step 7 € (0,h) and without further notice we assume that h/7 € N. This also implies T'/7 € N. If not stated
otherwise, all constants encountered in this section are independent of 7, h, and €. Given any sequence (a)gez,
we introduce the notation for discrete differences as

Soay = ST Ok kel (3.2)
T

9

Theorem will be shown via a staggered minimizing movements scheme. Let yo . € Vi 3%, Yo € H 3(uRYN
H}(;RY), and 0y € L2 (). We first define the initial conditions of the scheme by
y*) =y + kryy. forke{-h/r,...,0} and 00 = g,.
Note that the time-discrete deformation is also defined for negative times, which will allow us to prove that the
solution yj, in (3.1a)—(3.1b)) satisfies yx(t) = yo,. + tyg . for all t € [—h,0].
Now, suppose that for k € {1,...,T/7} we have already constructed (y(o) 0 O)) ,(yﬁ’“*l),eﬂ“*”). (The
solutions also depend on h and e, which we do not include in the notation for simplicity.) Let fT(k) =

f(k e f)dt =771 fk 1y, f(£)dt, and for shorthand we denote by (-,-)2 the scalar product in L2(Q; RY).

Recalhng also , , and ., the next deformation y( ) is defined as a solution of the minimization
problem

1
i M WePL(y, 9Dy 1 ZR (ylh=D) g gy (k=1) g(k=1)
yEyidflir}}gl(Q;Rd){ (y) + (y T )+7. (yT Yy—Yr pl ) ( )
3.3

+ S IVAY = VAYED2, o — (FB) ) +‘yy$1)_5 (k=h/m) ||
o Y Yr L2(Q) T Y)2 TYr e [

(k)

Supposing that y; ’ exists, we define 05’“) as a solution to the minimization problem

. 1
min / / W”‘ (Vyh) s) — Wm(vyg’H),eg’“*l))) dsdz + = / K(VyE=D 9%¢=D)vg . v da
0eH () 2Ja

- / (0w erl (T, 00-0) 6,7y M) 4 (T, 6,y 00D) + 26, VAYP[E A1) 0 da
Q

+ 5/ (0 —0)2 del}, (3.4)
2 Jaq ’

where 9( ) — f(k 1)7
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The minimization problem (3.3) differs from the one used in [5] due to the presence of the additional e-
regularizing term and a different discretization of the acceleration term. In [5] Definition 3.3, Theorem 3.5], the

term -
W’yyﬁ_)_][’” vdt’Q
2h T (k—1)7 L2()

for a generic v € L?(0, h) is used. By replacing v with d;y(- — h), one can then construct a 7-discretized solution
in the small time interval (0,h). Then, a successive repetition of the argument yields a time-discrete solution
on [0,T]. Here, instead, we simply use the discretized solution 6Ty$k7h/ ™) which directly allows us to construct

time-discrete solutions in the entire time horizon [0,7]. The minimization problem (3.4]) coincides with the

thermal step used in [2], except for the regularizing term 5\5TVAy£k) |2 A 771, In this context, the truncation
by 77! is necessary to guarantee well-posedness of the problem, see Proposition below.

We now show the well-definedness of the above minimization problems. In this regard, the following properties
of the mechanical energy are useful.

Lemma 3.2 (Coercivity of M). Given M > 0 there exists a constant Cpy > 0 such that for all y € Yiq with
M(y) < M it holds that

_ 1
lwerey < Carr Ilors-anoy < Core NV0) oramay < Crr, - det(Va) = 2= i (35)

Proof. By the definition of H, the first inequality in [(H.3)| and [[W.3)] we see that

—colal + / Ayl de < M(y) < M,
Q

and hence )
1AY[170 ) < M + ColQf = M.

As y —id € W2P(Q;RY) N W, P(;R?) by the definition of Vi, we then derive from [30, Lemma 9.17] and the
regularity of 02 that }
ly —idlw2r(0) < CllAY[|Lo @) < COM'P

for a constant C' independent of M. Our choice of the elastic potential W*! satisfies all assumptions imposed
in [35]. Consequently, [35, Theorem 3.1] applies which directly leads to (3.5]). O

Proposition 3.3 (Existence of the mechanical step). For any M > 0 there exists 79 € (0,1] such that for all
7€ (0,79) and k € {1,...,T/7} the following holds: Let y&kfl) € Via N H3(Q;RY) satisfy M(y&kil)) < M and
let 041 € HZL(Q). Then, the minimization problem (3.3) attains a solution yq('k) € Yia N H3(;RY) solving the

corresponding Euler-Lagrange equation, i.e., for all z € H?(Q;RY) N HY(Q;RY) it holds that

/ (aFW(Vy@, 0=y 4+ 9, R(VyF=D 5, vyt glk=1) )) V24 DH(AY®) - Az + 65, VAY® : VAzdz
Q

= [ zde =2 [ Gy = gt s (3.6)
Q h o
Moreover, there exists a constant Cpy > 0, possibly depending on M, such that

T 2 €T pT —h/r
M(y®) + @H&V@/ﬁk)llm(g) + ?HéTVAyS—k)H%?(Q) < Cu(1+11£I72rx0y) + FH(L@/S’“ " )H%?(Q)‘ (3.7)

Proof. The proof is similar to the one in [2, Proposition 3.5]. We start by showing compactness. To this end,
let (n)n C Yia N H3(2;R?) be a minimizing sequence for the minimization problem in (3.3). Using y&k_l) as
a competitor in (3.3)), we may suppose that each y,, satisfies

. _ 1 _ _ _ € _
M(yn) + WPy, 0 7) + —REET yn — 0, 087) + [ VAY = VAYFV |2 )

(k-1)
TRt L SV Y

2h L2(Q)
— c - - — pT —h/T
< M)+ WP, 00 0) = (£, y s + 0y | ).

As the mechanical energy M satisfies the same coercivity properties as the one in [2], see Lemma we can
apply the generalized Korn’s inequality in the form [35, Corollary 3.4] (see also [36] for its original formulation).
Consequently, reasoning similarly to the proof of [2, Proposition 3.5 for the terms involving M, W<, R, and
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5 See [2l Equation (3.9)], we can find Cpy > 0 and 79 € (0,1), possibly depending on M, such that for

T € (0,70)

| .
(1= Cum)M(a) + [V = Vol oo + o=V Ay, = YAy DR
D
PT || Yn — Yr _ 5y =h/m)
+5 2h T 12(@)
<1+ CurIMEE D) + Cur(L+ 113 20)) + H5T?J(k 0|22 )

By the definition of fT(k) and Jensen’s inequality we see that

kT 2 kT
T e = T/Q )]{k_m fdt‘ dr= T/Q]{k—l)r P dtde < [If122(rxa)-

Then, choosing 7y small enough such that Cy;79 < 3 and using M(ygk_l))

increasing C'yy, it follows

< M, we see that, after possibly

1 (k=1) |2 € (k=1) Ty — Y (h=h/7)
M) + & — 1V = V5V + IV AY — VAYS Mooy + 57 | = 6

< Cu(L+ 1flZ2(rxey) + *||5ry(k "0 22 ) (3.8)

By Young’s inequality with power 2 and constant A € (0,1) we derive that

L2(Q)

IV Ay, — VAY® 320y = IVAYR 1320 — /Q VAy, : VAYF D da + | VAYE 122 o

> (1= N IVAY[[72(0) — (1 + 1/N)[VAYE V|72 0
Choosing A =1 / 2 above and combining with . this leads to
pT —h)r
M(yn) + ||Avyn||L2(Q) <+Cm(1+ Hf”L?(IxQ)) + *”VA?J(]C 1)HL2(Q) + f”(srygc " )||2L2(Q)'

This implies sup,,cy [|VAYn||L2(0) < 0o and, in view of in particular shows sup,,cy [|Ayn | g1 (0) < 00. As
Q) was assumed to have a C°-boundary and (y,)n C ia, elliptic regularity for the operator A implies
lyn —id| s < CllAynllar ()
and thus sup, ey [|Yn||g3(0) < 00. Consequently, as p < 2%, we can select a subsequence (without relabeling)
such that y,, — y strongly in W2P(Q; R?) as well as y,, — y weakly in H>(Q; R?).
Existence of minimizers then follows by standard lower semicontinuity arguments. Also, recalling (3.2)), the
derivation of the Euler-Lagrange equation ([3.6|) is standard, see the proof of [2, Proposition 3.5] for some details.

Eventually, estimate (3.7 directly follows from ({3.8]), after passing to the limit n — oo and using standard lower
semicontinuity arguments. a

Proposition 3.4 (Existence of the thermal step). For any M > 0 there exists 7o € (0,1] such that for all

€ (0,7) and k € {1,...,T/7} the following holds: Let y(k Yy € Viq be such that /\/l(ka Dy < M
and let 071 € HL(Q). Then, the minimization problem attains a solution O € HZ(Q) solving the
corresponding FEuler-Lagrange equation, i.e., for all ¢ € Hl(Q) it holds that

= / S,w® o dr + / K(VyE=D gk=1yget) . G da + & / (6% —9(’“ JodHI? (3.9)
Q Q o0

— / (Op WP (Vyr=D 0k=1y 1 5 Tyt 4 ¢(Vylh=D 5, vyM 9Dy 4|5, VAYP 2 A r7 1) pda,
Q

w®—D

where we shortly write w&kil) = Wi“(Vygkfl), 95’671)), wgk) = Wi“(Vygk), 99)), and 5Tw£k) = wsk)%

T

Proof. The thermal step differs from the one used in [2] only by the regularization of the dissipation term
f(Vy(k 2 ,0r Vy(k) ol 1)) by 5\5TVAy$k)|2/\T_1. Therefore, the statement immediately follows from [2, Propo-
sition 3.8] since an inspection of its proof shows that for the existence of HQC) it is enough that the dissipation
term lies in L>°(Q)) (see Steps 1 and 2) and for nonnegativity of o) it is enough that the dissipation is larger
than c|(5TVy£k))TVy$k71) + (Vy&kil))TdTVygc)\Q, see [2] Remark 3.9] andm O
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3.2. Existence of time-discrete solutions. In the previous subsection, we focused on one step in the stag-
gered scheme. Our next goal is to prove the existence of time-discrete solutions and to derive first a priori
bounds independent of 7, h, and €. We set

Cy = ||fHW1,1(1;L2(Q))7 (3.10)
and note that by the fundamental theorem of calculus it holds that
If()l L2 < CrCy forallt e, (3.11)

where here and in the following C denotes a constant possibly depending on T'.

Given the sequences y&o), ceey y&k) and 950), cery 99) for some k € {1, ..., T/7}, as described in Subsec-
tion [3.1] for I € {0, ..., k} we define

FO =€, 00) = (f(Ir),y)2,
where the total internal energy £ is defined in (2.16]). Then, using we find

|(£(7),y)2| < min{FD, €D, 00)} + CrCF + C(1+ C), (3.12)
see also [2], Lemma 3.10]. Finally, for [ € {0, ..., k} we also define
!
GO = FO LTS oy e, (3.13
m=l—h/T+1

which corresponds to adding also a suitably averaged kinetic energy. The main result of this subsection reads
as follows.

Proposition 3.5 (Existence of time-discrete solutions). Let C; be as in ([B.10) and G be as in (3.13). For
any T > 0, there exists a constant Cp > 0, corresponding constants

M’ = 2¢C7Cs (g<0>+6T(1+Cj:)+n// Hded*Idt), M :=2M'+ CrC7,
IJ0Q

as well as a constant Cpy > 0 and scalar 79 € (0, h] only depending on M above such that the following holds

true: For each T € (0,79) such that h/T € N the sequences y&o), . ,ygT/T) and 9&0), .. ,QST/T) constructed in
Subsection exist, and for all k € {0,...,T/7} it holds that
k
EWW, 08 + 20 S 16y |2 ) < M, (3.14)
2h I=k—h/7+1
k
> (18- 95132y + €0,V AYD 32y ) < Caur(M(1+T) + TrCH). (3.15)

=1

The first estimate corresponds to a bound on the total energy and the second one is a bound on the (regu-
larized) strain rate. The proof relies on the following two lemmas.

Lemma 3.6 (Inductive bound on the total energy). For any M, T > 0 there exist constants Cpy > 0 and
Cr > 0 only depending on M and T, respectively, such that the following holds true: Suppose 7 € (0,1) is
chosen such that for k € {1, ..., T/7} the sequences y&o), ey y&’“) and 950), ey 95’6) constructed in Subsection
exist. Moreover, assume that G < M for alll € {0, ..., k—1} with GW as in . Then, it holds that

k )T
b 03260 [ g0l

o9 =0 (-7

kT (I+1
¢ < GO 4 CyrVi+Cr(1+CY) + 5 /
0

where C' > 0 is a universal constant, and
k
V=Y 7 / 10, Vy™|? da. (3.16)
m=1 Q

Lemma 3.7 (Inductive bound on the strain rates). Given M, T > 0, there exist a constant Cpy > 0 and
70 € (0,1] only depending on M, and a constant Ct > 0 only depending on T such that for 7 € (0,7p)

the following holds: Suppose that the sequences y.(ro), ce y&k) and 950), e ot for some k € {1,...,T/7}
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constructed in Subsection exist. Moreover, suppose that G < M for all 1 € {0, ..., k — 1} with GY as
defined in (3.13). Then,

k
ZT(”(STV?J@ ||2L2(Q) + 6||6TVAy£l)”2L2(Q))

- k—1 (3.17)
< Cuy (M(yo,e) + gHyé,sniz(Q) + CTCJ%> + CMTZ (1 + M(yﬁ)))
=0

Proof of Proposition[3.5. Once Lemmas are proved, the proof of Proposition [3.5] follows by an inductive
argument using the discrete Gronwall’s inequality and Propositions [3.3 We refer to [2, Theorem 3.13] for
all details (cf. also [2 Lemma 3.11, Lemma 3.12]). O

We now proceed with the proof of the lemmas. As an auxiliary result, we show A-convexity of W and TWePL,
The result is closely related to the estimate in [14] Subsection 2.3], which improved upon [35, Proposition 3.2,
where local A-convexity has been shown.

Lemma 3.8 (A-convexity of W¢ and W°P!). For any M > 0 there exists a constant Cpr > 0 such that for all
Y1, Y2 € Via with M(y1), M(y2) < M and 6 € Ll(Q), we have

/ Wel(yy) da > / Wel(y,) dz +/ OrW (V1) : (Vya — Vy1) dz — Co|| Vo — Vy1||%2(9).

Q Q Q

/ WeP(yy,6) da > / WePl(y,0)dx + [ OpWP(Vyy,0) : (Vy2 — Vy1) do — Cry || V2 — Vy1||2L2(Q).
Q Q Q

Proof. We first prove the statement for W°. By Lemma there exists a constant C'}; depending on M such
that for all z € Q and [ € {1,2} it holds that

V()| < Chy, - det(Viyi()) = (3.18)

Ciy
By the continuity of the determinant we can find 6, > 0 such that for all A € (0,1) and Fy, F» € GL*(d) with
|F1l, | Fo| < C%y, det(Fy), det(Fy) > ﬁ and |Fy — F| < 6p we have that det(AFy + (1 — \)F3) > 52— The set

.
M

1
K = {F € GLT(d): |F| < Cyy, det(F) > — }
2C%,
is a compact subset of GLT(d). Hence, by the C%-regularity of W' it follows that
Cyr = sup |02 W (F)| < cc.
FeK

With dp; as above, let us define the set G = {z € Q: |Vys(z) — Vyi(x)] < dp}. Moreover, we define
yr = (1 — t)y1 + tys for t € [0,1]. By the previous reasoning, for every z € G it holds that Vy.(z) € K and

0 W (Vyi(x)) — dp W (Vi1 (2))] < Cu|Vyi(x) — Vi (2)] < Cu|Vya(x) — Vi (2)]. (3.19)

On the one hand, by the Gateaux differentiability of W' (see [35, Proposition 3.2]) and the chain rule we have
that

1
/ We(Vyy) dz — / We(Vy) dz = / / OrW (V) (Vya — Vyr) da dt.
G G 0 G

On the other hand, using (3.19) we can estimate

1 1
/ / W (V) (Vy, — V1) dzdt —/ / ArWe (Vi) : (Vy2 — V1) dodt| < Cu||Vys — Vy1||2L2(Q).
0 Ja 0o Ja

By the definition of G we also see that, by possibly increasing Cjy, it holds
] / W (Vys) dz — / We(Vy1) dz — OrWe(Vy1) : (Vya — Vi) dx’
A\G O\G A\G

Wel v + Wel v + 8110 Wel \VA
< /Q\G | (Vy1)| + | ( 63/22)| M|0F (Vy1)| |[Vys — Vy1|2 dz < Cy||Vya — Vyl”%ﬁ(ﬂ)’ (3.20)
M
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where we used that W¢(Vy;), W (Vy,), and |9pW* (Vy,)| are uniformly bounded by (3.18). The combination
of the last three estimates gives the statement for TWe!.

The argument for W! is similar. However, the bounds in and do not follow immediately from
the compactness of K due to the presence of the temperature § € L'(Q). To obtain the analogous bounds, we

use the first inequality in|(C.5)|, and (3.18). O

As a second auxiliary result, we establish a bound on the mechanical energy.

Lemma 3.9 (Mechanical energy bound in the time-discrete setting). Given M > 0, there exists a constant
Cyn > 0 such that the following holds: Suppose that for 7 € (0,79) and k € {1, ..., T/7} the sequences

ygo), cee y&k) and 050), ey ng) constructed in Subsection exist, and that GO < M for alll € {0, ..., k—1}.
Then, it holds that
k

k

pT i

MO+ 50 3 10O oy + D (2R, 60 6070) 4 Sy = 6,0 Do)
I=k—h/7+1 =1

k
< M(yo,e) + g”y(/),aHQm(Q) - TZ/QaFWCpl(vyg_l)ﬁg_l)) 20, VyY dz +TZ f0.6,y0)g + Crr7Vi,
=1
where R is given in (2.12) and Vi in (3.16)).

Proof. Using Proposition for [ in place of k, (2.11]), and testing (3.6) with z = 6TyT it follows that

= / OpW (VyW, 0=y 5. vy + DH(AYW) - 6, AyY + 6, VAYD : 5, VAyY da (3.21)

R A R e MO R
Q Q
By the convexity of H (see|(H.1)) it follows for [ € {1,...,k} that

H(AY ) > H(AYY) + | DH(AYY) - (Al — AylY) do = H(AyY) - T/ DH(AyY) -5, AyY da,
Q Q
(3.22)
where we recall the notation in ([2.3). We now perform a similar argument for the elastic energy. Using (3.10)),

(B.12)-(3.13), and G < M for 1 € {0, ..., k — 1}, we get
M) < gD 4 (f((1—1)7), 5 )y <2601 + O+ CrCF < 2M + C + CrC3 (3.23)
for all I € {1, ..., k}. Thus, we can apply Proposition for all I € {1, ..., k}, where now Cj; may also

depend on T and f. Then, using again G©) < M for 1 € {0, ..., k — 1}, by (3.7) we find for all I € {1, ..., k}
that

M) < Crr(L+ £l Z2rey) +26"7Y < 2M + Cu(1+ CrCH). (3.24)
Consequently, by . -7@, and Lemma applied for y; = yg) and yo = yq(-lfl) we find
/ ApW(VyD)Y : 6, VyD dz > W (yW) — wel (y=) — 72 /|5 vy da (3.25)

for a possibly larger C);, where we recall the definition in . Multiplying (3.21)) by 7, using (3.22) and
(3-25), and summing over [ € {1,...,k}, we conclude

k
P ) _ g5y =/ . 5 0D
+ h Z/Q((ST:‘/T 67'yT ) 67'y7' dz
k
i3 / EV0, 5,70, 00 de + 6,9 Ay 22 e )
=1

gM(yo,e)—rZ /Q oW (Vy", 901y 5. vy dxwz F9,6:91)s + Oy Vi, (3.26)
= =1

where we employed the definitions in (2.6) and (3.16]). Using the identity

1 —h/T
1, == /Q (5 y(l -0 yl h/T)) 4 yg) dr = §(||67'y‘r)HL2(Q |0+ y(l h/T)”Lz(Q) + HaTy'r _5Ty£l " )H%2(Q))v
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(m)

summing over [ € {1,...,k}, and recalling the definition y+" = yo . +m7y; . for m € {—h/7,...,0} we derive
that
k k k 0
Z 2711 ZTHCSTZ/T 571/517}1/7)”%2(9) + Z 7'||5Tyg)||%2(o) - Z T||5Ty7(—l)||2L2(Q)
=1 =1 l=k—h/7+1 l=—h/7+1
k
= ZT||5TyT Syl N Ga oy + DL TI6 YN0y — Rl 70y (3:27)
I=k—h/T+1

We apply Lemma first for y; = yg Y and Yo = yg), then for y; = yg) and yo = ygfl), and sum the
equations to get

0 Z/ <8FWCPI(Vy£l),0g71)) - 8FWCp1(Vyg*1),0g71))) : (Vy(l b Vy(l)) dz — 2012 /|6 vy dz.
Q

Rearranging and summing over [ € {1,...,k} yields
TZ / OpWP (vyd gl-1)y — aFWCPI(VyQ—”,eQ—”)) 0, VyW dz > —2C V. (3.28)
Eventually, recalling ([2.11] - the combination of (3.26)), (3.27)), and (3.28]) concludes the proof. (]

We now proceed with the proofs of Lemma and Lemma

Proof of Lemma[3.6 Recalling the argument in ([3.23), we observe that Proposition is applicable by passing
to a larger value of M. We test (3.9) (for [ in place of k) with ¢ = 1 to obtain

0 :/ (5ngl> — op WP vyl 901y . 5 vy D — vyl 5, vy®, 09-1) da — |6,V Ay |? AT—l) dz
Q

e / 00 — 6"y an-1.
a0 ’

Multiplying this equation by 7, summing over [ € {1, ..., k}, and adding to the estimate in Lemma by
(2.11)—(2.12) we discover that
T
M)+ 2 S 15y + [ 0o
I=k—h/7+1 @
p k
< M(yo,.) +/ wo.e dz + Sllyh 720y + 7 _(FD, 6402 + TZ / — 0Dy AN + Cry Vi,
Q 2 1=1

where wg . = W™(Vyo.c,0p). Recalling the definition of £ in (2.16]), we conclude that

k

pT
O L R S O] e
I=k—h/7+1

k k
< 5(y0’5, 90) + g”yé’EH%z(Q) + CMTVk + TZ(f,,(_l) 5-,—y7(_l) 2 + TZ H/@Q(eéf.)r - ef(rl)) de_l' (329)
=1 =1

Now, we estimate the last two terms on the right-hand side of l) By the nonnegativity of 0! and the
definition of 9 - we can bound

kT
TZ / (O — o0y dn- 1<TZ / o)) dnt! = / 0, A dt. (3.30)
0 o0



THERMO-ELASTODYNAMICS OF NONLINEARLY VISCOUS SOLIDS 17

We define the piecewise affine function g, (£) = == 1)Ty(l) 4 b=t Y for t e [(I—=1)r,lr] and I € {1,... Kk},
and note that §Tyg) = 01, (t) for t € (I — 1)1, 17). Consequently, integration by parts yields

k kT kT
S (0,69 0), /0 (f(t), 09 ()2 At = (f(kT), 57 (kT))2 = (f(0), o,e)2 — /0 (DS (1), §-(1))2 dt

kT
< (f(k7), 7 (k7))2 = (f(0), yo.c)2 +/0 10 f )l 22 @197 (#) | 22 () - (3-31)

By Poincaré’s inequality and |(W.3)| we have for every ¢t € ((I — 1)7,17) that
157 (D122() < CUVH 22y + HVy(l)HL?(Q)) < C(L+WI D) + W)

Therefore, by (3.11] - the definition of G in , and /s <1+ s for all s > 0 we get

kT k T
/0 10ef ()] L2 () 197 ()] L2y dt < C Z (1 +Wel(y=D) Wel(yg))) /(l 104 £ (1)]| 2 dt

1)
i( (- 1)_|_g(l))/lT

( [0:f ()|l L2 () dt) + Cr(Cy + C3).
=1 -1

Then, using an index shift and Cy < % + %sz we get

a 2 J 2 d C

- w@ﬂ)ham+H&ﬂﬁ+ﬂmmm)&)+Cﬂ1+cp

for a possibly larger C7 > 0. Plugging this into and usmg ) to estimate the terms on the right-hand
side of (3.29) ., we conclude the proof by the deﬁmtlon of G in O

Proof of Lemma[3.7. Applying Lemma [3.9) and using the nonnegativity of M we get
k
dor / e(VylY, 6, vyW U=V dx 4 ¢| 6, VAy(”HLz(Q)) (3.32)
=1

< M(yoe) + ||y05||L2(9) 72/3 WePl(wyd =D, 907Y) 1 6, Vy! dw+72 F0,6:y0)2 + Curr Vi

=1

As /\/l( (- 1)) <2M +C + CTC2 for all [ € {1, ..., k}, see the argument in (3.23)), employing also Lemma
we can apply the generalized Korn s inequality in the form [35, Corollary 3.4], leading to

1
/5 (l 1 ,0r Vy(l 9(l 1))dx> M||57Vy£l)||2Lz(Q)7 (3.33)

for a constant C); depending on M, T, and f. By Holder’s inequality, Poincaré’s inequality, and Young’s
inequality with constant A € (0,1) we derive that

79, 5,50)2] < CUO Lz @ll6- Ty iy < SO ey + M T80 . (3.34)

Choosing A < ﬁ above, summing over [ € {1,...,k} in (3.33)—(3.34), and plugging into (3.32)), we find

C varené VAYO |0 = 20 ané VyJ>||L2<Q>+ZTsH5 VAYO ) (3:35)
=1

< M(yoe) + gl\yé,sllizm) —T Z /Q AW (Vyl=D 901 : 6, vy® dx + CarrVi + Cry CrC3,
=1
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where we also used (3.11)). Since |9pWPH(F,0)| < 2Co(1+ |F|) < 2Co(2+ |F|?) for all F € GL*(d) and 6 > 0,
see [2, Lemma 3.4], applying Young’s inequality, and (2.6) we get for some C3, > 0 that

k

. 1
72/3 Werl(vy=D gl=1y . 5 vyD do < CMIZ;T”(S RVTC ||L2(Q)+C’MTZ/ (14 |Vyl=Y?) dz
k

Ve + Cir S (1+ M@yd1)).
=1

Plugging this into (3.35), and possibly decreasing 75 such that C%,m < é holds true, we get

_80

k
o)+ CuT Y (1+ M) + CuCrC}
=1

k
1
4CM Vk + Z TE:”(STVAyS.l) H%Z(Q) S M(yo,s) +
=1
for Cps > 0 sufficiently large. Multiplying both sides with 4C}; then leads to the desired estimate (3.17). O

3.3. A priori bounds, compactness, and regularity. Given y&o), e ,ygT/T) and 950), cee 9$T/T) from Propo-
sition , we define the following interpolations: for k € {—h/7,...,T/7}, let y (k1) =y _(k7) = g, (k7) = y&k)
and for t € ((k — 1)7, k7) let

kr —t t—(k—1
(1) i= ), RO G Ak Y ) (3.36)

g T T

7,(t) = y®, Yy

A similar notation is employed for 0, ¢, and 0, for W,, w., and ., and for f.. The next proposition lists
several a priori bounds for the sequences of interpolations.

Proposition 3.10 (A priori bounds and compactness). Let T, h, € > 0 and 19 be as in Proposition . Then,
there exists a constant C only depending onT', yo ., Yo ., 0o, f, and 0, such that for all T € (0,70) with T/h € N
and h/1 € N the following bounds hold true:

17, e i@y + | 4e8VE) " e (ruxey < C. (3.37a)
¢

19l r2 (110 (2)) + sup ][ H&@T(s)lliz(m ds + Vel 0 | L2 (1 (2)) < €, (3.37b)

te[0,T]Jt—h
[0 oo (1.1 () + Wrll Lo (1,01 02)) < C. (3.37c)

Moreover, for each q € [1, dff) and r € [1, %) we can find constants Cy > 0 and C, > 0 such that

10+l Lacrxey + [@r || Lacrxay < Cy, (3.37d)
VO |- (rx6) + V@7 || (rxa) < Cr. (3.37e)

Moreover, there exist yp, € C(In; Yia) N H (In; H3(Q;RY)) and 0, € LY(I; WHL(Q)) with yn(t) = yo. + 1ty e for
allt € [=h,0] and 6 > 0 a.e. such that, up to taking subsequences (not relabeled), as T — 0 it holds that

Ur — yn  weakly in H'(I;; H3(Q;RY)), (3.38a)
T, — yn  strongly in L™ (I,; WH2(Q;RY))  and strongly in L™ (I,; W2P(Q; RY)), (3.38b)
0, =0, and W, —wy, weakly in L"(I;WHT(Q)) for any r € [1, gﬁ) (3.38¢)
0. =06, and W;—wy, strongly in L3(I x Q) for any s € [1, 442), (3.38d)

where wy, == W™(Vy,0). Note that the convergence in (3.38b) also hold true for y_or Jr instead of Y.

Moreover, the convergences in (3.38d) and (3.38d) remain true after replacing 0, (w,) with 0, (w,) or 0, (i),
respectively.

Proof. Except for the estimate on [|0¢Jr||L2(1, ;13 (0)), the bounds (3.37a)—(3.37c) are a direct consequence of
the a priori bounds (3.14)—(3.15) from Proposition Lemma, (2.15), and our definition of the different
interpolations in time, where we particularly use that ¢ (t) = yo.c +typ . for t € (—h,0). The remaining estimate

in (3.37b|) is based on the bound
10:V G|l L2 (1, x2) + VEIOV A || L2 (1, x0) < C (3.39)
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provided by (3.15)). Elliptic regularity for the operator A and the fact that 9;g, = 0 on I}, x 9 imply
10:97 || L2112 (0)) < ClOAG | L2(1 11 (02)) - (3.40)

Eventually, we use the interpolation inequality [|Av||12(q) < C||VAD||12(q) + C||Vvl|12(q) for all v € H?(Q; R?)
which can be shown by the standard contradiction-compactness argument. This along with 7 indeed
yields the remaining bound in (3.37D)).

The proof of (3.37d)—(3.37¢]) relies on a proof of a weighted L?-bound on the temperature gradient, namely

T
n —

for any n € (0,1), where C is a constant only depending on T'. We refer to e.g. [2] Theorem 3.20] for further
details. It thus remains to show . As noticed in the proof of Proposition our thermal step coincides
with the one from [2] up to adding the term 5\5TVAy$k)|2 A 771 to the dissipation §(Vy$k_1), 5TVy§k), ng_l)).
The proof of the weighted L?-bound in [2, Lemma 3.19] relies only on a uniform L'-bound on the
dissipation. In view of , a uniform L'-bound (in 7, h, and ¢) is still available in the current setting and
the arguments in [2, Lemma 3.19] also apply here.

The a priori bounds along with a diagonal sequence argument show (3.38a)—(3.38d). More precisely, the
convergence is a straightforward consequence of the a priori bound (3.37b) and Banach’s selection
principle. The convergences in follow from the embeddings H3(; RY) cc W2P(Q;R?) cC W (Q;R?)
(recall that p € (3,6) for d = 3), and along with the Aubin-Lions’ lemma. Next, follows from
(13-37d)—(3.37€]). Eventually, the convergence in and the identification wy, = W(Vy, 0),) can be shown

using the bounds (3.37d)—(3.37€)), the Aubin-Lions’ lemma, and interpolation with the bound in (3.37c). For
further details we refer, e.g., to [2, Lemma 4.2]. O

We proceed with further regularity results for ¢, which hinge on a special case of elliptic regularity, see
Lemma in the appendix. This will allow us to prove better regularity for the temperature variable, see
Corollary below, and it will also be instrumental for the passage € — 0 in Section

Proposition 3.11 (Higher regularity of the deformation). Let T, h, e > 0 and 7 € (0,7) be as in Proposi-
tion . Then, 9, € L?(I; H*(;RY)), 0y, € L2(I; H>(;RY)), and for each t € I the time derivative 044,
satisfies the boundary conditions
Dy A0 G, (1) = AOyG- () = A%0,5, (1) =0 H¥ ' -a.e. in 0. (3.42)
Note that §, only has H*-regularity in space due to the regularity of the initial condition yg ., see (2.20). The
next lemma provides some useful bounds on A, and on A2j,, which will be particularly crucial for passing to
the limit € — 0 in Section Bl Define
_ 2p
dp—(p—2)d
and note that ¢ € (1,1) since p > 2 for d =2 and p € (3,6) for d = 3.

0 (3.43)

Lemma 3.12 (Bounds from regularity). Let T, h, e > 0. Then, for 7y sufficiently small depending on € and h
such that Proposition is applicable and for T € (0,79), there exists a constant C > 0 only depending on T,
Yo.e» Yo.c» bo, f, and 0, such that

AT N 22151 () + |HA?T|%2V(A?T)HL2(M9) < C(l + Vellyo.e i) + ||Z/6,a |H1(Q))7 (3.44)
| A%, (| L2 (1xy < Ce ™2 (14 Vellyoellas ) + 196,20 @) (3.45)

INDH(AG )| L2 (15107 )y < C(1+ VEllyoellmay + 190l @) (3.46)

| AOsir || 2 (1,2 (0)) < Ce2* (14 Vellyo,ell o) + 0.l (@) - (3.47)

We postpone the proofs of the two results to the end of the subsection and first present the following
consequence.

Corollary 3.13 (Further a priori bounds). Let T, h, € > 0 and 79 be as in Proposition . Then, there exists

a constant C. > 0 only depending on T, €, yoe, Yo, 0o, f, and 0, such that for all T € (0,79) with T/h € N
and h/7T € N the following bounds hold true:

101 21,1 )y + 1@ || L2500 0)) < C, (3.48)

07 || 1 (1501 (2))) < Css (3.49)

9+l 2 (1,4 (02)) < Ce. (3.50)



THERMO-ELASTODYNAMICS OF NONLINEARLY VISCOUS SOLIDS 20

In particular, 0, and wy, from Pmpositz’on satisfy O, wy, € L2(I; HY(Q)) and wy, € H(I; (H'(Q))*) with
wp(0) = Win(Vyg e, 0p). Moreover, yy, lies in L°°(I; Yis®).

Proof. First, by elliptic regularity along with the boundary conditions ¢, = id and Agj, = 0 on I, x 99 (see

, , and ), and the fact that Q has C®-boundary, we get

19 ()| 74 (0) < C||Aﬂr( M2 Q)» 1A ()|l 12(0) < CIA* G () 22(0)
for a.e. t € I,. This along with ( shows Moreover, y;, € L*®(I;V;3%) (see (2:20)) follows from
(3.37b)), (3.42), (3.47), and the fact that Yo,e € yreg.

Due to 3.47 we find that €9, VAg,|? is bounded in L?(I;; L?(2)) for a bound depending on &, but indepen-
dent of 7 and h. Therefore, the term 8FWCPI(VyT, 0.): &gVyT—i-f(Vy Vi, 0 )+5|8tVAyT|2/\T appearing
in the second line of is bounded in L?(I; L?(Q2)) for a bound dependmg on ¢, but independent of 7 and h.
This regularity allows us to apply the a priori estimates in [35, Proposition 4.2]. This yields 7, and
then the regularity of the limits 6, and wy, is a direct consequence of weak compactness. By [, Lemma 4.5(iii)]
we get 0y, wy, € C(I; L?(Q)) which along with and yp, € C(Ip; Via) also shows wp,(0) = W™ (Vyq.c, 0p).
This concludes the proof. O

We now come to the proofs of Proposition [3.11 and Lemma [3.12] As they are purely of technical nature, the
reader might want to skip these proofs on first reading of the paper.

Proof of Proposition[3.11. We recall the notation in (3.36)) and for convenience we drop the index 7 in the entire
proof. As a preliminary step, we first show § € H'(I; H*(Q;R?)), and afterwards the statement.
Step 1 (§ € HY(I; H*(Q;R?))): We show that, if 7 € L2(I; W24(Q; R?)) for some ¢ € [p,2(p — 1)], then
je H\(LW =1 (RY),  ge LW (QRY), (3.51)
Wheren::ooford:2andn::p%l—l>0ford:3,aswellas

DA G(t) =0  H'-ae. on 9Q. (3.52)

Once this has been shown, this argument can first be applied for ¢ = p by , and then by a bootstrapping
argument, after a finite number of repetitions depending on 71, we get § € H*(I; H*(Q;R?)).

Let us show (3.51)-(3.52). Suppose that § € L*(I; W24(Q;R?)) for some ¢ € [p,2(p — 1)]. For t € I, we
define ¢°™(t) € X7 in the dual space of X, = W71 (Q;R) N HY (Q; RY) by

9 /DH (AT(1) Az+<8FW(Vy(t),Q(t))+8FR(Vg(t),8thj(t),Q(t))) : Vzdz

_ p ~ .
_ /Q F(t) -z + 2 /Q (D) — Dyis(t — ) - = (3.53)

for all z € X,. By|(H.3){and the assumption 7 € L2(I; W24(Q; RY)) we get DH(AY) € L2(I; L7 (;R%)) and
thus ¢34 € L2(I; X;) by the bounds from Proposition Fixing z € X, N H3(Q;R?) and using z as a test
function in (3.6), we derive that

— 5/ VAd(t) : VAzdx = (g3™4(t), 2), (3.54)
Q

i.e., g>4 represents the regularization of third order. Due to , for every t € I we can apply Lemma
for u == 9,9(t). With (A.2)-(A-3) this shows 8,9 € L*(I; W4’p I (Q R?)) as well as - As yoe € Vig" the
above statements together with ( - directly lead to § € H'(I; LWhs ( Rd)). By Sobolev embedding we
get that ¥ € L2(I; W27 (; R?)), where r = (;47)™. Since ¢ > p and thus ;17 > 8 we get r = oo for d =2
and for d = 3 we have r = (3;47)(3 — 217%1)_1 > ;fql = ¢(1 4 n). This concludes the proof of (3.51)).

Step 2 (Proof of the statement): From now on we can suppose that § € H'(I; H*(Q;R%)). Due to this
improved regularity of 4, we have for each ¢t € I and any z € C2°(Q;R?) that

/ DH(AF(t)) - Az dz = — / V(DH(AF(L)) : V= da. (3.55)
Q Q

Recalling (2.4)-(2.5), an elementary computation for a general v € H*(Q; R?) yields that pointwise a.e. in 2 it
holds that

2VA if p|Av|P~2 < 2

V(DH(Av)) = {V v if plAvP=2 < 2,

3.56
(p — 2)|Av|P~*Av @ ((VAD)TAv) + p|Av[P=2VAv  else. (3.56)
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Taking the Frobenius norm on both sides of (3.56]) we see a.e. in  that

2|V Av| if p|Av|[P=2 < 2,
p(p — 1)|Av|P72|VAv| else.

By Sobolev embedding we have that H?(2;R?) c L*®(Q;RY) for d = 2,3. Hence, Ay € L>®(I x Q;R?).
In particular, this shows V(DH(AY)) € L?(I x Q;R?*?) and therefore, recalling the definition in and
(3:55), we derive ¢>d € L2(I; H~*(Q;RY)) by arbitrariness of 2, where we have used that C2°(Q;R?) is dense
in H}(Q;R?). (Now, (-,-) stands for the dual pairing between H}(Q;R?) and H~1(Q;R?).) By Lemma
(3-52), and the bounds from Proposition we derive that 9,9 € L?(I; H?(Q;R?)) and that 0,7 satisfies

IV(DH(Av))| < { (3.57)

10:0| 2 (1,15 () < Cen (3.58)
for a constant C; ;, depending on ¢ and h. Moreover, we have the boundary condition
A28tg}(t) =0 H¥ 1 ae. on OO fort e 1. (3.59)

To conclude the proof, it remains to show Ad;j(t) = 0 H t-a.e. on 9N for t € I. Defining for 2 € H =
H3(Q;RY) N HE(Q;RY)

(g?d(t), 2) == 75/ VAGg(t) : VAzdx f/ (5‘FW(V§(t),Q(t)) + GFR(Vg(t),ﬁthj(t),Q(t))) :Vzda
Q Q

_ p . .
+ /Q f()-zdx — n /Q(f)‘ty(t) — 0yt —h)) - zdx,

we can rewrite (3.53)—(3.54)) as
/ DH(AG(H)) - Az da = (g2(¢), 2) (3.60)
Q

for t € I, i.e., g> represents the term with second derivative. Using the improved regularity of 9y and the
boundary conditions (3.52) and (3.59), the first integral in the definition of g?*(¢) can be written as

/ VAg(t) : VAzdx = 7/ A%0(t) - Azdx + D, AD(t) - AzdHI!
Q Q oN

= / VA29,5(t) : Vzda — / A20,4(t) - 8,2 dHI! = / VA29,9(t) : Vzdx
Q oN Q

for each z € H. As 0,y € L*(I; H°(Q;R?)), this shows ¢?"d(t) € H1(Q;R?) for each t € I. Now, it is
standard to find v(t) € Hg (% R?) such that (¢2(t),2) = [, v(t) - Azdw for all z € H*(Q;RY) N H (4 RY),
see (A.16)—(A18) below for details. Given an arbitary ¢ € L*(Q;R?) and choosing z € H*(Q; R?) N H} (Q; R?)
with Az = ¢, this along with shows

/Q (DH(AY(t)) — v(t)) - pdz = 0.
This yields DH(Ay(t)) = v(t) a.e. in Q and thus it holds that DH (Ag(t)) = 0 H% !-a.e. on 9N for ¢t € I. Since

DH(v) = max{2,plvP?}v =0 < v=0€R?
and yo. € V;y°, this concludes the proof of ([3.42). O

Proof of Lemma[3.14 For notational convenience, we define the weighted Bochner space
|- ez (rszaey) = IVT =t - [[L2(r;20(2),

and employ a similar notation for Sobolev spaces. We first note that it is not restrictive to establish the
bounds f only for the weighted space. Indeed, by extending 6, and f suitably on the time interval
[T, T + n] for some nn > 0 small, we can establish time-discrete solutions on the time interval [—h,T + 7], see
Proposition Then, a control on || - [|12(jo,744];Le()) Will directly imply a control on || - [|z2(7;e(q)) for a

T+n

constant additionally depending on 7. To simplify notation, we use the interval I = [0, T] instead of [0,T + 7]
in the sequel. As in the proof of Proposition we omit the index .

Step 1 (Proof of (B.44) and (3.45)): As 0,y € L*(I; H*(;RY)) with 9,A9,5(t) = 0 H?'-a.e. on 99 for
t € I by Proposition by an integration by part we can rewrite the e-dependent term in as

/ eVAOy : VAzdx = —/ eA%0,3 : Azdx +/
Q Q

€0, A0 : AzdHI ! = —/ A0, : Azdx (3.61)
a0

Q
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for each t € ((k — 1)7,k7) and 2z € H3(Q;R?Y) N HE(;RY). Thus, by approximation we can test with
functions in H2(Q RY) N HY(QRY). As A € L2(1; H*(;R?)) with Ag(t) = 0 He l-ae. on 9Q for t € I
by Proposition and the fact that yo . E y”eg (see (2.20)), we discover that z(t,x) = (T — t)Aj(t, x) for
te((k=1)r, kT) is a valid test function in . After summation and rearranging terms, and employing (3.61))
this yields

s// A20,5 - A*H(T —t) dxdtf//DH(Ay)oAzg(Tft)dxdt
I1JQ I1JQ
= / / (0rW (V7. 0) + 0pR(Vy, 0;V§,0)) : VAH(T —t)dzdt (3.62)
I1JQ

—/I/Q?Agj(t)( —t)dxdt + = // Aii(t) — Oefi(t — h)) - Aj(t)(T — t) da dt.

(The advantage of multiplying with (7" — ¢) will become apparent in (3.68) below.) Using (3.42)) and yo. € V;3®
we integrate by parts in the second term on the left-hand side above, Which leads to

// DH(AY) - A?)(T — t) dzdt
// V(DH(AY)) : VAY(T —t)dxdt—/ DH(AY) - 0,A9(T —t)dH* 1 dt
o0
> [ [ 9(DH@) : VAYT - t)dedt - OV DHAT) 1210y [VAR 12010,
Q
where in the last step we exploited the definition in (3.36)). In view of (3.56)), we get that
/ / V(DH(AY)) : VAY(T — t) da dt
I1JQ
= [ [ maxtzplagp AT~ dede+ [ [ 1pisgpasayplo - 21(VADT AFFIAGP T~ ) da dt
I I

2//max{2,p|Ay|p_2}|VAy|2(T—t)dxdt.

By Yo,e € yreg and " we find HAyHLoc([;Loo(Q)) < O&-’h and ||yHL2(I;H3(Q)) < C&,h- Then, again using

(3.56)—(3.57) and (3.37b)) we eventually find
/ DH(AG) - A%(T — ) dzdt > // max{2, plAGP2} VAP (T — t) de dt — 7Cop. (3.63)
1o
By the chain rule we write

1
/ A20,5 - A2(T — 1) d dt = /d( A% (T — 1) da) dt+7/ A2 dz dt
1Ja dt 2JrJa

. T
-5/ yftarar P10y (3.61)

By the definition of Yig and § € L>(I},;Mia), it follows that 9;9(t) = 0 H% l-a.e. in 99 for t € I. Hence,
integrating by parts leads to

// (Org(t) — Oy(t — h)) - AG(t)(T — t)de dt = // (OVY(t) — VYt — h)) : Vt)(T — t) dz dt.

Now, using the substitution ¢ — t — h we derive

h
// gt —h)) - Ay“(t)(T—t)dxdt:H—i—p/ Vo :][ Vg(t)(T —t)dtdz (3.65)
Q 0
T
- p][Tih /Q O VY(t) : Vit)(T — t) dz dt,
where
H:p/OTh(Tt)/Qé)thj(t):v (”h})l VI 4t - /T h/atw (£): V§(t + h) da dt.
)

Using that w — ftHh 9;V§(s) ds and applying Holder’s inequality, we can check that

1| < C||3tvﬂ||%2(zxm + Cll0: VYl L2 rxa) Vil L2 (1xa) < C||VZ‘7H§11(I;L2(Q))-
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Combining (3.62)—(3.65]) then leads to
//max{2 PIATP2Y[VAGRA(T — t) dedt + & // 82312 At — A%,

S/I/Q(8FW(V?’Q)+3FR(VQ,6tVz},Q)) :VAg;(T—t)dxdt_/I/Qf.AQ(T_t)dgcdt

(Q)

h (3.66)
+ Tcgﬁ + C’||V3)||§{1(I;L2(Q)) + p/&:2 Vy{J,E I]{)‘ Vy(t)(T - t) dtdz

- p][T . /Q B:V(t) : Vij(t)(T — t) dz dt.

In view of the bounds ([3.37a)—(3.37¢]), we have that
sup ||8FW(Vy, ) + Op R(vya 3tVy7 )||L2(I><Q) < +00,
h>0,e€(0,1)

sup ¥l e r;w2e)) + 0l 5 (15 (0)) < 00, (3.67)
h>0,e€(0,1)

where we use [[W.1)] [(C.4)} and [[D.1)] Moreover, we choose 75 small enough such that 7oC: 5 < 1. Hence, by
Holder’s inequality, the weighted Young’s inequality, and by the boundary condition Ag(¢) = 0 for a.e. ¢ € [0,T]

and H% 1-a.e. in 99 (see (2.20) and Proposition [3.11)), we infer from (3.66]) that
N _ _ =2 _
VEIA?G]| 21wy HIAYl 2.1 @) AT VAY) |22, (1222 < C(A+HVEYoell ) +1vo- () (3.68)

for some constant C' > 0 independent of ¢ € (0,1) and h > 0, where the notation L2 (I; H'(£2)) has been
introduced at the beginning of the proof. Here, the factor (T — ¢) guarantees that the last term on the right-

hand side of (3.67) can be controlled uniformly in h. This shows ([3.44)) and ( -
Step 2 (Proof of -) We proceed with - In view of (3.57)), it holds that

V(DH(AT)| < C(1+1a7) T |(1+ A7) vag|

a.e. in Q. By using Holder’s inequality for Z- + 5 = = 1 we estimate

2(p 1

AN

(p—2)p p=2 / I3
IVDHI)E: 00 < € [ ( [ v 10 57 (VT (14 ) v da:) at
<Cl1+ ‘Ay‘HLw(I Lp(Q))”(l + \Ay\) VA?J“Lz (I;L2()) (3.69)

Note that |A7| is uniformly bounded in L>(I; L?(Q;R?)) by (3.37al). Hence, (3.46) follows from (3.68).
Step 3 (Proof of (3.47)): Finally, we prove (3.47)). In view of Corollary we may test the mechanical

equation (3.6) with z = (T —t)0;Ag(t) for t € ((k—1)7, k7). After summation and rearranging terms this yields

. / OVAG: VAT — 1) du dt — / DH(AG) - 9,A2(T — 1) dz dt
I1JQ I1JQ

// (0 W (V5.0) + 05 R(Vy, 8,V§,0)) : SV AH(T — 1) de dt

//f OAY(T —t)dzdt + = // G(t — h)) - O AG(t) (T —t) da dt.

Integrating by parts the left-hand side and the last term on the right-hand side above, by the boundary condi-
tions 9, A0y = 0 and 9,y = 0 on 9N for t € I, we get that

e// \8tA2g|2(T—t)dxdt+//V(DH(A@)):@tVAg)(T—t)dmdt

/ (06W (5, 0) + 0 R(Vy, 01V§,0)) : (Y AY(T — 1) dw dt (3.70)
Q

// f-0AY(T —t)dz dt — f/ / WVy(t) — Vit — h)) : V()T —t) dx dt.



THERMO-ELASTODYNAMICS OF NONLINEARLY VISCOUS SOLIDS 24

We denote the last term on the right-hand side of (3.70) (without negative sign) by IIr. An expansion yields

Iy = o / 0.V a(t)172 ) — 10Vt = R) 720y + 10:V(E) — BV G(t — B) |20 ) (T — t) dit
T—h T .
_ g/ / 10,V (1)[? da dt + g][ / 0, V§()[A(T — t) dz dt — gHVy(’),EH%2(Q)f (T — t)dt
0 Q T—hJQ 0

ﬁh/I/Q 0,V (t) — 8, Vii(t — h)[X(T — t) dadt. (3.71)
Combining and and applying Hélder inequality, we deduce that
5||atA2§/H2L2T(1;L2(Q)) < IVDHAY) 2, (1,0 ) 190 VAG 2. (1,10 (02))
+VT|[(0pW (VT 0) + 0p R(Vy, 00VG, ) r21x0)10: VA 2 (122

pT
+ \/T”f”L?(IXQ)“atAy”Lz (rr2@) t o Hyo el -
Then, by (3.67)—(3.69), Holder’s inequality, and Poincaré’s inequality along with Adyj = 0 on I x 9 we derive
5||3tA233H%2T(1;L2(Q)) < O+ Vellyoellarso) + 9o, @) 10V AG 12 (1510 (2)) + Cllvo.c 7 - (3.72)

By the Gagliardo-Nirenberg interpolation inequality with 6 = %d (0 € (0,1) as p € (3,6) for d = 3), see
e.g. [39, Theorem 1.24]) for r =p, 5 =0, k=1, and p = ¢ = 2, we get

10:VAG| L2 (1,20 () < [10:VAG || L2 (1,22 (0)) + ||8tVAZUHL2 (1:L2(92)) ||8tV2AQ||0L2T(I;L2(Q))-

By elliptic regularity for the operator A and the fact that Ad;§ = 0 on I x 99 we get ||8tV2AQ||LzT(I;L2(Q)) <
C||8tA2Q||L2T(1;L2(Q)). Then, using the weighted Young’s inequality for A > 0 and exponent 2 we get
201-6)

10:VAG| L2, (1,20 ()) < 10V AG|| L2 (1,22(0)) + C(EA) >~ 9||8tVAy||L ? £2()) JrCﬁ)\||5'tA2?3||L2 (I;L2(Q)
The bound /2|09 12(r.#3(0)) < C given by (3.37b) and the fact that 715 = o € (1,1) (see (3.43)) yield
10:VAG || L2, (1,20 () < Ce™2 + Cae™™9e7 50 + CE}\||atA2Q||L2T(1;L2(Q)) < Oxe™ + CeM O A )72 (1.12())-
Multiplying inequality (3.72)) by €2 and choosing A sufficiently small we get

€1+g||atA2g”%§,(I;L2(Q)) < O @) +C€9||y67€||%1(9)

for some constant C' > 0 independent of ¢ € (0,1) and of h > 0. This concludes the proof of (3.47) by using
(3.42) and an elliptic regularity estimate. |

3.4. Proof of Theorem In this subsection, we separately discuss the limiting passage 7 — 0 for the
mechanical and the heat-transfer equation, leading to (3.1a) and (3.1b]), respectively.

Lemma 3.14 (Convergenge of the mechanical equation). Let (yn,0p) be as in Proposition . Then, for any
test function z € C*(I x Q;R?) satisfying z = 0 on I x 92 we have that (3.1a]) holds.

Proof. By ({3.38a) we have that 0,7, — yj, weakly in L?(I;,; H3(Q;R?)) and by (3.38b)) it holds that 9. (¢), 7. (t),
y_(t) — yn strongly in W2P(Q;R?) for ae. t € I. Moreover, (§.)r, (yT)T, and ( )T are bounded in

L (I; W2P(;R?)) independently of 7 and h. Hence, we deduce (3.1a)) by testing with z, summing
over k, and passing to the limit as 7 — 0 using the generalized dominated convergence theorem. Here, we
crucially use that 0, R is linear in the second entry, cf. O

Before we concern ourselves with the limiting passage in the heat-transfer equation, we establish a mechanical
energy balance for (y, 0,).

Lemma 3.15 (Mechanical energy balance). Let (yp,,0r) be as in Proposition with y,(0,-) = Yo, satisfying
(3.1a). Then, for any t € I we have the mechanical energy balance

t t
M)+ 5 1oyt + [ 2Reton st @5+ [ 100n(s) = (s~ W oy s
t—

= M(yo,e) + g”y(/),sHiz(Q) —/0 /QapWCpl(Vyh,Gh) : O Vyp, da ds +/0 /Qf -Ogyp dads.  (3.73)
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Proof. By the regularity y, € H'(I; H3(£;R%)), using the chain rule for A-convex functionals (see [35, Proposi-
tion 3.6] and Lemma3.8)), we first observe that the mechanical energy defined in (2.6)) satisfies that t — M (yx(t))
lies in W11(I) and that

d
a/\/l(yh) = / DH(Ayp,) : 0:Ayy, dx +/ 8FW61(Vyh) -OVypdx for a.e. t € I. (3.74)
Q Q
We test the equation with 2 := Oyynl[o, and obtain by
t t
/ / (GFWQI(Vyh) + O WP (Vyp,, Hh)) : 0y Vyp dx ds —|—/ / DH(Ayp) - 0:Ayp, dxds
0 JQ 0 JQ
t t
- / / [ Owyndrds + B/ / (Ouyn(s) — Ouyn(s — h)) - Qyyn(s) dxds
0 Ja hJo Ja
t t
= —/ / 2R(Vyn, 0:Vyp,0r) dzds — E/ 10,V Ayy|? dz ds.
0 Ja 0 Ja
Applying the chain rule (3.74) we find
t t
M(yn(t)) — M(yo,c) -l-/ / Or WP (Vyp, 01) : 0;Vyp, drds — / / /- Owypdrds (3.75)
0o Ja 0 Ja

t t
—— [ | (2R 05un.00) + <lorv s ) dods = 2 [ [ (@uns) ~ Buan(s ~ 1) - O (s) s,
0 JQ 0 JQ

Denoting the last term on the right-hand side by II (without negative sign), and expanding it as in (3.71)), we
derive

t

P
= % 0 (Hatyh(S)H%Z(Q) — Hatyh(s - h)||%2(9) + Hatyh(s) — atyh(s — h)”%’z(g)) ds
t 0 t
=5 o) ds = 5F 10y ds+ 25 [ 100n(s) = uans = s oy d.

Plugging this into (3.75)) and using (2.12) as well as 9;yn(s) = yp . for s € (—h,0), the proof of the mechanical
energy balance is concluded. O

Lemma 3.16 (Convergence of the heat-transfer equation). Let (yn,0p) be as in Proposition|3.10, Then, for
any test function ¢ € C(I x Q) equation (3.1b)) is satisfied.

Proof. The essential point is to show strong convergence of the strain rates, namely
Vi, — Vo and VA g, — VASyy), strongly in L*(I; L*(Q; R*9)). (3.76)

Once this is achieved, using the convergences in (3.38a])—(3.38d]), we can almost verbatim follow the proof of [2,
Proposition 4.6], recalling that the scheme for the heat-transfer equation differs from the one in [2] only by the
regularizing term ¢|0; VA, |2 A 771, see (3.9) and [2, Equation (3.11)]. The only difference is that for the term

/ Oy dx
Q

in we do not perform an integration by parts in time, but directly pass to the limit using that Oy, — Jywy,
in L?(I; (HY(Q))*) by Corollary This gives (3.1D)).

The argument for showing (3.76) is along the lines of [2, Lemma 4.5] or [35, Proposition 5.1], and relies on
passing to the limit in the mechanical energy balance. We briefly sketch the argument. In view of the notation
in , we can write the discrete mechanical energy estimate in Lemma as

T T T
MEAT) + 51 10Ol s dt+ [ 2Ry 00 ) dt+ L [ 10070(0) = 00t = W)y
_ 0 0

T T
< M)+ Sle ey = [ [ 0,0 000 dw b+ [ (Fo0.0000(0) at+ CrrrViyr
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Employing (3.38a))—(3.38d)), standard lower semicontinuity arguments (see [2] Equation (4.15)] and also [23]
Theorem 7.5] for a general result) imply,

lim inf M(y(T)) = M(yn(T)), (3.77a)
hmmf/ /5 Vy , OV, 0.) dxdt>/ /nyh,BtVyh,Oh)dxdt (3.77b)
1iminf/ /5|6tVA@T|2dxdt2/ /a|8tVAyh|2dxdt, (3.77¢)

™0 Jo Ja o Ja

p [T 2 p
lim inf 5 . [10:g- () 720y dt = 5][ 10y (8) 11722y 4t (3.77d)
T

lnnlnf% 100 () — 0t~ W e > £ / 10um (5) — By (t — B2 e . (3.77¢)

Since fo (), 0:9-(t))2 dt — fOT Jo f - Oyndxdt, as well as fo Jo 8FWCp1(yT,QT) : 0;Vi, dx dt converges

to fo Jo OrW P (Vyy,0,) : 8;Vy, dzdt by (3.38a)-(3.38d), and 7Vr/, — 0 as 7 — 0 by (3.37D), using the
mechanical energy balance (3.73), we find that all estimates (3.77a)-(3.77¢) are actually equalities, see [2
Equation (4.15)] for details on this argument. In particular, the convergence in implies the first part
of , by repeating the arguments in [2, Equation (4.16)ff.]. Eventually, the convergence in provides
the second part of . |

Proof of Theorem[3.1] The statement follows by collecting the regularity for yp, 6, and wy, given in Proposi-
tion [3.10] and Corollary [3.13] and the identification of the limiting equations in Lemmas [3.14] and [3.16] O

4. VANISHING TIME-DELAY

We recall that for each T, h, e > 0, Theorem 3 - 3.1| guarantees the existence of (yh,ﬂh) such that y, €
Le(I; Vi58) N HY (I H3 (S Rd)) 0y, € L2(I H!(Q)), and such that equations ( —(3.1b) hold. We also
recall that yn(t) = yo. + typ. for t € [—h,O]. The goal of this section is to pass to the limit ~ — 0 in
7. We start by a compactness result.

Lemma 4.1 (Compactness). There exist y. € L°°(I;Vi3®) N HY(I; H3(S;RY)) with y.(0) = yo., and 0. €
L*(I; HL(Q)), as well as w. == W™(Vy,,0.) € L*(I; H(Q)) N H'(I; (H'(Q))*) with w-(0) = wo, such that,
up to selecting a subsequence (not relabeled), it holds that

yn — ye weakly in H*(I; H?(; R?)), (4.1a)
yn — ye strongly in C(I; W (Q;R?))  and strongly in C(I; W*P(Q;RY)), (4.1b)
Op, —» 0. and wp — w strongly in L°(I x Q) for any s € [1, %2), (4.1c)
O — 0. and wy, — w. weakly in L*(I; H'()), (4.1d)
wy, — w. weakly in H*(I; (H(Q))*). (4.1e)

Proof. As the a priori bounds derived in Proposition and Corollary are independent of h, we see
by the lower semicontinuity of norms that the same bounds hold true for (yp,0) in place of (y,,6;). Then,

(4.1a)—(4.1c) can be obtained exactly as in the proof of Proposition and (4.1d) —(4.1€) follow from the
bounds in Corollary by weak compactness and the Aubin-Lions’ lemma, see also [35 Proposition 5.1]. O

We collect a priori bounds for the limits (y., 6.) which directly follow from Proposition [3.10] Lemma

Lemma and lower semicontinuity: for each ¢ € [1, %2) and r € [1, ZX2) we can find constants C, C,, and

A1
C, independent of € such that
el oo (w20 () + 1 det(Vye) ™| o (1x) < C, (4.2a)
e ll 21 (1x) + Vel Oryell L2113 ) < C, (4.2b)
[10c || Loe (1,21 (@) + lwell oo (1:01(0)) < C (4.2¢)
10c]|La(rxa) + lwellLaxa) < Cqs (4.2d)
VO Lr(1x0) + [[VwellLr(1x0) < Cr. (4.2e)
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Furthermore, there exist o € (%, 1) and C > 0 independently of ¢ with

| Ayell 22 () + |||Aya|p772v(Aya)”L2(I><Q) < 0(1 + \ﬁ“yo,sﬂm(ﬂ) + ||y6,5”H1(Q))a (4.3a)
IVDH (Aye)ll 21,10 )y < 0(1 + \f\lyo E||H4(Q + ||y65||H1(Q ) (4.3b)
120 yell (1.2 (s < Ce™ 2 ( @) (4.3¢)

Moreover, we have
Ay (t) = 0,Ay-(t) =0 on 0N for ae. t €1, (4.4a)
Adyy.(t) = 0, A0y (t) =0 on 0N for a.e. t € I. (4.4b)

In particular, (4.4b)) follows from the boundary conditions deduced in Proposition the estimates obtained
in Lemma @a@yh)h, and a compactness argument, while is a consequence of and the fact
that yo. € Vg, see (2.20).
The rest of the section is devoted to the proof of Theorems and In particular, we show that (y.,0.) is
a solution to the regularized system f. As the second bound in transfers uniformly to O;yn,
there exists y’T’E € L?(Q;RY) such that, as h — 0,
T
Oryn(s)ds — yp . weakly in L*(Q; RY). (4.5)
T—h

Proposition 4.2 (Auxiliary mechanical equation). Let (y.,6:) be as in Lemmal[{.1l Then, (y.,0.) satisfies

://3FW(VyE,95):VzdxdtJr//DH(Ays)'Azd:cdtJre//atVAys:VAzdxdt
I1JQ I1JQ I1JQ

f//f~zd:cdt+//8FR(Vy5,8tVy€,6‘s):Vzdxdtfp//atys~8tzdxdt (4.6)
/o /o 1/a

o /Q (e - 2(T) — 4. - 2(0)) d,

for every z € C(I x Q;R?) with z =0 on I x ON.

Proof. Notice that by a change of variables we can rewrite (3.1al) for every z € C°(I x Q;R?) with z = 0 on
I x 09 as

DH(Ayh) Az A+ 3FW(Vyh, eh) + 0 R(Vyh, VY, Qh) : Vzdadt
F

T—h B
+s//fWAyh VAzdedt — / /atyh Md &

—P/yos ][ dtdx+p][ /8tyh t)daedt = //f zdx dt.
T—h

By the smoothness of z and ( it directly follows that

/yOE ][ dtdx—>/y0€- (0)d ][ /atyh dxdt—>/yT6- z(T)dx as h — 0.
T—h

Moreover, the convergence in (4.1a]) and the smoothness of z show by weak-strong convergence

T—h
z(t+h
/ /8yh +})l ()d dt%/ /8ty€ Orzdx dt as h — 0.
By (4.1b)), assumption [(H.3)| and the generalized dominated convergence theorem, we derive that

//DH(Ayh)Azda:dtﬁ//DH(Ay5)~Azdxdt as h — 0.
1Jo 1Jo

Finally, by (4.1a)—(4.1c) the convergence of all remaining terms follows, leading to the desired equation (4.6). O

Proposition 4.3 (Mechanical equation). Let (ye,0.) be as in Lemma [{.1 Then, (y.,0.) satisfies (2.21)).
Moreover, it holds that 0%y. € L*(I; (H?(;RY) N HE(Q;RY))*) with Haftys||Lz(1;(H3(Q)mHé(Q))*) < C for a
constant C > 0 independent of e. In particular, dyye € C(I; L*(;RY)) with 9yy.(0) = y5 . and dyye(T) = v/,
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Proof. In view of 7, all time integrals in except for pr fQ Oy - Oz dax dt lie in L2(I; (H3(Q) N
H{(€2))*), where for the nonlinear term [, [, DH(Ay) - Azdz dt we particularly use |(H.3)| (4.2a), and the
fact that Az € L?(I; LP(Q)) for each 2z € L2(I; H*(Q) N HZ () (p € (3,6) for d = 3). More precisely, the
corresponding operator norms are uniformly bounded independently of e. Then, by definition of weak derivatives
we get that 02y. € L2(I; (H3(;RY) N HY(Q;R?))*) exists and is bounded independently of e. Moreover, an
integration by parts in time shows for z € C(I x Q;R?) with z = 0 on I x 99 and z(0) = 2(T) = 0.
Then, by a density argument we observe that the assumption z(0) = z(7') = 0 can be dropped. Eventually,
Ay € C(I; L*(R?)) follows from [39, Lemma 7.3], and 0,y-(0) = yj. as well as 9y (T) = yr . follow by

integration by parts in time of (2.21)) for general z € C*°(I x Q;R?) and a comparison with (4.6)). |

We proceed with a mechanical energy balance which is the analog to the one in (3.73). We note that the
balance can be formulated for each t € I since y. € C(I; W2P(Q;R?)) and dyy. € C(I; L*(Q;RY)).

Lemma 4.4 (Mechanical energy balance). Let (y,0:) be as in Lemma satisfying (2.21)). Then, for any

t € I we have the mechanical energy balance (2.23)).

Proof. Since 92y, lies in L2(I; (H?(Q;R?Y) N H(2;R9))*), see Proposition by an approximation argument
we can test (2.21)) with 2 = 0yy- 1[4 and obtain

t t
/ / (8FW91(Vy5)+8FWCPI(Vy5,05)) - 8, Vy. dadt + / / DH(Ay.) : 8, Ay, da ds
0 JQ 0 JQ

t

t t
= - / ZRE(ysa Otye, 95) ds — P/ <at2ty67 atya> ds + / / f -0y dzds. (4'7)
0 0 0 Q

Using the chain rule we find

! 2 p [ d 2 P 2 P2
p [ Gheowas =5 [ [ Lol deds = S100n 0 — §lshe o

Combining this with the chain rule in (3.74)) (for y. in place of y;) and plugging into , the proof is concluded,
using again (2.11)-12). 0

Proposition 4.5 (Heat-transfer equation). Let (y.,0.) be as in Lemmal[{.d} Then, (y.,0:) satisfies ([2.22).

Proof. As in the proof of Lemma the essential point is to show strong convergence of the strain rates,
namely

Voiyn — VO and VAOy, — VAOy. strongly in LQ(I; LQ(Q;RdXd)), (4.8)

as then one can pass to the limit in each term by using the convergences in (4.1a)—(4.1€). Rearranging the
terms in (3.73)), dropping one nonnegative term, and passing to the liminf as h — 0, by the convergences in
Lemma [£.1] we get

T
liminf(M(yh(T))—i-B][ 19ryn ()12 ds + / 2R (yn, Ouyn, O1) dt
h—0 2 T—h I
< M(yo,e) + gHy()’EH%z(Q) + lim // [ Owyp dz dt — lim // OrW P (Vyn, 01,) : 0:Vyy dx dt
h—0 I1JQ h—0 I1JQ

= M(yo,e) + g|‘y6’€||%2(ﬂ) + // f 0w dxdt — // OrWP (Vy.,0.) : 0, Vy. dz dt. (4.9)
1Ja 1Ja
By the convergences in Lemma and standard lower semicontinuity arguments we get
lim inf M(yn(T)) = M(y-(T)),

lim inf / 2R6 (y}n atl/hy ah) dt Z / 2R6(y57 8ty67 95) dt7
h—0 I I

T
c oo P P
h}?_:glf 5][T7h ||3tyh(5)||%2(9) ds > §H5’tye(T)||2L2(Q)- (4.10)

For the first two estimates we also refer to [2, Equation (4.15)] and the last one follows from and Propo-
sition Combining f with the mechanical energy balance in Lemma we conclude that all
inequalities in are actually equalities. Then, follows exactly as in the final argument of the proof of
Lemma, O
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Proofs of Theorems and[2.3 The weak formulation, the regularity properties of (y.,0.,w.), and the initial
conditions for y., dyy., w. follow from Lemma[L.1] Proposition [£.3] and Proposition [£.5] The mechanical energy
balance is given in Lemma [£.4]

Concerning , we observe that by density we can test with functions ¢ € WH1(I) which are
independent of the space variable 2 and satisfy ¢(T') = 0. For ¢t € (0,T) fixed, we define the test function ¢
with o =1on (0,t—6), p=0on (t+6,T), and ¢’ = —% on (t —6,t+9). Then, by an integration by parts in
time for the term fI (Orwe, @) dt, in the limit § — 0, yields

t
0= / ~(€(Ve 0 T0e,02) + 0 WP (Ve 600) 2 Ty + |0V Ay ?)
0

t 1 t+5
- IQ/ / (0, — 0.) dH dt + lim — / we dx dt — / wo e dx.
0 Jog 6020 Ji_5 Jo Q

As we € C(I;L*(2)) by Lemma [4.1{ and [39, Lemma 7.3], we find lims_,0 55 f:j; Jowedzds = [ w.(t,z)dz,
which concludes the proof of (2.24]). Eventually, (2.25) follows by summation of (2.23]) and (2.24)). O

5. VANISHING REGULARIZATION: PROOF OF THEOREM [2.5]

This section is devoted to the analysis of the limit of the regularized thermo-elastodynamic system (2.21f)—

(2.22) as ¢ — 0. This will show existence of solutions to the system (2.26)—(2.27), i.e., Theorem First,
5.20)

given initial data yo € Via and yj € H¢(Q;RY), we consider suitable regularizations yo . € Viy® (see ) and
Yo € H3(;R?) such that

Yo,e — Yo in WQ"p(Q;Rd) and yé)’a — yp in Hl(Q;Rd), (5.1)
lim sup {L/g“y075||H4(Q) < +00. (5.2)
e—0

This can be achieved by considering regularizations (¢.). C C°(;RY) with . — Ayy € LP(;RY), and
choosing yp . € C>(Q;R?) N Viq as the solution to Aype = ¢.. Then, 0,Ayp = Ayp = 0 on 02 holds by
construction and f can be achieved by the elliptic regularity estimate ||yo.c — yollw2.»() < C||A(yo,e —
Y0)|lr (), see [30, Lemma 9.17].

For every € > 0, in Theorem [2.2| we have shown the existence of a solution (ye, 6.) to the regularized thermo-
elastodynamic system (]%é . In the following lemma, we summarize the compactness properties of such
sequences.

Lemma 5.1. Let (y.,0:) be a sequence of solutions to (2.21)~(2.22) with initial data (yo.c, o> 00) given by
Theorem . Then, there exists (y,0) € (L°(I; Via) N H'(I; H'(Q;RY))) x LY(I; W' () such that, up to a
subsequence, it holds for any q € (1,2*) that

Yo =y weakly* in L>°(I; W?P(Q;RY)) and weakly in H*(I; H'(Q;R%)), (5.3a)
ye — y in L (LW (Q;RY) and in L*(I; W2P(Q;RY)), (5.3b)
Owye — Oy in L*(I; LY(Q; RY)), (5.3¢)
0.~ 0 and w.— w weakly in L"(I; W' (Q)) for any r € [1, g—ﬁ), (5.3d)
0 — 0 and w. —w in L*(I x Q) for any s € [1, 442). (5.3¢)

where w = W(Vy, 0).

Proof. The convergences in (5.3al) and (5.3d)—(5.3€)) as well as the first convergence in ([5.3b)) are obtained ar-
guing as in the proof of Proposition [3.10} relying on the estimates *4.26. As f, we apply the
Aubin-Lions’ lemma as follows: by we have that d;y. is bounded in L*(T; H'(€2; R?)) and Proposition [4.3]
yields that 02y, is bounded in L?(I; (H?(Q;RY) N H(2;RY))*). Hence, holds by the compact embedding
HY(Q;RY) cc LI(QR?) for ¢ < 2*. The identification w = W"(Vy, ) follows as in the proof of Proposi-
tion cf. also |2 Lemma 4.2]. Note that by and elliptic regularity we follow that y. is bounded in
L2(I; H3(£; RY)). Consequently, yet another application of the Aubin-Lions’ lemma using also the boundedness
of dy. in L*(I x Q;R?) shows the second convergence in (5.3b). O
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5.1. The mechanical equation. We recall that the mechanical equation (2.21)) is equivalent to the formulation

in (4.6).
Proposition 5.2. Let (y,0) be as in Lemmal[5.1l Then, (y,0) satisfies (2.26)).

Proof. We test (4.6) with z € C>°(I x Q;R?) with z = 0in I x Q and 2(T) = 0. Thanks to the convergences
in (5.3a)—(5.3¢) and to assumptions ((W.1)), ((H.1)) and ((H.3)), ((C.1)), ((D.1)]), and (5.1]), we have that

// OrW (Vye,0.) : Vzdx dt —>/ OFrW (Vy,0) : Vzdxdt, (5.4a)
1Jo 1Ja
/ DH(Ay.) - Azdx dt — // DH(Ay) - Azdxdt, (5.4b)
1Ja 1Ja
// 0pR(Vye, 0 Vye,0.) : Vzdadt — // 0p-R(Vy,0:Vy,0) : Vzdzdt, (5.4¢)
1Jo 1Ja
// O1ye - Opzdadt — // Oy - Opzdadt, (5.4d)
1Jo 1Ja
/ Yo.e - 2(0)dz — / Yo - 2(0) dz . (5.4e)
Q Q

In particular, in (5.4b) we have used (5-3b) and in (5.4d) we have exploited the linear structure of d;R with
respect to dyy.. Finally, estimate (4.2b)) implies that

5//8tVAy5:VAzdxdt—>0.
1Ja

Hence, the pair (y, ) satisfies (2.26)). O

5.2. The heat-transfer equation. We are left to consider the limit as € — 0 in the heat-transfer equa-
tion . To this purpose, we now derive a weaker form of the regularized heat equation which is suitable for
the limit procedure. This relies on integration by parts and on the chain rule for the mechanical energy. For
notational convenience, for 1) € C°°(Q) we define

2000 = [ (WIT9) + H(Ag) + W7 (5.0 (55)
Notice that for the limiting passage we will also crucially use the bounds in (4.3]).

Proposition 5.3. For every e > 0, every ¢ € C®(I x Q) of the form ¢ = ¢m for ¢ € C>®(Q) and n € C>(I)
with n(T) = 0 it holds

0= [ [ 0k ue090. 50— [ [ woo,—oanita= [ [ vns-ogara
_/,6”7 (5(%’96?%”)+/Q§|3tysl2wdx) dt —n(0) (5(1/0,5,90;1/1)4-/95\%,5 21 dz)

4 [ 006w (V0.0 + 0, R(Vy,V02.0.)) + 01y V) d
I1JQ

~ [ [ wpH@w) - aysv dvde -2 [ [ 4V DH@): @ TY) dods
I1JQ I1JQ

fs// n@tAzys-(28tVyEV1/J+div(8ty5®V1/J)) dx dt
I1JQ

+s//natVAy5:atvysmpdxdt—%//natVAyE;atvysv%dxdt. (5.6)
I1JQ I1JQ

Note that except for the e-dependent terms this formulation coincides with the one in (2.27)).

)

Proof. For ¢ > 0, we define z := mpdy. and, by ([4.2b), we note that z € L2(I; H3(;R%)) and z = 0 in
I x 9Q. Recall that 02y. € L?(I; (H3(;RY) N HE(Q;RY))*) by Proposition Testing the heat-transfer
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equation (2.22) and performing an integration by parts in time we may write

i [ [ wep09y0)avdire [ [ awowsgpasas [ [ goew (9.0 09y dwa
1JQ I1JQ 1JQ
— [ [ (15 (V0096.- 96 vwom) dedt [ [ o, — 0 an e~ [ wnvn)de. (57
I1JQ IJ0Q Q

Our goal is to rewrite the terms on the left hand side, i.e., II. To this end, we test the regularized mechanical
equation (2.21) with z = n0sy.: this yields

[ [ n(0ewe 0y + 0w vy 0)) - Vo dwdt + [ [ 00 R(Vy,0V0,00) : T (w0rp.) dodt
I1JQ I1JQ
—|—6//n@tVAyE:VA(@/}@tyE)dxdt—F//nDH(AyE)'A(l/)&gyE) dz dt
I1JQ I1JQ

- / / on f - Oy dadt — p / (822, By o) . (5.8)
I1JQ I

We expand the terms on the left-hand side of (5.8) by expanding V(¥d:y.), VA(¥0:y:), and A(¢dsy:). This
yields

/ / 0(0r W (V02) + 06 WP (V. 0.)) + V(wdhye) dadt = / / 0 O WP (Ve 0.) : OV, dedt + Jo + 1,
I1JQ
| [ 10 R(Vu.090..0.) V(w0 dedt = / / 0 0pR(Vye, 0y, 0.) - O, Vy. dwdt + I,
I1JQ
5//natVAyg:VA(watyE)dxdtze//171/}|8tVAy5|2dxdt+J3+J4,
I1JQ I1JQ

[ [ 0H @0 Awow) dodi = [ [ o DHG) - 98y dodtr g, (59)
I1JQ I1JQ

where for brevity we have written

Jo = /1 [ T OFW(Vy.) 1 0V, do

D= [ n(0W 00+ 00w (V. 0.) + Gue V) de

Joi= [ [ 00: (V00900 : G @ V) o,

J3 = E/I/QU&VAQ/E (Ot Aye @ V) da dt,

Jy = E/I/Qna,gVAys : V(0:Vy: V) da dt + s/l/ﬂnﬁtVAys : V(div(0ye @ V) da dt,

J5 = // nDH(Ay.) - OyAv dedt + 2// nDH(Ay.) - 0:Vy.Vp dzx dt. (5.10)
1Ja 1Jo

Recalling (2.11)), we see that the first three terms on the right-hand sides of (5.9 correspond to the terms in
(5.7) whose sum is denoted by II. This along with (| . yields

M ZJ -/ / onf-ouededt = [ [ gDH(Ay) - M@ dzdt=p [ (OO i)
I
Using the last equation in and the definition of Jy, we get

5
M43 = /I /Q - (f Oe — 0W(Vy.) : ,Vy. — DH(Ay.) - 9idy. ) dedt — p /I (029 Dy o) .
=1
(5.11)

Using the chain rule and n(7T') = 0, we rewrite the last term on the right-hand side as

p [ (Ot veimyae =5 [ [ Lo Poyvazar=8 [ [ sioPom s (512)
I 1JQ

=—*/¢n(0) e da:—f//w\atya By da dt.
2 Jo 2 JrJa
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By the chain rule for the mechanical energy, see (3.74]) (for y. in place of y;,), and integration by parts we have

el . . _ i el
[ [ (06w (90 09 + DE(Aw) - 080.) ot = [ [ (W) + H (A e

_ / 0(0) & (W (Vo) + H(Ayo.)) de — / / O (W (Vye) + H(Ay,)) dzdt. (5.13)
Q I1JQ

Next, we manipulate J3, Jy, J5. Recall that Ay, = 0 and O,y = 0 on 9N for a.e. t € I (see (4.4)) and DH(0) =0
by (2.4)—(2.5). We perform an integration by parts in J5 to get

J5://nDH(Ays).atysAw dxdt—?//nV(DH(Ays)) : (Opye ® V) dadt
I1JQ 1Ja
*2//nDH(Ay5)~aty5Aw dz dt
I1JQ

= —// nDH(Ay.) - Oy A dadt — 2// nV(DH(Ay.)) : (Qrye @ Vi) da dt. (5.14)
/o /o

By integrating by parts and recalling the boundary conditions Adyy. = 9, Adry. = 0 on 0N for a.e. t € I (see
(4.4])), we rewrite Jy as

Jy = —8// n 0 A%y, - (0:Vye V1 + div(0yy. ® Vb)) dz dt, (5.15)
1Ja

and, by elementary but tedious computations, J3 can be written as
éJg = /I/QnatVAys (01 Ay @ V) do dt = —/I/Qné'tAys (0 VAYVY) + 0, Ay Avp) da dt
= /1/9778NA% (0 VYV + 0, Vy-Av) dxdt+/1/ﬂnatAys (V2T + 0,Vy.VAY) de dt
—/I/Qnatﬁyg (0, Vy.V) da dt +/I/Qv78tVAy€ : O Vye Ay de dt

—2//n@tVAyezatVy5V2¢dxdt. (5.16)
I1JQ

Recalling the definition in (5.5 and combining (5.7]) with (5.10)—(5.16)) we obtain the statement. More precisely,
and ( - ) contribute to the second line in 1-) the third line corresponds to Jy + J2 (see (5.10)) and
the last three lines correspond to Js + J4 + J5 (see (5.14)— O

We are now in a position to pass to the limit as € — 0 in the modified heat-transfer equation (5.6)). This will
conclude the proof of Theorem

Proposition 5.4. Let (y,0) be given by Lemmal[5.1l Then, (y,0) satisfies (2.27).

Proof. In order to show , by a density argument it suffices to consider test functions of the form ¢ = ¢
for 1 € C°>°(Q) and n € C>°(I) with n(T) = 0. We test with ¢ and pass to the limit term by term.

Thanks to the convergences stated in Lemma the estimates ., and the assumptions [(W
(W.3)} [FLDOHE.3)} [[C.DHC5)L [[D.DH(D-2)] and 5.1)), we have that each of the terms in the first three hnes
converges to the respectlve term in the ﬁrst three lines of ([2.27) (with ¢ in place of ¢). Here, we
againg exploit that 0 R is linear in the second entry, cf. [(D.1)} Therefore, it suffices to show

lim (/I/QnDH(AyE)-atygAz/J dxdt+2/1/9nV(DH(Ayg)) : (Byye © V) dxdt)

e—0
= // n DH(Ay) - OpyAtp da dt + 2// nV(DH(Ay)) : (Ory @ Vi) dz dt, (5.17)
1Jo 1Jo
lin%e // N0 A%y, - (28tVy5Vz/J + div(Oy. ® V?/J)) dxdt =0, (5.18)
E—r 1JQ

e—0

lim (5 / / N0,V Ay, : 9,Vy. At dz dt — 2¢ / / n&tVAyazatVyEVdexdt) —0. (5.19)
I1JQ I1JQ
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We start with (5.17). Recalling that 0;y. converges strongly in L?(I; LP(£2;R?)) by (5.3c) (recall p < 6 for
d = 3), the key point is to show the strong (resp. weak) convergence of DH(Ay.) (resp. V(DH(Ay.))) in
L2(I; L7 (Q)). Since y. — y in L2(I; W22 (Q; RY)) (cf. (5.35)), we infer by that

nDH(Ay.) — nDH(Ay)  in L*(I; L (Q:; R%)). (5.20)
In view of (4.3b)), by weak compactness we also have that
IV(DH(Ay)) = iV(DH(Ay) i I3(T; LY (;RI<4)), (5.21)

Now, (520)-(5-21) along with (5:3d) show (5.17).

Eventually, by Holder’s inequality, we get that
‘ /I/QﬁatAzys : (23tVysV1/) + div(Opye ® Vz/;)) dx dt‘

< C||3tA2ysHL2(1xQ)(||77V1/J||Loo(9) + ||77V2¢||Loo(9))(||5tys||L2(1xQ) + || atVys||L2(1xﬂ)) s
’ /1 /Q NV Ay, 1 (20,Vy-V*¢ — 0, Vy-Av) dz dt

< C||0,VAYe | 21x0) 11V || Lo (@) 10 Ve | L2 (1x0) -
Thus, we infer from (4.2b)) and (4.3c)) (recall o < 1) that ((5.18)—(5.19) hold. This concludes the proof. O

Proof of Theorem [2.5 The weak formulation follows from Propositions and We deduce the regularity
y € L*(I; H3(Q;RY)) and (1 + |Ay\)pTJ|VAy|2 € L?(I x Q) by the bound (4.3a) and lower semicontinuity of
norms as € — 0, again applying an elliptic regularity estimate. (I
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APPENDIX A. A SPECIAL CASE OF ELLIPTIC REGULARITY

We formulate and prove the lemma used in Subsection [3.3]

Lemma A.1 (A special case of elliptic regularity). Consider the Banach space X = W24(Q;R%) N Ha (Q; RY)
for some q > 1. Moreover, let u € H3(;RY) N HY(Q;R?Y) and g € X* be such that for all z € C®(Q;RY) with
z =0 on 0 it holds that

/ VAu:VAz = (g,2), (A1)
Q
where (-,-) denotes the dual pairing between X and X*. Then, the following holds true:
(a) We have that u € W4 (Q; R?) with
[ullw.a @) < Cllgllx- + Clul (A.2)

for a constant C' > 0 only depending on Q, where p = fQ Audx. Moreover, the following boundary
condition holds true:
O, Au=0 H a.e. on ON. (A.3)
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(b) If we additionally have g € H=1(Q;RY), then u € H5(Q;RY) with

llull g5y < Cllglla—1() + Clul, (A.4)
satisfying the boundary condition
A%u=0 Ha.e. on OQ. (A.5)

Proof. Step 1 (W44 -regularity): Using (A.1)) and integrating by parts we see that for all z € C°°(€; R?) with
z = 0,Az =0 on 0N it holds that

= / VAu:VAzdz = —/ Au - A?zdz + Au-0,AzdH¥! = —/ Au - A%z da. (A.6)
Q Q 0 Q
By representation of the dual space we find G, G} Gij € L9 (Q;R?) such that
<g,z>:/G zderZG -0jzdx + ZG” (’9i2jzda: (A7)
j=1 i,j=1

. d d .
with |G|l 1o () +225-1 1Gillpar (@) 220 j=1 1Gijll o (o) < Cllgllx+. We approximate G, G;, and Gj; by sequences
G*, G?, Gf’j € 0 (;RY) converging to the respective functions in Lq/(Q; R?). We set

gk _Gk—ZaG’w ZaQGg,

1,7=1
and let vy € H}(Q;R?) be the weak solution to
—Avp =g, in Q,
{ vy =0 on 0f).
In particular, by integration by parts, for all z € C°°(€; RY) with z = 0 on 99 it holds that

/vk~Azdm:—/gk~zdx:—/<Gk z—i—ZGk 83—1—26’ (’sz) dz. (A.8)
Q Q

4,J=1
Moreover, let wy € Hg(;R?) be the weak solution to
Awy, = ‘Uklz%gvk in Q,
wg =0 on 0.
As Q has C°-boundary, by elliptic regularity we see that wy, € W24(€;R9) with

1/(q—1)

2-q
lwkllw=s(@) < Clllorl =T vrllLa@) = Cllorll o)

where the constant C' only depends on Q. With (A.8)), this shows

q _ .
||kaLq,(Q)—/ka-Awkdx——/ng.wkdx

< C(IGkl +Z||G’€HLQ ot 3 16 @) Ikllwz.ae)

7,7=1

1 1
< Cllgllx-lox “qm’ (A.9)

Consequently, there exists v € LY (€2; R%) such that, up to selecting a subsequence, v, — v weakly in LY (Q;RY).
Passing to the limit £ — oo in (A.8]) and (A.9), and recalling (A.7), we discover that v satisfies

/ v-Azdx = —(g, z), (A.10)
Q
0]l o (@) < Cligllx- (A.11)
for all z € C*°(;R?) with z = 0 on 99. Now, let w € H'(Q;R?) with f,wdz = 0 be the weak solution to
{ Aw=v—m inQ,

O,w =0 on 01}, (A.12)
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with m =, vdz, ie., [wds =0and — [, Vw : Vzdz = [,(v —m) - zdz for all z € H*(;RY). As Q has
C5-boundary and v € L7 (€; RY), by elliptic regularity (see for instance [34, Chapter 2, Section 5]) and (A.11)
we derive that w € W24 (Q; R%) (i.e., (A.12) holds in a pointwise sense) and

lwllw2a @) < Cllv—ml| o o) < Cllgllx- (A.13)
Consequently, for z with z = 9,Az = 0 on 99 we derive, due to d,w = 0 for H? l-a.e. point in 9Q, (A.10),

and (A.12)) that

/w-AZde:—/Vw:VAzdx—&—/ w - aAded ! /Aw Azdxr — 8,,111-Azd’;'-ld_1
Q o0 a0
/v Azdx—/m Azdr =—(g,z /m Azdz.
Q
Using (A.6) we get
/(Au—w)-Adex:O (A.14)
Q

for all z € C*(;RY) with 2 = 9,Az = 0 at H? !-a.e. point in 9 and fQ Azdx = 0. We now show that Au—w
constant a.e. in Q. To this end, let p € C°°(; R?) with fQ @dx = 0 be arbitrary. As Q has C°-boundary, by
elliptic regularity we can find Z € H?(Q;R?) such that fQ Zdx =0 and
—AZ=¢ inQ,
{ 0,z = on 0,
and, subsequently, we can find z € H*(£; R?) satisfying
—Az=2 in{,
{ z=0 on 0.

Consequently, with (A.14) this leads to fQ(Au —w)-pdx =0, and by the arbitrariness of ¢ to Au—w constant
a.e. in Q. As f,wdz =0, we get Au—w = p = f, Audz. We let v € H}(Q;R?) such that Av = p. As by
assumption u € HE(;RY) and Q has C®-boundary, and since w € W27 (Q;RY), by elliptic regularity we see
that u € W49 (©;RY) and

[u—= vl @ < CllAUY = pllyza o) = Cllwllyze -
This along with (A.13) and the elliptic regularity estimate [[v||yys.0/ () < Cl|Av|lyy2.0 () < C|p| shows (A.2).
Finally, (A.3) directly follows from Au — w constant and (A.12). This concludes the proof of [(a)|

Step 2 (H°-regularity): From now on, we assume that g € H~(€; R9). Since then also g € H*, Step 1 yields
uw e WH4' (Q;R%). Thus, we can integrate by parts in (A.1)) and use (A.3) to derive

—{g,2) = —/ VAu:VAzdzr = / A2y Azdr — Dy Au - AzdHI! = / A?u: Azde (A.15)
Q Q a9 Q
for all z € C®(Q;R?) with z = 0 on 9, where (-,-) now denotes the dual pairing between H{(Q; R?) and

L RY). Let v € HL(;R?Y) be the weak solution to

—Av =g in Q, Al
{ v=0 on Jf. (A-16)
In particular, we have with Poincaré’s inequality that
[0]131) < ClIVOlT2 (@) = (9,0) < N9l vl ) (A.17)

Furthermore, for all z € C*°(Q; R?) with 2z = 0 on 9 it holds that
—(g9,2) = —/ Vv:Vzder = / v-Az —/ v- 0,z dHT = / v-Az. (A.18)
Q Q o9 Q
Subtracting this from (A.15)), we arrive at
/(AQva)oAzdx =0
Q

for all z € C>°(Q;R?) with z = 0 on Q. By an argument similar to the one from Step 1 this leads to A%u = v
a.e. in . This also shows [, vdz = [, d,AudH4™! = 0 by (A.3). Then, in view of (A.3) and (A.17), we derive
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by elliptic regularity for Neumann problems (see for instance [34, Chapter 2, Section 5]) that Au € H3(2;R?)
such that

[Au = pll 2 0) < Cllvllm @) < Cllgla-1o)
where as before p = fQ Audz. Hence, as u = 0 for H% '-a.e. point on 9 and Q has C°-boundary, yet another
application of elliptic regularity leads to v € H°(2; R?) and the bound . Then, follows from A2u = v
a.e. in  and . O
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