
A CHARGED LIQUID DROP MODEL WITH WILLMORE ENERGY

MICHAEL GOLDMAN, MATTEO NOVAGA, AND BERARDO RUFFINI

Abstract. We consider a variational model of electrified liquid drops, involving competition

between surface tension and charge repulsion. Since the natural model happens to be ill-posed,

we show that by adding to the perimeter a Willmore-type energy, the problem turns back to be
well-posed. We also prove that for small charge the droplets is spherical.
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1. Introduction

The model proposed in 1882 by Lord Rayleigh [33] is widely used to describe the equilibrium
shapes of charged liquid droplets in presence of an electrical charge, see e.g. [9, 11, 26, 35]. The
underlining energy is given by

P (E) +
Q2

Cap2(E)
.

Here E is a subset of R3, P is a perimeter term modeling surface tension, Q > 0 is the amount of
charge and Cap2 is the standard capacity. The observed droplets should be (at least for small Q)
stable volume-constrained critical points of this energy. Quite surprisingly we showed in [16] that
this model is ill-posed in the sense that no local minimizers for the natural L1 topology exist at
any charge. To reconcile this with the experimental and numerical observation of stable charged
liquid drops, substential effort has been made to understand possible regularizing mechanisms.
One possibility is to restrict a priori the class of candidates as in [16, 17]. Another possibility is
to add regularizing terms to the energy. See also [30] where both aspects are present. One way of
regularizing the energy is to penalize strong concentration of charges (which amounts to regularize
the capacity term) as in [5, 27, 30] and to some extent [18, 28, 29]. A second very natural way to
regularize the energy is instead to take into account higher order effects in the term modelling
surface tension. It is for instance suggested in [19] that penalizing the curvature through the
Willmore energy could be enough to restore well-posedness. The aim of this paper is to answer
this question affirmatively.
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1.1. Notation and main results. We will use the notation A ≲ B to indicate that there exists
a constant C > 0, typically depending on the dimension d and on α ∈ (0, d) such that A ≤ CB
(we will specify when C depends on other quantities). We write A ∼ B if A ≲ B ≲ A, and A≪ B
to indicate that there exists a (typically small) universal constant ε > 0 such that A ≤ εB.

For d = 2, 3, α ∈ (0, d), Q ≥ 0, λ ≥ 0 and E a smooth set we consider the energy

Fλ,Q(E) = λP (E) +W (E) +Q2Iα(E).

When λ = 0 we simply write FQ(E) = F0,Q(E) = W (E) + Q2Iα(E). The various terms of the
energy are:

• the perimeter P (see [24]), which satisfies for smooth sets

P (E) = Hd−1(∂E),

where Hd−1 denotes the (d− 1)-dimensional Hausdorff measure in Rd;
• the elastic or Willmore energy W , defined as

W (E) =



∫
∂E

H2 dH1 for d = 2,

1

4

∫
∂E

H2 dH2 for d = 3,

where H denotes the mean curvature of ∂E, i.e. the curvature in dimension two and the
sum of the principal curvatures in dimension three (see Section 3.1);

• the Riesz interaction energy Iα defined, for α ∈ (0, d), as

Iα(E) = min
µ(E)=1

Iα(µ) =
1

Capα(E)

with

Iα(µ) =

∫
Rd×Rd

dµ(x)dµ(y)

|x− y|d−α
.

Given a volume constant m > 0, we consider then the following problem

min {Fλ,Q(E) : |E| = m} . (1.1)

A first step in the study of (1.1) was taken in [15]. There, the capacitary term was replaced by

Vα(E) =

∫
E×E

dxdy

|x− y|d−α
.

This corresponds to the assumption that the charge distribution µ is uniform on E. The functional
is then a perturbation of the Gamow type models studied for instance in [10, 12, 20]. The main
results of [15] may be summarized as follows. First if we consider the case d = 2, disks are
the unique minimizers among simply connected sets for Q small enough and λ = 0 (and thus
also for any λ ≥ 0 by the isoperimetric inequality). Dropping the assumption that the sets are
simply connected we lose existence for λ = 0. For λ > 0 there is now a dichotomy. There exists
λ̄ = λ̄(m) > 0 such that for Q = 0, minimizers are disks if λ ≥ λ̄ while they are annuli if λ ≤ λ̄.
This picture remains valid if Q > 0 is small enough. When d = 3 and λ = 0 (and thus again for
every λ ≥ 0 by isoperimetric inequality), it was proven that for small enough Q and α ∈ (1, 3)
the corresponding energy is uniquely minimized by balls. In this paper we prove that to a large
extent the same results hold for (1.1).

In the two-dimensional case we strongly rely on the analysis from [15]. Let us define

min
E∈Msc(m)

Fλ,Q(E), (1.2)

min
E∈M(m)

Fλ,Q(E), (1.3)
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where M(m) is the family of measurable sets of measure m in R2 and Msc(m) is the subset of
M(m) of simply connected sets.

Proposition 1.1. For every α ∈ (0, 2), there exists Q0 = Q0(α) such that for every λ ≥ 0 and
every Q ≤ Q0m

−(α−1)/2, the only minimizers of (1.2) are balls.

For (1.3) we are only able here to treat the case λ > λ̄ when we expect minimizers to be disks
when they exist. We set here λ̄ = λ̄(|B1|) to be the constant given by [15, Theorem 2.7].

Proposition 1.2. For every α ∈ (0, 2) and λ0 > λ̄, there exists Q0 = Q0(λ0, α) > 0 such that for
every λ ≥ λ0m

−1 and every Q ≤ Q0m
−(α−1)/2, the only minimizers of (1.3) are balls.

Remark 1.3. When λ ≤ λ̄ we expect to see instead annuli. However this seems to be a difficult
problem as the analysis in [15] heavily relies on the fact that Vα(E) is an explicit function of E.

We now turn to the case d = 3. Our main result is the following.

Theorem 1.4. For every α ∈ [2, 3), there exists a constant Q = Q(α) > 0 such that for every
λ ≥ 0 and m > 0 with Q ≤ Qm(3−α)/6, the only minimizers of (1.1) are the balls of measure m.

As above we prove the result for λ = 0. Moreover, by scaling we may assume that m = |B1|.
The main difference between d = 2 and d = 3 is that in the former, having finite energy implies a
C1,1/2 control on the sets implying in particular that sets of small energy must be nearly spherical.
In the latter, we can still obtain from [3] that they are W 2,2∩Lip parameterizations of the sphere.
While a stability inequality for W is given by [36], as opposed to [15], this does not seem to
be enough to perform the Fuglede type computations from [16, 18, 32] for Iα. Our strategy is
thus to first prove (uniform in Q) C1,β regularity for minimizers. A first issue is the existence of
minimizers. If we work with the non-parametric approach of Simon, see [38], we naturally end up
in the class of varifolds with square integrable mean curvature. As in [16] a major problem is then
the semi-continuity of Iα. We solve this issue by relying on [3,4] to obtain that in the small charge
regime, sets of small energy must be parameterizations of the sphere with controlled W 2,2 norm.
This yields convergence in the Hausdorff sense from which we obtain existence of minimizers. In
order to prove regularity of these minimizers, a natural idea would be to follow the parametric
approach [34] of Rivière. However, this does not seem to be easily compatible with our capacitary
term. We go back instead to the non-parametric approach viewing the volume penalization and
Iα as lower order perturbations of W . Our proof departs in a substantial point from [38] (see
also [31]). Indeed, a central difficulty in the theory of varifolds is that it is in general not known
that smooth sets are dense in energy. Since the construction of competitors in [38] has to be made
for smooth sets, [38] does it at the level of minimizing sequences. The main drawback is that one
has to distinguish the ’good points’ where there is no energy concentration from the ’bad points’
where there is energy concentration. In our case we leverage on the fact that sets with small
energy are parametrized to prove density in energy of smooth sets (see Lemma 3.2). While this
statement seems to be folklore, see e.g. [21, page 316] we could not find a precise proof. Using
this approximation result we can avoid altogether the presence of the ’bad points’. Not only this
simplifies significantly the proof from [38] (we insist on the fact that [38] is mostly relevant for
genus larger than one where this trick is not available) but it also allows to obtain bounds which
do not depend on Q. Indeed, the analysis of the bad points is based on a compactness argument
which does not seem to yield uniform regularity estimates. We believe that one of the original
aspects of this work is the combined use of the paramtric and non-parametric approaches together.

The restriction α ∈ [2, 3) in Theorem 1.4 comes from the fact that we use the Fuglede type
estimates from [16, 18, 32] which are not known for α < 2. Indeed, in this case the underlying
operator is a fractional Laplacian of order larger than one. Not much seems to be known for this
type of harmonic measures.

Remark 1.5. Our proof of existence and C1,β regularity for minimizers of (1.1) would also apply
(and would actually be easier) for the functional from [15] (replacing Iα by Vα). In particular,
this proves that for small Q, the corresponding minimizers are nearly-spherical. Using the Fuglede
computations from [10,20] we can extend [15, Theorem 4.6] to the whole range α ∈ (0, 3).
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2. The two-dimensional case

We first prove Proposition 1.1.

Proof of Proposition 1.1. By the isoperimetric inequality it is enough to prove the statement for
λ = 0. By scaling we may further assume that m = |B1|. If E ∈ Msc(|B1|) is such that
F0,Q(E) ≤ F0,Q(B1), then

W (E) ≤W (B1) +Q2(Iα(B1)− Iα(E)).

In particular, if Q is small enough, we can apply [15, Theorem 2.3] to obtain

Q2(Iα(B1)− Iα(E)) ≥W (E)−W (B1) ≳ (P (E)− P (B1)) + min
x∈R2

|E∆B1(x)|. (2.1)

Since ∂E = γ([0, P (E)]) where γ is a unit-speed parametrization with

W (E) =

∫ P (E)

0

|γ′′|2,

from the embedding of W 2,2([0, P (E)]) in C1,1/2([0, P (E)]) we see that for every β < 1/2 and
every Q small enough, up to translation, every such set is C1,β close to B1 and thus a nearly
spherical set. By [18, Proposition 4.5] we then get

Iα(B1)− Iα(E) ≲ P (E)− P (B1).

Combining this and (2.1) yields a contradiction if Q is small enough. □

We now prove Proposition 1.2.

Proof of Proposition 1.2. By the isoperimetric inequality it is enough to prove that for every λ > λ̄
there exists Q0 > 0 such that balls are the unique volume-constrained minimizers of Fλ,Q for every
Q ≤ Q0. For this we notice as before that if Fλ,Q(E) ≤ Fλ,Q(B1), then

Fλ,0(E) ≤ Fλ,0(B1) +Q2(Iα(B1)− Iα(E))

we may thus apply [15, Lemma 2.9] and conclude that for Q small enough (depending on λ), such
sets must be simply connected. By Proposition 1.1, this concludes the proof. □

3. The three-dimensional case

3.1. Preliminaries on Riemannian geometry and weak immersions. In this section we
first collect some notation and well-known facts from Riemannian geometry, see e.g. [6, 7]. We
then prove in Lemma 3.2 an approximation result for weak immersions. For r > 0 we write
S2r = ∂Br and simply S2 for S21.
We denote by D the flat connection on R3 i.e. if X =

∑3
i=1Xiei then DXY =

∑3
i=1Xi∂iY . Let

Σ ⊂ R3 be a smooth compact 2−dimensional manifold oriented by its normal ν. For X,Y tangent
vectorfields to Σ we define the action of the second fundamental form A on them as

A(x)[X(x), Y (x)] = −(DXY ) · ν. (3.1)

Notice that witht this convention, if Σ is the boundary of a convex set oriented with the outward
normal then A is positive. If (τ1, τ2) is a local orthogonal frame we have for i = 1, 2,

Dτiτj = −A[τi, τj ]ν. (3.2)
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Moreover, if Σ = S2, we have A[τi, τj ] = δij . When considering A as a (symmetric) linear map
from TxΣ to TxΣ we write

H = Tr(A) and A◦ = A− 1

2
(TrA) Id

to be the mean curvature and the traceless part of A. If (κ1, κ2) are the eigenvalues of A, we have

|H|2 = (κ1 + κ2)
2, |A|2 = κ21 + κ22 and |A◦|2 =

1

2
(κ1 − κ2)

2.

If we denote by g(Σ) the genus of Σ, we have by the Gauss-Bonnet formula,

1

4

∫
Σ

|H|2dH2 =
1

4

∫
Σ

|A|2dH2 + 2π(1− g(Σ)) and∫
Σ

|A◦|2dH2 =
1

2

∫
Σ

|A|2dH2 − 4π(1− g(Σ)). (3.3)

In particular we have as consequence of the Li-Yau inequality (and g(Σ) ≥ 0) that for any smooth
compact surface Σ,

1

4

∫
Σ

|A|2 ≥ 2π(1 + g(Σ)) ≥ 2π. (3.4)

For ψ a smooth real-valued function defined on a neighborhood of Σ we define ∇ψ(x) ∈ TxΣ as
the line vector

∇ψ = πTxΣ(Dψ)

where πTxΣ is the projection on TxΣ. If (τ1, τ2) is a local orthonormal frame, we often write
∂iψ = ∇ψ · τi. We then define

∇2ψ(x)[X(x), Y (x)] = D2ψ(x)[X(x), Y (x)]−A[X,Y ](x)Dψ(x) · ν(x). (3.5)

We similarly denote ∂ijψ = ∇2ψ[τi, τj ]. If ψ = (ψ1, · · ·ψk) ∈ Rk then we still write ∇ψ for the
matrix whose k−th line is given by∇ψk. In local coordinates we have∇ψ = (∂1ψ, ∂2ψ). For a (k×
3)-array M = (M1, · · · ,Mk)

T we write πTxΣ(M) for the (k×3)-array (πTxΣ(M1), · · ·πTxΣ(Mk))
T .

Let us point out that if Σ is connected and ψ is a smooth embedding then by the theorem of
Jordan-Brouwer, see [2, Proposition 12.2], there exists E such that ∂E = ψ(Σ).

For ψ ∈W 2,2(S2r) ∩ Lip(S2r) such that for some c0 > 0 and H2 a.e. on S2r,

|∂1ψ ∧ ∂2ψ| ≥ c0

we set

Nψ =
∂1ψ ∧ ∂2ψ
|∂1ψ ∧ ∂2ψ|

.

We consider Nψ as a function from S2r to S2. Notice that such ψ are weak immersions in the sense
of [34]. For Σ = ψ(S2r), we see that Nψ is a normal vectorfield to Σ. Let then g be the pullback
metric on S2r of the standard Euclidean metric on Σ through ψ i.e.

g(v, w) = ∇ψ(v) · ∇ψ(w) ∀(v, w) ∈ TS2r × TS2r.

We then write dvolg for the volume form induced by the metric g, that is

dvolg =
√
|∂1ψ|2|∂2ψ|2 − (∂1ψ · ∂2ψ)2dH2 = |∂1ψ ∧ ∂2ψ|dH2.

We then have (see [7, Section 3.3])∫
Σ

|A|2dH2 =

∫
S2r

|AG−1|2 dvolg

where by (3.1),

Aij = −(∂ijψ) ·Nψ = −(∇2ψ ·Nψ)ij
and

G−1 =
1

|∂1ψ ∧ ∂2ψ|2

(
|∂2ψ|2 −∂1ψ · ∂2ψ

−∂1ψ · ∂2ψ |∂1ψ|2
)
.
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Notice that by the Weingarten equations, see [7, Section 3.3],

|AG−1|2 = |∇Nψ|2g.

Therefore,∫
Σ

|A|2dH2 =

∫
S2r

|∇Nψ|2g dvolg

=

∫
S2r

|∂1ψ ∧ ∂2ψ|−3

∣∣∣∣(∇2ψ ·Nψ)
(

|∂2ψ|2 −∂1ψ · ∂2ψ
−∂1ψ · ∂2ψ |∂1ψ|2

)∣∣∣∣2 dH2.

When ψ ∈ W 2,2(S2r) is conformal, we let h2 = |∇ψ|2/2 = |∂1ψ ∧ ∂2ψ| be the conformal factor.
Notice that for ψ conformal if h2 = |∇ψ|2/2 is bounded then ψ ∈ Lip(S2r). For such conformal
maps we have ∫

Σ

|A|2dH2 =

∫
S2r

|∇Nψ|2 dH2.

We will need an approximation result. As suggested in [21, page 316] we follow the strategy
of [37, Section 4]. We begin with a lemma.

Lemma 3.1. Assume ψ ∈W 2,2(S2,R3) ∩ Lip(S2,R3) is conformal and such that

∥h− 1∥L∞(S2) ≤
1

4
.

Then there exists a sequence of smooth maps ψn such that ψn converges strongly in W 2,2(S2,R3)
to ψ with

|∂1ψn ∧ ∂2ψn| ≥
1

8
and ∥∇ψn∥L∞(S2) ≤ 2. (3.6)

Proof. Let us define the subset of R3 × R3

M = {h(v1, v2) : (h, v1, v2) ∈ A} ,

where A is the family of triples (h, v1, v2) ∈ R×S2×S2 such that |h−1| ≤ 1/2, ⟨v1, v2⟩ = 0. Notice
that for a.e. x ∈ S2, ∇ψ(x) ∈M as it is a conformal map. We extend ψ to R3 by 0−homogeneity.
Notice that if πS2(x) = x/|x| is the projection on S2, this means that we identify ψ and ψ(πS2(x)).
For further use let us point out that if ζ is 0−homogeneous then Dζ(x) = 1

|x|∇ζ(πS2(x)). Writing

in coordinates that

∇ζ =
∑
i

∂τiζτi

and using (3.2), we find

D2ζ(x) =
1

|x|2
(
∇2ζ(πS2(x))− πS2(x)⊗∇ζ(πS2(x)) +∇ζ(πS2(x))⊗ πS2(x)

)
. (3.7)

Let now ρ be a standard convolution kernel with Sptρ ⊂ B1. For ε ∈ (0, 1) we set ρε(x) =
ε−3ρ(x/ε) and then

ψε(x) =

∫
R3

ρε(x− y)ψ(y)dy.

Fix x ∈ S2. Using that ∫
R3

ρε(y)dy = 1
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and for a.e. y with |y − x| ≤ ε, Dψ(y) = |y|−1∇ψ(πS2(y)) ∈ M provided ε is small enough, we
have

distR6(∇ψε(x),M)2 =

∫
R3

ρε(x− y)distR6(∇ψε(x),M)2 dy

≤
∫
R3

ρε(x− y)|Dψ(y)−∇ψε(x)|2 dy

≲
∫
R3

ρε(x− y)

∣∣∣∣Dψ(y)− ∫
R3

ρε(x− z)Dψ(z)dz

∣∣∣∣2 dy
+

∣∣∣∣∫
R3

ρε(x− z)Dψ(z)dz −∇ψε(x)
∣∣∣∣2 .

(3.8)

We now bound separately the two right-hand side terms. For the first one, let ζ(y) = Dψ(y) so
that with obvious notation∫

R3

ρε(x− y)

∣∣∣∣Dψ(y)− ∫
R3

ρε(x− z)Dψ(z)dz

∣∣∣∣2 dy =

∫
R3

ρε(x− y) |ζ(y)− ζε(x)|2 dy

≲ ε2
∫
R3

ρε(x− y)|Dζ(y)|2dy

by the weighted Poincaré inequality. Since Dζ = D2ψ we have by (3.7),∫
R3

ρε(x− y) |ζ(y)− ζε(x)|2 dy ≲ ε2
∫
R3

ρε(x− y)
[
|y|−2(|∇2ψ(πS2(y))|+ |∇ψ(πS2(y))|)

]2
dy

≲ ε−1

∫
Bε(x)

|∇2ψ(πS2(y))|2 + |∇ψ(πS2(y))|2dy.

Letting

Gε(x) =

∫
Bε(x)∩S2

|∇2ψ|2 + |∇ψ|2dH2

we thus have ∫
R3

ρε(x− y) |ζ(y)− ζε(x)|2 dy ≲ Gε(x). (3.9)

Let us now turn to the second right-hand side term in (3.8). Writing that

ψε(x) =

∫
R3

ρε(z)ψ(x− z)dz

we compute by linearity of the projection,

∇ψε(x) =
∫
R3

ρε(z)πTxS2 (Dψ(x− z)) dz =

∫
R3

ρε(x− z)πTxS2 (Dψ(z)) dz. (3.10)

Before proceeding further let us point out that for every x, z ∈ S2 and v ∈ TyS2, since v · y = 0 we
have by writing x = y + (x− y),

|x · v| = |(x− y) · v| ≤ |x− y||v|. (3.11)

We then have,∣∣∣∣∫
R3

ρε(x− z)Dψ(z)dz −∇ψε(x)
∣∣∣∣ ≤ ∫

R3

ρε(x− z) |Dψ(z)− πTxS2 (Dψ(z))| dz

=

∫
R3

ρε(x−z)|z|−1 |∇ψ(πS2(z))− πTxS2 (∇ψ(πS2(z)))| dz =
∫
R3

ρε(x−z)|z|−1 |∇ψ(πS2(z)) · x| dz

(3.11)

≲ ε

∫
R3

ρε(x− z) |∇ψ(πS2(z))| dz.

Since ψ ∈ Lip(S2) with |∇ψ| =
√
2, we conclude that∣∣∣∣∫

R3

ρε(x− z)Dψ(z)dz −∇ψε(x)
∣∣∣∣ ≲ ε. (3.12)
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Plugging (3.9) and (3.12) into (3.8) we find

distR6(∇ψε(x),M) ≲ Gε(x)
1
2 + ε.

Now since |∇2ψ|2 ∈ L1(S2), we get that Gε(x) → 0 as ε→ 0 uniformly in x, and so

lim
ε→0

sup
x∈S2

distR6(∇ψε(x),M) = 0.

Thus for ε small enough, there exists for every x ∈ S2 an element A = A(x) = (a1, a2) ∈ M such
that

|∇ψε(x)−A| ≤ 1

16
.

By bilinearity and the triangular inequality we conclude that

|∂1ψε ∧ ∂2ψε| ≥ |a1 ∧ a2| − |(∂1ψε − a2) ∧ a1| − |(∂2ψε − a1) ∧ a1| − |(∂1ψε − a1) ∧ (∂2ψε − a2)|

≥ 1

4
− |∂1ψε − a2||a1| − |∂2ψε − a1||a1| − |∂1ψε − a1||∂2ψε − a2|

≥ 1

16
.

This proves the first part of (3.6). For the second part of (3.6), we simply observe that by (3.10),

|∇ψε(x)| ≤
∫
R3

ρε(x− y)|∇ψ(πS2(y))|dy +
∫
R3

ρε(x− y)|x− y||Dψ(y)|dy

≤ ∥∇ψ∥L∞(S2)(1 + Cε).

Let us now prove that ψε converges in W 2,2(S2) to ψ in L2(S2). By Poincaré inequality it is
enough to prove that ∇2ψε converges to ∇2ψ. Fix x ∈ S2 and write for simplicity τi = τi(x). By
(3.5) and the definition of ψε, we have

∇2ψε(x)[τi, τj ] =

∫
R3

ρε(x− y)
[
D2ψ(y)[τi, τj ]− δijDψ(y) · x

]
dy

(3.7)
=

∫
R3

ρε(x− y)|y|−2∇2ψ(πS2(y))[τi, τj ]dy

−
∫
R3

ρε(x−y)
[
|y|−3(∇ψ(πS2(y)) · τi)(y · τj) + |y|−3(∇ψ(πS2(y)) · τj)(y · τi) + δijDψ(y) · x

]
dy.

Using (3.11) and recalling that Dψ(x) · x = 0 we have∣∣∇2ψε(x)[τi, τj ]−∇2ψ(x)[τi, τj ]
∣∣ ≲ ∣∣∣∣∫

R3

ρε(x− y)
(
|y|−2∇2ψ(πS2(y))[τi, τj ]−∇2ψ(x)[τi, τj ]

)
dy

∣∣∣∣
+ ε

∫
R3

ρε(x− y)|∇ψ(πS2(y))|dy

≲

∣∣∣∣∫
R3

ρε(x− y)
(
∇2ψ(πS2(y))[τi(πS2(y)), τj(πS2(y))]−∇2ψ(x)[τi, τj ]

)
dy

∣∣∣∣
+ ε

∫
R3

ρε(x− y)(|∇ψ(πS2(y))|+ |∇2ψ(πS2(y))|)dy.

Thus∣∣∇2ψε(x)−∇2ψ(x)
∣∣ ≲ ∣∣∣∣∫

R3

ρε(x− y)(∇2ψ(πS2(y))−∇2ψ(x))dy

∣∣∣∣
+ ε

∫
R3

ρε(x− y)(|∇ψ(πS2(y))|+ |∇2ψ(πS2(y))|)dy.

Since ∇2ψ ∈ L2(S2) implies as in the Euclidean case that

lim
ε→0

∫
S2

∣∣∣∣∫
R3

ρε(x− y)(∇2ψ(πS2(y))−∇2ψ(x))dy

∣∣∣∣2 dH2(x) = 0,



A LIQUID DROP MODEL WITH WILLMORE ENERGY 9

the L2 convergence of ∇2ψε to ∇2ψ follows from∫
S2

(∫
R3

ρε(x− y)(|∇ψ(πS2(y))|+ |∇2ψ(πS2(y))|)dy
)2

dH2(x)

≲
∫
S2

(
ε−1

∫
Bε(x)∩S2

|∇ψ|+ |∇2ψ|dH2

)2

dH2(x)

≲ ε2
∫
S2
|∇ψ|2 + |∇2ψ|2dH2.

□

Lemma 3.2. Assume that E is such that ∂E = ψ(S2r) for some conformal embedding ψ ∈
W 2,2(S2r,R3) ∩ Lip(S2r,R3) such that

∥h− r∥L∞(S2) ≤
r

4
.

Then, there exists a sequence of smooth maps ψn : S2r → R3 such that setting ∂En = ψn(S2r),

ψn −→ ψ in W 2,2 and lim
n→∞

∫
∂En

|A|2dH2 =

∫
∂E

|A|2dH2.

Moreover for all x ∈ R3, ρ > 0 such that H2 (∂E ∩ ∂Bρ(x)) = 0 there holds

lim
n→∞

∫
∂En∩Bρ(x)

|A|2dH2 =

∫
∂E∩Bρ(x)

|A|2dH2. (3.13)

Proof. By scaling we may assume that r = 1. Let then ψn be the sequence given by Lemma 3.1.
Up to extraction, we may further assume that ∇2ψn and ∇ψn converge a.e.. Recall also that since
ψn are smooth embeddings, by Jordan-Brouwer Theorem, ψn(S2r) = ∂En for some compact set
En. Thus

Φn := |∂1ψn ∧ ∂2ψn|−3

∣∣∣∣(∇2ψn ·Nψn)

(
|∂2ψn|2 −∂1ψn · ∂2ψn

−∂1ψn · ∂2ψn |∂1ψn|2
)∣∣∣∣2

converges a.e. to

Φ := |∂1ψ ∧ ∂2ψ|−3

∣∣∣∣(∇2ψ ·Nψ)
(

|∂2ψ|2 −∂1ψ · ∂2ψ
−∂1ψ · ∂2ψ |∂1ψ|2

)∣∣∣∣2 .
By (3.6) of Lemma 3.1 we get that

Φn = |∂1ψn ∧ ∂2ψn|−3

∣∣∣∣(∇2ψn ·Nψn
)

(
|∂2ψn|2 −∂1ψn · ∂2ψn

−∂1ψn · ∂2ψn |∂1ψn|2
)∣∣∣∣2 ≲ |∇2ψn|2

which allows us to conclude by dominate convergence that∫
∂En

|A|2dH2 =

∫
S2
ΦndH2 →

∫
S2
ΦdH2 =

∫
∂E

|A|2dH2.

Assume finally that H2 (∂E ∩ ∂Bρ(x)) = 0. The measures µn = |An|2H2 ∂En weakly∗ con-
verge to µ = |A|2H2 En. Indeed, for every f ∈ C0

c (R3), we have by dominated convergence∫
R3

fdµn =

∫
S2
f(ψn(x))Φn(x)dH2(x) →

∫
S2
f(ψ(x))Φ(x)dH2(x) =

∫
R3

fdµ.

Since µn are Radon measures, and µ(∂Bρ(x)) = 0 we have that µn(Bρ(x)) converges to µ(Bρ(x)),
see e.g. [1, Proposition 1.62]. This concludes the proof of (3.13). □



10 MICHAEL GOLDMAN, MATTEO NOVAGA, AND BERARDO RUFFINI

3.2. The regularized capacitary functional. Because of issues related to the continuity of Iα
(see Remark 3.4 below), it will be easier to work as in [18,27] with a regularized version. For η > 0
and µ ∈ L2(R3), we set

Iηα(µ) = Iα(µ) + η

∫
R3

µ2(x) dx =

∫
R3×R3

µ(x)µ(y)

|x− y|3−α
dx dy + η

∫
R3

µ2(x) dx

and then

Iηα(E) = min
µ∈L2

{
Iηα(µ) :

∫
E

µ(x) dx = 1

}
.

The following continuity result is implicitely contained in [16,18]. For the reader’s convenience we
provide a proof.

Lemma 3.3. For η > 0 let En be a sequence of smooth compact sets converging in Hausdorff
distance to a compact set E. Then Iηα(En) → Iηα(E). If η = 0, the same conclusion holds provided
E has interior density bounds i.e. there exists r0 and c > 0 such that for every 0 < r ≤ r0 and
every x ∈ E,

|E ∩Br(x)| ≥ crd.

Proof. We start with the easier case η > 0. We first prove lower-semicontinuity. Let µn be
the optimal charge distribution for En. Notice that the existence and uniqueness of µn is a
consequence of [23, (1.4.5)]. Since En and E are compact, up subsequence µn weakly converges
as measure to some measure µ. By semi-continuity of Iα under weak convergence, see [23] as well
as semi-continuity of the L2 norm we have

lim inf
n→∞

Iηα(En) = lim inf
n→∞

Iηα(µn) ≥ Iηα(µ).

Since µn also converges weakly in L2 to µ and χEn
converges strongly in L2 to χE we get

∫
E
µ =

1 thus µ is admissible for Iηα(E). This proves the lower-semicontinuity. For the upper semi-
continuity, let µ be an optimal measure for Iηα(E), let

cn =

∫
E∩En

µ→ 1, as n→ +∞,

and then
µn = c−1

n µχE∩En
.

The measure µn is admissible for Iηα(En) and we have

Iηα(En) ≤ Iηα(µn) ≤ c−2
n Iηα(µ) = c−2

n Iηα(E).

Sending n→ ∞ concludes the proof of the upper-semicontinuity.
If η = 0, the semi-continuity argument works exactly as in the case η > noticing as in [16,
Theorem 4.2] that by the Hausdorff convergence of En to E, we have Sptµ ⊂ E. For the upper-
semicontinuity, we use1 [16, Proposition 2.16] (see also [18, Theorem 3.11]) to infer that for every
δ > 0, there exists µδ ∈ L∞(E) such that

Iα(µδ) ≤ Iα(E) + δ.

We can now proceed as in the case η > 0 by setting

cn,δ =

∫
E∩En

µδ,

and then
µn,δ = c−1

n,δµδχE∩En
.

Since
|1− cn,δ| ≤ ∥µδ∥L∞ |E\En|

we have limn→∞ cn,δ = 1. Arguing as above in combination with a diagonal argument concludes
the proof. □

1While [16, Proposition 2.16] is stated for smooth sets, a quick inspection of the proof reveals that interior
density bounds are sufficent.
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Remark 3.4. Let ψn be a sequence of weak immersions of S2 converging in W 2,2 to an embedding
ψ. It is tempting to conjecture but seemingly not so easy to prove, that Iα(ψn(S2)) converges to
Iα(ψ(S2)). If we had this statement at hand we could avoid the introduction of Iηα and directly
work in the proof below with Iα.

We close this section with a simple scaling property of Iηα.

Lemma 3.5. For every α ∈ (0, 3), η ≥ 0, E ⊂ R3 compact and λ > 0,

Iηα(λE) ≤ max(λα−3, λ−3)Iηα(E). (3.14)

Proof. Let µ be the optimal measure for Iηα(E) and let µλ = Tλ♯µ where Tλ(x) = λx. The measure
µλ is admissible for Iηα(λE). We have Iα(µλ) = λα−3Iα(µ) and for η > 0, since µ is absolutely
continuous with respect to Lebesgue, µλ(x) = λ−3µ(x/λ) so that∫

R3

µ2
λ = λ−3

∫
R3

µ2.

We thus find

Iηα(λE) ≤ Iα(µλ) + η

∫
R3

µ2
λ ≤ λα−3Iα(µ) + λ−3η

∫
R3

µ2 ≤ max(λα−3, λ−3)Iηα(E).

This concludes the proof of (3.14). □

3.3. Existence of minimizers. For η ≥ 0 we introduce the functionals

Fη
Q(E) =W (E) +Q2Iηα(E)

so that FQ = F0
Q and

F̃η
Q(E) =

1

4

∫
∂E

|A|2dH2 +Q2Iηα(E). (3.15)

When η = 0 we simply write F̃Q = F̃0
Q. Let us first prove that for Q small enough, in order to

prove that balls are the only volume-constrained minimizers of FQ, it is enough to prove that they

are the only volume-constrained minimizers of F̃Q.

Lemma 3.6. There exists Q0 > 0 such that for every Q ≤ Q0 and every η ∈ [0, 1], every smooth

compact set E with Fη
Q(E) ≤ Fη

Q(B1) or F̃η
Q(E) ≤ F̃η

Q(B1) must have a connected boundary with

g(∂E) = 0. In particular,

Fη
Q(E) = F̃η

Q(E) + 2π.

Proof. Assume first that Fη
Q(E) ≤ Fη

Q(B1) so that if Q is small enough

W (E) ≤W (B1) +Q2Iηα(B1) ≤W (B1) +Q2I1
α(B1) < 2π2 < 8π.

By Li-Yau inequality this implies that ∂E is connected and by [25, Theorem A] that E is of sphere
type i.e. g(∂E) = 0.

If instead, F̃η
Q(E) ≤ Fη

Q(B1) we may assume that Q≪ 1 is such that

F̃η
Q(B1) = 2π +Q2Iηα(B1) < 4π.

Then, (3.4) implies that ∂E is connected with g(∂E) = 0. The final claim is a consequence of
(3.3). □

We relax now the volume constraint. This type of relaxation is fairly common in isoperimetric
type problem, see e.g. [8, 14,18]. For Λ, η > 0 we set

F̃η,Λ
Q (E) = F̃η

Q(E) + Λ||E| − |B1||

and, for η = 0, we set with a slight abuse of notation with respect to (3.15),

F̃Λ
Q(E) = F̃0,Λ

Q (E) = F̃Q(E) + Λ||E| − |B1||.

We begin by observing that minimizing F̃η,Λ
Q with or without volume constraint is equivalent.
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Proposition 3.7. For every Q0 > 0, there exists 0 < Λ ≲ Q2
0 such that for every Q ≤ Q0 and

every η ∈ [0, 1],

inf{F̃η,Λ
Q (E) : |E| = |B1|, E smooth} = inf{F̃η,Λ

Q (E) : E smooth}. (3.16)

Moreover, if E is a minimizer for the right-hand side then |E| = |B1|.

Proof. Since in (3.16) the left-hand side is always larger than the right-hand side we only need to
prove that provided Λ = Λ0Q

2
0 for some Λ0 large enough, for every Q ≤ Q0,

inf{F̃η,Λ
Q (E) : |E| = |B1|, E smooth} ≤ inf{F̃η,Λ

Q (E) : E smooth}. (3.17)

Let us assume that there exists E smooth with |E| ≠ |B1| and for which

F̃η,Λ
Q (E) ≤ F̃η,Λ

Q (F ) for all smooth F with |F | = |B1|. (3.18)

We first notice that since F̃η,Λ
Q (E) ≤ F̃η,Λ

Q (B1) and
∫
∂E

|A|2dH2 ≥
∫
∂B1

|A|2dH2 (recall (3.4)),

Q2Iηα(E) + Λ||E| − |B1|| ≤ Q2Iηα(B1) ≤ Q2I1
α(B1).

Recalling that Λ = Λ0Q
2
0, we find

Λ0||E| − |B1|| ≲ 1 and Iηα(E) ≤ Iηα(B1) ≲ 1. (3.19)

In particular, we may assume that ||E| − |B1|| ≪ 1 provided Λ0 is chosen large enough. Let now

t = 1 − (|B1|/|E|)1/3 be such that |(1 − t)E| = |B1|. Since F̃η,Λ
Q (λE) ≤ F̃η,Λ

Q (E) for λ ≥ 1 by

(3.14), we have t > 0. Moreover, since ||E| − |B1|| ≪ 1, we also have t≪ 1. By assumption,

F̃η,Λ
Q (E) ≤ F̃η,Λ

Q ((1− t)E).

Since

F̃η,Λ
Q (E) =

1

4

∫
∂E

|A|2dH2 +Q2Iηα(E) + Λ||E| − |B1||

=
1

4

∫
∂E

|A|2dH2 +Q2Iηα(E) + Λ|B1|
(
(1− t)−3 − 1

)
and

F̃η,Λ
Q ((1− t)E) =

1

4

∫
∂E

|A|2dH2 +Q2Iηα((1− t)E)
(3.14)

≤ 1

4

∫
∂E

|A|2dH2 +Q2Iηα(E)(1− t)−3,

we find after rearranging the terms

Λ|B1|
(
(1− t)−3 − 1

)
≤ Q2Iηα(E)

(
(1− t)−3 − 1

)
.

Since 0 < t < 1 we can simplify and conclude (since t ̸= 0)

Λ0Q
2
0 = Λ ≲ Q2

0Iηα(E)
(3.19)

≲ Q2
0.

This proves that if Λ0 is large enough then (3.18) cannot hold with |E| ≠ |B1| and we indeed have
(3.17).

□

We now prove that for Q small enough F̃η,Λ
Q admits minimizers and that they are W 2,2 embed-

dings of the sphere.

Proposition 3.8. There exists Q0 > 0 such that for every Q ≤ Q0 and every 0 < η ≤ 1, there
exist r > 0 and ψ ∈ W 2,2(S2r) ∩ Lip(S2r) a conformal embedding such that (the implicit constants
do not depend on η)

|r − 1|+ ∥ψ − Id∥2W 2,2(S2r) + ∥h− 1∥L∞(S2r) ≲ Q2 (3.20)

and such that ∂E = ψ(S2r) satisfies |E| = |B1| and

F̃η,Λ
Q (E) = inf{F̃η,Λ

Q (F ) : F smooth}. (3.21)
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Moreover, there exists En smooth with ∂En converging to ∂E in the Hausdorff sense and such that

F̃η,Λ
Q (En) → F̃η,Λ

Q (E) with∫
∂En∩Bρ(x)

|A|2dH2 →
∫
∂E∩Bρ(x)

|A|2dH2 provided H2(∂E ∩ ∂Bρ(x)) = 0. (3.22)

Finally, if E is a (smooth) minimizer of (3.21) for some η ∈ [0, 1], then up to translation, ∂E =
ψ(S2r) for some r and ψ satisfying (3.20).

Proof. Let Q0 be given by Lemma 3.6. If E is smooth set with |E| = |B1| and such that F̃η
Q(E) ≤

F̃η
Q(B1), since ∂E is connected with g(∂E) = 0, using (3.3) we find

1

4

∫
∂E

|A|2dH2 − 1

4

∫
∂B1

|A|2dH2 =W (E)−W (B1) =
1

2

∫
∂E

|A◦|2dH2.

Moreover, by [15, Proposition 4.3], H2(∂E) is universally bounded so that by [36], if r is such that
H2(S2r) = H2(∂E),

|r − 1| ≲ (H2(∂E)− 4π) ≲
∫
∂E

|A◦|2 ≲ Q2Iηα(B1) ≤ Q2I1
α(B1) ≲ Q2.

Notice that by the isoperimetric inequality, H2(∂E) ≥ H2(∂B1) and thus r ≥ 1. Appealing
to [3, 4], and up to translation, we find the existence of a conformal embedding ψ ∈ W 2,2(S2r)
satisfying

∥ψ − Id∥2W 2,2(S2r) + ∥h− r∥L∞(S2r) ≲
∫
∂E

|A◦|2 ≲ Q2.

By triangle inequality, this proves the last part of the statement.
If now En is a minimizing sequence then by the previous discussion, we find after possible trans-
lation, a sequence rn uniformly bounded from above and below and a sequence of conformal
ψn ∈ W 2,2(Brn) satisfying (3.20) and such that ∂En = ψn(∂Brn). After extraction we find that
rn → r > 0, ψn ⇀ ψ weakly in W 2,2 with (r, ψ) satisfying (3.20). By Sobolev embedding, ψn also
converges strongly in W 1,2 and in C0,β for every β ∈ (0, 1) so that ψ is conformal. By the strong
W 1,2 convergence and (3.20) we have

∥h− 1∥L∞(S2r) ≲ Q2.

In particular, ψ ∈ Lip(S2r) and up to decreasing the value of Q0 we may assume that h ∈ (1/2, 2).
By the C0,β convergence of ψn, we have that ∂En converges in the Hausdorff topology to ∂E =
ψ(S2r). By lower semicontinuity of the Willmore energy we have

W (E) ≤ lim inf
n→∞

W (En) < 8π

and thus by Li-Yau inequality [22, (A.17)] ψ is an embedding. By the Hausdorff convergence of
∂En to ∂E, we find |E| = |B1| and limn Iηα(En) = Iηα(E), see Lemma 3.3, so that

F̃η,Λ
Q (E) ≤ lim inf

n
F̃η,Λ
Q (En) = inf{F̃η,Λ

Q (F ) : F smooth}. (3.23)

To conclude the proof we use that since h ∈ (1/2, 2), we can apply Lemma 3.2 and find a new

sequence ψ̃n of smooth embeddings of S2r converging strongly in W 2,2 to ψ. Setting ∂Ẽn = ψ̃n(S2r)
we find that ∂Ẽn converges in the Hausdorff topology to ∂E with

∫
∂En

|A|2dH2 →
∫
∂E

|A|2dH2

and |Ẽn| → |E|. Moreover, the second part of (3.22) holds. Finally, by Lemma 3.3 we have

Iηα(Ẽn) → Iηα(E) which yields F̃η,Λ
Q (Ẽn) → F̃η,Λ

Q (E). This proves the first part of (3.22) as well
as

F̃η,Λ
Q (E) = lim

n→∞
F̃η,Λ
Q (Ẽn) ≥ inf{F̃η,Λ

Q (E) : E smooth}.

Combined with (3.23) and (3.16), this concludes the proof of (3.21).
□
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4. Regularity

We prove now an elementary but useful decay estimate (see e.g. [13, Lemma 5.13] for a variant
of this result).

Lemma 4.1. Let Λ, δ > 0, r0 ≤ 1, θ ∈ (0, 1) and γ ∈ (0, 1). Let ψ be a positive and increasing
function such that

ψ(θr) ≤ γψ(r) + Λrδ ∀r ∈ (0, r0). (4.1)

Then, there exists β = β(θ, γ, δ) ∈ (0, δ) and C = C(θ, γ, δ) > 0 such that

ψ(r) ≤ C

(
r

r0

)β
(ψ(r0) + Λrβ0 ). (4.2)

Proof. We fix β ∈ (0, δ) such that

γ < θβ . (4.3)

Notice that since γ < 1 this is always possible by taking β small enough. We now prove that there
exists C = C(β, θ) such that (4.2) holds. For k ≥ 0 let rk = θkr0. Since ψ is increasing, for every
r ∈ (rk+1, rk), ψ(rk+1) ≤ ψ(r) ≤ ψ(rk) so that it is enough to prove (4.2) for r = rk. We now
argue by induction. For k = 0 the statement clearly holds (with C = 1). Assume that it holds for
rk. Then, using (4.1) we have

ψ(rk+1) ≤ γψ(rk) + Λrδk

≤ γC

(
rk
r0

)β (
ψ(r0) + Λrβ0

)
+ Λrδk

= Cβ

(
rk+1

r0

)β (
ψ(r0) + Λrβ0

)( γ

θβ
+

1

C

rδk
rβk+1

)

= C

(
rk+1

r0

)β (
ψ(r0) + Λrβ0

)( γ

θβ
+

1

Cθβ
rδ−β0

)
r0≤1

≤ C

(
rk+1

r0

)β (
ψ(r0) + Λrβ0

)( γ

θβ
+

1

Cθβ

)
.

Since θ and β are fixed, by (4.3) we can find C large enough such that

γ

θβ
+

1

Cθβ
≤ 1.

This concludes the proof of (4.2) for rk+1. □

We are now in position to show the main regularity theorem we shall need in the sequel.

Definition 4.2. For η ≥ 0, we say that E is a (volume constrained) approximable minimizer of

F̃η
Q if |E| = |B1|, and up to translation there exist, r > 0, ψ ∈W 2,2(S2r)∩ Lip(S2r) and En smooth

such that ∂E = ψ(S2r), ∂En converges to ∂E in Hausdorff distance, (3.22) holds and

F̃η
Q(E) = inf{F̃η,Λ

Q (F ) : F smooth}.

Remark 4.3. As a consequence of Proposition 3.8, for every η > 0 there exists approximable

minimizers of Fη,Λ
Q .

We write every x ∈ R3 as x = (x′, x3) and denote B′
r = {|x′| < r} the two-dimensional ball of

radius r.

Theorem 4.4. Let η ∈ [0, 1] and let Q0 > 0 be the constant provided by Proposition 3.8. Then
there exists ε > 0, and β ∈ (0, 1) not depending on η such that for every Q ≤ Q0, if E is an

approximable minimizer of F̃η,Λ
Q such that 0 ∈ ∂E and for some r0 ∈ (0, 1),∫

∂E∩Br0

|A|2dH2 ≤ ε2, (4.4)
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then ∂E ∩Br0/2 is a C1,β surface in the sense that up to a rotation,

∂E ∩Br0/2 = {(x′, u(x′)) : u ∈ C1,β(B′
r0/2

)}.

Moreover there holds

rβ0 ∥u∥C1,β(Br0/2) ≲ 1. (4.5)

As a consequence every approximable minimizer has boundary of class C1,β.

Proof. The proof follows closely the arguments from [38]. Let En be a sequence of smooth sets
such that ∂En converges to ∂E in Hausdorff distance and (3.22) holds. In particular, for every
1 ≥ ρ > 0 and every smooth set Fn such that Fn∆En ⊂ Bρ, setting

δn = F̃η,Λ
Q (En)− F̃η

Q(E) → 0,

we have

F̃η,Λ
Q (En) = F̃η

Q(E) + δn ≤ F̃η,Λ
Q (Fn) + δn.

Rearranging terms we get∫
∂En∩Bρ

|A|2dH2 ≤
∫
∂Fn∩Bρ

|A|2dH2 +Q2(Iηα(En)− Iηα(Fn)) + Λ|En∆Fn|+ δn. (4.6)

We now claim that

Iηα(En)− Iηα(Fn) ≲ ρ3−α, (4.7)

where the implicit multiplicative constant is independent of η. For this, we appeal to [18, Lemma
3.5] (see also [28, Lemma 2] or [29, Lemma 13]) to get that

Iηα(En)− Iηα(Fn) ≤ Iηα(En ∩ Fn)− Iηα(Fn)

≤ (Iηα(En ∩ Fn))2

Iηα(Fn \ En)
.

On the one hand, by Hausdorff convergence there exists x̄ ∈ R3 such that B1/2(x̄) ⊂ En ∩ Fn for
n large enough and thus Iηα(En ∩ Fn) ≤ Iηα(B1/2) ≲ 1 (recall that η ≤ 1). On the other hand,
since Fn \ En ⊂ Bρ, we have

1

Iηα(Fn \ En)
≤ 1

Iηα(Bρ)
≤ 1

Iα(Bρ)
≲ ρ3−α.

This concludes the proof of (4.7). Combining this with (4.6), |En∆Fn| ≲ ρ3 and the fact that
Λ ≲ Q2

0, we obtain the quasi-minimality property,∫
∂En∩Bρ

|A|2dH2 ≤
∫
∂Fn∩Bρ

|A|2dH2 + CQ2
0ρ

3−α + δn, (4.8)

for every ρ ∈ (0, 1] and every smooth set Fn with En∆Fn ⊂ Bρ.

We now recall that sending ρ→ ∞ in [38, (1.3)] we have for every ρ > 0,

H2(∂En ∩Bρ) ≲ ρ2.

Therefore, there exists a universal ε > 0 such that [38, Lemma 2.1] applies to En with 2ε. Assume
that (4.4) holds for r0 > 0 and let r ≤ r0 (so that (4.4) also holds for r). Since H2(∂E ∩ ∂Bρ) = 0
for a.e. ρ, using the second part of (3.22), we see that (4.4) also holds for En with 2ε provided n
is large enough. Moreover, there exists ρ ∈ (r/2, r) for which

H1(∂En ∩ ∂Bρ) ≤
2

r
H2(∂En ∩Br) ≲ ρ.

In particular there is a universal θ ∈ (0, 1/2) such that by [38, Lemma 1.4], ∂En∩Bθρ is connected.
By [38, Lemma 2.1], we can find σ ∈ (θρ/2, θρ) such that ∂En ∩ Bσ is a topological disk D

(n)
1

with ∂En ∩ ∂Bσ coinciding with the graph of a function un. Considering the surface Σ̃n =

(∂En\D(n)
1 ) ∪ graphwn where wn is the biharmonic function coinciding with un on ∂Bσ we see
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that Σ̃n = ∂Fn for some C1,1 set Fn with Fn∆En ⊂ Bσ. Moreover, by [38, Lemma 2.2], we have
arguing exactly as in [38],∫

∂Fn∩Bσ

|A|2dH2 ≤ C

∫
∂En∩(Bθρ\Bθρ/2)

|A|2dH2.

Combining this with (4.8) we find∫
∂En∩Bσ

|A|2dH2 ≤ C

∫
∂En∩(Bθρ\Bθρ/2)

|A|2dH2 + CQ2
0ρ

3−α + δn.

Adding C times the left-hand side to this inequality and dividing by 1 + C we get∫
∂En∩Bθρ/2

|A|2dH2 ≤
∫
∂En∩Bσ

|A|2dH2 ≤ γ

∫
∂En∩Bθρ

|A|2dH2 + CQ2
0ρ

3−α + δn,

where γ = C/(C + 1) ∈ (0, 1). Setting

ψ(ρ) =

∫
∂E∩Bρ

|A|2dH2

and sending n → ∞ in the previous inequality, thanks to (3.22) we find (recall that ρ ∈ (r/2, r)
and that H2(∂E ∩ ∂Bρ) = 0 for a.e. ρ)

ψ(θr/4) ≤ ψ(θρ/2) ≤ γψ(θρ) + CQ2
0ρ

3−α ≤ γψ(r) + CQ2
0r

3−α.

Applying Lemma 4.1 with θ′ = θ/4, we get the existence of β ∈ (0, 3− α) such that

ψ(r) ≲

(
r

r0

)β
(ψ(r0) + rβ0 ) ≲

(
r

r0

)β
.

Arguing as for [38, (3.5)], we find that up to a rotation,

∂E ∩Br0/2 = {(x′, u(x′)), x′ ∈ B′
r0/2

}

and for every r ≤ r0/2, there exists τ = τ(r) such that

1

r2

∫
B′

r

|Du− τ |2 ≲

(
r

r0

)β/2
.

Repeating the argument for every x ∈ ∂E ∩ Br0/2 we find by Campanato criterion that Du ∈
C0,β/4(B′

r0/2
) with

r
β
4
0 ∥u∥C1,β/4(Br0/2)

≲ 1.

Up to renaming β this concludes the proof of (4.5).
□

Corollary 4.5. There exists Q0 > 0 such that for Q < Q0 and η ∈ [0, 1] any approximable

minimizer of F̃η,Λ
Q is a C1,β regular nearly spherical set with uniformly bounded (with respect to

Q and η) C1,β norm.

Proof. Let us notice that for any ε > 0 one can find r0 > 0 such that for every x ∈ S2,∫
S2∩Br0

(x)

|A|2dH2 ≤ ε2/2. (4.9)

We claim that if Q0 is small enough then for every Q ≤ Q0 and every approximable E of F̃Q, up
to translation

∂E = {(1 + ϕ(x))x : x ∈ S2}
for some function ϕ with ∥ϕ∥C1,β(S2) ≲ 1, where β > 0 is given by Theorem 4.4. Indeed, assume

this is not the case then by a covering argument and Theorem 4.4 there would exist x̄ ∈ S2 and a

sequence EQ of approximable minimizers of F̃ηQ
Q with Q→ 0 and such that x̄ ∈ ∂EQ with∫

∂EQ∩Br0 (x̄)

|A|2dH2 ≥ ε2. (4.10)
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However, by Proposition 3.8, for every Q there exist rQ, ψQ such that ψQ is conformal, ∂EQ =
ψQ(∂BrQ) and

|rQ − 1|+ ∥ψQ − Id∥2W 2,2(∂BrQ
) + ∥hQ − 1∥L∞(∂BrQ

) ≲ Q2.

Thus ψQ converges W 2,2 to Id and
∫
∂EQ

|A|2dH2 →
∫
S2 |A|

2dH2 which then implies that also∫
∂EQ∩Br0

(x̄)

|A|2dH2 →
∫
S2∩Br0

(x̄)

|A|2dH2.

In light of (4.9) and (4.10) this gives a contradiction if Q is small enough. □

5. Proof of the main result

We now prove the main result of the paper.

Proof of Theorem 1.4. Let Q0 > 0 be the constant given in Proposition 3.8. Let Eη be an approx-

imable minimizer for F̃η
Q, for η > 0. Up to decrease further Q we can suppose that the hypotheses

of Theorem 4.4 applies so that by Corollary 4.5 we know that

∂Eη = {(1 + ϕη(x))x : x ∈ S2}

for some ϕη with ∥ϕη∥C1,β(S2) uniformly bounded in η and Q.

By Arzela-Ascoli we can find, for any β̃ < β, a sequence ηn > 0 with ηn → 0 such that ϕηn
converges to ϕ in C1,β̃(S2). As a consequence, setting En = Eηn and

∂E = {(1 + ϕ(x))x : x ∈ S2}

we have that En → E in Hausdorff and in L1. Notice that since |Eη| = |B1| we also have
|E| = |B1|.

Let us prove that E is an approximable minimizer of F̃Q. Since En are approximable minimizers,
there exists rn and ψn ∈ W 2,2(S2rn) ∩ Lip(S2rn) with ∂En = ψn(S2rn), such that (3.20) holds. Let

ψ be the limit of ψn and r = limn rn. By Proposition 3.2, Lemma 3.3 and the fact that E is C1,β ,

there exists a sequence of smooth sets Ẽn such that (3.22) holds with η = 0. In particular we have

F̃Q(E) ≥ inf
{
F̃Λ
Q(F ) : F smooth

}
.

Let us prove the converse inequality. Since Iηα(En) ≥ Iα(En) and Iα(En) → Iα(E) by Lemma
3.3 again and the fact that E is C1,β . By lower semicontinuity of

∫
∂E

|A|2dH2 we find

F̃Q(E) ≤ lim inf
n→∞

F̃ηn,Λ
Q (En). (5.1)

If now F is a smooth compact set then using the fact that En are approximable minimizers and
(5.1) we have

F̃Q(E) ≤ lim inf
n→∞

F̃ηn
Q (En) ≤ lim inf

n→∞
F̃ηn,Λ
Q (F ).

Using [16, Proposition 2.16] and a diagonal argument we see that for smooth sets F we have

limn→∞ F̃ηn,Λ
Q (F ) = F̃Λ

Q(F ). We conclude that

F̃Q(E) = inf
{
F̃Λ
Q(F ) : F smooth

}
.

By Lemma 3.6 and Proposition 3.7 we conclude that we also have

FQ(E) = inf {FQ(F ) : |F | = |B1|, F smooth} .

This proves the existence of approximable (volume-constrained) minimizers of FQ. Moreover,
Corollary 4.5 implies that all such approximable minimizers are C1,β regular nearly-spherical sets
with C1,β norm uniformly converging to 0 as Q → 0. Let now E be any such approximable
minimizer. Testing the minimality against F = B1 we have after rearranging the terms

W (E)−W (B1) ≤ Q2(Iα(B1)− Iα(E)). (5.2)
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Let us bound the left-hand side from below. Since E is an approximable minimizer there exists a
sequence of smooth sets En with W (En) →W (E) and P (En) → P (E). Let rn → 1 be such that
|Brn | = |En|. By [36],

P (En)− P (Brn) ≲ (W (En)−W (Brn)),

so that sending n→ ∞ we find

P (E)− P (B1) ≲ (W (E)−W (B1)). (5.3)

Using that E is a nearly spherical set, we have by [16, Proposition 5.5] in the case α = 2 (see
also [32, Lemma 2.2] for a stronger statement) and by [18, Proposition 4.5.] for α ∈ (0, 2) that the
right-hand side of (5.2) may be bounded from above by

Iα(B1)− Iα(E) ≲ (P (E)− P (B1)). (5.4)

Plugging (5.3) and (5.4) into (5.2) yields

(P (E)− P (B1)) ≲ Q2(P (E)− P (B1))

which for Q small enough implies P (E) = P (B1) and thus up to translation, E = B1. □
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CMAP, CNRS, École polytechnique, Institut Polytechnique de Paris, 91120 Palaiseau, France

Email address: michael.goldman@cnrs.fr

Department of Mathematics, University of Pisa, 56127 Pisa, Italy

Email address: matteo.novaga@unipi.it

Department of Mathematics, University of Bologna, 40126 Bologna, Italy

Email address: berardo.ruffini@unibo.it


	1. Introduction
	1.1. Notation and main results

	2. The two-dimensional case
	3. The three-dimensional case
	3.1. Preliminaries on Riemannian geometry and weak immersions
	3.2. The regularized capacitary functional
	3.3. Existence of minimizers

	4. Regularity
	5. Proof of the main result
	References

