EXISTENCE AND LOCAL ASYMPTOTICS FOR A SYSTEM OF
CROSS-DIFFUSION EQUATIONS WITH NONLOCAL CAHN-HILLIARD TERMS
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ABSTRACT. We study a nonlocal Cahn-Hilliard model for a multicomponent mixture with cross-
diffusion effects and degenerate mobility. The nonlocality is described by means of a symmetric
singular kernel. We define a notion of weak solution adapted to possible degeneracies and prove, as
our first main result, its global-in-time existence. The proof relies on an application of the formal
gradient flow structure of the system (to overcome the lack of a-priori estimates), combined with an
extension of the boundedness-by-entropy method, in turn involving a careful analysis of an auxiliary
variational problem. This allows to obtain solutions to an approximate, time-discrete system. Letting
the time step size go to zero, we recover the desired nonlocal weak solution where, due to their low
regularity, the Cahn-Hilliard terms require a special treatment. Finally, we prove convergence of
solutions for this class of nonlocal Cahn-Hilliard equations to their local counterparts.

1. INTRODUCTION

In this work we study a nonlocal Cahn-Hilliard model with degenerate mobility for a multicomponent
mixture where cross-diffusion effects between the different species of the system are taken into account,
and where the species do separate from each other. The motivation for considering such a model
stems from multiphase systems modelling isothermal phase separation of miscible entities occupying
an isolated region 2 C R? (d = 1,2, 3), cf. [21] and the references therein. We consider a cross-diffusion
system that models the interactions between n + 1 species, n € N\ {0}, in which all the species do
separate from the others in a nonlocal way. More precisely, let € be the d-dimensional flat torus of
R? d = 2,3 (which corresponds to imposing periodic boundary conditions), and let 7' > 0 be some
final time. We assume that the n + 1 species in the mixture occupy the spatial domain 2 and for all
i =0,...,n, we denote by u;(t,x) the volume fraction of the ‘" species at time ¢ € [0,7] and point
x € Q and set w := (ug,uq,...,u,). Given a small parameter ¢ > 0 which accounts for the radius of
the nonlocal interactions, we denote by u. = (us,- .., Ue,n) the nonlocal counterpart to w.

We are then interested in the existence of weak solutions to the following system of cross-diffusion
equations with nonlocal Cahn-Hilliard interactions

Oyue = div (M (u:)Vp,), (1.1)
such that

n
0 <we (t,z) <1foreveryi=0,...,nand Zus,i(t,x) =1 for a.e. (t,x) € [0,T] x Q.
i=0
Here, for all u. € Ri“, M(u.) € RHDx(+1) is 5 degenerate mobility matrix whose precise expres-
sion is given in Section 2, while g, is the chemical potential, defined as
e = DusENL(us)y
for Eny, given by

n 1 n
Exp(ue) := Z:/QuZ Inwue ;—ue ;+1 daH—Z Z /Q/QcinE(x,y)(ugvi(x)—u&i(y))(ugvj(:z:)—u&j(y)) dxdy,
=0

i,j=0
(1.2)
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where K. are L' and symmetric convolution kernels and C' = (c;;);; € ROTUX(H1) s a positive
semidefinite matrix, see Section 2 for their definitions. Note that the logarithmic terms in this energy
functional account for diffusion while the second integral is responsible for nonlocal phase separation.
In the case when K. = 0, system (1.1) boils down to a multi-species degenerate cross-diffusion system
with size exclusion that was studied for example in [9, 3, 5, 12]. The local counterpart to (1.1), namely
system

Ou = div (M (u)Vu), (1.3)

is driven by the local energy functional Ey, given by

Z / cijVui . V’LLj dx. (14)
Q

- 1
Ep(u) := Z/ u;Inue; —ue; +1de+ 3
i=0 7 i,5=0

Indeed, as € — 0, it formally holds that

1 n 1 n
13 [ ek tut - ww) @) - uw) dedy 5 Y [ 6V Vag do
4 £ aJa 2 ~—~ Jo
1,5=0 i,5=0
The main goals of our paper are to show existence of solution to the non-local system (1.1) as well
as convergence of the non-local to the local equations. Before we proceed, let us put our work into
perspective with respect to previous results.

Cross-diffusion systems with size exclusion. Systems of partial differential equations with cross-diffusion
have gained a lot of interest in recent years [27, 13, 14, 28, 23] and appear in many applications, for
instance the modeling of population dynamics of multiple species [10] or cell sorting or chemotaxis-like
applications [31, 32]. One major difficulty in the analysis of such strongly coupled systems is the lack of
a priori estimates, an issue that can be overcome by the boundedness-by entropy method if the system
has the so called formal gradient flow structure, see [9, 23] for a more detailed presentation.

Cross-diffusion systems with Cahn-Hilliard contributions. These kind of systems has been recently
studied in [19], see also [23] for a different choice of mobility, and describes the evolution of a multi-
component mixture where cross-diffusion effects between the different species are taken into account,
and (in this particular case) where only one species does separate from the others. This is motivated
by multiphase systems where miscible entities may coexist in one single phase, see [26, 36] for exam-
ples. Within this phase, cross-diffusion between the different species is taken into account in order to
correctly account for finite size effects that may occur at high concentrations.

Nonlocal Cahn-Hilliard equations. A nonlocal model for phase separation was originally proposed in
[22]. Ever since the works [29, 17], the literature on nonlocal-to-local convergence of Cahn-Hilliard
models has bloomed. We refer to [16, 1, 20] for an overview of the most recent developments.

Nonlocal cross-diffusion equations. Nonlocal interaction equations are continuum models for large sys-
tems of particles where every single particle can interact not only with its immediate neighbors but
also with particles far away. These equations have a wide range of applications. In biology they are
used to model the collective behavior of a large number of individuals [30], in physics they are used in
models describing the evolution of vortex densities in superconductors [35], and they appear in sim-
plified inelastic interaction models for granular media [4]. In their simplest form, nonlocal interaction

equations can be written as

0

a—‘; +div(or) =0, r=-VWxo, (1.5)
where o(t,z) is the probability or a mass density of particles at time ¢ and at location z € R,
W: RN — R is the interaction potential and r(¢,) is the velocity of the particles. It is by now well

understood, see for example [2], that equation (1.5) is a gradient flow of the interaction energy

Bo) =5 [[, W=y dola)ioty)
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with respect to the 2-Wasserstein distance. Thus, stable steady states of (1.5) are expected to be local
minimizers of the interaction energy. Much less is known however in the case of multi-species systems,
which received most attention only recently. With different species, the modeling leads to nonlinear
degenerate cross-diffusion systems for the densities of all species, again with some nonlocal terms. First
rigorous studies of stationary problems show interesting phase separation phenomena, whose dynamics
seems rather unexplored so far [11, 15]. In [6] the authors study a nonlocal cross-diffusion model for
two species, which can be derived from a lattice-based microscopic model with size exclusion. In order
to see the inherent phase separation in their model, they rewrite it as a system of nonlocal Cahn-
Hilliard equations by means of a nonlocal Laplacian defined as a negative semidefinite operator. For
the complementary setting in which the diffusion is driven by a local operator but further nonlocalities
arising, e.g., in the mean-field limit of stochastic PDEs in the neurosciences, we refer to the two recent
contributions [24, 25].

Degenerate cross-diffusion systems with nonlocal terms. Concerning nonlinear degenerate systems with
non-local terms, very little is known on the dynamics, which seems rather unexplored so far [11, 15].
In [6] the authors study a nonlocal cross-diffusion model for two species, which can be derived from a
lattice-based microscopic model with size exclusion. In order to see the inherent phase separation in
their model, they rewrite it as a system of nonlocal Cahn-Hilliard equations by means of a nonlocal
Laplacian defined as a negative semidefinite operator.

Contribution and structure of the paper. In this article we combine ideas mainly coming from
[17] and [19] and prove the existence of global weak solutions to system (1.1) with energy (1.2) and
supplemented with appropriate initial- and boundary conditions and then show that this solution, in
the limit ¢ — 0, converges to a solution to the local counterpart of (1.1).

The novelty of our work is threefold.

(a) This is, to the best of our knowledge, the first attempt to combine degenerate cross-diffusion
system with non-local Cahn-Hilliard contributions.

(b) We are able to treat an energy that involves non-local Cahn-Hilliard terms acting on all species.
Note that this requires an appropriate definition of weak solutions and a careful analysis when
performing the limit of an approximate time-discrete non-local system, as the non-local terms
yield less regularity in the a-priori estimates than their local counterparts.

(c) We apply the generalzed boundedness-by-entropy method exploited in [19] to this non-local
context.

This manuscript is organized as follows. In Section 2, we provide the setting of the problem,
introduce our notion of weak solutions and state the main existence theorems. The proof in the non-
local case is based on the introduction of a regularized time discrete approximate problem, depending
on a positive time step 7, which is presented in Section 3. We derive a priori estimates and prove the
existence of time-discrete iterates via a Schauder fixed point argument. Then we recover some regularity
properties and exploit them to pass to the limit as the time step 7 — 0 and obtain a solution to the
nonlocal system (1.1). Then, in Section 4 we show that the a-priori estimates previously obtained
actually do not depend on the non-local parameter €, which gives us enough regularity to pass to the
limit as € — 0 and recover a solution to the local system (1.3).

2. SETTING OF THE PROBLEM AND MAIN RESULTS
In this section we specify our setting, provide the notions of non-local and local weak solutions, and

state the main results.

2.1. Formulation of the model. Let Q C R% d = 2,3, be the d-dimensional flat torus (this corre-
sponds to imposing periodic boundary conditions) and let u; = w;(¢,x), ¢ = 0,1,...,n, be the volume
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fractions of different atomic species that occupy the volume of €2 at the time ¢ > 0. Furthermore, for
every € > 0 we consider the following family of convolution kernels,

pe(lr —yl)

Rele )i = T =y

: (2.1)

where (p ) C Li,.(0,400) is a suitable sequence of C*-maps satisfying the following properties (see
34, 33]): pe : R — [0,400) is defined as p.(r) := Lp(r/e), with p € C°(0,diam(Q2)) such that

+oo +oo 2
d—3 d—1
r)r® 2 dr < 400, / r)r® dr = .
foo o " Joos I er[ dHT1 (o)

Note that under these assumptions K. € L*(2x Q) and K.(x,y) = K.(y,z) for almost every z,y € Q.
Set ue = uc(t,x) = (U0, Ue,1,--.,Uepn). We are interested in the existence of weak solutions to
the following system

Opue = div (M (u:)Vp,), (2.2)
where the above expression is to be understood in the sense that dyu.; = div(M (u.)Vu.); for i =
0,...,n, and such that

0 <w;e(t,z) <1and Zuiys(t,x) =1 foralli=0,...,nand ae. (t,z) € [0,T] x Q. (2.3)
i=0

Note that M (-)e R(TDx(n+1) iy (2.2) is a degenerate mobility matrix with components

MZ](UE) = _Lijua ilUe,j Vl#j:(L,n
Mii(uo) = Y Lijucjue; ¥i=0,....n, (2.4)
0<j#i<n

with L;; > 0 such that L;; = Lj;, for all ¢ # j = 0,...,n, while p, is the chemical potential, defined
formally as
pe = Du Enp(uc),

where D,,_ Exr(u.) denotes the variational derivative of the functional

Byu(us) = [ Fluc) doot g Ly [ [ et (o) = i) @) = e ) oy, (25)

1,7=0
with

This in particular gives

pei = Dy, E(u:) = Inu.; + Zcij((KE * Due,; — Ke uw’)
j—O

=:Inu.; + E ¢ijBe(ue 5),

(2.6)

for all ¢ = 0,...,n, so that p, = (us,o,...,us,n), while the properties of the operator B.(v) =
(Ke x1)v — K. v are as in [17, Section 2.2]. Note that we set

(Kex1)( /K z,y) dy aswell as (K. xv x):/KE(Jt,y)v(y) dy.
Q

Under the previous assumptions on the interaction kernels, it was shown in [17, Proof of Theorem
2.2] that the following result holds true.
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Lemma 2.1. Let (v.). C HY(0,T; (HY)(Q)) N L2(0,T; H*(Q)) be such that
Vel oy @nzzc,rsm ) + [1Be(Ve) L2 oy ) < €
Then, up to subsequences,
ve — v weakly in H'(0,T; (H)(Q)) N L*(0,T; H'(Q)),
B.(v.) = Av  weakly in L*(0,T; (L*)(Q)).

Finally, the matrix C' = (¢;;)i j=o0,... » has the following properties

(i) C is symmetric and positive semidefinite;
(ii) ¢ >0foralli =0,...,n;
(iii) There holds

0<j#i<n 0<i<n

Then, system (2.2) can be written in the scalar form
Orue,; = div ((M(UE)V[LE)i),
= div ( Z Lijuc jue;V(pei — Me,j))

0<j#i<n
= div ( Z Lij {u&jvu&i — ue,iVu&j + Us,ius,jv( Z CikBE(uEvk) — Z leBE(uEvj))})
0<j#i<n k=0 =0
= div ( > Ly {ue,jv%i = Ui Ve j + Ue itie 5V (¢i (ue) — Qj(UE))} )
0<j#i<n
forall e =0,...,n, where
qi(ue) := ZcikBE(uE,k) Vi=0,...,n. (2.8)
k=0
For all i # j = 0,...,n we denote the part of the flux caused by the non-local contributions as
Jeij = Ue,itie jV (qi(ue) — g5 (ue)),
and set J. := (Jcij)i;. Finally, let ud = (u2g,...,u? ) be an initial condition such that
0 L ~ 0 _ :
uc;(r) >0 foralli=0,...,n, Zuﬂ(x) =1, ae. in Q. (2.9)
i=0

For every £ > 0, we then look for a solution (u., J:) to the following problem

Opue ; = div ( Z Ly; {uw-Vuw- — Ue ;i Ve j + JE’UD in Q x (0,7,

0<j#i<n
D uei=1 in Qx (0,7), (2.10)
i=0
Jeij = Ue,itte ;V(qi(ue) — g;(ue)) in Qx (0,7),
Ue,i(+,0) = ug,i in Q,
for all i = 0,...,n. Similarly, for the local system, if u° is an initial condition such that

n
ud(x) >0 foralli=0,...,n, Zu?(x):la.e. in Q,

4
=0
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by u we indicate a solution to the following local problem

8tui = div ( Z Lij |:’ZLJV’UJ1 — uiVuj + UZ’UJJV(AUZ — AU]):|> in Q x (0, T),

0<j#i<n

» ui=1 in Q% (0,7), (2.11)
=0

ui(-,0) = uf in Q.

2. Notions of weak solution and statement of main results. In this subsection we state the
main results of the paper. The idea is to pursue the following goals:

(1) To show that system (2.10) admits at least a weak solution u. in a suitable sense that will be
specified below;

(2) To show that, since (K. * 1)v — (K. xv) — —Av as € — 07, solutions to (2.10) converge to
solutions to (2.11).

Definition 2.2 (Solution to the nonlocal system). Let e > 0 and T > 0 be fized and let u® € H*(Q)
be an initial condition satisfying (2.9). We say that (u.,J.) = ((ue,i)ie{o ,,,,, np (Jesijijeqo,..., n}) s a
solution to the nonlocal system (2.10) if

1y, <1 foralli=0,...,n and Zum:l a.e. inQx(0,T);

(1) 0
i=0

(2NL) Uey € L2(0 T HY(Q)) and dyu.; € L*(0,T; HY(Q)') for alli=0,...,n
(3n1) uei(-,0)=ul, foralli=0,...,n;

(AnL) Jeij € LQ((O T) x Q)4;

(5nL) Jeij = Ue ZumV(qz(uE) —gqj(ue)) in the following weak sense

T
/ / Jesj - dwdt = / / div (te.ste ) (q: (ue) — g5 (ue)) ddt
0 Q 0 Q

for every n € L2(0,T; H*(Q)4) N L>=((0,T) x Q;RY), with n-n =0 on 98
(6n1) for everyi=0,...,n and every @; € L*(0,T; H*(Q)) there holds

T
/ <atue,i7 SDZ'>H1(Q)’,H1(Q) dt = / / Li; ue G VUe i —Ue iVUue j + Je 5| - Vs dxdt.
0 Qo<jri<n

Our first result is to show global-in-time existence of such solutions.

Theorem 2.3. Let u? € L>(Q)"" be such that u; >0 for all i =0,...,n and Z ul, < 1. Then,
there exists a solution (ue, J.) to (2.10) in the sense of Definition 2.2. -
For the proof of Theorem 2.3 we refer to Section 3 below.

Definition 2.4 (Solution to the local system). Let T > 0 be fized and let u® € H*(Q) be an initial
condition. We say that u = (ug, ..., uy,) is a solution to the local system (2.11) if

(1) 0<u; <1 foralli=0,...,n and ZUZ =1 ae inQx(0,T);
=0
(21) u; € L*(0,T; H2(R2)), dyu; € L2(0,T; H*(Q)') as well as
wu; V(Au; — Auyj) € L*(0,T; L2(2))

foralli,j=0,.
(31) ui(-,0) = uf forallz-O
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(41) for everyi=0,...,n and every @; € L?(0,T; H*(Q)) there holds

T
/ (Orui, 0i) g2 (), 12 (02) di
(2.12)
/ / L;; ujVu, u; Vuj + uu,; V(Au, — Auj)} - V; dxdt.
Qo<jti<n

Our second main result concerns nonlocal-to-local convergence of solutions.

Theorem 2.5. Let ¢ > 0, and let u? € H'(Q) be such that u® satisfies (1n1,) in Definition 2.2
and u? — u® in H2(Q), with u® € H*(Q). Let u. be a solution to the monlocal system in the
sense of Definition 2.2 and such that (4.1)—(4.5) are satisfied. Then, up to subsequences, there exists
u € L2(0,T; HY(Q)) N HY(0,T; HY(Q)"), with u(0,7) = u® and such that

Ue; — u;  weakly in L*(0,T; H*()) and weakly in H*(0,T; H'(Q)") (2.13)
B (ue ;) — Au; weakly in L*(0,T; L*(2)) (2.14)
and u; is a solution to the local system in the sense of Definition 2.4.

The proof of Theorem 2.5 is the focus of Section 4.

3. EXISTENCE OF NONLOCAL SOLUTIONS

This section is devoted to the proof of Theorem 2.3 whose starting point is a, still non-linear, regu-
larized time-discrete scheme. Existence of iterates is guaranteed by a fixed-point argument involving
the chemical potentials as unknowns. Finally, using the fact that the formal gradient flow structure of
the system is preserved in the discrete scheme, we obtain a-priori estimates on the iterates which are
sufficient to pass to the limit as 7 — 01 and recover the desired weak solution.

Let us emphasize the fact that a key role is played by Lemma 3.11, in which we treat the convergence
of the least regular terms of our system. To obtain the desired convergence, we will need to use a careful
truncation argument along with the strong convergence in L?(0,T; L?(f2)) as well as the continuity
properties of the operator B..

3.1. Time-discrete approximation. We start by considering the closed, convex and non-empty
subset of L?(2)"*! given by

n
A= {u €L u; >0, i=0,...,n, and Y u; =1lae. in Q}
i=0
endowed with the L?-topology. Note that in particular if w € A, then for every s = 0,...,n it holds
0 < wu; <1 almost everywhere.
We first prove an existence result for iterates of a regularized, time-discrete approximation of (2.12).

Proposition 3.1. Let 7 > 0 be a discrete time step, let p € N and let u? € A. Then, there exists

a solution (uP™1, uP*l) € A x H2(Q)"*! to the following coupled system: for everyi =0,...,n and
pi € HQ(Q)>
up+1
/ = Sl dr = / Z L”up*.'lupHV(ugtl ,u]f]'l)> -V, dx
Q 0<j#i<n
_T<:ug’i 7§0i>H2(Q)7 (31)

and for every ¢; € L (),

Z/ <lnu€,i + Z cikBE(ueyk))qSi dx = Z/ e it d. (3.2)
i=0 /' k=0 i=0 /'
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Additionally, there exists 6, > 0 such that
ul; >0, foralli=0,...,n, ae inQx(0,T).
The idea of the proof is to first linearize (3.1), with respect to the unknowns pi. ;, by replacing u?*!
by a given @ € A. This gives rise to an operator
Si: Ac LA™ = B2 Q)" Si(a) = p,

which we show to be well-defined. Next, using variational methods, we establish that for every given
w there exists a solution u to (3.2) defining an operator

So: H2(Q)™! = A, Solp) = u.

A fixed point of the composed operator Ss o Sy is then a weak solution to (3.1) and its existence will
be a consequence of Schauder’s fixed point theorem.
We will structure the proof in several lemmas below, starting with the linearized version of (3.1).

Lemma 3.2. Let u € A. Then, there exists a unique solution pu € H*(Q)"*! to
’lji — Uﬁi —
/ fﬁpi dxr = —/ ( Z Lijusi; V(pi — ,Uj)) Vi dv — 7(ui, i) 2 () (3.3)
o ¢ Cogjisn

for every i =0,...,n and every @; € H*>(Q). Moreover, there exists C; = Cy(n,7,Q) > 0 such that

]l (2 (0))n+r < Ch. (3.4)

Proof. Thanks to (2.4), system (3.3) can be written in matrix form as follows

1 ~ ~
2 [ pdo = [ Vo M@VR s+ rlo iy, (3.5)
for every ¢ € H?(Q)"*1. Moreover,
0<M@)<(n+1)LI,41 ae inQ (3.6)
in the sense of symmetric matrices, where L = O<m§x< L;; and I,41 is the identity matrix of
SJFILSN

R+1)x(n+1)  Then, existence and uniqueness to (3.5) is a consequence of the Lax-Milgram’s the-
orem, [8]. Choosing ¢ = p in (3.5) and using the semidefiniteness of M as well as Holder inequality
gives

I C /A -
Tl Fe gy < ;Z i —wg il 2o [ mill L2 0) < ?(Z s — ug.,iHL2(Q)>||N||H2(Q)"+1'
=0 i=0

Since u, u? € A it follows that

C
leellzr2pymer < —52(n + D2,
and therefore (3.4) is satisfied. O

This result shows that the operator S;: A C L ()"t — H?(2)"! which associates to any u € A
the unique solution p to (3.3) is well-defined. The following result guarantees its continuity and as it
follows almost verbatim as in [19, Lemma 3.5], we omit its proof here. Note that the set A here is
endowed with the L2-topology whereas in [19, Lemma 3.5] it is considered as a subset of L>(2)"*1.
Nevertheless, arguing as in the proof of [19, Lemma 3.5] yields Lemma 3.3 below.

Lemma 3.3. The map S1: A — H?(Q)" ! is continuous.

As next step we now aim to recover u € A from a given p € H?(2)"*! by means of (3.2). We
will tackle this problem by using a variational approach. To be precise, we will identify u € A as the
unique solution to the minimization problem

min F, (w), (3.7)
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where F,: A — R is defined by

Fu(w) = Z/sz Inw; + ZcikBE(wk)wi — pw; da.
i=0 k=0

We first show that this problem indeed admits a unique minimum.
Lemma 3.4. Let p € H*(QQ)" L. Then, there exists a unique solution u to (3.7).

Proof. Existence. We use the direct methods of the Calculus of Variations. First of all, given u € A
we show that F), is bounded from below. Indeed, we use the definition of A, the fact that zlnz > 1/e
in [0,1], a Young’s inequality in the nonlocal terms and p € H2(2)"*! C L>°(Q)"*! to infer

n n
Fu(w) 2 [0 — 2n max leir [ KellLr@2) — ; l[pill oo () [€2] > —o0.
Observe further that the function w™* defined as

e_|$‘2

1+ zn: e~ lel?
=0

is an element of A and satisfies F, (w*) < +o00. Thus, it holds that

* M
w; for every i =0,...,n.

—00 < ir}th” < Fu(w”) < 400
which implies the existence of a minimizing sequence (u™),en C A such that
. my
n}gnw Fo(u™) = 1&1‘1" F.
Moreover, the L°°-bounds arising from the fact that «™ belongs to A imply the existence of u € A

such that u® — u; weakly in L?(2) for any i = 0,...,n. By convexity it follows that

m—r oo

/uilnui dxgliminf/ugnlnu;" dr foralli=0,...,n.
Q Q

Concerning the nonlocal terms we first observe that

Z / cik Be(ug)u; doe = Z / cik((Ke x Dug — K, * up)u; do
Q Q

i,k=0 i,k=0

3 /Q /Q eI (@, y) (un (@) — i () (i) — us(y) dardy

i,k=0

_ / / K. (2, y)(u(z) — u(y))'C(u(z) — uly)) dudy,
QJQ

and in turn the positive semidefiniteness of the matrix C' implies the convexity of the above term. This
allows us to conclude that

/Q / K. (2, )(w(z) — u()) Clu(z) — uly)) dedy

< limin / / K. (2, 5)(w™(2) — u™ ())'C(u™ () — w™(y)) dody.

m— oo

Finally, for the last term we have

/uiulmdx%/uiuidm for all : =0,...,n.
Q Q

Summarizing gives
< limi my _
Fu(u) _lirl;InglofF“(u ) lngH’

from which we infer that w is a minimizer of F}, on A.
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Uniqueness. Let us now assume that u and @ are two solutions to (3.7), that is, they solve (3.2) for
every ¢ € L>(Q)"T1. Taking the difference of the corresponding equations and choosing ¢ = u —
gives

Z/ Inwu; — Inw;)(u; )+ Z cik(B — B.(tug))(u; —w;) de = 0. (3.8)

Since C' is positive semidefinite we deduce

Z/czk - (ur) — Be(@)) (u; — W) da

i,k=0

Z/cm K * Duy — K. *uk) ((Ke*l)ﬂk—KE*Ek)](ui—m)dx
i,k=0

3 [ Kot = () = (o =) 0)] [0 = 7)) = (1 = T 0)]da

i,k=0
- /Q i K.z, 9)((u—)(@) — (u—0)(1))"C((u - w)() - (u—w)(y))da >0, (3.9)

which, together with the strict monotonicity of the logarithm implies that from (3.8) we have
u;=1u; foralli=0,...,n
which, in turn, yields the assertion. O

In order to identify (3.2) as the Euler-Lagrange equation to (3.7), and to obtain that minimizers of
F,, are weak solutions to (3.2), we need to be able to construct perturbations in such a way that we
do not leave the set A. This will be possible due to pointwise bounds of the minimizers which only
depend on p through its H2-norm as the following result shows.

Lemma 3.5. For every p € H*(Q)"*! there exists 5, > 0 such that for any minimizer u to F,, in A
there holds

U; > 6y foralli=0,...,n and almost everywhere in €.
Additionally, for all N > 0, there exists § > 0 which only depends on N,Oénapé lcijl, [ Kellpr 2y, such
<i,j<n

that for all p € H*(Q)" ' with ||p|| g2(q)n+r < N and for any minimizer u to F,, there holds
u; >80 foralli=0,...,n and almost everywhere in ).

Proof. Let p € H?(Q)"*! c L>(Q)"*! and let w be a minimizer of F}, on A. We aim to show that
there exists § > 0 such that § < u; almost everywhere in €2 for all 4 = 0,...,n. The precise dependence
of § on the data will be specified later in the proof.

To fix the ideas, we will show the result for ug, being understood that the same reasoning applies to
the other components. We reason by contradiction and assume that the Lebesgue measure of the set
Ms :={z €Q : up(z) <} is positive. Now, let us define

Uj

ug := max(ug,d) as well as U? = Uy — (uS — up) 1=1,...,n, (3.10)

1—1,L07

and set u® := (uf,...,ud). In (3.10), since 1 —ug = > u; > u; > 0, the function T is well-defined
j=1

“10 = 0 as soon as u; = 0. By definition, we have
1>wud >0 and uf + Z u¢ = 1. Furthermore, ul(x) = 0 for all € Q such that u;(z) = 0. For all
x € 2 such that u,;(x) > 0 it follows that 1 — ug(z) > u;(x) > 0 and

U('s(x) = u;(z) (1 — M) >0, since ug(x) ~ to(2) < 1~ uo(w) =1.

1 —ug(x) 1—up(z) ~ 1—up(x)
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n
As a consequence, u® € A and uf =1 — Y u?. We now prove that for § sufficiently small, F,(u®) <
i=1

F,.(u). Using the fact that ul = u; on M§ = {z € Q : ug(x) > 6} yields
Fu(u’) = Fy(u)

< Z/ ud Inud — u; Inw;) + z Cik (Bg(ui)u? — Be(ug)u;) — i (Ul — ug) d. (3.11)

k=0

For the nonlocal terms, we find

i,k=0
:/ coo(BE(ug) 8 B (ug)ug dm—i—Z/ COk ug—Bg(uk)uo) dx
M
+Z/ czo Uo u‘s — B (uy) ul dx—f— Z / clk uk u‘s — Bs(uk)ui) dx.

i,k=1

We estimate only the first term on the right-hand side of the equality above, because the other terms
can be bounded in a similar fashion, with the additional information (3.10). Using the definition in
(2.6) gives

/ Coo (Bs(ug)ug — Bs(uo)uo) dx

M

— / Coo [((KE * l)ug — K, x ug)ug — ((KE * Dug — K¢ * uo)uo] dx
M

= / o0 [(K6 « 1) ((ud)? —ud) — (K- *ud)u) — (K- *uo)u )}
M

dx
< ¢oo (QHKE * lHLoo(Q) —+ ”Ks * ug”Loo(Q) + ||Ks * UO”LQC(Q)) / (ug — UO) dx
M

S 4COO||KEHL1(QQ)/ (ug — ’U,o) dl‘,
M

)

where in the last step we used Young’s inequality for convolution and the fact that both ug, ug < 1.
Repeating a similar argument for the other terms gives eventually

Z / czk uk u‘5 — Bg(uk)ui) de < C (ug — ug) dz, (3.12)
i,k=0 Ms
where C' > 0 is a constant depending on n, || K ||11(2) and max; x—o,....n |Cik|-
The last terms in (3.11) are easily estimated by means of (3.10) while for the logarithmic terms we
follow the proof of [19, Lemma 3.7] so that (3.11) reduces to

F(u®) = Fu(u) < (Ind + C) / (ud — ) dz,

M

where C' > 0 is a constant depending on the data but not on §. Moreover, note that / (ug —ug) dx >
Ms

0, because the function u$ —ug > 0 on Mg, which has positive measure. Therefore, if § is chosen small

enough to guarantee that Ind + C < 0, it follows that

F(u’) — Fy(u) <0,

which contradicts the fact that w is a minimizer to F,.
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Since the same argument applies to all the remaining components, we can conclude that for every
minimizer u € A to F), there exists §,, > 0 such that
u; > 6, foralli=0,...,n

Arguing as in the proof of [19, Lemma 3.7], end of Step 1, we see that § can be chosen to be dependent
only on the data, as soon as p is assumed to satisfy ||| g2q)n+1 < N, thanks to the compact
embedding H?(Q) < L°°(Q). This concludes the proof of the lemma. O

Lemma 3.6. Let u € A be the unique minimizer of F,,. Then, u is a weak solution to (3.2). In
particular,

Inw; + ZcikBs(uk) —u; =0 ae inQ forali=0,...,n. (3.13)

k=0
Proof. Since w minimizes F), it follows that (F,(u), ¢) = 0 for any ¢ € L>(Q)"*!, which implies that
(3.2) is satisfied. The arbitrariness of ¢ then gives that (3.13) is satisfied as well. O

Let now So: H2(£2)"*! — A be the map that associates each pu € H2(Q)"*! to the unique minimizer
of F,, in A, that is, the unique weak solution u € A to (3.2). We have the following regularity result.

Lemma 3.7. The operator So: H*(Q)" T — A is continuous.

Proof. Let (u™)men C H?(Q)"*! be such that p™ — p strongly in H2(Q2)" 1. Set u™ = So(u™) as
well as u = So(p). We want to show that So(u™) — So(p) strongly in L2(Q)" ! as m — oco. We
argue as in the existence step of the proof of Lemma 3.4 and consider test functions ¢; = u* — u;,
1=0,...,n.

Exploiting the positive semidefiniteness of C' as in equation (3.9), and from the definition of A and
the consequent boundedness of its elements, we infer

/(lnu;n —Inwu;)(u* —u;) de < 2/ |l — pg| dex.
Q Q

We proceed by splitting the left-hand side of the above inequality into four regions.
Fix § > 0, and assume first that « € Q is such that u]"(z) — u;(z) > du;(z). Then,

Inu*(x) — Inu;(z) =In (1 + M) > In(1 + 6),

ui(z)
so that
In(1+ 5)/ u*(x) —ui(z) de < 2/ [l — | dex. (3.14)
{ze:ul™(z)—ui(z)>du; (x)} Q
Analogously, assuming that u*(z) — u;(x) < —du,(x) gives
In(1+ 5)/ ui(x) —u(z) de < 2/ [l — | dex. (3.15)
{z€Q: u;(z)—ul™ () >du;(x)} Q
Finally, for the remainder, using that u € A, we have
/ lui(z) — ui*(z)| de < §|9. (3.16)
{ze: [ul" () —ui(x)| <du; (x)}

By combining (3.14)—(3.16), using again the definition of A and by the convergence of the chemical
potentials we deduce

4
li M — | de < 8|9 + 1 _— M — ;| de = 6192].
msup [ ! = do < 50+ lmswp ot [ ] do = 510

m— 00 m—r oo
In view of the arbitrariness of § we conclude that u® — u; strongly in L*(Q) for every i € {0,...,n}.
Since u™,u € A, by the Dominated Convergence Theorem we also find u[* — u; strongly in L"(2)
for every i € {0,...,n} and for every r € [1,00). O

We now have all the necessary ingredients at hand to prove the existence of iterates.
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Proof of Proposition 3.1. By the results of Lemmas 3.2, 3.3, 3.4 and 3.7, together with the compact
embedding of H2(Q) into L?(2) for d < 3, it follows that the operator S := Sy 08; : A — A is both
compact and continuous and thus, by Schauder’s fixed point theorem, it admits a fixed point u?*!
which is the solution to (3.1). O

3.2. A-priori estimates. In view of Proposition 3.1, we deduce that for any initial datum u? € A
and any 7 € (0,1) there exists a sequence (u?,u?), C A x H?(Q)"! defined recursively as solutions
to (3.1) and (3.2) for every p € N.
We then define several piecewise-constant-in-time functions as follows: for all p € N\ {0}, for all
i=0,...,nand all t € (t,_1,1,], we set
W (t) =l () =,

n n 3.17
ug—l) =pl,=Inul, + g cij (K = Du? ; — K. uf,j) =Inul, + E ¢ijBe(u? (3.17)
=0 —

At time t = 0 we define u(™)(0) = u°. Let P(") € N\ {0} be the lowest integer such that -y > T.

We additionally introduce the time-shifted solution O'TU;E-T) as

orul(t) =uP! for all t € (t,_1,t,], p € N\ {0},
whose components are given by (Urugg, .. .,aTuﬁT)L). For all u, = (ue,0,Ue1s---,Uen) € A, for all
7> 0 and t > 0 we define the (convex) entropy functional

Z/“ Dm0 et S [ [ esee @60 @)D ) dey

1,7=0

so that, for all p € N,

(tp+1) Z/ ptl lnup'|r1 dJH—

The main contribution of this subsection is to establish some a-priori bounds on the interpolants

(ng)a ,ui?) with constants independent of 7 and e.

//% (2, 9) (W (@)~ () (W2 ()~ (1)) dvdy,

130

Remark 1. Note that the energy functional Eny, in (2.5) is bounded from below, since the matriz C' is
positive semidefinite and the function © — zlnx —x + 1 is bounded from below in [0, 1].

We begin this subsection by stating the monotonicity of Enp,.

Lemma 3.8. Let (uP),en be a sequence of solutions to (3.1). Then, the sequence (Ej(\;z(tp))peN is
decreasing. Moreover, there exists a constant C' > 0 such that

1
f/ / Ke(x,y)(ugi) (x) — ugi) (y))(ugj) (z) — ug (y)) dedy < C  forallT>0,t>0,4,7=0,...,n
QJa

Proof. We reason as in [19, Lemma 4.3]. We test each equation of (3.1) with ¢, = ,u]:zrl and then sum

for i =0,...,n to have
WP
Z/ o 4P g = — Z/ 3 L” ”“Vup“ ’E’leué’lerJij} Virt! da
QO<]757,<n

1
—TZ\|MP+ 220 (3.18)
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For the right-hand side, we exploit the fact the mobility M is positive semidefinite, see [19, Remark
4.1], to have

+1 +1 _  p+l +1 +1
_Z/ﬂ Z U ug vp ?;i Vug,j +Ji1} pey de — TZHHa ||H2(Q)

0<j#i<n
<Y [ motevent - ) vt d
i=0 0<j#i<n
— (V™ M (w2 vttt <o. (3.19)

On the left-hand side we use (2.6) together with the convexity of the energy to get

P+1

Z/Ez

! (Enr(u?*') — Exp(u?)).

(3.20)

EZ ;D+1 dr = Z/ p+1 D p+1ENL(Up+1) do > =

S

From (3.18)-(3.20) we infer
1
—(Enc(u') = Exp(ul)) <0,

that is, the sequence (Enr(u?))pen is non-increasing. In particular, there exists C' > 0 such that
ENL(u?E’“) < Enr(u?) < C which, taking (2.5) into account, entails

/ Ko (2, y) (W (@) — u?t (y))?dudy < C.
QJQ

This completes the proof. O

We now exploit this property to establish some a-priori estimates which play a central role in order
to pass to the limit as 7 — 0.

Proposition 3.9. Let (u?)yen be a sequence of solutions to (3.1). Then, there exists a constant C > 0
such that

SR A

Z/ /T’)dxdth, (3.21)

i—0 v 0 QU

Z/ //c“ (x,y |Vu ( ) — (T)( )|? drdydt < C, (3.22)
Q

DY / ) ) = gy ) ot < (323)

=0 0<j#i<n

S / 1) oy dt < C. (3.21)
=0

Proof. We use an argument already exploited in [19]. We first test each equation in (3.1) with p; = ugfl

and sum for ¢ = 0,...,n. This gives

+1 +1_ p+1 +1 +1 +1
5 de = Z/ Z Lljugz gj v(/”"ze)z /”LZE),] ) Vlj’ze)z dx
QO<];éz<n

1
- TZ 12 2 )

P+1

Z/Ez
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The left-hand side can be handled as in Lemma the proof of 3.8, c¢f. (3.20). Concerning the right-hand

side, we first set £ := min L;;. We have
<i,j<n
S
+1 p+1 +1 +1 +1 +1
S [ F e S e S ey 62
Qo<jti<n
+1_ p+1 +1 +1 +1
:—Z/Q Liy — O sl — ) vt da
0<];£2<n
1Lty 1 1 1
O3 [ T ) S e 3 e
Q g<jti<n

The first term reads as

—Z / Liy — Oul Pl (i — ) - vttt da (3.26)
QO<j;él<n

_ / (Tl T M (a2 T2 < 0,
Q

where M (uP™1) is given as in (2.4), but with the coefficients L;; replaced by L;; — ¢. Using (2.6), the
second term reads as follows

1, pt1 1
- KZ / V(T 2Vt do (3.27)
Qg<jti<n
= 762/ ?tlu];yV(lnupH lnu’:;l) . Vlnugjl dx
Q 0<j#i<n
— EZ/ fjlufglV(ln upH In u’a’;l) Vi (uPtt) da
Q 0<j#i<n
1, pt1 1
O3 [ T V) - gt
Q2 0<j#i<n
1, pt1
O[T ) g ) T e
a 0<j#i<n

We are going to estimate the several terms in the above equation separately. First of all, using the
constraint (2.3) gives

i WP ! ) Vinu? ! de = —0 vt ?
- Z Cul TV (Inul nul. ) -Vinu x = Z s x.

571 £,j €,
Q O<j;£z<n e %
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For the second term we reason as in [17, inequality after (3.14)] to have

- fZ / > Lyl el VIl — Il V(') do

Qo<jAi<n

—r3 [ 9 (S eunr) == 3 [ vt Bty i

i,k=0

S ES [ e S  d
Q

MDY / [ enKela) Vi @) =5 ) VL @) = 2 () dody

i=0 0<k#i<n

= 52// (@, )|Vl (2) = Vul T (y)? dedy
( p+1 p+1 2
+1 | Jei K, )| Vel (@) = V()] dady
k7é1<n
+1 2 > / [l KooV @) = V2! () dady
i=0 0<k#i<n
s—CZ / [ b vuz @) =V ) dody

with C > 0 thanks to (2.7). For the third term, we first multiply and divide by (u er1)1/2 and then

apply a Young’s inequality to have

42 / uP PV el TV (g (ul ) — g (ulth)) da
Qg<jti<n
= 42 / ul 5TVl V(g (ult) — gy (ul ) de
QO<];£'L<7’L
+1_ p+1 1
<53 Y [t gt a gy S [
=0 0<j#i<n =0 0<j#i<n
4 1, p+1 p+1 pH1))2 WUPHP
<52 3 [ vae - gyt 53 [
=0 0<j#i<n )i
while exploiting symmetries in the last term gives
- éZ / a5V (gl ) = g; (u2 ) - Vai(ul ™) de

Q g<jti<n

=Y Y [t ) - )P de

=0 0<j#i<n

VP2
dz

p+1
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Thus, recalling again (3.20), we obtain

1
—(B(ul™) — B(ub))
‘ [VultH
< _52 o p+1 KZ//CH (z,y) |Vup+1( s) — Vu?fgl(y, )|? dady
3 X [T ) e ey

i=0 0<5#i<n
We then multiply this expression by 7, sum for 0 < p < P(") — 1 and use Remark 1 to obtain

*Z/ / |V |2 dx dtJrKZ/ //c” (z,y) |Vu(7)( ) — (T)( V|2 dedydt

N7 (ga(l) — g (ul))? dzdt+rz / 112

+z:zt//“m

i=0 0<j#i<n

()

€, E]

<C(T+ 1)+ E(u).
Since all the quantities on the left-hand side are nonnegative, the bounds (3.21), (3.22) and (3.24) are
W) e € (0,1), then

satisfied, while the bound (3.23) follows by noticing that, since u
(ug)) - qj(ug)))|2 dzdt,

DV awl) ~ )P war < [ [ )
g

/ / |usz Ej
nand all j #¢=0,...,n. This ends the proof.

foralli=0,...,
Lemma 3.10. There exists C > 0, independent of 7 > 0 and € > 0, such that
oo |
‘77 dt <C foralli=0,...,n
0 T H2(Q)
O

Proof. Tt works as in [19, Lemma 4.7]
3.3. The limit as 7 — 07. In this subsection we will recover a weak solution to (2.10) in the sense
)

of Definition 2.2 as the weak limit of some extracted subsequence (ue’),~¢ as 7 — 0"

After interpolation (3.1) reads as

—o-u
/ / E l ——,; dadt
(Z CikBg(Ungg) - Z cleE(ugl))ﬂ -V; dzdt
=0

(T)Vu(T) + ue H uET])V

//2:%<Wm
Q k=0 1=
(3.28)

0<j75l<n
T </J“5,i 7@1>H2 () 5
0
for every o; € L?(0,T; H*(Q)). The estimates collected in the previous section imply the existence of
a function w. € L2(0,T; H'(2))"*! such that, up to the extraction of a subsequence,
; (3.29)

: 2
) ue; weakly in L*(0,T; H'(Q)) as well as weak- * in L>(0,T; L*°(12)),
(3.30)

u(T) ul)
i — Oyue;  weakly in L*(0,T; H*(Q)').

oru €,%

-
Taking the compact embedding H'(2) < L?(Q) into account, [18, Theorem 1] implies that
(3.31)

ul) = ue;  L20,T; L)),
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while the uniform bound of (u ;)->0 in L>°(0,T; L>°(Q2)) implies that u( ) — U ; strongly in L™(0,T; L™(2)),
for any r € [1,00) and for any i = 0,...,n.
From [17, Lemma 2] we know that

T T
/ 1B () |10y dt < © / Va3 dt < C, (3.32)
0 0

which implies the existence of 1 € L2(0,T; H'(Q)’) such that Bs(ugi)) — q); weakly in L2(0,T; H*(Q)").
Let now ; € L?(0,T;C>(Q2)). We have

(Bo(uT)), i) 120 120y = / / / K. (2, 5) (T (@) — uT) () (i(x) — i) dadydt.

Since (ul ;)7>0 is uniform bounded in L>°(0, T; L>°(2)) while K. (x,y)(¢i(x) — ¢i(y)) € L'(Q?) thanks
to [7, Theorem 1], by (3.31) it follows by dominated convergence that
(Be(ul;)s pi)r2(),c2() = (Be(uei), vi)r2(Q),02(9)-

In particular, we infer that Be(ul ;) — B:(uc ;) weakly in L*(0,T; L*(Q)).
Next we prove that
VTulT) = 0 weakly in L2(0,T; H(Q2)). (3.33)

From (3.24) we have that (fu(T))Tw is bounded in L?(0,7; H?()). Additionally, from (2.6) and

Lemma 3.5 we infer that u(T-) is bounded in L2(0,T; H'(2)"). As a result, in the limit as 7 — 0 this
gives (3.33).

These convergences enable us to pass to the limit in (3.28) as 7 — 0. Indeed, for all i = 0,...,n
and as 7 — 0, up to the extraction of subsequences we have

r uiTi) - Tugri) r
/ / ’7’%‘ dxdt — / (Orue iy i) o2 () H2() dt,
0

/ / gj)Vugl) - uiTZ)Vugj)} -V dxdt
Qg<jti<n
- / / Li; UE Ve ua,iVuE,j] -V, dzdt,
Q 0<j#i<n
T/ <:u£,i)a$02>H2(Q) dt — 0. (3.34)
0

Passing to the limit in the term

//Q > L”ui?ug])v(z%B ZcﬂB El) Vi dudt

0<j#i1<n
/ / Z LUUS 7 e j ( (ugT)) —4qj (ugT))) : VSO'L dadt
Qo<jti<n

is more delicate and will be treated in details in the following lemma.

Lemma 3.11. For all i # j = 0,...,n there exists J.;; € L*(0,T;L*(Q)%) such that J.;j =
Ue,itle j V(qi(ue) — gj(ue)) holds in the weak’ sense, that is,

/ / cj N dedt = / / gi(ue) — gj(u.)) div(ue ;ue jn) dadt,

for every n € L?(0,T; HY(2)%) N L>®((0,T) x 4 RY), with n-n =0 on IQ and such that, up to the
extraction of a subsequence

gTZ) iT;V(qi(ugT)) - qj(ugr))) — J.ij weakly in L*(0,T; L2(Q)9).
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Proof. Fix i,j € {0,...,n} such that j # i and set, for simplicity,
I3 = w TV @ (l) = g5 ul). (3.35)

€,1J €4 e,

Estimate (3.23) implies the existence of J. ;; € L%(0,T; L*(Q)¢) such that

T = Ji; weakly in L2(0,T; L2(Q)%). (3.36)
For every x > 0 we split
T3 = X5y T X < Ty (3-37)

Let us consider the first term on the right-hand side of (3.37). Thanks to (3.36) and the strong
~ X{ue suc;>r} D L?(0,T; L?(2)) we have further that

CONVETEENCe X, (r), (7)., )
X {ugug>ﬁ}¢1§;§. ~ Xuesue,on}Jeij  weakly in L2(0,T; L2(Q)%). (3.38)
We now claim that
X{ue jue;>r}Jejij = X{usyiuwZﬁ}us’iug,jV(qi(uE) —gj(u:)) a.e. and for all £ > 0. (3.39)
Indeed, from (3.35) we find
g
X(ulru)omy V@07) = 4 () = X005 T (3.40)
e,i Ue,j

Thanks to (3.38), (3.35) and the fact that W) Ue jue, j strongly in L2(0,T; L?(92)) we have

£,1 7&,]
(7)
\ Jei eg
{ulul)>w) ) () T Muesue 2ed 70, 7o
g,1 TE,] ’ ’

On the other hand, taking the continuity of the operator B. as well as (2.8) into account gives
V(gi(ul) = q;(ul”)) = V(gi(u) — ¢;(u)) weakly in L*(0,T; H'(Q)).

Therefore, taking the limit as 7 — 07 in (3.40) implies the claim (3.39).
We now consider the case then the product u. ;u. ; vanishes which is captured by the second term
on the right-hand side of (3.37). Thanks to (3.23), there holds

T
/ HX{u(T.)u(T?<m}JE(;;||L2(Q) dt < /
0 e,i e, j = o

therefore there exists g™ € L%(0,T; L2(Q)9) such that

T
HJ(T)

£,1]

20 dt < C, (3.41)

X (uul) SR}J;; — ¢" weakly in L%(0,T; L*(Q)%).

e, €,]

By (3.41) we infer that ||g"||r2(0,7,12(nye) < C, which gives the existence of g € L*(0,T; L?(Q2)?) such
that
g~ — g weakly in L?(0,T; L*(Q)%).

We claim that ¢ = 0, and in particular
T
/ / g-Védrdt =0 forall € L*(0,T; H'(Q)). (3.42)
0 JO
To this end, fix ¢ € L2(0,T; H*(2)) and let (¢,,)nen C L=(0,T;C°°(Q)) be such that

1
| — QS”LZ(O,T;Hl(Q)) < o for all n € N.
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We have

T
‘/ g-V¢dmdt’< hm‘/ /g v¢dxdt)
0
’ (r) ’ (r)
< 1 . B . T < 1 . T
- i%;gno’/ /X{“i 1)“<EJ)<"‘}JE i Vo dxdt‘ - ilg%);l—%/ /{ () <r) Ve - Vol dudt

S H g, g
- ,1»1—>H%) 71_1_}1’110 / /u(ﬂ')u(‘r)< ) | eij (d) ¢n | d$dt + / /u(ﬂ')u(f) | eij ¢n| dmdt)

<t i ([ Loy PRI N o) 196~ )00

k—07—=0

T
R (r), (1) (7),,(7) (T _ g (20T
 lim lim V00l | [ 2y VD (VA 0 (0) = )

c NONO! 1/2
EJrilin hm IV&nllzoeo.7:2(c) / /m <y Ueyitley da:dt)

% [l ul)V (g (wl) — (D)) 22 0,7:020)

s hm VEC|IV | Loe 0,130 (2))

Q

Q3

< —.

3

Taking the limit as n — oo in the previous inequality yields (3.42).
We now consider again (3.37). Passing to the limit as 7 — 0 and £ — 0 and taking into account
what discussed so far gives from (3.39) that

Jeij = Ueitte jV(gi(ue) — gj(ue)) ae in Q x (0,T).
The proof is thus complete. O

Proof of Theorem 2.3. In order to obtain the desired result, it remains to pass to the limit as 7 — 0
in (3.28) using the convergences in (3.34) and the result of Lemma 3.11.
It follows that there exists u. € L2(0,T; H*(Q))"! with d,u. € L*(0,T; H?(2)")" ! such that

T
/ (Oruc,is pi) m2 () m2 () dt

/ / zg ue ]vue i Ue,ivue,j + Ue,iu57jv( Z CikBe(ue,k) - Z leBe(ue,l))] -V; dxdt,
Q k=0 =0

0<j#i<n

for all i = 0,...,n and for all ¢; € L?(0,T; H*()). The previous weak formulation implies that
Orue; € L2(0,T; HY(Q2)') and therefore by density we can extend the whole formulation to any ¢; €
L?(0,T; HY(Q)) as follows

T
/ (Oruc i, 0i) m1 (@), H1 () dt

/ / L;j us Ve i —us ;Vue j + ueviusij( Z CikBe(ue ) — Z leBs(us,l)>] - V; dxdt.
Q k=0 1=0

0<j#i<n

Finally, we have that necessarily it holds u. ;(0, ) = u ; (), reasoning as in [19]. Therefore, it turns out

that (u., J:) is a weak solution to (2.10) in the sense of Definition 2.2. The proof is thus complete. [
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4. FROM NONLOCAL TO LOCAL

In this section we perform the limit as € — 0. We start by collecting some estimates coming from
the results obtained in the previous section.

Lemma 4.1. There exists a constant C' > 0, independent of €, such that for any i =0,...,n it holds
T
/0 ||8tu57,;|\§{2(9)/ dt < C, (4.1)
T
/ / |V, ;|? dedt < C, (4.2)
| B (ue,i)ll 20,1311 (2)) < Cs (4.3)
/ / / ci Ko (2,9)|Vuei(x) — Vue ;i (y)|? dedydt < C, (4.4)
3 / / o ]2 dedt < C. (4.5)
0<j#i<n

Proof. Property (4.1) follows from Lemma 3.10 and (3.30). Estimates (3.21) and (3.29) imply (4.2).
Equation (3.32) gives (4.3). Equations (3.22) and (3.29) yield (4.4). From Lemma 3.11 and equation
(3.23) we infer (4.5). O

We are finally in a position to prove Theorem 2.5.

Proof of Theorem 2.5. In view of (4.1) and (4.2) we infer (2.13), while (2.14) follows from (4.3) and
Lemma 2.1.

It remains to show that such w actually satisfies the requirements in Definition 2.4.

We first observe that, thanks to (2.13), there holds

ue; — u; strongly in L*(0,T; L*(Q)), (4.6)
while (4.4) and [17, Lemma 4] imply that
ue; — u; strongly in L*(0,T; H'(Q)). (4.7)

This implies that (11) and (21) are satisfied. Condition (3) follows from (2.13) and the Aubin-Lions’
lemma. In order to verify condition (47) we note the following: for every ¢; € H*(£2), thanks to (2.13)
there holds

T T
/ (Oue iy i) () 1Y () b — / (Ovui, i) (), H1 () dE
0 0

Moreover, using again (2.13) gives

[Ap>

Concerning the last term in (2.12), thanks to Lemma 3.11 we have

//Q > Ligdeis Ve //dlquluEJv@Z)(qz(us)_ (e ).

0<j#i<n

Combining (4.6), (4.7) and (2.14) and from the uniform boundedness of u.; in L>((0,T) x ), it

follows that
/ / § LljJE’Lj V@1—>/ / § Lz]sz v@u
Q

0<j#i<n Qo<jti<n

Lij(ue, i Ve, —ue ;Vue ;) - Vo, dedt — / / L;j(u;Vu; —u;Vu;) - Vo, ddt.
Q

0<j#i<n 0<j#i<n

with
Jij = ulu]V(Auz — Au]'),
and J;; € L(0,T; L*(9)), due to (4.5). This completes the proof of (4;) and of the theorem. O
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