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ABSTRACT. We study the H-convergence of nonlocal linear operators in fractional divergence
form, where the oscillations of the matrices are prescribed outside the reference domain. Our
compactness argument bypasses the failure of the classical localisation techniques that mismatch
with the nonlocal nature of the operators involved. If symmetry is also assumed, we extend
the equivalence between H-convergence of the operators and I'-convergence of the associated
energies. As a consequence, we establish the uniqueness of the H-limit in the symmetric case.

1. INTRODUCTION

At the beginning of the "70s the French school of J.-L. Lions set the stage for the mathematical
theory of the homogenisation of composite materials, made by the superposition of sheets of
different materials, or considering homogeneous materials with holes filled by another material.
For a given source term f, this problem is mathematically modelled by a symmetric matrix-
valued function A(z), identifying the different materials at each point x, and expressed through
partial differential equations in divergence form

(1.1) —div(A(x)Vu(z)) = f(x).

An equivalent statement of problem (1.1) considers the momentum p(x) = A(z)Vu(z) and is
formulated as
—div(p(z)) = f(z).

Such equations appear in many applications in physics and engineering: in the equation of
the electrostatics, u is the electric potential, p is the electric displacement, and A is the dielectric
constant, while, in the equation of magnetostatics, u is the magnetic potential, p is the magnetic
induction, and A is the magnetic permeability. Other examples are the equation of the time-
independent heat transfer, where u is the temperature, p is the heat flux, and A represents
the thermal conductivity and, in the vectorial case, the equation of the linear elasticity for
composite materials, where u is the displacement field, p (usually denoted by o) is the Cauchy
stress tensor, and A represents the elasticity tensor.

From a numerical point of view, when the coefficients of the matrix A oscillate too fast, it
can be very difficult to deal with the above equations, for example when the heterogeneous
material has a periodic structure. A possible way to overcome this problem is to approximate
the solutions by the (unique) solution of a limit problem, much easier to deal with numerically.
This is the so-called homogenised problem, in which the matrix A is independent on z.

The first relevant contributions to this theory are by Sédnchez-Palencia [29, 30, 31], through
applications of the asymptotic expansions method. It consists in approximating solutions of (1.1)
with a series depending on the layers of the material, and then estimating the resulting error.

A more general approach, introduced by Spagnolo in the pioneering works [37, 38, 39], is the
so-called G-convergence of linear partial differential equations of the form

(1.2) —div(Ap(x)Vu(x)) = f(x), heN.

The G-convergence theory studies the asymptotic behaviour of the solutions of problems (1.2),
assuming very mild hypotheses on the coefficients of any matrix Ap, and it is based on the
distributional nature of the problems (1.2) and some standard tools of functional analysis.
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Nevertheless, at its early stage, it was not clear what properties the limit with respect to the
G-convergence would have satisfied. A first characterisation of the limit operator (the so-called
G-limit) was only later obtained by De Giorgi and Spagnolo [18], who show that the G-limit still
acts as a divergence form operator depending on a limit homogenised matrix A, (sometimes
called effective matrix and denoted by A°"). We underline that, whenever Ay (z) = A(hz), we
recover the former theory of the homogenisation of composite materials but, differently from it,
the limit matrix of the G-convergence, Ao, = Ax(z), may in general still be z-dependent.

By its very nature, the G-convergence is sensible according to the class of operators considered
and, without further requirements, it appears incomplete when dealing with not necessarily
symmetric matrices, needed in applications involving e.g. porous media. Tartar observes in [42]
that the divergence operator does not in fact recognise perturbations from skew-symmetric
matrices leading, in this case, to the non-uniqueness of the matrix A..

This lack of uniqueness is bypassed by Tartar [41] and Murat [26, 27] at the end of the ’70s,
and this theory in nowadays called H-convergence, where H stands for homogenisation. The
main difference with the former G-convergence naturally appears in the non-symmetric case:
the uniqueness of the homogenised matrix A, is now guaranteed, whenever the sequence of the
momenta pp = ApVuy converges (in the weak topology) to the momentum of the limit solution
Poo = Ao Vise.

In the last decade there has been an increasing interest in extending these results to a nonlocal
framework, motivated by the huge number of applications in fluid mechanics, image denoising,
nonlinear elasticity, nonlocal minimal surfaces, anomalous diffusion, and stable Lévy processes
(see e.g. [10, 11] and the references therein). First attempts to deal with nonlocal H-convergence
appear in [4, 19], where the authors study scalar perturbations of the fractional p-Laplace
operator, and in [9], regarding the H-convergence of fractional powers of elliptic operators in
divergence form. We also mention [6, 20, 28] for the homogenisation of more general nonlocal
energies.

All the aforementioned contributions in nonlocal H-convergence consider, however, only the
case of scalar weights, in contrast to the classical results by Tartar [42]. On the other hand,
the case of matrix weights is of great interest in applications, as it allows to study anisotropic
heterogeneous materials. We observe that it is not immediately clear how to get a momentum
operator in problems involving Gagliardo seminorms, since the latters are defined via integration
of scalar energies.

We hence wonder whether it might be possible to formulate a nonlocal H-convergence-type
problem & la Tartar. To this aim, we exploit a suitable notion of fractional-order divergence div®
and fractional-order gradient V* (see Definition 2.2), in a way that the fractional divergence acts
on the nonlocal momentum p(z) = A(z)V*u(x). The construction of this class of fractional-
order operators is explained in details in Section 2, and relies on the pioneering contributions
by Shieh and Spector [34, 35], Silhavy [45], and the subsequent works [8, 12, 13, 14].

This leads to the study of the H-convergence of the following sequence of elliptic problems

(Pf) — divS(Athuh) = f n Q,

h up, =0 in R"\ Q,
h € N, on the same spirit of Tartar and Murat.

When dealing with the asymptotics of problems (P,{ ), there are two main issues to be
taken into account. The first one is to overcome the localisation techniques needed in the
H-convergence (see e.g. [42] for a deep discussion on this topic), which is done by exploiting
the distributional nature of (P,]: ) and using a suitable Leibniz rule (see Proposition 2.7). The
second question concerns the behaviour of the matrices Ay (x) outside the reference domain (.
Indeed, differently from the local scenario, since the fractional gradient V*® must be defined on
the whole space R"™, then the fractional divergence div® acts on vector fields globally defined
over R" (see Definition 2.2). Hence, the matrix-valued functions Ay (x) must be defined on the
whole space R™. On the other hand, — div®(A,V*uy) is bounded only in 2, and so we cannot

hope to obtain compactness of (Ap,)p outside the reference domain.
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In order to tackle this lack of compactness, the values of any matrix Ap(x) are prescribed
outside €2 by a fixed matrix Ag(z) which satisfies standard growth conditions.

In details, we study the limiting behaviour, in the sense of the H-convergence, of the class of
matrix-valued functions

M A Q Ag) ={Ae MM\ AR"): A=A ae. in R"\ Q}

for positive constants A < A and Ag € M(A, A, R"), where M(A, A,R™) denotes the class of
matrix-valued measurable functions A: R™ — R"*" gatisfying the growth conditions

A(x)E - € > NEP for all £ € R" and for a.e. x € R",
A(z)E - € > A A(z)€)? for all £ € R™ and for a.e. z € R".

Our first main result is Theorem 3.1, which is the H-compactness of the class M (A, A, 2, Ag)
with respect to a suitable notion of nonlocal H-convergence, see Definition 2.13. More precisely,
we prove that any sequence of matrix-valued functions (Ap), in M(\, A, Q, Ag) admits, up to
a subsequence, a limit matrix A, such that (Ap), H-converges to As,. Moreover, Ao, still
belongs to M(\, A, Q, Ay), leading to the compactness of the class. It would be of great interest
to compare our results with the ones obtained in [43, 44], where a different notion of nonlocal
H-convergence, based on a functional analytic approach, is introduced.

We point out that, within the reference domain, our H-limit A,, coincides with its local
counterpart, showing a consistency between the local and nonlocal H-convergence. As a by-
product, in Theorem 3.2 we show that also the subclass of symmetric matrices, here denoted
by MSY™(X\, A, Q, Ap), is H-compact, i.e. if (Ap)p is in MY™(A\ A, Q, Ap), then A, belongs to
MY(NA,Q, Ap).

In the second part of this paper, we focus exclusively on the symmetric case and prove
Theorem 4.1, which is the I'-compactness of the class of nonlocal energies associated with
MIY(NA,Q, Ag). This is achieved by exploiting the classical local I'-compactness result for
quadratic functionals, see Proposition 2.19, and proving the equivalence between I'-convergence
of the nonlocal energies and I'-convergence of the corresponding local ones, see Proposition 4.3.
This equivalence relies on Lemma 4.2, where we show that the integral representation of the
nonlocal energies in term of L*-matrices is unique (as in the local case), and the properties of
the Riesz potential, which allow us to pass from the nonlocal scenario to the local one.

A very non-exhaustive list of recent references about the I'-convergence of fractional quadratic
energies is given by [1, 7, 32, 36]. In particular, in [7], the I'-compactness is obtained using the
Beurling-Deny criteria for Dirichlet forms, which are unfortunately not available in our setting
since it is not known whether quadratic forms of the fractional gradient are Dirichlet forms.

In the last part of the paper, we prove in Theorem 5.1 the equivalence between nonlocal
H-convergence in the symmetric case and I'-convergence of the associated energies. This result
is obtained by adapting the following classical argument: in Lemma 5.2, we first compare the
I’-convergence of the nonlocal energies with a suitable notion of nonlocal G-convergence. Then,
in Proposition 5.4, we show the convergence of the momenta through the I'-convergence.

Finally, as a consequence of the uniqueness representation of Lemma 4.2 and the equiva-
lence Theorem 5.1, we derive the uniqueness of the H-limit A, in the symmetric case, see
Corollary 5.5. Moreover, in view of the I'-compactness Theorem 4.1, we show that the nonlo-
cal H-compactness of M™(\ A, Q, Ap), already proved in Theorem 3.2, can be equivalently
obtained only by I'-convergence arguments.

The paper is organized as follows. In Section 2, we provide and discuss in details all the
preliminaries. Section 3 is dedicated to the proofs of both H-compactness results of Theorem 3.1
and Theorem 3.2. Then, in Section 4 and Section 5, we focus specifically on the symmetric
case. We prove the I'-compactness result in Theorem 4.1, establish the equivalence between
I'-convergence and H-convergence in Theorem 5.1, and gives an alternative proof of the H-
compactness result in Theorem 3.2, based on I'-convergence. Finally, in Section 6, we present
a list of open problems and new research directions drawn from this work.
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2. PRELIMINARIES

2.1. Notation. We assume that s € (0,1), n > 2, and that Q is a bounded open subset of
R™. The space of n x n real matrices is denoted by R™*", while Rg " denotes the subspace of
symmetric matrices. We adopt standard notation for Lebesgue spaces on measurable subsets
E C R™ and Sobolev spaces on open subsets O C R™. We denote by || - || x the norm of a Banach
space X, by X’ the dual space of X, and by (-, ) x/«x the duality product between X’ and X.

2.2. The functional setting. For any a € (0,n), the a-Riesz potential of a measurable func-
tion f: R™ — R is defined as

1 fy) : 2 I'(9)
If(z) = — — _dy, with vy, :=2%2 e
f(z) - /Rn Ty ot ED)

Notice that I, is a Fourier multiplier that acts in the Fourier space as

F(Laf) (&) = [T F () (©),

being F the Fourier transform. Moreover, as shown in [40, Theorem 1, pag. 119], we have the
following result.

Proposition 2.1. Let o € (0,n) and p € (1,2). For any f € LP(R"), the a-Riesz potential
I.f is well-defined and there exists a positive constant C, depending only on o, n, and p, such
that

||IafHLp;;(Rn) <C Hf”LP(Rn) )

where p}, = nﬁ—’;p.

Let us recall the notions of fractional divergence and fractional gradient that will be used to
introduce the H-convergence problem in our framework.

Definition 2.2. Let ¢ € C°(R™) and ¢ € C(R™;R™) be fized. We define the s-fractional
gradient V¢ and the s-fractional divergence div® ¢, respectively, as

sz(l‘) — n—1+s /n (1/1(35) _ 1/J(y))(33 — y) dy fO’I’ all ¢ € Rn’

M-s [ —y| et
-1 — Ar —
div® g(x) = — 71_+ § / n (¢(m)’x :?(Sjilif Yy for allz € BT,

The next result links the notions of fractional gradient and fractional divergence with the
classical ones. A proof can be found in [34, Theorem 1.2] and [12, Proposition 2.2].

Proposition 2.3. Let ¢ € C°(R™) and ¢ € C°(R™;R™). It holds that
VST,ZJ = V(Ilfsd]) = Ilfs(VdJ) m Rn,
div® ¢ = I1_s(div ¢) = div([1_s¢) in R".

We now introduce the functional framework for our problems in fractional divergence form.
Definition 2.4. Let O C R" be an open set. We denote by Hi(O) the Hilbert space defined as
the closure of C2°(O) with respect to the following norm

. 1/2
I Narecemy = (- Wz + 19" I2gan )
and, by H=*(0), the dual space of Hj(O). When O =R", we simply write Hj(R") = H*(R").

As a consequence of Proposition 2.3, one can immediately show, through Fourier transform,
that for all ¢ € C2°(R™) and s,0 € (0,1) we have

(2.1) —div* (Vo) = (—A) 57 4.

Moreover, by Fubini’s Theorem, it holds that

(2.2) Véy(z) - p(x)de = — Y(x)div® ¢(x) dz
R" R
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for all ¢ € C°(R™R") and ¢ € C2(R™).

If we extend the operators V*® and div® respectively to H*(R™) and H*(R";R"), then (2.2)
holds for all ¢ € H*(R™;R") and ¢ € H*(R™). In particular, we can define the operator
div®: L2(R™;R") — H~5() as

(div® w, v) g-s()x 3 () = —/ u(z) - Viu(z)de

for all u € L2(R™;R") and v € H§(9).

The following two Propositions provide a useful connection between the Sobolev spaces
H'(R™) and H*(R"). For the proof of the next Proposition we refer the interested reader
to [8, Lemma A.4].

Proposition 2.5. Let w € H'(R") and set u = (—A)%w. It holds that
ue H*(R") and V®u=Vw a.e. in R".

Moreover, there exists a positive constant C, depending only on n and s, such that the following

estimate holds true
(2.3) 1wl 2@ny < C(n, S)H"LUHSL?(Rn)HV"UH;fRn;Rn)-

Proposition 2.6. Let u € H*(R") and set w = I1_su. It holds that
w e {v € L1-s(R") : Vo € LQ(]R")} and Vw = V°u a.e. in R",

2
where 2]_; = 5.
In particular, w € Hﬁ)C(R”) and, for every open set O @ R", there exists a positive constant

C, depending only on n, s and O, such that the following estimate holds true
(2.4) w510y < Cn, s)||ull s wmn)-
Proof. If u € C°(R™), the result is a consequence of Proposition 2.1 (with p =2 and o = 1 —s)
and of Proposition 2.3.
Let now (up)p € C°(R™) be such that uj, — u strongly in H*(R"™). Then,

wp = I _gup, — w:=I_gu strongly in LQT*S(R") as h — 0o

and
Vuwy, = Viuy, — Viu  strongly in L*(R™;R") as h — oo,

which gives the existence of Vw = V*u € L?(R"; R"). Thus, the estimate (2.4) follows again in
virtue of Proposition 2.1. O

We conclude this subsection recalling some extensions of classical results to the framework
of fractional calculus, that will be used throughout the paper. They are a Leibniz-type rule for
the fractional gradient [13, Eq. (1.5), (1.6)] and [21, Eq. (2.11)], a Poincaré-type inequality [34,
Theorem 3.3], and a Rellich-type Theorem [35, Theorem 2.2].

Proposition 2.7 (Leibniz rule). Let ¢ € C(Q) and u € H*(R™). Then, pu € H§(Q) and
Ve (pu) = Vou+uVio + Vi (¢, u)
where, for every x € R™, the remainder term Vi (p,u)(x) is

n—1+s / (p(2) — (y))(ulz) —u(y))(x —y) ,

Vi (e, = .
NL(SO U)(I’) Vs |l‘ — y|n+8+1 Y

Moreover, there exists a positive constant C, depending only on n and s, such that

1—
VL (e, u)||L2(R";R") < C||UHL2(RH)HSOHLoos(Q)HVCPHSLoo(Q;Rn)'
Proposition 2.8 (Poincaré inequality). For every set O @ R™ there exists a positive constant

C, depending only on n, s and O, such that

ullz2(0) < CIViull p2@nmny  for all w € H*(R™).
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Proposition 2.9 (Rellich Theorem). For every set O € R™ the space H{(O) is compactly
embedded into L?(O).

2.3. The H-convergence problem. We now want to introduce our notion of H-convergence
associated with the nonlocal operators introduced above. As in the local counterpart (see
e.g. [42]), we begin by defining the class of matrices in which we are interested.

Definition 2.10. Given 0 < A < A < oo and a measurable subset E of R"™, we define M(\, A, E)
as the collection of all matriz-valued measurable functions A: E — R"*" satisfying

(2.5) A(z)E - € > MeP for all £ € R" and for a.e. x € E,

(2.6) A(z)E - € > A A(z)E)? for all ¢ € R" and for a.e. x € E.

We also set

MYP(N A E) ={Ac M(\AE): A= AT a.e. in E}.

The estimate (2.6) above is needed to obtain the compactness of the class M(\, A, Q) with
respect to the H-convergence topology, even in the local setting. More precisely, it is well-known
that the H-limit of sequences of matrices satisfying the standard growth condition

(2.7) M2 < A(x)E-€ < AJEJ* for all € € R™ and for a.e. x € ©,

instead of (2.5) and (2.6), may belong to a wider class M (A, A’,Q) with A" > A (see e.g. the
observations of Tartar in [42, Chapter 6, Pag. 81]).

We also point out that, in the symmetric case A = AT conditions (2.5)—(2.6) are actually
equivalent to (2.7), as shown in the following result.

Lemma 2.11. Given 0 < A < A < oo, let B € R™™ satisfy

(2.8) BE-€> MNE? for all € € R™.
Then, B is invertible and condition

(2.9) BE-£€> A BE? forall€ € R™
s equivalent to

(2.10) B¢ ¢ > A YER for all € € R™.
In particular, B satisfies

(2.11) Bt € < A|E]? for all € € R™.

Moreover, if B is symmetric (B = BT), then conditions (2.9), (2.10) and (2.11) are all equiv-
alent.

Proof. Let B € R™ " satisfy (2.8). By Lax-Milgram Theorem, for all n € R™ there exists a
unique vector £ € R™ such that B = 7, i.e. B is invertible. Hence, (2.9) implies

AP =AYBB €2 < BB Y. B¢ =B ¢ forall £ €R™
Conversely, by (2.10), we get
ATYBEP < B™'Be-Be = BE- ¢ for all € € R™.
Assume now that B satisfies condition (2.9). By Cauchy-Schwartz inequality, we get
ATYBEP < BE-€ < |Bel¢] for all € € R,
leading to
(212) |Be| < Ale].
Therefore, by applying again Cauchy-Schwartz inequality, we get
B¢- & < |BgJ[¢] < Alg)* for all ¢ € R
and so condition (2.9) implies (2.11).



Finally, assume that B is symmetric. It is enough to show that (2.11) implies (2.9). We start
by observing that, by the symmetry of B, the bilinear form (£,n) — (B¢, n) is a scalar product
in R™, in virtue of (2.11). Hence, by Cauchy-Schwartz inequality and (2.11), it holds that

|BE-n” < (BE-€)(Bn-n) < (BE- €A for all €1 € R™.
In particular, for n = BE, we get
|BE|* = | B - BE|* < (BE - A|BE|* for all € € R,
which implies (2.9). O

From now on, we fix 0 < A < A < oo. Given a sequence of matrices (4p), C M(A, A, R"),
for all f € H~*(2) and h € N we consider the following elliptic problems

f —div*(ApViuy) = f in Q,
(P;) .
up =0 in R™\ €,

where div® and V* are the fractional differential operators introduced in Definition 2.2. The
following result ensures that the problem (P,{ ) is well-defined.

Lemma 2.12. Let A € M(A\AR™). For every f € H*(Q) there exists a unique (weak)
solution u € H§(2) of the elliptic problem

—div¥(AV®u) = f in 9,

i.e. satisfying

A A(@)Viu(z) - Vou(z) de = (f,v)g-s@)xmz ) for allv € H(Q).
Moreover, the solution u satisfies the following estimate
IVul| 2o gey < Ao (0)-
Proof. The proof is a direct application of Lax-Milgram Theorem and Proposition 2.8. Indeed,
the bilinear form a : Hj(Q2) x H5(Q2) — R, defined as
a(u,v) = / A(z)Viu(z) - Viv(z)dx for all u,v € Hi (),
is continuous and coercive, being A € M(A, A, R™). O

The notion of nonlocal H-convergence of (Ap), C M(A, A,R"™) we propose consists in finding
a limit matrix Ao, € M(N,A,R™), with 0 < M < XA < A < A’ < o0, such that the sequence of
problems (P}]Lc )1, is related to the limit problem

(Pf) —div¥ (A Vius) = f in £,

> Uoo = 0 in R"\ Q,
in the sense of the next definition. In what follows, we denote by up = up(f) € H5(2), h € N,
and by us = uso(f) € Hi(€2) the unique weak solutions of (P,f ) and (PL), respectively.

Definition 2.13 (Nonlocal H-convergence). Let 0 < X < A < A < A’ < oo and consider
(Ap)p € M(N A R™) and Asy € M(N, N R™). We say that

(Ap)p H-converges to Ao tn Hg(S2)
if for all f € H=5(QY) the following convergences simultaneously hold as h — oo:
(2.13) convergence of solutions: wup — us weakly in HS($2),

(2.14) convergence of momenta: ApVu, — AxVius weakly in L?(R™;R™).
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Definition 2.13 is the natural counterpart in the nonlocal setting of the local H-convergence,
see e.g. [42, Definition 6.4]. For the readers’ convenience, we recall such a notion in what follows.

Let (Bp)n, € M(X, A, Q) be fixed. For any h € N and g € H~ (), we consider the following
sequence of elliptic problems

g —div(BpVwy) =g in Q,
Q1) _
wp =0 on 0f).
Given By, € M(N, A, Q), for some 0 < M < XA <A < A < oo, we also consider the problem
—div(BxVws) =¢ in Q
g )
(@) {woo =0 on 01,

and denote by wy, = wp(g) € H} (), h € N, and by we = weo(g) € HE(Q) the unique weak
solutions of (Q7) and (Q%), respectively.

Definition 2.14 (Local H-convergence). Let 0 < X < A < A < A < oo, and consider
(Bp)p € MM\, A, Q) and Boo € M(N, N, Q). We say that
(Bp)n H-converges to Boo in H}(Q),
if for all g € H=1(Q) the following convergences simultaneously hold as h — co:
(2.15) convergence of solutions: wy, — we, weakly in HY(SY),
(2.16) convergence of momenta: BpVwy — BsoVwe, weakly in L?(;R™).

We recall that the class M(A, A, Q) is compact with respect to the local H-convergence in
H (). A proof of this classical result can be found e.g. in [42, Theorem 6.5].

Proposition 2.15 (Local H-compactness). For any (Bp)n, C M(X A, Q), there exist a not
relabeled subsequence and a matriz-valued function Boo € M(X, A, Q) such that

(Bp)n H-converges to Bso in H}(Q).

We also recall that the local H-convergence is stable with respect to the transpose operation.
More precisely, we have the following result, due to Tartar, whose proof can be found in [42,
Lemma 10.2].

Proposition 2.16 (H-convergence of the transpose). Let Bp, B € M(X\,A,Q), h € N, and
assume that

(Bp)n H-converges to Boo in HL ().
Then,

(BF), H-converges to BL in HL().

The first goal of this paper is to show that suitable subclasses of M(\, A,R™) are compact
with respect to the nonlocal H-convergence. The classes of matrices we are interested in are
defined as follows.

Definition 2.17. For any Ay € M(\, A,R"), we define

MNAQ,A) ={Ae MA\AR"): A=Ay a.e. in R"\ Q}.
For any Ag € M¥Y™ (X, A,R"), we also set

M A, Q, Ag) = {A e M\ A, Q A : A= AT a.e. in R"}.

In the next section we show that any sequence (Ap)p in M(X A, Q, Ag) (respectively in
MY(N A, Q, Ap)), for a fixed matrix Ag € M(N AR™) (respectively in M*™ (A, A, R")),
admits a not relabeled subsequence and a limit matrix A, in M(A, A, Q, Ap) (respectively in
MY\ A, Q, Ap)) such that

(Ap)p H-converges to A in HG(S2)

in the sense of Definition 2.13. In particular, the H-limit A satisfies (2.5)—(2.6) with the same
constants A\ and A of the sequence (4y)n, leading to the compactness of both classes.
8



2.4. The T'-convergence problem. Let us fix 4g € M¥™(\, A,R") and a sequence (Ap)n
in M™(X A, €, Ag). For any h € N, we consider the nonlocal energies Fj,: L%(R") — [0, oc]
associated with Ay, represented by

(2.17) Fa(u) = ;/n Ap(x)Viu(z) - Viu(z)dz if u e HF(Q),

% if ue L2(R™) \ H5(Q).

The second goal of this paper is to show the I'-compactness in the strong topology of L?(R") for
the class of nonlocal energies (2.17). In particular, we prove the existence of a limit symmetric
matrix-valued function Ao, € M™ (A, A, Q, Ag) such that, up to a not relabeled subsequence,

(Fj,)n T-converges to Fi strongly in L*(R"),

where the limit nonlocal energy Fu,: L?(R™) — [0, o0] is represented by

(2.18) Foo(u) = % - Ao (2)Viu(z) - Viu(z)dz if u e HF(Q),
o0 if ue L2(R™)\ H§(Q).

We start recalling the notion of I'-convergence for functionals. For a complete treatment of
the topic, we refer the interested reader to the monographs [5, 16].

Definition 2.18. Let X be a Banach space and let Ey, Eoo: X — [0,00], h € N. We say that
(Ep)p T-converges to Eo strongly in X

if the following two conditions simultaneously hold:

e ['-liminf inequality: for all x € X and for any sequence (zp,);, C X strongly converging
to z in X one has
Eo(z) < liminf Ey(zp);
h— 00

e I'-limsup inequality: for all x € X there exists a recovery sequence (yp)n, C X strongly
converging to x in X and such that

Eeo(x) > limsup Ep(yn)-

h—o0

In analogy with Subsection 2.3, we remind that the class of local energies G, : L*(Q) — [0, o0],
h € N, associated with a sequence (Bp,)p, in M*¥™ (A, A, ) and represented by

1
- | B \Y -V dz ifve HY(Q),
(2.19) Gpr(v) =4 2 /Q n(@)Volz) - Vo(z)de it v (@)
00 if ve L2(Q)\ HY(Q),
is compact with respect to the I'-convergence in the strong topology of L?(f2). A proof of the
next result can be found in [33] and [16, Theorem 22.2].

Proposition 2.19 (I'-compactness of local functionals). Let (Bp), C M¥™(X, A, Q) and, for
any h € N, let Gy,: L*(Q) — [0,00] be the local energy associated with By, as in (2.19). Then,
there exists Goo: L2(Q2) — [0, 00] such that, up to a not relabeled subsequence,

(Gp)n T-converges to G strongly in L*(S2).
Moreover, there ezists a matriz-valued function By, € MY™(X\, A, Q) such that the T'-limit G
has the following integral representation
_ ;/QBOO(QT)VU(QT) -Vo(x)dz ifve HY(Q),
0 ifve L2(Q)\ HY(Q).
Remark 2.20. In order to derive Proposition 2.19 from [33] and [16, Theorem 22.2], we recall

that, according to Lemma 2.11, any symmetric matrix-valued function B belongs to the space
MY(AJA, Q) if and only if the following growth condition is satisfied

(2.21) M2 < B(z)e-€ < AlE)* for all £ € R™ and for a.e. z € Q.
9
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2.5. The equivalence problem. The third goal of this paper is to show the equivalence
between nonlocal H-convergence and I'-convergence of the associated nonlocal energies.

Let us fix Ag € MY™(X\,A,R™). For any h € N, let A, Aw € MV (N A, Q, Ap) and let
Fy, Fso: L*(R™) — [0, 0] be the corresponding nonlocal energies, defined respectively in (2.17)
and (2.18). We want to show that

(Ap)p H-converges to Ao in HF(S2)

if and only if
(Fj,)n T-converges to Fi strongly in L?(R").

In order to prove the above equivalence, we need to introduce the following notion of nonlocal
G-convergence of (Ap)n, C MY™ (A, A,R"™).
Definition 2.21 (Nonlocal G-convergence). Let 0 < X < X < A < A < oo and consider
(Ap)p C MY2(N A R™) and Ase € MY™(N, AN, R™). We say that

(Ap)n G-converges to A, in HG(Q)
if for all f € H=5(Q) the following convergence holds as h — oo:
(2.22) Up — Uoo  weakly in HF (),
where up, = up(f) and uso = uco(f) are, respectively, the unique solutions of (Pf{) and (Pofo)

Definition 2.21 is the natural counterpart in the nonlocal setting of the classical G-convergence,
introduced by Spagnolo [37]. Clearly nonlocal H-convergence implies nonlocal G-convergence,
see Definition 2.13.

In Section 5, we show that the nonlocal G-convergence of (Aj), is equivalent to the I'-
convergence of the associated nonlocal energies (F},),. Moreover, we prove that for any sequence
(Ap)n C M ™(X, A, Q, Ap), the I'-convergence of the associated nonlocal energies (F},);, implies
the convergence of the nonlocal momenta.

As a consequence, in M¥™(\ A, 2, Ag) the notions of nonlocal H-convergence, nonlocal
G-convergence, and I'-convergence of the nonlocal energies, are all equivalent.

3. H-COMPACTNESS OF NONLOCAL OPERATORS

This first subsection is dedicated to the following H-compactness result for nonlocal operators.
The proof of the following Theorem 3.1 relies on Proposition 2.15 and Proposition 2.16.

Theorem 3.1. Let Ag € M(X\AR™). For any (Ap)n, C M(XNA,Q, Ay), there exist a not
relabeled subsequence and a matriz-valued function As, € M(X, A, Q, Ag) such that

(Ap)p, H-converges to Ao in H3 ().
Proof. For any h € N, we define
(3.1) B, = Aplag € M(\ A, Q).
By Proposition 2.15, there exists a limit matrix
(3.2) By € M(X A, Q)
such that, up to subsequences,
(Bp)n, H-converges to By, in H} ().

For a.e. z € R™ we define

) Bso(z) ifz€Q,
(3:3) Aool®) = {Ao(a:) if £ € R"\ Q.

By construction, A, € M(\, A, Q, Ap). To conclude the proof, we show that A, is the H-limit
of (Ap)n in HF(Q), in the sense of Definition 2.13.
10



Fix f € H™*(Q) and consider the sequence (up), C H{(2) of unique solutions of (P}f;)h.
Since (up)n and (A, Vouy), are respectively bounded in Hi(Q) and L?*(R"™;R"), then there
exist u* € Hi(Q2) and m € L?(R™;R™) such that, up to a not relabeled subsequence,

(3.4)  wp —u* weakly in H§(Q) and ApVu, —m weakly in L*(R™;R") as h — oo.
Our goal is to show that
(3.5) m = AxV°u* a.e.in R™.

Indeed, once obtained (3.5), by passing to the limit (as h — o0) in the weak formulation of
(P,f), we obtain that u* is a solution of (Pgo) Thus, by uniqueness, u* = us and, by (3.4),

(Ap)n H-converges to A in Hg (),

as desired.

First, notice that
(3.6) m = AgVu* = A V°u* a.e.in R"\ Q.
In fact, by (3.4), for all ® € L2(R™\ ;R") it holds that

/ m(z)- () de = Tim | Ap(@)Viup() - B(x) da

R\ h—00 R™\Q
= lim Ap(z)Viup(z) - (z)dx = / Ap(z)Viu™(x) - ®(x) dz,
h—00 R™\Q R™\Q

which implies (3.6).
It remains to show that

(3.7) m = A V°u* a.e. in Q.

Fix g € H71(Q) and consider (wp,), C H(Q) and we € H} (), respectively (unique) solutions
of the transpose problems

(3.8) —div(BI'Vuwy) =g in Q, and —div(BLVw,) =g in Q,
wp, =0 on 0f2, Woo = 0 on 0f2.
By Proposition 2.16,
(3.9)  wj, — we weakly in HY(Q) and B} Vw;, — BL Vw,, weakly in L*(;R™) as h — oc.

Let ¢ € C2°(Q2) and define
My, = / o(x)Ap(z)Viup(z) - Vwp(z) de.
We claim that for all ¢ € C2°(Q)

(3.10) hlerolo My, = /ng(x)m(:r:) - Ve () dz = /ng(x)Aoo(x)Vsu*(ac) - Voo () dz.

Once the claim is proved, we obtain (3.7). Indeed, since the operator —div(BL V) defines
a bijection between the spaces Hg(Q) and H~1(Q) and, since g € H~1(2) can be arbitrarily
taken in (3.8), then for all ¢ € C°(Q2) and w € HZ(Q) the following identity holds

/ o(x)m(z) - Vw(z)dr = / o() Aco () Viu™ () - Vw(x) dz.

Q Q

Hence,

(3.11) m(x) - Vw(z) = Ax(2)Viu*(z) - Vw(z) for a.e. x € Q and for all w € H} ()

and the collections of points of €2 where (3.11) fails can be chosen independent of w by a density
argument. Therefore, by fixing ' € Q and ¢ € C}(€), such that ¢ = 1 on €, and by defining

w(z) = ¢(z) -z for a.e. x € Q and for all £ € R",
11



by (3.11), we get that
m(x) &€ = Ax(2)Vou*(z) - € for a.e. x € Q and for all £ € R”,

which implies the validity of (3.7) in €. Moreover, since this is true for every ' € Q, we
get (3.7) in all 2, which completes the proof.

We then conclude by showing the validity of the claim (3.10). Its proof is divided into two
steps.

Step 1. We first show that
(3.12) hh—>Holo My, = /ng(x)Aoo(x)Vsu*(x) - Ve () dz.
In virtue of Proposition 2.3, we have
My, = /Qgp(x)vsuh(x) - Bl (2)Vwy, (z) dz
= [ e@¥h-sun)(@) - B (@) V() da

(3.13) /V ol _sup)(z) - Bl (2)Vwy, () dac/Qllsuh(m)Vgp(:L“)~B,?(x)th(x)d:c.

By (3.4) and Proposition 2.9,
(3.14) up, — u*  strongly in L*(R") as h — oo,
and so, by Proposition 2.1, we get

I _sup — I _su* strongly in LQ(Q) as h — oo.

This last convergence, coupled with (3.9), implies that

(3.15) hlim I sup(2)Vo(z) - BF (2)Vwy, (z) dz = / I_u*(2)Ve(x) - BL (2)Vwe () dz.

We observe that oI _suy € H}(2). Hence, by (3.4), (3.14), and Proposition 2.6,
ol _sup — @l _su*  weakly in H&(Q) as h — oo.

Thus, since wy, solves problem (3.8), we get

lim [ V(pli_sup)(x) - BE(z)Vwy,(z) dz = lim <g, gp[l_suh>H71(Q)XH1(Q)
h—oo Jo 0
(9, pTi—su™) g1 () x L ()
(3.16) / V(pl_su*)(z) - BL (2)Vwe () da.
By combining (3.13), (3.15), and (3.16), we then obtain (3.12), being

lim Mj, = / V(eI _su*)(z) - BL (2)Vwe () dz — / I su*(2)V(x) - BL (2)Vwe (z) d

h—o00 Q

= /ng( W(I—su )(m)BZo(x)Vwoo(m) dz = / o(2) Ao () Viu* () - Vweo (z) d.

Q

Step 2. We conclude by showing that

(3.17) hllrgo My, = /Qw(x)m(:r) - Ve () dz.
12



By Proposition 2.5 and Proposition 2.7, we have
My = [ ola) 4u()Vun(o) - V(o) d

— [ o) An(a) Voun(a) - VH((-8) T ) o) d

(3.18) = | A@) V(@) V(p(=A) T ) (@) do

- [ @) Vo) (-2) ¥ uno) ds

= | An@) V(@) - VR (9, (-4) T wn) (@) de.
For what concerns the second integral in (3.18), in view of (3.9) and Proposition 2.9, we have

w), — Wee  strongly in L2(R") as h — oo.
Moreover, the sequence (wy), C HE(Q) is uniformly bounded. Hence, by Proposition 2.5,
(3.19) (—A)%wh — (—A)IZ;SwOO strongly in L*(R™)
and, since V*¢ € L>*(R"), by (3.4) we get
(3.20)

1-s

lim Ap(x)Viup(x) - ngo(:c)(—A)?wh(w) dz = / m(z) - Vip(z)(—A) 2 we(z) da.

h—oo Jrn n

Regarding the third integral in (3.18), by Proposition 2.7 and (3.19), since V{ is a bilinear
operator, we deduce that

(@, (—A)%wh) — Vi (e, (—A)l%swoo) strongly in LQ(R";R") as h — oo.

Therefore, in virtue of (3.4), we have

1—s

(3.21) lim [ @) T o) V(o (-2) 'F ) @) da
(3.22) = [ mla) - Vau (o (-8) T ws) (@)

Finally, (—A) 2 w), € H*(R") by Proposition 2.5, which implies that ¢(—A) = wy, € HE(9).
Then,

gp(—A)%wh — @(—A)%wm weakly in Hj(Q2) as h — oc.

Therefore, regarding the first integrals in (3.18), since wy, is a solution of (P}]Lc ) then, by (3.4),

lim [ Ap(2)Voun(z) - V3 (o(—A) T wy)(z) dz
h—o0 Rn
. 1—s
= Jim (f, o(=A)"2 wp) -+ (@) x 5(@)
1-s
= (f,o(=A) 2 Woo) s () xH3 ()

1-—s

= lim [ A @)V () T A) F o) () d
(3.23) = / () Vi (p(—A) 2 weo) (z) da.
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By combining (3.18), (3.20), (3.21), and (3.23), we finally get (3.17), being

lim M), = / () T~ A) T wo) () d

h—o00

s 1—s

- [ @) V@) (-8) Funla)do - [ m(o): Vgl (-8) ' wn) o) da

s

= [ om@) - v (=A) Fus)(@)do = [ playm(a) - Vun(e) da.

Hence, the claim (3.10) holds true and the proof of the Theorem is accomplished. ]

As a consequence of Proposition 2.16, the H-compactness Theorem 3.1 also applies to the
subclass of symmetric matrices M¥™ (X, A, Q, Ap), for a fixed 49 € M¥™(A\,A,R"). More
precisely, the H-limit A, of sequences (Ap)p, in M™(\ A, Q, Ap) still lies in M™ (X, A, Q, Ap).
Theorem 3.2. Let Ay € M¥™(\, A, R™). For any (Ap)n C MY™(X\,A,Q, Ay), there exist a
not relabeled subsequence and a matriz-valued function Ass € MY™(X\, A, 2, Ag) such that

(Ap)n H-converges to Ao in HG(S2).
Proof. The proof of the Theorem in the symmetric case follows verbatim the construction al-
ready presented in the proof of Theorem 3.1 for the general case, combined with the following
observations.

The limit matrix By, in the local H-convergence of the sequence (Bj)p, introduced in (3.1),
whose existence is shown in (3.2), is now symmetric in view of Proposition 2.16 and by the

uniqueness of the local H-limit. This implies that the matrix Ao, defined in (3.3), belongs to
the class M™™ (X, A, Q, Ap), and it is the H-limit of (Ap)p, in virtue of Theorem 3.1. O

4. T-COMPACTNESS OF NONLOCAL ENERGIES

The goal of this subsection is to show the following I'-compactness Theorem.

Theorem 4.1. Let Ag € M¥™(X\, A,R™). Let (Ap)p C M>™(\, A, Q, Ag) and let (Fy)p be the
nonlocal energies introduced in (2.17). Then, there exist a not relabeled subsequence of (Ap)n
and Aso € MY™(N, A, Q, Ag) such that

(Fj)n T-converges to Fa strongly in L*(R™),
where Fao: L2(R™) — [0, 00] is the nonlocal energy associated with Ay, as in (2.18).

In order to prove Theorem 4.1, we begin with the following lemma, which guarantees the
uniqueness of the integral representation of nonlocal energies by matrices.

Lemma 4.2. Let A, Ae L*(R™;REX™) and let @ C R™ be an open set. Assume that

Sym
A@)E-€>0 and A@)E-€>0 for ae. z €Q and all £ € R”,
and
(4.1) /n A(z)VY(z) - ViY(x)de = /R" A(x)Vo(z) - Vop(z)dz  for all o € C(9).
Then
(4.2) A(xo) = A(zg)  for a.e. zg € .
Proof. We define R
C:=A—Ac L®R%:R).

sym
Since C' € L*(R™; RiY), for a.e. mg € R™ and for all M € (0, 00) we have
lim ‘C’ (Q—l—xo) —C(l’o)‘ dy = 0.

7—00 BM(O) T
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In particular, there exists (r4)r C (0,00) with rp — co as k — oo such that

— 0 as k — oo for a.e. y € R".

(4.3) ‘C’ (gc + x0> — C(w0)
Step 1: Blow-up. We fix ¢ € C°(R"). For all zp € Q and r € (0,00) we define
Oao.r(@) == @(r(x —xp)) forall z € R™.
There exists ro = r9(x0,2) € (0,00) such that
Gaor € C°(2)  for all r € (rp,00).

We have that

1 Voror(y) r Vo(rly — xo))
Vo (2) = / or W) gy = 1
0, ( ) T—s JR" |y - .T‘n—i-s—l Y—s Jrn ‘y _ x‘n—i—s—l
r Vo(2)
= d — Svs . )
Y1-s /Rn |z +7(xg — x)[ts—1 Z2=T o(r(z — x0))

By (4.1), for all g € 2 and r € (rp, 00) we have

0=qr""28 C(z)Vipgyr(x) - Vg r(z)de

Rn
=i [ C@ (e =) Vlr(o = ) do
(14) — [ (L) Vo) Vo) dy

Moreover, by (4.3), we derive
C <ry + x0> Vip(y) - Vip(y) — Clxo)Vip(y) - Vip(y) for a.e. y € R" as k — oo.
k

Since

C (71 + x()) Vip(y) - Vﬂp(y)’ < ||C||L00(Rn;ngxmn)|V5g0(y)|2 for a.e. y € R™ and all k € N,

in virtue of the dominated convergence Theorem and (4.4), we conclude that

- C(z0)Vip(y) - Vip(y)dy =0 for all p € C°(R").
Step 2: Reduction to the local case. By a density argument, we derive that
- C(zo)Viu(y) - Viu(y)dy =0 for all uw € H*(R").
Let v € H!(R"™). By Proposition 2.5, we have that u := (—A)%v € H3(R™) and
Véu(x) = Vo(z) for a.e. z € R".

Therefore, we derive that

/n A(zo)Vu(y) - Vo(y) dy = / A(zo)Voly) - Vo(y)dy for all v € H'(R™).

n

Hence, we can apply [16, Lemma 22.5] to obtain (4.2). O

As a consequence of Lemma 4.2, we derive the following equivalence between I'-convergence
of the nonlocal energies (F},); and I'-convergence of the local ones (Gp)p. The proof is inspired

by some recent ideas presented in [15, 21].
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Proposition 4.3. Let Ag € M¥™(X\,A,R"). For any h € N, let Ap, Aoo € M¥™(X, A, Q, Ap)
and Fy,, Foo: L2(R™) — [0, 00] be the nonlocal energies, respectively defined in (2.17) and (2.18).
For any h € N, define

B, = Aplag € M¥(N\ A, Q), Boo = Ascla € MPT(A A, Q),

and consider the local energies G, G : L?(2) — [0, 00|, respectively defined in (2.19) and (2.20).
Then,

(F)n T-converges to Fa, strongly in L*(R™)
if and only if
(Gp)n T-converges to Go strongly in L ().
Proof. Step 1: I'-convergence of (Gy); implies I'-convergence of (F}),. We assume that
(4.5) (Gp)n T-converges to G strongly in L%(€),
and we want to show that
(Fj,)n T-converges to Fi strongly in L*(R™).

I-liminf inequality. Let uy,u € L?>(R"), h € N, be such that (uy);, strongly converges to u
in L?(R") as h — 0o. We show that

Foo(u) < liminf Fj, (up,).
h—o00

Without loss of generality, we assume that

lim inf Fj,(up) < oo,
h—o00

the conclusion being otherwise trivial, and that the limit is actually achieved up to a not
relabeled subsequence, i.e.

liminf Fj, (up) = lim Fp(up).

h—oc0 h—o0

According to its own definition, (F})p is finite only on H§(€2), thus forcing the sequence (up)n
to lie therein. Since (Ap)p C MY™ (A, A, Q, Ap), there exists a positive constant C' such that

sup HvSuhHL2(RTL;RTL) < C7
heN

which yields that (up)p is uniformly bounded in H{(€2). Then, the limit u also lies on H{(2)
and

(4.6) up, — u  weakly in H;(2) as h — oo.
For any h € N, we define
vy = I1_sup, and v :i=1_su.

By Proposition 2.6, v, v € H'(Q) for any h € N and, by (4.6) and the continuity of the linear
operator I1_s: H*(R") — H(Q),

v, — v strongly in L?(Q) and weakly in H*(Q) as h — oo.
By (4.5),
(4.7) Goo(v) < lihniioréf Gp(vp),

in virtue of the I'-liminf inequality. We also note that, by Proposition 2.6,
Vo, = VPu, and Vo =V% a.e in R
Thus, we can rephrase (4.7) as
1 1
/ Boo(2)Viu(z) - Viu(z) de < liminf — [ Ap(x)Viup(x) - Viup(z) de.
2 Jo h—oo 2 Jq
On the other hand, since Ay € M(A, A,R"), by (4.6) we get
1 1
/ Ao(z)Viu(z) - Viu(z)dz < liminf / Ao(z)Viup(z) - Viup(z) de.
R™\Q 2 R™\Q

2 h—o00
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Hence,

Fao(u) = % /Q Buo(2)Vou(z) - Vou(z) dz + % /R g V) P )
1

h—o00 h—o0

< lim inf 2/ Ap(x2)Viup(x) - Viup(z) de + lim inf 1 / Ap(2)Viup(z) - Viup(x) de
Q R™\Q
< lim inf Fj, (up).
h—o0

I-limsup inequality. We fix u € L?(R") and show the existence of a recovery sequence
(up)n C L?(R™) such that (up)s strongly converges to u in L?(R™), as h — oo, and

(4.8) Foo(u) > limsup Fp,(up,).

h— o0
The proof of the I'-limsup inequality is rather technical and for the readers’ convenience, we
indicate the main steps below.

e First, we exploit the Riesz potential to move to the local setting and we obtain the
existence of a recovery sequence (vp,), for the I'-convergence of the local energies (Gp)n
to Goo-

e Then, through a cut-off argument, we adapt the sequence (vp);, to the boundary data
of our problem and we come back to the nonlocal setting, obtaining the existence of a
sequence (uj )y, satisfying the I'-limsup inequality up to a reminder term, which depends
on a parameter € > 0.

e In the last part of the proof, we let the reminder term tend to zero via a diagonal
argument, which ensures the existence of a recovery sequence (uy,);, for our problem.

Without loss of generality, we consider only the case of u € H{(€2), the conclusion being
otherwise trivial.

We define
v = I _su.
Then, by Proposition 2.6,
(4.9) ve HY(Q) and Vov=Vu ae. in R™

Moreover, by (4.5), there exists a recovery sequence (vy), C H'(Q) for v, i.e. such that

(4.10) vy — v strongly in L2(Q) as h — co  and hlim Gh(vp) = Goo(v) < 0

(we recall, in fact, that the I'-liminf and the I'-limsup inequalities imply that the limit is achieved
at least for the recovery sequence). In particular, by the definition of G}, (see (2.19)), (vp)n is
bounded in H'(§), which gives that

vy — v weakly in H'(Q) as h — oo.

Let € > 0 be fixed and let K¢ € {2 be a compact set such that
(4.11) / |Vo(x)|?dz < e.
O\Ke

We fix an open set U¢ such that K¢ € U® € (2, consider a cut-off function ¢ € C(U*)
satisfying 0 < ¢® <1 on U® and ¢ =1 on K* and, for any h € N, we define

(4.12) vp = @ op + (1 — ¢%)v.

By construction,

(4.13) v; — v strongly in L?(Q) and weakly in H*(Q) as h — oo.
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Moreover, by (2.12), (2.21), (4.11), and the convexity of the map & — Ap(z)¢ - &, it holds that

1

Gnl(vh) = 5 /Q Ap(@)[" (2)Von(z) + (1 = ¢°(2)) Vo (@)] - [¢°(2) Von(z) + (1 - ¢°(2)) Vo (z)] dz

+ /Q Anp(2)[Ve© () (on(2) — v(@))] - [¢° () Vop(z) + (1 = " (2)) Vo(z)] dz
+ % /Q Ap(2)[Ve© () (on () — v(@))] - [Ve©(2) (on(2) — v(z))] dz

1 1

< 2/ o () Ap(z)Vop(z) - Vop(x) do + 3 / (1 — ¢ (2))Ap(z)Vo(z) - Vo(z) dx
0 Q
+ AV || oo (urmy lon = vl 20) (I VRl L2 (irn) + VO] L2(0R7))
A
+ §HV<P8||%°°(Q;R")HWL — )20
A

< Gilvn) + & + AVl @pmy [[on = vll2() (IVonll 2@y + V0l 2(00m)

A
+ §Hv@5||%°°(Q;R”)HUh - UHQLQ(Q)'
Hence, by (4.10) and the boundedness of (vy,)s in H'(£2), we conclude that

A A
(4.14) lim sup G, (vf) < hlim Gp(vp) + €= Goo(v) + —e.
—00

h—o00 2

We trivially extend v — v € H} () to a function in H'(R™) and, for any h € N, we define

wy = (—A)%(vi —0).

By Proposition 2.5, we have that
4.15 wy, € H*(R") and V®uwj =V(v; —v) a.e. in R"
h h h
and, by (2.3), (4.13), and (4.15), there exist two positive constants C' and C. such that
i 17 ey = N0l F2gny + VSR 2 (gn ny < Cllvf, — UH%]&(Q) <C forallh el

Therefore, by (2.1), (2.2) and (4.13), for all ¢ € C°(R™) we get that

/n wi(2)¢(2) dz = /n(vz(az) —0(2))(~A) T (x)dz >0 as h — oo,
which yields that

(4.16) wj, — 0 weakly in H*(R") as h — oo.
In particular, by (2.3) and (4.13),
(4.17) w§ — 0 strongly in L*(R") as h — oo.

Let x° € C°() satisfy 0 < x* < 1 on Q and x° = 1 on U¢. We define

uj, = u+ x“wj, € Hy(Q).
By (4.16) and (4.17),
(4.18) u§ — u  strongly in L?(R") and weakly in H(Q) as h — oo.
For any h € N, we also set

h= VI(Xwh) = XTVIwg
By Proposition 2.7, there exists a positive constant C' such that

1B gy < €Il ey [0 oy for all b€ N.
Then, by (4.17),
(4.19) R5 — 0 strongly in L*(R™;R") as h — oo
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and, by (4.15),

(4.20) Véuj, = Viu + x*Vouwj, + Rj = Viu+ x°V (v, —v) + Rj, a.e. in R™.
We consider the following decomposition
1 1
(4.21)  Fp(uj) = 5 Ap(x)Voug (x) - Viug (z) dz + 2/ Ap(x)Veug (x) - Voug () do
Us Q\Ua

1
+ / Ao(z)Viug (z) - Viuj (z) de.
2 Jrm\o
By (4.19) and (4.20), the last integral in (4.21) satisfies
1

lim — Ao(z)Viuj (z) - Viuj (z) dz
h—o0 2 R7\Q

= hlim % Ao(z)(Viu(z) + Ry (x)) - (Viu(x) + R (z)) dz
—00 Rn\Q
1

(4.22) =3 /Rn\Q Ap(2)Viu(z) - Viu(x) de.

Concerning the second integral in (4.21), we note that, by (4.12) and (4.20),
Véuj, = Vou+ R;, ae.in Q\ U°.
Then, by (2.21), (4.9), and (4.11),
1
lim sup / Ap(2)Viug(x) - Viuj (z) do
Q\U=

h—o0

AL AL A A
(4.23) < lim —[[Viu+ Ri 220 ) = 5 IV ull T2 v mny < 2 IVl 720\ seepmy < 3¢

Finally, for what concerns the first integral in (4.21), we observe that, since x* = 1 in U*,
by (4.9) and (4.20) we have

Véu;, = Vo + V(v;, —v) + Rj, = Vuj + R;, a.e. in U®.
Thus, (2.21) and (4.9) imply that

% . Ap(2)Voug (x) - Viug, () do

— 5 | A (Ti(a) + Ry (0) - (Vi o) + Bio) do

= % . Ap(z) Vs (z) - Vg (z) dz + . ApVui () - Ry (x) dx

+ % . ApRj (x) - Ry, (z) dz
(4.24) <G0R)+ | ATvi(e) - Bi(w) de + % [ Ai(@) - Bi@) de
and, since (v)y, is uniformly bounded in H'(Q), by (4.14), (4.19) and (4.24), we get
(4.25) li}an sup 1/ Ap(2)Voug,(z) - Viuj () dz < Goo(v) + és.
00 .
Therefore, by (4.22), (4.23) and (4.25), we obtain that for all € > 0
(4.26) lilrln sup Fj(uf,) < Foo(u) + Ae.
—00

To conclude, we use the following diagonal argument. In view of [16, Definition 4.1 and
Remark 4.3], by (4.18) and (4.26), we have that for all € > 0

[-limsup Fp(u) :==suplimsup inf Fp(2) < Fy(u) + Ae.
h—00 k€N h—oo 2€B1(u)
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Hence, by letting ¢ — 0, we conclude that
I-limsup Fp(u) < Foo(u)

h—o0
and, by the properties of the I'-limsup (see e.g. [16, Proposition 8.1]), there exists a sequence
(up)n € L?(R™) such that uj, — u strongly in L?(R") as h — oo and

lim sup Fj, (up) = I-limsup Fp,(u) < Foo(u).

h—o00 h—o00
This implies the validity of (4.8).
Step 2: I'-convergence of (F}); implies I'-convergence of (G},),. We assume that

(EFp)n T-converges to Fi, strongly in L?(R™),
and we want to show that
(Gp)n T-converges to G strongly in L(Q).

By Proposition 2.19, there exist a not relabeled subsequence and a functional 600: L2(Q) —
[0, 00] such that

(4.27) (Gp)n D-converges to Goo strongly in L2(€).
Moreover, there exists Eoo € M¥Y™(Q, A\, A) such that
1

~ / Boo(z)Vu(z) - Vo(z)dz  if v e HY(Q),
Goo(v) =X 2 Jg
00 if v e L2(Q)\ HY(Q).
By (4.27) and Step 1, we conclude that
(Fi,)n T-converges to Fs, strongly in L2(R™),
where ﬁoo is the nonlocal energies associated with the matrix
~ B if 2 € Q
Aso(x) = () Lo
Ao(z) ifzeR™\ Q.
By the uniqueness of the I'-limit, we conclude that ]300 = F, and by Lemma 4.2 we derive
that By, = Bo. Hence, by the Uryshon property of I'-convergence, we conclude that
(Gp)n T-converges to G strongly in L%(€).
O
Remark 4.4. We point out that the nonlocal energies (F},);, account for the boundary condition,
while the corresponding local energies (G,);, do not, as they are finite in H'(Q) instead of

H} (). We have chosen to work with (Gp,)p, since it simplifies the proof of the I'-convergence
equivalence between nonlocal energies and local ones. On the other hand, if we define

1 .
GO(0) = 3 /Q Bp(z)Vu(z) - Vo(z)dx if v € HY(Q),
0 if ve L2(Q)\ H} (),
and
1 .
G0 () = Q/QBOO(ZC)V’U(I') -Vo(x)dz if v € H} (),

o0 if ve L2(Q)\ HL(9),
by [16, Theorem 13.12 and Theorem 22.4] we have that
(G%);, T-converges to G2, strongly in L*(Q)
if and only if
(Gp)n D-converges to G strongly in L(Q).
Therefore, Proposition 4.3 is still valid if we replace (G), and Goo, respectively, with (G9)j

and G2,
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As a consequence of Proposition 2.19 and Proposition 4.3, we can finally prove Theorem 4.1.

Proof of Theorem /.1. For any h € N, we define the matrix-valued functions
By, = Aplg € M¥(N A, Q),

and we consider the functionals Gj: L?(Q) — [0, 00] associated with By, as in (2.19). By
Proposition 2.19, there exist a not relabeled subsequence and a matrix By, € M ™ (A, A, Q)
such that

(Gp)n T-converges to G strongly in L2(Q),
where the functional Goo: L(Q) — [0, 00] is defined as in (2.20).

We define
A (z) = B () ?f x €,
Ap(xz) ifz e R™\Q,

and we denote by F: L?(2) — [0,00] the nonlocal energy associated with A, as in (2.18).
Then, Ay, € M¥Y™(X\ A, Q, Ag) and, by Proposition 4.3, we deduce that

(F),)p, T-converges to Fs, strongly in L?(R™).

5. EQUIVALENCE BETWEEN NONLOCAL H-CONVERGENCE AND ['-CONVERGENCE

We conclude this paper with the following equivalence between nonlocal H-convergence of
a sequence (Ap)p C M¥Y™(A A, Q, Ag) and I'-convergence of the associated nonlocal energies
(Fh)n, introduced in (2.17).

Theorem 5.1. Let Ay € M¥™(\,A,R™). For any h € N, let Ap, Ase € MV™ (X, A, Q, Ap)
and Fy,, Foo: L2(R™) — [0, 00] be the nonlocal energies, respectively defined in (2.17) and (2.18).
Then,
(Ap)n H-converges to Aso in Hi(2)
if and only if
(Fj)n T-converges to Fu, strongly in L*(R™).

The proof of Theorem 5.1 requires two preliminary results. In Lemma 5.2, we first show the
equivalence between the I'-convergence of the nonlocal energies and the nonlocal G-convergence
introduced in Definition 2.21, which corresponds to the sole convergence of the solutions. Later,
in Proposition 5.4, we show that the I'-convergence of the nonlocal energies also implies the
convergence of the momenta, as required in Definition 2.13.

The proof of the equivalence between the nonlocal G-convergence and the I'-convergence of
the associated nonlocal energies can be obtained as an application of [16, Theorem 13.12], with
Y = H§(Q) and X = L?(R"). For the reader’s convenience, we provide below a complete proof,
following the techniques presented in [16, Theorem 13.5].

Lemma 5.2. For any h € N, let Ap, Ao € MY™(\, A,R") and let F},, Fo: L?>(R"™) — [0, 00]
be the nonlocal energies, respectively defined in (2.17) and (2.18). Then

(Ap)n G-converges to A in HG(Q)

if and only if
(F)n T-converges to Fa strongly in L*(R™).

Proof. I'-convergence implies G-convergence.

We assume that (F},), T-converges to Fi, strongly in L?(R"™) and we first show that (2.22)
holds for every f € L?(R"™). Later, by a density argument, we extend the validity of (2.22) for
all f € H=*(€2), which implies the G-convergence of (Ay)y to As in HF(L2).

Step 1. We fix g € L?*(R") and, for any h € N, we define Fy, F%: L*(R") — [0, 00| as

(5.1) FJ(u) = Fp(u) +/ g(@)u(z)dz and FI(u) = Fx(u) +/ g(x)u(z)dx

n n
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for all u € L2(R"). Since we have perturbed with continuity F}, and F,,, then
(EFY);, T-converges to FY, strongly in L*(R"),

in virtue of [16, Proposition 6.21].
We note that the solutions wy, € H§(Q2) and wa € H§(2) of problems (PY) and (P%), whose
existence is guaranteed by Lemma 2.12, minimise the energies F;‘l] and F3,, respectively, i.e.

Fl(wy,) = uerLréi(rﬂén)F}f(u) and FI(we) = ueanzi(rﬂlgn)FgO(u)'

Therefore, by the Fundamental Theorem of I'-convergence (see e.g. [16, Theorem 7.8]), we get
wy, — Wso strongly in L2(R™) as h — oo.

In particular, since (wy), C H{(Q2) is uniformly bounded, we conclude that

(5.2) Wp, — Weo weakly in Hj(Q2) as h — oo.

Step 2. We fix now f € H*(Q) and denote up, us € H{(£2) the solutions of the problems
(P,{ ) and (Pgo), respectively.

Since the embedding H§(2) C L*(R") is continuous and dense, so does the embedding
L*(R"™) C H~%(2). Therefore we can find a sequence (f;); C L*(R") such that

fj — f strongly in H*(Q) as j — oo.
For all j € N, let u%,u@o € H{(Q2) be the solutions of the problems (thj) and (PJg’), respec-
tively. Fixed g € H*(Q2), by Proposition 2.8 and Lemma 2.12, we obtain
(9, un — too) -z (@) | < 109, 1), — o) g—s@)wms@)| + Cllgll @I fi = fla-—+@-

Hence, in view of (5.2) in Step 1, by letting first A — oo and then j — oo, we obtain (2.22),
and so

(Ap)n G-converges to A in Hi(2).
G-convergence implies ['-convergence. We now show that
(Fj,)n T-converges to Fi strongly in L?(R"),

in accordance with Definition 2.18, by assuming the G-convergence of the associated operators.
I'-liminf inequality. We fix up,u € L*(R"), h € N, such that u, — u as h — oo and,
without loss of generality and up to a not relabeled subsequence, we assume that

hlLrgo Fp(up) = li}{gioréth(uh) < oo and ilelg Fp(up) < C,
for some positive constant C, the conclusion being otherwise trivial.
Then, (up)p C HE(2) and there exists another positive constant C' such that
lunllgg@) < C forall h €N,
which gives that also u € H§(£2) and
up, — u  weakly in H;(Q2) as h — oo.
For any h € N, define
(5.3) f=—divi(AxV’u) € H*()
and consider the (unique) weak solution wy, € H{(Q2) of problem (P,f ). Since
(Ap)p G-converges to A in Hg(Q)
and, by construction, u is the (unique) weak solution of (Pgo), it holds that
wp, — u  weakly in Hj(R") as h — oo.
From the one hand, we have that
lim = [ A (2)Vou(@) - 2V un(@) — Viuwn(z)) dz = Fao(u).
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From the other hand, by (5.3)

[ @) Vule) - @V up(@) - Vi (x) da
= <f’ 2up — wh>Hfs(Q)XH8(Q) = / Ah(m)vswh(x) . (QVSUh(.%') — Vsu)h(x)) dz

n

< | Ap(z)Viup(z) - Vup(x) dz = 2F,(up),
R

being
Ap(z)61 - &1 — Ap(2)&2 - (261 — &2) = Ap(z)(&1 — &) - (61— &2) = 0
for a.e. x € R™ and all &1,& € R™.
Hence,

lim nf B (u,) = Tim Fy(uy) > Tim L A (@) Vou(@) - @V un(z) — Viwn(x)) de = Fao(u),
—00

h—o00 h—o00 R

which conclude the proof of the I'-liminf inequality.

I-limsup inequality. We fix v € H{(), the conclusion being otherwise trivial by the
definition of Fuo, we set f = —div(AsV*®u), and we consider wy, € H{(Q2), (unique) weak
solution of (P,{) By the G-convergence of (Ap);, towards A in Hj(2) and, by Proposition 2.9,

wy, —u  weakly in Hj(R") and wj — u strongly in L*(R™) as h — oo.

Moreover,

1
hlim Fp(wp) = lim = Ap(z)Viwp(z) - Viwy(x) dz
— 00

.1 1
o {f,wn) s @)xmy @) = 5 (W r-s@)xm3(9)
1
=3 Ao () Viu(z) - Viu(z) de = Feo(u).
R?’L
Hence the I'-limsup inequality also holds (the limit is actually achieved) and this concludes the
proof of the I'-convergence of (F},);, towards Fu. O

Remark 5.3. If we consider only the equivalence between the nonlocal G-convergence and
the I'-convergence of the associated nonlocal energies (F})p, then the assumption of fixing
the matrices (Ay), outside the reference domain 2 may be dropped. On the other hand,
for the compactness of the I'-convergence (see Theorem 4.1) and for the following equivalence
between the nonlocal H-convergence and the I'-convergence, we need to consider the subclass
MIY(NA,Q, Ag), for a given Ay € MY (A, A, R™).

In view of Lemma 5.2, in order to prove Theorem 5.1 it is enough to show that the I'-
convergence of the nonlocal energies (F)p to Fio also implies the convergence of momenta, as
required in Definition 2.13. To this aim, we follow the strategies adopted in [17, Lemma 4.11]
and [3, Theorem 4.5], and we define the functionals Fj,, Fao: L2(R?; R") — R, respectively, as

Fin(®) == % - Ap(2)®(x) - ®(x)dx  for all & € L*(R™;R™),
Foo(®) = ;/n Ano(2)®(x) - ®(z)da for all & € L*(R™;R™).

Let us consider their Fréchet derivatives F; and F,, which are given by

Fp(®)[¥] = - Ap(z)®(x) - ¥(z)dz and F. (P)[¥] = - Ao (z)®(z) - ¥(x)dx
for all ®,¥ € L?(R";R"™).
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Note that Fj, and F., identify the momenta for the functionals Fj, and Fu,, respectively.
Indeed, given (up)n, C HF(Q2) and us € HE(S2), then the convergence

Fr (Voup)[¥] = F. (Viuso)[¥]  for all ¥ € L?(Q;R™)

is equivalent to

ApViup = AscVius  weakly in LQ(R”; R™).
We have the following result.
Proposition 5.4. Let Ag € M¥™(X\,A,R™). For any h € N, let Ap, Aow € M¥™(\, A, Q, Ap)
and Fy, Fao: L2(R™) — [0, 00] be the nonlocal energies, respectively defined in (2.17) and (2.18).
Assume that

(F)n T-converges to Fa strongly in L*(R™),
and let (up)p, € H5(Q) and us € HF(Q) satisfy
(5.4) up — Uso  strongly in L*(R™) as h — oo and  Fj,(up) — Fao(ties) as h — oco.
Then, the convergence the momenta associated with (Fp)n and Fyo holds, i.e.
(5.5) Fr (Voup)[¥] = FL(Viuso) W] for all ¥ € L*(R™;R™) as h — oo.
Proof. To prove (5.5), it is sufficient to show the following inequality
(5.6) F'(Viuo)[¥] < lim inf Fr(Véup)[¥]  for all ¥ € L*(R™;R").

—00

Indeed, by replacing ¥ with —W, and by the properties of the limit inferior, one can get the

desired condition (5.5).
For any h € N, we define the matrix-valued functions

By = Apla € M¥™(A\,A,Q),  Boo = Axfa € MY (XA, Q),

and the functionals G, G : L%(©2) — [0, 0], which are the local energies associated with B,
and By, as in (2.19) and (2.20), respectively. For all ® € L?(2;R"), we define the functionals
GG L2(Q;R™) — [0, 00] as

gg’(v) — ;/QAh(fU)(VU(w) + ®(x)) - (Vo(z) + ®(2))dz if v € H(Q),
> if v e L2(0) \ H'(),

1 T v(x x)) - (Vou(x z))dz ifv 1
6 (0) 5 | Ax(@)(To(@) + B(2) - (Vo(o) +B@) do if v € Q).

if ve L2(Q)\ HY(Q).
By Proposition 4.3, we have
(Gp)n T-converges to G strongly in L?(€)

and, by [3, Theorem 4.2], we derive that for all ® € L?(2;R") the I'-convergence in the same
topology is also guaranteed for the sequence (g,?)h, having as I-limit the functional G2. In
particular, for all (v3);, converging to v strongly in L?(Q2), we have

G2 (v) < liminf GP (vy,).
h—o0
Let U € L*(Q;R") and (¢;); be a sequence of positive numbers converging to 0, as i — o0o.
Then, t; ¥ € L*(Q;R"). Moreover, fixed up, us € H§(2), h € N, satisfying (5.4), we define
vp = I _sup € Hl(Q)a Voo = 115U € Hl(Q)a

where the H'(Q) Sobolev regularity of v, and v, is guaranteed by Proposition 2.6.
Then, by the continuity of I;_s: L2(R") — L%(Q), it holds that

Vp — Voo strongly in L2(Q) as h — oo
and, by the T-convergence of (GF)p, toward G* (with ® == t;¥), we get
(5.7) GLY (1) < lim inf Gl (vy) for alli € N.

—00
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Since
Vo, = Viu, a.e. in R™ and Vus, = Vs  a.e. in R,

by Proposition 2.6, we can rephrase (5.7) as
/ Ao (2)(Viuco (z) + 9 (2)) - (Viuco(z) + ;¥ (z)) da
< hmlnf / Ap(z () +t;¥(z)) - (Viup(z) + ;¥ (z)) dz.
Moreover, the sequence (up)p, is uniformly bounded in H{(2), since
§HvsuhH%2(Rn;Rn) < Fu(up) = Fous) as h — oc.

Hence, since u;, — u strongly in L?(R"), we have
Viup + ;9 — Vue + ;¥ weakly in L?(R") as h — oo.
Therefore, being Ag € M(X\, A, R"), we get

1

2/ Ap(z)(Viuse(z) + ;¥ (7)) - (Viuso(x) + ;¥ (z)) do
R™\Q

< lim inf 1/ Ao(z)(Viup(z) + ;¥ (x)) - (Viup(x) + ;¥ (z)) de.
R™\Q

h—o0

Hence,

Foo(Votimg + 10) / Ao (2) (Voo (2) + 6:0(2)) - (Voo () + 40 (z)) dar
2 / Ao(z)(Viuse(x) + ;¥ (2)) - (Viuso(x) + ;¥ (z)) dz
R™\Q
< hmlnf / Ap(z () +t;¥(x)) - (Viup(x) +t;¥(z)) dz

+ liﬁn inf = Ap(x)(Viup(z) + ;¥ (2)) - (Viup(z) + ;¥ (2)) de

< liminf Fp(Viup + t; V)
h—o0
and, since
Fn(Viup) = Fp(up) and  Foo(Vius) = Foo(Uoo ),
by (5.4) we have
Foo(ViUso + 1;V) — Foo (Vi) < liminf Fn (Viup +t;0) — Fp, (Viuy,)

for all 7 € N.

Therefore, there exists an increasing sequence of integers (h;); C N such that
Foo (Viuso + 1, V) — Foo (Vi) _ 1 Fn (Vsuh +1; \I/) — Fn (Voup)
t; 1 t;
for all h > h;. If we set e, :=t; for h; < h < h;;1 and ¢ € N, then, by (5.8)
(5.9) liminf Foo (Vioo +en W) = Foo (Voo < liminf Fi (Voun, + n W) = T (V uh).

h—o00 Eh h—o00 Eh

IN

(5.8)

Note now that, by the nature of the functional F.,, the limit inferior on the left hand side
of (5.9), is actually achieved and can be represented by the Fréchet derivative of the functional
Foo, 1-€.

] s e] V) — o) s [e)
(5.10) FL(Vous)[0] = lim T (Voo + W) = Foo (Vitioo)
h—o0 Eh
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For what concerns, instead, the right hand side of (5.9), we note that
Fn (Vsuh +ep \I’) — F (Vsuh)

(5.11) - = Fp(Vup)[¥] + e Fn ().
h
Since the last term on the right-hand side of (5.11) converges to 0 as h — oo, from (5.9)—(5.11)
we finally get (5.6). O

We can finally prove Theorem 5.1.
Proof of Theorem 5.1. We need to prove that the H-convergence of (Ap)y to As in HE(S2)
implies the I'-convergence of (F},);, in the strong topology of L?(R™), and viceversa.

H-convergence implies I'-convergence. Since the H-convergence is stronger than the
G-convergence, this part follows by Lemma 5.2.

I-convergence implies H-convergence. As in Lemma 5.2, we first show that (2.13)
and (2.14) hold for every f € L?(R"™). Then, by a density argument, we show that (2.13)
and (2.14) are satisfied for all f € H%(Q2), leading to the H-convergence of (Ap)p to Axo.

Step 1. We fix f € L?(R"). By Lemma 5.2, the I'-convergence of (F},); towards Fi, implies
the weak convergence in H(£2) of uy, solutions of the problem (P,{ ), towards s, solution of
the limit problem (Pgo) Moreover, u; and us, are also, respectively, the unique minimisers
of the nonlocal energies F) }f and FL defined in (5.1). Hence, by the Fundamental Theorem of
I'-convergence [16, Theorem 7.8], F}{(uh) — Fgo(uoo) as h — oo, which implies that

Fp(up) = Fxo(uso) as h — oo.
Therefore, in virtue of Proposition 5.4, it holds that
ApVou, — Ao Vius,  weakly in L2(R™;R"™) as h — oo,
and (2.13)—(2.14) are satisfied for all f € L*(R").

Step 2. We fix now f € H™*(Q). For any h € N, let up,uss € Hi(2) be the solutions

of the problems (P,{ ) and (Ps), respectively. By Lemma 5.2, we already know the validity
of the convergence of the solutions (2.13), and it remains to prove the convergence of the
momenta (2.14).

Since the embedding L?(R™) C H~%(f2) is continuous and dense, there exists a sequence
(f;); € L*(R") such that as j — oo

(fj); strongly converges to f in H ™ *(2).
For all j € N, let u%,ujoo € Hj(Q) be, respectively, the solutions of the problems (P}{j) and
(ng) Fixed ® € L*(R";R"), by Proposition 2.8 and Lemma 2.12, we get

’ /Q (Ap(2)Vun(x) — Ao (2)Vouso(2)) - () da

< + Cl®| 2 wrrmy | 5 = fllE-5(02)5

/Q (Ap(2)Viul () — Ao (2) ViUl (z)) - ®(z) da

and by Step 1, by sending first h — oo and then j — oo, we obtain (2.14), leading to the
H-convergence of the sequence (Ap)p, to A in H{(€2). O

As a consequence of Lemma 4.2 and Theorem 5.1, we easily derive the uniqueness of the
H-limit in the symmetric case.

Corollary 5.5. Let Ag € M¥Y™(R™", \,A). For any h € N, let Ap, Ao, /Too € MM (Q,\ A, Ao)
be such that

(5.12) (Ap)n H-converges to Aso tn Hy(S2), (Ap), H-converges to Ao in Hj(Q).
Then,

(5.13) As(z) = Asg(z)  for a.e. z € R™.
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Proof. Let us assume (5.12). By Theorem 5.1, we derive that
(F),)p, T-converges to Fs, strongly in L?(R™)

and

(Fi,)n T-converges to Fs, strongly in L2(R™),
where, for any h € N, Fp, Foo, Fio: L?(R™) — [0,00] are the nonlocal energies, respectively
associated with Ap, Ao, Aso. Since the I'-limit is unique, we obtain that F,, = Fl,, which
implies (5.13), in virtue of Lemma 4.2. O

We conclude this section providing an alternative proof of Theorem 3.2, purely based on the
variational techniques introduced in Theorem 4.1 and Theorem 5.1.

Proof of Theorem 3.2. Let (Ap)p C M¥™ (X, A, Q, Ag) and let (F}p), be the associated nonlocal
energies, as in (2.17). By Theorem 4.1, there exists a not relabeled subsequence of (Ay); and
Ao € MY™(XJA,Q, Ap) such that, if Fi, denotes the nonlocal energy associated with Ao, as
in (2.18), then
(F),)p, T-converges to Fs, strongly in L?(R™).
We can therefore conclude that
(Ap)n H-converges to A in Hg (),

in virtue of Theorem 5.1. O

6. CONCLUSIONS AND OPEN PROBLEMS

Through our distributional approach, the H-convergence theory extends to linear operators
in fractional divergence form. In what follows, we list some possible future research directions
stemming from our results that we believe may be of particular interest to the community.

(1) A first direction that we are planning to investigate concerns the study of the asymptotic
behaviour of monotone operators in fractional divergence form with superlinear growth,
whose local counterpart is presented e.g in [42, Chapter 11]. A key tool useful to
characterise the H-limit still as a monotone operator is the Div-Curl Lemma [26, 27], and
the lack of an analogous one in the fractional case precludes to prove the H-compactness
for this class of operators by standard techniques.

(2) In Section 5, we proved that the H-compactness in the symmetric case is equivalent to
the I'-compactness of the associated energies. In [2], the authors show that an analogous
result can be obtained also in the case of not necessarily symmetric matrices for which,
a priori, there is no natural energy associated with the problem. We conjecture that the
techniques used in the aforementioned paper can be adapted in the fractional scenario.
As a consequence, we would get the uniqueness of the H-limit also for general matrices.

(3) Once the H-convergence for elliptic operators has been characterised, it is natural to
ask whether this can provide information about the asymptotic behaviour of sequences
of parabolic nonlocal operators of the form

8y — div®(By(z)V®).

In [23], the authors show that, whenever the sequence of matrix-valued functions (Ap)n
is independent of time, then the parabolic H-limit Bo,(z,t) coincides with the elliptic
H-limit A (x), meaning that B is constant in time. Again, the authors conjecture
that a similar discussion can be extended to the nonlocal scenario.

(4) The most famous application of the H-convergence relies in the periodic homogenisation
of operators of the type

—div(a(hz)Vu(z)), heN,

where a is 1-periodic. We conjecture that an extension to the distributional fractional
setting through techniques similar to those of this paper may be possible. In particular,
we think that in this case the hypothesis of fixing a matrix Ay outside the reference
domain, used in the proof of Theorem 3.1, can be relaxed.
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(5) Recently, the H-convergence has been extended also to the sub-Riemannian framework
and, more generally, to operators depending on vector fields, see e.g. [22, 23, 24, 25].
Since the definition of fractional operators is more involved in a general sub-Riemannian
setting, we plan to extend Theorem 3.1 at least to the case of Carnot groups.
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