H-COMPACTNESS FOR NONLOCAL LINEAR OPERATORS IN
FRACTIONAL DIVERGENCE FORM
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ABSTRACT. We study the H-convergence of nonlocal linear operators in fractional divergence
form, where the oscillations of the matrices are prescribed outside the reference domain. Our
compactness argument bypasses the failure of the classical localisation techniques that mismatch
with the nonlocal nature of the operators involved. If symmetry is also assumed, we extend the
equivalence between the H-convergence of the operators and the I'-convergence of the associated
energies.

1. INTRODUCTION

In the last decade there has been an increasing interest in extending the H-convergence theory
for linear operators to a nonlocal framework, motivated by the huge number of applications of
nonlocal operators in fluid mechanics, image denoising, nonlocal minimal surfaces, nonlinear
elasticity, anomalous diffusion, and stable Lévy processes (see e.g. [10, 11] and the references
therein). First attempts to deal with nonlocal H-convergence appear in [4, 20], where the
authors study scalar perturbations of the fractional p-Laplace operator, and in [9], regarding the
H-convergence of fractional powers of elliptic operators in divergence form. We also mention [6,
22, 31] for the homogenisation of more general nonlocal energies.

All the aforementioned contributions in nonlocal H-convergence address only scalar weights,
in contrast to the classical results [19, 37, 39]. On the other hand, the case of matrix weights is
of great interest in applications, as it allows to study anisotropic heterogeneous materials. We
observe that it is not immediately clear how to get a momentum operator in problems involving
Gagliardo seminorms, since the latter are defined via integration of scalar energies.

We hence wonder whether it might be possible to formulate a nonlocal H-convergence-type
problem in terms of differential operators. To this aim, we exploit a suitable notion of fractional
divergence div® and fractional gradient V¥, in a way that the fractional divergence acts on the
nonlocal momentum A(z)V*®u(z). The construction of this class of fractional-order operators
is explained in details in Section 2, and relies on the pioneering contributions by Shieh and
Spector [34, 35], Silhavy [42], and the subsequent works [8, 13, 14, 15]. This leads to the study
of the H-convergence of the following sequence of linear elliptic problems
(Pf) — divS(AhVSuh) = f in Q,

h up =0 in R™\ Q,
where (Ap(x))p is a sequence of (not necessarily symmetric) matrices, and f is a given source
term, in the same spirit as the works by De Giorgi-Spagnolo [19, 37] and Murat-Tartar [39].

When dealing with the asymptotic behaviour of problems (P}{ ), two main challenges arise.
The first concerns the localization techniques typically used in the H-convergence theory to
identify the limit problem (see e.g. [39]). A key idea to overcome this difficulty, introduced by
Kreisbeck and collaborators [16, 23], is to use the Riesz potential I;_s. This operator allows
to reinterpret the (nonlocal) fractional gradient V*u as the classical (local) gradient Vw of the
auxiliary variable w := I1_su, and to rephrase (P}{ ) in a local framework (see Proposition 2.6).
This approach was successfully used in [23] to address lower semicontinuity and relaxation
of functionals involving fractional gradients, and in [1] to establish I'-convergence results for
Ginzburg-Landau-type energies.
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In the present paper we apply this technique to the possibly non-variational linear problems
(P,{ ). In particular, special care is required when dealing with boundary-value problems, since
the Riesz potential does not preserve boundary conditions. To overcome this issue, we exploit
the compactness properties of the fractional Sobolev space H(2) and use a suitable fractional
Leibniz rule (see Subsection 2.2).

The second question concerns the behaviour of the matrices Ay (z) outside Q. Differently
from the local scenario, since the fractional gradient V* must be defined on the whole space R",
the fractional divergence div® acts on vector fields globally defined over R"™ (see Definition 2.2).
Hence, the matrix-valued functions Ay (z) must be defined on the whole space R™. On the other
hand, — div®(A,V*uy) is bounded only in €2, and so we cannot hope to obtain compactness of
(Ap)p, outside Q. In order to tackle this lack of compactness, the values of any matrix Ap(z)
are prescribed outside € by a fixed matrix Ag(z), which satisfies standard growth conditions.

In details, we study the compactness, in the sense of the H-convergence, of the class

M A QD Ag) ={Ae M(A\ARY): A= Ay ae. in R"\ Q},

for positive constants A < A and Ayg € M(A, A, R"), where M(X, A,R") denotes the class of
matrix-valued measurable functions A: R™ — R"™*™ gatisfying the growth conditions

A(x)E- € > NEP for all ¢ € R™ and for a.e. € R",
A(z)€ - € > A HA(2)E)? for all £ € R" and for a.e. z € R".

Our first main result is Theorem 3.1, which is the H-compactness of the class M(A, A, Q, Ap)
with respect to a suitable notion of nonlocal H-convergence, see Definition 2.13. More precisely,
we prove that any sequence (Ap), in M(X A, Q, Ap) admits, up to a subsequence, a limit
matrix-valued function A, such that (A), H-converges to As. Moreover, A, still belongs
to M(\, A, Q, Ag), leading to the compactness of the class. We also show that the H-limit Ay
coincides with its local counterpart on the reference domain €2, thus revealing a consistency
between local and nonlocal H-convergence. As a by-product, in Theorem 3.4 we show that the
subclass of symmetric matrices, here denoted by M*™(\; A, Q, Ay), is also H-compact. It would
be of great interest to compare this result with the alternative notion of nonlocal H-convergence
introduced in [40, 41], which is based on a functional analytic framework.

In the second part of this paper, we focus on the symmetric case, and prove Theorem 4.1,
which is the I'-compactness of the class of nonlocal energies associated with M™ (X, A, 2, Ay).

Building on the connection between local and nonlocal settings outlined in [23], the proof of
Theorem 4.1 follows from the I'-compactness of local energies (Proposition 2.19), and a novel
equivalence between the I'-convergence of nonlocal energies and that of their corresponding
local counterparts (Proposition 4.3). A central ingredient in the proof of Proposition 4.3 is the
uniqueness of the integral representation of nonlocal energies in terms of L°°-coefficients, in
complete analogy with the local case, see Lemma 4.2.

As shown in [23] in the context of relaxation problems, and in [16] for functionals depending on
a fractional gradient with finite horizon, the I'-compactness of energies depending on fractional
gradients is expected to hold for a more general class of functionals, not necessarily of quadratic
type. Nevertheless, in this paper we focus on the quadratic case, as our main interest lies in
exploring the interplay between I'-convergence and H-convergence of linear fractional operators.

A very non-exhaustive list of recent references about the I'-convergence of fractional quadratic
energies is given by [1, 7, 32, 36]. In particular, in [7], the I'-compactness is obtained using the
Beurling-Deny criteria for Dirichlet forms, which are unfortunately not applicable in our setting,
as it is not known whether quadratic forms with the fractional gradient are Dirichlet forms.

The final part of the paper remains within the symmetric setting. In Theorem 5.1, we prove
the equivalence between nonlocal H-convergence and I'-convergence of the associated energies.
To this end, in Lemma 5.2, we first relate the I'-convergence of nonlocal energies to the notion
of nonlocal G-convergence (Definition 2.21). We then prove, in Proposition 5.4, the convergence
of the nonlocal momenta via I'-convergence. As a consequence, and in view of Theorem 4.1, we
obtain a purely variational alternative proof of Theorem 3.4.
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F1GURE 1. The relations between H- and I'-convergence in the case of symmetric
matrices in the local and nonlocal scenarios.

In a forthcoming paper, we plan to extend these results to the setting of monotone operators
with p-growth, p > 2, generalizing the well-known results [12, 21, 39] to the fractional setting.

The paper is organized as follows. In Section 2, we collect some preliminary results. Section 3
is devoted to the analysis of nonlocal H-convergence. We prove the H-compactness result in the
general case (Theorem 3.1), the uniqueness of the H-limit (Lemma 3.3), and the H-compactness
in the symmetric case (Theorem 3.4). In Section 4 and Section 5, we focus on the symmetric
setting. We prove the I'-compactness result (Theorem 4.1), establish the equivalence between
I-convergence and H-convergence (Theorem 5.1), and provide an alternative variational proof
of Theorem 3.4. Finally, in Section 6, we outline a number of open problems and future research
directions arising from our results.

2. PRELIMINARIES

2.1. Notation. We assume that s € (0,1), n > 2, and that €2 is a bounded open subset of R".
The space of n x n real matrices is denoted by R™*™, while R%X" is the subspace of symmetric

sym
matrices. We adopt standard notation for Lebesgue spaces on measurable subsets £ C R™ and
Sobolev spaces on open subsets O C R™. We let || - || x denote the norm of a Banach space X,

X' its dual space, and (-, -) xy/xx the duality pairing between X’ and X.

2.2. The functional setting. For every o € (0,n), the a-Riesz potential of a measurable
function f: R™ — R is defined as

r'3)

e

@) =~ [ AWy e

B Yo JR7 ’x — gyl

Notice that I, is a Fourier multiplier that acts in the Fourier space as

F(Laf) (&) = 7 F () (©),

being F the Fourier transform. Moreover, as shown in [38, Theorem 1, pag. 119], we have the
following result.

Proposition 2.1. Let a € (0,n) and p € (1,2). For every f € LP(R™), the a-Riesz potential
I f is well-defined and there exists a positive constant C, depending only on o, n, and p, such
that

np
n—ap

||Iaf||Lp’&(]Rn) S C HfHLp(Rn) 5 where p:; =

Let us recall the notions of fractional divergence and fractional gradient that will be used to
introduce the H-convergence problem in our framework.
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Definition 2.2. Let ¢p € C°(R") and ¢ € CX(R™;R"™) be fized. We define the s-fractional
gradient V1 and the s-fractional divergence div® ¢, respectively, as

s _n—- L+s (1/}(‘7;) —1/J(y))(37—y) n
Véy(x) = — /n P dy for all x € R",
sy n—14s [ (o) = ¢Wy)) - (z—y) n

div® ¢(z) = — /n Tyt dy for all x € R".

The next result links the notions of fractional gradient and fractional divergence with the
classical ones. A proof can be found in [34, Theorem 1.2] and [13, Proposition 2.2].

Proposition 2.3. Let ¢ € C°(R™) and ¢ € C°(R™;R™). It holds that
Ve =V(Li_sp) = LH_s(VY) in R",
div® ¢ = I1_s(div @) = div([1_5¢) in R".

We now introduce the functional framework for our problems in fractional divergence form.
Definition 2.4. Let O C R"™ be an open set. We let Hi(O) denote the Hilbert space defined as
the closure of C°(O) with respect to the following norm

. 1/2
I lizeqgmy = (1 12y + 1V 2oz
and, by H=*(0), the dual space of H3j(O). When O =R", we simply write Hj(R") = H*(R").

As a consequence of Proposition 2.3, one can immediately show, through Fourier transform,
that for all ¢ € C°(R™) and s,0 € (0,1) we have

(2.1) — divS (Vo) = (—A) 2" 4h.

Moreover, by the Fubini’s Theorem, it holds that

(2.2) Vey(z) - p(x)dr = — P(x)dive ¢(x) dx
Rn R

for all 1 € C°(R") and ¢ € C2(R™; R™).

If we extend the operators V*® and div® respectively to H*(R™) and H*(R";R"), then (2.2)
holds for all v € H*(R") and ¢ € H*(R™;R™). In particular, we can define the operator
div®: L2(R™;R") — H~5() as

(div® u, v) g—s(Q)x B3 (Q) = —/ u(z) - Viu(z)de

for all u € L*(R™;R") and v € H§(Q).
The following two propositions provide a useful connection between the Sobolev spaces

H'(R™) and H*(R"). For the proof of the next proposition we refer the interested reader
to [8, Lemma A.4].

Proposition 2.5. Let w € HY(R") and set u == (—A)%w. It holds that
ue H*(R") and Viu=Vw a.e. in R".

Moreover, there exists a positive constant C, depending only on n and s, such that the following
estimate holds true

(23) HUHL2(R") < C(TL, S)HwHSLQ(R")vaH};fRny]Rn)

Proposition 2.6. Let u € H*(R") and set w = I1_su. It holds that

w e {v e LY1-s(R") : Vv e LZ(R")} and Vw = V?°u a.e. in R",

2n
n—2+42s"

In particular, w € Hlloc(R”) and, for every open set O € R", there exists a positive constant
C, depending only on n, s and O, such that the following estimate holds true

(2.4) w510y < Cn, s)||ull s wmn)-
4

*
where 2]_, =



Proof. If u € C°(R™), the result is a consequence of Proposition 2.1 (with p =2 and a = 1—3s)
and of Proposition 2.3.
Let now (up)p C C2°(R™) be such that u, — u strongly in H*(R™) as h — co. Then,

wp, = I1_sup, — w = I1_gu strongly in L2T—S(R”) as h — 0o
and
Vwy, = Viuy, — Viu  strongly in L*(R™;R") as h — oo,

which gives the existence of Vw = V*u € L?(R"; R"). Thus, the estimate (2.4) follows again in
virtue of Proposition 2.1. O

We conclude this subsection by recalling some extensions of classical results to the fractional
setting that will be used throughout the paper. Namely: a Leibniz-type rule for the fractional
gradient [14, Eq. (1.5), (1.6)] and [23, Eq. (2.11)], a Poincaré-type inequality [34, Theorem 3.3],
and a Rellich-type Theorem [35, Theorem 2.2].

Proposition 2.7 (Leibniz rule). Let p € C1(Q) and u € H*(R™). Then, pu € H§(Q) and
Vi (pu) = oViu +uVp + Vi (¢, u)
where, for every x € R™, the remainder term Vi (o, u)(x) is

n—1+s / (p(@) — y))(ulz) —u(y))(x —y) ,

Yi—s |z — y|nts+l

Moreover, there exists a positive constant C, depending only on n and s, such that

Vi (p, u)(z) =

Y.

IVRL(#, Wl p2nrny < Cllull 2y loll 120y IVl 0 -

Proposition 2.8 (Poincaré inequality). For every open set O € R™ there exists a positive
constant C, depending only on n, s and O, such that

HUHL2(O) S CHVSUHLQ(R”;R”) fOT’ all u S HS(Rn)

Proposition 2.9 (Rellich Theorem). For every open set O € R" the space H§(O) is compactly
embedded into L?(O).

2.3. The H-convergence problem. We now want to introduce our notion of H-convergence
associated with the nonlocal operators introduced above. As in the local counterpart (see
e.g. [39]), we begin by defining the following classes of matrices.

Definition 2.10. Given 0 < A < A < oo and a measurable subset E C R"™, we define
M(N ALE) as the collection of all matriz-valued measurable functions A: E — R™™ satis-

Jying

(2.5) A(z)E - € > Me? for all £ € R" and for a.e. x € E,
(2.6) A(z)E - € > A A(z)€)? for all £ € R" and for a.e. v € E.
We also set

MY\ A E) ={Ac M(\AE): A= AT a.e. in E}.

The estimate (2.6) above is needed to obtain the compactness of the class M(\, A, Q) with
respect to the H-convergence topology, even in the local setting. More precisely, it is well-known
that the H-limit of sequences of matrices satisfying the standard growth condition

(2.7) MeEP < A(z)€-€ < AJE[* for all € € R™ and for ae. z € Q,

instead of (2.5) and (2.6), may belong to a wider class M (A, A’, Q) with A" > A (see e.g. the
observations of Tartar in [39, Chapter 6, Pag. 81]).
We also point out that, in the symmetric case A = AT, conditions (2.5)-(2.6) are actually
equivalent to (2.7), as shown in the following result.
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Lemma 2.11. Given 0 < A < A < oo, let B € R™*" satisfy

(2.8) BE-€> MNP for all € € R™.
Then, B is invertible and condition

(2.9) Be-£>AYBEP? forall € € R™
1 equivalent to

(2.10) B7le e > A7Ye? for all € € R™
In particular, B satisfies

(2.11) BE-€ < A€ for all € € R™.

Moreover, if B is symmetric, then conditions (2.9), (2.10) and (2.11) are all equivalent.

Proof. Let B € R™"™ satisfy (2.8). By the Lax-Milgram Theorem, for all 7 € R™ there exists a
unique vector £ € R™ such that B =7, i.e. B is invertible. Hence, (2.9) implies

A YHeP=A"YBB Y < BB Y -B ¢ =B ¢ forall £ € R™.
Conversely, by (2.10), we get
A YBE?P < BT'B¢-BE = BE-¢ for all € € R™.
Assume now that B satisfies condition (2.9). By the Cauchy-Schwartz inequality, we get

ATYBEP? < BE-€ < |BE|l¢| for all € € R,
leading to
(212) |BE| < Al
Therefore, by applying again the Cauchy-Schwartz inequality, we get

Be-¢ < |Belle| < Alg]® forall € € R”

and so condition (2.9) implies (2.11).

Finally, assume that B is symmetric. It is enough to show that (2.11) implies (2.9). We start
by observing that, by the symmetry of B, the bilinear form (£,7) — (B&,n) is a scalar product
in R™, in virtue of (2.11). Hence, by the Cauchy-Schwartz inequality and (2.11), it holds that

(BE-m)? < (BE-€)(Bn-n) < (BE-EA® for all £, € R™.
In particular, for n = B¢, we get
|BE[T = (BE - BE)? < (BE-EA|BE? for all € € R™,
which implies (2.9). O

From now on, we fix 0 < A < A < oo. Given a sequence of matrices (Ap), C M(A, A, R"),
for all f € H~*(f2) and h € N we consider the following elliptic problems

¥ —div*(ApViuy) = f in Q,
(Ph ) _ 3 n
up =0 in R™\ €,
where div® and V* are the fractional-order differential operators introduced in Definition 2.2.
The following result ensures that problems (P,f ) are well-posed.

Lemma 2.12. Let A € M(A\,A,R™). For every f € H™*(Q) there exists a unique weak solution
u € H§(Q) of the elliptic problem

—div¥(AV®u) = f  in Q,
u=20 in R™\ Q,
i.e. satisfying

/ A(z)Viu(x) - Viv(z)dx = (f, U)H*S(Q)XHS(Q) for all v € H§().
6



Moreover, the solution u satisfies the following estimate
IVoul| 2o gny < A FIl-s0)-

Proof. The proof is a direct application of the Lax-Milgram Theorem and Proposition 2.8.
Indeed, the bilinear form a : H§(2) x H5(2) — R, defined as

a(u,v) = A(x)Viu(z) - Viv(xz)de for all u,v € Hj (),
R”
is continuous and coercive, being A € M(\, A, R™). O

The notion of nonlocal H-convergence of (Ap), C M(A, A,R™) we propose consists in finding
a limit matrix A € M(N, A, R"), with 0 < X <X < A < A’ < o0, such that the sequence of

problems (P,{ )p, is related to the limit problem

(PL) —div* (A Vius) = f ?n Q,
Uso =0 in R™\ ,

in the sense of the next definition. In what follows, we let up = up(f) € H5(Q), h € N, and
Uso = Uso(f) € H§(S2) denote the unique weak solutions of (P}{ ) and (PL), respectively.

Definition 2.13 (Nonlocal H-convergence). Let 0 < X < A < A < A’ < oo and consider
(Ap)p € M\ AR™) and Ao € M(N, A, R™). We say that

(Ap)p H-converges to Ao in Hy(Q2)
if for all f € H=*(Q) the following convergences simultaneously hold as h — oo:
(2.13) convergence of solutions: wup — us weakly in HS(S2),
(2.14) convergence of momenta: ApVu, — AxVius weakly in L?*(R™;R™).

Definition 2.13 is the natural counterpart in the nonlocal setting of the local H-convergence,
see e.g. [39, Definition 6.4]. For the readers’ convenience, we recall the notion of local H-
convergence in what follows.

Let (Bp), € M(\, A, Q) be fixed. For every h € N and g € H~1(Q), we consider the following
sequence of elliptic problems

(@3)

—div(Bp,Vwy) =g in Q,
wp =0 on Of).

Given By, € M(N, A, Q), for some 0 < M < X <A < A < oo, we also consider the problem

{—div(BOOVwoo) =g inQ,

g
(@) Weo = 0 on 0f,

and we let w, = wp(g) € H}(Q), h € N, and we = weo(g) € HE(Q) denote the unique weak
solutions of (Q7) and (Q%), respectively.

Definition 2.14 (Local H-convergence). Let 0 < X < A < A < A < oo, and consider
(Bp)n € M(X\, A, Q) and By, € M(N, N, Q). We say that

(Bp)n, H-converges to Bo in H} (),
if for all g € H=1(Q) the following convergences simultaneously hold as h — co:
(2.15) convergence of solutions: wj, — we weakly in H} (),
(2.16) convergence of momenta: BpVw, — BsoVwes weakly in LQ(Q;IR{").

We recall that the class M(X, A, Q) is compact with respect to the local H-convergence in
HE(Q). A proof of this classical result can be found e.g. in [39, Theorem 6.5].
7



Proposition 2.15 (Local H-compactness). For every (Bp), C M(X,A,Q), there exist a not
relabeled subsequence and a matriz-valued function Boo € M(X, A, Q) such that

(Bp)n H-converges to Boo in HL ().

We also recall that the local H-convergence is stable with respect to the transpose operation.
More precisely, we have the following result, due to Tartar, whose proof can be found in [39,
Lemma 10.2].

Proposition 2.16 (H-convergence of the transpose). Let Bp, Boo € M(A\A,Q), h € N, and
assume that

(Bp)n H-converges to By in Hy(9).
Then,

(BF), H-converges to BL in HY().

The first goal of this paper is to show that suitable subclasses of M(\, A,R™) are compact
with respect to the nonlocal H-convergence. We introduce the following classes of matrices.

Definition 2.17. For every Ag € M(A\, A,R"™), we define

MM A Q,Ap) = {Ae M(NAR"): A= Ay a.e. in R"\ Q}.
For every Ay € M ™ (X, A,R"), we also set

M A, Q, Ag) = {A e MM\ A, QA : A= AT a.e. in R"}.

In the next section we show that any sequence (Ap)p, in M(X,A,Q, Ay) (respectively in
MIY(X A, Q, Ag)), for a fixed matrix Ay € M(X A, R") (respectively in M¥™ (X, A,R")),
admits a not relabeled subsequence and a limit matrix A in M(A, A, Q, Ag) (respectively in
M A, Q, Ap)) such that

(Ap)p H-converges to Ao in H3(S2)

in the sense of Definition 2.13. In particular, the H-limit A, satisfies (2.5)—(2.6) with the same
constants A\ and A of the sequence (4y)n, leading to the compactness of both classes.

2.4. The I'-convergence problem. Let us fix Ag € M¥™ (A, A,R") and a sequence (Ay)y in
MY\ A, Q, Ag). For every h € N, we consider the nonlocal energies Fj,: L%(R") — [0, 0]
associated with Ay, represented by

(2.17) Fy () = % | An(@)Viu(z) - Vou(o)de it u € Hy (@),
00 if w e LA(R™)\ Hg(Q).

The second goal of this paper is to show the I'-compactness in the strong topology of L?(R") for
the class of nonlocal energies (2.17). In particular, we prove the existence of a limit symmetric
matrix-valued function Ao, € MW™ (A, A, Q, Ag) such that, up to a not relabeled subsequence,

(Fj,)n T-converges to Fi strongly in L*(R"),

where the limit nonlocal energy F.,: L?(R™) — [0, o0] is represented by

(2.18) Fo(u) == % - Ao (2)Viu(z) - Viu(z)dz if u e HF(Q),
00 if ue L2(R™) \ H§(Q).

We start recalling the notion of I'-convergence for functionals. For a complete treatment of
the topic, we refer the interested reader to the monographs [5, 17].

Definition 2.18. Let X be a Banach space and let Ey, Eoo: X — [0,00], h € N. We say that
(ER)n I-converges to E strongly in X

if the following two conditions simultaneously hold:
8



e [-liminf inequality: for every x € X and for every sequence (xp)n, C X strongly
converging to x in X one has

Es(z) < liminf Ey(zp);
h—o0

e ['-limsup inequality: for every x € X there exists a recovery sequence (yp)n C X
strongly converging to x in X and such that

Eo(x) > limsup Ep(yp).

h—o00

In analogy with Subsection 2.3, we remind that the class of local energies Gj,: L?(2) — [0, oc],
h € N, associated with a sequence (Bp,)p, in M¥™ (X, A, Q) and represented by

(2.19) G (v) = ;/QBh(x)W(:r) Vo(z)dz if v e HY(Q),
00 if v € L2(Q) \ H'(Q),

is compact with respect to the I'-convergence in the strong topology of L?(Q2). A proof of the
next result can be found in [33] and [17, Theorem 22.2].

Proposition 2.19 (I-compactness of local functionals). Let (Bp), C M¥™(X, A, Q) and, for
every h € N, let Gy : L*(Q) — [0, 00] be the local energy associated with By, as in (2.19). Then,
there exists Goo: L2(Q2) — [0, 00] such that, up to a not relabeled subsequence,

(Gp)n T-converges to G strongly in L*(S2).

Moreover, there exists a matriz-valued function Bs € M™ (X, A, Q) such that the T'-limit G
has the following integral representation

— ;/QBOO(QT)VU(LU) -Vo(z)dz ifve HY(Q),
0 ifve L2(Q)\ HY(Q).

(2.20) Goo(v)

Remark 2.20. In order to derive Proposition 2.19 from [33] and [17, Theorem 22.2], we recall
that, according to Lemma 2.11, any symmetric matrix-valued function B belongs to the space
MIY(NA, Q) if and only if the following growth condition is satisfied

(2.21) M2 < B(z)e-€ < AlE)* for all € € R™ and for a.e. z € Q.

2.5. The equivalence problem. The third goal of this paper is to show the equivalence
between nonlocal H-convergence and I'-convergence of the associated nonlocal energies.

Let us fix Ag € M>™(X\,A,R"™). For every h € N, let Ap, Aoy € MV (XA, Q, Ap) and let
Fy, Fso: L2(R™) — [0, 0] be the corresponding nonlocal energies, respectively defined in (2.17)
and (2.18). We want to show that

(Ap)p H-converges to Ao in HG(S2)

if and only if
(Fj,)n T-converges to Fi strongly in L*(R").

In order to prove the above equivalence, we need to introduce the following notion of nonlocal

G-convergence of (Ap)n, C MY™(A\, A,R™).

Definition 2.21 (Nonlocal G-convergence). Let 0 < X < X < A < A < oo and consider
(Ap)p C MY\ A R™) and Aoy € MY™(N A R™). We say that

(Ap)n G-converges to A in Hi(Q2)
if for all f € H=%(Q) the following convergence holds as h — oo:
(2.22) Up — Uoo  weakly in HF (),

where up, = up(f) and us = uso(f) denote, respectively, the unique solutions of (P}{) and (Péco)
9



Definition 2.21 is the natural counterpart in the nonlocal setting of the classical definition
of G-convergence, introduced by Spagnolo in [37]. Clearly, nonlocal H-convergence implies
nonlocal G-convergence, see Definition 2.13.

In Section 5, we show that the nonlocal G-convergence of (Ap); is equivalent to the I'-
convergence of the associated nonlocal energies (Fp),. Moreover, we prove that for every se-
quence (Ap)p C MY™(X A, Q, Ap), the I'-convergence of the associated nonlocal energies (F},)p,
implies the convergence of the nonlocal momenta.

As a consequence, in the class M¥™(\ A, Q, Ag) the notions of nonlocal H-convergence,
nonlocal G-convergence, and I'-convergence of the nonlocal energies, are all equivalent.

3. H-COMPACTNESS OF NONLOCAL OPERATORS

This first section is dedicated to the following H-compactness result for nonlocal operators.
The proof of the following Theorem 3.1 relies on Proposition 2.15 and Proposition 2.16.

Theorem 3.1. Let Ag € M(\, A,R™). For every (Ap)n, C M(X,A,Q, Ay), there exist a not
relabeled subsequence and a matriz-valued function As, € M(X, A, Q, Ag) such that

(Ap)n H-converges to Ao tn HG(S2).
Proof. For every h € N, we define

(3.1) B, = Aplag € M(\ A, Q).
By Proposition 2.15, there exists a limit matrix
(3.2) By € M(M\ A, Q)

such that, up to subsequences,
(Bp), H-converges to By in HE ().
For a.e. x € R we define
By(x) ifxeQ,
(3:3) Aso() = {Aifc)) if 2 € R"\ Q.
By construction, A, € M(\, A, Q, Ap). To conclude the proof, we show that A, is the H-limit
of (Ap)n in H(Q), in the sense of Definition 2.13.

Fix f € H*(Q) and consider the sequence (up), C H{(€2) of unique solutions of (P,{)h.
Since (up)p and (ApVup), are respectively bounded in H§(2) and L*(R";R™), then there
exist u* € H§(Q) and m € L2(R™;R") such that, up to a not relabeled subsequence,

(3.4) wp —u* weakly in H3(Q) and A,Vu, —m weakly in L?(R™;R") as h — oc.

Our goal is to show that

(3.5) m = AxVu* a.e. in R

Indeed, once obtained (3.5), by passing to the limit (as h — o) in the weak formulation of

(P,{), we obtain that u* is a solution of (cho) Thus, by uniqueness, u* = us and, by (3.4),
(Ap)pn H-converges to A in Hj(Q),

as desired.

First, notice that
(3.6) m = AgVu* = A Viu™ ae. in R"\ Q.
In fact, by (3.4), for all ® € L2(R™\ ; R") it holds that

/ m(z) - ®(x)dr = lim Ap(z)Viup(z) - ®(z) de
R™\Q h—o00 R™\Q
= lim Ao(z)Viup(z) - &(x)de = / Ap(2)Viu*(x) - () d,
h—o0 R7\Q R7™\Q

which implies (3.6).
10



It remains to show that
(3.7) m = A V°u* a.e. in Q.

Fix g € H~Y(Q) and consider (wy), C HE(Q) and wa € HE(Q), respectively unique solutions
of the transpose problems

(3.8) —div(BI'Vuwyp) =g in Q, and —div(BLVw,) =g in Q,
wp, =0 on 0f2, Woo = 0 on 0f2.
By Proposition 2.16,
(3.9)  wj, — we weakly in HY(Q) and B} Vw;, — BL Vw,, weakly in L*(Q;R™) as h — oc.

Let ¢ € C°(Q2) and define

My, = / o(x)Ap(z)Viup(z) - Vwp(x) de.
We claim that for all p € C2°(Q)

(3.10) hlirgo My, = /ng(x)m(x) Ve (z)dz = /Qap(x)Aoo(x)Vsu*(x) - Vweo (z) dz.

Once the claim is proved, we obtain (3.7). Indeed, since the operator —div(BL V) defines
a bijection between the spaces H}(2) and H~1(Q) and, since g € H~1(Q) can be arbitrarily
taken in (3.8), then for all p, 9 € C°(Q) the following identity holds

/ e(x)ym(x) - Vi(z)dr = / o(x)Aso () VU™ (z) - Vip(z) da

Q Q

Hence,

(3.11) m(z) - Vip(x) = Ao (2)Viu™(z) - Vip(z) for a.e. x € Q and for all € C°(Q),

and the collections of points of {2 where (3.11) fails can be chosen independent of ).
Let us fix Q' € Q and ¢ € C°(Q), such that ¢ =1 on @', and define

P(z) = ¢(x) -z for a.e. z € Q and for all £ € R".
By (3.11), we get that
m(x) &€ = Ax(2)Vou*(z) - € for a.e. x € Q and for all £ € R”,

which implies the validity of (3.7) in Q'. Moreover, since this is true for every ' € Q, we
get (3.7) in all Q, which completes the proof.

We then conclude by showing the validity of the claim (3.10). Its proof is divided into two
steps.

Step 1. We first show that
(3.12) lim M = / 0(2)Aco () Viu™ () - Ve (x) d.
h— o0 O
In virtue of Proposition 2.3, we have

My, = /ng(ar)vsuh(x) - Bl (z)Vwy, (x) dz

- / (@) V(I _aun) () - B (2) Vuop () dz

(3.13) /V ol _sup)(z) - Bl (2)Vwy () dx—/Il_suh(x)V<p(:):)-B;{(x)th(:L’) dz.
Q

By (3.4) and Proposition 2.9,

(3.14) up, — u*  strongly in L*(R") as h — oo,

and so, by Proposition 2.1, we get

I _sup — I _su* strongly in LQ(Q) as h — oo.
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This last convergence, coupled with (3.9), implies that

(3.15) hlim I _sup(2)Vo(z) - Bl (2)Vwy(z) dz = / I _u*(x)Ve(x) - BL (2) Vwe () da.

We observe that @I _suy, € H} (). Hence, by (3.4), (3.14), and Proposition 2.6,
ol _sup — @l _su*  weakly in H&(Q) as h — oo.

Thus, since wy, solves problem (3.8), we get

lim [ V(pli_sup)(x) - BE(z)Vwy,(z) dz = hli_}rg(g, - sun) g-1(Q)xH1 ()

h—oo Jo

= (g, SDII—SU*>H*1(Q)><H(}(Q)
(3.16) _ / V(eh_su*)(@) - B (2) Vi (z) da.
Q
By combining (3.13), (3.15), and (3.16), we then obtain (3.12), being

lim M, = / V(pl_su*)(x) - BL (2)Vweo () dz — / I _su*(2)V(x) - BL (2)Vwe (z) d

h—o0 Q

= /ng( x)V(I[1—su )(x)BoTo(x)Vwoo(x) dz = / 0(2) Aco (2) VU™ () - Vweo (z) dx.

Q

Step 2. We conclude by showing that
(3.17) lim M, = / e(x)m(z) - Vwe (z) dz.
h—o00 Q
By Proposition 2.5 and Proposition 2.7, we have

My, = /ng(a;)Ah(x)Vsuh(x) - Vwy(z) dz

1—s

N /n (@) Ap(2)Viup(z) - VO ((=A) 2 wp)(z) da

1—s

(3.18) — / A @)V () - V() ) () d

1—s
- [ AT un(a) - Tl (-8)'F o) da
1-s
— [ An(@)Viun(z) - Vi (e, (=4) 77 wp)(2) dz.
R
For what concerns the second integral in (3.18), in view of (3.9) and Proposition 2.9, we have
wp, — Wee  strongly in L*(R™) as h — oo.

Moreover, the sequence (wy), C HE(Q) is uniformly bounded. Hence, by Proposition 2.5,

(3.19) (—A)%wh — (—A)%woo strongly in L?(R™)
and, since V3¢ € L (R"), by (3.4) we get
(3.20)

1—s

lim Ap(x)Veup(x) - ngo(x)(—A)%wh(m) dz = / m(z) - Vip(z)(—A) 2 we(z)de.

h—o00 Rn n

Regarding the third integral in (3.18), by Proposition 2.7 and (3.19), since V{ is a bilinear
operator, we deduce that

Vi (o, (—A) T wp) — Vi (@, (—A) T we)  strongly in L2(R™R™) as h — oco.
12



Therefore, in virtue of (3.4), we have

lim | Ap(@)Voun(z) - Vi (e, (—A) 2 wy)(z) da

h—o0 Rn

1—s

(3.21) - / () Vi, (~8) T ) (@)

Finally, (—A) 2 w), € H*(R") by Proposition 2.5, which implies that ¢(—A) = wy, € HE(9).
Then,

@(—A)%wh — gp(—A)%swoo weakly in Hj(Q2) as h — oc.
Therefore, regarding the first integrals in (3.18), since wy, is a solution of (P,{ ) then, by (3.4),

lim [ Ap(2)Voun(z) - V(o(—A) 7 wy)(z) de
h—o0 Rn
. 1—s
= lim (f, P(—A)"Z wn) g-s () x Hy ()
1-s
= (f,o(=A) 2 Woo) s () x H3 ()

= lim [ Ay(0)Voup(z) - VP (p(~A) 7 we)(x) do

h—o0 Rn
(3.22) = / m(z) - V(p(—A) 7 wee)(z) da.
By combining (3.18), (3.20), (3.21), and (3.22), we finally get (3.17), being

lim M), — / () V(- A) T o) () d

h—o00

1-s

- [ @) V@) (-8) Funla)do — [ m(@): Tinlen (-8)'F ) (@) da

= / o(z)m(z) - Vs((—A)%woo)(az) dx = / o(z)m(z) - Vweo(x) da.
n Q
Hence, the claim (3.10) holds true and the proof of the theorem is accomplished. O

Remark 3.2. The main application of the H-convergence of local linear elliptic operators lies
in the periodic homogenisation of operators of the form

(3.23) —div(a(hz)Vu(z)), heN,

where a € L*°(R") is 1-periodic, and satisfies a > A > 0 a.e. in R™. We expect that, in the
fractional counterpart of (3.23), the assumption of fixing the function a outside the reference
domain 2, which is required in Theorem 3.1, can be dropped.

We point out that, as in the local scenario, in the class M(A, A, Q, Ag) the H-limit Ay is
unique.

Lemma 3.3. Let Ay € M(X\,A,R"). Assume that (Ap)n C M(NA,Q, Ag) and Ao, Ase €
M A Q, Ag) satisfy

(3.24) (Ap)p, H-converges to Ao in Hy ()
and

(3.25) (Ap), H-converges to Ao in H(Q).
Then,

(3.26) As(#) = Aso(z)  for a.e. € R".

Proof. By definition
A (z) = Ag(z) = Asg(z) for ae. z € R\ Q.



Hence, it remains to show that
Aso(z) = As(z) for ace. z € Q.

Let {e1,...,e,} be the canonical orthonormal basis in R". By [23, Lemma 4.3], for all » > 0
and for all xyp € R™ we can find n functions ¢1, ... ¢, € C°(B,(xp)) such that

(3.27) Vépi(zo) =¢; forallie{l,...,n}.

Let f € H™*(Q) be fixed and let us = uso(f) € H{(Q) and U = Uso(f) € H{(Q) be,
respectively, the unique solutions of

—div* (Ao Viuse) = f in Q, —divi (A Vils) = f in Q,
Uso =0 in R™\ €,

By (2.13) and (3.24)—(3.25), we derive that us = U and, by (2.14), for all ® € L*(R";R")

~

/ A () Voo () - () d = / A (2) Vit () - () da.
Since the operator —div®(AV*-) = — divs(ﬁoovs -) defines a bijection between the spaces
H§(Q) and H™*(Q2) and, since f € H*(Q2) can be arbitrarily chosen, we derive that for all
Y € C°(Q) and for all ® € L2(R";R")

Ao (z2)VEY(z) - &(x) do = A (2)V3(z) - B() dz.
R™ R™

Hence,

o~

(3.28) Ao () Vi (2) = Ao (2)Vi(x) for ae. z €  and for all ¢ € C°(Q),

and the collections of points of {2 where (3.28) fails can be chosen independent of ).
Let now 9 € Q and r > 0 be such that B, (zg) C Q. By choosing 1) = ¢; foralli € {1,...,n},
where @1,..., ¢, € C°(B,(x)) are the functions satisfying (3.27), we derive that

Aso(zg)e; = Xoo(a;o)ei for a.e. zp € Q and for all i € {1,...,n}.
Hence Ao (z) = Aso(z) for ae. z € Q, which gives (3.26). O
As a consequence of Proposition 2.16, the H-compactness Theorem 3.1 also applies to the

subclass of symmetric matrices M¥™ (X, A, Q, Ap), for a fixed 4g € M¥™(\,A,R™). More
precisely, the H-limit A, of sequences (Ap)p in M™ (X, A, Q, Ag) still lies in MY™ (X, A, Q, Ap).

Theorem 3.4. Let Ag € M¥™(X\,A,R"). For every (Ap)n C M¥™(X,A,Q, Ay), there exist a
not relabeled subsequence and a matriz-valued function Ass € MY™ (X, A, 2, Ag) such that

(Ap)n H-converges to Ao in HG ().

Proof. The proof of the theorem in the symmetric case follows verbatim the construction already
presented in the proof of Theorem 3.1 for the general case, combined with the following obser-
vations. The limit matrix B in the local H-convergence of the sequence (Bp)p, introduced
in (3.1), whose existence is shown in (3.2), is now symmetric in view of Proposition 2.16 and
by the uniqueness of the H-limit. This implies that the matrix A, defined in (3.3), belongs to
the class M™™(\, A, Q, Ap), and it is the H-limit of (Ap)p, in virtue of Theorem 3.1. O

4. T'-COMPACTNESS OF NONLOCAL ENERGIES

The goal of this section is to show the following I'-compactness theorem.

Theorem 4.1. Let Ag € M¥™(\, A, R™). Let (Ap)n C MY (N, A, Q, Ag) and let (Fy)p be the
nonlocal energies introduced in (2.17). Then, there exist a not relabeled subsequence of (Ap)n
and Aso € MY™(N, A, Q, Ag) such that

(F3)n, D-converges to Fu, strongly in L*(R™),

where Fo: L*(R™) — [0, 00] is the nonlocal energy associated with Aw, as in (2.18).
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In order to prove Theorem 4.1, we begin with the following lemma, which guarantees the
uniqueness of the integral representation of nonlocal energies by matrices.
Lemma 4.2. Let A, A € Le(R™REY) and let Q CR™ be an open set. Assume that

A(x)§-£€>0 and g(az)f-ﬁz 0 fora.e € and all £ € R",

and
(4.1) /n A(x)VeY(z) - VY(x) de =
Then,

—

A(@)Vo(x) - Vo(x)da  for all ¥ € C2(K).

A(z) = A(z) for a.e. z € .

Proof. We define
C=A—Aec L®R"RL").

Sym

Since C' € L>®(R™; RZXM), for a.e. xp € R™ and for all M € (0,00) we have

Sym

lw [ (C (% +a0) - C(J;O)’ dy = 0.

r—00 B]M

In particular, there exists () C (0,00) with rp, — 0o as k — oo such that

c <y + x0> — (o)

(4.2)
Tk

—0 ask— oo for a.e. y € R™.

Step 1: Blow-up. We fix ¢ € C°(R"). For all zp € Q and r € (0,00) we define
Oao.r(@) = @(r(x —xp)) for all z € R™.
There exists 1o = r9(x0,2) € (0,00) such that
Gzor € C(2)  for all r € (rp, 00).
We have that
Veéuor(x) = r*Vip(r(z — xg)).
By (4.1), for all zp € 2 and r € (rp, 00) we have

0=qs""28 C(z)Vipgyr(x) - Vg r(z)de

Rn
=i [ C@ (e =) Velr(o = ) do
(13) — [ (L) Vo) Vo) dy

Moreover, by (4.2), we derive

“ <7:y + xO) Viply) - Vip(y) = Clz0)Vipl(y) - Vop(y) for ae.y € R" as k — oo.
k
Since

C (i + :Eo) Vie(y) - Vscp(y)’ < ||C||L00(Rn;Ran)|V5g0(y)|2 for a.e. y € R” and all k € N,

sym

in virtue of the Dominated Convergence Theorem and (4.3), we conclude that

Clzo)Ve(y) - Vip(y)dy =0 for all p € CF(R").
Rn

Step 2: Reduction to the local case. By a density argument, we derive that
C(z0)Viu(y) - Viu(y)dy =0 for all u € H*(R"™).

R™
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Let v € H'(R™). By Proposition 2.5, we have that u = (—A)%v € H*(R™) and
Véu(z) = Vo(x) for a.e. x € R".

Therefore, we derive that

/n A(zg)Vo(y) - Vou(y)dy = / A\(Jco)Vv(y) -Vou(y)dy for all v € HY(R™).

n

The claim follows by [17, Lemma 22.5]. O

As a consequence of Lemma 4.2, we obtain the following equivalence between I'-convergence
of the nonlocal energies (Fy,); and I'-convergence of the local ones (Gp)p. The proof is inspired
by some recent ideas presented in [16, 23].

Proposition 4.3. Let Ag € M¥™ (X, A,R™). For every h € N, let Ap, Aoc € M¥™(N, A, Q, Ap)
and Fy,, Foo : L2(R™) — [0, 00] be the nonlocal energies, respectively defined in (2.17) and (2.18).
For every h € N, define

Bp, = Aplg € MY\ A, Q), By = Al € M¥T (A A, Q),

and consider the local energies Gj,, G : L?(2) — [0, 00|, respectively defined in (2.19) and (2.20).
Then,

(F)n T-converges to Fao strongly in L*(R™)
if and only if
(Gp)n T-converges to Goo strongly in L*(S2).
Proof. Step 1: I'-convergence of (G},), implies I'-convergence of (F},);,. We assume that
(4.4) (Gp)n T-converges to G strongly in L*(Q),
and we want to show that
(Fj,)n T-converges to Fi strongly in L2(R™).

I-liminf inequality. Let uy,u € L?>(R"), h € N, be such that (uy);, strongly converges to u
in L?(R") as h — 0o. We show that

Foo(u) < liminf Fy (up,).
h— 00
Without loss of generality, we assume that
lim inf Fh(uh) < 00,
h—o0

the conclusion being otherwise trivial, and that the limit is actually achieved up to a not
relabeled subsequence, i.e.

liminf Fy(up) = lim Fp(up).
h—o0 h—o0

According to its own definition, (F})y is finite only on H§(2), thus forcing the sequence (up)n
to lie therein. Since (Ap)p C MY™ (A, A, Q, Ap), there exists a positive constant C' such that

sup ||V unl| p2gn gy < C,
heN
which yields that (up)p is uniformly bounded in H(€2). Then, the limit u also lies on H(2)
and
(4.5) up, — u  weakly in H;(2) as h — oo.
For every h € N, we define
vp = I1_sup, and v i=1_su.

By Proposition 2.6, vy, v € H(Q) for every h € N and, by (4.5) and the continuity of the linear
operator I1_s: H*(R") — H(Q),

v, — v strongly in L*(Q) and weakly in H*(Q) as h — oo.
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By (4.4),

(4.6) Goo(v) < lihniggf G (vp),

in virtue of the I'-liminf inequality. We also note that, by Proposition 2.6,
Vo, = VPu, and Vo= V°u a.e. in R™.

Thus, we can rephrase (4.6) as

1 s s N | s s
/QBOO(JJ)V u(z) - Viu(z)de < hm1nf§ /QAh(:E)V up(z) - Viup(z) de.

2 h—o0
On the other hand, since Ay € M(A, A,R"), by (4.5) we get
1/ Ap(z)Viu(z) - Viu(z) de < liminf 1/ Ap(2)Viup(z) - Viup(x) dz.
2 R™\Q h—oo 2 R™\Q
Hence
1 1
Fyo(u) = / Boo (2)Viu(z) - Viu(x) dz + / Ap(z)Viu(zx) - Viu(z) dx
2 2 Jrma
< liminf = / Ap(x () - Viup(z) de + lim inf} Ao(z)Viup(z) - Viup(z) dz
h—o00 h—o0 R7\Q

< hm mf Ey,(up,).

I-limsup inequality. We fix u € L?(R") and show the existence of a recovery sequence
(up)n C L*(R™) such that (up)s strongly converges to u in L?(R™), as h — oo, and
(4.7 Foo(u) > limsup Fp,(up,).
h— o0
The proof of the I'-limsup inequality is rather technical and for the readers’ convenience, we
summarize the main steps below.

e First, we exploit the Riesz potential to move to the local setting and we obtain the
existence of a recovery sequence (vp,)p, for the I'-convergence of the local energies (Gp)n
to Geo

e Then, through a cut-off argument, we adapt the sequence (vy)y to the boundary data
of our problem and we come back to the nonlocal setting, obtaining the existence of a
sequence (uj )y, satisfying the I'-limsup inequality up to a reminder term, which depends
on a positive parameter €.

e In the last part of the proof, we let the reminder term tend to zero via a diagonal
argument, which ensures the existence of a recovery sequence (uy,)p, for our problem.

Without loss of generality, we consider only the case of u € H{(€2), the conclusion being
otherwise trivial.

We define
v = I1_su.
Then, by Proposition 2.6,
(4.8) ve HY(Q) and Vov=Vu ae in R™

Moreover, by (4.4), there exists a recovery sequence (vy), C H' () for v, i.e. such that
(4.9) v, — v strongly in L?(Q) as h — oo and hlim Gp(v) = Goo(v) < 00.
— 00
We recall, in fact, that the I'-liminf and the I'-limsup inequalities imply that the limit is achieved

at least for the recovery sequence. In particular, by the definition of Gy, (see (2.19)), (vp)n is
bounded in H'($), which gives that

v, — v weakly in HY(Q) as h — oo.
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Let € > 0 be fixed and let K¢ € 2 be a compact set such that
(4.10) / |Vo(x)|?dz < e.
Q\K*

We fix an open set U¢ such that K¢ € U® € (2, consider a cut-off function ¢° € C*(U*)
satisfying 0 < ¢ <1 on U® and ¢° =1 on K¢ and, for every h € N, we define

(4.11) vy, = ¢ op + (1 — ).

By construction,

(4.12) v; — v strongly in L?(Q) and weakly in H*(Q) as h — oo.

Moreover, by (2.12), (2.21), (4.10), and the convexity of the map & — Ap(z)& - €, it holds that
1

Gnl(vh) = 5 /Q Ap(@)[" (2)Von(z) + (1 = ¢°(2)) Vo (@)] - [¢°(2) Vor(z) + (1 - ¢°(2)) Vo (z)] dz

+ /Q Anp(2)[Ve© () (on(2) — v(@))] - [¢° () Vop(z) + (1 = " (2)) Vo(z)] dz
+ % /Q Ap(2)[Ve© () (on () — v(@))] - [Ve©(2) (on(2) — v(z))] dz

< ;/ngs(w)Ah(a?)Vvh(x) - Voup(z)dz + % /Q(l — ¢ () Ap(x)Vou(z) - Vo(z) dx
+ AV Lo rmyllvn — vl 2y (IVonllL2@rny + VOl L2(0srm))
+ §\|V<PE||%00(Q;Rn)\|Uh ~ )2

< Gp(vp) + %8 + AIVe® [l Lo rm lvn — vl 2) (IVoRll L2y + VOl L2(0irny)

+ §||v908||%°°(Q;R")H’Uh - U”%ﬁ(g)
Hence, by (4.9) and the boundedness of (vy), in H!(Q), we conclude that

A A
(4.13) lim sup G, (vy) < hlim Gp(vp) + €= Goo(v) + —e.
—00

h—o00 2

We trivially extend v§ —v € H}() to a function in H'(R™) and, for every h € N, we define
wh = (~A) 5 (v~ v).
By Proposition 2.5, we have that
(4.14) wi € H*(R") and Viwj =V(vj —v) ae. inR"
and, by (2.3), (4.12), and (4.14), there exist two positive constants C' and C. such that
il = I1wRlIZ2@n) + IV WhlIZ2 @nzny < ClloR = vl ) < Ce forallh e N.

Therefore, by (2.1), (2.2) and (4.12), for all » € C°(R™) we get that

[ wi@i@ s = [ (@) - v@)(-4) T o) de 0 ash o,

which yields that

(4.15) wj, — 0 weakly in H*(R") as h — oo.
In particular, by (2.3) and (4.12),
(4.16) w§ — 0 strongly in L*(R") as h — oo.

Let x° € C°(0) satisfy 0 < x* < 1 on Q and x° = 1 on U¢. We define

uj, = u+ x“wy, € Hj(Q).
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By (4.15) and (4.16),
(4.17) ui — u  strongly in L?(R"™) and weakly in H(Q) as h — oo.
For every h € N, we also set
h= VIO wy) = XV,
By Proposition 2.7, there exists a positive constant C' such that
1Bl L2 grimny < C X ooy lwhll p2gny  for all b € N.
Then, by (4.16),

(4.18) R5 — 0 strongly in L*(R™;R") as h — oo
and, by (4.14),
(4.19) Véuj = Viu+ x*Viwj + Rj, = Viu+ x*V(v; —v) + Rj, a.e. in R",
We consider the following decomposition
1 1
(4.20)  Fp(uj) = 3 Ap(x)Voug (x) - Viug (z) do + 2/ Ap(x)Veug (x) - Voug () do
Us Q\Us
1
+ / Ao(z)Viug () - Viuj (z) de.
2 Jrm\q
By (4.18) and (4.19), the last integral in (4.20) satisfies
1
lim — Ap(2)Viuj (z) - Viug (x) de
h—o0 2 R™\Q
1
= lim = Ap(z)(Viu(z) + Rj(2)) - (Viu(z) + R} (z)) dx
h—o0 2 R™\Q
1
(4.21) = / Ap(z)Viu(zx) - Viu(z) dz.
2 Jrma

Concerning the second integral in (4.20), we note that, by (4.11) and (4.19),
Viuj, = Viu+ Rj, ae. in Q\ U°.
Then, by (2.21), (4.8), and (4.10),

lim sup - / Ap(2)VA (2) - VOl () dae
O\U*

h—o0 2

. A 9 A 9 A 9 A
(422) < lhm o [Vt B[l 20\pemn) = 5 IVoulliz@pemn) < 5 IVUlIL2 @ erny < e
Finally, for what concerns the first integral in (4.20), we observe that, since x°* = 1 in U*,
by (4.8) and (4.19) we have

Véuj;, = Vo + V (v, —v) + Rj = Vo + R;,  a.e. in U°.
Thus, (2.21) and (4.8) imply that

5 | A V() Vi (@) do
UE
_ % [ A@)(Ti(@) + Ri(0) - (Voi(o) + Ri@) do
-3 /  An(@) Vo (@) - Vo (2) de + / Au(@) Vo (2) - B (2) da
i1 [ M@ R B ar
Ua

(4.23) < Gp(vy) + . Ap(x)Vos(x) - R (z) dz + % . Ap(x)Ry,(z) - Ry (x) dx
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and, since (v5)y, is uniformly bounded in H'(Q), by (4.13), (4.18) and (4.23), we get

(4.24) limsup s | Au(0) V0 (@) - VUi () do < Goo0) + %e.

h—o00 Ue

Therefore, by (4.21), (4.22) and (4.24), we obtain that for all € > 0
(4.25) lim sup Fj,(uf,) < Foo(u) + Ae.

h—o00

To conclude, we use the following diagonal argument. In view of [17, Definition 4.1 and
Remark 4.3], by (4.17) and (4.25), we have that for all € > 0

[-limsup Fj,(u) == suplimsup inf Fp(2) < Fyo(u) + Ae.
h—00 keN h—oo 2€B1(u)

Hence, by letting ¢ — 0, we conclude that

I-limsup Fp(u) < Foo(u)

h—o0

and, by the properties of the I'-limsup (see e.g. [17, Proposition 8.1]), there exists a sequence
(up)n € L*(R™) such that uj, — u strongly in L?(R") as h — oo and

lim sup Fj,(up) = I-limsup Fp,(u) < Foo(u).

h—00 h—0
This implies the validity of (4.7).
Step 2: I'-convergence of (F}); implies I'-convergence of (G},),. We assume that
(Fj,)n T-converges to Fi strongly in L?(R"),
and we want to show that
(Gp)n T-converges to G strongly in L?(9).

By Proposition 2.19, there are a not relabeled subsequence of (G},), and Goo: L*(Q) — [0, 0]
such that

(4.26) (Gp)p, T-converges to Goo strongly in L*(€2).
Moreover, there exists By, € M%™(X, A, Q) such that
1 [ ~
. / Boo(@)Vo(a) - Vo(z)de if v e HY(Q),
Go(v) =< 2 Jo
00 if ve L2(Q)\ HY(Q).

By (4.26) and Step 1, we conclude that

(Fp)p, T-converges to Fio strongly in L?(R™),

where 1300 is the nonlocal energies associated with the matrix

A (z) = Boo(z) ifz€Q,
T 1 Ao(z)  ifx e R\ Q,

as in (2.18). By the uniqueness of the I'-limit, we conclude that ﬁoo = F, and by Lemma 4.2
we derive that B,, = Bs. Hence, by the Urysohn property of I'-convergence, we conclude that

(Gp)n T-converges to G strongly in L*(€).
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Remark 4.4. We point out that the nonlocal energies (F},);, account for the boundary condition,
while the corresponding local energies (Gp,), do not, as they are finite in H'(Q) instead of
H (). We have chosen to work with (G},)y, since it simplifies the proof of the I'-convergence
equivalence between nonlocal energies and local ones. On the other hand, if we define

1 .
GO(0) = 5 /Q Bp(z)Vu(z) - Vo(z)dx if v € HY(Q),
o0 if ve L2(Q)\ Hi (),
and
1 .
GO (v) = 2/QBOO(at)Vv(x) -Vou(z)dz if v € HYH(Q),

00 if ve L2(Q)\ Hi(Q),
by [17, Theorem 13.12 and Theorem 22.4], we have that
(G, T-converges to G2, strongly in L*(Q)
if and only if
(Gp)n T-converges to G strongly in L*(Q).
Therefoore, Proposition 4.3 is still valid if we replace (Gp)p and G, respectively, with (G%)h
and G.

As a consequence of Proposition 2.19 and Proposition 4.3, we can finally prove Theorem 4.1.

Proof of Theorem 4.1. For every h € N, we define the matrix-valued functions
By, = Aplg € M¥(N\ A Q),

and we consider the functionals Gj,: L*(Q) — [0,00] associated with By, as in (2.19). By
Proposition 2.19, there exist a not relabeled subsequence and a matrix By, € M™ (A A, Q)
such that

(Gp)n T-converges to G strongly in L%(€),
where the functional G : L%(Q2) — [0, 00] is defined as in (2.20).

We define
A (z) = B () ?f z €,
Ap(z) ifzeR™\Q,

and we let F,: L?(Q2) — [0,00] denote the nonlocal energy associated with A, as in (2.18).
Then, Ay, € M¥Y™(\ A, Q, Ap) and, by Proposition 4.3, we deduce that

(Fj,)n T-converges to Fi strongly in L*(R™).

5. EQUIVALENCE BETWEEN NONLOCAL H-CONVERGENCE AND I'-CONVERGENCE

We conclude this paper with the following equivalence between nonlocal H-convergence of
a sequence (Ap), C M¥™Y™(X\ A, Q, Ag) and I'-convergence of the associated nonlocal energies
(F})p, introduced in (2.17).

Theorem 5.1. Let Ay € M™(\, A,R"™). For every h € N, let Ap, Ao € MV™(X\, A, Q, Ap)
and Fy,, Foo: L2(R™) — [0, 00] be the nonlocal energies, respectively defined in (2.17) and (2.18).
Then,

(Ap)n H-converges to Ao tn Hg(2)
if and only if

(Fj)n T-converges to Fa strongly in L*(R™).
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The proof of Theorem 5.1 requires two preliminary results. In Lemma 5.2, we first show the
equivalence between the I'-convergence of the nonlocal energies and the nonlocal G-convergence
introduced in Definition 2.21, which corresponds to the sole convergence of the solutions. Later,
in Proposition 5.4, we show that the I'-convergence of the nonlocal energies also implies the
convergence of the momenta, as required in Definition 2.13.

The proof of the equivalence between the nonlocal G-convergence and the I'-convergence of
the associated nonlocal energies can be obtained as an application of [17, Theorem 13.12], with
Y = H§(Q) and X = L*(R"). For the reader’s convenience, we provide below a complete proof,
following the techniques presented in [17, Theorem 13.5].

Lemma 5.2. For every h € N, let Ay, Aoy € MY (X, A,R?) and let Fy,, Fso: L2(R™) — [0, 00]
be the nonlocal energies, respectively defined in (2.17) and (2.18). Then
(Ap)n G-converges to A in Hi(Q2)
if and only if
(Fj)n T-converges to Fu strongly in L*(R™).

Proof. I'-convergence implies G-convergence.

We assume that (F},);, T-converges to Fi, strongly in L?(R") and we first show that (2.22)
holds for every f € L?(R"™). Later, by a density argument, we extend the validity of (2.22) for
all f € H7*(Q), which implies the G-convergence of (Ay)p to As in HF(L2).

Step 1. We fix g € L?(R™) and, for every h € N, we define F/, F%: L*(R") — [0, o¢] as

(5.1) Fil(u) = F(u) —l—/

for all u € L?2(R™). Since we have perturbed with continuity F}, and Fi, then

g(x)u(z)der and FI(u):= Foo(u)—i-/ g(x)u(z)dz

n n

(FY);, T-converges to FY, strongly in L*(R"),

in virtue of [17, Proposition 6.21].
We note that the solutions wy, € H§(Q2) and we € H§(2) of problems (P) and (P%), whose
existence is guaranteed by Lemma 2.12, minimise the energies F,‘Z and FY,, respectively, i.e.

Fl(wp) = uexggi&n) Fl(u) and FY(ws) = uelglzi(%n) F9 (u).

Therefore, by the Fundamental Theorem of I'-convergence (see e.g. [17, Theorem 7.8]), we get
wy, — Wso strongly in L2(R™) as h — oo.

In particular, since (wp), C H(Q) is uniformly bounded, we conclude that

(5.2) wp, — Weo weakly in HG(Q2) as h — oo.

Step 2. We fix now f € H™%(Q) and we let up,us € H{(€2) denote the solutions of the
problems (P}}: ) and (PL), respectively.

Since the embedding H§(2) C L?(R™) is continuous and dense, so does the embedding
L%(R™) C H~*(12). Therefore we can find a sequence (f;); C L*(R™) such that

fj — [ strongly in H™*(Q) as j — oo.
For all j € N, let ufl, ul, € H{(Q2) be the solutions of problems (P}{j ) and (Pgé), respectively.
Fixed g € H=*(Q2), by Proposition 2.8 and Lemma 2.12, we obtain
(g, un — too) -s(@)x g ()| < 19, u), — ) sy mg@)| + Cllgll -+ I1fi = Fla-s@)-
Hence, in view of (5.2), by letting first h — oo and then j — oo, we obtain (2.22), and so
(Ap)n G-converges to A in Hi(Q).
G-convergence implies I'-convergence. We now show that
(Fj,)p, T-converges to Fs, strongly in L?(R™),

in accordance with Definition 2.18, by assuming the G-convergence of the associated matrices.
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I-liminf inequality. We fix uj,,u € L2(R"), h € N, such that u; — u strongly in L?(R"™)
as h — oo and, up to a not relabeled subsequence, we assume that

lim Fy(up) = liminf Fp(up) < oo and  sup Fp(up) < C,
h—o00 h—o0 heN

for some positive constant C, the conclusion being otherwise trivial.
Then, (up)n C H5(92) and there exists another positive constant C' such that

lunllgg) < C forall h €N,

which gives that also u € H§({2) and

up, — u  weakly in H;(2) as h — oo.

For every h € N, define
(5.3) f=—divi(AxV’u) € H*()
and consider the unique weak solution wy, € H{(€2) of problem (P,_{ ). Since
(Ap)n G-converges to A in Hg ()

and, by construction, u is the unique weak solution of (PJO), it holds that

wp, — u  weakly in Hj(Q2) as h — oc.
From the one hand, we have that

hli_}noloé - Ao () Viu(z) - (2Viup(z) — Viwp(z)) de = Foo(u).

From the other hand, by (5.3)

- Ao () Viu(z) - (2Viup(z) — Viwy(z)) do

= (f, 2up — wp) g-s(Q)xHy(Q) = Ap(x2)Viwp(z) - (2VPup(z) — Viwy(z)) do
R

< /n Ap(2)Voup(x) - Viup(r) de = 2F, (un),

being
Ap(z)&1 - &1 — Ap(2)&2 - (261 — &) = Ap(z)(&1 — &) - (1 —&2) = 0
for a.e. x € R™ and all &1,& € R™.
Hence,

1

liminf Fj(up) = lim Fj(up) > lim - Ao (2)Viu(z) - (2VPup(z) — Viwp(z)) de = Fo(u),
h—o00 h—o0 h—o0 R

which conclude the proof of the I'-liminf inequality.

I-limsup inequality. We fix v € H{(Q), the conclusion being otherwise trivial by the
definition of Fi, we set f = —div(AsV*u), and we consider w;, € H{(2), the unique weak

solution of (P,{) By the G-convergence of (Ap);, towards Ao in H(2) and, by Proposition 2.9,

wy, —u  weakly in H5(Q) and wj, —u strongly in L*(R™) as h — oc.

Moreover,
1
lim Fp(wp) = lim — Ap(x)Viwp(z) - Viwp(z) da
h—o00 h—o0 2 R™
.1 1
= lim S (fs wn) s @)xmg @) = 5 WH-s@x 5@
_ % Ao (2)Vou(2) - Vou(z) dz = Fio(w).
Rn

Hence the I'-limsup inequality also holds (the limit is actually achieved) and this concludes the
proof of the I'-convergence of (F},); towards Fu. O
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Remark 5.3. If we consider only the equivalence between the nonlocal G-convergence and
the I'-convergence of the associated nonlocal energies (F})p, then the assumption of fixing
the matrices (Ap)p, outside the reference domain 2 may be omitted. On the other hand, for
the compactness of the I'-convergence (see Theorem 4.1) and for the following equivalence
between the nonlocal H-convergence and the I'-convergence, we need to consider the subclass
MY A, Q, Ap), for a given Ag € MY (A A, R™).

In view of Lemma 5.2, to prove Theorem 5.1 it is sufficient to show that the I'-convergence
of the nonlocal energies (Fj), to Fy also implies the convergence of momenta, as required
in Definition 2.13. To this aim, we follow the strategies adopted in [18, Lemma 4.11] and [3,
Theorem 4.5]. We define the functionals Fy, Fao: L?(R";R") — R, respectively, as

Fin(®) = % . Ap(z)®(2) - ®(z)dz  for all & € L*(R™;R"),
1
Foo(®) = B /n Ao (2)®(z) - ®(z)dz  for all & € L*(R™;R"),

and consider their Fréchet derivatives F; and F.,, which are given by
Fh(®)[¥] = Ap(2)®(z) - ¥(z)dr and F. (P)[¥] = Ao (z)®(z) - ¥(x)dx
R™ R™

for all ®, ¥ € L?(R";R").
Note that F; and F/_ identify the momenta for the functionals Fj, and Fi, respectively.
Indeed, given (up)n, C H{(Q2) and us € HE(£2), then the convergence

Fr (Voup)[¥] = F. (Viuso)[¥]  for all ¥ € L?(Q;R™)
is equivalent to
ApViuy, — AxVous,  weakly in L2(R™;R").
We have the following result.

Proposition 5.4. Let Ag € M¥™ (X, A,R™). For every h € N, let Ap, Aoo € M¥™(N, A, Q, Ao)
and Fy,, Foo: L2(R™) — [0, 00] be the nonlocal energies, respectively defined in (2.17) and (2.18).
Assume that

(Fj)n T-converges to Fu strongly in L*(R™),
and let (up)n, € HS(Q) and uss € HF () satisfy

(5.4) up — Use  strongly in L2(R™) as h — oo and  Fj,(up) — Fao(tiee) as h — oco.
Then, the convergence of the momenta associated with (Fp,)n and Fuo holds, i.e.

(5.5) F (Voup)[¥] = FLo(Viuso) W] for all ¥ € L*(R™;R™) as h — oo.

Proof. To prove (5.5), it is sufficient to show the following inequality

(5.6) F'(Vius)[¥] < lihm inf Fj,(Voup,)[¥] for all ¥ € L*(R™;R™).

— 00

Indeed, by replacing ¥ with —W, and by the properties of the limit inferior, one can get the
desired condition (5.5).
For every h € N, we define the matrix-valued functions

By, = Aplg € M¥(\ A, Q), Boo = Ascla € MP™(A A, Q),

and the functionals GJ,, Goo: L%(©2) — [0, 00], which are the local energies associated with By,
and B, as in (2.19) and (2.20), respectively. Thanks to Proposition 4.3, we have

(5.7) (Gp)n T-converges to G strongly in L2(Q).
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For all ® € L?(;R"), we define G2, G2 : L?(Q) — [0, o0] as

{ /Ah )(Vo(z) + ®(x)) - (Vo(z) + B(z)) de if v e HL(Q),
Gy (v)
if v e L2(0) \ HY(Q),

) {;/QAOO(QU)(Vv(x) +0(2) - (Vo) + B@) de ifv e HL(Q),
if ve L2(Q)\ HY(Q).
By [17, Theorem 22.4] and [3, Theorem 4.2], (5.7) implies that for all ® € L?(2;R")
(5.8) (G2, T-converges to G strongly in L*(9).

Let U € L2(R™;R") and (¢;); be a sequence of positive numbers, infinitesimal as i — oo.
Moreover, let up, uso € HF(2), h € N, satisfy (5.4), and define

vp = I_sup € HY(Q) and v = I1_suse € HY(Q).
By the continuity of I;_: L?(R™) — L?(2), it holds that
Vp — Voo strongly in L?(Q) as h — oo
and, by (5.8) with ® := t; U], we get
(5.9) Gli¥le (yy) < liminf gZi\I]|Q(vh) for all 7 € N.
h—o0
Since, by Proposition 2.6,
Vo, = Viu, and Vi = VPus a.e. in R”,

we can then rephrase (5.9) as
/A N(Vo o () + £ (2)) - (Voo () + 10 (2)) de

(5.10) <liminf / Ap(2)(Voun (@) + 69(2)) - (Voun(@) + £:0(x)) da.
Q

h—o0

In addition, by (2.5) and (5.4), the sequence (up)p is uniformly bounded in H{(€2) and, by the
strong convergence of (up)p, to u in L2(R™), we have

Véup 4 ;U — Voug + ;¥ weakly in L2(R";R"™) as h — oo.

Then,
;/ Ap(z)(Viuse(z) + ;Y (2)) - (Viuso(x) + ;¥ (z)) dz
R™\Q
(5.11) < ligr_lirgf L /RH\Q Ao(z)(Viup(z) + ;¥ (x)) - (Viup(x) + t;¥(z)) de.

Therefore, by (5.10) and (5.11),

Foo(Votu + £,0) = % /Q Ao () (Voo (2) + 5T (2)) - (Voo (2) + 40 (2)) dar

1

+ 3 / Ao(z)(Viuse(x) + ;¥ (2)) - (Viuso(x) + ;¥ (z)) dz
R7\Q

< liminf 1 /Q Ap(z)(Vup(z) + % (x)) - (Viup(x) + ;¥ (z)) de

h—o00

h—o00

1
+ lim inf / Ao(z)(Viup(z) + ;¥ (x)) - (Viup(x) + ;¥ (x)) dz
R™\Q
< liminf 7, (Vup, + ;).
h—00

Moreover, since by definition

Frn(Viup) = Fp(up) and  Foo(Vius) = Foo(teo),
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then, by (5.4), it holds that
Foo (Vi +1:0) — Foo (Vi) < L inf Fn (Viup +;9) — Fp (Vup)

t; h—o0 t;

for all 7 € N.

Hence, there exists an increasing sequence of integers (h;); C N such that

Foo (Voo + £0) = Foo (Vouse) 1 _ Fi (Voup + :¥) — Fi (Voup)
2

5.12
(5.12) > : 7

< for all h > h;.

If we set ep, :==t; for hy < h < h;y; and i € N, then, by (5.12)

(5.13)  liming 2oV oo T en®) = Foo (Vioo) i T (V0un & en¥) = 7 (Vi)

h—o00 Eh h—o00 Eh

Note that the limit inferior on the left-hand side of (5.13) is actually achieved and coincides
with the Fréchet derivative of the functional F, i.e.

(5.14) Fl o (Vouse)[¥] = lim Foo (Viuss +epV) — Foo (V uoo)‘

h—o00 Eh

For what concerns the right-hand side of (5.13), we have

Fn (Viup +ep V) — Fp (Viuy)

(5.15) -

= F1(Voup)[¥] + . Fn ().

Since the last term on the right-hand side of (5.15) converges to 0 as h — oo, from (5.13)—
(5.15) we get (5.6). O

We can finally prove Theorem 5.1.

Proof of Theorem 5.1. We need to prove that the H-convergence of (Ap)n to As in Hj(Q2)
implies the I'-convergence of (F},);, in the strong topology of L?(R™), and viceversa.

H-convergence implies I'-convergence. Since the H-convergence is stronger than the
G-convergence, this part follows by Lemma 5.2.

I-convergence implies H-convergence. As in Lemma 5.2, we first show that (2.13)
and (2.14) hold for every f € L?(R™). Then, by a density argument, we show that (2.13)
and (2.14) are satisfied for all f € H™*(Q2), leading to the H-convergence of (Ap)p, to Asc.

Step 1. We fix f € L?(R"). By Lemma 5.2, the I'-convergence of (F},); towards Fi, implies
the weak convergence in H(£2) of uy, solutions of the problem (P,{ ), towards uqo, solution of
the limit problem (Pgo) Moreover, u; and us are also, respectively, the unique minimisers
of the nonlocal energies F) ,f and FL defined in (5.1). Hence, by the Fundamental Theorem of
I'-convergence [17, Theorem 7.8], F,{(uh) — Fgo(uoo) as h — oo, which implies that

F(up) — Fxo(us) as h — oc.
Therefore, in virtue of Proposition 5.4, it holds that
ApVou, = A Vius,  weakly in L2(R™;R"™) as h — oo,

and (2.13)—(2.14) are satisfied for all f € L%(R").

Step 2. We fix now f € H*(Q2). For every h € N, let up, uss € Hi(2) be the solutions of

problems (th ) and (Pgo)7 respectively. By Lemma 5.2, we already know the validity of the con-
vergence of the solutions (2.13), and it remains to prove the convergence of the momenta (2.14).

Since the embedding L?(R") C H~*(f) is continuous and dense, there exists a sequence
(f;); € L*(R™) such that as j — oo

(fj); strongly converges to f in H ™ *({2).
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For all j € N, let ui,uéo € Hj(Q) be, respectively, the solutions of the problems (P,fj) and
(Pgé) Fixed ® € L?(R™;R"), by Proposition 2.8 and Lemma 2.12, we get

/Q(Ah(:c)vsuh(:v) — Ao (2)Vius(x)) - ®(z) dz

< +CH(I)HL2(R";R”)Hfj —f||H*S(Q)’

/Q (An(z)Voul () — Ao (2) Vil (2)) - ®(z) da

and by Step 1, by sending first h — oo and then j — oo, we obtain (2.14), leading to the
H-convergence of the sequence (Ap)p, to As in H{(€2). O

We conclude this section providing an alternative proof of Theorem 3.4, purely based on the
variational techniques introduced in Theorem 4.1 and Theorem 5.1.

Proof of Theorem 3.4. Let (Ap)p C M¥™ (X, A, Q, Ag) and let (F}p), be the associated nonlocal
energies, as in (2.17). By Theorem 4.1, there exists a not relabeled subsequence of (Ay); and
Ay € MY™(X A, Q, Ap) such that, denoting by Fu, the nonlocal energy associated with A,
as in (2.18), then

(F),)p, T-converges to Fs, strongly in L?(R™).
We can therefore conclude that
(Ap)n H-converges to A in Hj(Q),

in virtue of Theorem 5.1. O

6. CONCLUSIONS AND OPEN PROBLEMS

Through our distributional approach, the H-convergence theory extends to linear operators
in fractional divergence form. In what follows, we list some possible future research directions
stemming from our results that we believe may be of particular interest to the community.

(1) A key tool useful to characterise the H-limit for sequence of monotone operators is the
Div-Curl Lemma [29, 30]. It is worth investigating the validity of an analogous of this
result in the fractional setting.

(2) In Section 5, we proved that the H-compactness in the symmetric case is equivalent to
the I'-compactness of the associated energies. In [2], the authors show that an analogous
result can be obtained also in the case of not necessarily symmetric matrices for which,
a priori, there is no natural energy associated with the problem. We conjecture that the
techniques used in the aforementioned paper can be adapted in the fractional scenario.

(3) Once the H-convergence for elliptic operators has been characterised, it is natural to
study the asymptotic behaviour of sequences of parabolic nonlocal operators of the form

8y — div®(By(z)V®).

In [25], the authors show that, whenever the sequence of matrix-valued functions (Ap)n
is independent of time, then the parabolic H-limit By (z,t) coincides with the elliptic
H-limit A (x), meaning that By is constant in time. Again, the authors conjecture
that a similar discussion can be extended to the nonlocal scenario.

(4) The notion of H-convergence has been recently extended to sub-Riemannian structures
and, more generally, to operators defined via families of vector fields, see e.g. [24, 25, 26,
27, 28]. However, in such contexts the definition and analysis of nonlocal operators is
still in its early stages. We believe that a natural continuation of this line of research is
to investigate the compactness properties of fractional-order operators in specific sub-
Riemannian geometries, such as Carnot groups, which are a well-structured setting for
nonlocal analysis.
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