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CONSTRAINT MAPS WITH FREE BOUNDARIES:
THE BERNOULLI CASE

ALESSIO FIGALLI, ANDRE GUERRA, SUNGHAN KIM, AND HENRIK SHAHGHOLIAN

ABSTRACT. In this manuscript, we delve into the study of maps v € W?(Q; M) that minimize
the Alt—Caffarelli energy functional

/Q (1Dul® + ¢xu-1an) d,

under the condition that the image u(2) is confined within M. Here, © denotes a bounded domain
in the ambient space R™ (with n > 1), and M represents a smooth domain in the target space R™
(where m > 2).

Since our minimizing constraint maps coincide with harmonic maps in the interior of the coin-
cidence set, int(u~*(9M)), such maps are prone to developing discontinuities due to their inherent
nature. This research marks the commencement of an in-depth analysis of potential singularities
that might arise within and around the free boundary.

Our first significant contribution is the validity of a e-regularity theorem. This theorem is
founded on a novel method of Lipschitz approximation near points exhibiting low energy. Utiliz-
ing this approximation and extending the analysis through a bootstrapping approach, we show
Lipschitz continuity of our maps whenever the energy is small.

Our subsequent key finding reveals that, whenever the complement of M is uniformly convex
and of class C*, the maps minimizing the Alt-Caffarelli energy with a positive parameter g exhibit
Lipschitz continuity within a universally defined neighborhood of the non-coincidence set u™*(M).
In particular, this Lipschitz continuity extends to the free boundary.

A noteworthy consequence of our findings is the smoothness of flat free boundaries and of the
resulting image maps.
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1. INTRODUCTION

Let © be a bounded domain in R", n > 1, and consider a smooth domain M in R™, m > 2,
whose boundary is of class C3. We consider maps u € W5H2(€2; M) which are minimizers of the
energy functional

(L.1) ol = | (IDoP + Pxsan) da,

where ¢ > 0 is a fixed constant. We refer to such maps as minimizing constraint maps: precisely,
this means that u € W2(2; M) is such that

Eu) < Ev] for all v € WH2(Q; M) N (u 4+ Wy 2 (Q; R™)).

It should be noted that constraint maps, when restricted to the interior of the coincidence
set int(u~1(OM)), are harmonic maps into M. Thus, similarly to how harmonic maps develop
singularities, so do constraint maps, and their singularities are denoted throughout the paper by

(1.2) Y(u) := {x € Q: u is not continuous at x}.

At the same time, each component of a constraint map is harmonic in the interior of the non-
coincidence set int(u~!(M)), and so constraint maps give rise to a free boundary Q N du=1(M).
For ¢ > 0, this free boundary problem can be seen as a natural extension of the scalar Bernoulli
problem into the vectorial setting.

This paper is motivated by the following question: Do singularities appear on or around the
free boundary? Note that free boundaries provide further information, as they impose additional
conditions on the solutions. Even though it is a highly delicate issue to classify or locate the
singularities of a harmonic map, in this paper we show that when the functional £; has positive
weight ¢ and the target constraint M have uniformly convex complement (e.g., the exterior of a
ball), the free boundary pushes away the singularities by a uniform distance to the interior of the
coincidence set u~1(0M). Moreover, there is an a priori interior estimate of the Lipschitz norm of
the mapping in this neighborhood.

Along the way, we realized that the partial regularity theory itself (without any geometric condi-
tion on the target constraints) deserves attention on its own, as it turns out to be highly nontrivial.
Here, we establish a sharp partial regularity theorem, which is optimal in both dimensions of the
singular set and the degree of regularity of the mapping in the complement of the singular set.

Our results can be lifted to the manifold setting, i.e., to the case where M is a Riemannian man-
ifold with boundary and of nonpositive sectional curvature, and € is equipped with a Riemannian
metric. Moreover, our analysis allows for sufficiently regular (such as Lipschitz) but non-constant
weights q. However, for the sake of clarity, we chose not to include such extensions here.

In the forthcoming paper [FGKS], we will study the same question for minimizing constraint
maps of the Dirichlet energy, &, where the maps can behave more wildly near their free boundaries.

1.1. A short overview of the literature. The problem studied in this paper can be investigated
from two different perspectives: the one coming from the theory of harmonic maps, and the one
coming from the theory of free boundary problems of Bernoulli-type.

Let us begin by briefly overviewing the theory of minimizing constraint maps for &, since they
also play an important role in the study of constraint maps for & when ¢ > 0. Minimizing con-
straint maps for & were studied many decades ago, by F. Duzaar, M. Fuchs and many others. To
mention a few results among a long list of literature regarding such variational problems, Duzaar
showed in [D] (in the manifold setting) that H"~2(X(u)) = 0, where H* is the k-dimensional Haus-
dorff measure. Later in [DF], parallel to the development of the theory for minimizing harmonic
maps, Duzaar and Fuchs established the optimal bound dimy (¥(u)) < n — 3. Several interesting
results were established, including (but by no means limited to) the free boundary regularity [F1]
and the absence of singularities under suitable geometric or topological assumptions on the target
[F2, FW]. The theory was also generalized to energy functionals with p-growth by Fuchs [F3, F4],
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and then to almost minimizing maps by Luckhaus [L]. The constraint maps can also be under-
stood as harmonic maps into manifolds-with-boundary; see [CM] for further development beyond
the energy-minimizing maps.

Another fruitful perspective on our problem stems from the theory of free boundary problems.
When ¢ > 0, the energy functional in (1.1) can be seen as a vectorial version of the Alt—Caffarelli
functional [AC|, and leads to a Bernoulli-type free boundary problem. Recently, the vectorial
extension of the Bernoulli problem has received a lot of interest, see e.g. [CSY, DPESV, KL1,
KL2, MTV1, MTV2]. In our terminology, these papers are concerned with minimizing constraint
maps for &, ¢ > 0, when M = R™ \ {0}, i.e., when OM = {0}. These references also contain the
case M = {x € R™ : z; > 0}. In these cases, the norm of the map, |ul, plays an essential role, and
shares important characteristics with the minimizers for the scalar problem.

Nevertheless, this is the first paper, to the best of our knowledge, that treats the case where dM
is non-flat and ¢ > 0. In fact, the case ¢ = 0 was only recently revisited by three of the current
authors in [FKS] in the context of vectorial obstacle problems, with joint perspectives from both
harmonic maps and free boundary problems. The latter work focuses, however, on analysis of
maps away from the singularities.

1.2. Main results. We start with an e-regularity theorem, which states that minimizing con-
straint maps are Lipschitz in the vicinity of any point with small energy.

Theorem 1.1 (e-regularity). Let M be a C3-domain in R™ with bounded principal curvatures and
let u € WH2(Q; M) be a minimizing constraint map for the functional &y, with ¢ > 0. There are
constants &, ¥, and c, which depend at most on n, m, q and the C3-character of OM, such that for
every ball By, (o) € Q with r € (0,7), the following holds: if

r2_"/ |Du|? dx < &
Byr(zo)

then u € C%Y(B,.(z¢)) with
c
[u]cor (B, (20)) < o
Theorem 1.1 is optimal® in the sense that u may be Lipschitz but not C!, see Remark 1.3. To
the best of our knowledge, no Holder estimates, or indeed any type of continuity estimate, were
previously established in the context of Theorem 1.1. Notably, a significant disparity exists in the
regularity theory between minimizers of & and &; for ¢ > 0. While the Dirichlet energy & has
been thoroughly examined several decades ago in [D], the Alt-Caffarelli energy &, for ¢ > 0 entails
the introduction of a characteristic function that subsequently gives rise to a measure within the
Euler-Lagrange system, as exemplified by (1.3) below. Consequently, we are compelled to rely
directly on the minimality assumption and cannot exclusively depend on PDE methods.
Through a suitable almost monotonicity formula and the usual dimension-reduction argument,
Theorem 1.1 yields the following optimal partial regularity result for the vectorial Alt—Caffarelli
energy:

Corollary 1.2. Let M be a C3-domain in R™ with bounded principal curvatures, and let v €
WL2(Q; M) be a minimizing constraint map for &, with ¢ > 0. Then dimy(X(uv)) < n — 3 and
ue COHON\ B(uw)).

loc

Remark 1.3. Let us discuss the sharpness of Corollary 1.2. The statement is optimal in the
dimension of the singular set, see e.g. [LW, Si|, as minimizing harmonic maps are also minimizing
constraint maps when the complement of M is convex (since the projection map onto any closed
convex set decreases the energy).

LOur methods rely on the smoothness of OM up to C° regularity, but it is an interesting question whether one
can still work with less regular manifolds. In a nutshell, the C3-assumption is needed to obtain C*-regularity of the
nearest projection map II : M — OM which plays an important role in our analysis (see Corollary 3.6).
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The sharpness on the regularity front follows the optimality of Lipschitz regularity for minimizers
of the scalar Alt—Caffarelli energy [AC], as one can always lift the examples of the scalar minimizers
to the vectorial setting by taking M to be a half-space.

Remark 1.4. As a consequence of Theorem 1.1, we shall see in Corollary 5.7 that minimizing
constraint maps solve the system

(1.3) Au = Au(Du, Du)Xu—l(c')M) + un/Hn_1|8redu—1(M) in \ E(u),

(in a suitable sense which we shall clarify in Section 5), where A, is the second fundamental form
of OM at p, see (2.2). In this sense, Theorem 1.1 provides a good picture of the general behaviour
of minimizing constraint maps, without any further assumptions on the target M.

Theorem 1.1 raises the question of whether there are singularities present apart from those
resulting from the part of the domain, int(u~'(0M)), where the constraint map is a harmonic
map. To answer this question, we assume that the complement of M is uniformly convex.? As we
show in Section 6, mere convexity guarantees that the non-coincidence set u~!(M) is open and,
therefore, there is a well-defined free-boundary du=1(M) N Q.

Theorem 1.5. Let M be a C3-domain with uniformly conver complement. Let u € W12(Q; M)
be a minimizing constraint map for £ with ¢ > 0, such that fQ |Dul?>dx < A. For every n > 0,
there exist constants 6, € (0,n) and ¢, > 1, both depending only on n, m, ¢, n~"A, and OM, such
that

[1Dull oo (55, (=1 (m))n02,) < Ens
where Q, = {x € Q : dist(x, 00) > n}.

Remark 1.6. As our map is a minimizing harmonic map into dM in the interior of the coinci-
dence set, int(u~1(OM)), the above theorem indicates that the only singularities of the minimizing
constraint maps are those arising from harmonic maps.

Remark 1.7. We do not know the minimal geometric conditions on the target constraint M under
which the above theorem holds. Leaving aside constraints with non-convex complement, even the
case where the complement is merely convex already raises some subtle issues.

Nonetheless, our proof of Theorem 1.5 extends to the case where the complement of M is locally
uniformly convex and has bounded principal curvatures, which may then include unbounded sets,
e.g. a paraboloid. We note that, in the special case when M is graphical and concave, it follows
from the results of [F2]| that singularities do not appear in such scenarios, see Appendix C for
further details.

Remark 1.8. An analogue of the above theorem for the case ¢ = 0 poses additional significant
challenges and is the subject of our forthcoming research in [FGKS].

Since, by the result above, minimizing constraint maps are regular in a neighborhood of the free
boundary, we are led to consider the regularity of the free boundary itself. An important ingredient
in the proof of Theorem 1.5, which we will discuss in more detail below, is that the distance of
u to OM is a minimizer for a scalar Alt—Caffarelli-type functional, so we deduce from [GS] (see
also [DS] for a viscosity approach) that flat free boundaries are locally C'-graphs. Then by a
bootstrapping argument analogous to the one in [FKS], we obtain that the graphs are indeed of
class C*°. More precisely, we have the following theorem.

Theorem 1.9. Assume, in addition to the assumptions in Theorem 1.5, that OM is of class C*+1,
k > 2. Then there exists a constant € > 0, depending only on n, m, q, A, and the C3-character of
OM, such that if for some e € OBy, xo € Q, NOu~ (M), and r € (0, %577),

Byr(xo) N {x: (x —x0) - e >er} Cu ' (M),

(4 Byr(xo) N {z: (x — x0) - e < —er} Cu" ' (OM),

2Uniform convexity of M means that there exists R > 0 such that the following holds: For any point x € OM
there exists a ball Br(y) D M€ such that x € 0Br(y).
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then By (xo) NOu~ (M) is a C*7-hypersurface, for every v € (0,1), whose C*7-character depends,
in addition to the aforementioned quantities, on k, v, and r.

By [CJK, DSJ, JS], the only scalar 1-homogeneous global minimizers are half-space solutions for
low dimensions. If we denote by p the signed distance function to M then powu is a minimizer of
a scalar Alt-Caffarelli energy with lower-order perturbation, which vanishes along 1-homogeneous
rescalings, and so we can verify the flatness condition (1.4) for every free boundary point, in such
low dimensions; the argument is the same as in [GS, Theorem 2.17 (a)] (see also [AC, Theorem
8.3]). Consequently, we obtain full regularity of the free boundaries in low dimensions.

Corollary 1.10. There is a number n, € {5,6,7} such that if Q lies in R™ with n < n,, and the
assumptions of Theorem 1.9 are satisfied, then QN Ou~ (M) is a C*7-hypersurface.

In our work, an important role is played by the decomposition
u=Ilou+ (pou)rou,

cf. (2.11), where as above p is the signed distance to M, II is the nearest-point projection onto
OM and v is the inwards pointing unit normal to M. In order to prove the theorems stated above,
we will need to study in detail the regularity properties of pou (see e.g. Lemma 3.9 and Theorem
6.1). It is then natural to also investigate the regularity properties of Il o u. The regularity of
IT o u was studied in-depth in [FKS] for minimizing constraint maps for the Dirichlet energy &.
Notably, the analysis of the projection map II o w exhibits vectorial characters, and opens up new,
interesting problems to be further explored. Here, we shall study these issues in the Bernoulli
setting, obtaining the following result:

Theorem 1.11. In the setting of Theorem 1.5, we have
|D*(1 o w)llBmo (s, (w1 (M)ne,) < Cn-

Moreover, if (1.4) holds for some zg € Q, N Ou~ (M) and r € (0,16,) and OM is of class C3
for some v € (0,1), then

2
|D=(IT o U)HLOO(BT(zo)) < Gy
where ¢y, depends on vy, in addition to the quantities that determine c,.

In light of Corollary 1.10, it follows that |D?(ITou)| € L>°(B,(x¢)) at every free boundary point
r9 € Ou= (M) N Q in low dimensions, that is, whenever n < n,. This leaves the study of C1:!
regularity close to singular points as a tantalizing open problem.

We also remark that when dealing with the obstacle problem (specifically when ¢ = 0), a
significant advancement was made in two dimensions in the work of [FKS| regarding the sharp
result for ITowu, as long as the distance component pou allows for a certain geometric approximation
(see [FKS] Definition 2.8). The question of achieving optimal regularity in higher dimensions for
the case ¢ = 0 remains unresolved.

1.3. Idea of the proofs. Here, we delve into the key concepts in our methodology intended for
those well-versed in the subject matter. We shall also illuminate aspects of the theory and approach
that are entirely new, both at the technical and conceptual levels. Readers less familiar with the
topic may skip this subsection on a first reading.

1.3.1. Theorem 1.1. Our first main result is the e-regularity theorem, which asserts that the map is
regular near points of small normalized energy. In the classical setting of harmonic maps, smallness
of the normalized energy entails that the map is approximately an unconstrained minimizer of the
Dirichlet energy. Such minimizers are of course regular, and hence the original map inherits
(almost) the same regularity.

Our problem is substantially different, as the characteristic function x,,-1(,s) involved in the Alt—
Caffarelli energy &, is discontinuous in u. Our key observation is that, at points of small energy,
the map can be approximated by maps that satisfy a priori Lipschitz estimates (Proposition 4.1).
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The approximating maps are not solutions to a single minimization problem, but instead, there
are two types of approximating maps: either (i) each of their components is harmonic, or (ii) they
are minimizing maps of a new Alt—Caffarelli energy subject to a flat half-space constraint. We
now detail each of these cases:

(i) in this case, the target constraint disappears and we are essentially in the classical setting
of harmonic maps, hence the Lipschitz regularity is a consequence of Luckhaus’ extension
lemma [L, Lemma 1];

(ii) in this case, the flat constraint induces a decoupling in the problem: the components of the
map parallel to the half-space are harmonic, while the normal component is a minimizer
for a scalar Alt—Caffarelli energy, for which the optimal regularity is known from [AC]. To
construct the approximating sequence, we again rely on Luckhaus’ lemma, but we also have
to use boundary flattening maps in a very precise way to ensure that the limit constraint is
flat.

The above Lipschitz approximation result implies a-Holder regularity of minimizing constraint
maps near points of small normalized energy, for every a € (0,1). To reach the endpoint exponent
a =1, we have to further exploit the precise structure of &,.

More precisely, we first work in Sobolev spaces, and we prove W1 P-estimates for any p < oo
(Lemma 5.3). These estimates seem to be new even in the classical case ¢ = 0, and the main
challenge here is to combine the almost-monotonicity formula with maximal function estimates.
To conclude the proof and get a W1 ™>-estimate, we observe that the tangential part IT oz has one
more derivative than u, so it belongs to W?? (Lemma 3.7). In addition, the normal part pow turns
out to be a minimizer of a scalar Alt—Caffarelli functional, modulo some lower order perturbation
(Lemma 3.9), so that it is of class W°°. Combining these two ingredients, we establish the optimal
e-regularity theorem.

1.3.2. Theorem 1.5. Our second result, which is in fact what motivated this paper, concerns the
improved regularity of the map near the free boundary. This is a topic that has not been explored
in the literature on harmonic maps.®> Our argument is based on compactness techniques, and thus
can be applied to a wide variety of energy functionals involving other types of nonlinearities?.
However, as we shall specify below, there is one component of our argument that cannot be carried
over to the case of the Dirichlet energy &, as it relies crucially on the strict positivity of the weight
g > 0 for &. The case ¢ = 0, which is much more delicate and involved, will be studied in our
forthcoming paper [FGKS].

As in the statement of Theorem 1.5, we now assume that the complement M€ of our target
constraint, which we will call the obstacle, is uniformly convex. It is unclear how much this
condition can be relaxed, although we believe that the conclusion of Theorem 1.5 is generally false
if M€ is not convex.

A first important observation is that, even though w is discontinuous in general, the distance
map p o u is always continuous whenever ¢ > 0 (Theorem 6.1). This follows from the fact that
pow is subharmonic (Corollary 3.4) together with an analysis of the tangent maps (Definition 2.1).
The continuity of p o u has several immediate but important consequences:

(i) there is a well-defined free boundary QN ou=' (M) = QN d{pou > 0};
(ii) each component of u is a scalar harmonic function in the open set u=!(M);
(iii) the singularities of u are contained in the coincidence set u~1(0M) and, at singular points,
tangent maps are minimizing harmonic maps into M.

3We should remark here that our mappings in the manifold level are minimizing harmonic maps into manifolds-
with-boundary, rather than those from manifolds-with-boundary. There is a large amount of literature on the latter
subject, in which case the free boundary is the image of the prescribed boundary in the source. In this case, the
singularities appear in general on the Dirichlet boundary. In our case, the free boundary is the topological boundary
of the preimage of the interior of the target constraint, whence the problem is very different.

4E.g., the Alt-Phillips functionals, where the characteristic function x,-1(5s) will then be replaced with some
power of the distance map, (pou)?.



CONSTRAINT MAPS, BERNOULLI TYPE FREE BOUNDARY 7

In order to carry our analysis further, we upgrade (iii) to a much stronger result about the
original map: we show that the density of the non-coincidence set u~!(M) has to vanish at every
singular point (Proposition 7.1). This indicates that the free boundary (if any) around a singular
point can be, at most, cusp-like. When combined with the subharmonicity of the distance map
p o u, the vanishing density of the non-coincidence set implies that p o u decays to infinite order
at singular points (Corollary 7.3). Now, to complete the proof, we rule out the possibility of
having singularities at the free boundary by using the assumption ¢ > 0 to establish the linear
nondegeneracy of p o u at any free boundary point (Proposition 8.1).

Let us make a final comment on Theorem 1.5, which asserts that singularities are pushed away
from the free boundary towards the interior of the coincidence set. In fact, by the compactness
method, we can establish universal a priori estimates for both the minimal distance of the sin-
gularities to the free boundary and for the Lipschitz norm of our map near the free boundary.
It is worth comparing our result with the boundary regularity theory for minimizing harmonic
maps [SU2], since minimizing constraint maps u are minimizing harmonic maps when restricted
to the interior of the coincidence set, int(u~!(0M)). However, we do not have any a priori control
over the regularity of the free boundary Q N ou='(M) = QN Ou~1(OM), and in general the free
boundary has singularities of its own, even for the scalar problem. Therefore, our paper yields a
striking result in the context of the regularity theory of harmonic maps, and at the same time it
opens up uncharted areas from the free boundary perspective.

1.3.3. Theorems 1.9 and 1.11. With Theorem 1.5 at our disposal, we can study further proper-
ties of the free boundaries by combining the partial hodograph-Legendre transformation with the
regularity estimates for elliptic transmission problems.

We remark that once we are at a point of continuity of the map, the minimality of the map does
not play a central role anymore. For this reason, most of the arguments for Theorems 1.9 and 1.11
can be generalized to constraint maps that are not necessarily minimizers.

1.4. Organization of the paper. The main body of our paper can be divided into three parts:
(i) e-regularity theory (Sections 3-5);
(ii) regularity improvement near free boundaries (Sections 6-9);
(iii) regularity of free boundaries, and image map (Sections 10-11).

More specifically, our paper is organized as follows: In Section 2, we provide the precise setting
of our problem, introduce the notation and terminology, and present some preliminary lemmas. In
Section 3, we derive basic equations and inequalities satisfied by constraint maps with a sufficient
amount of regularity. In Section 4, we prove the Lipschitz approximation, Proposition 4.1. In
Section 5, we study the sharp e-regularity theorem, and prove Theorem 1.1. Up to this point, we
do not assume any geometric condition on M other than regularity.

We impose the convexity assumption starting from Section 6 onwards and build up our argument
for Theorem 1.5. More specifically, in Section 6, we establish the continuity of p o u. Section 7
studies the (vanishing) density of the non-coincidence set at singular points. Then, in Section 8,
we establish the non-degeneracy of p o u at free boundary points. In Section 9, we combine the
previous results to prove Theorem 1.5.

Section 10 concerns the regularity of the flat free boundaries and contains the proof of Theorem
1.9. Finally, we close this paper with Section 11, where we take a closer look at the projected
image of the map and prove Theorem 1.11.

1.5. Notation. Here is a list of notation to be used throughout this paper.

Q a bounded domain in R™ (n > 1)
M smooth domain in R™ (m > 2)
gq[v] fQ(’Dv’2+q2XU*1(M)>dxa QZ 0

Y (u) {z € Q : u is not continuous at =}
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Q, {z € Q: dist(z,00) > n}

Ap(-,-) the second fundamental form of OM at p, see (2.2)
HF k-dimensional Hausdorff measure

dimy Hausdorff dimension

p signed distance function to OM

v=Vp inward unit normal to M

N(OM) tubular neighborhood of 0M

II nearest point projection: M — OM

VU tensor product (v'v7);;

'3 (I —v®wv), orthogonal component of £
Tangent maps see Definition 2.1

E(u,xo,7) r2-n fBr(xo) |Du|? dz, normalized energy
F:G 294, where F' = (f!) and G = (g},)

M f(xo) SUpP, L"i" I5, (o) | dw} (maximal function)
WP (Q; M) {p € WHP(Q;R™) : ¢ € M a.e. in Q}

2. PRELIMINARIES

2.1. Problem setting. In this paper M C R" denotes a domain whose complement is a closed
set of class C3. We denote by p the signed distance function to dM, so that p is positive in
M and is C? in a tubular neighborhood N (OM) of M. One can thus extend the inward unit
normal v (i.e., the normal which points towards M) to N (OM), for instance through v := Vp. Let
II: N(M) — OM denote the nearest-point projection to M. Then v = v oIl in N (M) and thus
the decomposition

(2.1) id :=1I+ pv =11+ p(v o II)

holds everywhere in N (OM).
The linear map I — v ® v, when evaluated at a point 20 € M, corresponds to the orthogonal
projection to the tangent space of M at z°. For a vector & € R™, we denote by

=T -vev)

its orthogonal component, as in [Si]. We define, through the same formula, X for a matrix
X € R™*™: this is the matrix that results from X by applying - | to each of its rows.
The second fundamental form A of OM then can be expressed in terms of the Hessian of p via

(22) Hess p(¢,¢) = Hessp(¢7,67) = —v- A(¢7,€7).
We remark that these definitions are canonically extended to the tubular neighborhood N (9M)
through the identity v = v o II.
Let us also record a useful identity:
(2.3) (VII)(Vv) = (I — pVv)Vv,

in N (OM); in coordinates, this reads as ainajyk = (0 — pBiyk)ajyk, where §;; is Kronecker’s
delta.

Let M be a C?-domain in R™ with uniformly bounded principal curvatures, and set p, v, II and
N(OM) as above. Then there exists some £ > 1, such that

(2.4) |Hessp| <k in N(OM),
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where the tubular neighborhood N (9M) satisfies
(25) o> on ON(IM);
see [GT, Lemmas 14.16-17] for a proof. Let N'(M) := N(OM)U M. Then we can define the
nearest point projection m: N (M) — M by
a, if a € M,
(2:6) m(a) = {H(a), if a € N'(OM) \ 7.

The tangent cone T, M is also defined by

(2.7) = R ifac M,
{£eR™: vy, - £>0}, ifaedM;

where v, is the inward unit normal to M at a. Here, and throughout the paper, we adopt the
convention of using a subscript to denote the point in R where a function is evaluated. Now by
(2.4) (along with (2.6) and (2.1)), we have, for each i € {0, 1},

(2.8) IVi(id — 7)| < eke®>™* in B.(a) N (a + T, M),

for all @ € M and every ¢ > 0 such that B.(a) C N (M); here ¢ = c¢(m).

For definiteness, let n be the width of N(OM); by (2.5), ckn > 1. Given a point a € OM, we
can also consider the boundary flattening map, i.e., a C1-diffeomorphism ®: B, (a) — U, for some
open neighborhood U C R™ of the origin, such that

(2.9) (M NBy(a)=U":={yecU:y™ >0}, &(a)=0.
We may also choose ® such that
(2.10) V(R — Ra — ®)| < ke in B.(a),

for every ¢ € (0,n) and i € {0,1}, for a rotation R which maps v, to ep,.

As is customary in the literature on harmonic maps [Si], by A(Du, Du) we denote the summation
of A(Dqyu, Dyu) over a € {1,2,...,n}; here and thereafter we follow the convention of summation
with repeated indices and «, 8 (and i, j) will run through {1,2,...,n} (resp. {1,2,...,m}).

The decomposition (2.1) induces a similar decomposition for u in the pre-image u~ (N (OM))
of the tubular neighborhood:

(2.11) u=Ilou+ (pou)vou=Ilou+ (pou)rollow.

A straightforward yet valuable insight, as presented by [FKS], is that Il o u and p o u exhibit
different levels of regularity. Specifically, the former possesses an additional derivative compared
to the latter, as indicated in Corollary 3.6 below. This implies that the tangential component of
Du exhibits greater regularity than the normal component, as evidenced by the identity

(2.12) (Du)" = D(TTou) + (pou)D(vowu),

where derivatives of p o u are absent.

It is important to emphasize that the first part of this paper, encompassing Sections 3 through 5
and leading to the e-regularity theorem (Theorem 1.1), applies to any domain with a C® smoothness
condition and uniformly bounded principal curvatures. Notably, this includes cases where the
complement of M can be unbounded. To be more specific, our analysis will primarily be conducted
under the assumption specified in equation (2.4).

In the rest of the paper (Sections 6-11) on the regularity improvement near free boundaries, we
shall assume that the complement of M is uniformly convex (in addition to the C3-regularity).
More precisely, we will typically work under the hypothesis that (assuming £ > 1 in (2.4))

(213) LT < Hess pa(6, ) < wlETP
for all £ € R™ and a € N (OM).
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2.2. Compactness results for the constraint maps. In our analysis we will often study se-
quences of rescalings of a given minimizing constraint map. The rescalings compatible with our
problem are 0-homogeneous and, as in the literature of harmonic maps [GM, LW, Si], we shall call
the limit maps obtained by this blowup procedure tangent maps:

Definition 2.1 (Tangent maps). Let v € W12(Q; M) be a minimizing constraint map for the
functional &;, where ¢ > 0. For zg € Q we call ¢ € Wﬁ)’f(R”;H) a tangent map of u at xg, and
write ¢ € T,,u, if there is a sequence r; — 0 of radii and a rescaled sequence

Uzo,ry, (y) == u(zo + T1Y)
such that wg, ,, — ¢ weakly in W?(R" R™).

C

Associated to the above rescalings we have a scale-invariant quantity that we refer to as the
normalized energy and that we denote by

E(u,zg,r) := 7’2_"/ | Du|? dz.
Br(zo)

Indeed, it is easy to see that E(u,xo,7s) = E(ugr,0,s).

Any minimizing constraint map is necessarily stationary upon domain variations. Thus, by
a standard argument which for completeness we present in Appendix A, we obtain an almost
monotonicity of the normalized energy; when ¢ = 0, as is well-known, this energy becomes fully
monotone.

Lemma 2.2 (Almost monotonicity formula). Let u € WH2(Q; M) be a minimizing constraint map
for &, ¢ >0, and let xg € Q2. Then

2

ou
dr — wng®s?,

E(u,x0,s) — E(u, xo,7) > 2/ R | —

Bawo)\ B (20) ON
whenever 0 < r < s < dist(xg, dN), where R = |x—x¢| and 0/IN denotes the directional derivative
in the radial direction R~ (x — xz0). Moreover, if E(u,xo,7) = E(u,x0,s) and ¢ = 0, then u is

0-homogeneous about xo in the annulus Bs(xo) \ Br(zg), i.e.,

|(x — x9) - Du(x)| =0 for a.e. € Bs(xg) \ Br(xp).

Minimizers (or almost minimizers) of & exhibit crucial compactness characteristics, as confirmed
in [L] and [SU1], and these traits are fundamental in the examination of tangent maps. We will
now present several lemmas that mirror these compactness outcomes for the Alt-Caffarelli energy.

We will commence with the compactness result. Although Luckhaus’s findings in [L] may not be
directly applicable, it is apparent that the methodologies employed to establish these results remain
applicable in our context. For the readers’ convenience, we have included a proof in Appendix B.

Lemma 2.3 (Compactness [L]). Consider a bounded sequence {u}3, of minimizing constraint
maps in the space WH2(Q; M) with respect to the functionals Eq,» where q > 0. If @ — q for
some q > 0, then there exists a minimizing constraint map uw € W12(Q; M) for the functional &y
such that u, — u strongly in W12(Q; R™) along a subsequence.

A typical application of Lemma, 2.3 concerns sequences {ug r, } 5o With 7, — 0. By Lemma 2.2,
the normalized energy density for minimizing constraint maps for the functional &, is well-defined:

Ou(x0) == lim 7“2_”/ |Dul? da | .
r—0 By (x0)

As a useful byproduct of Lemmas 2.2 and 2.3 we obtain the upper semicontinuity of the normalized
energy density:
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Corollary 2.4. Let {u;}3°, be a sequence of minimizing constraint maps in W42(Q; M) for the
functionals &, , where g, > 0, such that ux — u strongly in WY2(Q;R™) and g, — 0. For any
sequence {yr}poq i S, if yp — yo € Q as k — oo, then

©u(yo) > limsup Oy, (y)-

k—o0

The following is another useful corollary of Lemmas 2.2 and 2.3:

Corollary 2.5. Let u € WhH2n Llog’c(Q;M) be a minimizing constraint map for the functional &,
where ¢ > 0. Then Tyou # 0, whenever xg € Q. In fact, every ¢ € Ty u is a minimizing constraint

map in R™ for the functional &. Moreover,
o [ Dy = 6u(eo)
(0

for all r > 0. In particular, any ¢ € Ty u is homogeneous of degree 0, i.e., |(y - D)¢p| =0 a.e. in
R™,

We remark that in case u is continuous the tangent cone at zy contains only one element, namely
u(zp). Otherwise elements like z/|z| are inside the tangent cone.

Proof. Let rp — 0 be an arbitrary sequence of radii and write ¢ (y) := g, for short. Clearly,
for every ball B.(0) C R", ¢p € W2 N L>®(B,.(0); M) for all k sufficiently large. One can also
directly verify that ¢ is a minimizing constraint map associated with qx := rrq — 0. Moreover,
by Lemma 2.2,

r2"/ |Doy|* dy = (T‘k’l“)Zn/ |Dul? dz < Rg_"/ | Du|? dz + wng?rg,

BT(O) B'rkr(z()) BRO (xo)

for all large k, where Ry := dist(zg,d€2). Thus, Lemma 2.3 (along with the Rellich compactness
theorem) yields a minimizing constraint map ¢ € VV11’2(R";M) for & such that ¢, — ¢ strongly

ocC
in W2(B,(0); R™) up to a subsequence, which can be chosen independent of r. This proves

Tyou # 0. The remaining assertions follow easily from Lemmas 2.3 and 2.2. U

2.3. Some basic lemmas. In this short subsection we collect, for later use, a few elementary
results of general character.

The first such result states that 0-homogeneous weakly subharmonic and bounded functions are
necessarily constants.

Lemma 2.6. Let B be a ball centered at the origin, and w € W'2(B) a nonnegative, weakly
subharmonic function. If w is 0-homogeneous in B, then w is constant a.e. in B.
Proof. Since w is 0-homogeneous in B, we have

(2.14) x-Dw=0 forae z€B.

Now let r € (0,1) be given, and let us consider a radially-symmetric and smooth cutoff function
n € C3°(B) such that n =1 in rB and 0 <7 < 1 in B. By the radial symmetry of ), there exists
some 7 € C2°([0,00)) such that Dn(x) = 7(]z|)z. Testing the weak subharmonicity of w against

nw € VVO1 2(B), which is nonnegative, we obtain

/n\Dw[deg —/ wDw - Dndzx.
B B

However, by (2.14), Dw - Dy = 7(|z|)z - Dw = 0 a.e. in B. Thus, since 0 < n <1 with n =1 in
rB, we have
|Dw|* =0 ae.inrB.

As r € (0,1) was arbitrary, we deduce that |Dw| = 0 a.e. in B, proving the assertion. O

The next lemma is an elementary inequality for Sobolev functions.
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Lemma 2.7. Let w € WH(B,(x0)) be a nonnegative function. Then

(2.15) / wdo < n/ wdx —I—/ |Dw| dzx.
637-(350) r By (o) By (o)

Proof. Without loss of generality we take r = 1 and zg = 0. After integrating by parts in r, we

have
1
n/ wdr = n/ 7“"_1/ w(rd) dog dr
Bl 0 831
1
= / wdog — / rt 0 - Dw(r0) dog dr
0B1 0 0B1
2/ wdog —/ |Dw| dzx,
aBl Bl
and the conclusion follows by rearranging. O

Let us introduce the double-dot-product
F:G=flg

)
aga

whenever F' = (f!) and G = (g,
Let us record a simple inequality.

Lemma 2.8. Let OM be a convex C*-graph in By(a) C N(OM) for some a € OM, and suppose
that all principal curvatures are bounded by k. If nk < %, then for any v € WH(B; B,(a) N M)
for a ball B, we have

(2.16) D(IIowv):D(vov) >0 a.e. in B.
As a consequence, we also have
(2.17) |ID(Mowv)>+ |D(powv)* < |Dvf* a.e. in B.

Proof. By [GT, eq. 14.99], Vv < 2xI in By(a) if nk < % By the assumption on the convexity of
OM, Vv =Hess p > 0in By (a). Thus, by (2.3), (VII)(Vv) > 0 in By (a), if and only if I —pVv > 0
in By(a). The latter inequality holds as p < n in By(a) and 2nx < 1. Then (2.16) follows from the
chain rule.

Now (2.17) is a direct consequence of (2.16). In fact, by (2.11), a direct computation yields

o Duf? — [D(ITow)? — [D(pow)?
. = (pov)?|D(vov)|>+2(pov)D(Ilov): D(vov) >0,
and the last inequality follows from powv > 0 a.e. (as |2\ v~ 1(M)| = 0) and (2.16). O

Given a measurable function f: R™ — [0,00), let M f denote its mazimal function:

1
MF (o) = >0 [r” /Br(xo) fdx] '

We refer the reader to [S] for a rather comprehensive account of the properties of the maximal
function. Here we will require the following result:

Theorem 2.9 (Maximal theorem). Let f € LP(R™) be a nonnegative function, for some p € [1,00].
(i) (Strong (p,p)-inequality) If p € (1, 0], then

M fll Loo@ny < cll fl| Lr@ny,

for some ¢ = ¢(n,p).
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(ii) (Weak (1,1)-inequality) If p =1, then

C
My <$ [ paa,

for some ¢ = c(n).
Finally, we have the following Vitali covering lemma, see [W].

Lemma 2.10. Let F and G be measurable sets in the unit ball By, and let § > 0 be given. Assume
the following:

(1) |F| < 6|Bil.
(ii) For every xo € By and r € (0,1], if |F N By(x0)| > §|By(x0)|, then By(z9) N By C G.

Then |F| < 10™§|G|.

3. BASIC PROPERTIES OF CONSTRAINT MAPS

Here we collect some basic variational inequalities satisfied by minimizing constraint maps.
These (in)equalities were already proved in [D] for the Dirichlet energy £. The proofs for the
Alt-Caffarelli energy &, are essentially the same, but we include them for completeness.

Remark 3.1. Here we shall call w € W2(B) a weak solution to
Aw = f,

for some f € L'(B), if

—/ Dw'Dgode/ fedx,
B B
for all o € W12 N L*°(B) with ¢ > 0.

We begin with the inequality satisfied by the distance of u to the obstacle. We remark that a
similar statement for the case ¢ = 0 can be found in [D, Lemma 2.2], and our proof is essentially
the same. However, the argument in [D, Lemma 2.2] is more complicated as it covers the manifold
setting. This brought us to present a simpler proof in the Euclidean setting for the benefit of
readers.

Lemma 3.2 (Essentially the same as [D, Lemma 2.2]). Let u € WH2(Q; M) be a minimizing
constraint map for €, ¢ > 0. Then in any ball B C u"Y(N'(OM)), pou € WH2(B) and

(3.1) A(powu) > Hess py(Du, Du)xy—1(ar)
i the weak sense.

Proof. Let 3 € C*°([0,00)) be such that 3/ >0, 3=01in[0,1) and 8 =1 in [1,00). Let § > 0 be

given, and define B5(t) := B(6't), and let 0 < 1 € C>°(B) be arbitrary. Let ¢ > 0 be arbitrarily
small constant such that 2¢||n[| gy < 0, and set

Ue :=u —enfs(pou)vou.

Then supp(u. — u) C suppn C B C Q. Moreover, since

1
pous=pou—enBs(pou) > gpou in Q,
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we have u.(Q) C M. Thus, u. € WH2(; M) and it is an admissible competitor for u. We also
observe that u-1(0M) C u=1(OM), since p o u. < p o u. Therefore, the minimality of u yields

! u:|* — | Du|?) dz
0<% [ (Duf = Duf)a
= —2/ D(npBs(pou)vou): Dudr + O(e)
B
=2 [ (oo w)|D(po W] + Byl w)Dlpou) - Dyl da
B
-2 /B nBs(p o u) Hess py, (Du, Du)] dx 4+ O(¢)

< -2 /B Bs(pou)[D(pou)-Dn+nHess py(Du, Du)| dz + O(e)

where in the derivation of the the third line we used the identities Do (p o u) = Dyu(v o u) and
Hess py(Du, Du) = D(v o u) : Du; the last line follows from §’,n > 0. Thus, taking ¢ — 0, while
keeping ¢ fixed, we obtain

0< = [ BlpowlD(pow)- D+ yHess pu(Du, Du)] da.
B

Letting 6 — 0, utilizing D(powu) = D(pou)4+ a.e., we finally arrive at
—/ D(pow)-Dndx > / n Hess py, (Du, Du) dz.
B Bn{pou>0}

As 1 was an arbitrary nonnegative function in C°(B) and {pou > 0} = u~!(M), our claim is
proved. Il

Remark 3.3. In Lemma 3.9 below, we will derive the equation satisfied by p o u away from the
singular set ¥(u).

Corollary 3.4. If the complement of M is convex, then pou € WH2(Q) and it is weakly subhar-
monic in ).

Proof. The convexity assumption on M¢ guarantees that p, II and v are smooth in M and the
decomposition id = II + pv holds everywhere in M. Therefore, the above lemmas holds for all
u € WH2(Q; M) when M¢ is convex, and that Hess p,(&, &) > 0 for all € € R™ and all a € N'(OM),
hence the conclusion follows from the lemma. 0

Next we derive the variational equality for f ou whenever V f is a tangential vector-field to OM.
Let us stress that the argument here is exactly the same as that of [D, Lemma 2.1 (iii)], since the
term X,-1(pp) involved in &, [u] does not play any role when the variation respects the geometry of
OM . Here we present the proof only to keep our exposition self-contained.

Lemma 3.5 (Essentially the same as [D, Lemma 2.1 (iii)]). Let f € C2(R™) be such that Vf-v =0
on OM, and let w € WY2(Q; M) be a minimizing constraint map for &, ¢ >0. Then fou isa
weak solution to

A(f ou) = Hess f,(Du, Du) in Q.
Proof. As Vf € CL(R™;R™) is a vector-field, we can generate a global flow ® : (—0o0,00) x R™ —
R™ corresponding to Vf. Let n € C2°(€2) be given and consider, for each € > 0,
ue 1= P(en, u),

which is clearly an admissible map in W12(Q; M). Now as Vf-v =0 on OM, u- (M) = w1 (M).
Thus,
Eolue] — Eolu] = & lue] — & [u] > 0,
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for every small € > 0. Now by [D, Lemma 2.1(i)],
d
de |,

Therefore, combining this with the above inequality, and taking into account the fact that n may
change sign, we arrive at

Eqlue] = /QDu : D(nV fy,) dx.

/ Du : D(nV f,) dx = 0.
Q
The rest of the proof now follows by the chain rule. O

By taking f to be a component of IT we obtain, after some vector calculus (cf. [FKS, (4.1)]), the
following:

Corollary 3.6. Let u € WY2(Q; M) be a minimizing constraint map for &y, ¢ > 0. In any ball
B C u Y (N(OM)) we have

(3.2) A(Mlou) = —2D(pou)- D(vou)+ HessIL,((Du)', (Du)T).

Recalling (2.12), we see that the projected image ITow has, at least formally, one extra derivative
compared to p o u.

For the rest of this section, we shall observe some useful regularity improvement under stronger
assumptions on u or its projected image II o u.

Lemma 3.7. Let p € (1,00) and suppose that uw € W?P(By; M) is a minimizing constraint
map for the functional &,. Let f € C2(R™) be a function such that v-Vf =0 on OM. Then
|D2(f ou)| € LP(By) with the estimate

ID2(f 0wl 1o,y < ¢ [ogelf o 0) + Dl |

where ¢ depends only on n, m and the C?-character of f.

Remark 3.8. We emphasize that, in this lemma, the assumption v -V f =0 on M is crucial. In
the proof of Theorem 1.1, we will take f to be a C-extension of II from N(OM) to M.

Proof of Lemma 3.7. By Lemma 3.5 we have
A(f ou) = Hess f,(Du, Du) in Bs,
in the weak sense. Since f € C2(R™), there is a constant c; such that | Hess f| < ¢s in R™. Thus,

we have |Hess f,(Du, Du)| < cf|Dul* a.e. in By. Since we assume |Dul? € LP(Ba.(p)), with
p > 1, the conclusion follows from the classical LP-theory. O

By making use of the W2P-regularity of Ilowu, we are now in a position to interpret the distance
component of our mapping as the optimization of a certain Alt-Caffarelli-type functional with
an added lower-order variation. In fact, this concept originates from the expansion mentioned in
(2.18), suggesting that an appropriate functional to examine is the following

éq[w] = /B(\Dw]Q + [D(vou)Pw? +2(D(ow) : D(vou))wy + qQX{w>0}) dz,

where w, := max{w,0}. This functional is well-defined for every (scalar) function w € W12(B)
whenever u(B) € N(OM) and I1ou € C%'(B). Indeed, since v = v o IT in N (OM), it is enough
to assume regularity on the projected image.

Lemma 3.9. Let u € WY2(B; M) be a minimizing constraint map for the functional &y, and
assume that uw(B) C N(OM) for some ball B. Suppose that Il ou € CY%Y(B;0M). Then pou €
WLY2(B) is a minimizer of €. In particular, pou € Cc(B), and

loc

A(,O © u) — Hess pu(Du¢ Du)Xu_l(M) = an_lbredu—l(M)a
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in the weak sense® in B. Moreover, for every B' € B with dist(B’,0B) > n,
lpoullcorpry < ey,
where ¢, depends only on n, m, n, the C*-character of OM, and || D(IL o u)|| oo (p).-

Remark 3.10. We shall see in Section 5 that the assumptions u(B) C N(OM) and Ilowu €
CYY(B;0M) will be fulfilled in any neighborhood of small energy.

Proof. Let 0 <w € (pou)+ VVOLQ(B)7 and set v :=Ilou+wrowin B. Since w > 0, we see that
v € WH2(B; M), and moreover v — u € W01’2(B;M). Therefore, by the minimality of u for the
functional &;, we have &;[u] < &;[v] in B. Thus, by a direct computation,

N

Sq[pou]zgq[u]/B|D(Hou)|2dx§5q[v]/B]D(Hou)]2dx:gq[w],

which proves the minimality of p o u for the functional é'q in B. Note that in this calculation we
used the fact that, as |[v o V| = 1, we have |[(' o V)D(v* o V)| = 0 for any admissible map V; in
particular, the cross-term (wD(vo V), (voV)® Dw) = (wD,(v' o V))((v' 0 V)Dyw) = 0 vanishes.

The conclusion now follows essentially from [GS]. The only difference here is that the functional
&,[w] involves the semilinear term w?|D(v o u)|2. However, this is a lower-order perturbation, as

|D(vowu)| € L%(B) by our assumption that IlTou € C%'(B;9M). Thus, we may repeat the proof
of [GS, Theorem 2.13] without any major modification. As a result, we obtain that pou € CIOO’(‘}(B),
as well as the interior estimate shown in the statement, and that

A(pou) = FX{pousop = qH" " o,u{pous0}s
in the weak sense in B, where
F:=(Dwou)|* (pou)+ D(Ilou): Du,)
=D(wou): D(II+ pv)ou) = D(vou): Du = Hess p,(Du, Du).
Note also that u=1(M) = {powu > 0}. This completes the proof. O

Corollary 3.11. Under the same assumption in Lemma 3.9, D*(Il o u) € BMOyo.(B) and for
every B € B with dist(B’,0B) > n,

[D*(IL o w)] grrosy < cn,
where ¢, depends only on n, m, n, the C3-character of &M, and |D(Il o u)|| Lo (B)-

Proof. This is an immediate consequence of standard elliptic regularity theory, Corollary 3.6 (es-
pecially, Eq. (3.2)) and Lemma 3.9, which altogether yields [A(IT o u)| € LiS.(B). The a priori
estimate follows easily, so we omit the details. O

4. LIPSCHITZ APPROXIMATION

This section is devoted to the study of Lipschitz approximation of minimizing constraint maps
of the Alt—Caffarelli functional, when the energy is small.

Proposition 4.1 (Lipschitz approximation). Let M C R™ be a C?-domain with uniformly bounded
principal curvatures k, and Q C R™ be a bounded domain with By, (xg) € Q. For each n € (0,1)
and A > 0, there is a positive constant e, 5, depending only on n, m, k, n and A, such that the

5That is, for every test function ¢ € C°(B),

7/ D(pou)-Dapd:v+/ o Hess py, (Du, Du) dm:/ qpdH" .
B Bru—1(M) B

MNOrequ ™1 (M)
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following holds: for every € € (0,e,4) and every q € [0,Ae], if u € WH2(Q; M) is a minimizing
constraint map of &, satisfying

(47’)2”/ |Du|? dx < €2,
B4r(w0)

then there is a map he € WH2(Ba,(w0); R™) with
CAE
| Dhellpoe (B, (z0)) < o

such that
P [ D= P de <
Bay(x0)

where cp depends only on n, m and A.

The proof of Proposition 4.1 is somewhat long, and therefore we divide the argument into several
lemmas. Let us remark that by rescaling, it suffices to prove the lemma for g = 0 and r = 1.
Throughout this section, we shall write by ¢ a generic positive constant, which depends at most
on n, m, k and A, and in particular, it will be independent on the running index k£ € N.

Let us begin with the setting of our proof. Suppose towards a contradiction that, for each k € N,
we can find a C?-domain M; C R™ with uniformly bounded principal curvatures (by &), and a
minimizing constraint map uy € W12(By; M},) of Eq» with g < Aey, for some sequence €, — 0
such that

(4.1) / |Duy|* dz < €3,
By

but for any map h € W12(By; R™), satisfying
(4.2) | Dh|Loo(By) < cack,

we must have
(4.3) / |D(uy, — h)|*dz > e3no,
B>

for some 1y > 0, independent of k. In (4.2) the constant cp (depending on n, m and A) relates to
the scalar case of the Alt-Caffarelli energy, see [AC, Corollary 3.3|, and will be determined later
in Lemma 4.5.

Since M}, is a C?-domain with bounded principal curvatures (by k), there is a tubular neigh-
borhood N (9Mjy,), whose width 27 is at least 1/(ck), such that the signed distance function py to
(and the nearest point projection IIj, onto) dMj, is of class C? (resp. C'); more explicitly, both
Hess pi and VII; are uniformly bounded in N (0Mjy); see Section 2. We shall write v := Vpy, as
in Section 2.

Due to the assumption g € [0, eA], we have
(4.4) Q. = 3*: — Q€ [0,A],
along a subsequence. We shall assume here without loss of generality that the convergence holds
along the full sequence.

Now, without loss of generality, we may assume

(4.5) ][ up dx =0,
By

which follows by a shift uy — ap, My — ag, where a; is the integral average of ug over Bjy.
From here the Poincaré inequality implies

(4.6) / lug|? da < c/ |Duy|? dx < ce3.
B4 B4
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By both (4.1) and (4.6), we find some v € W12(By; R™) such that

1
(4.7) vp = —up — v weakly in WH2(By; R™),
€k
along a subsequence. By the Rellich compactness theorem, vy, — v strongly in L?(By; R™) and a.e.
in By, along a further subsequence. We shall denote this convergent subsequence with the same
subscript in order to reduce the notation.
Although 0 may not lie on M and the signed distance pi(0) maybe negative, we may still
conclude, from (4.6), that
(4.8) lim inf pk(0) > 0.
k—o00
It does not harm us to assume that pg(0) converges (in the extended real line) along the full
sequence. Then we can also find some v € [—00, 00| such that

0
(4.9) lim sup pi(0) =

k—00 €k

At this stage, a simple observation is the next lemma.
Lemma 4.2. In the setting above, v > —o0.

Proof. Let pp = eglpk be the signed distance to Ny := EI;IM]C. If v = —oo then we would have
pr(0) — —oo along a subsequence k' — oo. Under this hypothesis, there is £ — oo such that
Ny N By, (0) = 0. However, for a.e. z in By we have py (vi(x)) — p(v(x)). Thus we can find
at least one point zyp € By such that the sequence (vg/(xg))r is bounded. On the other hand
v (w9) € Ny, implies |vp (xg)| > £x — 00, and hence a contradiction is reached. O

In fact, in the proof of Lemma 4.3 below (see (4.23)) we will reach the stronger conclusion v > 0.

We shall divide the rest of the proof into the cases (i) v € R and (ii) v = oo. Intuitively, the
rescaled domains 5,;1M 1. converge to a half-space in case (i) and to the full space in case (ii). Thus,
in the limit, one either sees a flat constraint in case (i) or no constraint whatsoever in case (ii),
and accordingly the limit map v is either a minimizer of the Alt-Caffarelli energy £y with a flat
constraint, or simply a harmonic map into R™. In either case, a contradiction is derived from the
Lipschitz regularity of v.

Lemma 4.3. Suppose thaty € R in (4.9), and let vg, v and Q be as in (4.7) and (4.4), respectively.
Then there is a unit normal vy such that v € W2(By; H) with

(4.10) H:={aeR":a vy >—n},
and v is a minimizing constraint map of Eg in By. Moreover, v, — v strongly in I/Vli’CQ(B;;;Rm).
Proof. Since the proof is rather long, we split it into five steps.

Step 1 (geometric setup and estimates). As e, — 0, (4.9) and v € R imply that pg(0) — 0.
Let a € OM}, be a boundary point such that

(4.11) |ak| = |px(0)]-
This, combined with (4.9), clearly yields (for large enough k)
(4.12) lak| < 2]v|ek.

As M, is a C2-domain with principal curvatures bounded uniformly and independently of k,
and N (OMjy) is the tubular neighborhood of width 27, there is an open neighborhood U, C R™
of the origin, a rotation Ry that maps (vk)a, t0 €, and a C'-diffeomorphism ®: By (ay) — Uy
such that (2.9) and (2.10) hold. In particular,

(4.13) ‘VZ((Rk - Rkak) - (I)k)| = O(&,lc_i) in BEkRk (ak),
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for i € {0,1}, as k — oo, where
(4.14) Ry, = (e]loger?) ™% = .

Up to subsequences, (v)q, — 1o and Ry — R, where 1 is a unit vector and R is a rotation that
maps Vg to ey,.
Let us now take

(4.15) e = [V(Re — R)| = o(1)

where we see V(R —R) as an m x m matrix. Let us choose a sequence of radii Rk — 00, Rk < R
such that

(4.16) B_ 1, (0) C ®x(B:,r, (ak))
for all large k. We now claim that
(4.17) IVi(id + ax — @' o R)| = o(e, ") in B, j (0)

for i € {0,1}. Let us just prove the case i = 0, as the other one is identical. If y € B_ p (0), then
by (4.16) we have y = R™1®y(a) for some a € B, g, (ax). We then estimate, using (4.13),

I(id 4+ a, — @, o R)y| < |(id — R o R)y| + |(ax + R o R — @, ' o R)y|
=|(Rx — R)y| + |Rrar + ®x(a) — Ryal

< exékRi + o(er) = o(ep),

as claimed.
Observe that by (4.16), (4.17) and the Inverse Function Theorem we have
—1 .
(4.18) Ve, <c inB, p(0).

for all k large. o
Let us also note that the nearest point projection m; onto M} is well-defined via (2.6) in
N(My) := N(0My) U My, and satisfies (2.8); especially,

(4.19) IVi(id — )| = o(ex™")  in Bz, g, (ax) N (ag, + To, My,),

for i € {0,1}, with Ry as in (4.14). Note from (2.7) that since ay, € OMy, T,, My, is the half-space
orthogonal to (vy)q,, whose boundary passes through the origin.

Step 2 (image of the limit map). In this step we show that
(4.20) v e Wh(By; H),

where v is the weak limit given by (4.7) and H is as in (4.10).
To see this, fix any large R > 2|v| and small 6,0 > 0. By (4.9), (4.12) and the convergence
(Vk)a), — Y0, we have

(4.21) e, "My, N Bag(0) C —0vg + H

for all k large. Since v, — v strongly in L?(By; R™), Egorov’s theorem yields a closed set Fs C By
with | By \ F5| < 6, such that vy — v uniformly on Fs. Then {|v| < R} N Fs C {|vk| < 2R} N Fy for
all k sufficiently large. Thus, it follows from By \ u; ' (M)| = 0, (4.21) and uy, = 4v that

vg-vg > —y— 0 in {|v| < R} N Fy,
for all large k. Letting k — oo, we obtain
v-yy > —y—0 in {|v] < R} N F;.
Since R > 2|v| can be taken arbitrarily large, while 8, > 0 arbitrarily small, we arrive at
(4.22) v-yy > —7y a.e. in Bj.
Since v € W2(By; R™), we have verified (4.20).
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A simple consequence of this is that
(4.23) v > 0.

Indeed, by (4.5) and the strong convergence v;, — v in L?(B,), we see that fB4 vdr = 0, implying
0= fB4 vvgdx > —v|By|. This shows vy > 0.

Step 3 (construction of a competitor). With the goal of proving that v is a minimizer of
&g over the class WH2(By; H), where @ is as in (4.4), we let r € (0,4) be arbitrary, and let
w € WY2(By; H) be any map satisfying supp(v — w) C B,. In this step, we will construct a
competitor for a truncated version of w.

Let us consider the truncation (as in [L]) of y1vy + w given by

(’yV[) + w)f{k
max{|yv + wl|, Ry}’
with Ry, as in (4.16), and define also @y, € W2(B,; M}) by

(4.25) iy, == @, ' o R o (epwg).

By (4.18) and the definition of wy, which ensures that e wy € B, p (0) a.e., we have the estimate

(4.26) / |Diiy,|* dx < cai/ | Dwy|? dz < ce2,
B4\B, 4\ Br

where in the last inequality we used that |Dwy| < |Dw| a.e., supp(v—w) C B, and [, |Dv|?dx <1
by (4.1) and (4.7).

Moreover, since ap € OMj, satisfies (4.11), we have ax + |pr(0)|(Vk)a, = 0. Since (4.9) implies
|pe(0)| = (v + o(1))eg, and we know that (vg)a, = v + o(1), we obtain

ap + exyvg = *|Pk(0)\(7/k)ak + exyvo = o(ek).

Thus, as v, — w strongly in L?(By\ B; R™), wy, — (yvo+w) strongly in L?(By; R™), uy, = epvg
and wy(By) C By, (0), we can estimate

/ |y — 1ig,|? da
B4\B;

< o(e2) +2ez/ w — ety |? da

B4\ Br

(4.27) < 0(513) + 45i/ |w, — Yo — 5];1ﬂk|2 dx
B4\BT

<o(ed) + 8/ lekwr, + ar, — @5t 0o R o (epwy)|? da
B4\Br
= 0(&%)7
where in the last line we used (4.17).

Collecting (4.1), (4.26) and (4.27), we can find a radius s € (r,4), via the Fubini theorem, such
that

)
(4.28) / (|Dug|* + |Diig|?) do < ce3, 62 = / Juak = @ do — 0.
OB OB €
Let us also choose a € (0, 1) small such that
n 1
4.29 (1-3)+3>0
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and set
(4.30) A =6 — 0.

Then we invoke [L, Lemma 1] for 4 and ug, (with p = 2, A\ = A\, ¢ = 0y and 8 = 3/4 there) which
yields a map ¢y, € W12(By; R™) such that

ap((1— M) 7ta), if |z < (1= \p)s,
ug(z), if |z| > s

(4.31) o () = {

Moreover, oy, satisfies the estimates

52
(4.32) / |Doy|* da < ced (1 + ’;) M < 2c)er,
B\B@-x,)s Ak
and
i N 1l q_n a(1_2)+l .
(4.33) dist(pr, My) < cepdp N, > <o, > *ep —0 ask — oo, in By,

where we have used (4.29), to conclude that the estimate tends to zero.
Let us further consider

1

(434) gf)k = — Tk O Pk
£k

This will be our competitor for vy.

Step 4 (minimality of the limit map). By the definition of 73, we have wy € Wh2(By; Ny,
where N}, := 5,;1Mk. Moreover, supp(¢r —vi) C Bs € By. Since up = exv, qx = €xQk, and uy is a
minimizer of £, over the class W12(By; M), then also vy, is a minimizer of £g, over W12 (Bg; Ny).
Thus

2 2 2 2
(4.35) /BS (]ka] +Qka;1(Nk)>dx < /Bs (\Dﬁbk\ +QkX¢;1(Nk)>d$.

In view of (4.31) and (4.34), we observe that exdp(2) = ¢r(z) = U(175) for @ € B(1_y,)s, SO

2, 02 _ A=t Dw®

Note that, by (4.28) and (4.30), (1 — M\;)" 2 = 1+ 0(1) as k — oo. We now compute each of
the two terms on the right-hand side of (4.36). As |D(R o (epwy))| = ex|Dwy| a.e., recalling the
definition of 4 from (4.25) and applying (4.17) we see that

(1— )2 <2 g 2
(4.37) e |Diig|” dz = (1 + o(1)) | Dwy|” dx.
€k B Bs
For the second term in (4.36), recall the definitions of ®;, from (2.9) and of R, to see that
uk(z) € My, <= Rlepwi(x)) € {y:y™ > 0}
<— wi(r)€{a:a-v9>0} =~y + H.
Thus we compute

(1= )"

Combining (4.37) with (4.38) and returning to (4.36), we deduce from | Dwy| < |Dw| a.e., wy ' (yvo+
H) Cw '(H) and Qr — Q that

sy [ (1DaP Qb )de < [ (1D0 Qv )do + o)
(1=Xg)s

S
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To complete the computation of the right-hand side of (4.35), we also need to estimate the
integral over the annulus Bs \ B(;_y,)s- However, by (4.4), (4.19), (4.28), (4.30), (4.32), (4.33),
and that [Bs \ B(1_y,)s| < ¢\, we deduce that

C
D6k + Qg )do < 5 (V) 0 2| D2 dar + A
(4.40) " TVFaows kBB

< 2/ | D] dz 4 chy, < ehy, — 0.
€k JBs\B1-x,)s

Combining (4.39) with (4.40) and returning to (4.35), we proceed to get
(4.41) /B (Ikal2 + Qika—l(Nk))d:” = /B <|DWI2 + Q2xw—1<H)>de +o(1).

To complete the proof of minimality of v it suffices to use weak lower semicontinuity: firstly,
due to (4.7), we obtain that

(4.42) / |Dv|? < liminf/ | Duy|*dz.
B, k—o0 Bs
Secondly, arguing as in the proof for (4.20) above, we also have
(4.43) / Xo-1(z) dz < lim inf/ Xo—1(Ny) A
Bs k—oo Bs

Consequently, combining (4.4), (4.41), (4.42) and (4.43) yields

(4.44) | (IDeP +@xem)da < [ (1Dl + Qs ) da.
Recall that w € W12(By; H) was an arbitrary map for which supp(v —w) C B,., and r € (0,4) was
also arbitrary (although s € (r,4) may have depended on w). Thus v is a minimizing constraint
map of &g over WH2(By; H).

Step 5 (strong convergence). Finally, we prove the strong convergence of Dvy — Duv in

L?(B,;R™), for every r € (0,4). Due to its weak convergence in L?(B,;R™"), and the lower
semicontinuity (4.42), it suffices to prove that

limsup/ ]kadeg/ |Dv|? da.
T BT‘

k—o00

However, this follows by simply taking w = v in (4.41) (since v is a competitor of itself), and
utilizing (4.43) and (4.4). This finishes the proof. O

The next lemma treats case (ii) above, i.e., when v = co. The proof is similar in spirit to that
of Lemma 4.3 but, in fact, it is much simpler. This is due to the fact that we no longer need to
involve the boundary flattening map ®, as there are no constraints acting on the limit map. In
particular, we can follow essentially the argument in [L, Page 358] and, for this reason, we shall
only mention necessary changes, omitting tedious details.

Lemma 4.4. Suppose thaty = oo in (4.9), and let v, v and Q be as in (4.7) and (4.4) respectively.
Then Av =0 in By, and vy — v strongly in VV&)’?(BAL; R™).

Proof. As we assume y = 00, this means that limg_,o, pr(0) = +00, where py, = E;lpk is the signed
distance to Ny := £}, ' My. By definition, B, (0)(0) C Ny, and thus, by (4.6) and (4.7),

1 / 9 c

T o |Uk| dx S — 07

GO St o) :(0))2

which says that the volume of the coincidence set tends to zero.

(4.45) |Bs N L (ONR)| <
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Recall from (4.7) that v € WH2(By; R™). Let 7 € (0,4) be arbitrary, and let w € WH2(By; R™)
be any map for which supp(v — w) € B,. We will prove that w has at least the same Dirichlet
energy as v.

As in [L, Page 358], we define the truncation of w,

o wRy,
" max{|w|, Ry}’

in place of (4.24), where Ry, is as in (4.14). Then we set

(4.46) Wk

(4.47) ﬂk =Tk O (5kwk),

where 7, is the nearest point projection onto My, defined as in (2.6).

Now it is straightforward from (4.1), (4.6), (4.7), and supp(v—w) € By, to verify (4.28) for some
radius s € (r,4), with 4 as in (4.47). Thus, we obtain again from [L, Lemma 1] the extension
map ¢ defined as in (4.31), which as before satisfies the estimates (4.32) and (4.33); we choose d,
and A\ exactly as in (4.28) and (4.30). Hence, setting ¢y as in (4.34), we also obtain (4.35). Now
by the minimality of vy in W12(Bs; Ny), we obtain the following chain of inequalities:

| 1pufde= [ (1P +QF)ds - QB+ o(1)
Bs B

= /B (|ka,2 + Q%lezl(]vk)>d$ — Q*|Bs| +o(1)
(4.48) .
< /B (|D¢k!2 + Qixd);l(]vk))dx — Q?|Bs| + o(1)

SA%DmP+dD;

note that the first equality is due to (4.4), the second equality is due to (4.45), and in the last line
we used |¢, ' (Ng) N Bs| < |By, in addition to (4.4) again. By the definitions (4.31), (4.34) and
(4.46), we obtain, just as in (4.36)—(4.39), that

1=\ n—2
[ e = U2 [ papa
B(l*)\k)s € Bs

(4.49) F

:(1—1—0(1))/ |Dwk]2dm§/B \Dwl dz + o(1).

S

Moreover, by (4.19), (4.32) and (4.33),

(4.50) / |Dy.|? dz < % |Dp|? dz < ehy — 0.
BS\B(l—Ak)S €k BS\B(l—Ak)s

Combining (4.49) and (4.50), we may return to (4.48) to obtain
(4.51) / Doy 2 da g/B \Dwl?dz + o1).
Finally, by the lower semicontinu;ty of the Dirichlset energy, we arrive at
(4.52) / |Dvl|? dz §/ | Dw|? da.

B, B,

As w € W12(By;R™) was an arbitrary map with supp(v — w) € B,, and r € (0,4) was also
arbitrary, we deduce that v minimizes the Dirichlet energy locally in B4, without any constraint;
thus Av =0 in Bj.

The strong convergence of Dvg — Dv in L120c(343 R™") can also be proved by putting w = v in
(4.51), exactly as in Lemma 4.3. O
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We now prove an interior gradient estimate on the limit map. In case (ii), i.e., when v = oo,
the interior gradient estimate for the limit map v is straightforward, by Lemma 4.4. The next
lemma gives the corresponding estimate in case (i), i.e., when v € R. We exploit the fact that the
image constraint is given by a half-space, as shown in Lemma 4.3, as this decouples completely
the normal and tangential components of the maps and thus makes our problem scalar.

Lemma 4.5. In either case of Lemmas 4.3 and 4.4, the map v verifies
Do oo (By) < (1 + A),
for some constant ¢ depending only on n and m.
Proof. It suffices to treat the case where v is as in the statement of Lemma 4.3. Let H and @ be
as in the lemma. Let R be a rigid motion (that is, rotation and translation) that maps H onto

G:={a:a- ey >0} Set w:=Rowv and write w = (W, wy,). Let us observe that Aw = 0 in By,
and that w,, is a scalar minimizer of

56\2[90] ::/B (‘D80|2+Q2X{50>0}>d33>
4

among all nonnegative function ¢ € W12(By) with supp(w,, — ¢) € By, since Eglw] = &[] +
EQlwm], and Egv] = Eglw] (here we let the energy £g systematically vary upon the target con-

straint, which is a slight abuse of notation).
By (4.1) and (4.7), we have [ [Dv|*dx < 1. Since |Dv| = |Dw| a.e.,

/ |Dw|? dz < 1.
By

However, as |Dw|? = |Dw|? + | Dwy,|?, the interior gradient estimate for harmonic functions yields
1Dilliepy < e [ D6 s < e
By
for some ¢; depending only on n and m. Next it follows from the interior Lipschitz estimate for
the scalar minimizers of the Alt-Caffarelli energy, see [AC, Corollary 3.3], that
[Dwm || Lo (By) < c2(1+ Q) < ca(1 4 A),

where the second inequality is due to (4.4), and ¢ is a constant depending only on n. Combining
the above two estimates together and using again that |Dv| = |Dw| a.e., we arrive at the desired
conclusion. O

We are now ready to conclude the proof of Proposition 4.1.

Proof of Proposition 4.1. By Lemma 4.5, hy, := ev € WH2(By; R™) verifies (4.2). However, by
Lemmas 4.3 and 4.4, Dv;, — Dv strongly in L?(Bg; R™"), regardless of the value of v € (—00, ]

n (4.9); here we also used Lemma 4.2 to rule out v = —oo. Thus
/ |D(uy, — hy)|? do = si/ |D(vy — v)|? da < e3np,
B2 BZ
for all large k, which gives a contradiction against (4.3) with h = hy, for k large enough. g

5. THE e-REGULARITY THEOREM

The purpose of this section is to prove the e-regularity theorem, namely Theorem 1.1, for
minimizing constraint maps for &,.

For the rest of this section, when we write a constant, the subscript(s), if any, will be the
parameter(s) on which the constant depends on, in addition to the obvious parameters n, m and
the C3-characters of OM; e.g., 5 depends on §, in addition to n, m, and OM.

Due to the Lipschitz approximation (Proposition 4.1) for maps with small energy, we obtain
a measure estimate for the superlevel set of the maximal function of |[Du|?. Such a passage was
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already shown in the proof of [BW, Lemma 3.7]. Still, to keep our exposition self-contained (as
much as possible), we include the argument here.

Lemma 5.1. Foralld >0 there is a small positive constant €5 and a large constant N (independent
of §) such that, if u € WH2(By; M) is a minimizing constraint map of £, and E(u,0,4) < &2, where
q < e <¢ggs, then

{M(|Dul*xB,) > N?e*} N Bi| < 6| Bl

Proof. Fix n € (0,1) and apply Proposition 4.1 (with A = 1 there, as we assume ¢ € [0,¢]): for
e € (0,ey), there is a map h. € Wh2(B3; R™) such that

(5.1) / |D(u — he)|?dz < €%,
Bs

and

(5.2) HDthLoo(BQ) < Noé‘,

where Ny depends only on n and m.
We claim that with a suitable choice N = N(n,m) > Np,

(5.3) {M(IDul*xp,) > N*e*} N B € {M(|D(u — he)[*x5,) > Nge?}.
To prove this claim, let o € B; be such that
(5.4) M(|D(u = he)|*x,)(20) < Nie*,

Then for any r € (0,2), we have from (5.2) and the triangle inequality that
/ |Du|? dz < 2NZe*r™ + 2/ |Dh.|? dz < ANZ*r™.
By (o) By (zo)

For any r > 2, we derive from the assumption E(u,0,4) < &2,
/ \Du|2 dx < / |Du\2 do < 477262 < 4n=2e2pm,
Br(Io)ﬁB4 By

for some Cy = Cy(n). Thus, we have proved that M(|Du|*xp,) (7o) < N2e2, for N := max{2Np, 2" 2};
note that N depends on n and m only, as so does Ny. Since xg € By was an arbitrary point satis-
fying (5.4), the claim in (5.3) is proved.
Finally, the weak-L! estimate from Theorem 2.9(ii) along with (5.1) implies that
C Ce?n?

(5.5) [MODG = h)P) > M) < 1y [ 1D = o) P < “5T
NO B2 NO

with C' = C(n). Now given § we may choose 1 sufficiently small such that Cn? < NZ§, and then
identify €5 with the small constant ¢, chosen above. Combining (5.3) and (5.5) then yields

{M(IDul*xp,) > N**} N Bi| < §|Bi,
and we arrive at the desired conclusion. g
Now we are ready to prove a geometric decay of the measure of the set where |Du| is large.

Lemma 5.2. Let u € WY2(Bg; M) be a minimizing constraint map for Eq with g € [0,¢], and
suppose that E(u,0,8) < €2, Then for every 6 € (0,1), there exists a small constant &5 and a large
constant N (which is independent of §) such that the following holds: setting

Ap = {M(|Du|?xB,) > N***} N By,
if e <&s and Ay # 0, then |A1| < 6|B1|, and
’Ak+1| < 10”5|Ak|, Vk € N.
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Proof. The conclusion will follow from the Vitali covering lemma, Lemma 2.10, hence we verify its
two conditions. Let e5 and N be as in Lemma 5.1. We shall choose &5 and N in such a way that
gs < es and N > N. Then the assertion that |A;| < §|B;| follows immediately from Lemma 5.1.
Let us also remark that Ay C Ay for every k € NU{0}.

We are now going to verify the second condition in Lemma 2.10: we want to show that |Ag11 N
B, (z0)| < | By(x0)|, under the assumption that for some z¢ € By and r € (0, 1], we have B, (zg) N
By \ Ag # 0, i.e., we assume that there is a point z1 € B,(xo) N By such that

(5.6) M(|Dul?xp,)(z1) < N?*e2,
Note that |z1 — xo| < r. Hence, (5.6) implies that if 7 € (0, 3), then

2—n n

l?(uax175r)f§

4
(5.7) E(u,xg,4r) <

F2n 2 M(|Du*xB,) (1) < c1r? N2ke2,

gn—2
for some ¢; = ¢1(n). Also since By(zp) C Bg and r € (0, 1], it follows from the almost monotinicty
lemma (Lemma 2.2 with ¢ < ¢) and the assumption E(u,0,8) < &2 that

2—n

4
(5.8) E(u, 0,4r) < E(u,30,4) + co6” <

82—n

E(u,0,8) 4 coe? < c3e?,

for some ¢; = ¢;(n) > 1, for ¢ € {2,3}. Recall that €5 is chosen as in Lemma 5.1. Now write

(5.9) e(r) := min{\/c;rN*e, \/cze},

and finally choose £s small such that

(5.10) Vesés < gs.

For r € [2,1] we can choose N > 1 large (independent of r) such that (r) = /cze. Then combining
(5.7), (5.8), (5.9) and (5.10) altogether yield, for r € (0, 1],

(5.11) E(ugyr,0,4) = E(u, xg,4r) < e(r)* < &3,
where ug, ,(z) = u(rz + x¢). By the scaling relation, we see that us, , is a minimizing constraint
map for &y, with

q(r) =rq <e(r),
where the last inequality follows directly from (5.9) because ¢ <&, N > 1 and ¢; > 1, i € {1,3}.
Therefore, Lemma 5.1 applies to u, ., which yields

{M(|Dugyr[*x5,) > N?e(r)*} 0 Bi| < 6|B4.
Rewriting the last estimate in terms of u, we arrive at
(5.12) {2 M(IDul*X By, () > N?e(r)?} N By (w0)| < 8] By (wo)]-

Finally, we are left with replacing the set in (5.12) with Ag+q1. To do so, we observe that in
fact we can replace z¢ and r in (5.7) and (5.8) with any = € B,(x¢) and any s € [r,5] (i.e., the
argument holds as long as Bs(x) C Bs). Defining (s) as in (5.9) with s in place of r, we observe
that
e(r)’

r2

E(u,z,s) < e(s)? < s [ ] , Vs e€lr5],Vr e By(xg).

Since By C Bs(z) for any x € B, (xg), we conclude that

N2g(r)?
MUDU x5y a) ) < 20
N2e(r)?
2 )

(5.13)

= M(\Du|2XB4)(a:) < Vx € By (xg),

r
as can be seen by estimating s™" st(a:) |Du|?*x B, dv = s?E(u,, s) separately for s <7, r < s <4
and s > 4. By (5.12) and (5.13), we obtain

(5.14) {r? M(IDul*xp,) > N*e(r)*} N By (x0)| < 8| By (o).
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At this point, we choose N large such that N > ¢;N. Then from the choice (5.9) of &(r), we
see that
NZ2g(r)?
r2
implying Ag 1 C {(47v/n)>M(|Dul?x,) > N?e%}. By (5.14), we arrive at

[Ak+1 0 Br(20)| < 6| Br(z0)]-

< 61N2kN262 < N2(k;+1)€2’

Since we started from the assumption that B, (x¢) N By \ Ag # (), we have just proved the contrapo-
sition of the second requirement for the Vitali covering lemma (Lemma 2.10), and the conclusion
follows. m

Having the above two lemmas at our disposal, it is now easy to prove a suboptimal e-regularity
result, asserting that minimizing constraint maps are in WP, for all p < oo, near points of small
energy. Again we remark that the assertion itself works in a much general setting beyond the
minimizing maps for the Alt-Caffarelli functional.

Lemma 5.3. Let p € (1,00) be given. There is a small constant €, > 0 and a large constant
¢p > 1 such that the following holds: if u € W12(Bg; M) is a minimizing constraint map for &,
with g € [0,€] and E(u,0,8) < &2 for some € € [0,,), then |Du| € LP(By) with

[ Dul[zp(B,) < -

Piroof. Let § be small enough so that 10" N2P§ < %, and let €, be small such that ¢, < &5, with
N and &5 as in Lemma 5.2. Then the lemma yields |Agy1| < 10"6|Ag|, for every k € N and
|A1| < 6| By|. Therefore, |A| < (10"6)¥|By| for every k € N, whence

oo

e}
D ONTR A <Y T10"NPRGF < By,
k=1 k=1

due to our choice of 4. Hence, M(|Du|?*xp,) € LP(B;) and
HM(\DU|2XB4)||LP(31) < ¢p.

The conclusion now follows from Theorem 2.9(i). O

It remains to upgrade the e-regularity result from Lemma 5.3, yielding W!P-regularity, to a
result yielding the desired W1h*-regularity. This will follow by a bootstrap argument, based on
the observations of Section 3, where we showed that the tangential components (with respect to
OM) of a minimizing constraint map have an additional derivative when compared to the distance
part.

We will first prove a rescaled statement of Theorem 1.1. Here we exploit that the 0-homogeneous
rescaling, say of factor r, along which the normalized energy FE' is invariant, decreases the weight
q to rq.

Proposition 5.4. There exists a small constant € > 0 and a large constant ¢ > 1, both depending
only onn, m, and the C3-character of OM , such that if u € W12 (By; M) is a minimizing constraint
map for & with q € [0,¢], and E(u,0,4) < &2, for some ¢ € [0,£], then |Du| € L*(By), and

| Dul| ooy < c.

Proof. Throughout this proof, we shall use ¢ to denote a generic, positive constant depending at
most on n, m, and the C3-character of OM; ¢ may vary at each occurrence.

Let € be the small energy constant as in Lemma 5.3 corresponding to p = 4n. Assume that
€ < &. Then by a standard rescaling and covering argument, one can deduce from Lemma 5.3 that
|Du| € L*"(B3) with

(515) HDU||L4”(Bg) S C.
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The Sobolev embedding theorem yields u € CO’%(B;;) and

(5.16) <e.

oot
It follows from (5.16) that the non-coincidence set u~1(M) N Bs is open. Taking outer variations
of the functional &, in this open set, one can easily observe that Au = 0 in u~1(M) N Bs. Hence,
if By C u~!(M), then the desired C%!-estimate follows immediately from (5.16).

For the rest of the proof, let us assume that By Nu~'(OM) # 0, and choose any zo € By N
u~Y(OM). Due to (5.16) and OM being of class C3, we can find a small constant § > 0, depending
only on n, m and the C3-character of 9M, such that u(Bys(zo)) C N(OM); we remark that ¢ is
independent of the choice of 2. Since IT € C*(N(OM);0M) and v - VII = 0 on OM, we deduce
from Lemma 3.7, along with (5.15) and (5.16), that |D?(I1 o u)| € L?**(Bas(z0)) and

(5.17) ID*(IL 0 )| L2n (B35 (n0)) < €

here c of course depends on §, but as § depends on the fixed parameters, we suppress the dependence
of c on 6. Again by the Sobolev embedding, Il o u € C%!(Bys(zq)), and especially by (5.17),

(5.18) (L 0 u)cr.0(Bys (w0)) < € (some small o > 0).
Thus, we can use Lemma 3.9 to deduce that pou € C%(Bs(z¢)) and

(5.19) lp o ullcor(Bs(ag)) < ¢

Combining (5.18) with (5.19), and utilizing the identity (2.11), we obtain that u € C%!(Bs(z0))
and

(5.20) [U]COJ(B(g(:cO)) <ec.

Recalling that ¢ was an arbitrary point in By Nu~'(0M), and § was chosen independently of
o, we obtain

(5.21) [uloo (Binss (w1 om) < ¢

Since Au = 0in BsNu~'(M), and u = [Towu in B3 Nu~'(OM), one can finally extend (5.21) to
all of By by virtue of (5.18) and (5.16) (along with the interior estimate for harmonic functions).
We leave out the details of the last part as it is standard. O

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Let & be as in Proposition 5.4. Let us choose 7 small enough such that
7q < & By the assumption that E(u,xq,2r) < €2, with ¢ < & and r» < 7, the rescaled map
Ugy,r Verifies E(ug,,,0,2) < €2, Moreover, as u is a minimizing constraint map of &y, Ugy,r 1S A
minimizing constraint map of &4, with r¢ < &. Now we may apply Proposition 5.4 to uy, , (via
standard covering argument) and then rescaling back to obtain the desired estimate. We omit the
details. Il

As a corollary to Theorem 1.1 we can characterize the set of singularities 3(u), defined in (1.2),
as the set where the normalized energy density of u is positive:

Corollary 5.5. Let u € WH2(Q; M) be a minimizing constraint map for the functional &, q>0.
Then B(u) = 2\ ©,1(0).

Let us also state another standard corollary from the above characterization of the singular
points and the upper semicontinuity of the energy density, obtained in Corollary 2.4:

Corollary 5.6. Let u € WH2(Q; M) be a minimizing constraint map for the functional & q>0.
If xo € X(u), then 0 € X(¢) for any ¢ € Ty u, i.e. ¢ has a singularity at the origin.
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Finally, we are able to completely justify (1.3) (cf. [AC, GS]). For this we need to define the
reduced boundary OweqF of a set E with locally finite perimeter. Indeed, the reduced boundary
of F is the set of points z € R" for which the density lim, m f Blay) VE dx exists and has

modulus one.

Corollary 5.7. Let u € WY2(Q; M) be a minimizing constraint map for the functional &y, > 0.
Then (1.3) holds in the sense of distributions: in particular, q?—["illamdufl(M) is a distribution

(hence a Radon measure) and Ou~t(M) has locally finite perimeter in Q, satisfying H* (2N
(Ou= (M) \ Brequ™(M))) = 0.

6. REGULARITY OF THE DISTANCE PART

In this section, we study the continuity of p o u, which is the distance part of the minimizing
constraint map u. Let us present the main result of this section:

Theorem 6.1. Let the complement of M be a closed convex set in R™ with non-empty interior, and
let w € WH2 N L>®(Q; M) be a minimizing constraint map for &,, where ¢ > 0. Then pou € C(Q).

In our proof of the above assertion the convexity assumption enters crucially through the sub-
harmonicity of p o u, obtained in Corollary 3.4. We remark that the subharmonicity needs not be
true for general target M.

To deduce everywhere continuity of pow, we resort to the monotonicity of the normalized energy
and the strong convergence of 0-homogeneous blowups. Therefore, the distance part of any blowup
is also subharmonic. However, as the distance part is also 0-homogeneous, it must be a constant.
Then our assertion follows from a case-study of the value of the constant. Let us now present the
full argument.

Proof of Theorem 6.1. Fix xg € 2. We aim at proving the following (e, d)-argument: there is some
a > 0 such that for every € > 0, there exists some § > 0 such that [pou — a| < ¢ a.e. in Bs(zp).
For this purpose, let ¢ € T,,u be given (as per Definition 2.1). According to Corollary 2.5,
T, is non-empty, and ¢ is 0-homogeneous, and so is p o ¢. However, based on Lemma 2.3 and
Corollary 3.4, po ¢ is subharmonic. Consequently, as shown in Lemma 2.6, po ¢ is constant almost
everywhere in R"™. Now, we proceed to analyze the situation based on the value of this constant.

Case 1. po ¢ = a a.e. for some a > 0.

In this case, we have ¢~1(OM) = () and hence |¢~1(OM)| = 0. Recalling from Corollary 2.5 that
¢ itself is a minimizing constraint map for &y, it follows from [D] that

/Dqﬁ:Dvdyz—/ v-Ayg(D¢, Do) dy = 0,
B Bné—1(dM)

for every ball B C R™ and v € C°(B;R™). That is, ¢ is a vector-valued harmonic function in the
entire space. Consequently, ¥.(¢) = (), and by Corollary 5.6, it follows that 2y does not belong to
Y (u). Now, we can set a = p o u(xg), and with this choice, the desired (e, d)-argument becomes
effective.

Case 2. po¢p =0 a.e.

Since ¢ € T u, we can find a sequence 7, — 0 such that ug,,, — ¢ in Wh2(By; R™), and thus
also p o Uyyr,, — po ¢ = 0 strongly in L?(Bs). Utilizing the subharmonicity of p o ug, ,, from
Lemma 3.2, we obtain that in fact poug,,, — 0in L*(B;). Rephrasing this observation in terms
of u, we obtain

i[9l (o) = 10 100 tha el o5y = O,

which proves the (g, §)-argument with a = 0. Hence, our proof is complete. O
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Thanks to the above proposition, we obtain a well-defined free boundary, Ju='(M) N, as well
as a coincidence set u~'(0M), and non-coincidence set u~!(M), which is open. The following
assertion is then an immediate consequence of the above.

Corollary 6.2. Under the setting of Theorem 6.1, u is harmonic in the open set u='(M). In
particular, ¥(u) C u=1(OM).

As another by-product, we observe that tangent maps at singular points are locally minimizing
harmonic maps into M.

Corollary 6.3. In the setting of Theorem 6.1, if xg € X(u) then every ¢ € Ty u satisfies ¢ €

Wlif(R”;(?M) and it is a minimizing harmonic map into OM, i.e., for every bounded domain

QCR", [ |DoPPdy < [, |Dv|? dy for every v € ¢+ Wy (Q;0M).

Proof. Let xp € ¥(u) be given. By Theorem 6.1 and Corollary 6.2, p o u(xg) =
e > 0, there is some r > 0 such that 0 < pou < ¢ in B,(xg). Thus, with ug, (y)
have p o ugz, , — 0, in the L°°, as was remarked in the proof Theorem 6.1.

Now choose an arbitrary map ¢ € T),,u. By the above observation, po ¢ = 0 a.e. in By. Then
by the 0-homogeneity of ¢, po ¢ = 0 a.e. in R”. Thus, |[¢p~}(M)| = 0, so ¢ € VV&)S(R”,@M}
On the other hand, by Corollary 2.5, ¢ is a minimizer for the Dirichlet energy in every bounded
domain Q C R™, among all competitors v € ¢+ WOI’Q(Q;M). Clearly W12(Q;0M) ¢ Wh2(Q; M),
so the minimality continues to hold among competitors in W12(£2;dM). Thus ¢ is a minimizing
harmonic map from every bounded domain €2 into OM. O

0, and for every
= u(zo + 1Y), We

7. DENSITY OF THE NON-COINCIDENCE SET NEAR SINGULARITIES

In this section, we prove that the non-coincidence set, denoted as u~! (M), exhibits null density
at singular points of the map w. Instead of assuming only that the complement of the set M
is convex, we will impose the more robust condition (2.13). Notably, our density estimate relies
solely on the decay rate of p o u at the specific chosen singular point, in addition to our universal
parameters, mentioned earlier. As a consequence of this result, we will also establish that pou
vanishes to an infinite degree at these singular points.

Proposition 7.1. Let M be a C3 domain satisfying (2.13), and let u € W2(By; M) be a mini-
mizing constraint map for £, with q € [0, qo] such that f32 |Du|?dx < A. Then for every e € (0,1),
there exists a constant 0 < n =n(e, A, go,n, m, k) such that if 0 € 3(u) and pou < n in By, then

1By Nu"Y(M)| < e|By.

Proof. Assume towards a contradiction that for some ey > 0, there exists a sequence uy €
W2(Bg; M) of a minimizing constraint map associated with g € [0, go] such that fB2 | Dug|? dz <
A, and poui < mp — 0in By, and 0 € X(ug), but

(7.1) 7{91 Xk dx > €9, where Yj:= X! (M)

Since {xx}22, is bounded in L*°(By), we have ¥ — X in L°(B;) along a subsequence, for some
measurable function y with 0 < ¥ < 1 a.e. on Bj; to keep our exposition simple, we shall continue
to use the same subscript for the subsequence.

Since the complement of M is uniformly convex (see (2.13)), 9M is necessarily bounded. Hence,

it follows from our assumption pouy — 0 in By that {u;}72 ;| is a bounded sequence in L>(Bay; M).
This combined with

/ | Duyg|? dz < A
Bs
shows that {uj}3°, is a bounded sequence in W2(By; M). Therefore, Lemma 2.3 implies that

ug, — u strongly in W12(B1; R™) up to a subsequence, which for simplicity we do not relabel, as
this does not affect our analysis below. Since g € [0, go] for all k, we may also assume without
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loss of generality that g, — ¢ for some ¢ € [0,qg]. Then u € W'2(By; M) and it is a minimizing
constraint map for &,. However, as we also assume that

pour — 0 in L>(By),

we have u € WH2(By;OM). Thus, regardless of the value of ¢, u is a minimizing harmonic map
into M. Moreover, since 0 € X(uy) (by our assumption), Corollaries 2.4 and 5.5 imply that
0 € X(u).

As a minimizing harmonic map, u satisfies
Au = Ay(Du,Du) in By \ X(u),
in the classical sense. Note that B; \ ¥(u) is a single open, connected component, as ¥ (u) being

a set of Hausdorff dimension at most n — 3 (see [SU1]) cannot enclose any open set. Thus, the
unique continuation principle, cf. [A], along with 0 € ¥(u), implies that

(7.2) |Du| >0 a.e.in Bj.
Let us write Hy, := Hess py, (Dug, Duy) and H := Hess p,,(Du, Du). By Lemma 3.2, we have
(7.3) / (poug)Apdr > Hypdx
B1 Bl

for every ¢ € C°(B;) with ¢ > 0. Since up — u strongly in W12(B;;R™), we have that
urp — w a.e. in By and Duj — Du strongly in L?(By;R™"). As OM is of class C2, we have
Hess py,, (§,&) — Hess py,(€,€) a.e. in By for all £ € R™. Therefore an application of the Dominated
Convergence Theorem, made possible by the upper bound in (2.13), shows that

Hy — H strongly in L'(By).
Recalling that y, — ¥ in L>(By), we deduce that
Hixi = Hx in L>®(By).
This along with p o u; — 0 in L*°(B;) now yields in (7.3) that

Hypdx = lim Hypxrpdr < lim sup/ (pour)Apdr = 0.
B k—o0 By k—o00 B1

Since ¢ > 0 is arbitrary in C2°(By), we deduce that

(7.4) Hy =0 a.e. in By.

At this point, we use the strict convexity of the complement of M, which along with (7.2) implies
that H = Hess p,(Du, Du) > 0 a.e. in B;. Thus, by (7.4), we must in fact have

X =0 a.e. in Bj.

Summarizing, we have proved that Yz — 0 in L°°(By), which now by y; > 0 a.e. in B; implies
Xx — 0in L'(B;). This is clearly a violation of (7.1). This finishes the proof. O

Corollary 7.2. Under the assumptions of Proposition 7.1, for every modulus of continuity w,
there exists another modulus of continuity o, which is determined a priori by n, m, qo, A, K, and
w, such that if 0 € X(u) and pou < w(r) in By, for every r € (0,1), then

|Br Nu”H (M)] < o(r)| By,
for every r € (0,1).

Proof. Consider the rescaled map u, := ug, € W?(Bg; M), which is a minimizing constraint map
for &, with ¢, :==rq € [0, go]. By Lemma 2.2,

/ |Du,|? dy = (27“)2_"/ | Dul|? dz S/ |Du|? dz + coq® < A+ cog?,
BQ B2

2r
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for every r € (0, 1), with cg = co(n). Hence, we can apply Proposition 7.1 (with A+ cog? in place of
A) to u, for every r € (0, 3). For each r € (0, 3), define o(r) as the supremum of |[ByNv~1(M)|/|Bi|
over all minimizing constraint map v € W2(Bg; M) with fBz |Dv|?dx < A + cpq?, 0 € X(v) and
pov <w(r)in By. By definition, o(r) <1 for every r € (0, 3) (so the supremum is well-defined).
Since w(r) — 0 as r — 0, we may repeat the proof of Proposition 7.1 and observe that o(r) — 0
as r — 0. We can also rearrange o(r) to be nondecreasing in r. This finishes the proof. H

As mentioned at the beginning of this section, due to the subsolution property, we can now
deduce that pow vanishes to an infinite degree at every singular point of u. Recall that, according
to Corollary 6.2, such points are located within 4 ~*(dM). Furthermore, the speed of this vanishing
depends solely on the degree and the modulus of continuity of p o u, in addition to the universal
parameters. Indeed, it is known that any integrable function, satisfying a weak reverse Holder
inequality, vanishes of infinite order almost everywhere on the zero set of the function; see, for
instance, [IM, Theorem 14.5.1]. In our case we use the stronger property of pou being subharmonic,
and present its short proof here.

Corollary 7.3. Under the assumptions of Proposition 7.1, for every k = 1,2,..., there exist
constants n > 0 and Cy, > 1, all depending on n, m, A, qo, k, and k only, such that if pou < ng
in By, then

lpoullr(s,) < Crr,
for every r € (0, %)

Proof. Since pow is weakly subharmonic in By (see Lemma 3.2), the local L*° estimate along with
{pou>0}=u"1(M) yields, for every r € (0, 3),

By, Nu~Y(M
(pou)2d$§60|:| r ( )|:|||pou||%°°(32r)’
|BZT|

(7.5) ool sy < co

Bay

where ¢y depends only on n; in the second inequality, we also use p o u > 0 everywhere. Now, fix
k € N and consider a modulus of continuity w(r) < n for every r € (0, 1]. Thanks to Corollary 7.2,
there exists a modulus of continuity o such that

|Bo, Nu™Y(M)| < o(2r)| By, |

for all r € (0,1/2). Choosing 7 small enough so that o(2r) < % for all r € (0,7), (7.5) implies

—k
[poullLe(m,) <27%|poullL=(B,,),

for every r € (0,71). By a standard iteration on every dyadic scale, choosing r = 27 lry, 0 =1,2,. ..,
we deduce that

K
k(T k
llpoulpe(s,) <2 <Tk> lpoullz=(s,,) < Crr

for every r € (0,ry). Since the desired inequality for r € [ry, 1/2) is trivially satisfied by choosing
a sufficiently large constant C, the result follows. O

8. NONDEGENERACY AT THE FREE BOUNDARY

In this section we prove the nondegeneracy of the distance part of minimizing constraint maps.
The nondegeneracy is very different in the cases ¢ > 0 and ¢ = 0, and we only treat the former
(but see [FGKS] for the latter case). When ¢ > 0, in order to minimize the volume of the non-
coincidence set, the distance part needs to grow at least linearly from the free boundary. Following
the ideas of [AC], we construct a competitor that attaches completely to the boundary of the
constraint in the interior, and show that it has smaller &, energy.
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Proposition 8.1. Let the complement of M be a convez, closed set with nonempty interior whose
principal curvatures are bounded uniformly by k, and let u € WH2(Q; M) be a minimizing constraint
map for £, with ¢ > 0. Then there exists € > 0, depending only on n, m, q, and k, such that

sup (pou) <er = B.(w) Cu (OM)
B2r(x0)

whenever Bay(xg) C Q2 and r € (0,1).

Proof. By translation invariance, we shall assume that zo = 0. Fix ¢ > 0, to be determined later,
and let us assume, as in the requirement of the proposition, that

(8.1) sup(pou) < er.

BQT

Let tpg be the truncated fundamental solution for the Laplacian such that 19 = 0 on By, ¢p = 1
on 0By and 9y > 0 in By \ By. We define the function

x

(8.2) b(x) == erido (7) .

r

By construction, Ay = 0 in Ba, \ B,, 1 = er on 0By, and 9 = 0 on dB,. Let us continuously
extend ¢ as 0 inside B,, and define

vi=Iou+ (YA (pou))v,.

Since both p o u and 1 are nonnegative, and 1 > p owu on 0Bs,, v is an admissible competitor for
u in By,. Hence, the minimality of u through the fact that ¢y =0 in B, (i.e., v(B,) C OM) as well
as that v (M) Cc u=1(M) (since powv < powu in By,) implies that

(8.3) / (|IDuf” = [DIM o u)|* + ¢*xy-1(ar)) dow < T = 21" + 1",

r

where

= Dv|? — |Dul?) dz
I /27.\ T(| | | ’ ) Y

"= D(IIow): D((pou— vou))dr
(8.4) I /BQT-\BT ( ) ((p V) +( ) dz,

Vo= [ p(w A pow)woul - Do wyouP)de,
B, \Br

Let us compute I’. As the complement of M is assumed to be convex, whose principal curvatures
are uniformly bounded by &, we can choose ¢ sufficiently small, depending only on m and &, such
that Lemma 2.8 and (8.1) yields

(8.5) D(IIowu): D(vou) >0 a.e. in Bo,.
Now utilizing v*&;ITF = 0, and the chain rule D(IT* o u) = 9;IT¥|,Du’, implies
(V* o u)D(IT* o u) = v, 0,11F |, Du’ = 0.

In particular |(v* o u)D(IT* o u)| = 0, which along with (8.5) implies

(8.6) I/:/ (pou—1)+D(Ilowu): D(vou)dr > 0.
BQT\BT
Expanding the terms of I” yields

= —2/ (D - D(pou— )+ +1b(pou—1)4|D(wou))du
By, \Br

~ [ D(pou= )P+ (pouvR|DE o)) de
B, \Br
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Noting that 1) > 0 in Bs, \ B, we obtain

(8.7) I"§—2/ D¢'D(pou—¢)+da:§205/ poudo,
BQr\Br aBr

where the second inequality follows from integration by parts, and 0v /07 < ce on I0B,, with
¢ = ¢(n). Combining (8.3), (8.6) and (8.7) yields
(8.8) / (|Duf?* — | DT o w)|* + q2xu71(M)) dx < 205/ poudo.

By OBy

However, by Lemma 2.8 again (more precisely (2.17)), we obtain from (8.1) (with e chosen small,
depending only on m and k again) that

(8.9) |D(pou)|?+ |D(Mowu)* <|Dul* a.e. in By,.

Combining (8.8) and (8.9), we obtain

(8.10) / (|D(pou)|®+ q2xu71(M)) dx < 2026/ (powu)do.
B, 0By

However, by (8.1) and (2.15) (as well as that pou € WY2(B,) and {pou > 0} = u=1(M)),

/ poudagns/ Xu1(M)dx+/ |D(pou)|de.
4B, B

T K

Since |D(pou)| =0 a.e. in u~1(0M)), Young’s inequality yields

1
| p@owlde< s [ ippoufar+d [ s

here is indeed the very place we use the strict inequality ¢ > 0. Combining the last two displayed
formulas yield

1 2
(8.11) / poudo < Q/B <|D(po u)|2 + <q4 + nSQ> Xul(M)> dr.

Finally, combining (8.10) with (8.11), we conclude that if 4ne < 3¢ and 2ce < ¢, then

/ poudo = 0.
OBy

Since A(pow) > 0 in B, (see Lemma 3.2), the maximum principle now implies that pou = 0 in
B, i.e., B, Cu~Y(OM) as desired. O

9. REGULARITY NEAR THE NON-COINCIDENCE SET

In this section we prove Theorem 1.5, which gives the universal Lipschitz regularity of minimizing
constraint maps for the Alt—Caffarelli energy, in a universal neighborhood of their non-coincidence
set. By a simple rescaling, we may take {2 = By and n = 1. Precisely, we prove the following
proposition.

Proposition 9.1. Let M be as in Theorem 1.5, and let u € W2(Bo; M) be a minimizing con-
straint map for the functional &, with ¢ > 0 such that f32 |Du|?dx < A. Then there are constants
¢, 0 >0, depending only on n, m, q, A and OM, such that

|1 Dull Lo (BynBs(u—1(ar))) < €

This result follows from the e-regularity theorem and Proposition 8.1 above, which yields a
universal non-degeneracy at free boundary points. Indeed, the latter proposition yields a universal
decay of the normalized energy in a universal neighborhood of the non-coincidence set, stated in
the next lemma.

Lemma 9.2. There exists a modulus of continuity w, which is determined by n, m, q, A and OM
only, such that if xo € By Nu~Y(M), then E(u,xg,r) < w(r) for every r € (0,1).
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Proof. Assume that the assertion is not true, for some ¢ > 0 fixed. Then given any small wg > 0,
one would be able to find, for each k& = 1,2,, a minimizing constraint map u;, € W'2(By; M) for

the functional &, a point z;, € By Nu; ' (M) and a radius rj, — 0 such that

(9.1) E(up, xp, ) > wi, but / | Duy|? dz < A.
By

Since z € By Nuy ' (M), Br(zx) \ug ' (0M) # 0 for every r € (0,3). Then as the contrapositive of
Proposition 8.1, there exists a small constant €9 > 0, which can be determined a priori by n, m,
q and OM, such that

(9.2) sup (poug) > eor,
Boy(x)

for every r € (0, 3).
In light of the almost monotonicity of the normalized energy (Lemma 2.2), one can find from

(9.1) a small constant r,, € (0, %), depending only on n, ¢ and wy, such that for all large k,
1
(9.3) E(ug, xp,r) > iwg, V7 € (Thy Ty )-

On the other hand, by the compactness of minimizing constraint maps (Lemma 2.3), there exists
a minimizing constraint map u € WH2(By; M) for the functional &, such that uj — u strongly in
Wh2(By; R™), up to a subsequence which we do not relabel. Extracting a further subsequence if
necessary, we may also assume that x; — xo € Bj. Then since r; — 0, passing to the limit in
(9.3) yields

Wi >0, Vre(0,r,,)

N |

(9.4) Eu,0,7) >

Thus, by Corollaries 5.5 and 6.2, 29 € X(u) C u~1(OM). Then by Theorem 6.1, given 1 > 0, we
can find a small r, > 0 such that pow < 7 in B, (29). Now choosing 7 sufficiently small as in
Corollary 7.3, we obtain

2
,
(95) oo ulieiaien <€ (1) o ¥reOr,)
n

However, since uy — u a.e. in By, passing to the limit in (9.2) for every r € (0,7,) yields along

with (9.5) that
2
eor S C (T) )
T

which yields a contradiction for small 7. Hence the proof is finished. O
We are now ready to establish the universal Lipschitz regularity of the mapping.

Proof of Proposition 9.1. Let w be as in Lemma 9.2, and fix a point g € By Nu~1(M). Choose
€ and ry as in the e-regularity theorem, Theorem 1.1; both parameters depend at most on n, m,
g and OM. Find § < ry such that w(20) < €2; clearly § depends only on n, m, ¢, A and OM.
Then by the aforementioned lemma FE(u,z,25) < €2, and thus the e-regularity theorem yields
|Du| € L*>®(Bs(xo)) and
c
| Dull oo (Bs (20)) < gq,

where ¢, depends on n, m, ¢ and OM only. We shall write c := 5_10,1, which now depends further
on A. Since this estimate holds uniformly for all zy € By Nu~1(M), our assertion is proved.  [J
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10. REGULARITY OF FLAT FREE BOUNDARIES

Knowing that minimizing constraint maps are Lipschitz regular in a universal neighborhood
of their non-coincidence sets, we are ready to study the regularity of their free boundaries. In
particular, in this section we will prove Theorem 1.9.

Let us begin with the basic regularity theory, which in view of Lemma 3.9 is more or less a
corollary to [AC, GS].

Lemma 10.1. Let A > 1 and ¢ > 0 be given, and M be as in Theorem 1.5. There exist small
constants £, > 0, both depending only on n, m, q, A and OM, such that if w € WY2(By; M) is
a minimizing constraint map for the functional &, such that fB4 |Dul?>dxz < A, and if (1.4) holds,

then By N Ou~Y (M) is a C*7-hypersurface, whose CY7-character depends only on n, m, q, A and
the C3-character of OM.

Proof. By Proposition 9.1 we know that, for some ¢ := §(n, m,q, A,0M),

(10.1) [Dul| o (85 (w1 (ar))nBs) < €O

for some constant ¢y = co(n, m,q, A,OM). Thus Lemma 3.9 is applicable, and shows that powu €
COY(Bs(u=t(M)) N Bs) is a weak solution to

(10.2) A(p o u) — Hess py(Du, Du)xy—1(nr) = anflyaredml(M)-
By Proposition 8.1 and (10.1),
(10.3) gor < ][ poudo < cor,
0B (z0)
for some 9 = go(n, m, q, 0M), for every xo € Ou~ (M) N Bay, and every r € (0,6). Note also that
Hess p,(Du, Du) € C%7(By) for every v € (0, 1), such that
(10.4) | Hess pu(Du, D)o ) < ().

where c(y) = ¢(n,m,q,v,A,0M). To see this, Il ou € C17(By) by Lemma 3.7 and the Sobolev
embedding; then (10.4) is an immediate consequence of identities (2.2) and (2.12), as Hessp €

CY(M).
By (2.13), (10.2), (10.3) and (10.4), the implication that the flatness gives C17 for the free
boundary follows directly by [GS, Theorem 2.17] (see also [AC, Theorem 8.1]). O

However, achieving higher regularity of the free boundary, as well as the mapping around flat
points, is no longer an incidental outcome of the scalar theory. This is primarily due to the
presence of the term Hess p,(Du, Du) in (10.2), where the regularity is affected by the Jacobian of
the projected image, denoted as D(ITow); this term is vectorial. This issue was initially encountered
by three of the authors in their recent work [FKS|, which focuses on constraint maps of obstacle
type. In this paper, we employ a bootstrap argument, identical to the one used in the earlier work,
and we provide a brief overview of the argument.

Proposition 10.2. Let k > 2 be an integer and M be a domain of class C*', and u € C%'(B; M)
a minimizing constraint map for the functional £, ¢ > 0. If BN ou~Y (M) is a C'-hypersurface,
then for every o,y € (0,1), B N ou~ (M) is locally a C*7-hypersurface, whose C*7-character is
determined only by n, m, q, v, o, k, diam B, |[Dul[p~(p), the CF+7 _character of OM and the
C*-character of BN ou~Y(M).

Proof. Given the assumption that u € C%(B) and that BNou~!(M) is of class C*, the conditions
specified in Lemma 10.1 are met. As a result, B N du~!(M) can be considered a locally C!7-
hypersurface, where ¥ € (0,1). The value of 4 depends solely on parameters such as n, m,
| Dul o (p), and the C3-character of OM. We will maintain this value of 4 throughout the rest of
the proof.



CONSTRAINT MAPS, BERNOULLI TYPE FREE BOUNDARY 37

By Lemma 3.9, p o u verifies

{A(p ou) = Hess p,(Du, Du) in BNu~(M),

10.5
(105) pou=0,|D(pou)|=gq on BNou~t(M).

The crucial observation is that Hess p,(Du, Du) € C’IOO’z(B) for every v € (0,1). To see this, we
first note that pou € C%!(B) by assumption and ITou € Cllo’Z(B) by Lemma 3.7 and the Sobolev
embedding; then the regularity of the right-hand side in (10.5) is an immediate consequence of
identities (2.2) and (2.12), as Hessp € CY(N(OM) N M).

As BN ou~Y(M) is of class C17, the boundary regularity estimates for elliptic equations with
Neumann boundary conditions now yield pou € Cfo’g(B Nu~t(M)). Thus, we can further employ
the partial hodograph and Legendre transformation [KN, Theorem 2] to deduce that BN du~1(M)
is locally a C?7-hypersurface, for every v € (0,1). Applying the boundary regularity estimates
again, we also deduce that powu € 0120’2(3 Nu~1(M)) for every v € (0,1).

The conclusion now follows by a bootstrap argument as in [FKS]. Indeed, if for some integer
1 < /¢ <k — 2 we have that

o Moue CLY(BNu=I(M))NCLY(B\ ut(M)),

loc

e pouc CLM(BNu-1(M)),

loc
e BNou~ (M) is locally a C*+'7-hypersurface,
then by applying the regularity theory for elliptic transmission problems [Z, Theorem 1.1] to (3.2),
we deduce that in fact

Moue CL(Bnut(M))nCEM (B w™' (M),

loc

thus gaining a derivative. We can then repeat the argument in the previous two paragraphs to
conclude. See [FKS] for further details.
O

Finally, Theorem 1.9 now follows immediately from Lemma 10.1 and Proposition 10.2. We shall
omit the obvious details.

11. REGULARITY OF THE IMAGE MAP

This final section concerns the regularity of the projected image II o u of minimizing constraint
maps: we will prove Theorem 1.11. In Remark 3.11 we already saw that the projected image of a
Lipschitz constraint map has second derivatives in BMO.

Here we observe that this BM O-regularity can be sharpened to L°° around regular free boundary
points. This result follows by closer inspection of the proof of Proposition 10.2

Lemma 11.1. Let OM be of class C*7, for some vy € (0,1), and u € COY(By; N(OM) N M) be a
minimizing constraint map for the functional &,. Suppose that 0 € du~'(M) and By N ou=(M)
is a C*-hypersurface. Then |D*(I1ou)| € L>(By) and

ID* (o)l oo (my) < c,

where ¢ depends only on n, m, v, ||Dul|p(p,), the Cl-character of By N Ou~ (M) and the C37-
character of M. Moreover, D*(Il o u) € C%'(By Nu=t(M)) N C%Y' (By \ u=Y(M)), for every
7 €(0,7).

Proof. First of all, with M being of class C? only, the proof of Proposition 10.2 yields that
pou € C2*(ByNu=1(M)) and By N du=t(M) is of class C*%, for every a € (0,1). Next,
we notice that the first step of the bootstrap argument works under the (weaker) assumption
that OM is of class C37, instead of C?, as this still ensures that HessIl € C%(N(OM)). In
particular, the regularity theory for transmission problems [Z], as in the above proof, yields that
Hou e C?(ByNu~Y(M))NC*¥(By \ ut(M)), so in particular |[D*(IT o u)| € L>®(By).
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As in the proof of Proposition 10.2, we shall not present the details on the dependence of the
L°°-norm. [l

Observe that our proof above shows C>*7-regularity for projected map from each side, but only
C11 across the the free boundary.

Finally, note that Theorem 1.11 now follows immediately from Theorem 1.5, Corollary 3.11 and
Lemmas 10.1 and 11.1, upon a suitable rescaling.

APPENDIX A. PROOF FOR THE ALMOST MONOTONICITY FORMULA
In this appendix we present, for readers’ convenience the proofs of technical lemmas in Section
2.2.

Proof of Lemma 2.2. Fix any pair (r,s) of constants with 0 < r < s < dist(zg, 0€2). For any test
function ¢ € C°(Bs(x0); R™), we set Q¢(x) := x +t((z). Then for all [t| sufficiently small, Q; is a
diffeomorphism of Bs(xg) onto itself. Set

Ui :=uo Q;l C WLQ(BR(SUO)§M)’

that agrees with u in a neighborhood of 0Bg(zo), for all small |¢|. Thus the family {U;} consists
of admissible competitors for u, with Uy = u on Bs(x¢). Utilizing det DQ; = 1+ tdiv { + o(t) and
DQ;' =T —tDC¢+o(t) as t — 0, we get by the change of variables formula

/Bs(wO)(|DUt|2 T4 Xy ) A
_ /Bs(xo)(|DuDQt1 o Qul? + ¢*vu-1(an)) det DQy dy
= /B ( )((|Du|2 + X)) (1 + tdiv () — 2tDou Dgu’ DoCP) dy + o(t).
«(o
Hence, by the minimality of u,

0 < &[Ui] — &u] < t/ ((IDul? + ¢*Xy-1(ar)) div ¢ — 2Dqu’ Dgu DoCP) dy + oft).
Bs(zo)

Since we allow ¢ to change sign, the linear term must vanish, which yields
/ ((IDul® + ¢*Xu-1(ar)) div ¢ = 2D’ Dgu’ Do) dy = 0.
Bs(zo)

Now choosing ((x) := (x — zo)n(|z — zo|), with a smooth cutoff function n € C2°([0, s]) satisfying
n(0) =1and 0 <7 <1, we find

2

ou
[|Du|2 + q2xu_1(M) -2 N Rn'dz =0,

[ = 2IDuP 4 gy sanlnds +
Bs(zo) Bs(zo)

where R := |z—x¢|, and 9/0N denotes the directional derivative in the radial direction R~*(z—zy),
and n,n" are evaluated at R. Selecting a sequence {77]-}3?‘;1 that approximates the characteristic
function of [0, s] and passing to the limit, we obtain
2
dz = 0.

1d ou

n — 2)|Dul? + ng®x -1 dr — —— Dul? + ¢*x -1 -2 |==
[, =20 aolde =g [ b o0 —2| 0%
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Multiplying both sides by s!~" and rearranging terms, we arrive at

d | o / 2., 2
— =" Dul* + q¢“xy—1 dx
T [ BS(IO)H | ()

d 2
= 231”/ q2Xu71(M) dr 42— / R*™ dr|,
Ba(zo) ds | J B, (x0)

for a.e. s € (0, dist(zg,02)). Hence, for 0 < r < s < dist(xg, 12), upon integration we find that

2
2 / P R
Bs(z0)\Br(z0)

N dz
< 32_"/ [1Du® + ¢* X1 (a)] d — 7”2_"/ [1Dul? + ¢*Xu-1(an) dz
Bs(zo) Br(wo)

ou
ON

< 32"/ \Du!zdaﬁ—TZ”/ |Dul? dz 4 wnq?s?,
Bs(zo) By (zo)

where wy, is the volume of the n-dimensional ball. This finishes the proof of the almost monotonicity
of the normalized energy. Moreover, if we have s~ [ (z0) |Duf*dz = r*7" [, B (zy) @ for some
r < s and ¢ = 0, then |0u/ON| = 0 a.e. in By(xg) \ Br(x0), which yields the 0-homogeneity of u
about xg in the annulus.

O

APPENDIX B. PROOF FOR THE COMPACTNESS LEMMA

Proof of Lemma 2.3. Let’s consider B, (xo) € €. Since our argument is translation-invariant, we
can assume xg = 0 to simplify our explanation. By selecting subsequences, we can find a map
u € WH2(Q; M) such that uy, — u weakly in W12(Q; R™) and strongly in L?(£; R™).

To prove that u is a minimizing constraint map for &, with ¢ = limy,_, g, let us fix a competitor
v € WH2(€; M) such that supp(u — v) C B,. Then by Fubini’s Theorem as well as the fact that
Duy, — Dv weakly in L2(Q\ B,;R™) and u; — v strongly in L?(Q\ B,;R™), we can find s > r
with B; C  and K > 1 such that

2
(B.1) / (\Duk\Q + Dol + w) do < K?,
dBs €k
for all k large, where €5 > 0 is chosen so that

(B.2) el = / lup, —v|[*do — 0.
0B

Let us choose v € (0,1) small as in (4.29), and set

(B.3) A = €.

Applying [L, Lemma 1] to the maps ux and v (with p =2, A\ = A\, e = ¢ and 8 = 3/4 there), we
obtain from (B.1) and (B.2) an extension ¢y € W5H2(Bg; R™) such that

v((1 = X)) ta), if 2] < (1= M\p)s,
ug(), if |z = s,
which also satisfies
2
(B.5) / |Dpy|? dz < cK> (1 + i’;) Mo < 2¢K3 N,
B\B(1-x,)s k
and
. = i.1-2 a(l-2)+1 .
(B.6) dist(pr, M) < cKep ), * < cKgy, in By,

where the last inequalities in (B.5) and (B.6) are due to (4.29) and (B.3).
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Let N (OM) be the tubular neighborhood where the nearest point projection IT: N (M) — OM
is well-defined and of class C! (recall that we assume OM to be of class C?). Denoting N (M)
by the union of N (OM) and M (which again becomes a tubular neighborhood of M) we may
define a Lipschitz projection 7 : N (M) — M such that 7(w) = w if w € M and 7(w) = H(w) if
w € N(OM) \ M. Clearly, we have

(B.7) IVl oo vy < e

Now we are ready to prove &;[u] < &;[v] over Bs. First, we observe from the lower semicontinuity
of & and g, — ¢ that

(B.8) / [1Dul? + ¢* X1 (a)] dow < lilgicgf/ [| Duy|? + q,%xugl(M)] dz.

™ BT‘

Note that due to (B.6) and (B.2), we obtain a well-defined map
v == 7o @) € W2 (Bg; M).

Since @) —uy € WOM(BS; R™), and 7 o ¢ = 7o ux, = u on OBy (in the trace sense) due to (B.4),
we have v, — u € VVO1 ’2(BS;R’”). Therefore, vy, is an admissible map, and the minimality of wug

for &, , yields
(Bg) / HDUHQ + q%XuEI(M)] dz < / HDUICP + qika_l(M)] dx.
In view of (B.4), (B.3) and (B.2), we can compute that
. 2, 2 : n | Do? 2
Jim. . Dol + dix, 1) dee = lim (1= A) o Taean dz
(B.10) (=25

= [ UDeP + i an) da

where in the derivation of the last equality we also used g — ¢. On the other hand, by (B.5) and
(B.7),

/ 1Du + 2, ap)) de

B\B1-1x,)s

(B.11)

< / (Vo PIDrl? + @2) di < (I + ).
B\B(1-2,)s

Combining (B.9), (B.8), (B.10) and (B.11) altogether, we arrive at

(B.12) 1D + e xanlde < [ (D0 + i) e

Recall that v € W12(Q; M) was an arbitrary competitor, and we had supp(u — v) C B, € €.
Additionally, B, € Bs C Q (where s may depend on v). Therefore, based on equation (B.12), we
can conclude that v is a minimizing constraint map of &, in B,.. Since we can replace B, with any
ball B, (zo) compactly contained in €, we can deduce that u is a minimizing constraint map of &,
in any subdomain Q' € Q.

To prove the strong convergence, we choose v = u in (B.4) and run the same argument above

(more specifically, (B.9) — (B.11)), which yields

lim [[Dug|* + qzxu;(M)] dx = /B [[Dul* + q2xu—1(M)] dz.

k—o0 B,

However, due to the weak lower semicontinuity of each term in the integrand, specifically [ B, | Dug|?, dx
and |u, '(M) N B,|, we can conclude that

k—00

lim |Duk]2d:c:/ | Dul|? dz.
B, By
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Then the strong convergence of Duy, — Du in L?(B,; R™) follows easily. Again replacing B, with
any B,(zo) C Q, we arrive at Duy, — Du in L2 _(Q; R™") as desired. O

loc

APPENDIX C. REMOVABLE SINGULARITIES IN SPECIAL CASES

We observe that singular points do not arise in the case of minimizing constraint maps for &,
where ¢ > 0, when the boundary of the constraint is one-sided, such as when OM is a graph in
R™; precisely, we assume that condition (C.1) below holds. It is worth noting that the case with
¢ = 0 (although without an a priori estimate) was addressed by Fuchs [F2] a long time ago.

Proposition C.1. Let M be a C3-domain with uniformly bounded principal curvatures, satisfying
(C.1) (a—&) - vg <0 forallac dM for some & € R™.

Suppose u € WH2(Q; M) is a minimizing constraint map for &,, where q € [0, qo], and [ulwi2q) <
A. Then u € C’loo’cl(Q) and for every subdomain ' € €,

[u]co,l(Q/) < C,
where ¢ depends only on n, m, A, dist(Q',09), and OM.

Proof. As established in Lemma 9.2, and in accordance with Theorem 1.1, let’s demonstrate that
the rescaled energy uniformly decays in the interior. For simplicity, we will consider 2 = B4 and
Q' = Bj.

Let A be a given constant, and let & represent the small energy constant from Theorem 1.1. To
arrive at a contradiction, we can construct a sequence analogous to that in Lemma 9.2. In other
words, for ux € WH2(By; M), we assume that it is a minimizing constraint map for &q,.» Where
qr € 10,q0], x € By, and rp — 0 such that |uk|W1,2(B4) < A, but E(ug, xp, 2rg) > g2, As we let
k — oo, we can employ Lemma 2.3 to extract a subsequence (denoted with the same subscript)
such that ¢, — q € [0, o], 21 — z0 € By, and ug, — u strongly in W12 (By; R™). This results in a
minimizing constraint map u € W12 (By; M) for &y, and it satisfies the condition:

@u(xo) > 6_2 > 0.

Select any tangent map ¢ € T,,u. According to Corollary 2.5, ¢ € VV&)E(R”,M ) is a 0-
homogeneous minimizing constraint map of &. Since ¢ is energy-minimizing, the one-sided condi-
tion on M allows us to invoke [F2, Theorem 1], which demonstrates that 3(¢) = (), meaning that ¢
is continuous everywhere. Because ¢ is 0-homogeneous, its everywhere continuity necessitates that
it must be constant almost everywhere. In particular, this implies that ©,(z¢) = [ B, |Do|?, dy = 0,
which leads to a contradiction.

Hence, we conclude that if u € WH2(By; M) is a minimizing constraint map for &,, with ¢ €
[0, go], and |u[yy1,2(5,) < A, then there exists a small constant r € (0,1), depending only on n, m,
qo, A, and OM, such that E(u,zq,2r) < &2 for all zg € B;. By applying Theorem 1.1, we obtain
u € C%(B,(2¢)) with

o
[ulco (B, (o)) =
where ¢y depends only on n, m, and M. Since xg is an arbitrary point in B; and r is independent

of 29, we deduce that u € C%1(B;), and

[u]cor(p,) < ¢,

where ¢ depends only on n, m, qo, A, and OM. This proves the proposition for the case when
Q = By and €' = By. Using the standard scaling and covering argument, we can extend this result
to the general case.

O



42 A. FIGALLI, A. GUERRA, S. KIM, AND H. SHAHGHOLIAN

ACKNOWLEDGEMENTS

A F. has been partially supported by the European Research Council under the Grant Agree-
ment No. 721675 “Regularity and Stability in Partial Differential Equations (RSPDE)”. A.G. was
supported by Dr. Max Rossler, the Walter Haefner Foundation, and the ETH Ziirich Foundation,
and he thanks Uppsala University and KTH for their hospitality during a visit where part of this
research was conducted. H.S. was supported by the Swedish Research Council (grant no. 2021-
03700).

DECLARATIONS
Data availability statement: All necessary data are included in the manuscript.

Funding and/or Conflicts of interests/Competing interests: The authors declare that
there are no financial, competing, or conflicts of interests.

REFERENCES

[A] N. Aronszajn, A unique continuation theorem for solutions of elliptic partial differential equations or
inequalities of second order, Kansas Univ. Lawrence, 1956.

[AC] H. W. Alt and L. A. Caffarelli, Existence and regularity for a minimum problem with free boundary, J.
Reine Angew. Math. 325 (1981), 105-144.

[BW] S.-S. Byun and L. Wang, Elliptic equations with BMO coefficients in Reifenberg domains, Comm. Pure
Appl. Math. 42 (2004), 1283-1310.

[CIK] L. A. Caffarelli, D. Jerison, and C. Kenig, Global energy minimizers for free boundary problems and full

regularity in three dimensions, In Contemporary Mathematics (Vol. 350, pp. 83-97). American Mathe-
matical Society (2004).

[CSY] L. A. Caffarelli, H. Shahgholian, and K. Yeressian, A minimization problem with free boundary related to
a cooperative system, Duke Math. J. 167 (2018), no. 10, 1825-1882.
[CM] Y. M. Chen and R. Musina, Harmonic mappings into manifolds with boundary Ann. Sc. Norm. Super.

Pisa Cl. Sci. 17 (1990), 365-392.
[DPESV] G. De Philippis, M. Engelstein, L. Spolaor, and B. Velichkov, Rectifiability and almost everywhere unique-
ness of the blow-up for the vectorial Bernoulli free boundaries, arXiv:2107.12485.

[DS] D. De Silva, Free boundary regularity for a problem with right hand side, Interfaces Free Bound. 13
(2011), no. 2, 223-238.

D] F. Duzaar, Variational inequalities and harmonic mappings, J. Reine Angew. Math. 374 (1987), 39-60.

[DF] F. Duzaar and M. Fuchs, Optimal regularity theorems for variational problems with obstacles, Manuscripta
Math. 56 (1986), 209-234.

[DSJ] D. De Silva and D. Jerison, A singular energy minimizing free boundary, J. fur Reine Angew. Math., 635
(2009), no. 635, 1-21.

[FKS] A. Figalli, S. Kim and H. Shahgholian, Constraint maps with free boundaries: the obstacle case,

arXiv:2302.07970.
[FGKS] A. Figalli, A. Guerra, S. Kim and H. Shahgholian, in preparation.

[F1] M. Fuchs, The smoothness of the free boundary for a class of vector-valued problems, Comm. Partial
Differential Equations 14 (1989), 1027-1041.

[F2] M. Fuchs, A note on removable singularities for minima of certain vector-valued obstacle problems, Arch.
Math., 48 (1987), 521-525.

[F3] M. Fuchs, p-Harmonic obstacle problems, part I: partial reqularity theory Ann. Mat. Pura Appl. 156
(1990), 127-158.

[F4] M. Fuchs, p-Harmonic obstacle problems, part II: extensions of maps and applications manuscripta math.
63 (1989), 381-419.

[FW] M. Fuchs and M. Wiegner, The regularity of minima of variational problems with graph obstacles, Arch.
Math. 53 (1989), 75-81.

[GM] M. Giaquinta and L. Martinazzi, An introduction to the reqularity theory for elliptic systems, harmonic
maps and minimal graphs, Springer Science & Business Media, 2013.

[GT] D. Gilbarg and N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, 2nd ed, Springer-
Verlag, 1983.

[GS] B. Gustafsson and H. Shahgholian, Existence and geometric properties of solutions of a free boundary
problem in potential theory, J. reine angew. Math. 473 (1996), 137-179.

[IM] T. Iwaniec and G. Martin, Geometric Function Theory and Non-linear Analysis, 1st ed., Clarendon Press,

2002.



CONSTRAINT MAPS, BERNOULLI TYPE FREE BOUNDARY 43

D. Jerison and O. Savin: Some remarks on stability of cones for the one-phase free boundary problem,
Geom. Funct. Anal. 25 (2015), no. 4, 1240-1257.

D. Kriventsov and F. Lin, Regularity for shape optimizers: the nondegenerate case, Commun. Pure Appl.
Math., 71 (2018), no. 8, 1535-1596.

D. Kriventsov and F. Lin, Regularity for shape optimizers: The degenerate case, Commun. Pure Appl.
Math., 72 (2019), no. 8, 1678-1721.

D. Kinderlehrer and L. Nirenberg, Regularity in free boundary problems, Ann. Sc. Norm. Super. Pisa Cl.
Sci. (4) 4 (1977), 373-391.

F. Lin and C. Wang, The analysis of harmonic maps and their heat flows, World Scientific, 2008.

S. Luckhaus, Partial Holder continuity for minima of certain energies among maps into a Riemannian
manifold, Indiana Univ. Math. J. 37 (1988), 349-367.

D. Mazzoleni, S. Terracini, and B. Velichkov, Regularity of the optimal sets for some spectral functionals,
Geom. Funct. Anal. 27 (2017), no. 2, 373-426.

D. Mazzoleni, S. Terracini, B. Velichkov, Regularity of the free boundary for the vectorial Bernoulli
problem, Anal. PDE, 18 (2020), no. 3, 741—764.

R. Schoen and K. Uhlenbeck, A regularity theory for harmonic maps, J. Differential Geom. 17 (1982),
307-336.

R. Schoen and K. Uhlenbeck, Boundary regularity and the Dirichlet problem for harmonic maps, J.
Differential Geom. 18 (1983), 253-268.

L. Simon, Theorems on reqularity and singularity of energy minimizing maps, Springer Science & Business
Media, 1996.

E. M. Stein and T. S. Murphy: Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscilla-
tory Integrals, PMS-43 Princeton University Press, 1993.

L. Wang, A geometric approach to the Calderdn-Zygmund estimates, Acta Math. Sin. (Engl. Ser.) 19
(2003), 381-—396.

J. Zhuge, Regularity of a transmission problem and periodic homogenization, J. Math. Pures Appl. 153
(2021), 213-247.

Email address: alessio.figalli@math.ethz.ch

DEPARTMENT OF MATHEMATICS, ETH ZURICH, RAEMISTRASSE 101, 8092 ZURICH, SWITZERLAND

Email address: andre.guerra@eth-its.ethz.ch

INSTITUTE FOR THEORETICAL STUDIES, ETH ZURICH, CLV, CLAUSIUSSTRASSE 47, 8006 ZURICH, SWITZERLAND

Email address: sunghan.kim@math.uu.se

DEPARTMENT OF MATHEMATICS, UPPSALA UNIVERSITY, S-751 06 UPPSALA, SWEDEN

Email address: henriksh@kth.se

DEPARTMENT OF MATHEMATICS, KTH ROYAL INSTITUTE OF TECHNOLOGY, 100 44 STOCKHOLM, SWEDEN



	1. Introduction
	1.1. A short overview of the literature
	1.2. Main results
	1.3. Idea of the proofs
	1.3.1. Theorem 1.1
	1.3.2. Theorem 1.5
	1.3.3. Theorems 1.9 and 1.11

	1.4. Organization of the paper
	1.5. Notation

	2. Preliminaries
	2.1. Problem setting
	2.2. Compactness results for the constraint maps
	2.3. Some basic lemmas

	3. Basic properties of constraint maps
	4. Lipschitz approximation
	5. The -regularity theorem
	6. Regularity of the distance part
	7. Density of the non-coincidence set near singularities
	8. Nondegeneracy at the free boundary
	9. Regularity near the non-coincidence set
	10. Regularity of flat free boundaries
	11. Regularity of the image map
	Appendix A. Proof for the almost monotonicity formula
	Appendix B. Proof for the compactness lemma
	Appendix C. Removable singularities in special cases
	Acknowledgements
	Declarations
	References

