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We propose a MFG model with quadratic Hamiltonian involving N pop-
ulations. This results in a system of N Hamilton-Jacobi-Bellman and N
Fokker-Planck equations with non-local interactions. As in the classical case
we introduce an FEulerian variational formulation which, despite the non con-
vexity of the interaction, still gives a weak solution to the MFG model. The
problem can be reformulated in Lagrangian terms and solved numerically
by a Sinkhorn-like scheme. We present numerical results based on this ap-
proach, these simulations exhibit different behaviors depending on the nature
(repulsive or attractive) of the non-local interaction.
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1. Introduction

The aim of this paper is to establish a variational formulation (both Lagrangian and
Eulerian), as well as a suitable numerical methods, for quadratic second-order Mean
Field Games which involve N different populations interacting through a given non-
local functional. Let d be the dimension of the space; then for i = 1,..., N we consider
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the following coupled PDE system.

11
—Opu' — §Aul + §|Vuz|2 / Vi (x — y)p'dy,
JFi

R T i i (1.1)
Op' — §Ap + div(Vu'p') =0,

P10, ) = ph(z), v'(T,z) = ¢'(z);

where p'(0,z) € Pue(RY) and ¢' € CO(R?) and V¥ is a given positive and lower semi-
continuous potential, the full set of assumptions is given at the end of this introduction.
In the paper, we will mostly use the more compact notation p; for p(t,z).

Mean-field games involving several populations have been studied recently by [19] 20,
151 3, @], 22] 31, 26]; for some more details about the theory of MFG we refer the reader
to the seminal work by Lasry and Lions [24], the book [I7] or the lecture notes by
Cardaliaguet [I3]. Notice that the interaction of the populations can be expressed via a
more general functional, but we will not discuss here the extra difficulties, or via some
Optimal Transport coupling as done in [3]. We will show that the above system can be
seen as optimality conditions for the following variational problem Fulerian.

1 o A _
inf{H(pl,vls-.-;pN,vN) | 0}, — 5 AP+ div(piet) = 0, p'(0,) ZpB,W}

where

dpidt+

H(pl ol ,pN UN) — Z/ [v?|2
b b) b) ) ‘ [OT XRd

Z/ /RdedV”fc— y)dp; ® dp dt+/Rdgi(x)dpi(T,x). (1.2)

1<j<N

J#

Moreover, we will also relate the above minimization problem with a Lagrangian rel-
ative entropy minimization problem, that is

min{J(Q",...,QY) : &{Q" = pj} (1.3)
where
J@QY...,QN) = ZJ{QW Z/ /Rd iy (z — y)defQ' © e} @ dt

+ Z/ T))dQ",



where Q' € P(Q) with Q = €([0,T]; R?) and and H(P|R) is the Boltzmann-Shannon
entropy, that is

Hiy|m) = /plogpdw, if v = pr.

When the reference measure 7 in the entropy is non indicated, is intended the Lebesgue
measure.

We denote the N-uple by p := (p',...,p").

The existence and uniqueness of weak solutions for this system will be discussed mainly
in the full space R?, but all of our results can be easily adapted to the periodic setting
of T¢. For R? we will need some condition at co then we will use the spaces:

(i) €3([0,T] x RY) = {p € €%([0,T] x RY) : lim ¢(t,x) =0, Vt};

|z| =400

(i) Lipg(R?) = {u € Lip(RY) : lim wu(z) = 0}.

|| =00
We will make the following assumptions.
A1) pj € Lipg(R?) (or pj € Lip(T%));
ph) < 400

A3

(
(A2
(A3) ¢’ € CH(RY),
(

)
) X
)
A4) V¥ x p € Cy(R?), for all p such that \/p € H(R?).

Remark 1.1. Assumption (A4) above is always satisfied if V% € €,(R?) but also, for
< q < 0. So, if

. 1 d
example, if V" (z) = W with « such that P e L], fora 573

d = 3, the Coulomb cost is allowed. The condition \/p € H*(R?) may look unnatural,
however, since p is a probability measure, it corresponds to the fact that the Fisher
information I(p) is finite. Lemma 4.1 of [7] shows that this is always the case in this
setting. The relevance of the condition /p € H 1(]Rd) is also given by the fact that such
p’s are the electron densities associated to wave functions in quantum mechanics [25]
and, in this respect, the Coulomb type cost discussed above is also relevant (notice that
in [24] the authors linked the MFG system with Hartree type equation in which case the
Coulomb interaction arises quite naturally).

Also, assumption (A4) is related to Th. Choosing to use duality with different
functions spaces would, of course, requires different assumptions.

The aim of this work is twofold. On the one hand, we introduce a non-local interaction
term, which is not only interesting for the applications (see for instance [19] 201 15l [3]
9, 22, [31] and the references therein) but also introduces a slight non-convexity. On the
other hand, we try to strip naked the structure of the problem so to be as accessible as
possible to non-specialists and students.

Compared to [5] we allow a different kind of non-locality and non-convexity in the
interaction term and, also, aside with the periodic setting, we consider problems on the



entire space R%. Working on the entire space requires some care in the use of Fenchel-
Rockafellar duality since the duality between spaces of measures and spaces of continuous
functions is different. Separate convexity, which we use to obtain the necessary conditions
for optimality, also appears in [I1]. Non-local interaction of the type considered here
also appears, for example, in [10]. Here we show that this kind of non-local interaction
can be studied also in the present variational setting.

The paper is organized as follows: Section [2]is devoted to introduce the Eulerian vari-
ational formulation (in the same flavor as [24] [14]) as well as the analysis of minimizers
and the duality. Notice here that since the interaction term is slightly non-convex we
have to introduce and study the linearized functional. In Section [3| we introduce the
Lagrangian variational formulation which, as in [6], turns out to correspond to a min-
imization of a relative entropy. Section [4] is devoted to the time discretization of the
two formulations and the I'—convergence of the discrete problem to the continuous one.
The time discretization, as well as the linearization functional introduced in section
are then useful in order to introduce a suitable numerical method in section Bl based on
generalized Sinkhorn algorithm.

2. Variational formulation

Let Py = {pueP|p<<Leb?, /|x!2d,u < 400 ¢ the space of probability measure

which are absolutelly continuous with respect to the d-dimensional Lebesgue measure
and have finite second moment (we recall that the ambient space is either R? or T9).
We will consider the metric space (P2, W2) constituted by Py equipped with the Wasser-
stein distance Wa. This is a length metric space (see, for example, [2]) and absolutely
continuous curve in this metric space will play a role. Since the functional (| . is not
convex in the couple (pi, ') we have to introduce the momentum variable m! = piv! and
re-write the functional in the following convex formulation

3o mbs. . pN,m") Z/
OT]de Pt

Z / /RdXRd Vi (z —y)dpi @ dﬁZdt + /Rd G ()dp (T, z); (2.1)

1<j<N

i

|2
MUl gpdt+

o , . . . . Omy
if p? € Py, m* << p', with a little abuse of notations, m; = 5 Zt

i
Nicodym derivative of measures, and +oo, otherwise. In the previous problem, then,
om'
opt

vt =




We will be interested in

. 1 . . . .
inf{g(plaml;'--;pNamN) | atpff - §Api—|—d1V’n’L§ = 07 pl(ovx) = ,07('), Vi = 17"' 7N

(2.2)

Absolutely continuous curves in Py are, by now, well characterized. We report here

part of the characterization which may be read, for example, in Th. 5.14 of [30]. For a
curve v in a metric space X we denote by || the metric derivative of .

Theorem 2.1. Let p; be an absolutely continuous curve in Po(RT) then for a.e. t €
[0,T], there exists a vector field v, € Ll?)t such that

Ospr + diV(’Utpt) =0, (23)

and for a.e. t we have HthL%t < |p'], where |p'| denotes the metric derivative of p.

Conversely, if p; is a curve in Po(RY) and for a.e. t € [0,T] there exists v, € Lit (R%,RY)
such that (2.3|) holds, then py is an absolutely continuous curve in Py and for a.e. t we
have |p'| < |lvellrz, -

If {pt}tecpo,1) i a curve of probability measures which solves

1 )
Opt — §Apt +div(veps) = 0,

T
/ / |Ut\2dptdt < 400
0o JRd

and p(0) = po then, by Lemma 4.1 of [7], p; is absolutely continuous since for w; :=

with

vy — %Vlog p¢ it holds
Op — div(wep) = 0,
and
T T 1 (T
/0 /|wt|2ptdxdt = /0 /]vt\2ptdmdt + 4/0 I(py)dt + H(p(T)) — H(po) < 400,

where I denotes the Fischer information, that is

1(p) = 4/|V \/pl[72

Actually Lemma 4.1 of [7] is richer and more detailed than we need and, for more,
we refer the reader to the original paper. We stress that the finiteness of the average
kinetic energy associated to the curve p; and the vector field v; implies, by (iv) of
Lemma 4.1 in [7], the finiteness of the Fisher information and the entropy of p(T,x).
In particular, if (p1,...,pn) is admissible for problem then each component p;
satisfies the assumptions above and so it is an absolutely continuous curve in Ps.



Existence of at least one minimiser of problem ({2.2)) will be proved in the next section.
It is well known that the first term of J is not convex in the couple (p*,v"). However, as
we have mentioned above, it can be rewritten as

e 2 iz
T x

2
% if ¢ >0,
fa(t, 2) = 0 ift=0,and, z =0.
400 otherwise.

where

and the functional (p%, m?) — / fa(p®, mt) is convex and lower semi-continuous (see, for

example, Th. 5.18 of [30]).
The second term is only separately convex in the N-tuple (pl, ey pN ) so, obtaining
the optimality conditions goes through a directional linearisation process which will also

be used in the following section.
Let (ﬁl,ml; e ;pN,mN) be a minimiser of (2.2)), define, for i =1,..., N

“(t, ) ;/V”x— + VI (x — y))dpl (y), (2.4)

and consider the functionals

. 2 . . . .
J'(p,m) = / mdazdt Jr/ H'dpidt + k' +/ g'(z)dp" (T, x),
[0,T]xRd 2Pt [0,T] x R4 R4

where the constant is given by

[zl

Z/ dzdt
i /[0 TIXRY 2pt
+/ I(x)dp! (T, ) + Z// VIF(z — y)dpf @ dpldt.
R4 xR4

1<k<N
J#kFi
The following proposition is slightly more than a remark.
Proposition 2.2. Fori=1,...,N, the couple (ﬁi,mi) 1§ a minimizer, among Curves
starting at py, of the functional

3'(p.m),

which is, moreover, a convex functional.



Proof. We observe that
3(pm)=3(" m" .. spom;. N, mY) > (' mts. Y mY) = 3 (pl,m).

The convexity of J° is due to the separate convexity of the only term of J which is not
convex. O

We will then make a careful analysis of a functional of the type of J¢.

2.1. Analysis of the minimizers

In this subsection, for an H which has the properties as the one defined as in (2.4)), we
will write necessary conditions for the minimization of

Pt

1 2
F(p,m) = / [md] dxdt—i—/ Hdptdt—l—/ g(z)dp(T, x),
2 Jlo,1)xRd [0,]xRd R4

among solutions of
1
{ Orpr — §Apt + divm; = 0;

As frequently in this settings, the convex analysis, via the Fenchel-Rockafellar duality,
will be the main tool. In the next two lemmas we will write F as the sum of two convex
conjugates. Since (p,m) is couple of finite measures, the natural space for duality is
the space of bounded continuous functions C,([0, 7] x RY) x C4([0,T] x R%;R?). In the

following will denote by €Z([0,T] x R?) the set of functions which are €} in time and €7
in space.

Lemma 2.3. Let (o, ) € C([0,T] x RY) x Cp([0, T x RY:RY), H defined as in (12.4])

and

0 if o+ @ <H
Ki(a, B) = 2 —
+o00, otherwise.
Then
m|? ,
400 otherwise.
Proof. This is part of Prop. 5.18 in [30]. O

Lemma 2.4. Let (o, 8) € Cy([0,T] x RY) x €,([0,T] x R%:RY) and

1
Ka(a, B) = /Qﬁ(O,:L‘)podaj if a = —0ip — §A¢ and B = =V,

400 otherwise;



for some ¢ € C2([0,T] x RY), such that ¢(T,x) > —g(z). Then

1 .
[o@pTa)de if o~ 5ap+ divim =0, p(0) = po

400 otherwise;

K5(p,m) =
Proof. By the finiteness condition on Ko we can write

K (p.m) = supd (010~ 586,9) — (Vo,m) — [ 6(0.)p(a)ds |
¢ € C([0,T) x RY), ¢(T,z) > —g(x).}

Since we will need to integrate by parts, we first show that the sup can be considered on
Co° functions. Let ¢ be admissible for the sup above and let 5 be a positive constant and
R such that spt(g) cC B(0, R). The function ¢° := ¢ + f still satisfies the regularity
constraint but, in addiction, it satisfies ¢°(T,z) > —g(x) + 8. Letting 8 go to 0 the
value of

(-0:6° = 580" p) — (V6% m) — [ 6P(0.0)m(a

tends to the corresponding value for ¢ from which it differs only for 5. To adjust the
support we consider a smooth cut-off function ygr such that 0 < yg < 1, xg = 1 in
B(0,R) and xg = 0 in R?\ B(0, R), the gradient and the Hessian of xr are bounded
independently of R. We then consider qﬁ% = XR(bﬁ . By the choice of R we have that
gb% > —g and gb% > —g+ [ in a neighborhood of the support of g. Letting R go to +o0
the value of

(~0u6y ~ 5500 — (V6um) — [ 63(0.2) ()i

tends to the corresponding value for o’ by the dominated convergence theorem. Finally,
we need a smoothing of the function. Since it has compact support, g is uniformly
continuous. So that we may choose 0 smaller then dist(spt(g), 9B(0, R)) and such that
if |x—y| < d then |g(z)—g(y)| < B. Choose a smoothing parameter ¢ < § and a standard
spatial mollifier .. Consider qﬁ%s = (g % (ﬁfz- By the uniform convergence, letting ¢ go
to 0, the value of

(0055 — 500 0) — (Vosm) — [ 00 (o),

tends to the corresponding value for d)%. So we only need to check that ¢ R’E(T , -) satisfies
the constraint. Let x be in a neighborhood of sptg such that ¢]BDL > —g+ 3 then we have,



by the choice of ¢

(T, x) = / ey — )t (y)dy > —/ ve(y —x)g(y)dy +
B(z,e) B(ze)
> / wely — 2)(g(x) + B)dy + B = g(x).
B(z,e)

In points z far away from spt(g) the inequality is true since the functions remain non-
negative. We may now assume that ¢ is regular enough. Integrating by parts gives,

sup{(qb,@tp—pr-kdlv /gb (T, 2)p(T, daz+/d> (0,2)p(0, x)dz— /qbo Ydpo(z)}.

We consider, now, the sup over suitable subsets of {¢ € GO([O TIxRY), ¢(T,z) > —g(z)}.
First, let ¢ be admissible and such that ¢(0,z) = 0 and ¢(T,z) > —g(x). For every
@ € €((0,T) x RY)) the function ¢ + ¢ is admissible. Considering the sup over the
(affine) space b+ Co° gives that unless

1
Opt — iApt +divm; =0

in the sense of distributions the sup is +oo.
and

p(07$) = Po

the sup is +o00. If these last two conditions are satisfied then

Ks(p.n) = [ 9(0)o(T. ),

By Fenchel-Rockafellar duality

Proposition 2.5. Weak duality holds

min{Xj(p, m) + K5(p,m)} = sup{—X1(a, ) — Kao(—a, —B)}

According to the expression of the functionals obtained above

min g o, ) + 5300, m) =i | / + [ Hap+ [ g

if m << p and atp—iAp—Fdivm:O,}



which is our original problem. On the other end the right-hand side is

sup { [ ot0.2)dmiz) | 6 € (0.1) x B,

Ve[

~ow- 320+ L < oty <900} 29)

Concerning the existence of a solution for this last problem, we have

Theorem 2.6. There exists a Cg solution ¢ of

V2 _
2

0~ A+
0(T,2) = g(x)

H(t,z),

[ o0 = @3,
and such 1 is a maximizer for problem (2.5)) above.

Proof. Setting u(t,z) := (T — t,z) the problem above is transformed in

[Vul?
=

8tu - %AU +
u(0,z) = g(z)

H(T —t,z),

Then the Hopf-Cole transform v(z,t) = e~ 2 gives the further simplification

1 1
0w — §Av = —UQH(T —t,x),
(=)
v(0,2) =e 2

H(T -t
So, setting h(z,t) := —M we can look at the solutions of the Heat equation. By

assumptions (A1), (A4), Remark [1.1]and Lemma 4.1 of [7], & is continuous and bounded.
So that, according also to our assumptions on the functions ¢° we can apply Theorem
5.1 of [23] (page 320) which gives a €2 solution of the problem. Since H, defined by
is bounded by assumption (A4), one get, by the comparison principle || < (1 +T)C
(see also [I3]. The maximum principle implies, then, the maximality of . ]

We conclude the section by connecting everything back to the system (|1.1),

 Omt

Theorem 2.7. Let (pl,ml,...,pN,mN) be a minimizer for (2.2), define v' = a—mi,
. Pt

and +o0o, otherwise and, for all i = 1,...,N, let u' be a mazimizer for 1) with
H = H' (defined in equation (2.4))), po = py and g = g'. Then v' = —Vu' and

(pl,...,pN,ul,...,uN) is a solution of (|1.1)).

10



Proof. Let us consider a maximizer u’ to , it is easy to show that associated to the
vector field —Vu!, there exists an absolutely continuous curve j° satisfying the Fokker-
Planck equation with initial condition pé. Thus, the couple (ﬁi, m') with m! = —Vu'p' is
now a competitor for the primal problem. Indeed, we have, for every minimizer (pi, mz)

and by

~Z‘ 2 . . . .
/ |m| dadt + / Hidpidt + / g'(x)dp' (T, z) >
[0,T]xRd 2P} [0,T]x R4 R
i2 . . . . . .
/ ’mldﬂ:dt—i—/ H”dpidt—}—/ g'(x)dp* (T, x) 2/ u*(0, z)dpgy(x).
[0,T]xRd 20} [0,7] x R4 R4 Rd

(2.6)

Since u! is a maximizer, which saturates the constraint in (2.5) by Theorem m, then

[ Hagas [ ) -
[0,7]xR4 Rd

1V . .
/ <—8tuZ—Au’+| v )d,&iJr/ W (T, 2)d (T, ) =
[0,T] xRd 2 2 Rd

oo s LA s vu'? i i
/ u' (Oepy — §Apt)dxdt +/ | ; | dpidt —l—/ u*(0,z)dpy, (2.7)
[0,7]xRd [0,7]xR4 R4

where we have integrated by part and exploit the fact that j° solves the Fokker-Plank
equation with initial datum pg and vector field —Vu'. Moreover,
the last line turns out to be equal to

/ i (— div () dzdt + / ’V;” dpidt + / W (0, z)dpb.
[0,T]xR4 [0,7]xR4 R4

Combining with 1 , integrating again by part the first term in the above equation and
that m; = —Vu'p; we get

/ V' [ pidadt — / (V' pydadt + / u'(0, x)dpp ()
[0,T]xR4 [0,T)xR4 R4

22 . . . .
> / ’ml dadt + / Hidpidt + / ' (x)dpi(T, z)
[0,T]xRd 2P} [0,T]xRd Rd

>/Rd u' (0, z)dpi (). (2.8)

It easily follows now that v* = —Vu’. is optimal for the primal problem.

O]

11



3. The Entropic problem

In this section we focus on a Lagrangian formulation to based on a minimization of
a relative entropy. In particular by proving the existence of a solution to the Lagrangian
formulation we deduce the existence also for the Eulerian one.

Let Q := (C([0, T],R%), || - [|oo) and let R® € P(Q) be Wiener measures defined by

R' = /R | P00y Bi () ()42

where the B; are the classical Brownian motions. For Q° € P(Q) consider the following
variational problem to which we will refer as Lagrangian

min{J(Q",...,QY) : Q' = ph) (3.1)
where
J@QY,....QN) Z}CQ’]PJ Z// V(z - y)defQ’ @ defQ’dt
1<1<N R xR4

+ Z / (x)de] @',

where e} : P() — P(R?) is the evaluation map at time t; furthermore, notice that for
every t € (0,77, eﬁ is continuous for the narrow convergences.

Remark 3.1. Taking Q° = R' gives at least one point at which J is finite. In fact, in
that case, the entropy terms are equal to 0. For the other terms, it holds:

/ [, Ve-ndreagra - / [ V)t o) e ()
]Rded dxRd

where H; is the Gaussian kernel, that is

1 K&
Hy(z) := @ni) exp< 5 ) t>0, ze R

This integral is finite by assumption (A4). Analogously,
[ gl m = [ gt ) o)
R R4

which is also finite by the assumptions on ¢* and p%).

Theorem 3.2. The minimum in (3.1) is finite and there exists a minimizer (@1, .. ,@N).

Proof. By Remark n 3.1] above the infimum of J is finite. Let {(QL,...,QN)}nen be a
minimizing sequence, so that J(QL,...,QY) < C. Since V is bounded from below we

12



have

Z%QZR“rkJrZ/ d@wmax{z/ (0, 2)dp — / 2(0,0(0))dQ,}
<Y s@IR) + Y / /R Ve )adQ’ e dQiar

1<i,j<N

i

23 / T)Q + max( 3 / (0,2)dgiy — / 2(0,0(0))dQ")
<C,

where we remind that € is the set of continuous paths €([0, 7], R%). The above inequality
implies, since the other addenda of the first term have linear growth

H(QLIRY) < Cy, Vi.
Thus (see appendix), up to subsequences, there exists Q' with
n

and since all the terms constituting J are lower semicontinuous, (Ql, QN ) is a min-
imizer.

The first term of .J is the entropy which is lower-semicontinuous (see Lemma 9.4.3 of [2]
and the appendix), the second and the third terms are given by continuous functionals
composed with the continuous operator ) +— eéQ finally the last term is the sup of
continuous functionals and l.s.c. as such. O

From now on, we denote Q! = eﬁQ’ vt € [0,T].

The next theorem from [7] relates the Lagrangian problem (3.1) to the Eulerian for-
mulation of system (|1.1]) that we discussed in the prev1ous sectlon ThlS Wlll allow us to
obtain the existence of a minimizer (p*,m'...,p",m") for problem (2 ([2-2). Since only
the first term of the energy in depends on m, given a curve p € G([O, T7]; (P2, Wa))
we define

T 1 .
&(p) := inf {/ / |vt]2dptdt 2 Opr — =Apy + div(vpy) = 0} ,
v (2Jo Jre 2

and then, we decompose the minimization (2.2]) in a two steps minimization writing it

13



as

T .
inf{ZE(pi)—i— Z / /d dV’vJ(;U—y)dp,?@dp{dt
i 1<<N 0 RIxR

i
+/ gi(x)dpi(T,x) : pi € e([O’T]; (:P%WQ))’ pi(O,x) = 067 Vi = 17 U 7N}' (32)
R4

This last problem only depends on the curve p since the role of m (or v) has already been
encoded in €. In an analogous way we can decompose also the minimization problem

B1) as
. T .. - .
inf { Z S(p') + Z / / Vh(z — y)dp; @ dpldt
; 0 JRIxRI

1%]%%N
+ /Rd gl(x)de(Tax) : pi € e([()?T]v (:P%WQ))? p’(O,x) = pé? Vi = 1) T 7N}7 (33)
where ' o ' A
8(p') = mf{H(Q'|R") | Qt = py, Y € [0,T],} (3.4)

so obtaining a problem which depends only on the curve p!. Then using the following
result of [7] we have the existence of a minimizer of (2.2)) from that of a minimizer of

(3-1).
Proposition 3.3 (see corollary 4.7 of [7]). If po € P2 and H(po) < +oo then
8(p) = E(p) + H(po)-

Theorem 3.4. There exists minimizers of problems (3.2)) and (2.2)).

Proof. If Q = (@1, . ,@N) is a minimizer of problem (3.1)), the curve Q, := (7*,...,7")
is a minimizer of problem (3.3]). By Proposition above, problems (3.2)) and (3.3)) have

the same minimizers (while the minimal values differs by a constant). So (7°,...,7")
is also a minimizer for problem . If we choose, then, for each i € {1,...,N},
v" a vector field as in the definition of &(p°) and consider T’ := v'p" we have that
(ﬁl,ml, .. ,ﬁN .mY ) is a minimizer for problem . ]

4. Time discretization and I'-convergence

Before introducing a suitable discretizations we shortly recall the two equivalent prob-
lems we studied above. The main player in those problems is a vector curve of probability
measures

p € (C([0,TT; (P2, Wa))) V.
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Given a positive integer K the discrete version of the p above is a N-tuple of (K + 1)-
vectors of probability measures

pr € PETL o PEFL

So the i-th components pé, ..., phe of pt is a discrete version of the i-th curve. To this
(K + 1)—tuple of probability measures we can associate the piece-wise constant curve

i i I G+1)T
B(t) :pj’ for t € |:K7(I())

The ambient space for the Eulerian versions of the problems was
Ao ={p:[0,T] = (P2)" | abs. cont. and s.t. p(0) = po}.
We may first introduce the discretized space
AK = {pg e (PSETHN o pi— i i=1,... N}
We say that pg — pas K — 4ooifforalli=1,...,N

sup Wa(p'(t), p'(t)) = 0.
t€[0,T

Given N continuous curves of measures Pt e €([0,T], (P2(RY), Wy)), that is p' : t €
[0,T] — pi € Po(R?), we defined the minimal energy &(p), the minimal entropic cost
8(p), as well as the cost

F(pt,-- Z // V(z—y dpt®dp{dt+2/ x)dp'(T, z).
Rd xR

1<i,5<N

i

Thus, the minimization problem (2.2)) and (3.1) can now be re-written in the following
way

N
inf{> " E(p') + F(p',-- o) | p € Ao}, (4.1)

=1

and N
inf{> " 8(p") + F(p",-+-,p") | p € Ao}. (4.2)

=1

We define the time discretization of (4.1)) as

lnf{z SK + FK( )Tt 7pN) | PK € iTK}? (4'3)
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where

. Kil . .
e8(p") = D Ex(Ph: Phsa):
k=0
with
1 [% 1
Er(p,v) = inf{/ / lug|*dpedt | Bgp — = Apy + div(pevy) =0, po = p, pr = v},
K 2 0 R4 2 K
and

K = {(p1> e 7pN> € ((?Q(Rd)7w2)(K+l))N | p6 = p%)a Vi = 11 e )N}

In a similar way one can discretize in time the Lagrangian counterpart

as well as the interaction term and the final cost
T K—1
Tl = > S [ vy dpk®dpk+2/ r)dpic. (45)
R4 x R4

where, we recall, p° stands now for a vector of measures, that is p* € Py (Rd)(K +1) which
discretize a curve of measures. Notice that (4.4) can be equivalently reformulate as a
classical multi-marginal problem; that is for i = 1,.., N we have

8" (p") := inf{H(m|Rx) | mic € (P -+, Pl (4.6)
where TI(p}, - -+, pl) is the set of probability measures on (RHE+L having pY, -, P
as marginals and
. T .
Ry = (% ex, - el R

Then the discretized (4.2]) takes the form

Hlf{ZSK +?K 7pN) ‘ <p17"' 7pN) € ‘IK} (47)

Theorem 4.1. As K — 400,

N
ZSK )+l ") B e + (ot oY),
i
Proof. I' — limsup inequality Let p € Ay be such that

Z &(p") + F(p) < +oo0.
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We consider the discretization pg of p given by p; = p(ij ) where the times §JK
T T
[j 7a G+ 1)—= ) for j =1,..., K —1 are chosen according to Remarkbelow, & =0

and ¢5 w =T . Since t — p; is uniformly continuous, the convergence,

PK — P,

is verified. We check the convergence of each term of the functional, starting with FX.
Since t — p; is Wy continuous, it is w* continuous and since (z,y) — V(z — y) is lower
semi-continuous, the same holds for

e / y)dpi(z) ® dpi (y).

i)

And this last map can be considered as g in Remark By the choice of discretizing

times
[ d@asi= [ ¢ (1.a)
Concerning the energy term, it is enough to study the convergence for each 7. In the

o T
addendum & r (py,, p}. 1) we may take p <t — kK) and the corresponding optimal vector
K

field v as test function so obtaining

(Phr Pry1) < E(P1),

T
K
which, passing to the limsup as K — +oo concludes the proof of the I' — lim sup

inequality.
I' — liminf inequality Let p € Ag and let px — p. We have

KZ Z /Vw— )dpj, @ dp], = / Z/ z —y)dp! @ dpldt.

k=0 1<i,j 1<i,j<N

Z#J i#]

The very definition of convergence px — p implies that Bi ® EZ = dp! ® dp{ for all ¢,¢, 5.
Since V is lower semi-continuous

u®yr—>/V($—y)d,u®dy,

is wx lower semi-continuous, by the lower semi-continuity of the integral

L inf _
érgiréo/ Z / x dpt®dp]dt

1<:,5<N

i#j
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Concerning the last addendum of the functional

/ dpfﬁ/ )y,

since ¢’ is continuous and bounded by assumptions. So let us look at the energy term

&X', This term may be studied as in [7] by usual methods in Calculus of Variations. Also

in this case it is enough to study &X(p?). Since we may assume that the total energy

of pg is bounded, the same holds for €% (p?). Let px, ¥k be an almost minimizer for
. T .

EX(ph), i.e. pr : [0,T] — Py is absolutely continuous, jg (JK> =p;forj=0,....K

’lN)K’t € L%z’

~ 1. . .
Opr — §APK +divigpr =0

C > eX(p! )>/T/’ﬁ’“’2dﬁ;< dat— -
> K) = ; 9 i K

We estimate the total variation of the measure my := g px in [0,T] x R%. Using

~2
c>/ /‘K’ddt

and the Young’s inequality we obtain

and

7o, r1xre < C + 121l j0,77xR4-
Since {px} is also bounded in total variation we have that, up to subsequences
(ﬁKv Th}() = (p7 m)?

with (p, m) solution of

1
Ospr — iApt + divm; = 0.

Since m = vp for a suitable v and applying the lower semi-continuity Theorem 2.34 of
[1], originally from [12], we have,

2
liminf €% ( >hm1nf/ /| O dpk ¢dt =

K—+oco K—+o0
= 12
liminf/ [ ’“‘ddt>// B2 qudt > €(p1).
K—+o00 20Kt 2p¢

O]

Remark 4.2. Let g : [0,T] — [0, 4+00) be a lower-semicontinuous functions and let K € N.
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; T T
There exists points &} € {jK, (j+ 1)K> such that

T K-1 ; T
— dt.
7 Lol [ atnar

Jj=1

5. Numerical Approximation

We now present a numerical scheme in order to solve the discretized in time problem
. In particular the scheme is based on a variant of the Sinkhorn algorithm, success-
fully used to solve many variational problems involving optimal transport [21], 6, 4 [S]
28, 29, [18], 27] and it is an adaptation of the scheme introduced in 7, [3]. More numerical
schemes for multi-population MFG have beed developed, for example, in [16] based on
some previous works of the same authors.

We recall that reads as:

N
inf{ZSK(piH?K(p’}--- ) (', p') € TK}
i=1

where 8% is itself defined by which is an entropy minimization with multi-marginal
constraints.

Denoting P* : (RH)EFL — (R?) the k—th canonical projection we can obviously
rewrite as an optimization problem over plans 7T§V only:

N
inf {ZJ{(HK!R’K) + i (Pymy,) + G(PL )
=1

1T (P, Pyrld) - (rio), e(?((R%K“»N}, (5.1)

where Pyl = (Piw%, e ,Pﬁﬁ%), G is the final cost and is of the form G(p) = /gdp7

and
o () 0if p=pg
7/ pr
potp +00 otherwise

is the indicator function in the convex analysis sense and is used to enforce the initial
condition. We recall that for all ¢ = 1,--- , N, the static reference measure R} in the
relative entropy term is defined as follows

Ry = (€, e%, el R

Moreover, since we are considering the reversible Wiener measure, it turns out that R
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can be decomposed by using the heat kernel as

K
= (H Hz (g - xk—1)>dpo($0), ---dag,

k=1

where
Ht(Z) =

2
exp(—M>,t>0,z€Rd,

(2mt)d 2t

and |- | denotes the standard euclidean norm. We also need a discretization in space, for
instance we use a M grid points to discretize RY, then 7% and R% become tensors in
RMN | For sake of simplicity we will keep the continuous in space notation, but form now
on integral must be understood as finite sums and g, - -+ ,xx as M vectors. Notice that
thanks to the euclidean norm, the heat kernel Hy(z) can be decomposed as a product
along the dimension of the one dimensional kernel, that is

d
Hy(z) = H hi(z)),

where hy(z;) is the heat kernel in dimension one. This implies that, instead of storing a

matrix Hy , one can just store d small matrices belonging to RWX W. One
can now try to generalize the algorithm introduced in [I8] and its multi-marginal variant
[6] to the multi-population case in the same flavour as [3]. However, since the interaction
term between populations is non-convex, it happens that we are out of the domain of
application of Sinkhorn algorithm. A way to overcome this difficulty is through a semi-
implicit approach in order to treat the interaction term, that is at step n+1 the ¢—th plan

wig(nﬂ) is computed as the optimal solution of a linearized problem obtained by injecting

c RMXM

the j—th, with j # ¢, plans ﬂﬁ(n) computed at the previous step: foralli=1,--- | N

ﬂ_i,('fl-'rl) = argminné(e?((Rd)K+1) {}C(T{'}(|R§<) + Zp%) (Pgéﬂ-}g) + G(Pf%(ﬂ-}()

+FK (P#Trg()} , (5.2)

where . |
?ZK(P#W}() = ?K(P#ﬂ}(’,(n—i-l)’ . ,P#Tl'}(, ce 7P#7Tg’(n))

We now have to solve N finite-dimensional strictly convex minimization problems. Then,
for each problem strong duality holds and (5.2]) cab be re-written as follows

sup  —Fg (—up) — G*(—ul) — T (—uy, -, —ufey)

(U%,,ul}{)
K 7 %
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where with a slight abuse of notation F; denotes the sum of the Fenchel-Legendre

transform of each term in fﬂK . Denoting by Wﬁ’((nﬂ) and u>"Y the optimal solution to

(5.2) and (5.3]), respectively, it follows that the unique solution to ([5.2)) has the form

5, (n ui’(n b T 7
@)= (e et ) (e,

where © = (zg,- - ,TK).

Remark 5.1 (Structure of the optimal solution). By definition of the linearized term F%
it follows that the JF; is just a sum of indicator function in the convex analysis sense;

this implies that for all k =1,--- | K — 1

uZ’(nH)(m) => / VI (y — yk)Pi;’(n) (yr)dyr,
J#i

Yi) = Pmﬂﬁ(n) is the marginal of the solution computed at the previous

(n) (

where pi’
step. In the same way if the final cost if of the form G(p) = /gdp then u?(mK) =

gi($K). For sake of clarity we consider always these kinds of functional, even if the
algorithm can be defined with more complex functional (we refer the reader to [6] 3]
for some examples with 1 or 2 populations; the extension to N populations is then
straightforward).

Notice that thanks to the remark above the generalised Sinkhorn algorithm takes now
the following form.

In the following numerical results we take a space M x M discretization of [0, 1) with
M = 100 and a time discretization of [0,1] with K = 32 time step. Let us, firstly,
consider the 2 densities case: we have always considered the same initial data

pp = exp(=50(z! —.2)2 = 50(y* — .5)?), pd = exp(—50(z* — .8)* — 50(y* — .5)?)
and the same final costs
gt =50((z} —0.8)2 + (y! — 0.45)?), ¢* =50((z? —0.2)% + (y* — 0.5)?),

such that we expect the two Gaussians to switch position. As for the interaction potential
we have considered in Figure a strong repulsion given by V' (z,y) = 120X||4—y||<0.2(7; Y)

|z —yll )
tice in both cases the effect of entropic term which oblige the densities to spread but

at the same time the effect of the repulsive interaction forbid them to touch each other
(the distance between them depends on the kind of the repulsion term).

and in Figure a truncated Coulomb repulsion V(x,y) = min | 1000, No-

It is now straightforward to extend the theory and the numerical method to a slightly
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Algorithm 1 Multi-population Sinkhorn

3 . i,(O) _
Require: v, =0

N
1: while Z ||p6’(n) — pbl| <tol do
i=1

2 fori=1:N do
3 for k=0: K do
4: if £ =0 then

i,(n+1 i i,(n i
5 ug " = log(ph) — log (/ (exp (@ uit )))RK)
6: else if £ # 0, K then

i,(n+1 3. i,(n

uK( ) = Z/V 7 (x, —yk)pi( ) (i) dyi
i

8: else if klz K then
9: u}’{(n+ ) = g
10: end if
11: end for
12: end for

13: end while

0.4

02

0.0
10 0.0 02 0.4 0.6

t=3/4

t=5/8 t=17/8

Figure 5.1: Support of p* and p? for V(z,y) = 120X|[z—y||<0.2(7, Y)-

more general model with a viscosity parameter . The Mean Field Game system (|1.1))
now takes the form :



t=15/8 t=3/4 t=17/8

1
Figure 5.2: Support of p' and p? for V(z,y) = min (1000; [l = ||)
r—Y

i Eai 1 02 _ i, j

J#i
) . o 5.4
Oup} — 500} + iv(Va ) = 0, o4

§1(0,2) = pb(), w'(T,x) = g'(a);

The Lagrangian formulation (3.1]) we have proposed becomes
min{.J.(Q',...,QY) : egQi = pb} (5.5)

where

T
Z / / Viz— y)de§Qi ® deﬁdet
0 JRixRd

1<i<N

JF

i T ryi
+ ;/Rdg(x)deﬁ )

where R. are the reversible Wiener measure induced by a Brownian motion with variance
€. Notice that one could choose different ¢ for each population. In particular, if we
discretize the problem in time, we have that the reference measure Ré’ % can be still
decomposed by using the heat kernel H.(z).

J(QY,....QN) = ZJ{(QHR@) +
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Notice that we can still use the algorithm we have introduced above, but the per-
formance, in terms of iterations to converge, will be affected by small values of . At
least formally, when the viscosity is small, is an approximation of the following
Lagrangian formulation of first-order variational mean-field games (see [5] for the one
population case)

min{X(Q",...,Q"Y) : fQ" = pj} (5.6)

where

T
K(QL,...,QN) = ZK(Qi)—i— Z/O /RdXRdV(:L’—y)deﬁQi@deﬁdet

IFi
+ Z/Rd gi(m)de{Qi.

where
T
KQ =3 [ [ tPange) (5.7)

This also implies that we can use the Sinkhorn algorithm, with small e, in order to
approximate the solution to first-order MFGs. In Figures and [5.4] we have considered
the same data as above but with ¢ = 0.005; notice now the effect of a weaker diffusion
term which prevents the densities from spreading. Finally, we consider a 3 populations

10

0.8

0.6

0.4

02

0.4 0.6 0.8

t=5/8 t=3/4

t=17/8

Figure 5.3: Support of p* and p? for ¢ = .005 and V (z,y) = 120Xz —y||<0.2(7, Y)-
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t=17/8

1
Figure 5.4: Support of p' and p? for € = .005 and V (z,y) = min (1000, —” ||)
rT—Y

example with initial data
pb = exp(—50(z' —.2)2 = 50(y* — .5)?), p2 = exp(—50(x? — .8)% — 50(y? — .5)?),
po = exp(—80(z” — 5)* = 80(y* — .1)?),
and final costs
gt =50((21—0.8)2+(y1=0.5)?), ¢ = 50((z%—0.5)*+(y*—0.1)?), ¢° = 50((2*—0.2)*+(y>—0.5)?)

which induces a rotation of the populations. In Figure [5.5 we plot the evolution of
support of the 3 densities considering as interaction term the strong repulsion we have
taken above.

A. Entropy and the De la Vallée Poussin Theorem

The existence of minimizers for J relies on the compactness of minimizing sequences
that follows from the super-linearity of the entropy functional. This is a classical fact
which we shortly report here for the reader’s convenience.

Let p and o be two probability measures on a metric space X. We say that u is
absolutely continuous with respect to o if there exists a function f € L} such that

p= f(z)o,
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Figure 5.5: Support of p', p? and p? for V(z,y) = 120X||g—y||<0.2(T; Y)-

d
and in this case we write u << ¢ and we use the classical notation f = d_,u
o

The relative entropy of u with respect to o is defined as
d
/ g ( )da if p <<oao,
H(plo) =

otherwise.

Following [2] (Example 9.3.6) one can introduce the function

s(logs—1)+1 if s >0,

H(s)=<¢ 1 if s =0,

400 if s <0,

which is nonnegative, lower semi-continuous, strictly convex and super-linear at +oo.

Then it holds d
1
= [ Hl - :
H(plo) / (da)da,

H(plo) =0+« pu=o.

and

This way to rewrite the relative entropy is handy to make a connection with the De la
Vallée Poussin theorem. In fact, let {4 }icr C P(X) be such that H(p;|0) < C then the
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dp;
family { dM } C LL(X) is weakly compact thanks to the the theorem
9 )ier

Theorem A.1 (De la Vallée Poussin). Let {f;}ie; C L. then the following are equivalent

o the functions {fi}icr are uniformly integrable (and then weakly compact in L}, by
the Dunford-Pettis theorem,

o there exists a function ¢ : Ry — Ry non-decreasing and such that

t
im 29— o

such that / o(|fi))de < C.
X

A second advantage of writing the entropy using the function H is the lower semi-
continuity with respect to the weak Lll,—convergence of the densities, in the sense that
if

g
then
lim inf n)do > do.
im in /XH(f) 0>/XH(f) o
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