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We propose a MFG model with quadratic Hamiltonian involving N pop-
ulations. This results in a system of N Hamilton-Jacobi-Bellman and N
Fokker-Planck equations with non-local interactions. As in the classical case
we introduce an FEulerian variational formulation which, despite the non con-
vexity of the interaction, still gives a weak solution to the MFG model. The
problem can be reformulated in Lagrangian terms and solved numerically
by a Sinkhorn-like scheme. We present numerical results based on this ap-
proach, these simulations exhibit different behaviors depending on the nature
(repulsive or attractive) of the non-local interaction.
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1. Introduction

The aim of this paper is to establish a variational formulation (both Lagrangian and
Eulerian), as well as a suitable numerical methods, for quadratic second-order Mean
Field Games which involve N different populations interacting through a given non-
local functional. Let d be the dimension of the space; then for i = 1,..., N we consider
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the following coupled PDE system.

T . . ,
—ou’ — ~Au' + |V = Z/ (V” (x—y)+ VI (x - y)>pjdy,
2 2 — JRd
1 J#i
opt — EApi — div(Vuip') =0,
p'(0,2) = pj (@), u'(T,z) = g'(x);

(1.1)

where p € Pae(RY) and ¢ € €°(R?Y) and V¥ is a given positive and lower semi-
continuous potential, the full set of assumptions is given at the end of this introduction.
In the paper, we will mostly use the more compact notation p; for p(¢,z). Since ¢t — p;
will be an absolutely continuous curve with values in the space of probability measure
equipped with a Wasserstein distance (see section 2) the initial datum py will be assumed
in a straightforward sense.

Mean-field games involving several populations have been studied recently by [20] 21,
16l [3, 9], 23], B2, 27]; for some more details about the theory of MFG we refer the reader
to the seminal work by Lasry and Lions [24], the book [I8] or the lecture notes by
Cardaliaguet [I4]. Notice that the interaction of the populations can be expressed via a
more general functional, but we will not discuss here the extra difficulties, or via some
Optimal Transport coupling as done in [3]. We will show that the above system can be
seen as optimality conditions for the following Fulerian variational problem .

lnf{ﬂ(plvvl;---;prN) | Ot = A1+ div(pivy) = 0, p'(0,2) ZPO,W}

where

W'
Apt vl N oY) = / dpydt+
Z: OTIxRE 2

> /OT /Rded ;(V”(w —y) + Vi — y))dpé ® dpldt + /Rd g (x)dpi (T, z). (1.2)

1<G<N

JF

Moreover, we will also relate the above minimization problem with a Lagrangian rel-
ative entropy minimization problem, that is

min{J(Q,...,QY) : egQi = pb} (1.3)




where

Q@) = SR+ Y[ (Vi )4 Ve ) )l o Qi

' 2
+ 3 [ g

where Q' € P(Q) with Q = €([0, T];RY), R’ is a well-chosen reference measure which
will be defined in Section 3 and H(P | R) is the Boltzmann-Shannon entropy, that is

H(vy|m) :/plogpdm if y = pr.

When the reference measure 7 in the entropy is non indicated, is intended the Lebesgue
measure.

We denote the N-uple by p := (p', ..., p").

The existence and uniqueness of weak solutions for this system will be discussed mainly
in the full space R%, but all of our results can be easily adapted to the periodic setting
of T¢. For R? we will need some condition at co then we will use the spaces:

(i) C3([0,T] x RY) = {¢ € €*([0,T] x RY) : lim ¢(t,x) =0, Vt};

|z| =400

(ii) Lipg(R?) = {u € Lip(RY) : lim wu(z) = 0}.

|| +o00
We will make the following assumptions.

(A1) pj) € Lipg(R?) (or pjy € Lip(T));

(A2) H(ph) < +o:

(A3) ¢' € CJ(RY),

(A4) V¥ x p € Cy(RY), for all p such that /p € H'(R?).

Remark 1.1. Assumption (A4) above is always satisfied if V% € €,(R?) but also, for

1 . 1
= W with « such that W e L] fora 505

d = 3, the Coulomb cost is allowed. The condition \/p € H*(R?) may look unnatural,
however, since p is a probability measure, it corresponds to the fact that the Fisher
information I(p) is finite. Lemma 4.1 of [7] shows that this is always the case in this
setting. The relevance of the condition /p € H 1(Rd) is also given by the fact that such
p’s are the electron densities associated to wave functions in quantum mechanics [25]
and, in this respect, the Coulomb type cost discussed above is also relevant (notice that
in [24] the authors linked the MFG system with Hartree type equation in which case the
Coulomb interaction arises quite naturally).

Also, assumption (A4) is related to Th. Choosing to use duality with different
functions spaces would, of course, requires different assumptions.

example, if VI (x) < ¢ < c0. So, if



The aim of this work is twofold. On the one hand, we introduce a non-local interaction
term, which is not only interesting for the applications (see for instance [20] 21, [16], [3]
9, 23, [32] and the references therein) but also introduces a slight non-convexity. On the
other hand, we try to strip naked the structure of the problem so to be as accessible as
possible to non-specialists and students.

Compared to [7] we allow different kinds of non-locality and non-convexity in the
interaction term and, also, aside with the periodic setting, we consider problems on the
entire space R, Working on the entire space requires some care in the use of Fenchel-
Rockafellar duality since the duality between spaces of measures and spaces of continuous
functions is different. Notice also that in [7] the authors mainly focus on the equivalence
between the Eulerian and the Lagrangian formulation whereas, here, we also prove the
equivalence between the Euler-Lagrange equations of the minimization problem and the
MFG system. The separate convexity, which we use to obtain the necessary conditions
for optimality, also appears in [II]. Non-local interaction of the type considered here
also appears, for example, in [10]. Here we show that this kind of non-local interaction
can be studied also in the present variational setting.

The paper is organized as follows: Section [2]is devoted to introduce the Eulerian vari-
ational formulation (in the same flavor as [24] [I5]) as well as the analysis of minimizers
and the duality. Notice here that since the interaction term is slightly non-convex we
have to introduce and study the linearized functional. In Section |3| we introduce the
Lagrangian variational formulation which, as in [6], turns out to correspond to a min-
imization of a relative entropy. Section [4] is devoted to the time discretization of the
two formulations and the I'—convergence of the discrete problem to the continuous one.
The time discretization, as well as the linearization functional introduced in section
are then useful in order to introduce a suitable numerical method in section Bl based on
generalized Sinkhorn algorithm.

2. Variational formulation

Let Py = dpeP| << Leb?, / |z|?dp < 400 p the space of probability measure

which are absolutely continuous with respect to the d-dimensional Lebesgue measure
and have finite second moment (we recall that the ambient space is either R? or T9).
We will consider the metric space (P2, W2) constituted by Py equipped with the Wasser-
stein distance Wy. This is a length metric space (see, for example, [2]) and absolutely
continuous curve in this metric space will play a role. Since the functional is not
convex in the couple (pi,v") we have to introduce the momentum variable m: = piv! and
re-write the functional in the following formulation where the first term (i.e. the kinetic
energy term) is now jointly convex in the two variables (we will see later that this makes



the linearized functional convex)

i
Jpt,mt . N, mPY) = / ——dxdt+
zi: [0,7]xRe 20}

>, /OT /RR ;(Vi’j(x —y) + VI — y)>dp§ ® dpldt + /R g (x)dpi (T, 2); (2.1)

1<G<N
J#
e g i — . . i 87”%
if p? € Pa, m' << p', with a little abuse of notations, m; = 95 denotes the Radon-
Pt

Nikodym derivative of measures, and +o0, otherwise. In the previous problem, then,

;,  om'
vt = —.

op

We will be interested in

inf{g(pl’ml;” : 7pN7mN) | atpz - §Api +d1vmi - 07 pz(O,II}) = p67 Vi = 17 7N

(2.2)

Absolutely continuous curves in Pg i.e. absolutely continuous curve in the metric space

(P2, W) are, by now, well characterized. We report here part of the characterization

which may be read, for example, in Th. 5.14 of [31]. For a curve 7 in a metric space X
we denote by |7/| the metric derivative of ~.

Theorem 2.1. Let p; be an absolutely continuous curve in ?g(Rd) (namely, p; €
AC([0,T); P2(RY))) then for a.e. t € [0,T], there exists a vector field vy € Lit such
that

8tpt + diV(’Utpt) == 0, (23)
and for a.e. t we have HUtHLgt < 1p'|(t), where |p'|(t) denotes the metric derivative of p.

Conversely, if py is a curve in Po(RY) and for a.e. t € [0, T there exists vy € L?)t (R?, RY)
such that (2.3|) holds, then py is an absolutely continuous curve in Po and for a.e. t we
have |p'|(t) < vt rz, -

If {pt}1ej0,) i a curve of probability measures which solves

1 .
Ot — §Apt + div(vp) =0,

T
/ / lvg|?dpydt < 400
0 Jrd

and p(0) = po then, by Lemma 4.1 of [7], p; is absolutely continuous since for w; :=

with

1
vy — §Vlog p¢ it holds
8t,0 - diV('lUtpt) = O,



and

T T T
1
/ /|wt|2ptdxdt _ / / vy 2prdadt + 4/ T(po)dt + H(p(T)) — H(po) < +o0,
0 0 0
where I denotes the Fischer information, that is

I(p) = 4|IV/pll7

Actually Lemma 4.1 of [7] is richer and more detailed than we need and, for more,
we refer the reader to the original paper. We stress that the finiteness of the average
kinetic energy associated to the curve p; and the vector field v; implies, by (iv) of
Lemma 4.1 in [7], the finiteness of the Fisher information and the entropy of p(T,z).
In particular, if (p1,...,pn) is admissible for problem then each component p;
satisfies the assumptions above and so it is an absolutely continuous curve in P,.

Existence of at least one minimiser of problem will be proved in the next section.
It is well known that the first term of J is not convex in the couple (p’, v'). However, as
we have mentioned above, it can be rewritten as

e 2z
T %

where
— ift >0,

o 2t
fa(t, 2) == 0 ift =0,and, z=0.
400 otherwise.

and the functional (p’, m‘) — / f2(p*,m?) is convex and lower semi-continuous (see, for

example, Th. 5.18 of [31]).

The second term is only separately convex in the N-tuple (p',...,p") so, obtaining
the optimality conditions goes through a directional linearisation process which will also
be used in the following section.

Let (ﬁl,ml; . ;ﬁN,mN) be a minimiser of , define, for i =1,..., N

Hita) =Y / (V3 (x — ) + VI (x — ))dpi (), (2.4)

J#i
and consider the functionals
4 Iy |2 . . . .
J'(p,m) ::/ ———dadt —|—/ H'dpidt + K —|—/ g'(z)dp*(T, x),
[0,T]xRd 2Pt [0,T] xRd R4



where the constant is given by

Z/O ddt

i 7 10.T]xR4 2pt

+/ I(ax)dp? (T, ) + Z//Rdewk —y)dpf @ dpldt.
X

1<k<N

JF#k#i
The following proposition is slightly more than a remark.

Proposition 2.2. Fori=1,...,N, the couple (ﬁi,mi) 1§ a4 Minimizer, among curves
starting at py, of the functional

3'(p,m),

which is, moreover, a convex functional.
Proof. We observe that
8 (pom) = 3@ 5. s pomi. g mY) = 4 YN mY) = 8 ().

The convexity of J° is due to the separate convexity of the only term of g which is not
convex. ]

We will then make a careful analysis of a functional of the type of J¢.

2.1. Analysis of the minimizers

In this subsection, for an H which has the properties as the one defined as in (2.4)), we
will write necessary conditions for the minimization of

1 2
F(p,m) = / |mt’dxdt+/ Hdptdt—i—/ g(x)dp(T, x),
2 Jor)xrd Pt [0,T]xR4 Rd

among solutions of
1
{ &gpt — iA,Ot + div my = O;
p(0,z) = po(x).

As frequently in this settings, the convex analysis, via the Fenchel-Rockafellar duality,
will be the main tool. In the next two lemmas we will write F as the sum of two convex
conjugates. Since (p,m) is couple of finite measures, the natural space for duality is
the space of bounded continuous functions €y([0,7] x R%) x Cy([0,T] x RY; RY). In the

following will denote by (3;’2([0, T] x R?) €2(j0;7}1<R%) the set of functions which are
€} in time and € in space.



Lemma 2.3. Let (o, 8) € Cy([0,T] x RY) x €y([0,T] x RLRY), H defined as in (2.4)

and

Iﬁl2
Ki(a,8):=4 0 dot o= d
400, otherwzse
Then
‘m|2 /Hd if m <<
= ifm ,
Xilp,m) =4 2 P P
+o0 otherwise.
Proof. This is part of Prop. 5.18 in [31]. O

Lemma 2.4. Let (o, 8) € Cy([0,T] x RY) x €,([0,T] x R%:RY) and

) 1
Kofa ) { [ o0.2ds ifa= 80— 300 and 5= Vo,
400 otherwise;
for some ¢ € 62’2([0,T] x RY), such that ¢(T,z) > —g(x). Then

1
[ o@pT.a)da it o~ 5ap+ divin =0, p(0) = po

400 otherwise;

Xs(p,m) =
Proof. By the finiteness condition on Ky we can write

K (p.m) = supd{ (010~ 586,p) ~ (Vo,m) — [ 6(0.)p(a)dz |
6 € (0.7 x BY, 6(T,2) > ~g(x)} (25)

Since we will need to integrate by parts, we build a suitable approximation of the
admissible functions. To this aim we will use the fact that p, m and py are finite
measures and then are tight.

Let ¢ be admissible for . To adjust the support we consider a smooth cut-off
function yg such that 0 < xg < 1, yg = 1 in B(0, R) and xz = 0 in R?\ B(0,2R), and
such that the gradient and the Hessian of xp vanish, respectively, like 1/R and 1/ R
We define ¢ := xr¢. ¢r satisfies the same regularity assumptions of ¢ but we can only
guarantee ¢(T,x) > —g(x) for ||z|| < R. By the tightness of p, m and py, since ¢p is
bounded with bounded derivatives and coincide with ¢ in [0,7] x B(0, R) as R goes to
oo the value of the functional converrges to the same value for ¢. Since g € €2 we may
define (;5 r = ¢r + [ to obtain an admissible function for . Since

1
(~0u6y ~ 550k p) — (Vo) — [ G5(0.2)n(w)d
= <78t¢R - %Aqu, > V¢Ra /¢R 0 x pU - /Ba



We may let R — 400 and 8 — 0 in any order to obtain the corresponding value for ¢
Integrating by parts gives,

(61, 0ip — 58p + divim) - / or(T, 2)p(T, 2)d + / 61(0,2)p(0, 2)dz
- / 6r(0,2)dpo(z) — B,

Letting first R — oo and then 8 — 0 we obtain for ¢,

1
(6000~ 580+ divm) [ HT)p(T, 2z + [ 6(0,2)p(0,2)dz
—/qﬁ(O,x)dpo(m).
We consider, now, the sup over suitable subsets of {¢ € 62’2([0,T] x RY), o(T,z) >
—g(z)}. First, let ¢ be admissible and such that ¢(0,z) = 0 and ¢(T, z) > —g(z). For

every ¢ € €((0,T) x RY)) the function ¢ + ¢ is admissible. Considering the sup over
the (affine) space ¢ + C2° gives that unless

1
8tpt — §Apt + divmt =0
in the sense of distributions the sup is +oc and then that unless
p(0,x) = po

the sup is +o00. If these last two conditions are satisfied then

55 (p,m) = / 9(x)p(T, z)da.

By Fenchel-Rockafellar duality
Proposition 2.5. Weak duality holds
min{X7(p,m) + X5(p,m)} = sup{=Ki(a, §) — Ko(—c, =)}

According to the expression of the functionals obtained above

min6; () + 563}y = min {5 [P [ o+ [ gtopr.ajas

1
if m << p and Otp—iAp—l-divm:O,}



which is our original problem. On the other hand the right-hand side is

sup { /¢(O,x)dp0(x) | ¢ € @i’Q([O,T] x RY),

Ve[

~ow- 300+ L < oty <900} 26)

Problem ({2.6) above may not have solution. To address this question we introduce

1
2={2€C([0,T] xRY) : 2>0, 9z — §Az >—-H(T —t,x)z
in the sense of distributions, z(0,x) > e 9.}
A:={¢:[0,T] xR =R : z(t,z) = e ?T40) ¢ 2}
the terminal condition ¢(7T',z) < g(z) is encoded in the initial condition z(0,z) > e~ 9(),

Proposition 2.6. Since H is continuous and bounded, the sup in ([2.6]) is equal to

mﬁx/qﬁ(O,x)dpo(x). (2.7)

Since every admissible functions for (2.6 belongs to A, the inequality (2.6 < (2.7)) is
immediate. We postpone the proof of the equivalence of the two problems and we turn
to the existence of a solution for (2.7)), we have

Theorem 2.7. There exists 1» € A which is a distributional solution of

V2

5 H(t,x),

0 — A+
W(T,2) = g(a)

(2.8)

and

/Rd ¥(0,2) dpo(z) = max /Rd $(0,z) dpo(z).

Then + is a mazimizer for problem (2.7) above. Moreover ¥ € €([0,T] x R%) N
L0, T; WH(RY)),

Proof. Setting u(t,x) := (T —t,z) (2.8]) is transformed in

Vul? _

1
o — §Au+ 5

u(0,2) = g(x)

H(T—t,$),

10



Then the Hopf-Cole transform v(t,x) = e~ * gives the further simplification

O — %Av =—H(T —t,x)v,
v(0,2) = e 9@

So, setting h(x,t) := —H(T — t,x) we can look at the solutions of the Heat equation
with a zeroth order term. By assumptions (Al), (A4), Remark and Lemma 4.1 of
[7], h is continuous and bounded. Since g' belongs to €3(R?) the initial datum v(0, z) is
bounded and Lipschitz. The equation therefore admits a unique bounded mild solution
v which is represented via a semigroup and satisfies:

o v e Cy([0,T] x RY);

o elle=TIHle < o1 3) < lollot Tl

e v e L0, T; WH°(RY)).

In particular, 0 < ¢ < v(t,z) < C. Reversing the path we set u(t,z) = —logwv(¢,x) and
Y(t,x) = u(T — t,x). Since v is Lipschitz in space

~ Vu(t, z)

|Vou(t,z)|
v(t, x) c

Vu(t,x) = and therefore |Vu(t, z)| <

Hence
IVullz < ¢!Vl 2o, and then also, ||Vl poo(o.1)xrt) < € V0[] poo (0.7 xRA)-

By the regularity of the data, v is a solution of the equation also in the distributional
sense so that 1 is a distributional solution of the HJ equation we are considering (notice
that V4 is, in particular, in L} ), see, for example, Chapter 4 of [26]. O

Proof of prop. [2.6. Let 1) be the maximizer of the relaxed dual problem (2.7). We need
to find a sequence ¢, € @;’2 admissible for problem (2.6)), equibounded and such that
dn(0,2) — (0, x) locally uniformly. Since pg is a probability measure (and the is tight)
this will imply /(Z)n(O,a;)dpo — /w(O,x)dpo and then the equality of the values. We

will actually produce a sequence that converges stronger than this so that we can use
the same sequence in the next Theorem.

Consider the affine function a(t) = —M —C(T—t) with M large enough and C' > ||H ||0
so that a(t) satisfies the HJB inequality, a(T) < g and a < ¢. We first extend ® in time
setting ¢ (t,x) = (0, z) for t < 0; and ¥(t,z) = (T, x)—¢(T—t) = g(x)—&(T—t) for T <
t with & > ||H|loo + |Aglleo + Vg% Let x € C2°(R?) be such that

0<x<1, X =1on By, x =0 on R?\ By,
and set xg(z) := x(x/R). Define

YRt 2) = xr(@)Y(t2) + (1 = xr(2))a(t).

11



Then ¢r = 1 on Bpg, g = a outside Bagr, and

wR(Tv ) < g.

Moreover, since 1 and Vi are bounded, and since Vxgr and Axp are, respectively, of
the order of = and 2 a direct computation gives
1 1 2 . / d
—O0ibr = 5AYR + S|VYR]" < H +ep i D((0,T) xRY),  er—0.

We now regularize ¢g slightly outside [0,7] , and let ns one-sided-in-time and space
mollifier (kernel supported in negative times, so 9 5(t) only samples times in (¢,t46) C
(0,7 +0)). Set

VYR =15 * YR,

we obtain
1 1 ) | 1
—0iYRs — §A¢R,5 + §\V¢R,5! <nsx| —Or — §A¢R + §\V¢R\ <nsx H + eg.

Since ¥r = a outside Bsp, the only region where the mollification is nontrivial is con-
tained, for 6 < 1, in a fixed compact set depending on R. On this compact set H is
uniformly continuous then there exists a modulus wgr(d) — 0 as 6 | 0 such that

ns* H < H + wg(0).

Therefore
*< H+ep+wr(6).

1 1
—O0Rs — §A¢R,é + §’V¢R,5

Since Yr(T,-) < g, g is uniformly continuous, and ¥g(t,-) — Yr(T,-) locally uniformly
as t 1T, we have

YRS = HWJR,&(T, )= g)+H —0 as d 0.

o0

Define
¢R’5(t, :L‘) = wR,g(t, x) — (ER + wR(é))(T —t) — YRS

Then ¢rs € Cp*([0,T] x RY) and

1 1
—O0ipR,s — §A¢R,5 + §\V¢R,5!2 < H, ors(T,-) < g.

Thus, ¢ is a competitor for (2.6 and in particular we have

> [ ors(0.2)dp0la).

12



For fixed R, letting § | 0 gives
iimint | ons0.2)dpn(o) > [ va(0.2)dm(z) - Ter

510

This construction gives the following convergences: For fixed R

¢R,(5 — va

locally uniformly on [0, 7] x R? and

Virs — Vg,

in LP([0,T] x RY) for 1 < p < +o0. The same, then, holds for ®Rrs. Since Yr = 1 on
B(0, R), passing to a diagonal subsequence we obtain

On =

locally uniformly and

Vo, = Vi

in LY  for 1 < p < +o00. Moreover, since both ||¢n /oo, [|[Vénllee < C, for any finite (then
tight) measure p on [0, 7] x R%,
Vo, = Vi

in Lﬁ for 1 < p < +oo. This approximation will be used in the proof of the next
theorem. O

We conclude the section connecting the duality argument with the MFG system(1.1)),

om'
dp;’
and +o0, otherwise and, for all i = 1,...,N, let u' be a mazimizer for with
H = H' (defined in equation ), po = ph and g = ¢'. Then v' = —Vu' and
(o', ... pN,ut, . ul) s a solution of .

Proof. Fix i € {1,...,N}, and let v’ be a maximizer of the dual problem (we
change the notation since we are back to the case of N variables). By Theorem

Theorem 2.8. Let (pljml,...,pN,mN) be a minimizer for ([2.2), define v' =

—8tul — §AUZ + §|VUZ|2 = HZ

in the sense of distributions, with terminal condition u'(T),-) = ¢'.
Moreover,

ul € @y([0,T] xRY),  Vul e L¥((0,T) x RY).

‘Since the vector field —Vu! is bounded, there exists a unique distributional solution
pof
1 o . )
oipt — QAﬁz —div(p'Vu') =0, p'(0) = pp.

13



Setting ' ‘
m' = —Vu'p'

the pair (ﬁ fn) is admissible for the primal problem.
Since (p',m") is a minimizer, Proposition gives

12
[ LS [ L [
l’2 S S
// / H’de/ g dpr
Rd R4 R4

Z/Rdui(O,a:)dpg(x). (2.9)

Consider now the approximation u’, € C’b1 2 of u' constructed in the previous proposi-
tion and, in particular consider the convergence of Vu!, for p = 2 and pu = Leb! x pi.

Applying the weak formulation of the equation satisfied by (p;, ;) with test function
uy,, we obtain

[ @ as - [ w0
Rd Rd
T S . T ) .
_ / / (atu; + zAu;> dji +/ Vi - dmi. (2.10)
0 Jre 0 JRd
Passing to the limit as n — oo, using the above convergences, the identity
' = —Vu'j',

and the Hamilton-Jacobi equation satisfied by ', yields

T T
| [ [ dage= [ w©as—5 [ [ 1vaPas
0 JR4 R4 R4 2 0 JRd

Also from 7' = —Vu' 5, we have

[ _

- |VUZ |2 ~z
and therefore

~Z2 . . . . . .
// | / g+ [ o sy = [ ') dy
R4 R4 R4 R4

Combining this identity with (2.9)), all the inequalities become equalities. Since the
function

[m)?
—_ —

14



is strictly convex in m, equality in Fenchel’s inequality implies
mi = — Vi,

that is,

This concludes the proof. ]

3. The Entropic problem

In this section we focus on a Lagrangian formulation to based on a minimization of
a relative entropy. In particular by proving the existence of a solution to the Lagrangian
formulation we deduce the existence also for the Eulerian one. Notice that the existence
of a minimizer for the Eulerian formulation is usually obtained by means of Fenchel-
Rockafellar theorem (on the d—dimensional torus), see, for instance, [15,[I3]. One usually
exploits the convexity of the problem, but in this case the interaction term between the
populations makes the functional non-convex. Here, we prove existence by using the
relationship between the minimizers of the Lagrangian and Eulerian formulation. We
don’t know of any approach via direct methods of the Calculus of Variations to the
Eulerian formulation.

Let Q := (€([0,T],RY), || - lso) and let R* € P(Q) be Wiener measures defined by
R' = /R , P60t Bi (1) (@) A

where the B; are the classical Brownian motions. For Q" € P(Q) consider the following
variational problem to which we will refer as Lagrangian

min{J(Q",...,QY) : egQi = ph} (3.1)

T

1/ .. . . .
5 [ (e v oderoadora
a0 RéxRd 2

JF

+ 3 [ g

where eﬁ : P(Q) — P(RY) is the evaluation map at time ¢; furthermore, notice that for

JQY...,QN) = ZJ—C(QﬂRi) +

every t € [0, T, eﬁ is continuous for the narrow convergences.

Remark 3.1. Taking Q° = R’ gives at least one point at which J is finite. In fact, in

15



that case, the entropy terms are equal to 0. For the other terms, it holds:

// Viz— ydeﬁRZ®deﬁRfdt—// =) (pe*p) () (Hy # pb) (y) dardydt
R4 xR4 dXRd

where H; is the Gaussian kernel, that is

1 ||
Hy(z) := i) exp < o1 ) t>0, ze R

This integral is finite by assumption (A4). Analogously,
[ g @ m = | gt ) o)
R4 Rd

which is also finite by the assumptions on ¢* and pf).

Theorem 3.2. The minimum in (3.1)) is finite and there exists a minimizer (@1, . ,@N).

Proof. By Remark n above the infimum of .J is finite. Let {(QL,...,QN)},en be a
minimizing sequence, so that J( ,...,QN ) < C. Since V is bounded from below we
have

S29QUIR) k3 [ NG+ max(S [ et~ [ 0000001
<ZJ{ QIR)+ > / /Rded2<VW(I_ y) + VPi(x — ))deﬁQZG@eﬁQ]dt

1<i,5<N

S
+Z/ dQUrmax{Z/ (0, z)dpf — / ©(0,w(0))dQ"}
<C,

where we remind that € is the set of continuous paths €([0, T, R?). The above inequality
implies, since the other addenda of the first term have linear growth

H(QLIR') < C1, Vi
Thus (see appendix), up to subsequences, there exists Q" with
Q= Q'
n
and since all the terms constituting .J are lower semicontinuous, (Q',..., Q") is a min-
imizer.
The first term of J is the entropy which is lower-semicontinuous (see Lemma 9.4.3 of [2]

and the appendix), the second and the third terms are given by continuous functionals
composed with the continuous operator @ +— eéQ finally the last term is the sup of

16



continuous functionals and l.s.c. as such. O

From now on, we denote Q' = eﬁQi vt € [0,T].

The next theorem from [7] relates the Lagrangian problem to the Eulerian for-
mulation of system that we discussed in the previous section. This will allow us to
obtain the existence of a minimizer (', 72" ... Y mlY ) for problem . Since only
the first term of the energy in depends on m, given a curve p € C([0,T]; (P2, W2))
we define

1T 1 :
&(p) := inf {2/ / |vt]2dptdt 2 Oy — =Apy + div(vp) = 0} ,
v 0 JRd 2

and then, we decompose the minimization (2.2]) in a two steps minimization writing it
as

inf{zija(pi)+ > /OT/RdXRd;(vm(:c—y)+Vj:i(x—y)>dpi®dp§'dt

1<GEN

j#i
+/ g'(x)dp"(T,z) : p' € C([0,T]; (Pa, Ws)), p'(0,2) = phy, Vi=1,--- ,N}. (3.2)
Rd

This last problem only depends on the curve p since the role of m (or v) has already been
encoded in €. In an analogous way we can decompose also the minimization problem

ED as

. i T Ll i i i j
1nf{zi:5(/))+1§<:lv/o /Rded2<v, (x—y)+ V7> (x—y))dpt@)dpgdt
G
+ /]Rd gi(x)dpi(T,:L‘) : p’i € C([0,T7; (P2, Wa)), ,Oi(O,x) _ pé’ Vi=1,--- 7]\7}’ (3.3)
where A o A |
S(u') = inf{H(Q'|R") | Q; = g, Vt € [0,T7, } (3.4)

5o obtaining a problem which depends only on the curve p'. Then using the following
result of [7] we have the existence of a minimizer of (2.2)) from that of a minimizer of

E).
Proposition 3.3 (see corollary 4.7 of [7]). If po € P2 and H(po) < +oo then

8(p) = E(p) + H(po).
Theorem 3.4. There exists minimizers of problems (3.2)) and (2.2)).

Proof. If Q = (@1, . ,@N) is a minimizer of problem (3.1)), the curve Q, := (7, ...,7")
is a minimizer of problem (3.3)). By Proposition above, problems (3.2 and ([3.3) have

17



the same minimizers (while the minimal values differs by a constant). So (7',...,7")
is also a minimizer for problem (3-2). If we choose, then, for each i € {1,...,N},
v" a vector field as in the deﬁm‘mon of &(p') and con81der m = v'p we have that
(P, m,....p ,mN) is a minimizer for problem (|2 . O

4. Time discretization and I'-convergence

Before introducing a suitable discretizations we shortly recall the two equivalent prob-
lems we studied above. The main player in those problems is a vector curve of probability
measures

€ (€([0,TT; (P2, W)Y

Given a positive integer K the discrete version of the p above is a N-tuple of (K + 1)-
vectors of probability measures

pr € PEFL s PEAL

So the i-th components pé, ..., phe of pt is a discrete version of the i-th curve. To this
(K + 1)—tuple of probability measures we can associate the piece-wise constant curve

i i T (j+1T
B(t):p]’ fortG |:K7K .

The ambient space for the Eulerian versions of the problems was
Ao ={p:[0,T] = (P2)" | abs. cont. and s.t. p(0) = po}.
We may first introduce the discretized space
AK = {pg e (PSETNN . pi = pi i=1... N}
We say that pg — pas K — 4ooifforallt=1,...,N

sup Wa(p'(t), p'(t)) = 0.
t€[0,T]

Given N continuous curves of measures P e €([0,T], (P2(RY), Ws)), that is p’ : t €
[0,T] — pi € Po(RY), we defined the minimal energy &(p), the minimal entropic cost
8(p), as well as the cost

F(p', - Z / /Rd y 2<VZ’J z—y)+ VI (z— y))dpt®d dt—i—Z/ x)dp' (T, z).
1<4,5 X

#%

Thus, the minimization problem (2.2)) and (3.1) can now be re-written in the following
way

18



N
inf{> " &(p") + F(p',--,pV) | p € Ao}, (4.1)

=1

and N
inf{> " 8(p') + F(p',---,p™) | p € Ao} (4.2)

=1

We define the time discretization of (4.1)) as

mf{z eX (1) + FX(p', - o) | pic € 75V, (43)

where

K-1

Ex Pk Phs1)s

k=0

with
1 (% 1
Er(p,v) = inf{/ / lug|2dpedt | Bgp — = Apy + div(pevy) =0, po = p, pr = v},
K 2 0 Rd 2 K

and

K = {(p17 U 7pN) € ((?2(Rd)7w2>(K+l))N ’ p6 = p67 Vi = 17 o 7N}

In a similar way one can discretize in time the Lagrangian counterpart

$%(p") == mH{H(Q'|R) | Q € P(Q), Qjz = pj, 5 =0, , K} (4.4)

as well as the interaction term and the final cost

FE(pt,--- / (vwa: + VI (z— >d @dpl + /
(p ;K;N iona y)+V7i(z—y) |dpj@dp], Z
(4.5)
where, we recall, p’ stands now for a vector of measures, that is p’ € P, (Rd)(K *+1) which
discretize a curve of measures. Notice that can be equivalently reformulate as a
classical multi-marginal problem; that is for ¢ = 1,.., N we have

SK () := mt{IC(mic | Rig) | e € TW(ph, -, o)}, (4.6)
where II(p), - - -, p%) is the set of probability measures on (R")X*! having pi, - -, p%
as marginals and
. T .
Ry = (% ex, - el )R

19
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Then the discretized (4.2)) takes the form

Theorem 4.1. As K — 400,
r al ;
ZEK )+ F5 (") = D )+ T (™).
Proof. I' — limsup inequality Let p € Ag be such that

Z E(p") + F(p) < +o0.

We consider the discretization pg of p given by p; = p(ﬁ’JK ) where the times §JK
T T
[jK, (j+ 1)K> for j =1,..., K —1 are chosen according to Remarkbelow, & =0

and ﬁfg =T . Since t — p; is uniformly continuous, the convergence,

PK — P,

is verified. We check the convergence of each term of the functional, starting with FX.
Since t — p; is Wy continuous, it is w* continuous and since (z,y) — V(z — y) is lower
semi-continuous, the same holds for

tis Z (Vw T — )+Vj’i(ﬂ:—y))dpi($)®dp§(y)-
1<:,5<N

i#]

And this last map can be considered as g in Remark By the choice of discretizing
times

[ d@asi= [ ¢ (1.a)
Concerning the energy term, it is enough to study the convergence for each 7. In the

o T
addendum & r (py,, pj., 1) we may take p <t — kK) and the corresponding optimal vector
K

field v as test function so obtaining

(Phr Phy1) < E(P"),

.
K

which, passing to the limsup as K — +oo concludes the proof of the I' — lim sup
inequality.
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I' — liminf inequality Let p € Ag and let px — p. We have

]Z;II:E;OI Z / (V”(w Y)+VIi (2 — y))dpk®dpk / Z / <Vw($ y)+V7 (2 — y))dpt@)dpjdt

1<i,j<N 1<i,5<N

] ]

The very definition of convergence px — p implies that Bi ® EZ N dpi ® dp{ for all ¢,1, .
Since V is lower semi-continuous

H®V+—>/V(:Ey)d,u®dlj,

is wx lower semi-continuous, by the lower semi-continuity of the integral

E z,] 5% o () j
%g}rr;fj/ 1<Z;N/ <V —y) + V7 (x y))dpt ® dpldt.
i,j<

i#]

Concerning the last addendum of the functional

/ de—>/ z)dp’,

since ¢ is continuous and bounded by assumptions. So let us look at the energy term
&X. This term may be studied as in [7] by usual methods in Calculus of Variations. Also
in this case it is enough to study &% (p’) Since we may assume that the total energy
of px is bounded, the same holds for £ (p?). Let jx, @k be an almost minimizer for

. T .
X (ph), ie. p : [0,T] — Py is absolutely continuous, jg (]K) =p;forj=0,....K
’DKﬂf S L%t’

- 1. . R
Opr — §ApK +divigpr =0

2
C>eXp //”“’dmdt—

We estimate the total variation of the measure mg = Uxpx in [0, 7] X R?. Using

2
Cz/ |mK|ddt
) 2%

and

and the Young’s inequality we obtain

17k [ljo,r1xre < C + 11l 0,77 xR4-
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Since {px} is also bounded in total variation we have that, up to subsequences

(P, i) = (p,m),

with (p, m) solution of

1
Otpt — §A,0t + divm; = 0.

Since m = vp for a suitable v and applying the lower semi-continuity Theorem 2.34 of
[1], originally from [12], we have,

T ~ 12
lim inf £ (pi) > liminf/ /|v;| dpg dt =

K—+oco K—+oc0 Jy
=12 T 2 .
liminf/ [kl g, dt>/ /m|dxdt2 (ph).
K—+00 Jg 20Kt 0 2p4

O
Remark 4.2. Let g : | — [O, +00) be a lower-semicontinuous functions and let K € N.
T
There exists points 5 % € j—, ) such that
K-1 T
T
o o) [ g
=1 0

5. Numerical Approximation

We now present a numerical scheme in order to solve the discretized in time problem
. In particular the scheme is based on a variant of the Sinkhorn algorithm, success-
fully used to solve many variational problems involving optimal transport [22] [6l [4] 8]
29, 30, 19, 28] and it is an adaptation of the scheme introduced in [7, 3]. More numerical
schemes for multi-population MFG have beed developed, for example, in [I7] based on
some previous works of the same authors.

We recall that reads as:

N
inf{ZSK(pi) +F5(p' - o) [ (P p') € TK}
=1

where 8¥ is itself defined by (4.6) which is an entropy minimization with multi-marginal
constraints.
Denoting P* : (RH)EFL — (R?) the k—th canonical projection we can obviously
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rewrite (4.7) as an optimization problem over plans 7 only:

N
inf {Z%(W}ARZI() + ipé(P;n;) + G(Pf )
=1

+F (Pymic, o Pyri) « (mi)i € (T((Rd)K“))N}7 (5.1)

where Pyl = (ngr}(, s Pﬁw%), G is the final cost and is of the form G(p) = /gdp,

and
1 =
potp +00 otherwise

is the indicator function in the convex analysis sense and is used to enforce the initial
condition. We recall that for all i = 1,--- |, N, the static reference measure R} in the
relative entropy term is defined as follows

i)

Rl]( = (607 Cf e 76T)ﬁRi‘
Moreover, since we are considering the reversible Wiener measure, it turns out that R%
can be decomposed by using the heat kernel as

K
Ri = (H H%(xk - xk_1)>dp0(x0), cdrg,
k=1

where

2
Hy(z) := (27T1t)dexp<— @), t>0, z € RY,
and |- | denotes the standard euclidean norm. We also need a discretization in space, for
instance we use a M grid points to discretize RY, then mt- and R% become tensors in
RMN  For sake of simplicity we will keep the continuous in space notation, but form now
on integral must be understood as finite sums and zg, - -+ ,zx as M vectors. Notice that
thanks to the euclidean norm, the heat kernel Hy(z) can be decomposed as a product
along the dimension of the one dimensional kernel, that is

d
Hy(z) = [ 7nlz)).
=1

where hy(z;) is the heat kernel in dimension one. This implies that, instead of storing a

matrix Hy , one can just store d small matrices belonging to RWX W. One
can now try to generalize the algorithm introduced in [19] and its multi-marginal variant
[6] to the multi-population case in the same flavour as [3]. However, since the interaction
term between populations is non-convex, it happens that we are out of the domain of

c RMXM
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application of Sinkhorn algorithm. A way to overcome this difficulty is through a semi-
implicit approach in order to treat the interaction term, that is at step n+1 the i—th plan

wi’((nﬂ) is computed as the optimal solution of a linearized problem obtained by injecting

the j—th, with j # ¢, plans 71'%((”) computed at the previous step: foralli=1,--- | N

mid = argming comoyn ) {9 IRY) + iy (Pi) + G(PY )
+ Py} 62
where

:_ﬂK(P#W}() = ?K(P#Tr}(’(n—l-l)’ - ,P#Tl'%{, o ’P#Trg,(n))

We now have to solve N finite-dimensional strictly convex minimization problems. Then,
for each problem strong duality holds and (5.2)) cab be re-written as follows

sup  —Fg (—up) — G*(—ul) — T (—uy, o —ufe )

(UB, 9“‘11{)
K i %

where with a slight abuse of notation F; denotes the sum of the Fenchel-Legendre
transform of each term in H’z-K . Denoting by w;;(nJrl) and u;’(nﬂ) the optimal solution to

(5.2) and (5.3]), respectively, it follows that the unique solution to ([5.2)) has the form

JENCESY

W;%(nﬂ)(w) = <®sz0 ek (mk)>Rl}((x)7

where = (zg,- -+ ,ZK).
Remark 5.1 (Structure of the optimal solution). By definition of the linearized term FX
it follows that the JF; is just a sum of indicator function in the convex analysis sense;

this implies that for all k =1,--- | K — 1

up" Y (@) = > / Vi (g — i) o™ (k) dyi
i

Yg) = kaﬁwﬁ-(n) is the marginal of the solution computed at the previous

where pi’(") (

step. In the same way if the final cost if of the form G(p) = /gdp then uZK*(a:K) =

gi(xK). For sake of clarity we consider always these kinds of functional, even if the
algorithm can be defined with more complex functional (we refer the reader to [0} 3]
for some examples with 1 or 2 populations; the extension to N populations is then
straightforward).

Notice that thanks to the remark above the generalised Sinkhorn algorithm takes now
the following form.
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Algorithm 1 Multi-population Sinkhorn

Require: u:(o) =0
N '
1. while Z Hpg’(n) — pol| <tol do
i=1

2 forzi_zlszo

3: for k=0: K do
4: if £ =0 then
5

G v (o))

6: else if k£ # 0, K then
7 upY =% / Vi (ay, — y) o™ (i) dy
J#i
8: else if £k = K then
i(n+1)

: Up =g
10: end if
11: end for
12: end for

13: end while

In the following numerical results we take a space M x M discretization of [0, 1) with
M = 100 and a time discretization of [0,1] with K = 32 time step. Let us, firstly,
consider the 2 densities case: we have always considered the same initial data

pp = exp(=50(z! —.2)2 = 50(y* — .5)?), pd = exp(—50(z* — .8)* — 50(y* — .5)?)
and the same final costs
gt =50((z} — 0.8)2 + (y' — 0.45)?), ¢*> =50((z? —0.2)® + (y* — 0.5)?),

such that we expect the two Gaussians to switch position. As for the interaction potential

we have considered in Figure a strong repulsion given by V' (z,y) = 120X|4—y||<0.2(7; Y)

and in Figure |5.2| a truncated Coulomb repulsion V' (z,y) = min { 1000, ﬁ . No-
-y

tice in both cases the effect of entropic term which oblige the densities to spread but

at the same time the effect of the repulsive interaction forbid them to touch each other

(the distance between them depends on the kind of the repulsion term).

It is now straightforward to extend the theory and the numerical method to a slightly

more general model with a viscosity parameter €. The Mean Field Game system ([1.1)
now takes the form :
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0.4 0.6

t=5/8

t=3/4 t=1/8

Figure 5.1: Support of p* and p? for V(z,y) = 120X [g—y||<0.2(7, Y)-

0.8 0.8

0.6

t=5/8 t=3/4 t=17/8

1
Figure 5.2: Support of p1 and p2 for V(x,y) = min (1000’ |z — y||)

: 1 . .
—Ou' — gAuZ + §|Vu’|2 = Z/ VI (x — y)pldy,
ji R
ipt — gApi — div(Vu'pp) = 0,
p'(0,2) = ph(x), u'(T, 236= g'(x);



The Lagrangian formulation (3.1]) we have proposed becomes

min{J.(Q,...,QY) : egQi = ph} (5.5)
where
J.(QY,....QN) = ZJ—C Q'|RY) + Z / /Rd y V(iez—y deﬁQ’®deﬁQ1dt

+ Z / w)de] Q'.

where R. are the reversible Wiener measure induced by a Brownian motion with variance
€. Notice that one could choose different ¢ for each population. In particular, if we
discretize the problem in time, we have that the reference measure Ré’ x can be still
decomposed by using the heat kernel H.(z).

Notice that we can still use the algorithm we have introduced above, but the per-
formance, in terms of iterations to converge, will be affected by small values of . At
least formally, when the viscosity is small, is an approximation of the following
Lagrangian formulation of first-order variational mean-field games (see [5] for the one
population case)

min{X(Q",...,Q"Y) : fQ" = p} (5.6)
where
K@QY,...,QN) = ZKQZ Z/ /Rd y (z — y)delQ' ® def @ dt
ljz;ZZN
i d T i
+ 3 [ e
where

/ / £)[2dtdQ(w). (5.7)

This also implies that we can use the Sinkhorn algorithm, with small £, in order to
approximate the solution to first-order MFGs. In Figures and [5.4] we have considered
the same data as above but with € = 0.005; notice now the effect of a weaker diffusion
term which prevents the densities from spreading. Finally, we consider a 3 populations
example with initial data

po = exp(—50(z' — .2)* = 50(y" — .5)), pg = exp(—50(z* — .8)* — 50(y* — .5)*),

po = exp(—80(z* — 5)* — 80(y" — .1)%),
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t=5/8 t=3/4 t=17/8

Figure 5.3: Support of p* and p? for € = .005 and V (z,y) = 120Xz —y||<0.2(7, Y)-

10 10

0.8 0.8

0.6

0.4

t=5/8 t=3/4 t=17/8

1
Figure 5.4: Support of p' and p? for € = .005 and V (z,y) = min (1000 ﬂ)

and final costs

g' = 50((z'—0.8)2+(y1—0.5)?), g2 = 50((22—0.5)>4+(y%>—0.1)?), ¢ = 50((2%2—0.2)%+(y*>—0.5)?)
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which induces a rotation of the populations. In Figure we plot the evolution of
support of the 3 densities considering as interaction term the strong repulsion we have
taken above.

0.6 0.8

t=5/8 t=3/4

02 0.4

Figure 5.5: Support of p*, p? and p? for V(z,y) = 120X)|2—y||<0.2(T; Y)-

A. Entropy and the De la Vallée Poussin Theorem

The existence of minimizers for J relies on the compactness of minimizing sequences
that follows from the super-linearity of the entropy functional. This is a classical fact
which we shortly report here for the reader’s convenience.

Let 4 and o be two probability measures on a metric space X. We say that u is
absolutely continuous with respect to o if there exists a function f € L}, such that

p= f(x)o,

d
and in this case we write y << ¢ and we use the classical notation f = d_,u
o

The relative entropy of u with respect to o is defined as

/dﬂl ( )da if p <<ao,
H(plo) =

otherwise.
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Following [2] (Example 9.3.6) one can introduce the function
s(logs—1)+1 if s> 0,

H(s)={ 1 if 5 =0,

400 if s <0,

which is nonnegative, lower semi-continuous, strictly convex and super-linear at +oo.

Then it holds d
i

H = | H| — |do;

(o) / (da) o;

H(plo) =0+« pu=o.

and

This way to rewrite the relative entropy is handy to make a connection with the De la
Vallée Poussin theorem. In fact, let {u;}ier € P(X) be such that H(u;|o) < C then the

dp;
family { dM } C LL(X) is weakly compact thanks to the the theorem
9 )ier

Theorem A.1 (De la Vallée Poussin). Let {f;}ier C L. then the following are equivalent

o the functions {fi}icr are uniformly integrable (and then weakly compact in L}, by
the Dunford-Pettis theorem,

e there exists a function ¢ : Ry — Ry non-decreasing and such that

such that / o(|fil)do < C.
X

A second advantage of writing the entropy using the function H is the lower semi-
continuity with respect to the weak L},—convergence of the densities, in the sense that
if
w;L},

fn f,

then

n—oo

hminf/XH(fn)daz/XH(f)da.
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