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Abstract

We study the equilibrium of hyperelastic solids subjected to kinematic constraints on many small re-
gions, which we call perforations. Such constraints on the displacement u are given in the quite general
form u(x) ∈ Fx, where Fx is a closed set, and thus comprise confinement conditions, unilateral con-
straints, controlled displacement conditions, etc., both in the bulk and on the boundary of the body. The
regions in which such conditions are active are assumed to be so small that they do not produce an over-
all rigid constraint, but still large enough so as to produce a non-trivial effect on the behaviour of the
body. Mathematically, this is translated in an asymptotic analysis by introducing two small parameters:
ε, describing the distance between the elements of the perforation, and δ, the size of the element of the
perforation. We find the critical scale at which the effect of the perforation is non-trivial and express it in
terms of a Γ-limit in which the constraints are relaxed so that, in their place, a penalization term appears
in the form of an integral of a function ϕ(x, u). This function is determined by a blow-up procedure
close to the perforation and depends on the shape of the perforation, the constraint Fx, and the asymp-
totic behaviour at infinity of the strain energy density σ. We give a concise proof of the mathematical
result and numerical studies for some simple yet meaningful geometries.
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Dedicated to Kaushik Bhattacharya on the occasion of his sixtieth birthday

1. Introduction

The title of this work echoes the one of a paper by the first author and the dedicatee of this work
and this Special Issue [1]. In that paper, the behaviour of an elastic thin film with many small cracks
was analyzed, showing a limit behaviour different from the one usually obtained in dimension-reduction
theories, with an additional contribution due to the overall deformation of the cracks. Similarly, here
we consider a problem in which an increasingly complex geometry of the sets in which kinematic con-
strains are imposed leads to a non-trivial additional energy contribution. We have in mind a classical
problem in Mechanics, which consists in determining the deformation of an elastic body under pre-
scribed displacements at its boundary. Weak solutions to this problem can be achieved via minimization
of the strain-energy functional among the admissible displacement fields [2, 3]. This setting can be
enriched upon introducing kinematic constraints on either periodic or locally periodic point subsets of
the reference configuration, which, in line with the existing mathematical literature, are referred to as
perforations.
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Figure 1: Examples of perforations on a reference set Ω ⊂ R2 and relative constraints. (a) A bulk perforation in the reference
set is subjected to the constraint Fx = {v(x)}, such that the function v : P → R2 imposes the deformation on the perforation.
In particular, the figure reports the case of an affine deformation. (b) A lower dimensional perforation on the subset I ⊂ Ω is
constrained to lay on the target set F (green curve). (c) A boundary perforation on A ⊂ ∂Ω is forced on the target set F (green
curve). For all cases, the reference (deformed) configuration is reported on the first (second) row of the figure.

In order to start with a naive example, consider the action of fixing a sheet of wallpaper to a wooden
ceiling with a set of drawing pins. If the pins are few, the sheet can still deform away from them but
senses their presence in their vicinity. If the material is rigid and we use many pins, the sheet will adhere
to the ceiling independently of the size of the pins. If instead we use a sheet made of a less rigid material
(think of a latex sheet) and an array of very small pins sufficiently sparsely distributed, their effect will
be sensed by the material only close to the pins, and the sheet will be able to detach from the ceiling, kept
attached only by small filaments. The overall effect of the pins will be a penalization of the averaged
distance from the zero-displacement state, even though at the pin sites a zero-displacement (Dirichlet)
condition is always satisfied. In the case of extremely small pins, the filaments, even though still present,
carry a negligible amount of energy and the sheet may freely detach. In a variational setting, problems
of this type have been widely considered, in terms of the asymptotic description of the behaviour of
perforated domains subjected to Dirichlet boundary conditions, see [4, 5].

Keeping our naive example in mind, we now want to extend our analysis either to pins that, for
example, allow the wallpaper to move in some directions but not others (unilateral constraints) or loose
pins that allow a certain detachment from the pinning site (confinement constraint). To this end, we
extend the class of amenable constraints by requiring the deformation to belong to a general class of
closed sets parameterized by the sites of the perforation. More explicitly, denoting by y : Ω → Rm the
deformation of the reference set Ω ⊂ Rd, we study the behaviour of hyperelastic energies subjected to
vector constraints of the form y(x) ∈ Fx, where we identify by (the material point) x the sites of the
perforation P in the reference configuration and Fx ⊂ Rm is a closed set. A first example we have
in mind is that of Fx = {3(x)}, in which the function 3 : P → Rm prescribes the deformation at the
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perforation, see Fig. 1a. Another relevant example comes from Fx = F, where F is a fixed closed set
on which the perforation is constrained, such as Sd−1. In particular, such constraints may be imposed on
a lower-dimensional set I ⊂ Ω, see Fig. 1b. Furthermore, the perforation may lay on a subset A of the
boundary ∂Ω and act in this case as a constraint of ‘loose confinement’ for the hyperelastic body. As
a prototype, we may consider the case of Fx = F a target set, as shown in see Fig. 1c, or that of Fx a
cone with axis singled out by the normal to ∂Ω. Clearly, these figures are only cartoons to give an idea
of a much broader mathematical setting. In Fig. 1c we have the possibility to picture the deformation
essentially as a graph, highlighting the pinning effect of the perforation, which is not easy to picture in
a cartoon, but always present, for a perforation in the bulk.

For the class of vector constraints introduced above, we aim at describing the averaged behaviour
of the minimizers of hyperelastic energies under suitable assumptions on the strain-energy density σ :
Rm×d → R and on the closed sets Fx, as later detailed. For this purpose, we assume that the period of the
perforation is characterized by a small parameter ε. Moreover, since constraints at points are in general
meaningless, we impose them on small sets, whose size is controlled by introducing a second small
parameter δ. The overall behaviour of the hyperelastic energy can then be analyzed by first computing
the critical scale of δ for which it is not trivial, and then describing the asymptotic behaviour of minimum
problems at this scaling. It is by now common in this setting to express this limit behaviour, using the
terminology of Γ-convergence, by computing the Γ-limit at this critical scale, which is just a compact
way to express the convergence of minimum values and minimizers (see [6, 7]).

We explore different mechanical scenarios and subdivide our results in the relevant mathematical
statements. However, we anticipate a remarkable feature of the limit functional that is common to all
the treated cases. Besides the classical strain-energy term, the Γ-limit governing the averaged behaviour
of the hyperelastic energy is shown to comprise an integral term encoding the effect of the relaxed
constraints on the perforation.

The mathematical setting we introduce significantly extends previous results on hyperelastic bodies
subjected to constraints on perforations. While the goal of our study is to develop such mathematical
setting, we foresee the applicability of our results to a wide range of mechanical contexts. For instance,
they may be exploited to study the equilibrium configuration of membranes and tensile structures sup-
ported by perforations located at the boundary, in the interior, or both. This is a context that we explore
through numerical simulations on simple test cases for illustrative purposes. Another field of application
may be that concerning the shape morphing of elastic bodies from an internal or external control [8, 9],
encoded by the specific constraints imposed on the perforation or that regarding the clothing of surfaces
by elastic, micro-architected membranes [10, 11].

The manuscript is organized as follows. Section 2 is devoted to the presentation of the mathematical
setting, the working assumptions, and to the mathematical results, which we subdivide in different state-
ments. Section 3 illustrates the applicability of the obtained results through the numerical solution of
prototypical examples, whereas Section 4 closes the manuscript by reporting about future perspectives.

2. Mathematical setting of the problem and main results

In this section we gather the analytical results of the paper. The content is organized so that a reader
not wishing to concentrate on the mathematical statements may directly skip theorems and proofs, as
their mechanical significance is described in the rest of the text.

We start by fixing some miscellaneous notation used in the text. The strictly positive natural numbers
d and m will be the dimension of the reference and target spaces, respectively. They can be arbitrary,
even if we will have the physical situations in mind. The space of real-valued m × d matrices is denoted
by Rm×d. The euclidean norm of a point x ∈ Rk is denoted by |x|, of a matrix ξ by ‖ξ‖. A ball of center x
and radius r is denoted by B(x, r). The unit spherical surface in Rd is denoted by Sd−1. The characteristic
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function of a set A ⊂ Rd is denoted by 1A. The symbol ‖φ‖Lq denotes the norm in the corresponding Lq

space.

We consider general hyperelastic energies defined on functions u subjected to vector constraints
on either periodic or locally periodic point subsets, which we call ‘perforations’ by coherence with
the existing mathematical literature. In our context it would be more correct to call such point sets
‘pinning sites’ or ‘constraint sites’. Since we are interested in an averaged behaviour of minimizers of
such energies, we suppose that the period of the perforation is parameterized by a small parameter ε.
Moreover, since point values of the function u are in general meaningless, such constraints must indeed
be imposed on small sets, whose size is parameterized by introducing a second small parameter δ. In
analytical terms we will consider, given Ω an open set in Rd acting as a reference configuration for u, a
fixed hyperelastic energy ˆ

Ω

σ(∇u)dx,

with domain, depending on ε and δ, the set of functions satisfying a condition u(x) ∈ Fx for x ∈ Kε,δ,
where Kε,δ is a ε-periodic array of sets of size δ (specified further on) and Fx is an x-dependent closed
set.

The overall behaviour of minimum problems involving such energies can then be analyzed by first
computing the critical scaling δ = δ(ε) for which this behaviour is not trivial as ε and δ tend to 0, and
then, using the terminology of Γ-convergence, by computing the Γ-limit at this critical scale. We recall
that Γ-convergence is simply a compact way to express the fact that minimum problems depending on
small parameters converge (in the sense that minimum values and minimizers convergence) to the cor-
responding problem for the Γ-limit. Moreover, by the topological nature of its definition, Γ-convergence
is stable by addition of continuous perturbations, so that in our case it automatically implies the conver-
gence also of problems with forcing terms. Finally, for our functionals Γ-convergence is also compatible
with the addition of boundary conditions. These two properties are very handful since they imply that
the computation of one single Γ-limit allows the description of a whole family of problems with arbitrary
forcing terms and boundary conditions (see [6]).

In the case when (u is a scalar and) the constraint on the perforations is simply u = 0, that is, Fx is
the set {0} independently of x, the just described limit problem is classical and regards the behaviour of
perforated domains subjected to Dirichlet boundary conditions on a diffuse set (of vanishing measure).
The prototypical case is when σ(ξ) = ‖ξ‖2 in dimension d = 3, for which δ = ε3 and the limit is

ˆ
Ω

‖∇u‖2dx + C
ˆ

Ω

|u|2dx,

with C an explicit constant depending on the details of the perforation (see [4, 5]; for an approach in the
non-convex vector case we refer to [12]). The additional term describes the limit effect of the diffuse
Dirichlet condition. The scale δ = ε3 is critical in the sense that if δ << ε3 then the effect of the
perforation vanishes as ε → 0 and in the limit we only obtain the first integral (that is, C = 0 in the
expression above), while if δ >> ε3 then the effect of the perforation becomes very strong as ε→ 0, and
the only function with finite limit energy is u = 0 (that is, in a sense C = +∞ in the expression above).

For energies describing the behaviour of elastic bodies, more general constraints than a simple fixed
Dirichlet condition can be of interest. In this paper we study energies defined on vector functions u and
subjected to general constraints u ∈ Fx. In this notation, x is a parameter for the sites of the perforation,
and Fx ⊂ Rm is a closed set. As a model case we have in mind either that Fx = {3(x)}, where 3 is
a function describing the deformation of the perforation, or Fx = F, a fixed closed set such as Sd−1,
which imposes some constraint on the displacement u(x) at the perforation. Furthermore, we may also
consider perforation lying at the boundary of Ω, which act as a ‘loose confinement’ constraint. In this
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case, we may take as prototypes Fx = F, where F is a target set, or Fx a cone with axis the direction of
the inner normal to Ω. We now describe more analytically our assumptions.

The energy density. We assume that σ : Rm×d → R is a general hyperelastic energy density satisfying
the following assumptions:

1. σ is quasiconvex;
2. there exists p ∈ (0, d) such that σ has p-growth; that is, there exist c1, c2 > 0 such that

c1‖ξ‖
p −

1
c1
≤ σ(ξ) ≤ c2

(
1 + ‖ξ‖p

)
for all ξ ∈ Rm×d;

3. there exists the recession function of σ; that is, there exists σ0 : Rm×d → R 1 and the limit

lim
t→∞

σ(tξ)
tp = σ0(ξ) for all ξ ∈ Rm×d.

We will assume a quantitative version of Condition 3; namely, that there exists α > p
d and a constant

C > 0 such that ∣∣∣∣∣σ(tξ)
tp − σ0(ξ)

∣∣∣∣∣ ≤ C
tα

(1 + ‖ξ‖p). (2.1)

This is a mild technical condition satisfied by all reasonable energy densities admitting a recession
function.

We note that the assumption that σ is quasiconvex can be dropped, up to a preliminary relaxation
argument, in which the integrands are replaced by their quasiconvex envelopes (see [13, 14]). Note
moreover that the function σ0 is positively homogeneous of degree p by definition; that is, σ0(tξ) =

tpσ0(ξ) if t > 0. The existence of such a σ0 holds for sequences of diverging t; the assumption that is
independent of the subsequence is a uniformity assumption on the p-homogeneous behaviour for large
values of |ξ|. In particular σ0 = σ if σ is positively homogeneous of degree p.

Perforations. We consider a reference perforation shape K, which we assume to be a closed set. In this
paper K is either a regular closed set (that is, it is the closure of its interior), or a regular closed subset
of a sufficiently smooth hypersurface. The perforation set, or simply perforation, will be obtained as a
union of scaled copied of K, or small deformations of scaled copied of K, which will be specified in the
different results.

Constraints. We introduce an x-parameterized family of constraint sets Fx. The constraints on a
function u at scale ε will be expressed in terms of an inclusion u(z) ∈ Fxε(z) for z in the perforation.
The value xε(z) will be constant on each element of the perforation, so that this condition expresses the
same constraint for the displacement on each element of the perforation. Even though at fixed ε only a
discrete family of sets Fx is taken into account, we find it convenient to define Fx for all x rather than
introducing ε-dependent constraints for an easier description of the asymptotic behaviour.

In order to have a limit behaviour as ε tends to 0 we make some assumptions on the constraint set
Fx. We assume that the set function x 7→ Fx ∈ P(Rm) is such that the following conditions hold:

1. the set Fx is closed for all x ∈ Ω;

1Compatible with the σε notation used in the following.
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2. there exist M > 0 and a Lipschitz function s : Ω → Rm such that s(x) ∈ Fx ∩ B(0,M) for all
x ∈ Ω. Furthermore, there exists C such that for all j > 2M there exists a C-Lipschitz function ψ j

such that ψ j(x, u) = u for |u| ≤ j, ψ j(x, u) = s(x) for |u| ≥ 2 j, ψ j(x, u) ∈ Fx for every w ∈ Fx, with
s as above;

3. there exist a family of bi-Lipschitz diffeomorphisms (Φx1,x2)x1,x2 such that Φx1,x2(Fx1) = Fx2 ,
Φx,x = id, and:

i) for all L > 0 there exists CL > 0 such that |Φx1,x2(u) − u| ≤ CL|x1 − x2| for |u| ≤ L;

ii) there exists C > 0 such that ‖∇Φx1,x2 − I‖L∞ ≤ C|x1 − x2|.

Condition 1 is necessary in order that the constraint u ∈ Fx on the perforation be closed. Condition 2
implies some kind of connectedness at infinity for Fx uniformly in x, and is trivially satisfied if Fx are
contained in a common compact set. Finally Condition 3 is a regularity assumption on x 7→ Fx, and is
trivially satisfied if Fx is independent of x.

Functional setting. By the highly inhomogeneous nature of our problems, we will use topologies that
allow for increasingly oscillating functions. Our functional setting will be then the vector Sobolev space
W1,p(Ω;Rm) equipped with its weak topology. Since all our energies will be equi-coercive, we can
equivalently equip this space with the strong convergence in Lp(Ω;Rm). Note that embedding theorems
give that functions in W1,p(Ω;Rm) are continuous if p > d, which explains why constraints give a trivial
effect in that case. For example, a homogeneous Dirichlet condition will be only satisfied in the limit
by the function identically 0. The critical case p = d can also be treated but at the expense of a heavier
notation and longer proofs (see the observations at the end of this section).

We subdivide our result in different cases depending on the geometry and location of the perforation.
In the first one, we consider the case of periodically distributed perforations in the interior of Ω, giving
a limit bulk contribution. By modifying this case we will then obtain different statements for locally
periodic perforations and for perforations located on the boundary of Ω.

We first consider functions u : Ω → Rm, with constraints given on a perforation composed of an
ε-periodic array of closed sets. As a first prototypical case, we can think of d = 2, m = 3 and Fx,
independent of x, a cone, describing a membrane subjected to a unilateral constraint. We can take for
example Fx = {z ∈ R3, z3 ≥ 0}, in which displacements below the plane {z3 = 0} are forbidden in the
perforation, or Fx = {w(x)} + F, where we penalize functions such that u(x) − w(x) does not lay in the
set F. As a second example we may take m = 3 and d = 2 or 3 with constraints u(x) = w(x) on x in a
regular d-dimensional lattice of Rd. The function w may be thought of as a control variable, modeling a
control device internal to the reference set Ω. The constraint is relaxed to a bulk integral of the form

ˆ
Ω

ϕ(x, u(x)) dx;

that is, for ε and δ small the functions u minimizing the energy with such constraints, subjected to given
boundary and/or forcing conditions, will be close to minimizers of

ˆ
Ω

σ(∇u)dx +

ˆ
Ω

ϕ(x, u(x)) dx,

subjected to the same boundary and/or forcing conditions. The function ϕ(x, z) is characterized by a
minimum problem obtained by blow-up at the perforation site, which we may assume to be parameter-
ized by x, with z acting as a boundary datum. For a function u with value u(x) = z at a given point x and

6



for a sequence uε converging to u the condition uε(x) = z is in general in contrast with the constraint
that uε ∈ Fx on the element of the perforation parameterized by x. Nevertheless it is not restrictive to
suppose that the equality uε = z is (approximately) satisfied close to the perforation. Hence, this last
condition is interpreted as a boundary condition; that is, we may assume that, given a target function u,
the approximating functions uε at given ε satisfy uε = u(x) on a ball of radius δR (with R large) around
the corresponding element of the perforation. After scaling the perforation in order to parameterize its
effect on the fixed reference set K, this boundary condition is given on some large ball BR. Hence,
minimizing on all function with this given boundary condition, we define ϕε,R as

ϕε,R(x, u) B inf
{ˆ

B(0,R)
σε(∇3) dz, where 3 − u ∈ W1,p

0 (B(0,R);Rm), 3(z) ∈ Fx if z ∈ K
}
, (2.2)

where σε(ξ) = ε
dp

d−pσ(ε−
d

d−p ξ). The asymptotic effect of the perforation will be described by letting
ε→ 0 and letting R diverge. Recalling that under our assumptions σε tend to σ0 as ε tends to 0, in order
to describe this effect we set

ϕ(x, u) B inf
{ˆ

Rd
σ0(∇3) dz, where 3 − u ∈ W1,p(Rd;Rm), 3(z) ∈ Fx if z ∈ K

}
. (2.3)

If m = 1, u = 1 and Fx = {0} then this number is a classical quantity called the p-capacity of the set
K. Formula (2.3) is a vector generalization, giving a sort of p-capacity of the set K with respect to the
constraint Fx. Note that ϕ(x, u) = 0 if u ∈ Fx and u 7→ ϕ(x, u) grows as a power p of the distance from
Fx; ϕ(x, ·) can therefore be thought as a p-distance from the set Fx.

We next provide two examples concerning the characterization of the function ϕ. As a first example,
we consider the case of Fx = {w(x)} with w a smooth function; that is, at given ε, we fix the value of
u on the perforation to be a function w, which we can interpret as describing the deformation of the
perforation determined by a controlling device internal to the elastic body. In this case ϕ = ϕ0(u(x) −
w(x)), where

ϕ0(u) B inf
{ˆ

Ω

σ0(∇3) dz, where 3 ∈ W1,p(Rd;Rm), 3(z) = u if z ∈ K
}

;

that is, recalling that σ0 is positively homogeneous of degree p, the new term penalizes a kind of p-th
power of the distance of u from w.

In the second example, we confine the perforation to a fixed set, independent of x; that is, Fx = F
independent of x and σ0(ξ) = ‖ξ‖2. In this case ϕ(u) = c dist2(u, F). In particular if F = Sd−1 then
ϕ(u) = c(|u| − 1)2. Note that, in this case, we obtain in the limit a Ginzburg–Landau functional as a limit
of Dirichlet energies with constraints on perforations. If d = 2 then the power p = 2 does not satisfy the
hypotheses of our theorem below, which nevertheless can be proved under an exponential scaling for
the perforation.

The following result is the prototype on which the following ones are modelled. The reason why
the size of the perforation is δε = εd/d−p is that, following the scaling procedure described above, in this
regime the minimal energy of each perforation at a point x is εdϕ(x, u(x)). Since the perforations are dis-
tributed on a cubic lattice of size ε, the summation of these terms produces the integral

´
Ω
ϕ(x, u(x)) dx.

Again we note that the statement as a theorem concerning the computation of a Γ-limit is a useful
shorthand to express the fact that problems involving energies Fε in (2.4) with given forcing terms and
boundary conditions converge to the corresponding problems for F in (2.5). The only care, as boundary
conditions are concerned is that they should not be in contrast with the constraint on the perforation.
This technical point is achieved either if the boundary values are compatible with the constraints, or, for
example, if elements of the perforation at scale of order ε from the boundary are ignored, a condition
which does not change the claim of the theorem.
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Theorem 2.1 (Limit analysis for periodic bulk perforations). Let σ and x 7→ Fx satisfy the assumptions
stated in the previous paragraphs, let 1 < p < d, and let δε = εd/d−p. If we set xεi = εi for all i ∈ Zd such
that xεi + δεK ⊂ Ω, and let

Fε(u) B


ˆ

Ω

σ(∇u)dx if u(x) ∈ Fxεi for all i and x ∈ xεi + δεK,

+∞ otherwise,
(2.4)

for u ∈ W1,p(Ω;Rm); then the Γ-limit of Fε as ε→ 0 in the Lp and weak W1,p topologies is

F (u) B
ˆ

Ω

σ(∇u)dx +

ˆ
Ω

ϕ(x, u(x)) dx, (2.5)

with ϕ in (2.3), with domain W1,p(Ω;Rm).

This result and the following are stated in terms of the displacement u, but can equivalently stated
for energies and constraints y(x) ∈ Fx formulated in terms of the deformation y. More precisely, keeping
the same notation for the constraint, we can consider energies defined by

Gε(y) B


ˆ

Ω

σ(∇y)dx if y(x) ∈ Fxεi for all i and x ∈ xεi + δεK,

+∞ otherwise,

for y ∈ W1,p(Ω;Rm), and prove that the Γ-limit of Gε as ε→ 0 is

G(y) B
ˆ

Ω

σ(∇y)dx +

ˆ
Ω

ϕ(x, y(x)) dx

with domain W1,p(Ω;Rm).
Indeed, replacing u(x) = y(x) − x in Gε, we can define

F̃ε(u) B


ˆ

Ω

σ(∇u − id)dx if u(x) ∈ Fxεi − x for all i and x ∈ xεi + δεK,

+∞ otherwise,

whose Γ-limit is proven, with a small-perturbation argument, to be the same as that of

Fε(u) B


ˆ

Ω

σ(∇u − id)dx if u(x) ∈ Fxεi − xεi for all i and x ∈ xεi + δεK,

+∞ otherwise,

which is in the form required to apply Theorem 2.1. Noting that the recession function of ξ 7→ σ(ξ− id)
is the same as that of σ, defining ϕ as in (2.3), Theorem 2.1 gives the Γ-limit corresponding to the
constraints Fx − x; that is,

F (u) =

ˆ
Ω

σ(∇u − id)dx +

ˆ
Ω

ϕ(x, u(x) − x) dx = G(y),

and the claim.
We give a proof of Theorem 2.1. As usual, the computation of the Γ-limit is split into a lower

bound, giving an ansatz-free estimate on the energy of an arbitrary sequence converging to u, and an
upper bound, which amounts to the construction of a recovery sequence along which the lower bound is
matched (up to an arbitrarily small error) (see [6]). The construction of the recovery sequence is linked
in our case to the definition of the term ϕ, and is obtained by taking, loosely speaking, scaled optimal
functions for the problem defining ϕ(x, u(x)) close to the perforation, and the function u(x) far from the
perforation.
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Proof of Theorem 2.1. We only give the main steps of the proof, confining the technicalities to some
results in dedicated lemmas reported in AppendixA.

Lower bound. Let uε be an arbitrary sequence converging to u in W1,p(Ω,Rm) and let uεh be a
subsequence realizing lim infε→0 Fε(uε). With fixed η > 0, by Lemma A.1 there exist 3h converging
weakly to some 3 in W1,p(Ω,Rm), |3h| ≤ Rη,

‖3 − u‖W1,p = oη(1), (2.6)

and
lim inf
h→+∞

Fεh(3h) ≤ lim inf
ε→0

Fε(uε) + oη(1) (2.7)

as η → 0. Moreover, by LemmaA.2, with fixed N ≥ 1 we can assume that 3h is constant on spherical
surfaces S εh

j containing the perforation (see the statement of the lemma for a precise definition, choosing
ρε as inA.3) indexed by j ∈ {1, . . . ,N}, up to replacing (2.6) with ‖3 − u‖W1,p = oη,N(1) and (2.7) with
lim inf
h→+∞

Fεh(3h) ≤ lim inf
ε→0

Fε(uε) + oη,N(1) as η→ 0 and N → +∞.

Let now wh be defined by extending 3h as the corresponding constant in the balls whose boundaries
are the spherical surfaces S εh

j . Note that wh still converge to 3. Setting Rε =
ρε
δε

and ϕh(x, z) = ϕεh,Rεh
(x, z)

as in (A.1) we can now estimate

lim inf
h→+∞

Fεh(3h) ≥ lim inf
h→+∞

ˆ
Ω\

⋃
B
εh
j

σ(∇3h) dx +
∑

j

ˆ
B
εh
j

σ(∇3h) dx

≥ lim inf
h→+∞

ˆ
Ω

σ(∇wh) dx + lim inf
h→+∞

∑
j

εd
hϕεh,2

−2iεh ( j)−1 ρεh
δ

(εh j, 3̄hj)

≥

ˆ
Ω

σ(∇3) dx + lim inf
h→+∞

ˆ
Ω

ϕ
εh,

ρεh
δ

(∑
j

1
εh( j+(− 1

2 ,
1
2 )d

)
εh j,

∑
j

1εh( j+(− 1
2 ,

1
2 )d)3̄

εh
j

)
dx

≥

ˆ
Ω

σ(∇3) dx + lim inf
h→+∞

ˆ
Ω

ϕh

(∑
j

1
εh( j+(− 1

2 ,
1
2 )d

)
εh j,

∑
j

1εh( j+(− 1
2 ,

1
2 )d)3̄

εh
j

)
dx. (2.8)

Now, by LemmaA.2 we know that
∑

j 1εh( j+(− 1
2 ,

1
2 )d)3̄

εh
j converges in Lp(Ω;Rm) to 3, and by LemmaA.4

ϕh converges to ϕ uniformly on Ω × B(0, L). In particular, this gives

lim
h→+∞

ˆ
Ω

ϕh

(∑
j

1
εh
(

j+(− 1
2 ,

1
2 )d

)εh j,
∑

j

1εh( j+(− 1
2 ,

1
2 )d)3̄

εh
j

)
dx =

ˆ
Ω

ϕ(x, 3(x)) dx. (2.9)

Following on from (2.8) and applying (2.9) we conclude

lim inf
ε→0

Fε(uε) ≥ lim inf
h→+∞

Fεh(3h) − oη,N(1) ≥ F (v) − oη,N(1).

By letting η to 0 and N to +∞, we finally deduce that F (u) ≤ lim inf
ε→0

Fε(uε).

Upper bound. Let u ∈ W1,p(Ω;Rm) to be approximated. Without loss of generality, we may assume
that u is bounded, say |u| ≤ L. With fixed N > 1, we can apply LemmaA.2 applied to uε = u for all ε
and ρε as in LemmaA.3, obtaining a sequence (3ε)ε>0 constant on the boundary of some balls Bεi, j close
to the perforation.

We now modify the sequence 3ε in the balls Bεi, j in order to produce the required recovery sequence.
Let η > 0; by LemmaA.4 there exists ε0 small enough such that |ϕε,Ri

ε
(x, u0) − ϕ(x, u0)| ≤ η for |u0| ≤ L
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and 0 < ε < ε0, with Ri
ε = 2−2iε( j)−1 ρε

δε
for i = 1, . . . ,N. Let now ε < ε0 and j ∈ Zd be such that Bεi, j ∈ Ω.

Let ζ i, j
ε be a valid competitor for (2.2) such thatˆ

B(0,Ri
ε)
σε(∇ζ

i, j
ε ) dz ≤ ϕε,Ri

ε
(x, 3̄εj) + η.

Finally, for ε < ε0, define

uε(x) =

ζ i, j
ε (δε(x − ε j)) if x ∈ Bεi, j,

3ε(x) otherwhise.

We conclude by proving that uε is a recovery sequence. It holds

lim sup
ε→0

ˆ
Ω

σ(∇uε) ≤ lim sup
ε→0

ˆ
Ω\

⋃
j Bεi, j

σ(∇3ε) dz + lim sup
ε→0

∑
j

ˆ
Bεi, j

σ(∇uε) dz

=

ˆ
Ω

σ(∇u) dz + lim sup
ε→0

εd
∑

j

ˆ
B(0,Ri

ε)
σε(∇ζ

i, j
ε ) dz

where the last equality comes from the equi-integrability of |∇3ε|p. Now

lim sup
ε→0

εd
∑

j

ˆ
B(0,Ri

ε)
σε(∇ζ

i, j
ε ) dz ≤ lim sup

ε→0

(
εd

∑
j

ϕε,Ri
ε
(ε j, 3̄εj) + η|Ω + B(0, ε)|

)
≤ lim sup

ε→0

ˆ
Ω

ϕ
(∑

j

1
ε( j+(− 1

2 ,
1
2 )d

)
ε j,

∑
j

1ε( j+(− 1
2 ,

1
2 )d)3̄

ε
j

)
dz

+ 2η |Ω + B(0, ε)|.

By recalling (2.9) we conclude that lim sup
ε→0

Fε(uε) ≤ F (u) + Cη. By sending η→ 0 we conclude.

An interesting variation on the previous result is obtained when perforations are not distributed
uniformly but have a local limit density described by a (bounded) function ρ. In this case, the relaxed
constraint takes the form ˆ

Ω

ϕ(x, u(x)) ρ(x) dx,

We state a version of this result obtained by deforming the reference lattice on which the perforation is
parameterized. This deformation is obtained by introducing a possible local variation of the oscillations
and orientation described by a smooth diffeomorphism. In this case the density ρ is given in terms
of the Jacobian determinant of the transformation. We note that we could treat distributions of the
perforations with much less regularity, and also random distributions, upon requiring that perforations
cannot accumulate or be too sparse. For simplicity of notation, we limit to considering perforations that
can be parameterized on cubic lattices, since a precise statement in the general case would need some
technicalities.

Theorem 2.2 (Limit analysis for locally periodic bulk perforations). Let Ψ : Rd → Rd be a smooth
diffeomorphism and set

Kε
i = Ψ(xεi ) + δεK

for all i ∈ Zd such that Kε
i ⊂ Ω, (that is, we center the elements of the perforation in the set obtained

as the image of a cubic lattice by Ψ). Let the assumptions on f and x 7→ Fx be as in Theorem 2.1, let
1 < p < d, let δε = ε

d
d−p , and let

Fε(u) B


ˆ

Ω

σ(∇u)dx if u(z) ∈ FΨ(xεi ) for all i and z ∈ Kε
i ,

+∞ otherwise.
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Then the Γ-limit of Fε as ε→ 0 in the Lp and weak W1,p topologies is

F (u) B
ˆ

Ω

σ(∇u)dx +

ˆ
Ω

ϕ(x, u(x)) ρ(x) dx,

with domain W1,p(Ω;Rm), where ρ(x) = |det(∇Ψ(Ψ−1(x)))|−1.

Proof of Theorem 2.2. The proof of Theorem 2.2 is obtained following the one of Theorem 2.1 by not-
ing that after a change of variables the term |det(∇Ψ(Ψ−1(x)))|−1 is (approximately) a prefactor of the
contribution of the single perforation at x. The construction of a recovery sequence is the same, upon
noting that ρ(x) so defined is the asymptotic density of perforations at x.

Note that the hypotheses on the lattice can be localized by assuming that there exist disjoint open
subsets Ω j of Ω such that |Ω \

⋃
j Ω j| = 0, and Ψ j : Rd → Rd smooth diffeomorphisms such that

Lε ∩Ω j = Ψ j(εZd) ∩Ω j. The statement of the claim is the same with Ψ = Ψ j on Ω j.

We now take into account cases when the constraint can also be imposed on a lower-dimensional
(possibly deformed) set. This situation models for example control devices on low-dimensional man-
ifolds. We only state the case of a (d − 1)-dimensional set, parameterized by a smooth hypersurface
Σ ⊂ Ω along which the sites of the perforation are approximately a (d − 1)-dimensional cubic lattice of
spacing ε. In this case, the size of the perforation is δε = ε(d−1)/(d−p). With this change in the exponent,
the energy of a perforation at a point x for an optimal approximation is εd−1ϕ(x, u(x)). The sum of these
terms produces a (d − 1)-dimensional integral on Σ, and the relaxed constraint takes the formˆ

Σ

ϕ(x, u(x)) ρ(x) dHd−1,

where Hd−1 is the (d − 1)-dimensional Hausdorff measure (for a smooth surface, coinciding with the
usual surface measure). Again, ρ(x) can be interpreted as a (d − 1)-dimensional density of perforations
at x.

Theorem 2.3 (Limit analysis for perforations along an internal hypersurface). Let δε = ε
d−1
d−p , let ω be

an open bounded set in Rd−1 and let Ψ : ω→ Ω be a smooth diffeomorphism between ω and Ψ(ω). Set

Kε
i = Ψ(εi) + δεK,

for all i ∈ Zd−1 such that Kε
i ⊂ Ω, and let

Fε(u) B


ˆ

Ω

σ(∇u)dx if u(z) ∈ FΨ(xεi ) for all i and z ∈ Kε
i ,

+∞ otherwise.

Then the Γ-limit of Fε as ε→ 0 in the Lp and weak W1,p topologies is

F (u) B
ˆ

Ω

σ(∇u) dx +

ˆ
Ψ(ω)

ϕ(x, u(x))ρ(x) dHd−1,

with domain W1,p(Ω;Rm), where ρ(x) = |det(∇Ψ(Ψ−1(x)))|−1.The function u on Ψ(ω) is meant in the
sense of traces.

Proof of Theorem 2.3. The proof follows the ones of the previous two theorems, the only change being
the observation that, as noted above, the scaling produces that each element of the perforation can be
considered as a part of an approximation of a surface integral. The construction of the recovery sequence
is the same as before.
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Note that a particular case is when we take as ω a parameterization of a planar section of Ω, which,
up to a change in coordinates, we can suppose to be {xd = 0} ∩ Ω. After identifying {xd = 0} with Rd−1

and taking Ψ the identity, the perforation is simply Kε
i = εi + δεK, and the Γ-limit can be written as

F (u) B
ˆ

Ω

σ(∇u) dx +

ˆ
{xd=0}∩Ω

ϕ(x, u(x)) dx,

where the last integral is performed with respect to the Lebesgue measure in Rd−1.

Finally, an interesting variant is when the constraint may be imposed on the boundary of Ω (or part
of it), for which the relaxed term is ˆ

∂Ω

ϕ(x, u(x)) dHd−1.

The difference with the perforation in the bulk, is that perforations on the boundary only take into
account the deformation in the interior, and hence, assuming the boundary smooth, the scaling analysis
leading to ϕ must be modified, obtaining a different energy density.

We can think of such constraints as loose confinement conditions imposing for example that the
points on the boundary may only lay in the interior of a given set. We note that the computations
for the function ϕ differ from those of the aforementioned ϕ in that conditions on the boundary of Ω

approximately only take into account the half-space delimited by the tangent plane.
In the following results, values of functions on points in ∂Ω are understood in the sense of traces.

We consider two cases: (a) bulk perforations centered in points on the boundary and (b) perforations as
subsets of the boundary. The form of ϕ is different in the two cases (see (2.10) and (2.11), respectively).

Theorem 2.4 (Limit analysis for perforations along the boundary). Let A j be relatively disjoint open
subsets of ∂Ω and ω j open subsets of Rd−1 such that there exist smooth onto diffeomorphisms Ψ j : ω j →

A j. Let δε = ε(d−1)/(d−p) and set either
(a) Kε

j,i = Ψ j(εi) + δεB1 ∩Ω (bulk perforations centered on the boundary), or
(b) Kε

j,i = Ψ j(εi + δεB1) (perforations on the boundary).
Let

Fε(u) B


ˆ

Ω

σ(∇u) dx if u(z) ∈ FΨ j(xεi ) for all i, j and z ∈ Kε
j,i,

+∞ otherwise.

Then the Γ-limit of Fε as ε→ 0 in the Lp and weak W1,p topologies is with F (u) given by

F (u) B
ˆ

Ω

σ(∇u) dx +
∑

j

ˆ
A j

ϕ(x, u(x)) ρ(x) dHd−1,

with domain W1,p(Ω;Rm), where ρ(x) = |det(∇Ψ j(Ψ−1
j (x)))|−1. In case (a), ϕ is defined by

ϕ(x, u) = inf
{ ˆ

Rd
+

σ0(S x∇3(z))dz : 3 − u ∈ W1,p(Rd
+;Rm), 3 ∈ Fx on B1 ∩ {xd > 0}

}
, (2.10)

where Rd
+ = {x ∈ Rd : xd > 0} and S x is a rotation carrying the outer normal ν(x) to Ω in x to the vector

(0, . . . , 0,−1), while ϕ is defined by

ϕ(x, u) = inf
{ˆ

Rd
+

σ0(S x∇3(z))dz : 3 − u ∈ W1,p(Rd
+;Rm), 3 ∈ Fx on B1 ∩ {xd = 0}

}
(2.11)

in case (b).
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Note that if σ0 is a convex, reflection-invariant function then ϕ(x, z) satisfies

ϕ(x, u) =
1
2
ϕ(x, u) =

1
2

inf
{ ˆ

Rd
σ0(∇3(z)) dz : 3 − u ∈ W1,p(Rd;Rm), 3 ∈ Fx on B1

}
in case (a) and analogously in case (b).

Proof of Theorem 2.4. The proof differs from the one of the previous theorem in that the blow-up argu-
ment close to the boundary produces limit minimum problem defined on half-spaces.

As examples of relevant constraints on the boundary we can consider conditions related to the nor-
mal direction. For instance, Fx = {tνx : t ≥ 0} where νx is the outward normal to ∂Ω. This is a sort of
infinitesimal constraint, allowing energy-free displacement only in the normal direction to Ω. Another
example is that in which Fx is the cone {z ∈ Rd : 〈νx, z〉 ≥ κ|z|}. In particular, for κ = 0 this allows for
energy-free displacements if they are not towards Ω. In both cases, Fx are cones and, if σ(ξ) = ‖ξ‖p,
then the term distp(z, Fx) in ϕ can be interpreted as a power of the norm of the projection on the dual
cone.

The critical case p = d. The case p = d cannot directly be treated as when p < d. The reason is that
capacitary problems for positively d-homogeneous functions are invariant by scaling. As a consequence,
the scaling parameter δ = εd/d−p is meaningless and cannot be used. At this scale the perforation size
does not scale as a power of the period, but is exponentially small, and we have to take δ = e−κ/ε

d/(d−1)
.

In accord with the case when Fx = {0} (homogeneous Dirichlet conditions), which has been treated in
[15], in Theorem 2.1 the corresponding ϕ = κ1−dϕ1 is described by the asymptotic formula

ϕ1(x, u) = lim
T→+∞

| log T |d−1 min
{ˆ

B(0,T )
σ0(∇3(z)) dz : 3 − u ∈ W1,p

0 (B(0,T );Rm), 3 ∈ Fx on B(0, 1)
}
.

Note that the form of ϕ does not depend on K, but it depends on the exponential decay through the factor
κ1−d. As in the case of Dirichlet conditions we have a discontinuous dependence of ϕ on p at the critical
scaling, which suggests a fine dependence of the perforation on p close to d at small but finite ε in the
spirit of expansions by Γ-convergence [16, 17].

3. Numerical examples

In this section, we illustrate the application of the mathematical results detailed above through nu-
merical simulations. We focus on problems such that the reference configuration Ω is a subset of R2

that is mapped by the deformation to either R2 or R3. This context is of particular relevance for elastic
membranes subjected to perforations at the boundary or in the interior. Specifically, we take the square
domain (0, `) × (0, `) of side length ` as the reference set and we assume that the hyperelastic energy
density is of the form σ(ξ) = ‖ξ‖p, with p ∈ (1, 2). We next consider distinct boundary-value problems
as follows:

1. The reference set Ω is subjected to null displacement on {0}× (0, `) and to the boundary constraint
F1

(x1,x2) = {(z1, z2) : z1 = x1,c − x1} on the perforation A1 = {`} × (0, `), see Fig. 2a. Specifically,
the perforation is constrained on the vertical line passing through x1 = x1,c and

ϕ((x1, x2), (z1, z2)) = c |z1 + x1 − x1,c|
p,

according to Theorem 2.4.
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<latexit sha1_base64="52e1lM1povk5+Iy4xJiNCGCYZ0o=">AAACCHicbVDLTgJBEJzFF+ILHzcvE4mJJ9w1BrmYEL14xEQeCRDSOzQ4YXZ2M9NLgoQf8Cu86smb8epfePBfXJCDgnWqVHWnq8uPlLTkup9Oaml5ZXUtvZ7Z2Nza3snu7lVtGBuBFRGq0NR9sKikxgpJUliPDELgK6z5/euJXxugsTLUdzSMsBVAT8uuFECJ1M4eNAdgMLJShZpf8iYqdVpsZ3Nu3p2CLxJvRnJshnI7+9XshCIOUJNQYG3DcyNqjcCQFArHmWZsMQLRhx42EqohQNsaTdOP+XFsgUIeoeFS8amIvzdGEFg7DPxkMgC6t/PeRPzPa8TULbZGUkcxoRaTQyQVTg9ZYWRSC/KONEgEk+TIpeYCDBChkRyESMQ46SmT9OHNf79Iqmd5r5Av3J7nSlezZtLskB2xE+axC1ZiN6zMKkywB/bEntmL8+i8Om/O+89oypnt7LM/cD6+AWaumR8=</latexit>

" = `/8
<latexit sha1_base64="XZv5iWDxwt+76oAGos0Ze6V7bYE=">AAACCHicbVDLTgJBEJzFF+ILHzcvE4mJJ9w1Br2YEL14xEQeCRDSOzQ4YXZ2M9NLgoQf8Cu86smb8epfePBf3EUOitapUtWdri4/UtKS6344mYXFpeWV7GpubX1jcyu/vVOzYWwEVkWoQtPwwaKSGqskSWEjMgiBr7DuD65Svz5EY2Wob2kUYTuAvpY9KYASqZPfaw3BYGSlCvUFb6FSx16pky+4RXcK/pd4M1JgM1Q6+c9WNxRxgJqEAmubnhtRewyGpFA4ybViixGIAfSxmVANAdr2eJp+wg9jCxTyCA2Xik9F/LkxhsDaUeAnkwHQnZ33UvE/rxlT77w9ljqKCbVID5FUOD1khZFJLci70iARpMmRS80FGCBCIzkIkYhx0lMu6cOb//4vqZ0UvVKxdHNaKF/OmsmyfXbAjpjHzliZXbMKqzLB7tkje2LPzoPz4rw6b9+jGWe2s8t+wXn/An9lmS4=</latexit>

" = `/16

<latexit sha1_base64="oZFPtrBsOEeCShq4EPBJoBPURto=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgTKChjII8pASKzpfNuGU89m62wNFST6BFio6RMv3UPAv2MYFJEw1mtnVzk4QS2HQdT+dpeWV1bX1wkZxc2t7Z7e0t980kdUcGjySkW4HzIAUChooUEI71sDCQEIrGF2lfusBtBGRusNxDH7IhkoMBGeYSLdTO+2Vym7FzUAXiZeTMslR75W+uv2I2xAUcsmM6XhujP6EaRRcwqzYtQZixkdsCJ2EKhaC8SdZ1Bk9toZhRGPQVEiaifB7Y8JCY8ZhkEyGDO/NvJeK/3kdi4MLfyJUbBEUTw+hkJAdMlyLpAOgfaEBkaXJgQpFOdMMEbSgjPNEtEkpxaQPb/77RdI8rXjVSvXmrFy7zJspkENyRE6IR85JjVyTOmkQTobkiTyTF+fReXXenPef0SUn3zkgf+B8fANTYZKV</latexit>|u|

Figure 2: Numerical results for the case of a square domain Ω = (0, `) × (0, `) of side length ` subjected to Dirichlet boundary
conditions on {0} × (0, `) and to the constraint F1

(x1 ,x2) = {(z1, z2) : z1 = x1,c − x1} at the perforation A1 = {`} × (0, `). (a) Sketch
of the boundary-value problem. (b) Deformed configurations for perforations with ε = {`/2, `/4, `/8, `/16} and for the limit
functional. The colorbar reports the norm of the displacement field. For all the results, p = 3/2, ` = 1, and x1,c = 6/5.

2. The reference set Ω is subjected to the boundary constraint F2
(x1,x2) = {(z1, z2) : (z1 + x1 − x1,c)2 +

(z2 + x2 − x2,c)2 = R2} on the perforations A1 = {`} × (0, `), A2 = (0, `) × {`}, A3 = {0} × (0, `),
and A4 = (0, `) × {0}, see Fig. 3a. Hence, the perforations are constrained on the circle of center
(x1,c, x2,c) and of radius R, so that

ϕ((x1, x2), (z1, z2)) = c
∣∣∣∣ √(z1 + x1 − x1,c)2 + (z2 + x2 − x2,c)2 − R

∣∣∣∣p,
according to Theorem 2.4.

3. The reference set Ω is subjected to null displacement on (0, `) × {0} and on (0, `) × {`}, and to the
constraint F3

(x1,x2) = {(z1, z2, z3) : (z2 + x2− x2,a)2 +(z3)2 = R2} on the one-dimensional perforations
I1 = {`/10} × (`/10, 9`/10), I2 = {`/2} × (`/10, 9`/10), and I3 = {9`/10} × (`/10, 9`/10) in the
interior of Ω, see Fig. 4a. Thus, the perforations are constrained on the cylinder of radius R and
axis the line x2 = x2,a, so that

ϕ((x1, x2), (z1, z2, z3)) = c
∣∣∣∣ √(z2 + x2 − x2,a)2 + (z3)2 − R

∣∣∣∣p,
according to Theorem 2.3.

4. The reference set Ω is subjected to null displacement on {0}× (0, `) and to the boundary constraint
F4

(x1,x2) = {(z1, z2) : z2 + x2 + z1 + x1 − 3`/2 ≥ 0} on the perforation A1 = {`} × (0, `), see Fig. 5a.
Specifically, the perforation is unilaterally constrained to the right of the line x2 + x1 − 3`/2 = 0,
so that denoting by H the unit step function

ϕ((x1, x2), (z1, z2)) = c H
( 3

2` − z2 − x2 − z1 − x1
) ∣∣∣z2 + x2 + z1 + x1 −

3
2`

∣∣∣p2−
p
2 ,

according to Theorem 2.4.
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<latexit sha1_base64="j+ZKH1alJPjjV7vKQK+Qz6cQVF4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRCpQRNHQEiTykxIrWl004cn7obo0UrPwDLVR0iJa/oeBfsE0KSJhqNLOrnR0vUtKQbX9ahaXlldW14nppY3Nre6e8u9cyYawFNkWoQt3xwKCSATZJksJOpBF8T2HbG19mfvsBtZFhcEuTCF0fRoEcSgGUSq3etY8j6JcrdtXOwReJMyMVNkOjX/7qDUIR+xiQUGBM17EjchPQJIXCaakXG4xAjGGE3ZQG4KNxkzztlB/FBijkEWouFc9F/L2RgG/MxPfSSR/ozsx7mfif141peO4mMohiwkBkh0gqzA8ZoWVaA/KB1EgEWXLkMuACNBChlhyESMU47aWU9uHMf79IWidVp1at3ZxW6hezZorsgB2yY+awM1ZnV6zBmkywe/bEntmL9Wi9Wm/W+89owZrt7LM/sD6+ARcZk4s=</latexit>

⌦

<latexit sha1_base64="T4vDvsBSHtIFsbahaoUHyXUWaFg=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIRCpQBGsogyENKouh82YRTzg/drUGRlU+ghYoO0fI9FPwLtnEBCVONZna1s+OGShqy7U+rsLS8srpWXC9tbG5t75R391omiLTApghUoDsuN6ikj02SpLATauSeq7DtTq5Sv/2A2sjAv6NpiH2Pj305koJTIt1eDJxBuWJX7QxskTg5qUCOxqD81RsGIvLQJ6G4MV3HDqkfc01SKJyVepHBkIsJH2M3oT730PTjLOqMHUWGU8BC1Ewqlon4eyPmnjFTz00mPU73Zt5Lxf+8bkSj834s/TAi9EV6iKTC7JARWiYdIBtKjUQ8TY5M+kxwzYlQS8aFSMQoKaWU9OHMf79IWidVp1at3ZxW6pd5M0U4gEM4BgfOoA7X0IAmCBjDEzzDi/VovVpv1vvPaMHKd/bhD6yPb1+ikfk=</latexit>

A1

<latexit sha1_base64="G2Fx4N+a5k51yszgsmMDjkt2LUA=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIjFCgDNJRBkIeUWNH5sgmnnB+6W4OiKJ9ACxUdouV7KPgXbOMCAlONZna1s+NFShqy7Q+rsLS8srpWXC9tbG5t75R399omjLXAlghVqLseN6hkgC2SpLAbaeS+p7DjTS5Tv3OP2sgwuKVphK7Px4EcScEpkW7OB7VBuWJX7QzsL3FyUoEczUH5sz8MRexjQEJxY3qOHZE745qkUDgv9WODERcTPsZeQgPuo3FnWdQ5O4oNp5BFqJlULBPx58aM+8ZMfS+Z9DndmUUvFf/zejGNztyZDKKYMBDpIZIKs0NGaJl0gGwoNRLxNDkyGTDBNSdCLRkXIhHjpJRS0oez+P1f0q5VnXq1fn1SaVzkzRThAA7hGBw4hQZcQRNaIGAMj/AEz9aD9WK9Wm/fowUr39mHX7DevwBhMZH6</latexit>

A2

<latexit sha1_base64="VjjULmpsxGDPYMPs7PgKU5wfDeU=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTagQBmgoQyCPKTEitaXTTjl/NDdGhRZ+QRaqOgQLd9Dwb9gmxSQMNVoZlc7O16kpCHb/rQWFpeWV1YLa8X1jc2t7dLObtOEsRbYEKEKddsDg0oG2CBJCtuRRvA9hS1vdJX5rQfURobBHY0jdH0YBnIgBVAq3V70Tnqlsl2xc/B54kxJmU1R75W+uv1QxD4GJBQY03HsiNwENEmhcFLsxgYjECMYYielAfho3CSPOuGHsQEKeYSaS8VzEX9vJOAbM/a9dNIHujezXib+53ViGpy7iQyimDAQ2SGSCvNDRmiZdoC8LzUSQZYcuQy4AA1EqCUHIVIxTksppn04s9/Pk+ZxxalWqjen5drltJkC22cH7Ig57IzV2DWrswYTbMie2DN7sR6tV+vNev8ZXbCmO3vsD6yPb2LAkfs=</latexit>

A3

<latexit sha1_base64="fOM7PIpm8ysCaI2vOACP0xc2Vno=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrJRFCgDNJRBkIeUWNH5sgmnnB+6W4OiKJ9ACxUdouV7KPgXbOMCAlONZna1s+NFShqy7Q+rsLS8srpWXC9tbG5t75R399omjLXAlghVqLseN6hkgC2SpLAbaeS+p7DjTS5Tv3OP2sgwuKVphK7Px4EcScEpkW7OB7VBuWJX7QzsL3FyUoEczUH5sz8MRexjQEJxY3qOHZE745qkUDgv9WODERcTPsZeQgPuo3FnWdQ5O4oNp5BFqJlULBPx58aM+8ZMfS+Z9DndmUUvFf/zejGNztyZDKKYMBDpIZIKs0NGaJl0gGwoNRLxNDkyGTDBNSdCLRkXIhHjpJRS0oez+P1f0j6pOvVq/bpWaVzkzRThAA7hGBw4hQZcQRNaIGAMj/AEz9aD9WK9Wm/fowUr39mHX7DevwBkT5H8</latexit>

A4

<latexit sha1_base64="QsvP4x0MSekRl9h3fZZ03je54IA=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjFCgjkBBlEOQhJSY6XzbhlPPZuluDIiufQAsVHaLleyj4F2zjAhKmGs3samfHC6UwaNufVmFpeWV1rbhe2tjc2t4p7+61TRBpDi0eyEB3PWZACgUtFCihG2pgvieh400uUr/zANqIQN3iNATXZ2MlRoIzTKSby7vaoFyxq3YGukicnFRIjuag/NUfBjzyQSGXzJieY4foxkyj4BJmpX5kIGR8wsbQS6hiPhg3zqLO6FFkGAY0BE2FpJkIvzdi5hsz9b1k0md4b+a9VPzP60U4OnNjocIIQfH0EAoJ2SHDtUg6ADoUGhBZmhyoUJQzzRBBC8o4T8QoKaWU9OHMf79I2rWqU6/Wr08qjfO8mSI5IIfkmDjklDTIFWmSFuFkTJ7IM3mxHq1X6816/xktWPnOPvkD6+MbZ3aR/g==</latexit>

F 2

<latexit sha1_base64="fTBj9Exn6Xi+nGYiK8VVbIbo1uM=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRCpQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ntjqo1t+7moKvEK0iNFGiNql/DccRtCAq5ZMYMPDdGP2EaBZewqAytgZjxGZvCIKWKhWD8JA+6oGfWMIxoDJoKSXMRfm8kLDRmHgbpZMjwwSx7mfifN7A4ufYToWKLoHh2CIWE/JDhWqQNAB0LDYgsSw5UKMqZZoigBWWcp6JNK6mkfXjL36+S7kXda9Qb7cta86ZopkxOyCk5Jx65Ik1yR1qkQzgB8kSeyYtjnVfnzXn/GS05xc4x+QPn4xsZ45FE</latexit>

0

<latexit sha1_base64="j1VXjDnvLamrSDmxDj/xysnFgi0=">AAACB3icbVDLTgJBEJzFF+IL5ehlIjHxItk1Bj0SPegRE3kkQEjv0OCEmd3NTK+RbPgAv8KrnrwZr36GB//FBTkoWKdKVXe6uvxISUuu++lklpZXVtey67mNza3tnfzuXt2GsRFYE6EKTdMHi0oGWCNJCpuRQdC+woY/vJz4jXs0VobBLY0i7GgYBLIvBVAqdfOF9hVoDW3CB0qOldSSxt180S25U/BF4s1Ikc1Q7ea/2r1QxBoDEgqsbXluRJ0EDEmhcJxrxxYjEEMYYCulAWi0nWQafswPYwsU8ggNl4pPRfy9kYC2dqT9dFID3dl5byL+57Vi6p93EhlEMWEgJodIKpwessLItBXkPWmQCCbJkcuACzBAhEZyECIV47SmXNqHN//9IqmflLxyqXxzWqxczJrJsn12wI6Yx85YhV2zKqsxwUbsiT2zF+fReXXenPef0Ywz2ymwP3A+vgEOaZmd</latexit>

�-limit

<latexit sha1_base64="WHmYPVFRlB+cDFY1wC7EA9ABwe8=">AAACCHicbVDLTgJBEJzFF+ILHzcvE4mJJ9wlBr2YEL14xEQeCRDSOzQ4YXZ2M9NLgoQf8Cu86smb8epfePBfXJCDgnWqVHWnq8uPlLTkup9Oaml5ZXUtvZ7Z2Nza3snu7lVtGBuBFRGq0NR9sKikxgpJUliPDELgK6z5/euJXxugsTLUdzSMsBVAT8uuFECJ1M4eNAdgMLJShZpf8iYqdVpoZ3Nu3p2CLxJvRnJshnI7+9XshCIOUJNQYG3DcyNqjcCQFArHmWZsMQLRhx42EqohQNsaTdOP+XFsgUIeoeFS8amIvzdGEFg7DPxkMgC6t/PeRPzPa8TUvWiNpI5iQi0mh0gqnB6ywsikFuQdaZAIJsmRS80FGCBCIzkIkYhx0lMm6cOb/36RVAt5r5gv3p7lSlezZtLskB2xE+axc1ZiN6zMKkywB/bEntmL8+i8Om/O+89oypnt7LM/cD6+AV1UmRk=</latexit>

" = `/2
<latexit sha1_base64="CULzBZW+FrU0AhM83N1xy5BX9VU=">AAACCHicbVDLTgJBEJzFF+ILHzcvE4mJJ9w1BL2YEL14xEQeCRDSOzQ4YXZ2M9NLgoQf8Cu86smb8epfePBfXJCDgnWqVHWnq8uPlLTkup9Oaml5ZXUtvZ7Z2Nza3snu7lVtGBuBFRGq0NR9sKikxgpJUliPDELgK6z5/euJXxugsTLUdzSMsBVAT8uuFECJ1M4eNAdgMLJShZpf8iYqdVpoZ3Nu3p2CLxJvRnJshnI7+9XshCIOUJNQYG3DcyNqjcCQFArHmWZsMQLRhx42EqohQNsaTdOP+XFsgUIeoeFS8amIvzdGEFg7DPxkMgC6t/PeRPzPa8TUvWiNpI5iQi0mh0gqnB6ywsikFuQdaZAIJsmRS80FGCBCIzkIkYhx0lMm6cOb/36RVM/yXjFfvC3kSlezZtLskB2xE+axc1ZiN6zMKkywB/bEntmL8+i8Om/O+89oypnt7LM/cD6+AWBymRs=</latexit>

" = `/4 <latexit sha1_base64="kOetIOqCc1uwxs/YTOfkLgqS+uQ=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJyrIRBMoIGsogyENKrOh82YRTzmfrbg2KrHwCLVR0iJbvoeBfsI0LSJhqNLOrnR0/ksKg43xapaXlldW18nplY3Nre6e6u9c2Yaw5tHgoQ931mQEpFLRQoIRupIEFvoSOP7nK/M4DaCNCdYfTCLyAjZUYCc4wlW4d+2xQrTm2k4MuErcgNVKgOah+9YchjwNQyCUzpuc6EXoJ0yi4hFmlHxuIGJ+wMfRSqlgAxkvyqDN6FBuGIY1AUyFpLsLvjYQFxkwDP50MGN6beS8T//N6MY4uvESoKEZQPDuEQkJ+yHAt0g6ADoUGRJYlByoU5UwzRNCCMs5TMU5LqaR9uPPfL5L2ie3W7frNaa1xWTRTJgfkkBwTl5yTBrkmTdIinIzJE3kmL9aj9Wq9We8/oyWr2Nknf2B9fAP+npG7</latexit>

0.5

a b

<latexit sha1_base64="BqLXV9FVc8B2dOukXF6N+EKAZHc=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrIRCpQRNJRBIg8pjqLzZRNOOZ9Pd2ukyIrEV9BCRYdo+RUK/gXbuICEqUYzu9rZCbQUFl330ymtrK6tb5Q3K1vbO7t71f2Djo1iw6HNIxmZXsAsSKGgjQIl9LQBFgYSusH0OvO7D2CsiNQdzjQMQjZRYiw4w1Ty/ZDhfTBOYD70htWaW3dz0GXiFaRGCrSG1S9/FPE4BIVcMmv7nqtxkDCDgkuYV/zYgmZ8yibQT6liIdhBkmee05PYMoyoBkOFpLkIvzcSFlo7C4N0MstoF71M/M/rxzi+HCRC6RhB8ewQCgn5IcuNSMsAOhIGEFmWHKhQlDPDEMEIyjhPxThtp5L24S1+v0w6Z3WvUW/cnteaV0UzZXJEjskp8cgFaZIb0iJtwokmT+SZvDiPzqvz5rz/jJacYueQ/IHz8Q3giJY9</latexit>e1

<latexit sha1_base64="34+w99LgaiI3XW69zQ+byKnPXMg=">AAAB/nicbVBNS8NAFNzUr1q/qh69LBbBU0mKVI9FLx4r2FpoStlsX+vSzWbZfRFKKPgrvOrJm3j1r3jwv5jEHLR1TsPMe7x5E2gpLLrup1NaWV1b3yhvVra2d3b3qvsHXRvFhkOHRzIyvYBZkEJBBwVK6GkDLAwk3AXTq8y/ewBjRaRucaZhELKJEmPBGaaS74cM74NxAvNhY1ituXU3B10mXkFqpEB7WP3yRxGPQ1DIJbO277kaBwkzKLiEecWPLWjGp2wC/ZQqFoIdJHnmOT2JLcOIajBUSJqL8HsjYaG1szBIJ7OMdtHLxP+8fozji0EilI4RFM8OoZCQH7LciLQMoCNhAJFlyYEKRTkzDBGMoIzzVIzTdippH97i98uk26h7zXrz5qzWuiyaKZMjckxOiUfOSYtckzbpEE40eSLP5MV5dF6dN+f9Z7TkFDuH5A+cj2/iF5Y+</latexit>e2

<latexit sha1_base64="52e1lM1povk5+Iy4xJiNCGCYZ0o=">AAACCHicbVDLTgJBEJzFF+ILHzcvE4mJJ9w1BrmYEL14xEQeCRDSOzQ4YXZ2M9NLgoQf8Cu86smb8epfePBfXJCDgnWqVHWnq8uPlLTkup9Oaml5ZXUtvZ7Z2Nza3snu7lVtGBuBFRGq0NR9sKikxgpJUliPDELgK6z5/euJXxugsTLUdzSMsBVAT8uuFECJ1M4eNAdgMLJShZpf8iYqdVpsZ3Nu3p2CLxJvRnJshnI7+9XshCIOUJNQYG3DcyNqjcCQFArHmWZsMQLRhx42EqohQNsaTdOP+XFsgUIeoeFS8amIvzdGEFg7DPxkMgC6t/PeRPzPa8TULbZGUkcxoRaTQyQVTg9ZYWRSC/KONEgEk+TIpeYCDBChkRyESMQ46SmT9OHNf79Iqmd5r5Av3J7nSlezZtLskB2xE+axC1ZiN6zMKkywB/bEntmL8+i8Om/O+89oypnt7LM/cD6+AWaumR8=</latexit>

" = `/8
<latexit sha1_base64="XZv5iWDxwt+76oAGos0Ze6V7bYE=">AAACCHicbVDLTgJBEJzFF+ILHzcvE4mJJ9w1Br2YEL14xEQeCRDSOzQ4YXZ2M9NLgoQf8Cu86smb8epfePBf3EUOitapUtWdri4/UtKS6344mYXFpeWV7GpubX1jcyu/vVOzYWwEVkWoQtPwwaKSGqskSWEjMgiBr7DuD65Svz5EY2Wob2kUYTuAvpY9KYASqZPfaw3BYGSlCvUFb6FSx16pky+4RXcK/pd4M1JgM1Q6+c9WNxRxgJqEAmubnhtRewyGpFA4ybViixGIAfSxmVANAdr2eJp+wg9jCxTyCA2Xik9F/LkxhsDaUeAnkwHQnZ33UvE/rxlT77w9ljqKCbVID5FUOD1khZFJLci70iARpMmRS80FGCBCIzkIkYhx0lMu6cOb//4vqZ0UvVKxdHNaKF/OmsmyfXbAjpjHzliZXbMKqzLB7tkje2LPzoPz4rw6b9+jGWe2s8t+wXn/An9lmS4=</latexit>

" = `/16

<latexit sha1_base64="oZFPtrBsOEeCShq4EPBJoBPURto=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgTKChjII8pASKzpfNuGU89m62wNFST6BFio6RMv3UPAv2MYFJEw1mtnVzk4QS2HQdT+dpeWV1bX1wkZxc2t7Z7e0t980kdUcGjySkW4HzIAUChooUEI71sDCQEIrGF2lfusBtBGRusNxDH7IhkoMBGeYSLdTO+2Vym7FzUAXiZeTMslR75W+uv2I2xAUcsmM6XhujP6EaRRcwqzYtQZixkdsCJ2EKhaC8SdZ1Bk9toZhRGPQVEiaifB7Y8JCY8ZhkEyGDO/NvJeK/3kdi4MLfyJUbBEUTw+hkJAdMlyLpAOgfaEBkaXJgQpFOdMMEbSgjPNEtEkpxaQPb/77RdI8rXjVSvXmrFy7zJspkENyRE6IR85JjVyTOmkQTobkiTyTF+fReXXenPef0SUn3zkgf+B8fANTYZKV</latexit>|u|

Figure 3: Numerical results for the case of a square domain Ω = (0, `) × 0, `) of side length ` subjected to the constraint
F2

(x1 ,x2) = {(z1, z2) : (z1 + x1 − x1,c)2 + (z2 + x2 − x2,c)2 = R2} at the perforations A1 = {`} × (0, `), A2 = (0, `) × {`}, A3 =

{0} × (0, `), and A4 = {0} × (0, `). (a) Sketch of the boundary-value problem. (b) Deformed configurations for perforations
with ε = {`/2, `/4, `/8, `/16} and for the limit functional. The colorbar reports the norm of the displacement field. For all the
results, p = 3/2, ` = 1, x1,c = x2,c = 1/2, and R = 1.

We remark that, for the boundary-value problems outlined above, the densities ϕ and ϕ appearing in
the limit functional measure the distance of the perforations from the target sets.

In the following, we assume the scaling δε = ε
1

2−p and compare the numerical results obtained
for perforations of finite size with those corresponding to the Γ-limit. For the case of perforations
characterized by finite size, the weak formulation of the governing equations is achieved by computing
the functional derivative of the Lagrangian consisting in the hyperelastic strain energy augmented by the
constraints imposed on the perforations. Likewise, solutions to the respective limit cases are achieved
through the weak formulation of the functionals presented in Section 2.

In both cases, numerical solutions to the boundary-value problems are computed through the finite
element discretization of the governing equations. For this purpose, we exploit the functionalities of the
software COMSOL Multiphysics 6.1. In particular, we discretize the displacement field by means of a
suitable mesh of order-one Lagrange elements and seek numerical solutions via the Newton’s solver.

In passing, we remark that an explicit formula for the p-capacity, c, appearing in the limit functional
is not available for the case of boundary perforations in the form of segments of length δ. Thus, its
value has been numerically computed by independent finite element simulations, obtaining c ≈ 1.602
for the value of p = 3/2. As later recalled, this is the choice for the numerical simulations concerning
the first, the second, and the fourth problem. On the contrary, c = π[2(2 − p)/(p − 1)]p−1 for the case
of perforations in the interior of the reference set in the form of balls of diameter δ, the form relevant to
the third problem, see for instance [18].

The numerical results for the first boundary-value problem are summarized in Fig. 2 as obtained
for p = 3/2, ` = 1, and x1,c = 6/5. Specifically, the problem is sketched in Fig. 2a, whereas Fig. 2b
reports about the solutions obtained for ε = {1/2, 1/4, 1/8, 1/16} and for ε → 0. We observe that,
as ε decreases, the displacement field progressively approaches the Γ-limit, modulo on the discrete
perforations where the constraint is enforced. This behaviour is expected in light of the mathematical
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Figure 4: Numerical results for the case of a square domain Ω = (0, `) × 0, `) of side length ` subjected to null displacement
on (0, `) × {0} and on (0, `) × {`}, and to the constraint F3

(x1 ,x2) = {(z1, z2, z3) : (z2 + x2 − x2,a)2 + (z3)2 = R2} on the one-
dimensional perforations I1 = {`/10} × (`/10, 9`/10), I2 = {`/2} × (`/10, 9`/10), and I3 = {9`/10} × (`/10, 9`/10). (a) Sketch
of the boundary-value problem. (b) Deformed configurations for perforations with ε = {`/5, `/10, `/15, `/20} and for the limit
functional. The colorbar reports the norm of the displacement field. For all the results, p = 4/3, ` = 1, x2,a = 1/2, and R = 1/2.

result of Theorem 2.4. Note that the Γ-limit corresponds to a homogeneous deformation, for the specific
choice of strain energy density, and is such that the right vertical boundary of the reference set does
not match the constraint of F1. This is a characteristic feature of how the limit functional captures the
averaged effect of the constraint on the perforation, as highlighted by the comparison with the numerical
results for ε = {1/2, 1/4, 1/8, 1/16}.

We next report in Fig. 3 the numerical results for the second boundary-value problem as obtained for
p = 3/2, ` = 1, x1,c = x2,c = 1/2, and R = 1. We recall that, in this case, perforations at the boundary
of the reference set are constrained to lay on a circle of radius R and center (x1,c, x2,c), see Fig. 3a.
As for the previous case, the displacement field approaches the Γ-limit as the perforations’ density
increases. This is evident from the deformed shapes reported in Fig. 3b. In this case the deformation is
not homogeneous, but we further remark that in the Γ-limit the boundary of the reference set does not
correspond to the constraint of F2, as commented for the previous test case.

Clearly, the two problems discussed above pertain the plane deformation of the reference configu-
ration as due to constraints at its boundary. Hence, we turn our attention to the third boundary-value
problem, such that one-dimensional perforations in the interior of the reference set determine its defor-
mation in space, see Fig. 4. Indeed, we recall that such perforations are constrained to lay on the cylinder
of radius R and axis the line of x2 = x2,c. The problem is sketched in Fig. 4a and the relevant numerical
results are shown in Fig. 4b as obtained for p = 4/3, ` = 1, x2,a = 1/2, and R = 1/2. Specifically, the
figure shows the results for ε = {1/5, 1/10, 1/15, 1/20}, to be compared with the limit case of ε → 0.
Also in this case, the Γ-limit well captures the effect of perforations of finite size as the parameter ε
decreases.

To conclude this section, we consider an interesting variation of the first boundary-value problem to
further highlight the possibility to account for general constraints offered by the presented framework.
In particular, we now assume that the boundary perforation is unilaterally constrained under tension to
the line x2 + x1 − 3`/2 = 0, see Fig. 5a. The numerical results for this test case are reported in Fig. 5b
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Figure 5: Numerical results for the case of a square domain Ω = (0, `) × (0, `) of side length ` subjected to Dirichlet boundary
conditions on {0}×(0, `) and to the constraint F4

(x1 ,x2) = {(z1, z2) : z2 + x2 +z1 + x1−3`/2 ≥ 0} on the perforation A1 = {`}×(0, `).
(a) Sketch of the boundary-value problem. (b) Deformed configurations for perforations with ε = {`/2, `/4, `/8, `/16} and for
the limit functional. The colorbar reports the norm of the displacement field. For all the results, p = 3/2 and ` = 1.

as obtained for ε = {1/2, 1/4, 1/8, 1/16} and for p = 3/2 and ` = 1. As for the previous cases, the
Γ-limit well captures the averaged effect of the perforation as ε decreases. To obtain the numerical
results corresponding to the limit functional, the unit step function in the expression for ϕ has been
approximated as H(τ) ≈ (1 + tanh(k τ))/2, with k = 104.

The result we have presented concern simple test cases and are limited to a specific choice of the
strain energy density. Nevertheless, they provide evidence about the applicability of the proposed ap-
proach to the study of membranes and tensile structures subjected to diffuse constraints and allow to
capture the average effect of such constraints on the equilibrium configuration of those structures.

4. Conclusions and perspectives

In this study, we have explored the behaviour of hyperelastic bodies, with energy function σ, sub-
jected to kinematic constraints in many small regions. We have expressed our analysis through the
computation of a Γ-limit, highlighting the overall effect of the perforation by the appearance of an ex-
tra integral term of a function ϕ(x, u) depending on the p-recession function of σ, on the constraint at
x, and on the value of the displacement u. The results that we obtain significantly improve previous
asymptotic analyses, where mainly only a homogeneous Dirichlet condition had been addressed in a
scalar or convex case. The numerical results, even though computed in simple situations, nicely show
the homogenization effect of the perforation and how the Γ-limit problem simplifies the computations,
still capturing the limit details of minimizers.

In order to obtain our results, we have required some polynomial growth conditions on σ that are
commonly used in asymptotic problems for hyperelastic materials (see e.g. [14, 19]) and that guarantee
a good definition of ϕ. It is interesting to note, however, that the integrals appearing in the Γ-limit,
both the elastic energy and the integral involving ϕ, are well defined and give a lower-semicontinuous
functional, even if we require a polyconvex growth condition (see [20, 14]) and the existence of some p-
recession function for σ. It remains an open problem whether such candidate limit energy is still a good
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Figure 6: The first boundary-value problem is reexamined by assuming the compressible neo-Hookean material model. De-
formed configurations for perforations with ε = {`/4, `/6, `/8}. The colorbar reports the norm of the displacement field. For
all the results, µ = λ = 1 and ` = 1.

approximation for this asymptotic problem in the polyconvex case. In this direction, we have performed
a test resembling the first boundary-value problem of Section 3, but now assuming a compressible neo-
Hookean material model. The strain energy density now takes the form

σ(∇y) =
µ

2
(‖∇y‖2 − 2 − log J) +

λ

2
(log J)2,

where J = det(∇y) is assumed to be positive, while µ and λ are material constants. In this case the
energy does not satisfy a polynomial growth conditions due to the condition of J > 0. However, we can
conjecture that we can proceed as in the case d = p = 2, taking the observations at the end of Section
2 into the account. In support of this, we report in Fig. 6 the results of numerical experiments carried
out for ε = {`/4, `/6, `/8} and assuming µ = λ = 1 for the material constants. In setting the numerical
simulations, we assumed the scaling of δε = exp(−κ/ε2) with κ = 1.9.

We finally note that, for what regards the form of the constraints examined in this work, we have
moved from a (relatively) simple condition modelled on u = 0 or m = 1 and u ≥ 0 to an inclusion
u ∈ Fx, with a large freedom on the closed set Fx. In order to pass to the limit, we have required some
uniform continuity on the dependence x 7→ Fx. We think that this is a technical assumptions, which
can be relaxed in many ways. This will be useful in order to treat cases when the choice of the local
form of Fx may vary greatly, or is chosen randomly from a set of constraints, and we have a superposed
homogenization effect.
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A. Appendix: technical results

In this Appendix we gather the technical lemmas used in the convergence theorems, with a short
proof indicating the main new arguments with respect to the known results.

The following result is a ‘truncation lemma’, stating that, up to an arbitrary small error, the energies
of a weakly converging sequence in W1,p are concentrated on sets where this sequence is equibounded.
A precise statement is obtained by producing an equibounded sequence with almost the same limit and
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almost the same energy. This sequence is obtained from the original one by composition of bounded
Lipschitz functions (note that a simple component-wise truncation may indeed increase the energies).

Lemma A.1. Let Fε be as in Theorem 2.1. Let uε weakly converge to u in W1,p(Ω;Rm). Then for
all η > 0 there exist Rη > 0, a subsequence uεh and a sequence vh ∈ W1,p such that ‖vh‖L∞ ≤ Rη,
‖uεh − vh‖Lp = oη(1) as η→ 0, and lim inf

ε→0
Fε(uε) ≥ lim inf

h→+∞
Fεh(vh) − η.

Proof. Let s, ψ j, M and C be as in Condition 2 in the assumptions on Fx. By a mollification argument,
for ε universally small one can produce 2C-Lipschitz functions ψεj(x,w) such that

ψεj(x,w)


= z if |w| ≤ j,
= s(x) if |w| ≥ 2 j,
∈ Fxεi for all i and x ∈ Kε

i , and w ∈ Fxεi ,

with ‖ψεj −ψ j‖L∞ = oε(1) as ε→ 0 uniformly in j. The proof follows along the lines of [21, Lemma 3.5]
in order to produce Rη > M, a sequence jh such that jh + 2C jh ≤ Rη and a subsequence uεh such that,
setting vh B ψεjh(·, uεh), we have lim inf

ε→0
Fε(uε) ≥ lim inf

h→+∞
Fεh(vh) − η. The other results in the statement

follow from the properties of ψεj .

The main tool in the treatment of periodic perforations is the following result. It states that sequences
weakly converging in W1,p(Ω;Rm) can be modified without changing the limit and, up to introducing an
arbitrarily small error depending on a parameter N, also their energy in such a way that they are constant
on a collection of spherical hypersurfaces around the perforations of radii much larger than δ but still
much smaller than ε, and chosen in a family of N spherical hypersurfaces. This result has been used
in [12] for treating homogeneous Dirichlet conditions on perforations. It is a useful observation to note
that the construction of the modified sequence does not involve the perforation, so that the lemma can
be used for any constraint.

LemmaA.2. Let uε converge weakly to u in W1,p(Ω;Rm) and let ρε be such that 0 < ρε < ε and both
ρε = o(ε) and ε1+

p
d = o(ρε) hold. Then for all N ≥ 1 there exist functions iε : Zd → {1, . . . ,N} and

3ε ∈ W1,p(Ω;Rm) such that 3ε still weakly converges to u,∣∣∣∣ˆ
Ω

σε(∇uε) dx −
ˆ

Ω

σε(∇3ε) dx
∣∣∣∣ = O

( 1
N

)
,

if Cε
j = B(ε j, 2−2iε( j)ρε) \ B(ε j, 2−2(iε( j)+1)ρε) and S ε

j = ∂B(ε j, 2−2iε( j)−1ρε), we have 3ε = uε in Ω \⋃
j Cε

j and 3ε ≡ 3̄εj is constant on each S ε
j . Moreover, the piecewise-constant functions

∑
j 1ε( j+(− 1

2 ,
1
2 )d)3̄

ε
j

converge to u in Lp(Ω;Rm). Finally, if also supε ‖uε‖L∞ = S < +∞ then the same holds for 3ε.

Proof. The lemma is almost the same as [12, Lemma 3.1, Lemma 4.3], with some minor changes in the
notation. Note that the condition ε1+

p
d � ρε � ε allows to estimate the distance from their average of

the functions uε on the annuli Cε
j after scaling to a reference annulus C1 B B(0, 1

4 ) \ B(0, 1
16 ). Indeed,

by the scaling properties of the Poincaré inequality, if Cρ B ρC1, with ρ ∈ (0, 1) then there exists
c = c(p, d) such that for all u ∈ W1,p((0, 1)d;Rm) it holds

ˆ
Q
|u − uρ|p dx ≤

c
ρd

ˆ
Q
‖∇u‖p dx,

where uρ = |Cρ|
−1
´

Cρ
u dx.
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In order to understand the relaxation of the constraint in the limit, we study the asymptotic behaviour
of the capacity-type problem (2.2). In the following we assume the relation Rε =

δε
ρε

to hold, where δε
and ρε are to be specified. In this case, the problem we are tasked with studying is

ϕε(x, u) B inf
{ˆ

B(0,Rε)
σε(∇3) dz, where 3 − u ∈ W1,p

0 (B(0,Rε);Rm), 3 ∈ Fx on K
}
, (A.1)

to be compared with ϕ(x, u) which can then be regarded as a limit problem.

LemmaA.3. Assume that (2.1) holds and let δε = ε
d

d−p . If ρε satisfies ε1+
p
d � ρε � ε

d−αp
d−p (which is not

an empty condition), then ϕε converges pointwise to ϕ.

Proof. We start by noting that d−αp
d−p < 1 +

p
d . We show that for ρε as in the statement ϕε converges to ϕ

pointwise as ε→ 0.
Let ε > 0, x ∈ Ω, w ∈ Rm and let 3 be a minimizer for the problem defining ϕε(x,w) as in (A.1). Let

3̃ denote the extension to the all of Rd of 3 which is constantly w outside of B(0,Rε). Then

ϕ(x, u) =

ˆ
Rd
σ0(∇3̃)dz =

ˆ
B(0,Rε)

σ0(∇3)dz

≤

ˆ
B(0,Rε)

σε(∇3)dz + Cε
dα

d−p

ˆ
B(0,Rε)

(1 + ‖∇3‖p)dz

≤ ϕε(x, u) + Cε
dα

d−p Rd
ε

(
1 + ε

dp
d−p c−2

1

)
+ Cε

dα
d−p

ˆ
B(0,Rε)

1
c1
σε(∇3)dz

= ϕε(x, u) + oε(1),

where the last equality follows from the fact that ε
dα

d−p Rd
ε = ε

d
d−p (αp−d)ρd

ε � 1. By taking the lower limit
for ε→ 0, it follows that ϕ ≤ lim inf

ε→0
ϕε.

The converse inequality for the upper limit follows from a cut-off argument and a similar energy
estimate.

The pointwise convergence of ϕε can be improved to local uniform convergence as follows.

LemmaA.4. Let α, ρε and δε as above. Then ϕε converges to ϕ uniformly on Ω × B(0, L) for all L > 0.

Proof. Recall that by the p-growth condition and the quasiconvexity of σ we have

|σε(A) − σε(B)| ≤ C
(
ε

p(d−1)
d−p + ‖A‖p−1 + ‖B‖p−1

)
‖A − B‖, (A.2)

see [14]. Let 3 ∈ W1,p(B(0,Rε);Rm) and let Ψ : Rm → Rm a bi-Lipschitz map. After some computations
(A.2) yields∣∣∣∣∣ˆ

B(0,Rε)
σε(∇3)dz −

ˆ
B(0,Rε)

σε
(
∇(Ψ ◦ 3)

)
dz

∣∣∣∣∣ ≤ Cε
d(p−1)

d−p R
d(p−1)

p
ε ‖∇Ψ‖L∞‖∇Ψ − I‖L∞

( ˆ
B(0,Rε)

‖∇3‖pdz
) 1

p

+ C(‖∇Ψ‖
p−1
L∞ + 1)‖∇Ψ − I‖L∞

ˆ
B(0,Rε)

‖∇3‖pdz. (A.3)

With fixed 0 < η < 1, L > 1 and x, let u1, u2 ∈ B(0, L) be such that dist(u1, Fx), dist(u2, Fx) > η.
Then there exists Ψ : Rm → Rm bi-Lipschitz such that Ψ(Fx) = Fx, Ψ(u2) = u1 and ‖∇Ψ − I‖L∞ ≤
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C
η |u1 − u2|. Applying (A.3) with 3 a minimizer for (A.1) for u2 and then exchanging the roles of u1 and
u2, we get

|ϕε(x, u1) − ϕε(x, u2)| ≤ C
(L2p+2

ηp+2 + oε(1)
)
|u1 − u2|. (A.4)

Given x1, x2, we can test (A.3) on a minimizer 3 for problem (A.1) and Ψ = Φx1,x2 . In this case we get

ϕε(x2,Φx1,x2(u)) ≤ ϕε(x1, u) + C(Lp+2 + oε(1))|x1 − x2|.

If x1, x2 are close enough (so that for instance ‖Φx1,x2 − id‖, ‖Φx2,x1 − id‖ ≤ η
4 on B(0, L)) then this

inequality can be coupled with (A.4) and yield

|ϕε(x1, u1) − ϕε(x2, u2)| ≤ (C(L, η) + oε(1))(|x1 − x2| + |u1 − u2|)

for u1, u2 satisfying |u1|, |u2| ≤ L, dist(u1, Fx1), dist(u2, Fx2) > η. This equi-continuity result, coupled
with the crude estimate

|ϕε(x1, u1) − ϕ(x1, u1)| ≤ Cηp + oε(1)

holding for (x1, u1) such that dist(u1, Fx1) ≤ η, allows to conclude by an Ascoli–Arzelà argument.

References

[1] K. Bhattacharya, A. Braides, Thin films with many small cracks, R. Soc. Lond. Proc. Ser. A Math.
Phys. Eng. Sci. 458 (2002) 823–840. doi:10.1098/rspa.2001.0821.

[2] M. E. Gurtin, An Introduction to Continuum Mechanics, Academic Press, 1981.

[3] M. E. Gurtin, Topics in Finite Elasticity, Society for Industrial and Applied Mathematics, 1981.

[4] V. A. Marchenko, E. Y. Khruslov, Boundary Value Problems in Domains with a Fine-Grained
Boundary (Russian), Izdat. “Naukova Dumka”, Kiev, 1974.
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