ON THE FREE BOUNDARY FOR THIN OBSTACLE PROBLEMS
WITH SOBOLEV VARIABLE COEFFICIENTS
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ABSTRACT. We establish a quasi-monotonicity formula for an intrinsic fre-
quency function related to solutions to thin obstacle problems with zero obsta-
cle driven by quadratic energies with Sobolev WP coefficients, with p bigger
than the space dimension. From this we deduce several regularity and struc-
tural properties of the corresponding free boundaries at those distinguished
points with finite order of contact with the obstacle. In particular, we prove
the rectifiability and the local finiteness of the Minkowski content of the whole
free boundary in the case of Lipschitz coefficients.

1. INTRODUCTION

In this article we consider a class of lower dimensional obstacle problems with
variable coefficients which has been extensively considered in the literature. In order
to state the results, we introduce the following notation: for any subset £ C R*+!
we set

Et:=En {x eER™ x> O} and E :=EnN {In+1 = 0}.

For any point z € R"*! we will write z = (2/,2,41) € R® x R. Moreover, B,(z) C
R™ "1 denotes the open ball centered at € R*™! with radius r > 0, and B,.(z) its
closure (we omit to write the point x if the origin).

We consider the problem of minimizing a variable coefficient quadratic (Dirich-
let) energy with an unilateral constraint:

11}%1; /B+ (A(x)Vv, Vo)de, (1.1)

where the class of competing functions is given by
of = {U € H'(B):v=gin (0B;)" and v>0in Bi},

with g € H2 ((8B;)") such that A is not empty (the boundary conditions are meant
in the sense of traces). We assume the following hypotheses:

(H1) A € WhP(By,RHDX(41)Y ¢ (n 4 1,00] (in particular, by Morrey’s

embedding, we have A € C*(By, RHDX (1)) =1 — "T'fl);
(H2) A(z) = (a”(x))f;rzll is a symmetric, bounded and coercive matrix, i.e. for
every z € B, i,7 € {1,...,n+ 1}, and £ € R"*! q;(z) = aj;(x), and

AEP < (A(z)€,€) < A€,
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for some 0 < A < A,

By a well-known result due to Ural’tseva [38], the minimizers of (1.1) are C1#
regular for some 5 > 0 and satisfy an elliptic partial differential equation in the
half ball B, whereas on the flat part of the boundary B} the unilateral constraint
u > 0 leads to a free boundary problem. The Euler-Lagrange equation of (1.1) is

{div(A(m)Vu(I)) =0 in By, (1.2)

u>0, AVu-ent1 <0, u(AVu-e,y1)=0 in Bj.

The condition u(AVu - e,y1) = 0 in By is the so called Signorini complementary
boundary condition. The behaviour of u on Bj is not prescribed and is characterized
by the so called free boundary T'(u), which is the relative boundary in B/ of the
contact set BiN{u = 0} where the solution saturates the constraint.

This problem has been widely studied in the last decades and it has become
a very active field of research after the seminal papers by Athanasopoulos and
Caffarelli [4] and Athanasopoulos, Caffarelli and Salsa [5]. The key idea introduced
in [5] is the use of Almgren’s frequency function in the study of both the regularity
of the solution u and the properties of the free boundary I'(u). This has been the
turning point for a long series of results for the constant coefficient case, leading to
a detailed analysis of the free boundary (see, e.g., [5, 7, 8, 12, 13, 14, 19, 23, 26] and
the references therein). The regularity of the solutions of the variable coefficients
case has been considered since the works of Caffarelli [6] and Kinderlehrer [25] in
the case of smooth coefficients, whereas the problem (1.1) with Sobolev coefficients
has been considered by Ural’tseva in [36, 37, 38]. The optimal regularity of the
solutions and the regularity of a subset of the free boundary (points with selected
orders of contact) have been proven more recently by Garofalo and Smit Vega
Garcia [20], and Garofalo, Petrosyan and Smit Vega Garcia in [21], respectively,
for Lipschitz coefficients using a generalization of the frequency function (see also
[22] for further results in the Lipschitz setting). In case of Sobolev coefficients both
topics have been addressed by Koch, Riiland and Shi [27, 28] by means of Carleman
inequalities, the optimal regularity of solutions is established by Riiland and Shi [34]
for Holder coefficients, and for a more general notion of quasi-minimizers by Jeon,
Petrosyan and Smit Vega Garcia [24].

In this paper we continue the analysis for quadratic energies with matrix field
with Sobolev regularity. In particular, we address the question of the global struc-
ture of the free boundary. In details, we need to consider only the points with finite
order of contact: to this aim we write

I‘(u) = Fﬁnite U Foo7

with Tfinite and I'°, to be properly defined in the next sections, representing the
points with finite and infinite order of contact. For I'*® no structure at all is
expected, in analogy with the case of non zero obstacles studied in [10, 16], and the
results on the lack of unique continuation by Plis [33], Miller [30], Filonov [11], and
Mandache [29] for solutions to second order elliptic partial differential equations
with Holder coefficients. We show that the set of free boundary points with finite
order of contact is rectifiable, i.e., can be stratified along submanifolds of dimension
n — 1 and class C'.
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Theorem 1.1. Let u € & be a solution to (1.1) under the hypotheses (H1) and
(H2). The subset of points of the free boundary with finite order of contact Tfinite ()
is (n — 1)-rectifiable, i.e., there exists a countable family of C-submanifolds M; C
Bj of dimension n — 1 such that

H ! (Fﬁ“ite(u) U MZ-> = 0.

€N
Furthermore, there exists a set $(u) C T (u) with Hausdorff dimension at most
n — 2 such that for every x € Tfinite(y) \ $(u)

Ny(2,07) € {2m,2m — 1/2,2m + 1} men\{o} -

In the statement above, N, (z,0") represents the intrinsic frequency of u at the
free boundary point x (cp. Section 5 for its definition).

In addition, if A is Lipschitz continuous, a more complete result holds for the
whole free boundary I'(u), completely analogous to the case of the classical scalar
Signorini problem for the Dirichlet energy as shown in [13, 14].

Theorem 1.2. Let u € & be a solution to (1.1) under the hypotheses (H1) with
p = oo and (H2). Then, the free boundary T'(u) is (n — 1)-rectifiable with locally
finite the Minkowski content: for every K CC BY, there exists a constant C(K) > 0
such that
LNT(T(u) N K)) < C(K)r?, vre(0,1),

where T,.(T(u) N K) C R™™L s the r-tubular neighbourhood of T'(u) N K.

Furthermore, there exists a set L (u) C T (v) with Hausdorff dimension at
most n — 2 such that for every x € Tinite(y) \ $(u)

Nu(.’lﬁ, 0+) S {2m, 2m — 1/2, 2m + 1}m€N\{O} .

Theorems 1.1 and 1.2 are a natural development of a common trend of recent
results, which are directed to the understanding the robustness of the techniques
conceived for the Laplacian (i.e., costant coefficients operators) in more general
cases (and more realistic from the point of view of applications). In the setting
of the thin obstacle problem, we recall the recent contributions on the structure
of the regular set for Lipschitz coefficients [21], for Sobolev coefficients [28] and
for Holder continuous coefficients [24]; for the structure of the singular set with
Lipschitz coefficients [22], and [24] for Hélder coefficients. The rectifiability of the
whole free boundary has been addressed in [15] for the nonlinear case of the area
functional.

One motivation for this study is related to the standard thin obstacle problem,
provided the obstacle condition is assigned on a C''! manifold rather than on a hy-
perplane. Indeed, a rectification of the manifold leads to a thin obstacle problem as
the one stated in (1.1). A further motivation is contained in Section 7.1. Our results
allow to deduce the global structure of the free boundary for solutions to some non-
linear thin obstacle problems, following the approach used for the area functional
n [15], (cf. [9, 1] for preliminary results on the regularity of the solutions).

1.1. New insights and main difficulties. The main ideas for this work stem
from [13]. Starting from the groundbreaking papers by Naber and Valtorta [31,
32], it is well-known that a monotone quantity of the type of the energy ratio for
harmonic maps can be used to describe the structure of singularities: indeed, if
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the monotone quantity is able to detect homogeneous blowups at singular points
and satisfies a suitable rigidigy property, then general covering and rectifiability
arguments lead to the estimate of the measure (actually the Minkowski content)
and the rectifiability of the singular set.

This principle has been exploited in [13] in the case of thin and fractional obstacle
problems with constant coefficients, using suitable variants of Almgren’s frequency
functions, which revealed itself to be a key tools for this class of problems since [5].

The main difficulties here are due to extension of such approach to the case of
variable coefficients. Indeed, the monotonicity of the frequency is closely related to
the linearity of the equations and is valid only for harmonic functions, while in the
general case one should find a suitable linear approximation of the local geometry
prescribed by the matrix A. This is clearly an issue for general nonlinear problems
and understanding this question for low regularity matrix fields A is a first step
towards such program.

We circumvent this difficulty by introducing an intrinsic frequency adapted to the
coefficients matrix A (as opposed to the natural frequency for variable coefficients,
see Section 5 for more details). Actually, we need to use three different forms of the
frequency, which although different can be suitably compared at the right scales. In
particular, we show a quasi-monotonicity formula for a Dirichlet type frequency for
solutions to variable coefficient thin obstacle problems. This idea has been used for
the analysis of the classical obstacle problem in [18, 3]. In the current setting, we
couple it with the fundamental insight provided by Simon and Wickramasekera in
the framework of 2-valued minimal graphs, that quasi-monotonicity of the frequency
is actually equivalent to a doubling condition on the relevant quantities provided
Schauder estimates hold (cf. [35, Lemma 6.1]).

A comment deserves the restriction to Sobolev coefficients as opposite to the
more general Holder setting, for which the analysis of regular and singular points is
contained in [23, 24]. In the derivation of the basic estimate on the oscillation of the
frequency, as well as for the monotonicity, we differentiate the matrix of coefficients
and the gradient of the solutions, and therefore we need enough regularity for A.

2. PRELIMINARIES ON THE THIN OBSTACLE PROBLEM

Here we recall the hypotheses on the thin obstacle problem we address. We
consider quadratic energies of the form

/+<A((E)VU(£C)7V'U((E)> dx,
Bl

where the matrix field A satisfies the hypotheses:
(H1) A € Wh?(By,RO+DX(+D) € (n 4 1,00] (in particular, by Morrey’s

embedding, we have A € CO(By, RHDX(+1)) =1 — ";1);
(H2) A(z) = (am(as))fj:ll is a symmetric, bounded and coercive matrix, i.e. for

every € B, 4,7 € {l,...,n+ 1}, and £ € R"*! q; ;(z) = a;:(), and
NEP? < (A(x)€,€) < AlEP.
for some 0 < X\ < A.

Following [37, Remark 1], by a means of a change of variables, it is not restrictive
to additionally assume that

(H3) aijnt+1(2’,0)=0foralli=1,...,n for every z € Bj.
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Under these hypotheses, we can extend all the functions on By by even symmetry:
with a slight abuse of notation, set
Al wpi1) = A, —2ng1), u(@,mp41) =u(@’,—2n11) Vo€ B

In this way it is equivalent to formulate the problem on B; with the symmetry
condition:

{,%ii} /1-31 (A(x)Vu(x), Vo(z)) dz, (2.1)

in the class of functions
A:={veg+H)(B) vz, 2p41) =v(2', —2ny1), v(z,0) >0},
with g € H'(Bj) even symmetric and such that g > 0 on B].
By a result due to Ural’tseva [38, Theorem 3.1] the solution of the thin obsta-

cle problem under assumptions (H1), (H2) and (H3) have Holder continuous first
derivative up to Bj (for the optimal Holder exponent see [27, 28]).

Theorem 2.1 ([38]). For every g € H*(By), even symmetric with g > 0 on B,
there exists a unique solution u € A to the thin obstacle problem (2.1). Moreover,
€ HZ.N CL2(Bf UB,) for some B € (0,1), and

loc

||“||H2(Bl+/2uB;/2) + ”uHCLB(Bl*/zuBi/Z) < Clullzzsy)- (2.2)

where C' = C(p,n, B, ||Allwi») > 0.

The Euler—Lagrange equation satisfied by the solution u to the thin obstacle
problem are then the following;:
{div(A(x)Vu(m)) —0 for z€ B\ {(«,0) : u(2',0) =0},

2.3
div(A(z)Vu(z)) <0 in the sense of distribution in By. (2:3)

Moreover, in view of the assumptions (H2) and (H3), the Signorini complementary
condition in (1.2) then reads as
UOpriu=0 on Bj.

In the sequel u will always denote a solution to the thin obstacle problem (2.1),
unless otherwise stated.

3. THE FREQUENCY FUNCTION
In this section we introduce a suitable version of Almgren’s frequency function.
Let ¢ : [0,00) — [0,00) be a decreasing C-! function such that ¢/(t) < 0if £ <t < 1

and
1 for 0<¢

o(t)y=4¢>0 for %<t
0 for 1 <t.

For the sake of simplicity we assume that

oty =2(1—t) Vte [5 7} . (3.1)

1
§§1
<1,

8’8
We define the frequency function of a function u at a point xg € Bj by
r Dy (zq, 1)

I.(zg,7) := o (zo.1)

Vr <1-—|zol,
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where the Dirichlet energy is given by

Dufanr) = [ 6(252) V(o) Pz,

and the “boundary” L? norm of v is given by

\fﬂ ﬂﬂol
w(To, ) /d) ‘w moldx

Note that the frequency function is well-defined as long as H,(zo,7) > 0. In
what follows, when u is a solution to (2.1), we shall tacitly assume that the latter
condition is satisfied when writing I,(xo, ). Indeed, Hy(xo,r) > 0 if 2y € I'(u) by
minimality of v and the uniqueness of minimizers. Otherwise u = 0 on B, (zo) \
B.jy(20), in turn implying u = 0 on B,(xo). This contradicts the fact that x¢ is a
free boundary point. Analogously, if ¢ € I'(u) then D, (xg,7) > 0.

Additionally, for later convenience we introduce the following quantities

Gu(wo,7) : /¢ lz=mo| IOI (@)Vu(z) - g=rde,

and

w(zo,7) /(25 le—=o| f”O\ |z~ $0|(V () - é:;z‘)de. (3.2)

In particular, note that E,(xq,7)H,(zo,7) — G2(z0,7) > 0 by Cauchy-Schwartz
inequality.
Finally, for every z¢ € TI'(u) and r > 0, the rescalings of a solution u are given
by
r/2
Uz (Y) 1= T u(xo + 1Y) Vy € Biojagl, (3.3)
Zo,T T

so that
Huaco,r (Qa 1) =1

We shall always omit to write the base point xy in the notation of I,,, D,,, H,, E,,
Gy when ¢ = 0.

By a simple corollary of Theorem 2.1 we have the following compactness: if

(uj)jen are such that

sup (Dy, (1) + Hy, (1)) < 400,

JEN
then w; is uniformly bounded in H'(By) for every s < 1. Therefore, if u; are
solutions to the thin obstacle problem (2.1) satisfying the hypotheses (H1)-(H3)
(holding uniformly in j for varying matrix fields A;, with the same constants
p, A\, A), then by Theorem 2.1 there exists a function v € C1#(B]) and a subse-
quence (uj) C (u;) such that

ujy —u in CLY(BfUB)) Yye(0,p),

loc

where [ is the constant in Theorem 2.1.
In particular, the following compactness result holds for the rescaling of solutions.
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Proposition 3.1. Let (u;)jen be a sequence of solutions to the thin obstacle prob-
lem (2.1) for varying matriz fields A; under assumptions (H1)-(H3) holding uni-
formly in j, with z; € T'(u;) N B{/2 for every j € N. Assume that

sup I, (xj,05) < for some g; | 0.
j

Then, there exists a subsequence (j') such that xj — Too € B{/2 and a function v

such that vy = (uj )z, 0, satisfy as j' — oo
Vi = Ve in CLT(BY UB)) Y€ (0,8), (3.4)
0€{z € Bij: voo(x) = |Vuso(z)| = 0}. (3.5)

Moreover, voo is a solution the thin obstacle problem for the constant coefficients
quadratic energy having density & — (A(x0)E,&).

Proof. From the assumption on the frequency, clearly the functions v; := (u;)e,,q;
satisfy

sup (D, (1) + H,, (1)) < +o0.

jEN
Therefore, by compactness there exists a subsequence (j’) such that the points
converge to some T, € B! Jo0 and v converge to a limiting function v in the sense
of (3.4). Since v;/(0) = [Vuv;/(0)] = 0 (because x; € I'(u;/)), by the convergence
(3.4) we infer also (3.5).

Finally, the fact that v, is a solution to a thin obstacle problem with fixed
coefficients A(z,) follows either by a I'-convergence result or by passing into the
limit in the weak formulation of the Euler-Lagrange equations (2.3) characterizing
the solutions, thanks to the convergence (3.4) and the continuity of the matrix field
A. d

3.1. Doubling estimates. To establish quasi-monotonicity of the frequency at
distinguished points of the free boundary, we follow a perturbative approach de-
veloped for the classical obstacle in [18]. This approach is coupled with a funda-
mental insight present in the work of Simon and Wickramasekera [35] on minimal
immersion, who highlighted that the doubling condition is equivalent to the quasi-
monotonicity of the frequency.

More in details, we shall consider zy € I'(u) satisfying the following hypothesis:

(H4) xo € I'(u) N B], such that

m(zo) := sup Iy(zo,7) <0 (3.6)
r€(0,1/2)
As shown in Appendix A condition (3.6) is equivalent to assume that u has a finite
order of contact with the null obstacle at zg € I'(u) (cf. the Introduction).

A first step towards the monotonicity of the frequency is to establish a lower
bound. A more refined version of the ensuing result will follow after showing the
quasi-monotonicity of the frequency (cf. (3.32)). All the constants that will appear
in the results below can depend on the parameters p, A, A of (H1)-(H3), even though
it will never be explicitly highlighted.

Lemma 3.2. For every mg > 0 there exist constants o,C > 0 depending on mg
with this property. If u is a solution to (2.1) under assumptions (H1)-(H3), for
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every xo € I'(u) N B§/2 satisfying (H4) with m(xz) < mg, then
I.(zg,7) > C v re(0,g (3.7

Proof. Assume by contradiction that there exist solutions w; and points x; €
I'(u;) N Bj, with m(z;) < mg for some my < oo as in the statement, such that
for a suitable choice of radii r; | 0 we have that

Iuj (ij,?"j) < 1/j'
For j sufficiently large I, (z;,2r;) < mg, and therefore by Corollary 3.1, up to a
subsequence not relabeled and keeping the notation introduced there, we conclude
that the functions v; := (u;)s, 2., converges in C1(B;) to some function v, that
minimizes

v (A(xoo) Vv, V)dez,

B1
among all functions v € v, + Hg (By) with v(2’,0) > 0 on Bj. Moreover, by strong
convergence, we infer that H, (1) = Huy),, o, (1) =1 and

L () = lim Ly, o, (42) = L, (2,my) = 0.

Therefore, D,__(1/2) = 0 and thus v, = 0 on B, a contradiction being v, analytic
on B\ B]. O

Next we prove the above mentioned doubling estimates.

Proposition 3.3. For every mg > 0 there exist constants p,C > 0 depending on
mg with this property. If u is a solution to (2.1) under assumptions (H1)-(H3), for
every xo € I'(u) N B{/z satisfying (H4) with m(xo) < mg, then

_ Hu(a?o 27”) Du(l'o 27")
CcTl< 22 <, 1< =222 <C Yre(o,. 3.8
= Hy(xo,7r) — = Dy(xo,7) — re (0 (38)
Proof. First note that by the very definition D, (xg,7) < Dy (x0,2r). Assume by
contradiction that there exist solutions u;, points z; € F(uj)ﬁB{/2 withm(z;) < mg
for some my < oo as in the statement and radii 7; | 0 such that

H, (x;,2r; D, . (x;,2r;
tim Fes @20 o v andjor tim 2wl 205)
i Huy,(x5,75) i Dy, (xj,75)
For j sufficiently large I, (z;,2r;) < mg, thus by Corollary 3.1, up to a subse-
quence not relabeled, v; := (u;)s, 2r, converges in C1(B;) to some function v.,
that minimizes

v (A(xoo) Vv, Vv)dez,

B1

among all functions v € vy, + Hg(B1) with v(2/,0) > 0 on Bj. In particular, we

conclude that H, (2).20) W
(x5, 27; H, (1

li Ui\ =TI Voo 671 C

B o (agry) - Haf) S0k

and
hm Duj (.’L‘j727"j) _ Dvw(l)
Jj—o0 Du]'(xja’rj) Dv(x)(l/z)
for some constant C' > 0 (depending on mg) because of the doubling estimates
satisfied by v, which is a solution to an obstacle problem with constant coefficients

€ [1,C],
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and frequency I, (1) bounded by mg (e.g., cf. [13, Corollary 2.8]). This gives the
desired contradiction. (]

In a similar fashion, the frequency computed at nearby points can be compared
at radii that are bigger than the distance between the points.

Lemma 3.4. For every mg > 0 there exist constants o,C > 0 depending on mg
with this property. If u is a solution to (2.1) under assumptions (H1)-(H3), for
every xo € I'(u) N By, satisfying (H4) with m(zo) < mo, then for all r € (0, 0],
x € B, (20), and t € [r, o]

H,(x,t) D, (x,t)
Hu(SC(),t)’ Du(SC(),t)

c [0—17 C). (3.9)

In particular, the frequency function of u is well-defined at every point x € Bf,/2(x0)
at the scales t € [r, o] and

|Tu(@o,t) — Ly (z,t)| < C. (3.10)

Remark 3.5. We stress that the conclusions of Lemma 3.4 hold even for points x
not necessarily in the free boundary.

Proof. The proof proceeds analogously to the previous ones by contradiction: as-
sume there exist functions w;, points z; € I'(u;) N B{/Q with m(z;) < mp < o0
and z; € B, 1(2j) contradicting one of the two sets of inequalities in (3.9) for
some sequence t; € [r;,0;] with o; | 0. As above, we can apply Corollary 3.1,
thus (up to passing to a subsequence not relabeled) there exists vy, such that

- . : 1,8
v = (Uj)z;,8;, = Voo iN O]

(B2) with vs, solution to the thin obstacle problem with
matrix fields A(x). Clearly, we may also assume that tj_l(xj — Zj) = Yoo € B{/Z
(note that 7i/t; < 1).
Assume now that the first set of inequalities in (3.9) is contradicted, i.e.
lim 7Huj (2;,8;)
J Huj (Zj, tj)

By the convergence of v; to v we then deduce that

€ {0, c0}.

Hy, (yoo,1) =lim H, (t7 (z; — 2;),1) = lim —2-"2 2
oo(y ) i J(] ( J ]) ) J Huj(zjytj)
Thus H,__ (Yoo, 1) € {0,00} NR = {0}. Given that vy is analytical in By \ {zp4+1 =
0}, by unique continuation we conclude that vo, = 0 in By, against the assumption
H, (1) =lim; H,, (1) = 1.

In case the second set of inequalities in (3.9) is contradicted, i.e.

Dy (.t
hm ](x] ])
i Duy(25,15)
we have on one hand that D, (1) = lim; D, (1) = lim; I,,; (2}, t;) € [C, mg], where
C is the constant of the lower bound found in Lemma 3.2 and mg is the upper
bound for the m(z;). On the other hand we have that
Duj (Ijv tj)

Dy (Yoo, 1) =lim Dy, (t: (z;—2;),1) = limt; —2—L"72 = lim I, (z;, ¢,
(Y ) 1;!11 ](] (zj—2j),1) ljm JHuj(Zjvtj) 1§n ;(75:t5)

€ {0, c0}.

uj (Ijﬂtj)
Duj (Zjvtj)
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Therefore, under the contradiction assumption we infer that D,,__(ys0, 1) € {0,00}N
R = {0} and taking into account the analiticity of the solutions the last equality
implies v, = 0, which is a contradiction.

Finally, as a byproduct of the first estimate in (3.9) the frequency function is
well-defined for ¢ € [r, o], provided that © € B! /2(1‘0). Moreover, (3.10) follows
straightforwardly from (3.9):

D, (z,t) Hy(xo,t)
I(z0, 1) (1 Dt Hu(;?t) ) ‘ <c. O

As an immediate consequence, the doubling estimates hold not only for the points
on the free boundary, but also for nearby points at suitable scales. This information
will be crucial to bound error terms in the almost monotonicity formulas in the
sequel (cf. (3.17), (3.18)).

gumw—@@sz

Corollary 3.6. For every mg > 0 there exist constants o, C > 0 depending on mg
with this property. If u is a solution to (2.1) under assumptions (H1)-(H3), for
every xo € I'(u) N B{/2 satisfying (H4) with m(zg) < mg, then for every r € (0, o],
x € B, (20), and t € [r, o]
H,(z,2t) D,(z,2t)
Hy(z,t) " Dy(x,t)
Proof. The proof follows straightforwardly from Proposition 3.3 and Lemma 3.4

once the constants are chosen in such a way to apply the above mentioned results.
|

<[c7t, 0. (3.11)

3.2. Almost monotonicity of the frequency. By means of the doubling esti-
mates established in Proposition 3.3, and arguing similarly to [18, Theorem 2.2],
we can conclude almost monotonicity of the frequency I, (xg, -) under the condition
A(zp) = Id. In fact, we establish quasi-monotonicity for all points z¢ and radii
r > (a(xg))=, recall that a = 1 — "T'fl, provided that

a(zg) := |A(zo) — Id|.

Notice that a(zp) = 0 if and only if A(zg) = Id. We start off proving a couple of
preliminary results. In what follows, differentiation with respect to the radius shall
be denoted by a prime and we write

ep(z,t) = Gu(z,t) — Dy(z, 1), (3.12)

ep (z,t) :=tD) (x,t) — (n — 1) Dy(z,t) — 2t Ey(z,t) . (3.13)

Lemma 3.7. For every my > 0 there exist constants o,C > 0 depending on mg
with this property. If w is a solution to (2.1) under assumptions (H1)-(H3), for
every o € I'(u) N B{/Q satisfying (H4) with m(xo) < mg, then for every r € (0, o],
T € B£/2(xo), and t € [r, 0]

len(z,t)| < C([Alo,a(lz — zo| +1)* + a(z0))
(Du(x,t) P H Y t)Djﬁ(x,t)) , (3.14)
and
leps (z,t)| < C([Alo,a(lz — zo| +t)* + a(xo)) Du(x, t) . (3.15)
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Proof. Without loss of generality we suppose o = 0. Fix a point z € B; J2> and

set B(z) := A(z) —Id for every z € B]. To infer (3.14) and (3.15) we consider the
equation satisfied by u and test it with a suitable function.
We start noticing that

ep(x,t) = z,t) — D, (:z: t)

/ vute) - ¥ (w10 (52
- / B(2)Vu(z) - v(u(z)¢( =) )de, (3.16)

where in the last equality we use that u is a solution to (2.3) (tested with u(z)¢(@))

and Signorini ambiguous boundary conditions. In order to prove (3.14), we use
(3.16): for g sufficiently small, by the Holder inequality we get

en(z,0)] < (Alo.a(le] +0° +a(zo))
Dy(z,t)—t7! =2l ly(2) | Vu(z)|dz
(Dutety 1 /Btm\g,ﬂ(w)d’( ) ()] [Vu(2)|dz)

< C([Aloa(le] + ) + alw0)) (Dule,t) + £ H (@, ) D}/ (,20) )
(3.17)
with C' = C(||¢'||cc). We conclude the estimate in (3.14) in view of Corollary 3.6
(cf. (3.11)).

To prove (3.15) we argue similarly, and test the equation with the function w
defined as the even extension across B of the restriction to B; of qS(@)Vu(z) .
(z — x). Note that w is an admissible test in view of the HIQOC(Bli U Bj) regularity
of u. Additionally, (H3) and Signorini’s ambiguous boundary conditions imply that
(A(2)Vu(z) - ent1)Vu(z) - (2 = ) = ant1.n+1(2)Ont1u(z) =0 on Bi. In view of this
we compute explicitly using the divergence theorem

/]B(Z)Vu(z) -Vwdz = /Vu(z) -Vwdz
=Du<x,t>+§/¢(ﬂ) (u()?) - (2 — ) dz
/¢ \z x\ <Vu(|zz> o) g,

:_”2 /¢ |z x| |Vu§z>|2|z 2] 4+ (Tu e x))2)dz

-1
- —nTDu(:c,t) + 5D;(gc,t) — tEu(z,t) = —epr (2, 1). (3.18)

To establish (3.15) we can then proceed similarly as above:
e (2,8)] <C([Alo.allz] + 1) + a(x0)) - (Dule, )+
+t [ o=V IVut) dz +

Bt(I)\Bt/z(I)
< C([Alo,a(|x| + ) + a(zo))-
- (Du(z,t) + D2 (x,t)DY? (2, 2t) + Dy (x, 2t)),

|Vu(z)|2dz)



12 G. ANDREUCCI, M. FOCARDI, AND E. SPADARO

where we used the HZ (Bf) regularity estimates of u. The conclusion then follows

from the doubling properties of D, (z,-) (cf. Corollary 3.6). O

We establish next a similar result for H,,(zo, -) together with a quasi-monotonicity
formula.

Lemma 3.8. For every mg > 0 there exist constants o, C > 0 depending on mg and

[A]o,o with this property. If u is a solution to (2.1) under assumptions (H1)-(HS),

for every xo € '(u) N By, satisfying (H4) with m(zo) < mo, if (a(zg))/* < o, then
Hy (20,1 ) ‘

((a(z0)) /", 0] 3t %) -exp (Ct™) is nondecreasing, (3.19)

and

Hu(l‘o, t)

((a(z0)"* 0] 3 t = namy

In particular, for all (a(zo))/* <r<s<p

/ lu(x)|*dz < C sH,(xo,5) . (3.21)
BS(zO)\BT(IO)

-exp (— Ct*) is nonincreasing. (3.20)

Proof. First note that by scaling and a direct differentiation we easily get
%Hu(x,t) - 2t_1/¢'(|z%x‘>u(z)Vu(z) ade

— %Hu(x,t) +2G (2, t). (3.22)

H! (z,t)

We employ equalities (3.12), (3.22) and estimate (3.14) (with z = x) to deduce
that

d Ho(20.t) /Q I.(z0,5) 2|ep(wo, 1)
4 (i) (5 [* timngg)] — Ao oD
‘dt(n( )2 ) Ho(0,1)
< O([A]o,at® + a(z0))t ™ (Lu(wo, t) + L/ (20, 1)) < Ct*7,
where C' = C([A]o.a,mp) > 0 and we have used that (a(z))/* < t < 1. The

conclusion in (3.19) then follows at once by direct integration. Similarly, using
L,(zo, s) < mg, we have

e
Ly (Halgt)) > %(m (Helzot)) +2/t Llzo2gs) > —cret,

dt ¢
and (3.20) follows.

Finally, the proof of (3.21) is a simple consequence of Fubini theorem by taking
advantage of (3.19). O

Thanks to Lemmata 3.7 and 3.8 we are now ready to establish the quasi-
monotonicity of the frequency function at free boundary points z¢ with a(zg) = 0.

Proposition 3.9. For every mg > 0 there exist constants o,C > 0 depending on
mg, [Alo.o and a with this property. If w is a solution to (2.1) under assump-
tions (H1)-(H3), for every xo € I'(u) N By, satisfying (H4) with m(zo) < mg, if

1/2
max{(a(z¢))"/*,r} < o and z € B/, (o), then
I (x,t) = L(Eu(x,t)Hu(x,t) — Gi(x,t)) + Ry (z,t), (3.23)

Hi(w,t)
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and
|Ru(z,t)| < Ct* ', (2,t)  Vte [max{(a(zo))”", 7}, 0]. (3.24)
In particular, if a(xg) = 0, then for every x € Bi/Q(xo), r <o,
[r,0] >t eC I, (2,t) is non-decreasing. (3.25)

Proof. Without loss of generality we prove the result in case xyp = 0. We take
advantage of formulas (3.12)-(3.15) in Lemma 3.7 and (3.22) in Lemma 3.8 to
deduce that

L(z,t) 1 n Dy (z,t)  Hy(x,t) 613) ) Bu(z,t) 2Gu(ﬂc,t) N eps(z,t)
I(xz,t) t  Dy(x,t) Hy(x,t) " Dy(z,t) ~“Hy(z,t) tDy(x,t)
_ m(fsu(x,t)ﬂu(gc,t) — Gu(2,)Dy(z, 1)) + :g;(é’v’?)
(3.12) W(Eu(x,t)f[u(m,t) — G(x,1))
epr(x,t) 49 ep(x,t)Gy(z,t) (3.26)

tD,(z,t) Dy(z,t)Hy(x,t)"
Thus, for ¢t € (0,1/2) we conclude equality (3.23), i.e.

I (2,8) - %(Eu(x,tﬂ{u(x,t) G2 (nt) = 2&2 + ztffgg’ 2 en(@,1)
(3.12) RE; 2 + 2t;%((z ’;)) +ol(a, t)m —: Ru(a,t). (3.27)

To estimate R, we note that, if t > max{(a(xo))"/*,r} and = € B}, (o), then

Hy(z, )1~
in turn implying that
tep (1) lep(z, B)] GIY 0y
—— 41 t)———— < Ct* I t
w2y Ty S u(@ ),

with C' = C(m(xo), [A]o,o), where we use the local uniform upper bound on I, (z,t)
given by Lemma 3.4. Therefore, estimate (3.24) follows straightforwardly.

In particular, if a(zg) = 0, then (3.24) holds true for all t € [r, o], and thus (3.25)
follows by direct integration of (3.23) by taking into account estimate (3.24) and
Cauchy-Schwarz inequality that implies E, (x,t)H,(x,t) — G%(x,t) > 0. O

Remark 3.10. Tt is also convenient to highlight a different expression of the deriv-
ative of the frequency function for later purposes: from (3.27) we get

I (x,t) = % (Bu(z,t)Hy(z,t) — D2(z,1)) + Ry(z,t), (3.28)
where
Ru(z,t) = M - zfu(x,t)m . (3.29)

In particular, if (H4) is satisfied in o, x € By, (%) and ¢ > max{ (a(zo)) "/, 7},
then N
|Ry(2,t)| < Ct* ', (x,1). (3.30)
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An additive quasi-monotonicity formula is then easily deduced.

Corollary 3.11. For every mg > 0 there exist constants o,C > 0 depending
on my and [A]go with this property. If u is a solution to (2.1) under assump-
tions (H1)-(H3), for every zo € T'(u) N B{/2 satisfying (H4) with m(zo) < my, if
max{(a(z0))"/*,r} < ¢ and x € B, (o), then

[max{(a(z0))"/*,r}, 0] 3 t — I,(z,t) + Ct* is non-decreasing. (3.31)
In particular, if a(xzg) = 0, then

I, (z0,0™) := 1i118[u(x0, r) >3/, (3.32)

Proof. The proof of (3.31) is straighforward from inequality (3.23), estimate (3.24)
in Proposition 3.9 and (3.10) in Lemma 3.4. Furthermore, if a(z) = 0, then from [5,
Lemma 1], Corollary 3.1 and Proposition 3.9 one deduces that I, (xg,7) > %e*CTQ
for all r € (0, g]. Therefore, I,,(zo,0") > 3/2. O

Remark 3.12. The HZ .(Bi) regularity of a solution u has been exploited to infer the
quasi-monotonicity property of the frequency function I,,(xo,-) at points z( as in
the statement of Corollary 3.11 in order to estimate the error term ep (cf. Lemma
3.7). Different approaches, such as that in [23, 24], lead to quasi-monotonicity
formulas holding in the less restrictive Holder regularity scale for the matrix field.
Despite this, in order to establish rectifiability of free boundary points with finite
order of contact we shall crucially use the WP regularity of the matrix field as well
as the already mentioned HZ (B1) regularity of solutions (cf. Proposition 4.2).

4. MAIN ESTIMATES ON THE FREQUENCY

4.1. Oscillation estimate of the frequency. We introduce the following nota-
tion for the radial variations of the frequency at a point z¢ € I'(u) with m(zg) < oo
and a(zg) = 0:

A7 (x0) := Ly(o,7) + Cr® — (I (x0, p) + Cp®), 0<p<rm, (4.1)

for C' > 0 the constant in Corollary 3.11, so that A;(xo) > 0 for r, p sufficiently
small. The result in the ensuing Proposition 4.2 shows how the spatial oscillation
of the frequency in two nearby points at a given scale is in turn controlled by the
radial variations at comparable scales. We establish first a technical result. To this
alm it is convenient to define the parameter

0 := min{[A], /", 1}. (4.2)

0, >

Lemma 4.1. For every mg > 0 there exist constants o, C' > 0 depending on mg and
[Alo,o with this property. If u is a solution to (2.1) under assumptions (H1)-(H3),
for every xg € I'(u) N By, satisfying (H4) with m(zo) < mo, and a(zo) = 0, then

forallry <o, 19 € (1%7’1,r1), and x € B’ir1 (z9), we have
32

/ (Vu(z) (z—a)—I,(z,10) u(z))Qﬁ dz < CH,(x,2711) A%gl (z).
BT'1 (I)\Bro (m)
(4.3)
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Proof. By translation, it suffices to prove the lemma for zyg = 0. We start off with
the following computation that uses Remark 3.10:

Vu(z) - (z —x) — L(x,t) u(z))2‘z_#xldz
By (x,t) — 2t Iy(x,t) Gu(x,t) + I (2, t)Hy(z, t)

2
- m (Bu(w, t)Hy(x,t) — D2(,1)) — 2tep(z, t) L(x, 1)
(3.28) %Hu(% 8)(I (1) — Ru(z,t), (4.4)

where

— ~ 4 eps(z,t)
u — Ly T7 7 7t Iu 7t = 7 2Iu 7t
Fou = Rt g oy oo Dl t) = gy 20

with R, function in (3.29). In particular, the above equalities show that the last
factor in (4.4) is nonnegative, being nonnegative the term on the first line of (4.4)
itself. Therefore, we may use the elementary integral estimate

27y
/ f(Z)dZ<—* /(b ‘Z zl 2)dzdt for all 0 < rg < 1y,
By (2)\Bry ()
(4.5)

that holds true for any measurable function f > 0, in order to deduce

/ (Vu(z) (z—2)— 1, (x,ro)u(z))Qﬁ dz
(ﬁ)\B

(4 o) 2T1 J—a] z\ 5
/qb Y (Vu(z) - (z — @) — L(z,70) u(2)) = T| dzdt

<—— m/¢ E22l) (Vu(z) - (2 — ) = Lu(z, D) u(2))? hydadt

27‘1
[ (=) (1t t) = L)) )

(4.4) 27‘1 _
< O e (@) - Ruten) i

dzdt
]

To

C 2r1
+ — ((Lu(z,2r1) — Lu(2,70))* + (2r1)**) H,(x,t)dt, (4.6)

To ro

where in the last estimate we have used Corollary 3.11 because z € B’ o - B,O/2

From Lemma 3.4 and Lemma 3.8 we get that H,(x,t) < CH, (x 27‘1) for all
t € [ro,2r1). Furthermore, we can use (3.30) in Remark 3.10 to estimate | R, (x, )|
forallz € By, (o) and t € [rg,2r1]. Thus, by taking into account that I} (x,t) —
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Ry(x,t) >0 (cf. (4.4)), from (4.6) we get

/ (Vu(z) - (z — x) — I (z,70) u(z))Qﬁlx\ dz
Bry (2)\Brg ()

2r1
< CH,(z, 2r1)/ (I, (z,t) — Ry(x,t)) dt

€ Hyfa,20) (L, 2r) = L) + 2r)* = 15)
< OHu(m; 2T1) (Iu(l', 2T1) - Iu(ZI?, ’/‘0)) + OHu(J?, 27’1)((27"1)& — ’r‘g)
< C Hy(x,2r1) A7 (),

where we used that ry € (%rl,rl) and I,(z,t) < C for all t € (rg,2ry) and
r € B’y by Lemma 3.4. O
3271

We are now ready to prove a spatial oscillation estimate on the frequency function
in terms of the radial oscillation computed between suitable radii in all points
belonging to a neighbourhood of a point gy with a(zg) = 0.

Proposition 4.2. For every mg > 0 there exist constants o,C > 0 depending on
mo and [Alp o with this property. If u is a solution to (2.1) under assumptions
(H1)-(H3), then for every xo € T'(u) N B{/2 satisfying (H4) with m(xg) < mg, and
a(xo) =0, for all R,p > 0 with R > 372 and Rp < o, we have

‘Iu(xl,Rp) — Iu(mg,Rp)’ <C ((Aif/’i(xl)) /2 + (A§5/4(x2)> /2 n (Rp)a)’ (4.7)
for every x1, x5 € Bj,(x0) (where 0 is defined in (4.2)).

Proof. Without loss of generality, we show the conclusion for zg = 0. Moreover, we
set t = Rp. Note that, under the assumption R > 372, if t < p is sufficiently small,
then I, (z,t) < C with the constant C depending on my by Lemma 3.4.

The proof is based on estimating the tangential derivative of the frequency func-
tion  — I,(z,t) for z € Bj, by taking advantage of the H} . regularity of wu.
Thus, we start off noticing that the functions = — H,(z,t) and © — D, (x,t) are
differentiable and, for every e € R"*! with e - e,41 = 0, we have that

O.Hy(z,t) = =2 /¢’(@) u(z) Oeu(z) ‘Zflzl dz, (4.8)
and setting B(z) := A(z) — A(0)(= A(z) — Id)
O Dy (z,t) = 2/¢(@)vu(2)-w68u)(2) dz

=2 / qﬁ(@) (A —B)(2)Vu(z) - V(Oeu)(z) dz

=-2 t_l/qb'(@) Oeu(z) A(2)Vul(z) - =5 dz
i / (22 B(2)Vu(z) - V(o) (2) dz

=—2¢1 / qﬁ’(@) Oets(2) Vu(z) - e dz+ €s.p(x,t), (4.9)
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where

co.p(x,t) = 2t / ¢ (E75) B(2)0ou(2) Vu(z) - 222 dz
—2/¢(@)B(2)vu(z)-V(aeu)(z) dz. (4.10)

The third equality in (4.9) follows from the divergence theorem applied to the vector
field V(2) := ¢(@) Oeu(2)A(2)Vu(z), note that V € C®(By(z) \ B, R"), V
has compact support and the divergence of V' does not concentrate on Bj. Recalling
the H?2 -estimates in Theorem 2.1 and the doubling estimates in Corollary 3.6, we
have

lco.p (@, t)| < Cleft™ (2] + 1) Du(w, 2¢) + C(lz| + ) D,/* (2, t)|[ull 12 (3, (o)
< Cle|t™(Jz| + ¢)*(Du(z, 2t) + D/*(x,t)D,/* (2, 2t))
< Cle|t™ (|z] +t)*Dy(, ). (4.11)
‘We choose € := 5 — z1 and set
Ei(2) =Vu(2) (z —x;) — Iy(xs, t)u(z) fori=1,2,
Al := I,(z1,t) — I,(z2,t) and AE(z) := &1(z) — E2(2).
Then, we have that d.u(z) = AT u(z) + AE(z). Thus, from (4.8) we infer that

0.Hu(a,t) =281 - Hy(ao,t) -2 [ /(5520) A8(2) 12 d

2]
while from (4.9) and (3.12) we conclude
OeDy(z,t) = 2AI - (Dy(x,t) + ep(a,t)) + €5, p(x,t)

2t_1/¢’(@) AE(z) Vu(z) - = dz.

In particular, by a direct computation we deduce that

0.1(x,1) = (’; 55 (Hu(2.) 9:Duw.0) = D 1) 0 H, (2.0)
= ﬁ / —¢'( szl) AE(z) (Vu(z) (z—x) = L(z,t) u(z)) ﬁdz
+ m . (2AI . ED(.”L',t) + GaeD(fL',t)). (412)

We estimate (4.12) (recall that ¢ = Rp and € B,). First notice that thanks to
(3.14) we may conclude that

_t
Hy(x,1)

for some C' > 0. Furthermore, by (4.11) we get that

12A1 - ep(x,t)] < C|AT|E (I (z,t) + I./2(2,1)) < Ct~, (4.13)

t
< a < @ .
7Hu(m,t) les, p(z,t)] < Ct*I,(z,t) < Ct*, (4.14)
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where we used that [e| < 2p <t. Note that, since z € By, by elliptic regularity of
u (cf. Theorem 2.1) we infer that

sup |Vu(z) - (z —x) — Ly(z, t) u(z)]|

z€B{ (x)
<t sup |Vu(2)|+ Lu(z,t)]ullcos,,,)
zEB;:_p
< Ct"F |ull p2(Barsa,) < CtF HY? (2t +2p),

where we use (3.21) in Lemma 3.8. Hence, we have that

. H (2t + 2p)

1, (w.0) < € 2l [ (558 (8 (2] + IEa(a)) g s+ O

(4.15)

In order to estimate the integral term in (4.15), we notice that
By(x) \ Bijy(2) C Bitop(2i) \ Bippop(ai) Va € B, for i=1,2;

therefore

/ ()] e < 20522 £:()] e ds
Bi(2)\By () Bryap(@:)\Bg _,, (i)

1/
(/ e )
Bt+2p($i)\B%_2,,($i)

(4.16)

w3

<Ct

where we choose R > 8 and we use the direct computation

/Bt+2p(ﬂﬂi)\352p(xi)

with C' > 0 a dimensional constant. If R > 9 , then we are in the position to apply
Lemma 4.1 (with 7o =t/2—2p and 71 =t + 2p) to get

/ EX(2) iy dz < oy (A) Hy (w:,2t + 4p) AQ(H%)(L).
Bit2p(2i)\Bija—2, (i)
(4.17)
Using (4.15)-(4.17) we claim that for all z € Bj,
0.1u(x,1) < C (A¥ (1)) + O (A (22) " + C1*, (4.18)

from which the conclusion follows by integrating (4.18) along the segment {z;+re :
r € [0,1]}. Indeed, 4t > 2(t+2p) and £ < £ —2p, and the monotonicity of Corollary
3.11 in the set of radii under consideration. Moreover,

H/?(2t+2p) Hy ' (2, t) Hy* (24,2t +4p) < H?(2t+2p) Hy ' () HY? (2t +4p) < O,

thanks to the estimates in Lemma 3.4 and Corollary 3.6 because z; € B;J and
t=Rp € (2p,0). O
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4.2. Estimate of the mean-flatness via the frequency function. We intro-
duce the mean-flatness.

Definition 4.3. Given a Radon measure p in R**!, for every zy € R™ and for
every r > 0, set

. - /2
ufar) =gt (1 [ A e)) (4.19)

where the infimum is taken among all affine (n — 1)-dimensional planes £ C R"*1
and dist(y, £) := inf ez |y — z|.

As shown in [13, 16] the mean flatness 3, of an arbitrary measure p supported
on I'(u) is controlled in terms of the integration of suitable radial oscillations of the
frequency with respect to .

Proposition 4.4. For every mg > 0 and R > % (where 0 is defined in (4.2)),
there exist constants o, C > 0 depending on R, mg and [Alg o with this property. If
u 18 a solution to (2.1) under assumptions (H1)-(H3), for every xg € T'(u) N B{/z
satisfying (H4) with m(xz¢) < mg, and a(xo) = 0, then for every r > 0 with Rr < o,
for every finite Borel measure p with spt u C I'(w), and for every p € T'(u) N B (xo)

5.1 < i ( /B . AGTEY (@) du(@) + (R u(B, () . (4.20)

Proof. The proof is a simple adaptation of the ones in [13, Proposition 4.2] and [16,
Proposition 5.1]. The condition R > % is used in order to apply Lemma 4.1. We
leave the details to the readers.

O

5. INTRINSIC FREQUENCY

In this section we introduce an elementary change of variables in order to make
a generic free boundary point g satisfy a(zg) = 0 for a different, related thin
obstacle problem (cf. [20, 21, 22] for the thin obstacle, and [17] in the case of the
classical obstacle problem). In such a way we define an intrinsic frequency function
for which the conclusions of Proposition 4.4 hold even without the matrix A(zo)
being the identity at free boundary points.

Given a solution v of (2.3), and xg € I'(u) N By, consider the function wuy (g, :
@, 1(B1) = R defined by

uA(wo)(x) = u((bﬂlo (x)) )
where ®,, : R**! — R"*! is the affine map ®,,(z) := xo + A*(x0)(x — 20). In
particular, changing variables by means of ®,, leads to
/ <A(£L’)V’LL(CE)7 Vu(ac)} dz = det (Alh(xo)) éaA(zo) (U’A(zo)7 (P:;ol (Bl)) ) (51)
B,
where
Suton (0,U) = / (Cay (2)Vo(2), Vo(z))da, (5.2)
U

for every open set U C ®71(B1), and Cuy(z) := A™"2(20)A(Pyy (2)) A2 (20).
Note that C,,(2z0) = Id. Therefore, uy(,,) turns out to be the solution of the
thin obstacle problem for the energy in (5.2) among all functions in v € g(®,,) +
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H}(®;1(B1)) that are even across the corresponding hyperplane @, !({z
0}) = {xny1 = 0} (thanks to hypothesis (H3)), and such that fu\Cb 1B
Moreover, there is a bijection of the free boundaries: I'(uy(y,)) = @, (T ( ).
Let u be a solution to (2.3), and let 2o € B} and r > 0 be such that O, (Br(zo)N
{zny1 =0}) C B]. Being uy(4,) solution to the thin obstacle problem correspond-
ing to the matrix field C,, () in B,(z¢), we consider the related frequency function

s DuA(w()) (z,9)
HluA\(Io) (33, 3) ’

.OII

+
>

I

(g (T 8) = z € {xpy1 = 0N Br(zg), s<7r—|z—120|

(5.3)
In passing, note that if xo satisfies assumption a(zg) = 0, then u coincides with
Up (o), and correspondingly I, (@0) coincides with I,, at all points in B} and admis-
sible radii. For later purposes it is convenient to point out explicit formulas for the
Dirichlet energy

|‘b;1( )—| Az u(y),Vu
Dy (05) = [ o Bl GlogTutoutun g, (5.4
and for the “boundary” L? norm of u
|25, (1)~ u?(y) 1
Hisop (@ / o () B2 ()] et A2y - (5.5)
We call I,,,,  (zo,7) the intrinsic function at a free boundary point z¢ € I'(u) and
set

Nu(x()a ) - IuA(IO)(an 7”)-
Having fixed a point zg of the free boundary with finite frequency, we compare the

intrinsic frequency function and the (standard) Dirichlet based one at points of the
free boundary with finite frequency close to xy. Thus, for every mgy > 0 we set

™ (u):={z €T(u)NBi,: sup Ny(z,r) <mg}.
re(0,1/2)

Proposition 5.1. For every mg > 0 there exist constants o,C > 0 depending on
the ellipticity constant X, mg and [Alo,o with this property. If u is a solution to
(2.1) under assumptions (H1)-(H3), for every xo, x1 € '™ (u) N By ,, if r € (0, 0)
and |zg — x1| < C~'r, then
Ty, (@2 (1), 7) = Nu(z1,7)| < Clag — 21| * Nu(a1,7) . (5.6)
Proof. We start off noticing that by (H1)

|5, (1) — o] = [5) (21) = B (z0)] < A7 /2|21 — ol

where the square root of the ellipticity constant A\ estimates from below the norm
of A='/2(zg). Therefore, Ly oo (P, L(z1),7) is well defined provided that o, C~! are
small (cf. Lemma 3.4).

To prove the inequality in (5.6) it is convenient to recall formulas (5.3)-(5.5):

—12(y —T T u u
Dy, (@51 (1), 7) :/¢(|A (ao)(y 1>\)<A< 0)Vu(y). Vu(y) g,

det A1/2(zq)

and

— A2 (x —x
Huf\\um(q’mol(xl)”):_/d(‘ el ) et O ey
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To estimate the difference between the Dirichlet energies we introduce the sets

Un(a) = (@ + A ()B) U (a1 + A (20)B,) )\

\ (@@ + A% () Bo) 0 (a1 + A% (w0 B.p)
for all x € B; = Then, we argue as follows

DuA(ml) (z1,7) — DuA(mO) (¢;01 (z1),7)

—12(g —T x u u
:/¢(|A ()=l ) (Va0 Tutw) g

—12(g —T T u u
7/¢<|A (a0)(y 1>\)<A< DU ) g

—1/2(, —z —1/2(, —z T u u
_ / (¢(IA ( ;)(y 1)\) _¢)<IA ( 2)(1/ 1)|>> (A( éitVAl(g)(;:Vl)(yD dy

Y2 (g - T u u T u u
n /¢(|A (ol ) ((AEIYHITU) _ (AanTu0)TU0) ) gy

= DD (r) + DA (p). (5.7)

Since |y — x1] < C(A)r for all y € Up(x1) and ;' (U.(21)) € Beaayr(21), we
deduce that

‘D(l)(r” < C[¢]0,1|A_1/2($0) . A_1/2($1)| b (A(wéitvgl(/g)(vwvl;l(y» dy
r(T1

< CIA" (w0) — A (1) / Veunon ()2 dy
O (Ur(z1))

(1) )
< Clzy — o] /2DUA<11)(.’131,CT) (5.8)

and, analogously,

€ 1/2 x — xr u u
ID@(r)] < [1d — Jor ol p 1(m1)A(xO)(/IJ( )<A( V).l g
(1

(H1)
< Clzy — o

“/QDUA(IU (z1,Cr), (5.9)

for some constant C' = C(n, \, A, [¢o.1,[A]p.o) > 0. For p sufficiently small we
apply iteratively Corollary 3.6 to ua(,,) to conclude

|DUA(m1)(‘T17T) - DUA(m)((I);Ol(xl)?r)‘ < C|$1 - x0|a/2DuA(:c1)($1’ T) : (5'10)

To estimate the difference of the H-terms we define [0,00) 3 ¢ +— () := ¢’ (V)¢
(recall that ¢/(¢t) = 0 for ¢ € [0, 1/2]U[1, 00)) and notice that 4 is Lipschitz continuous
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on [0,00), having assumed ¢ € C1'1. We then argue as follows

HUA(:L'I) (z1,7) — HUA(:L'O) ((I);Ul (z1),7)
—12(y —T u? —12(g — u?
- /¢(\A o=} ) dy_/dj(u«x el ) i) gy
—12(y —x —12(y —x u?
:/(1/)(\& (z0)ly 1>|) 7¢(\A @) m)) gy

—12(z —T u?
+/¢(|A (1)t m) (dem;ﬁ(m _ demfn(xl)) ® gy = HO(r) + HO) (7).
(5.11)

Therefore, we get straightforwardly that
[H® ()] <

det AY?(z1) o 1‘H

det A2 (zg) uA(ml)(xlaT) < C|£L’1 —x0|0t/2Hule)(£L'1,T), (512)
with C(n, A\, A, [A]g.o) > 0. To estimate H™) we introduce the set
Vi(21) == (21 + A2(20)(Br \ Brpp)) U (x1 + AV (21) (B, \ B.p))

and get

[HO )] < ClA™ (1) — A (xo)| ) ay
Vi (z1)
a/2 u®(y) af2 “i(ml)(z)
§C|$1_$0| fdy§0|x1_-’1/‘0| 7(:12,
V(1) 5 (Vi(z1))

where C(n, A\, A, [@]1,1, [A]o,o) > 0. We have that
O, (Ve(21)) C Bia-iape, (1) \ Bygaa-1y2,(21)
and thus we may estimate the r.h.s. above as follows
’u,2 z
HO()| < Cly — ol [ then® g,
B(/\—IA)I/2T(I1)\B%(/\A—1)1/2T(r1)
Being 1y (4, a solution to a thin obstacle problem with a(z1) = 0, for g sufficiently
small Lemma 3.8 yields

uﬁ(xl)(z) dz < CrH, x1, ()FlA)l/Qr)

/ A(ﬁ)(
B(A71A)1/2,.($1)\B%(XA71)1/2,.(11)
with C = C([A]o,a,m(z1)) > 0. In turn, the doubling properties of Hy, , (z1,)

together with the quasi-monotonicity in (3.19) imply
|HD(r)| < Clay — ol *Hu,,,, (1,7) -
Thus, we conclude that

|H (xlv’r)_H

Uh(zq) Ua(zo)

(!/2HUA(11)($17T) ) (5.13)

and from estimates (5.10) and (5.13) we conclude (always under the hypothesis
that o is sufficiently small)

(@1 (x1),7)| < Cloy — 3o

_ 2C|(E1 — xo\a/2
1
|IUA(EO)((I):¢O (xl)vr) - IuA(ml)(x17T.)| < 1— O|1‘1 — x0|a/2 I'U'A(zl)

(z1,7). O
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In view of the previous estimate on the intrinsic frequency function, we can in
rephrase the bound on the mean-flatness in terms of the intrinsic frequency itself
dispensing with the assumption a(zg) = 0 for the base point.

For points g € I'(u) with sup,.¢(g,1/) Nu(o,7) < 00 we set

=5 (w0) = Nulwo,r) + Cr® — (Nu(wo,p) + Cp),  0<p<r,  (5.14)

for C' > 0 the constant in (4.1) and r sufficiently small. Finally, we note that the
semi-norm [(det A'/?(x0))C,,]o.0 is uniformly bounded; therefore, the constants 6
in (4.2) for this new matrices are uniformly bounded with respect to x¢ in view of

(H1) and (H2). We denote by 6y > 0 its infimum.

Proposition 5.2. For every mg > 0 and R > 64/p, there exist constants o,C > 0
depending on R, mg and [Alg o, with this property. If u is a solution to (2.1) under
assumptions (H1)-(HS3), for every finite Borel measure p with spt yu C T™(u), for
every xo € I'™0(u), then for every r > 0 with Rr < ¢ and p € T™(u) N Bl.(xo)

B < o ([ BRI dule) + (For) B e)) . (519)

for every Ry > max{2R? 2R + 4} and Ry < 3(R —5)r.

Proof. Set pia(zg) := (®51) s/, then spt (ta(zy)) € I'(ta(z,))- Note that &1 (B, (p)) =
xo + A™?(20) B, (p — x0) C B 42x-172)-(p). Thus, from the very definition of the
mean flatness 3, we infer that for all p € BJ.(x)

B2(p,r) = infr—"1 / dist?(y, £)A(®a, ) 14 o) (9)
£ BT(P)

= iILlfrinil / diStz(@Io (y)v ﬁ)dMA(ch)(y)
@2 (Br(p))
= infr "1 / diStQ(q)zo (y)7 D4, (‘C))d“A(EO)(y)
L Do (Br(p))

< Agtr ot [ dist? (g, L)1 ay) (4)
£ D0 (Br(p))

< CR"™AB2  (p,Rr),

Ha(xg)

if R > 14 2\~'/2. Since, Up(zo) Satisfies the hypotheses of Proposition 4.4 in xo,
recalling that fis (o) = (®5.)) 4 we deduce that

B2(p,r) < CR"™AB%  (p,Rr)

Ha(zo)

C 2R+4)r o
<ot ([ B ) S @ s (@) + (B sy (B ()
r Brr(p) 2

C / QR+4)r , o _1
- Au, 7)) du(x)
-l <pm(BRr<p>>( s ) -y (P () it

+ ,,«nCY—I (Rr)alu(@fo (BRr(p)) )

where we denote by A,, | the quantity defined in (4.1) by means of I,
(1+22772) v %, and r is sufficiently small (cf. Proposition 4.4).

R >

Azg)?
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Eventually, Proposition 5.1 provides the conclusion as spt u C I'™0(u), i.e.,
C -
] S+ R B 0)
Bp2,.(p)

for Ry > max{2R? 2R + 4} and R; < 3(R — 5)r, and r is sufficiently small (cf.
Proposition 5.1). O

Br(p,r) <

6. THE MEASURE AND THE STRUCTURE OF THE FREE BOUNDARY

We recall the definition of homogeneous and almost homegeneous solutions to
the (standard) thin obstacle problem:

Hi= {w € Hh R\ {0} : w(e) = 2 w( i), A = 35,
wl|p, solves (2.1) with A = Id}7

Given a solution u to (2.1) with A satisfying (H1)-(H3), we set

rfinite () .= {x € I'(u) : limsup N, (z,7) < —|—oo} . (6.1)
r—0t
Note that, for every mg > 0 we have that ['™o(y) C Tfnite(y). For any point
xg € Thnite(y), we set
Ju(zo, t) = eCtaNu(xo,t),
for all ¢ > 0 such that J,(zg,t) is monotone, namely for all ¢ € (0, o) with o >0 a
constant depending on [A]p . and mg as in the statement of Proposition 3.9.

Definition 6.1. Let n > 0 and let u : By — R be a solution to thin obstacle
problem (2.1). Assume that zo € I'"™*(u)N B, and r € (0,1/2) is such that
Ju(zo, ) is defined. Then, u is called n-almost homogeneous of (2.1) in B,(xg) if

Ju(]}o, T/Q) - Ju(xo”"/4) S .
The following lemma justifies this terminology.

Lemma 6.2. For every e > 0 and mg > 0, there exist n,0 > 0 with the following
property: if u is a n-almost homogeneous solution in B,(xg) with r < ¢ and xg €
™o (u) N By, then

ul;I€1£{ H(uA(a:o))aco,r - wHHl(Bl) Se. (62)

Proof. The proof follows by a contradiction argument similar to [13, Lemma 5.5].
Assume that for ¢ > 0 we could find sequences r; of numbers and wu; of %—almost
homogeneous solutions in By, (z;), such that

irllf u{relg{ | ((ul)A(xz))m,rl - wHHl(Bl) ze, (6.3)

with z; € Tfnite(y;) N B{/2 and m(z;) < mg. By Proposition 3.1 there exists a
subsequence (not relabeled) of v; = ((UZ)A(xl))zl,n converging to a solution vy, of
the thin obstacle problem in Bj for the standard Dirichlet energy. Moreover, we
can assume that the points x; converge to zo, € B{/Q. From Proposition 3.3 we
infer that

H, (/) = lim H,, (1/2) = Clim H,, (1) > 0,
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so that vy, is not zero. On the other hand, we have that
Loge (1/2) = oo (V/4) = W (Lo, (Y/2) — Loy (Y/4)) = lm (o (0, 71/2) = Ju(1,71/4)) = 0.

This implies that v, is a solution with constant frequency and thus is homogeneous
(see for instance [13, Proposition 2.7]), contradicting (6.3). O

A rigidity property of the type shown in [13, Proposition 5.6] holds in the case
of non smooth coefficients as well. We call spine S(w) of a function w € H the
maximal subspace of invariance of w,

S(w) := {y eR" x {0} : wx+y)=w(x) Ve R”H}.

We recall that the maximal dimension of the spine of a function w in H is at most
n —1 (cf. [13, Section 5.2]), and we set H'°P for the set of homogeneous solutions
w with dim S(w) = n — 1; whereas H'°% := H \ H°P.

Proposition 6.3. For every 7 > 0 and mg > 0, there exists n,0 > 0 with this
property. If u is a n-almost homogeneous solution in B.(xo), r < o and xg €
r™o(u) N B{/Q with m(xg) < mg, then the following dichotomy holds:

(i) either for every point x € '™ (u) N B}, (x0) we have
|Ju(x,7/2) — Ju(x0,7/2)| < T, (6.4)

(i) or there exists a linear subspace V.C R™ x {0} of dimension n—2 such that

y € '™ (u) N B}, (20),

Ju(y,"/8) — July,"/16) <1
Proof. The proof proceeds by contradiction and follows the strategy in [13, Propo-
sition 5.6]. Let 7 > 0 be a given constant and assume that there exist 7, and a

sequence (u;)ien of 1/i-almost homogeneous solutions in B, (this clearly holds up
to horizontal translations) such that

(i) there exists z; € I'"™ (u;) N B], , for which
| Ju(zr, 71 /2) — Ju(0,71/2)| > T, (6.6)

(ii) for every linear subspace V € R™ x {0} of dimension n — 2 there exists
yr € T (uy) N BLL/Q (z9) (a priori depending on V') such that

= dist(y,z0 + V) < 71 (6.5)

Ju(y,m1/8) — Ju(yi,m1/16) <1 and  dist(y;, V) > 77 (6.7)

We consider the rescaled functions v; := (w;)o,r,. By the compactness result in
Corollary 3.1 v; converge, up to a subsequence, to a not zero solution to the thin
obstacle problem with constant coefficients v,,. In particular vo, € H thanks to
Lemma 6.2.

If voo € H*P, then (6.6) is contradicted. Indeed, up to choosing a further
subsequence, we can assume that z; := rl_lxl — Zoo € Bl/zg MOTEOVEr, Zso 1S a
critical point for v, because both v;(z;) = |Vui(z;)] = 0 and the convergence is
C!, and by a simple change of variables we have that

o (200, 1/2) = Lo (0,1/2)] = lim [ Jo (1,7 /2) = Ju (0,71 /2)] 2 7,
—00

which is a contradiction to the constancy of the frequency at critical points of
homogeneous solutions v., € H'*P (see [13, Lemma 5.3]).
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On the other hand, if vo € H!°%, we show a contradiction to the second condition
in (6.7) with V any (n—2)-dimensional subspace containing S(v« ). Indeed, let y; be
as in (6.7) for such a choice of V. By compactness, up to passing to a subsequence
(not relabeled), z; := rflyl — Zoo fOr some zo, € 31/2 with dist(zo, V) > 7 > 0.
Arguing as before, we obtain

Lo (200, 1/8) = Lo (200, 1/16) | = lim | Ju(ys, 70/8) — Ju(yi,71/16)] < lim 11=0,
l—o00 l—o0

where the last inequality is given by the 1/i-almost homogeneity of the functions u;
cf. the first condition in (6.7)). Using [13, Proposition 2.7, Lemma 5.2] it follows
that zeo € S(veo), from which we infer a contradiction as ze € S(vs) C V and
dist(ze0, V) > 7. O

Proof of Theorem 1.1. The proof is now a simple consequence of the results
established in the previous sections. Indeed, we can follow verbatim [13, Section 6]
(see also [16, §5.3]). Recall that

rfinite () .= {x € B} :limsup N, (z,7) < +oo} :
r—0t
By a simple rescaling argument, if zy € B} and r < dist(zo, 0By ), then the function
ur(y) := u(xp + ry) solves a thin obstacle problem (1.1) with A satisfying (H1) -
(H3) and
pfinite(y, ) HB% = U ™0 (u,.).
mo>3

Therefore, it is enough to show that I'™°(u) N Bj s, Is rectifiable. To this aim we fix
po > 0 such that the conclusions of all propositions in the previous sections hold
for points x € I'™ (u) N B, and radii p < py. We can then follow the proof of [13,
Section 6] applied to the intrinsic frequency N,, starting at pg: indeed, the proof uses
only the lower bound of the frequency (cf. Corollary 3.6), the estimate of the spatial
oscillation of the frequency in terms of the mean-flatness (cf. Proposition 5.2)
and the rigidity of Proposition 6.3, together with the Reifenberg-type rectifiability
criteria provided in the work by Naber and Valtorta [31].

Finally, we note that the proof of the rectifiability also gives the local finiteness
of the measure of each I'™(u), which we will use for the proof of Theorem 1.2 in
the next section.

7. FINITENESS OF THE FREQUENCY FOR A € WhH®

In this section we prove the finiteness of the intrinsic frequency N, at all free
boundary points for a solution u of (2.3) assuming that the matrix field A satisfies
(H1) with p = oo, (H2), and (H3) (see also [20]). Given this for granted, Theorem
1.2 is then an immediate consequence of Theorem 1.1.

We first establish several auxuliary results under the simplifying assumptions
that the base point is the origin and that A(0) = Id in the spirit of [17, Section
3.2]. Consider then the function p: By — [0, 00) defined by

pu(x) = (Alz)v(x), v(z)) if x#0 and pu(0) =1,

L

where v(z) = 4
C%Y(By), and

Recalling that A is Lipschitz continuous we infer that p €

A<u(z) <A, foreveryxz € By, (7.1)
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where A, A are the ellipticity constants in (H2) (for a proof see [17, Lemma 3.10]).

Here, for the sake of simplicity, we follow the computations in [17] which use
Almgren original frequency function (cf. [2]) tailored for Lipschitz coefficients. Let
us define the functions

&u(r) = / (AVu,Vu)de and J4,(r) := / pudH™, (7.2)
B, OB
and the energy driven frequency function
ré&y(r)

Fu(r) = () (7.3)

It is useful for the sequel to observe that
&, (r) = / u(AVu, v)dH" . (7.4)

OB

This equality follows by computing the divergence of the vector field uAVu, by
taking into account (2.3), and by exploiting the Signorini’s ambiguous conditions
together with (H3).

In order to establish the monotonicity of .#, we start with the following lemma.

Lemma 7.1. Let A satisfies (H1) with p = oo, (H2), and A(Q) = Id, let p be as
above. Then, there exists a constant C' > 0 depending on n and on [A]o1 such that
for every r € (0,1) and x € B,., we have that

ITrA(z) — (n+ D)p(z)| < Cr.

Proof. Fixed a point x € B,., let {\;}71! be the eigenvalues of the matrix A(z)

and {ez}"Jrl be the corresponding orthonormal base of eigenvectors. Set y; := r¢;,
then,

n+1 n+1
|Tr Az)—(n -+ Daa)] = |3 —u(x))‘ =13 (ta@eien) - <A<x>u(m>,v<x>>)‘
i=1 i=1
n+1
<3 ([(hwensed = twes.ed] + |(Atwes. ) = ()e(a). 1))
n+1
_Z yz €i, €4 |+|M yz u(x)|)
n+1
<CY (el + )|z — g < Cr,
=1
where we used the Lipschitz continuity of A and y, and that z, y; € B,.. ([

Remark 7.2. From Lemma 7.1 we deduce that
TrA(z) — (n+ Dp(z) > -Cr,
in turn implying for every = € By
p () TrA(z) > —Cru~(z) + (n 4+ 1). (7.5)

First, we compute the derivative of &,.
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Proposition 7.3. Let u be a solution to (2.1) under assumptions (H1)-(H3) with
p =00, and A(Q) =Id, and let p be as above. Then, there exists a constant C > 0

depending on n, A\, A, and [A]o1 such that for L'-a.e. r € (0,1)

@@I

(r) =2 /0 . N Ay, Vu)2dH™ + E,., (7.6)

with

-1
B, > -C&(r)+ 2

().

Proof. By the coarea formula and [17, Lemma 3.4] applied to the Lipschitz vector
field F(z) := 222 we have

ru(x)’

&El(r) :/83 (AVu, Vu)ydH"™

1
:2/ ™ HAY, Vu)2dH™ + - / p'VA: Az ® Vu ® Vude
aBr r ™

+1 / (AVu, Vu)div (p~'Az) da — 2 / (AVu, VT (p'Az) Vu)da
rJB, " JB,

::2/ A, Vu)2dH™ + Ry + Ry + Rs.
0B,
(7.7)

We now estimate the R;’s. We start with R;. By using the Lipschitz continuity of
A, (7.1) and (H2) we get

1 _
|R1| < ;/ Z |u 18iaj7lai7kxk Oju alu‘ dx
B

T,k
< )\71/ E |05a; 1|a;x0judiuldr < C/ (AVu, Vuyde = C&,(r). (7.8)
B, ;= B
T a5kl T

By computing explicitly the divergence, Ry rewrites as

1 n+1

- / (AVu, Vu) Z 9 (1 tazz;) do
B

r —
" 2,9

Ry

1 n+1

1
7/ (AVu, Vu) g 6i(u71aij)xjdx+;/ (AVu, Vu)p~! Tr Adz
T JB . B
- i -

v

70/ <AVU,VU>dz+1/ (AVu, Vu)p~' Tr Ad
B, rJB,

n+1

> —Cé&,(r) + Eulr), (7.9)
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where we used the Lipschitz continuity of u~1A, (7.1), and (7.5). Analogously, for
R3 we have

2 2
Ro= 7 [ (490 (V7 0)0)Vuds - T [ (A0 AU
B, B,

v

r

2 2
—C’/ (AVu, Vu)de — ;/ (AVu, (p™'A —1d) Vu) — 7/ (AVu, Vuydz
B, B B

> —C&,(r) — %@‘”‘u(r), (7.10)

where we used the Lipschitz continuity of p~1A, (H2), (7.1), and z~(0)A(0) = Id.
Collecting (7.7)-(7.10) we conclude. O

We now focus on the derivative of JZ,.

Proposition 7.4. Let u be a solution to (2.1) under assumptions (H1)-(H3) with
p =00, and A(0) =1d, and let p be as above. Then, there exists a constant C > 0
depending on n, X\, A, and [A]o,1 such that for L'-a.e. r € (0,1)

A (1) = ;%(r) +2 / WAV, V)dH" + H,, (7.11)
dB,
with
|H,| < CA,(r).

Proof. First note that by the definition of u, v, the divergence theorem implies

1

Ho,(r) = f/ div(u*Az)da.
r B,

Thus, the coarea formula and Lemma 7.1 yield for £L'-a.e. r € (0,1)

1 1
Hu(r) = ——Au(r) + ;/83 div (u®Az) dH"

1 2 1 &=
=——s,(r)+ f/ u(Az, Vu)dH™ + — / u? ( Z Oia; jxj + TrA)dH"
r 9B, 9B, i

r T
n+1
n

1
=—J,+ 2/ u(Av, Vu)dH" + — / u? Z Oia; jajdH"™
OB, oB. 5

r r

+1/ uw? (Tr A — (n+ 1)p) dH™
rJoB,

(7.12)

We now estimate the last two summands. Thanks to the Lipschitz continuity of A
and (7.1) we have

n+1
1
- / u? Y dia; ju;dH"| < C urdH™ < CA,(r). (7.13)
"Jom, = 9B
Moreover, using Lemma 7.1 we have that
1
f/ uw? (TrA — (n 4 Dp)dH"| < C wrdH™ < CH,(r). (7.14)
T JoB, dB,

The conclusion then follows at once. O
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We now prove the quasi monotonicity of .#,.

Proposition 7.5. Let A satisfies (H1) with p = oo, (H2), (H3), and A(0) = 1d,
let v be as above. Then, there exists a constant C > 0 depending on n, A, A, and
[Alo,1 such that the function

0,1 3r— ecrfu(r)

is non-decreasing, where we recall that %, (r) = ;‘;“((:))

Proof. Propositions 7.3 and 7.4, formula (7.4), and the Cauchy-Schwarz inequality
give for Ll-a.e. r € (0,1)

gy =L <7"5u(7")> _ Sulr) &) Hu(r) = Eu(r) A (r)

e\ )T e A2
_ ']“f“") + %;‘ o (240 /6 N 1 (Aw, V) 2dH™ — 2 ( /8 N w(AVu, V>d7‘ln)2>
+ gy (Belr) = LAE) — H6,()
> Zl0) sy (BAlr) = RA060) — Hibi)
> P S OB~ LA = ~CA).
The conclusion then follows at once. O

The quasi-monotonicity of %, is exploited in what follows to show the finiteness
of the intrinsic frequency N,. To this aim we will also need the following auxiliary
result.

Lemma 7.6. Let u be a solution to (2.1) under assumptions (H1)-(H3) with p = oo,
and A(Q) =1Id. Then there exists § > 0 such that

@e0t<@ec’” VOo<r<t<l.
B8 - rB

Proof. From Proposition 7.4 and (7.4) we have for L'-a.e. r € (0,1)
HLr) S ZAr) +26,() + CHLr),

so that
A, (r)
Hu(r)

from which we obtain

< n +2ﬂu(r) o< n+ CH,(1)
T r

+C,
r

4 (m (ﬂ”)) e (7.15)

where § =n + C.#,(1). The conclusion then follows by a simple integration. [

We can finally prove the finiteness of N, (zo,0") for every point zg in T'(u).

Proposition 7.7. Let u be a solution to (2.1) under assumptions (H1)-(H3) with
p = oo. Then, TiMte(y) = I'(u), i.e. Ny(w0,0T) < 0o for every x¢ € T'(u).
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Proof. Without loss of generality we verify the finiteness of the frequency in xy =
0 € T'(u). Moreover, by the arguments in §5 it is enough to consider the case
A(0) = Id: indeed, the intrinsic frequency function is defined after change of co-
ordinates ®,, which sets the matrix A(0) to be the identity. In the sequel we use
the convention adopted throughout the paper to drop the base point being equal
to the origin.

We begin by estimating H,(r) and D, (r) in terms of J&,(r) and &,(r), respec-
tively. Let us begin with H,(r): from Lemma 7.6 we get

Hu(r):/—qﬁ Izl |d:z:_/ / fqb ‘””' dH"ds
‘T‘ 2 J OB
r_ /s i 2 nye — T_ /(s i
212 ¢(T)As/aBSuMdH ds= | ‘b(r)As%(s)ds
r 8
(e L cr-5)5"
> [ —o(B) Lo as

> cotir) [ =0 () a5 > comin). (7.16)

/2

Instead, for &, and D, we have
Dy(r) = / ¢(|%‘)|Vu|2dx < / |Vul2dz < X71E,(r). (7.17)
Br Br

Thus, from (7.16), (7.17) and the definition of the frequency I, (r) we conclude by
taking into account Proposition 7.5

7D, () <c r&, (1)

Ml =0 =0y = “Sin)

=CAH(>r)<CHZ(1) < . O

We then conclude that all points of the free boundary have finite frequency, i.e.
[(u) = Tinite(q),

We are then in the position to prove Theorem 1.2.

Proof of Theorem 1.2. The rectifiability of the free boundary is a consequence of
Theorem 1.1 and the previous Proposition 7.7 which establishes that all free bound-
ary points belongs to I'finite(y).

In order to deduce the local finiteness of the Minkowski content of I'(u), we
observe that the intrinsic frequency is locally bounded in B’% N T(u): i.e., there

exists mg > 0 such that

B% N(u) C T™(u).

Indeed, we have that N,(z,r) < C 7, (z,r) < CF,(x,1/2) for every r € (0, %],
tanking into account the continuity of B, pNT(u) 52 — S,(2,1/2), we infer that
N, (z,r) is bounded in Ei/? NT'(u) for every r € (0,1/2].

By simple covering ad scaling arguments, the conclusion of Theorem 1.2 is shown
for every compact K CC Bj. O
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7.1. Free boundary of nonlinear thin obstacle problems. The results proven
above can be applied to the case of nonlinear thin obstacle problems studied in [1],
i.e. to the class of problems

min o f(Vu)dz, (7.18)

where the energy density f: R"*! — R is convex and is of the form

f(p) = hlp)) (7.19)

for every p € R™*!, and the matrix Dg f(p) is uniformly coercive on compact
subsets, i.e. fulfills the following local ellipticity condition: for every M > 0 there
exists A = A(M) > 0 such that
(D2f(p)€,€) > A¢[? (7.20)
for every |p| < M and & € R™FL.
As shown in [1], if the function h € C%(R) satisfies
h(0) =1 (0) =0, R'(t)=1+0() for t — 07,

then the solutions to the variational problem in (7.18) are C’ll.ji/ *(Bf u By). Here
we show that, if in addition

R'(t) =14+ 0(t?)  fort— 0%, (7.21)
and, for the sake of simplicity, h € C'*°, then we may apply Theorem 1.2 to infer
all the results on the free boundary regularity in that statement.
Proposition 7.8. Let u € Wli)coo(Bf) be a solution to (7.18) in A with h € C*
under the assumptions (7.19), (7.20) and (7.21), then u € Cl’l/Q(Bf' UBY), and the

loc

free boundary T'(u) is (n — 1)-rectifiable and its Minkowski content is locally finite,
i.e. for every K CC B there exists a constant C(K) > 0 such that

LT (D(w) NK)) < C(K)r?,
for every r € (0,1).
Moreover, there exists a set X(u) C T'(u) with Hausdorff dimension at most n—2
such that for every x € T'(u) \ X(u)

Nu(z,07) € {2m,2m — 1/2,2m + 1},,em o} -

Proof. The solution to (7.18) is C’l’l/Q(Bl+ U B}) by [1] and by standard elliptic

loc

regularity u € C*°(B;") (thanks to the simplifying assumption h € C>). Moreover,
u can be characterized as the weak solution to the system

div(V,f(Vu)) = 0 in By

UOnt1f(Vu) =0 on B}

—On41f(Vu) >0on B] . (7.22)

u>0on B}

u=gon (0B)"
In particular, we deduce from the first equation in (7.22) that for every ¢ € C*(B7")
with support non-intersecting (9B;1)"

/B+<fo(Vu), Vo(x))dx =0. (7.23)

1
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We can write assumption (7.21) in the form A”(t) = 1 + w(t) with |w(t)| < Ct? for
t sufficiently small. Integrating, we infer that

R(t) =t(1+ (), ot) = 7/0 w(s)ds,
and © € C! with ©(0) = @’(0) = 0 and
&'(t) = —%2/0 w(s)ds+ %w(t) = |@'(t)]| < Ct,

for ¢ sufficiently small. The first variations (7.23) reads then for every ¢ € C'(B;")
with support non-intersecting (9B;)"

[ 4+ 3(9u(@)) Vula), Vo)) dz = 0,

Bl
which is the Euler-Lagrange equation of the linear thin obstacle problem driven by
the quadratic energy

/B+ 0(2) [Vu(@)2dz,  0(z) = 1+ &(|Vu())).

Note that 1 < 6(z) < 1+ C|Vu(z)|, therefore 0 is locally bounded on B; U Bj.

Thus, if we prove that the function 6 is locally Lipschitz continuous on Bf' U B,

we can apply Theorem 1.2 and conclude all the results about the structure of I'(u).
To this aim, we notice that for nontrivial solutions u in B;" we have

Vu(z)
[Vu(z)|
Extend for simplicity u by even reflection to the whole By (without renaming the
function u) and let d : By — [0,00) be the distance from the free boundary I'(u).
By (7.22) the function u satisfies the nonlinear elliptic equation

div (V,f(Vu)) =0 on By \ {(z/,0) : u(2’,0) = 0},

and therefore the following classical elliptic estimates hold locally in By \ {(2/,0) :
u(z’,0) = 0}:

Vo(z) = &' (|Vu(x)|) D*u(x) if [Vu(z)| # 0.

< Cd(z)7,
|D2’LL($)| < Od(l‘)_2”’u||Loo(Bd(w>(x)) < Cd(.f)_l/2.

[Vu(z)| < Cd(az)_lHu||Loo(Bd(m)(I)) <
Recalling that by assumption
&' (IVu(@)]) < ClVu()|,

we then conclude for points outside the contact set, i.e. By \ {(z/,0) : u(2’,0) = 0},
that

[VO(z)| < W |D?u(x)| |Vu(z)| < Cd(z) ™" d(x)'? < C. (7.24)
Moreover, if € T'(u) then |[Vu(x)| = 0, so that for every y € B U B}
10(x) = 0(y)| = [w(|Vuly)))] < /0 @t Vu(y) DI Vuly)| dt

< CIVu(y)]® < Clz —yl,
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using the optimal regularity of w. Finally, if  belongs to the relative interior
of {(2/,0) : u(2’,0) = 0} in B, we use the odd riflection across the hyperplane
{Zn+1 =0} as in [1, Theorem 4.1] to infer that (7.24) holds as well.

In conclusion, 6 is locally Lipschitz continuous on Bf' U Bj. O

APPENDIX A. ORDER OF CONTACT

We introduce the definition of lower and upper order of contact at zero in a
point.

Definition A.1. Let v € HY(Q), 7o € Q C R™"! the lower and upper orders of
contact with 0 of v at x( are defined respectively as

. Hv(x07p)
) = deR:1 — < , Al
Y(xo) sup{ 1;1131ip =T, oo} (A1)
— . R H’U(IO7p)
I(xg) := inf {19 eR: li)rgérif =T > O} . (A.2)

Few elementary properties of ¥(xg) and 9(xg) are resumed in the ensuing list:
for all zg € 2 we have

(1) —oo < d(wo) < I(zo) < o0,
(2)

3 Hu(l'[),p)
U(zg) = sup {19 eR: pliré{r T = 0},

3)

9 1 : Hu(anp)
¥(xg) = inf {19 eR: plg& W = oo} )

Additionally, we compare the latter notions with those used by Koch, Riiland and
Shi [28].

Proposition A.2. Letu € o/ be a solution to (1.1) under the hypotheses (H1) and
(H2), and z¢ € T'(u) with A(xzo) = Id. Then, on setting A,(zo) := B,(20)\B,x(20),
we have that

In (pr(mo) uzda:) "

Hxg) = li)rg(i)rif Iy =: k(xo), (A.3)

1/2
B In(f, . ude
(o) = limsup ( Ap(20) )

p—0+ In 1Y

=: E(,To) . (A4)

Proof. We shall only prove the equality in (A.3), the other in (A.4) being completely
analogous. We first note that by Lemma 3.8

1 - (3.21)
I Pt < [ @t S Cp ), (A5)
p{T0

for points on the free boundary with A(zg) = Id. Assume £(z¢) € R, then for every
€ > 0 there are p. € (0,1) and p; | 0 such that for all p € (0, p)

f w2dz < pHeE0)—e)
Ap(xﬂ)
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and for all j € N
][ WPdz > p2EE)
Ap; (w0)

From the former inequality and (A.5) we infer that x(xg) — e < 9(x0), and thus
k(xo) < Y(x0). Instead, from the latter inequality and (A.5) we deduce that £(xo)+
2e > 9(xg), thus k(xg) > 9(xo). Therefore, k(o) = I(xo).

If k(zg) = —oo then there is p; | 0 such that for all ¢ € N there is j; € N such

that for all j > j;
][ ude 2 p;27, ,
Apj (z0)

and thus —i 4+ 1 > 9(xo), in turn implying J(zo) = —oc.
If k(o) = oo then for every i € N there is p; € (0,1) such that for all p € (0, p;)

][ U/de S p2i7
Ap(x())

from which we conclude that 9(xg) > 4, and thus ¥(z¢) = oo.
In conclusion, ¥(zg) = k(zp) in all possible instances. O

For solutions to the thin obstacle problem the points with finite frequency are
points with finite order of contact.

Lemma A.3. Let u be a solution to the thin obstacle problem (2.3) in By. Then,
for every xo € T'(u)

lim sup I, (z9,7) > J(z0) - (A.6)
r—0+
Moreover, if limsup I,(xo,7) < 0o then the limsup is actually a limit and
r—0+
lim I, (zo,7) = 9(x0) = J(z0) € [3/2,0). (A7)
r—0t

Proof. Without loss of generality we take x¢ = 0, and set I,,(07) := limsup I,,(0, 7).

r—0+
We start off proving (A.6). Without loss of generality we assume I,,(0") < oo,
the inequality being trivial otherwise. Hence, the doubling of both H,(0,-) and
D, (0, ) hold thanks to Proposition 3.3. Then, we use the equality in (3.22), namely

H, (1) = = Hy(r) + 26, (1),

and (3.14) with z = zo = 0 and x = 0, to infer that

)DL

P

< OroDy(r) (1 + Iu-l/z(r)) :

[HL(r) = 2 Hu(r) = 2D (1) < Cr* (Dulr) +

in turn implying

d H, 2 _ _ -
Do () 221 )] < Orot )1+ 177200) = O (1) + 1)
(A.8)
Then, for every ¢ > 0 there is r. > 0 such that I,(r) < I,(07) + ¢ for every
r € (0,7:). We use (A.8) to deduce for such radii that
d (Hu(r)

—In
T.n

dr

) < 2(0(0) +o) + Or



36 G. ANDREUCCI, M. FOCARDI, AND E. SPADARO

Hence, by direct integration we get that for all 0 < r < s < r¢
Hu(S) _C .« < Hu(T’) _C, .«

gnt2a(0t)+e) = pmee@a0)te)
From this and the very definition of ¥(0) in (A.2) we have J(0) < I,(0%) + ¢ for
every £ > 0, which implies (A.6).

In oder to prove (A.7) we combine the results in (A.6) with those in Proposi-
tion 3.9 (cf. (3.25)) to infer that the lim sup of the frequency is actually a limit, so
that the latter rewrites as

0<

lim 1,(r) = 9(0). (A.9)

Therefore, arguing as above, by the inequality in (3.32) of Corollary 3.11 and (A.8)

we get that for every r € (0,r.)
d H,(r) 2
@y (Ba) 5 2 gty ot
el _r( (07)—¢e)—=Cr

from which we conclude by integration that for all 0 < r < s < r,

Hy(r) S < Hui(s) s

n+2(Ta(0F)—e) = gn+a(Ta(0+)—e)
Hence, we deduce that I,(0%) — e < 9(0) for every ¢ > 0, (A.7) then follows at
once from the last inequality, (A.9), and Corollary 3.11. O

As a consequence of a Carleman type estimate in [28] it is established there that
for the solutions to the variable coefficients thin obstacle problem:

(a) F(xo) = Hap) for every zg € Bi;

(b) if ¥(zp) < oo, then doubling for H,(xg,-) holds provided A(zq) = Id.
Items (a) and (b) right above yield the doubling of Hy,, | (zo,-), in turn implying
that for DuA(mm(gco7 -) thanks to an elementary Cacciopoli’s inequality. The lat-
ter and the proof of Proposition 3.9 imply the quasi-monotonicity of N, (zo,-) =
Ly, (z0,") and thus the finiteness N,. On the other hand, item (a) of Lemma
A.3 shows that points with finite frequency have finite order of contact. Therefore
we infer the following corollary.

Corollary A.4. Let u € & be a solution to (1.1) under the hypotheses (H1) and
(H2). Then, the subset of points of the free boundary with finite order of contact is
well-defined

Fﬁnite(u) _ {wo € I'(u) : limsup Ny (zg,7) < oo}

= {330 €T (u) : k(mg) = K(xo) < oo}.

In particular, the points with finite order of contact do not depend on the choice of
the cut-off function ¢ in the definition of the frequency function.
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