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Abstract. We extend the De Giorgi–Nash–Moser theory to nonlocal hypoelliptic equations aris-
ing in kinetic theory as linearized models for the non-cutoff Boltzmann equation. Assuming that
the nonlocal tail in velocity of weak solutions belongs locally to Lp

t,x for some p > Nd/(2s),
where Nd is the drift homogeneous dimension and 2s ∈ (0, 2) is the order of diffusion, we prove
a local L2-L∞ estimate, from which we also deduce a nonlocal strong Harnack inequality. The
tail summability threshold for the local estimate is optimal: for every 1 ≤ p ≤ Nd/(2s), we con-
struct a family of nonnegative, time-dependent solutions that rules out this estimate even for the
pure fractional Kolmogorov equation. The local boundedness estimate also allows for possibly
unbounded source terms.
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1. Introduction

In this paper we establish quantitative De Giorgi–Nash–Moser (DGNM ) estimates for nonlocal
kinetic equations of Kolmogorov type. We prove a local boundedness estimate and a strong Harnack
inequality with a tail term, and show that the related tail summability threshold in the local estimate
cannot be avoided.

Nonlocal kinetic equations arise, in particular, as linearized models for the space non-homogeneous
Boltzmann equation without cutoff. Therefore, their regularity theory must account for the inter-
action between diffusion in velocity and transport in space; see the introduction in [35] and the
references therein, alongside with Section 1 of [41]. Related Kolmogorov-type equations also occur
in Mathematical Finance, for instance in models for Asian options; see [37].

Let Ω be a bounded domain of R1+2n, and let h be a possibly unbounded scalar field. Consider
(1.1) (∂t + v · ∇x)f = Lvf + h in Ω ,

where the diffusion term Lv is given by

(1.2) Lvf(t, x, v) := p. v.

ˆ
Rn

(
f(t, x, w) − f(t, x, v)

)
K(t, x, w, v) dw.

The kernel K : R × Rn × R2n → [0,∞) is measurable, symmetric in (v, w) ∈ R2n and satisfies the
usual ellipticity/coercivity condition
(1.3) Λ−1|v − w|−n−2s ≤ K(t, x, v, w) ≤ Λ|v − w|−n−2s, ∀ v, w ∈ Rn, v ̸= w ,
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where Λ ≥ 1, s ∈ (0, 1), and the condition above is assumed to hold for every t and x. In what
follows we often omit the t and x dependence in order to lighten the notation. As a prototype
one can think of the usual fractional Laplacian operator −(−∆v)s with respect to the v-variables,
namely when K(t, x, v, w) ≈ |v − w|−n−2s; see, e. g., [10, Section 2] for further details.

The integral in (1.2) may be singular at the origin and must therefore be interpreted in the ap-
propriate sense. For this, Equation (1.1) has to be understood through a natural weak formulation;
see Section 2 below.

1.1. A brief recall of DGNM regularity theory. Since the pioneering works of De Giorgi and
Nash, together with Moser’s subsequent contribution, the DGNM theory has played a fundamental
role in the study of uniformly elliptic and parabolic equations in divergence form. Therefore its ex-
tension to more general equations has been a central goal for several generations of mathematicians.
For a long time, however, this theory remained essentially confined to equations whose diffusion acts
in all directions of the phase space. This does not cover kinetic equations: as soon as the solution is
not spatially homogeneous, the diffusion is coupled with a conservative Hamiltonian dynamics in po-
sition and velocity. The study of regularity properties for such equations goes back to Kolmogorov’s
short note [30], where the fundamental solution was explicitly computed in the plain Laplacian
case. The strong regularizing properties of this kernel in the remaining variables, despite the lack of
ellipticity of the equation, were a starting point for Hörmander’s seminal paper [18], where he gave
general geometric conditions, based on commutator estimates, for such a regularization mechanism,
called hypoellipitc, to hold. Nevertheless, due to their intrinsic difficulties, only recently the weak
regularity theory for elliptic and parabolic equations found a complete counterpart in the kinetic
setting only recently: see, e. g., [13] and [15, 16], where weak and strong Harnack inequalities are
obtained together with Hölder regularity; [9] for a constructive proof of the weak Harnack inequality
for rough kinetic equations. The L2-L∞ estimate was first proved in [38]. We also mention [42] for
a preliminary Hölder regularity result based on an extension of Moser’s original proof.

The picture becomes more delicate when dealing with general integro-differential operator, such as
a fractional Laplacian with rough coefficients. Here, the DGNM theory has developed substantially
over the last decades. In particular, after the breakthrough results by Kaßmann [24, 26] on the
validity of the classical Harnack inequality, a broad nonlocal theory was developed for integro-
differential elliptic equations; see, e. g., [7, 8, 25] and the references therein.

For nonlocal parabolic equations, despite the intrinsic dependance of the time scale on the order s
of the diffusion, Harnack inequalities, Hölder continuity and L2-L∞ estimates are proved in [28],
extending to the parabolic setting results from the elliptic theory in [7, 8]. In the latter works, the
nonlocal tail quantifies the exterior contribution to local bounds and Harnack inequalities. Thus, in
both the nonlocal elliptic and parabolic frameworks, as in the local ones, the corresponding DGNM
theory is complete.

For nonlocal kinetic equations such as (1.1), much of the regularity theory has been developed
in connection with the non-cutoff Boltzmann equation. Imbert and Silvestre [22] proved a weak
Harnack inequality for a broad class of kinetic integro-differential equations of the form (1.1),
under mild assumptions on the diffusion in velocity. For the spatially inhomogeneous Boltzmann
equation, this yields Hölder regularity in the conditional regime in which mass, energy and entropy
are bounded from above and the mass is bounded away from vacuum. Further regularity estimates
in this regime were obtained in [23]; see also [33,41] for related results. Boundedness estimates are
available under additional assumptions relevant to kinetic models [11,36,40], while other regularity
results assume boundedness a priori. Likewise, a quantitative control of the L∞-norm of solutions,
namely an L2-L∞ estimate, with a consequent strong Harnack inequality, was still unavailable.

This state of affairs changed further with the counterexample of Kaßmann and Weidner in [29],
where they constructed a sequence of solutions fε : R2n → [0, 1] to
(1.4) v · ∇xf + (−∆v)sf = 0 ,
for which the ratio sup fε/ inf fε blows up as ε → 0+; see Theorem 1.1 there. This proves the failure
of the Harnack inequality for (1.4), and hence also for (1.1), since the solutions {fε} are time-
independent. A closer inspection also shows that such construction obstruct local L2-L∞ estimate
for (1.1) when an additional tail-type error term is placed on the right-hand side with insufficient
summability; see Formula (1.11) below. This is in stark contrast with the parabolic and elliptic



KINETIC INTEGRAL EQUATIONS 3

literature on fractional equations ([8,27,28]) and appears a purely nonlocal kinetic feature born from
to the combination of the diffusion with the anisotropic drift. It is also worth observing that this
failure concerns quantitative estimates, not the qualitative smoothness of solutions to (1.4); see [23].
Indeed, velocity averaging techniques ([4]) transfer regularity from the v-variable to position, as in
the case of purely local operators. See also the very recent paper [1] for related results in this
direction.

The counterexample in [29] thus calls for a quantitative description of the exterior contribution,
rather than a direct extension of the classical estimates. The aim of this paper is to identify such
a contribution and to prove a L2-L∞ estimate with an arbitrarily small coefficient in front of the
tail and use it to derive a nonlocal strong Harnack inequality. The assumption on the tail is local
Lp

t,x-summability for

p > 1 + n(1 + 2s)
2s ,

and Theorem 1.2 will show that the threshold cannot be lowered: for every p ≤ 1 + n(1 + 2s)/(2s
in the Lebesgue range, we construct a counterexample for the the simplest equation in this theory,
i. e. the fractional Kolmogorov equation.

This suggest that any broader regularity theory containing this model must account for the
same threshold. Theorems 1.1 and 1.3 give the corresponding positive results for the measurable
symmetric kernels considered here. The proofs distinguish the dependence of the tail on the drift
variables from that of a general source on all kinetic variables.

1.2. Main results. Since the underlying geometry of equations (1.1) is determined by a homoge-
neous Lie group structure, to state our main results, which reflect this non-Euclidean background,
we endow R1+2n with the Galilean transformation

(1.5) z0 ◦ z := (t+ t0, x+ x0 + tv0, v + v0) for any z0 := (t0, x0, v0), z := (t, x, v) ∈ R1+2n ,

and the usual kinetic scaling δr : R1+2n 7→ R1+2n defined by

(1.6) δr(z) := (r2st, r1+2sx, rv) for any r > 0.

So that the inverse of each element z0 ∈ R1+2n is defined and

z−1
0 ◦ z = (t− t0, x− x0 − (t− t0)v0, v − v0) for any z ∈ R1+2n.

For any r > 0, we denote by Qr a cylinder centered in the origin of radius r; that is,

Qr ≡ Qr(0) := (−r2s, 0] ×Br1+2s(0) ×Br(0) .

For every z0 ∈ R1+2n and for every r > 0, the slanted cylinder Qr(z0) is defined as follows,

Qr(z0) :=
{
z ∈ R1+2n : −r2s < t− t0 ≤ 0, |x− x0 − (t− t0)v0| < r1+2s, |v − v0| < r

}
.(1.7)

Moreover, we also denote by

Ur(z0) :=
{

(t, x) ∈ R1+n : −r2s < t− t0 ≤ 0, |x− x0 − (t− t0)v0| < r1+2s
}
,

the projection of Qr(z0) onto the drift variables.
Furthermore, we denote with Ns the homogeneous dimension related to (1.6), i.e.

(1.8) Ns := n(2 + 2s) + 2s,

which encodes the scaling properties of the underlying kinetic scalings, and letting Ω := (t1, t2) ×
Ωx × Ωv ⊂ R1+2n be a bounded domain in R1+2n, we work under the following assumption on the
source term in (1.1):

(1.9) h ∈ Lq
loc(Ω) with q >

Ns

2s .

On the other hand, for the estimates involving the nonlocal tail we use the homogeneous dimension
of the drift variables (t, x), i.e.

(1.10) Nd := n(1 + 2s) + 2s.
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The nonlocal tail was introduced in the nonlinear fractional elliptic setting [7, 8] to quantify the
influence of exterior values on local estimates. For the kinetic equation, the “nonlocal tail of a
function f centred in v0 ∈ Ωv ⊂ Rn of diffusion radius r” is given by

(1.11) Tail(f ;Br(v0)) := r2s

ˆ
Rn\Br(v0)

|f(v)|
|v0 − v|n+2s

dv.

Thus, it is integrated in velocity and its summability is measured only in the drift variables, so
that Nd/(2s) is the scale-invariant threshold.

Our first result is a δ-interpolative L2-L∞ estimate with tail for weak subsolutions to (1.1), with
possibly unbounded source terms h. The parameter 0 < δ ≤ 1 makes the coefficient of the Lp

t,x-tail
norm in (1.13) arbitrarily small, at the cost of increasing the coefficient of the local quadratic norm.
This freedom will also be used in the proof of the strong Harnack inequality. Our first main result
reads as follows.1

Theorem 1.1. Let Ω := (t1, t2) × Ωx × Ωv ⊂ R1+2n be a domain and s ∈ (0, 1). Assume that f ∈
W(Ω) is a weak subsolution to (1.1), under (1.9), such that, for every Br(v0) ⋐ Ωv,

(1.12) Tail(f+;Br(v0)) ∈ Lp
loc((t1, t2) × Ωx) with p >

Nd

2s .

Then, for every r > 0 such that Qr(z0) ⋐ Ω and every δ ∈ (0, 1], it holds

(1.13)
ess sup
Q r

2
(z0)

f ≤ c

δβ
∥f+∥L2(Qr(z0)) + c r2s∥h+∥Lq(Qr(z0))

+ δ ∥Tail(f+;B r
2
(v0))∥Lp(Ur(z0)) ,

where c ≡ c(n, s,Λ, p, q, |v0|) > 0, while β ≡ β(n, s, p, q) > 0.

The proof of Theorem 1.1 uses a De Giorgi iteration in which the tail and the general source
are treated in different spaces. We begin with a two-level Caccioppoli estimate: the test function
is truncated at the upper level, while the exterior contribution is estimated at the lower one. The
gap between the levels allows us to relate the velocity superlevel sets to the local quadratic mass.

We then localize the truncation and compare it with a solution of the fractional Kolmogorov
equation. The cutoff terms and the terms involving the rough kernel are estimated in L2

t,xH
−s
v ,

without differentiating the kernel pointwise. The exterior contribution is bounded by a function
of (t, x) multiplied by the indicator of a velocity superlevel set. For each fixed pair of drift variables,
Chebyshev’s inequality controls the quadratic velocity norm of this indicator by the lower truncation
and the level gap. This allow us to use mixed-norm estimates governed by the drift dimension Nd.

The general source h = h(t, x, v) is handled separately. Under the full-dimensional condition q >
Ns/(2s), the Kolomgorov potential of its localized contribution is bounded and can be absorbed by
shifting the truncation level before applying the mixed estimates. The bound for this shift decreases
with the measure of the superlevel set, which allows it to fit within the successive level gaps; the
source contribution to the energy estimate is controlled in the same iteration.

To close the argument, we use two distinct gains of integrability for the fractional Kolmogorov
semigroup. The first improves integrability in the drift variables while retaining a quadratic norm
in velocity, and controls the tail term in the energy estimate. The second improves integrability
in all kinetic variables and produces a positive power of the superlevel measure in the quadratic
estimate. The strict inequality in the tail assumption is used here to make this power positive for
the exterior term. The coupled iteration then makes the local quadratic mass tend to zero, without
imposing the full-dimensional source condition on the tail.

The tail is already integrated in velocity and bounds the exterior source uniformly in that variable.
Compared with the general source condition (1.9), its critical summability exponent is therefore
lower by n/(2s) and is precisely the one in (1.12).

For each exponent outside the requested summability range, we are able to construct globally non-
negative, time-dependent solutions with uniformly bounded Lp

t,x-tail norm for which estimate (1.13)
fails. Thus the local bound used to derive the strong Harnack inequality in Theorem 1.3 cannot

1Let us specify that, given any open set O ⊂ R1+2n, with positive Lebsegue measure |O| > 0 we denote
with ∥g∥Lp(O), its mean Lp-norm. With abuse of notation, we will adopt also this definition whenever O ⊂ R1+n .
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be extended below this threshold. Our construction adapts ideas from [29] and uses the kernel
of (−∆v)s, so the obstruction is not due to variable or rough coefficients.

Theorem 1.2. Let n ≥ 1, s ∈ (0, 1) and Q := (−2, 1/2) × B2 × B2. For any m ∈ N, there exists
a family of nonnegative weak solutions fm ∈ W(Q) to (1.1) in Q, with h = 0, such that, for every
exponent p satisfying

1 ≤ p ≤ Nd

2s ,

the tail of fm satisfy Tail(fm;B 1
2
) ∈ Lp(U1) and the ratio

fm(0)
∥fm∥L2(Q1) + ∥Tail(fm;B 1

2
)∥Lp(U1)

blows up as m → +∞.

This result is consistent with the stationary counterexample of Kaßmann and Weidner in [29].
In the stationary problem there is no time integration, and the relevant homogeneous dimension
is n(1 + 2s); hence the corresponding obstruction is governed by the exponent n(1 + 2s)/(2s). In
the time-dependent problem considered here, the tail is measured in Lp with respect to (t, x), and
the time scale naturally contributes the additional homogeneous dimension 2s, thus giving Nd =
2s + n(1 + 2s). We prescribe nonnegative data outside the velocity domain and concentrate it in
time and space at the kinetic scales. Adding a correction obtained from the Dirichlet semigroup
cancels the interior source produced by these data, so the resulting function solves the homogeneous
equation. A lower bound for the mass retained by the Dirichlet kernel gives an interior lower bound,
while contraction estimates control the local quadratic norm and the scaling of the exterior data
controls the tail. Below the stated threshold, both norms decay faster than the interior value.

The local estimate in Theorem 1.1 gives boundedness on interior cylinders without assuming
that f is globally bounded. For globally nonnegative solutions in the homogeneous case h = 0, we
combine it with the weak Harnack inequality of Imbert and Silvestre [22]. This gives the following
strong Harnack inequality under the tail summability condition stated above.

Theorem 1.3. Let s ∈ (0, 1). Then, there exists R̄ > 1, depending only on n and s, such that
letting Q̃R̄ := [−2, 0] ×BR̄1+2s ×BR̄, if f ∈ W(Q̃R̄) is a globally nonnegative weak solution to (1.1)
with h = 0 in Q̃R̄, satisfying (1.12) for any Br(v0) ⊂ BR̄, there exists r0 ∈ (0, 1/2), depending only
on n and s, such that
(1.14) ess sup

Q−
r0

f ≤ c ess inf
Q+

r0

f + c∥Tail(f ;Br0)∥Lp(U2r0 (−1+(2r0)2s,0,0)),

where c ≡ c(n, s, p,Λ) > 0 and

Q−
r0

:= (−1 + (2r0)2s, 0, 0) ◦Qr0 ,

Q+
r0

:= (−r2s
0 , 0] ×Br1+2s

0
×Br0 .

(1.15)

Figure 1. The geometry of the Harnack inequalities for kinetic equations.
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To prove this estimate, we apply the local bound on small slanted cylinders covering the backward
cylinder. The tail at each centre is split into an annular contribution inside a fixed larger velocity
ball and the contribution from outside that ball. The annular term is controlled by a supremum on
a larger cylinder. After interpolation between the quadratic norm and the lower-power norm in the
weak Harnack inequality, we choose the tail coefficient small enough to absorb the larger supremum
in a radius iteration. The weak Harnack inequality then bounds the remaining lower-power norm
by the infimum on the forward cylinder.

Finally, notice that for fractional elliptic equations the tail Tail(f−) measures the contribution of
the exterior negative part. In the kinetic estimate, a tail term remains even for globally nonnegative
solutions: it accounts for the interaction of the exterior values with transport in the interior.

Remark 1.1. The definition of weak solution to (1.1) does not require a finite Lp-norm of the velocity
tail. However, for nonnegative solutions, a uniform upper bound on the velocity mass plainly implies
this requirement: for every fixed velocity ball, it bounds the tail uniformly in the drift variables.
Such mass bounds are among the assumptions used in models for the non-cutoff Boltzmann equation
and related kinetic equations; see, for instance, [40, Theorems 1.1-1.2], [35, Formula (1.4)], [13, For-
mula (1.3)], [20, Formula (1.3)], [21, Section 1.4-Assumption (H)], [22, Section 1.3], [23, Assump-
tion 1.1], [36, Formula (1.2)], and [11, Formula (1.9)].

Outline of the paper. In Section 2 we fix the notation, introduce the relevant function spaces and
the weak formulation, and prove the mixed-norm estimates for the fractional Kolmogorov semigroup
and its parametrix. In Section 3 we prove the two-level Caccioppoli estimate and the gain of integra-
bility in Theorem 3.1, then close the coupled De Giorgi iteration leading to Theorem 1.1. Section 4
is devoted to the proof of Theorem 1.3. Finally, in Section 5 we construct the counterexample that
proves the sharpness of the tail summability threshold.

2. Preliminaries

In this section we fix the notation and briefly recall the necessary information on the underlying
functional framework required to deal with (1.1).

2.1. Notation and basic tools. We denote with c a positive universal constant greater than one,
which may change from line to line. For the sake of readability, dependencies of the constants
will be often omitted within the chains of estimates, therefore stated after the estimate. Relevant
dependencies on parameters will be emphasized by using parentheses.

For any O ⊂ Rn we denote with 1O the indicator function of O. As customary, for any r > 0 and
any y0 ∈ Rn we denote by Br(y0) , the open ball with radius r and center y0, when not important,
or clear from the context, we shall omit denoting the center as follows: Br ≡ Br(y0).

For any measurable function g, we define the positive and negative part of g as g±(y) :=
max{±g(y), 0}.

For any function f smooth enough, we will denote with f̂ its Fourier transform. More precisely,
for f ∈ S(Rm) we use the convention

f̂(ξ) =
ˆ
Rm

e−iy·ξf(y) dy and f(y) = 1
(2π)m

ˆ
Rm

eiy·ξ f̂(ξ) dξ.

For any p ∈ [1,∞) we define the weak Lebesgue space Lp
w(O) as the space of measurable func-

tions g : O → R such that the following quasi-norm is finite

∥g∥Lp
w(O) := sup

λ>0
λ|{z ∈ O : |g(z)| > λ}|

1
p .

We now recall some useful integral inequalities that will be used frequently throughout the section.
We begin with the Minkowski’s Inequality; see, e. g., [3, Proposition 1.3].

Let (X1, µ1) and (X2, µ2) be two measure spaces and f being a nonnegative measurable function
on X1 × X2. For any 1 ≤ p ≤ q ≤ ∞, we have
(2.1)

∥∥∥f(·, x2)∥Lp(X1,µ1)
∥∥

Lq(X2,µ2) ≤
∥∥∥f(x1, ·)∥Lq(X2,µ2)

∥∥
Lp(X1,µ1) .

We also recall the Hardy–Littlewood–Sobolev inequality in Rn; see, e.g., [3, Theorem 1.7]. Let α ∈
(0, n) and p, q ∈ (1,∞) such that

1
p

+ α

n
= 1 + 1

q
.
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Then, there exists c > 0 such that

(2.2) ∥| · |−α ∗ f∥Lq(Rn) ≤ c ∥f∥Lp(Rn).

For the sake of notation, throughout the paper we will denote with ∥ · ∥Lq
x
, ∥ · ∥Lq

v
respectively,

the Lq-norm in the spatial, or velocity variable. Similarly, we adopt the following notation for
anisotropic Lebesgue norms

∥g∥Lq
xLp

v
:=

(ˆ
Rn

(ˆ
Rn

|g(x, v)|p dv
) q

p

dx
) 1

q

.

Now we introduce some basic facts about fractional Sobolev spaces and the appropriate weak
formulation of (1.1). For further details, we refer the interested reader to [1, 10].

For s ∈ (0, 1) we denote with Hs(O) the classical fractional Sobolev space

Hs(O) :=
{
f ∈ L2(O) : [f ]Hs(O) < +∞

}
,

where the seminorm [f ]Hs(O) is the usual one defined via the Gagliardo kernel

[f ]Hs(O) :=
(¨

O×O

|f(v) − f(w)|2

|v − w|n+2s
dv dw

) 1
2

,

and where we endowed Hs with the usual norm

∥f∥Hs(O) := ∥f∥L2(O) + [f ]Hs(O) .

A function f belongs to Hs
loc(O) if f ∈ Hs(O′) whenever O′ ⋐ O. We will denote with H−s(Rn)

the dual of Hs(Rn) and denote with ⟨·, ·⟩H−s,Hs the usual duality pairing between H−s and Hs.
Let us remark that, via Riesz–Fréchet’s Representation Theorem, for any f ∈ H−s(Rn) there exist
two functions H0, H1 ∈ L2(Rn) such that

(2.3) f = H1 + (−∆v) s
2H0 and ∥H0∥L2(Rn) + ∥H1∥L2(Rn) ≈ ∥f∥H−s(Rn).

For any f ∈ Hs(Rn) we define −Lvf as an element of H−s(Rn) that acts on ϕ ∈ Hs(Rn) via

E(f, ϕ) := ⟨−Lvf, ϕ⟩H−s,Hs = 1
2

¨
Rn×Rn

(f(v) − f(w))(ϕ(v) − ϕ(w))K(v, w) dv dw.

Here and below the dependence of K on (t, x) is suppressed whenever these variables are fixed.
For s ∈ (0, 1), consider the following tail space

L1
2s(Rn) :=

{
g ∈ L1

loc(Rn) :
ˆ
Rn

|g(v)|
(1 + |v|)n+2s

dv < ∞
}
,

as used in [31]; see Section 2 in [32] for related properties.
Given Ω := (t1, t2) × Ωx × Ωv ⊂ R1+2n, we denote by W the natural functions space to which

weak solutions to (1.1) belong to, and defined as

W(Ω) :=
{
f ∈ L2

loc((t1, t2) × Ωx; Hs
loc(Ωv)) ∩ L1

loc((t1, t2) × Ωx;L1
2s(Rn))

: (∂t + v · ∇x)f ∈ L2
loc((t1, t2) × Ωx; H−s(Rn))

}
.

We are now in the position to recall the definition of weak sub- and supersolution.

Definition 2.1. A function f ∈ W(Ω) is a weak subsolution (resp., supersolution) to (1.1) in Ω
with h ∈ L2(Ω) if

ˆ t2

t1

ˆ
Ωx

E(f, ϕ) dx dt+
ˆ t2

t1

ˆ
Ωx

⟨∂tf + v · ∇xf, ϕ⟩H−s,Hs dx dt
(resp., ≥)

≤
˚

Ω
hϕ dz ,

for any nonnegative ϕ ∈ L2((t1, t2) × Ωx;Hs(Rn)) ∩ L∞(Ω) such that suppϕ ⋐ Ω.
A function f ∈ W(Ω) is a weak solution to (1.1) if it is both a weak sub- and supersolution.
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2.2. The fundamental solution. As already remarked in the Introduction, in order to establish
the gain of integrability in Theorem 3.1 we need to invoke the hypoelliptic nature of equation (1.1);
see, e. g., [17]. Indeed, we shall rely on the regularizing properties of the fundamental solution of
the fractional Kolmogorov equation, whose expression – with pole in the origin – is given by

(2.4) Pt(x, v) :=


1

tn+ n
s
P

(
x

t1+ 1
2s

,
v

t
1

2s

)
if t > 0 ,

0 if t ≤ 0 ,
where the kernel P is defined in Fourier variables by

P̂(ξ, η) := e−
´ 1

0 |η+τξ|2s dτ .

Formula (2.4) and the basic properties below are contained in [22, Proposition 2.1], after translat-
ing its Fourier convention. Sharp two-sided estimates in arbitrary dimension are proved in [19, The-
orem 1.1], while the one-dimensional case is also treated by Fourier methods in [14].

The following proposition summarizes the main properties of the fundamental solution P (·) we
are going to use throughout the manuscript.

Proposition 2.1 (Proposition 2.1 in [22]). The function P and P have the following properties:
(i) the function P is C∞ and decays polynomially at infinity. Moreover, P and all its derivatives

are integrable in R2n;
(ii) both the functions P and P are nonnegative;

(iii) for any t > 0, ∥Pt∥L1(R2n) = 1;
(iv) for every f0 ∈ L2(R2n) and every h ∈ L2((0,∞) × R2n) the function

f(t, x, v) =
¨

Rn×Rn

Pt(x− y − tw, v − w)f0(y, w) dw dy

+
ˆ t

0

¨
Rn×Rn

Pt−τ (x− y − (t− τ)w, v − w)h(τ, y, w) dw dy dτ ,

is the unique solution to the Cauchy problem{
∂tf + v · ∇xf + (−∆v)sf = h in (0,∞) × R2n,

f(0, ·) = f0 in {0} × R2n.

Associated with the fundamental solution Pt in (2.4) we define with St the fractional Kolmogorov
semigroup, which, for sufficiently regular function f , is given by

(2.5) Stf(τ, x, v) :=
¨

Rn×Rn

Pt(x− y − tw, v − w)f(τ, y, w) dy dw ,

and we also let

(2.6) Pf(t, x, v) :=
ˆ t

−∞

[
St−τf(τ, ·, ·)

]
(x, v) dτ.

Remark 2.1. We remark that (2.6) can be written as Pf = f ∗kin P where we defined the group
convolution according to the group law in (1.5) on (R1+2n, ◦) as

(f ∗kin g)(z) :=
˚

R1+2n

f(z′)g((z′)−1 ◦ z) dz′ ,

for a couple of sufficiently regular functions f , g on (R1+2n, ◦).

In the subsequent part of this section we will prove some estimate for the functional P in (2.6).
We begin recalling the following estimate for the fundamental solution Pt.

Lemma 2.1. For every t > 0 and qv, qx ∈ [1,∞], there exists a constant c ≡ c(n, s, qx, qv) > 0 such
that

(2.7) ∥Pt∥Lqv
v Lqx

x
≤ c t−

n(1+2s)
2s (1− 1

qx
)− n

2s (1− 1
qv

).

Proof. By [19, Theorem 1.1 and Lemma 1.5], with α = 2s and β = n+ 2s, the profile satisfiesˆ
Rn

P(x, v) dx ≤ C(1 + |v|)−β , sup
x

P(x, v) ≤ C(1 + |v|)−1−β .
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Interpolation in x gives
∥P(·, v)∥Lqx

x
≤ C(1 + |v|)−1−β+1/qx .

The right-hand side belongs to Lqv
v for every qv ∈ [1,∞], since β = n+ 2s > n. Finally, the scaling

in (2.4), with the changes x = t1+1/(2s)X and v = t1/(2s)V , gives

∥Pt∥Lqv
v Lqx

x
= t−n−n/s+ n(1+2s)

2sqx
+ n

2sqv ∥P∥Lqv
v Lqx

x
,

which is exactly (2.7). □

The following heat kernel estimates for the kinetic semigroup St hold true.

Proposition 2.2. Let t > 0. Then, for any 1 ≤ p ≤ 2 ≤ q ≤ ∞, there exists a constant c ≡
c(n, s, p, q) > 0 such that

(2.8) ∥Stf∥Lq
xL2

v
≤ c t−

n(1+2s)
2s ( 1

p − 1
q )∥f∥Lp

xL2
v
,

and

(2.9) ∥Stf∥Lq
x,v

≤ c t−
n(1+2s)

2s ( 1
p − 1

q )− n
2s ( 1

2 − 1
q )∥f∥Lp

xL2
v
.

Proof. Let us fix 1 ≤ px, pv, qx, qv, ℓx, ℓv ≤ ∞ such that

(2.10) 1 + 1
qx

= 1
px

+ 1
ℓx
, and 1 + 1

qv
= 1
pv

+ 1
ℓv
.

Then, for any fixed v, applying Young’s Inequality in x gives

∥(K ∗G)(·, v)∥Lqx
x

≤
ˆ
Rn

∥K(·, v − w)∥Lℓx
x

∥G(·, w)∥Lpx
x

dw ,

so that a final application of Young’s Inequality in v yields
(2.11) ∥K ∗G∥Lqv

v Lqx
x

≤ ∥K∥Lℓv
v Lℓx

x
∥G∥Lpv

v Lpx
x
.

Moreover, let us note that, for 1 ≤ p ≤ 2 ≤ q ≤ ∞, the integral Minkowski’s Inequality gives
(2.12) ∥G∥L2

vLp
x

≤ ∥G∥Lp
xL2

v
and ∥G∥Lq

xL2
v

≤ ∥G∥L2
vLq

x
.

Letting Ttf(y, w) := f(y − tw,w), by changing y into y + tw in (2.5), we obtain
(2.13) Stf = Pt ∗ Ttf.

In order to prove (2.8), choose ℓv = 1 and ℓx such that

1 − 1
ℓx

= 1
p

− 1
q
.

Combining Lemma 2.1 with (2.11) and (2.12), we get

∥Stf∥Lq
xL2

v
≤ ∥Stf∥L2

vLq
x

≤ ∥Pt∥L1
vLℓx

x
∥Ttf∥L2

vLp
x

≤ c t−
n(1+2s)

2s ( 1
p − 1

q )∥f∥Lp
xL2

v
,

which proves (2.8).
For (2.9), we proceed in a similar fashion by choosing ℓx and ℓv such that

1 − 1
ℓx

= 1
p

− 1
q

and 1 − 1
ℓv

= 1
2 − 1

q
,

so that Lemma 2.1, (2.11) and (2.12) give

∥Stf∥Lq
x,v

≤ ∥Pt∥Lℓv
v Lℓx

x
∥Ttf∥L2

vLp
x

≤ c t−
n(1+2s)

2s ( 1
p − 1

q )− n
2s ( 1

2 − 1
q )∥f∥Lp

xL2
v
.

□

Next, we prove the estimate which will be applied to the error between the rough operator and
(−∆v)s.

Lemma 2.2. For every t > 0 and h ∈ L2(R2n),

(2.14) ∥St(−∆v) s
2h∥L2

x,v
≤

c ∥h∥L2
x,v√
t

,

where c ≡ c(n, s) > 0.
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Proof. With no loss of generality, upon reasoning by density, take h in the Schwartz class. By
applying the Fourier transform, the semigroup has the representation

(2.15) Ŝth(ξ, η) = exp
(

−
ˆ t

0
|η + ρξ|2s dρ

)
ĥ(ξ, η + tξ).

We shall use the elementary coercivity estimate

(2.16)
ˆ 1

0
|η + ρξ|2s dρ ≥ cs

(
|η|2s + |ξ|2s

)
.

By Plancherel’s theorem and (2.15), followed by the change of variables η 7→ ζ = η+ tξ, we have

∥St(−∆v) s
2h∥2

2 = 1
(2π)2n

¨
Rn×Rn

exp
(

−2
ˆ t

0
|ζ − rξ|2s dr

)
|ζ|2s|ĥ(ξ, ζ)|2 dξ dζ.

By scaling (2.16), ˆ t

0
|ζ − rξ|2s dr ≥ cst

(
|ζ|2s + t2s|ξ|2s

)
≥ cst|ζ|2s.

Therefore, since R+ ∋ r 7→ r2se−2cstr2s is bounded by c/t, for some c = c(s) > 0, we obtain (2.14)
□

Now, we introduce a set of exponents, whose definition is based on Nd and Ns introduced in (1.10)
and (1.8), respectively. First of all, set

(2.17) qd := 2Nd

Nd − 2s , ad := 2Nd

Nd + 2s .

Notice that

(2.18) 1
ad

− 1
qd

= 2s
Nd

,
1
2 − 1

qd
= s

Nd
.

Recall that p∗ is defined in (1.12). For p ∈ [p∗,∞), we define

(2.19) ap := 2p
p+ 2 ,

1
qp

:= 1
2 − 2s−Nd/p

Ns
.

Equivalently,

(2.20) qp = 2Ns

Ns − 4s+ 2Nd/p
.

Then 1 < ap < 2 ≤ qp < ∞, and qp > 2 if and only if p > p∗.

Proposition 2.3. For every t > 0 and h ∈ L2(R2n),

(2.21) ∥St(−∆v) s
2h∥L

qd
x L2

v
≤

c ∥h∥L2
x,v

t
Nd−s

Nd

,

where Nd is defined in (1.10) and the constant c ≡ c(n, s) > 0.

Proof. Using the semigroup property, we write
St(−∆v) s

2h = St/2
(
St/2(−∆v) s

2h
)
.

We apply Proposition 2.2 with p = 2 and q = qd, and then Lemma 2.2. Since 1/2 − 1/qd = s/Nd,
we obtain

∥St(−∆v) s
2h∥L

qd
x L2

v
≤ ct

− n(1+2s)
2s ( 1

2 − 1
qd

)∥St/2(−∆v) s
2h∥2

≤ ct
− n(1+2s)

2Nd
− 1

2 ∥h∥2 = ct−(1−s/Nd)∥h∥2.

□

Now, our main result reads as follows.

Theorem 2.1. The following estimates hold.
(i) For every F ∈ Lad(R1+n;L2(Rn)),

(2.22) ∥PF∥Lqd (R1+n;L2(Rn)) ≤ c∥F∥Lad (R1+n;L2(Rn)).
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(ii) For every H ∈ L2(R1+2n),

(2.23) ∥P((−∆v) s
2H)∥Lqd (R1+n;L2(Rn)) ≤ c∥H∥L2(R1+2n).

(iii) Let p ∈ [p∗,∞). For every F ∈ Lap(R1+n;L2(Rn)),
(2.24) ∥PF∥Lqp (R1+2n) ≤ cp∥F∥Lap (R1+n;L2(Rn)).

Here, the constant c depends only on n and s, while cp depends only on n, s, and p.

Proof. We first take smooth compactly supported sources.
(i) Applying Proposition 2.2 with p = ad and q = qd, we obtain

∥PF (t, ·, ·)∥L
qd
x L2

v
≤ c

ˆ t

−∞
(t− τ)− n(1+2s)

2s ( 1
ad

− 1
qd

)∥F (τ, ·, ·)∥L
ad
x L2

v
dτ

= c

ˆ t

−∞
(t− τ)

2s
Nd

−1∥F (τ, ·, ·)∥L
ad
x L2

v
dτ,

where we used (2.18).
Then, taking the Lqd -norm in time on both sides of the inequality and applying (2.2), with

α = 1 − 2s
Nd

and q = qd gives (2.22).
(ii) For every t > 0, Proposition 2.3 yields

∥P((−∆v) s
2H)(t, ·, ·)∥L

qd
x L2

v
≤ c

ˆ t

−∞
(t− τ)s/Nd−1∥H(τ, ·, ·)∥2 dτ.

Since 1/qd = 1/2 − s/Nd, 0 < s/Nd < 1 and 1 < 2 < qd < ∞, taking the Lqd -norm in time on both
sides of the inequality and applying (2.2) with α = 1 − s/Nd and q = qd proves (2.23).
(iii) To prove (2.24) we set

(2.25) Ap := 1
ap

− 1
qp
, Bp := 1

2 − 1
qp
.

By (2.19), 0 < Ap < 1 and Bp ≥ 0, with Bp > 0 if and only if p > p∗ (with p∗ defined in (1.12)).
More explicitly,

Bp = 2s−Nd/p

Ns
, Ap = 2s

Ns
+ n

Nsp
.

Thus Bp ≥ 0, while 0 < Ap ≤ Ap∗ = 2s/Nd < 1; in particular, ap < qp. We also have
(2.26) NdAp + nBp = 2s.

Also, identity (2.26) gives

(2.27) n(1 + 2s)
2s Ap + n

2sBp = 1 −Ap.

Applying (2.9) with p = ap and q = qp, we obtain

∥PF (t, ·, ·)∥L
qp
x,v

≤ cp

ˆ t

−∞
(t− τ)Ap−1∥F (τ, ·, ·)∥L

ap
x L2

v
dτ.

Since 1/qp = 1/ap − Ap, taking the Lqp norm on both sides of the previous inequality, we apply
(2.2) with α = 1 − Ap and q = qp. This proves (2.24). The three estimates extend to the stated
source spaces by density. □

The following consequence will be used for the L2
v +H−s

v decomposition of the rough-kernel error.

Corollary 2.1. Let H0, H1 ∈ L2(R1+2n), and assume that the projection of suppH1 onto the (t, x)
variables is contained in a measurable set E ⊂ R1+n with |E| < ∞. Then

(2.28) ∥P(H1 + (−∆v) s
2H0)∥L

qd
t,xL2

v
≤ c

(
|E|s/Nd∥H1∥L2

t,x,v
+ ∥H0∥L2

t,x,v

)
.

No support assumption in the velocity variable is required.

Proof. Since 1/ad − 1/2 = s/Nd, Hölder’s Inequality in (t, x) gives

∥H1∥L
ad
t,xL2

v
≤ |E|s/Nd∥H1∥2.

We apply Theorem 2.1 (i) to H1, Theorem 2.1 (ii) to H0, and use the triangle inequality. □
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Corollary 2.2. Let I ⊂ R be an interval. If a source in Theorem 2.1 is supported in I ×R2n, then
the corresponding estimate holds with the same constant after restricting the output to I × R2n, or
to any measurable subset thereof.

Proof. Extend the source by zero outside I ×R2n, apply Theorem 2.1, and restrict the output. □

Corollary 2.3. Let R > 0 and z0 ∈ R1+2n. Extend every source below by zero outside QR(z0).
(i) If F is supported in QR(z0), then(

−−
¨

UR(z0)
∥PF∥qd

L2(BR(v0)) dxdt
) 1

qd

≤ cR2s

(
−−
¨

UR(z0)
∥F∥ad

L2(BR(v0)) dx dt
) 1

ad

.

(ii) If H is supported in QR(z0), then(
−−
¨

UR(z0)
∥P((−∆v) s

2H∥qd
L2(BR(v0)) dxdt

) 1
qd

≤ cRs

(
−−
¨

UR(z0)
∥H∥2

L2(BR(v0)) dx dt
) 1

2

(2.29)

(iii) Let p ∈ [p∗,∞). If F is supported in QR(z0), then

∥PF∥Lqp ≤ cpR
2s

(
−−
¨

UR(z0)
∥F∥ap

L2(BR(v0)) dxdt
) 1

ap

.(2.30)

The constants are independent of R and z0.

Corollary 2.4. Let R > 0 and z0 ∈ R1+2n. Assume that H0, H1 ∈ L2(R1+2n) vanish for (t, x) /∈
UR(z0), with no support assumption in velocity. Then(

−−
¨

UR(z0)
∥P(H1 + (−∆v) s

2H0)∥qd

L2(Rn) dx dt
) 1

qd

(2.31)

≤ c

R2s

(
−−
¨

UR(z0)
∥H1∥2

L2(Rn) dxdt
) 1

2

+Rs

(
−−
¨

UR(z0)
∥H0∥2

L2(Rn) dx dt
) 1

2
 .

Proof of Corollary 2.4. Apply Corollary 2.1 with E = UR(z0) and restrict the output to UR(z0) ×
Rn

v . Since |UR| = cnR
Nd and 1/2 − 1/qd = s/Nd,

|UR|−1/qd |UR|s/Nd∥H1∥2 = cR2s|UR|−1/2∥H1∥2,

while
|UR|−1/qd∥H0∥2 = cRs|UR|−1/2∥H0∥2.

These are precisely the two terms in (2.31). □

Lemma 2.3. Let 1 < a < Ns/(2s) and define q by

(2.32) 1
q

= 1
a

− 2s
Ns

.

Then
(2.33) ∥PF∥Lq(R1+2n) ≤ c∥F∥La(R1+2n),

where c ≡ c(n, s, a) > 0.

Proof. The kernel P is homogeneous of degree −(Ns − 2s) with respect to the dilations in (1.6),
namely

P (δr(z)) = r−(Ns−2s)P (z).
We first notice that |{P > 1}| < +∞. Indeed, Proposition 2.1 (i) gives ∥P∥L∞ < +∞, and
hence P (t, x, v) > 1 implies that t belongs to a bounded interval. For every such t, Proposi-
tion 2.1 (ii) and Chebyshev’s Inequality give

|{(x, v) : P (t, x, v) > 1}| ≤
ˆ
R2n

P (t, x, v) dx dv = 1.

Consequently, by homogeneity and |δr(E)| = rNs |E|,

|{P > λ}| = λ− Ns
Ns−2s |{P > 1}| for every λ > 0.
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Thus
P ∈ Lϑ

w(R1+2n) with ϑ := Ns

Ns − 2s .

The weak Young inequality on homogeneous groups, see [12, Proposition 1.10], yields

∥F ∗kin P∥Lq ≤ c∥P∥Lϑ
w

∥F∥La

whenever 1 + 1/q = 1/a+ 1/ϑ. This relation is precisely (2.32), and the conclusion follows. □

Lemma 2.4 (Proposition 2.2 in [22]). Let I ⊂ R be an interval of length at most one and set q0 :=
2Ns/(Ns − 2s). If H0, H1 ∈ L2(I × R2n), extended by zero outside I × R2n, then

∥PH1∥Lq0 (I×R2n) + ∥P((−∆v) s
2H0)∥Lq0 (I×R2n)

≤ c
(
∥H1∥L2(I×R2n) + ∥H0∥L2(I×R2n)

)
.

where the constant c ≡ c(n, s) > 0.

2.3. Auxiliary results. We recall the weak Harnack inequality in the form needed below. It is
possible to verify that the assumptions of Theorem 1.6 in [22] are satisfied in our framework. So
that, the statement adapted to our case reads as follows.

Theorem 2.2. Let s ∈ (0, 1).Then, there exist r0 ∈ (0, 1), R̄ > 1, ζ > 0 and c > 0 such that,
letting Q̃R̄ := [−2, 0] ×BR̄1+2s ×BR̄, if f ∈ W(Q̃R̄) is a globally nonnegative weak supersolution to

(∂t + v · ∇x)f = Lvf in Q̃R̄ ,

then,
∥f∥Lζ(Q−

r0 ) ≤ c ess inf
Q+

r0

f ,

where c and ζ depend only on n, s and Λ, while r0 and R̄ depend only on n and s and

Q−
r0

:= (−1,−1 + r2s
0 ] ×Br1+2s

0
×Br0

and Q+
r0

:= (−r2s
0 , 0] ×Br1+2s

0
×Br0 .

We recall a covering property of the slanted cylinders in (1.7). For a similar result in the classic
kinetic framework we refer to [38, Lemma 4.2]; see also [2].

Lemma 2.5. There exist two universal constants c∗ ≡ c∗(s) ∈ (0, 1) and β ≡ β(s) ≥ 1 such that,
for any 1/2 ≤ ρ < r ≤ 1 and any z0 ∈ R1+2n, it holds

(2.34) Q(c∗(r−ρ))β (z1) ⊂ Qr(z0) ∀z1 ∈ Qρ(z0).

Proof. Set d := r − ρ, c∗(s) := 1
2 (1 ∧ 2s) and β(s) := 1 ∨ (2s)−1, and put δ := (c∗d)β . Then δ ≤ d

and

δ2s ≤

{
d2s, s ≥ 1/2,
sd, s < 1/2.

On the other hand,

r2s − ρ2s ≥

{
d2s, s ≥ 1/2,
2sd, s < 1/2,

so the time and velocity components of every z2 ∈ Qδ(z1), with z1 ∈ Qρ(z0), lie in the corresponding
components of Qr(z0). For the spatial component, the group law gives

|x2 − x0 − (t2 − t0)v0| ≤ δ1+2s + ρ1+2s + δ2sρ ≤ ρ1+2s + δ2sr.

If s ≥ 1/2, then δ2sr ≤ d2sr ≤ r1+2s − ρ1+2s. If s < 1/2, then δ2sr = sdr ≤ r1+2s − ρ1+2s,
because ρ ≥ 1/2. This proves (2.34). □

We conclude by stating a classical iteration argument which will turn out to be useful in estab-
lishing our main results.
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Lemma 2.6 (Lemma 4.11 in [6]). Let Ψ : [ρ, r] → [0,+∞) be a bounded function, ε ∈ (0, 1), A1,
A2, A3, β1, β2 ≥ 0 and ρ, r > 0. Assume that

Ψ(σ′) ≤ εΨ(σ) +A1(σ − σ′)−β1 +A2(σ − σ′)−β2 +A3,

holds whenever ρ ≤ σ′ < σ ≤ r. Then,

Ψ(ρ) ≤ cA1(r − ρ)−β1 + cA2(r − ρ)−β2 + cA3,

where c ≡ c(ε, β1, β2) > 0.

3. Local boundedness estimates

This section is devoted to the proof of local boundedness for subsolutions to (1.1), as stated
in Theorem 1.1. We begin collecting some fundamental observations.

Remark 3.1. We first work on cylinders centered at the origin, with radii between [1/2, 1]. Indeed,
see, e. g., [41, Lemma 5.1] the function f̃(z) := f(z0 ◦ δr(z)) satisfies (1.1) with adjusted source
term and kernel. In particular the ellipticity class of K does not change. However, a dependence
on the norm |v0| will appear in the constant multiplying ∥f∥L2(Qr) in (1.13) as consequence of the
sensibility of the transport operator ∂t + v · ∇x to the Galilean translation in (1.5).

Remark 3.2. We just recall here the three exponents used in the forthcoming anisotropy estimates:

(3.1) p∗ := 1 + n(1 + 2s)
2s , qd = 2Nd

Nd − 2s , and ad = 2Nd

Nd + 2s ,

where Nd is the homogeneous dimension in the drift variables defined in (1.10). In particular, the
following relations hold true:

(3.2) 1
qd

= 1
2 − s

Nd
, and 1

ad
= 1

2 + s

Nd
.

Moreover, given a general exponent p > p∗ we let

(3.3) p̄ := min{p, 2p∗}

Let us also record that, for 0 ≤ ℓ, since (f − ℓ)+ ≤ f+, B 1
2

⊂ Br and Ur ⊂ U1 whenever 1/2 ≤
r ≤ 1, it holds Tail((f − ℓ)+;Br) ≤ 4 Tail(f+;B 1

2
) pointwise and, by p̄ ≤ p and the monotonicity of

normalized norms, ∥Tail((f − ℓ)+;Br)∥Lp̄(Ur) ≤ c(n, s)∥Tail(f+;B 1
2
)∥Lp(U1). This will be used in

the rest of the this section to pass from the tail quantities produced by the proofs to those appearing
in the statements.

3.1. The two-level energy estimate. Firstly, we prove a suitable (two-level) Caccioppoli-type
estimates with tail for subsolutions to (1.1). The upper level κ is used in the test function, while
the lower level ℓ < κ is used only to estimate the exterior interaction.

Lemma 3.1. Let Q1 ⊂ R1+2n and s ∈ (0, 1). Assume that f ∈ W(Q1) is a weak subsolution
to (1.1) in Q1. Let p∗ and qd be given in (3.1). Then, for any 1

2 ≤ ρ < r ≤ 1, any β > 0, any p > p∗
and any 0 ≤ ℓ < κ, it holds

(3.4)

˚
Qρ

(f − κ)2
+ dz +

˚
Qρ

ˆ
Bρ

((f(t, x, v) − κ)+ − (f(t, x, w) − κ)+)2

|v − w|n+2s
dw dz

≤ β

(r − ρ)2(1+2s)

(
−−
¨

Ur

∥(f − ℓ)+∥qd
L2(Br) dxdt

) 2
qd

+ c

(r − ρ)2(1+2s)

˚
Qr

(f − ℓ)2
+ dz

+ c

(
∥Tail(f+;B 1

2
)∥Lp(U1)

(r − ρ)n+2s(κ− ℓ)

) p
p−p∗ ˚

Qr

(f − ℓ)2
+ dz

+ c

˚
Q ρ+r

2

h+(f − κ)+ dz ,

where c ≡ c(n, s,Λ, β, p) > 0.
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Proof. For the sake of readability we denote with fκ := (f − κ)+ and with fℓ := (f − ℓ)+. Let
σ := (r + ρ)/2 and consider a cut-off function ϕ ∈ C∞

c (Bσ1+2s × Bσ) such that 0 ≤ ϕ ≤ 1, ϕ = 1
on Bρ1+2s ×Bρ and |∇vϕ| + |v · ∇xϕ| ≤ c/(r − ρ)1+2s, for some universal constant c > 0. Consider
in the weak formulation the test function ϕ2fκ so that, up to mollification (see for instance [16,
Section 2]), for a. e. t ∈ (−r2s, 0], we have that

(3.5)

¨
Br1+2s ×Br

h(ϕ2fκ) dx dv ≥
¨

Br1+2s ×Br

(∂tf + v · ∇xf)(ϕ2fκ) dxdv

+
ˆ

Br1+2s

E(f, ϕ2fκ) dx =: I1 + I2.

We start by considering I1. Using the fact that ∂tϕ = 0, and that, by [22, Formula (A8)],

(3.6) (∂t + v · ∇x) fκ = (∂t + v · ∇x) (f − κ)1{f>κ} ,

we have that

(3.7)
I1 ≥ 1

2
d
dt

¨
Br1+2s ×Br

|(ϕfκ)(t, x, v)|2 dxdv −
¨

Br1+2s ×Br

f2
κ |v · ∇xϕ| dxdv

≥ 1
2

d
dt

¨
Br1+2s ×Br

|(ϕfκ)(t, x, v)|2 dxdv − c

(r − ρ)1+2s

¨
Br1+2s ×Br

f2
κ dxdv.

Now we focus on the term I2. By symmetry of the involved kernel K, we can simply restrict on
the subcase when f(t, x, v) ≥ f(t, x, w)

(
up to exchange the roles of v and w

)
, and thus we simply

use that (
f(t, x, v) − f(t, x, w)

)(
(ϕ2fκ)(t, x, v) − (ϕ2fκ)(t, x, w)

)
=
(
(f(t, x, v) − κ) − (f(t, x, w) − κ)

)(
(ϕ2fκ)(t, x, v) − (ϕ2fκ)(t, x, w)

)

≥


(
fκ(t, x, v) − fκ(t, x, w)

)
×
(
(ϕ2fκ)(t, x, v) − (ϕ2fκ)(t, x, w)

)
if f(t, x, v) ≥ f(t, x, w) > κ,(

f(t, x, v) − κ
)
(ϕ2fκ)(t, x, v) if f(t, x, v) > κ ≥ f(t, x, w),

0 if κ ≥ f(t, x, v) ≥ f(t, x, w),

≥
(
(ϕfκ)(t, x, v) − (ϕfκ)(t, x, w)

)2 − fκ(t, x, v)fκ(t, x, w)
(
ϕ(x, v) − ϕ(x,w)

)2
,

which, in turn, yields the bound

(3.8)

I2 ≥
ˆ

Br1+2s

E(ϕfκ, ϕfκ) dx

− Λ
ˆ

Br1+2s

¨
Br×Br

fκ(t, x, v)fκ(t, x, w) (ϕ(x, v) − ϕ(x,w))2

|v − w|n+2s
dw dv dx

− Λ
ˆ

Br1+2s

¨
Br×(Rn\Br)

(ϕ2fκ)(t, x, v)fκ(t, x, w)
|v − w|n+2s

dw dv dx

≥
ˆ

Br1+2s

E(ϕfκ, ϕfκ) dx− c

(r − ρ)2(1+2s)

¨
Br1+2s ×Br

f2
κ dv dx

− c

ˆ
Br1+2s

¨
Br×(Rn\Br)

(ϕ2fκ)(t, x, v)fκ(t, x, w)
|v − w|n+2s

dw dv dx ,

where in the last line we have used that, up to exchanging the roles of v and w, we can assume
that fκ(t, x, v) ≥ fκ(t, x, w), so that

(3.9)

¨
Br×Br

fκ(t, x, v)fκ(t, x, w) (ϕ(x, v) − ϕ(x,w))2

|v − w|n+2s
dw dv

≤ c

(r − ρ)2(1+2s)

ˆ
Br

f2
κ(t, x, v)

(ˆ
B2r(v)

dw
|v − w|n−2(1−s)

)
dv

≤ c

(r − ρ)2(1+2s)

ˆ
Br

f2
κ dv.
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Combining (3.7) and (3.8) with (3.5) yields
1
2

d
dt

¨
Br1+2s ×Br

|(ϕfκ)(t)|2 dxdv +
ˆ

B1+2s
r

E(ϕfκ, ϕfκ) dx

≤ c

¨
Br1+2s

¨
Br×(Rn\Br)

(ϕ2fκ)(t, x, v)fκ(t, x, w)
|v − w|n+2s

dw dv dx

+ c

(r − ρ)2(1+2s)

¨
Br1+2s ×Br

f2
κ dv dx+ c

¨
Bσ1+2s ×Bσ

h+fκ dx dv.

After integration in time and manipulations precisely as in [41, Lemma 2.2], via the ellipticity of
the kernel in Qρ, and since ℓ < κ, we eventually arrive at

(3.10)

˚
Qρ

f2
κ dz +

˚
Qρ

ˆ
Bρ

(fκ(t, x, v) − fκ(t, x, w))2

|v − w|n+2s
dw dz

≤ c

˚
Qr

ˆ
Rn\Br

(ϕ2fκ)(t, x, v)fκ(t, x, w)
|v − w|n+2s

dw dz

+ c

(r − ρ)2(1+2s)

˚
Qr

f2
ℓ dz + c

˚
Q r+ρ

2

h+fκ dz.

In order to conclude, it remains to estimate the nonlocal contribution and the contribution given
by the source term. Let us first note that, for any v ∈ Br ∩supp(ϕ) ⊂ B(r+ρ)/2 and any w ∈ Rn \Br,
it holds

|w|
|v − w|

≤ 1 + |v|
||w| − |v||

≤ 1 + r + ρ

r − ρ
≤ c

r − ρ
.

Moreover, on {f > κ} we also have that

0 ≤ f − κ ≤ (f − ℓ)2

κ− ℓ
∀ℓ < κ.

Therefore, we can estimate the tail term on the right-hand side of (3.10) as follows˚
Qr

ˆ
Rn\Br

(ϕ2fκ)(t, x, v)fκ(t, x, w)
|v − w|n+2s

dw dz

≤ c

(r − ρ)n+2s

˚
Qr

fκ(t, x, v) Tail(fκ;Br) dz

≤ c

(r − ρ)n+2s(κ− ℓ)−−
¨

Ur

Tail(fκ;Br)∥fℓ∥2
L2(Br) dxdt.

Now, considering p > p∗, with p∗ as in (3.1), we apply Hölder’s Inequality in (t, x) with expo-
nents p and p′, obtaining

(3.11) −−
¨

Ur

Tail(fℓ;Br)∥fℓ∥2
L2(Br) dx dt ≤ ∥Tail(fℓ;Br)∥Lp(Ur)

(
−−
¨

Ur

∥fℓ∥2p′

L2(Br) dxdt
) 1

p′

.

Define now

(3.12) θ := p∗

p
= Nd

2sp ∈ (0, 1).

Using (3.2), we compute

(3.13) 1
2p′ = 1

2 − 1
2p = θ

qd
+ 1 − θ

2 .

Then, by (3.13) and the standard inequality ∥g∥L2p′ ≤ ∥g∥θ
Lqd ∥g∥1−θ

L2 , we obtain

(3.14)
(

−−
¨

Ur

∥fℓ∥2p′

L2(Br) dxdt
) 1

p′

≤
(

−−
¨

Ur

∥fℓ∥qd
L2(Br) dxdt

) 2θ
qd
(˚

Qr

f2
ℓ dz

)1−θ

.

Combining (3.11) and (3.14), upon applying Young’s Inequality with exponent 1/θ and 1/(1−θ),
for any β > 0, we obtain

c

(r − ρ)n+2s(κ− ℓ)∥Tail(fℓ;Br)∥Lp(Ur)

(
−−
¨

Ur

∥fℓ∥qd
L2(Br) dxdt

) 2θ
qd
(˚

Qr

f2
ℓ dz

)1−θ
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≤ β

(
−−
¨

Ur

∥fℓ∥qd
L2(Br) dxdt

) 2
qd

+ c

(∥Tail(fℓ;Br)∥Lp(Ur)

(r − ρ)n+2s(κ− ℓ)

) 1
1−θ
˚

Qr

f2
ℓ dz ,(3.15)

where c ≡ c(n, s,Λ, β, p) > 0.
Finally, noting that by (3.12) and (1.10) we have

1
1 − θ

= p

p− p∗
,

we can conclude the proof of (3.4) by combining (3.15) into (3.10). □

3.2. Hypoelliptic gain of integrability in (t, x). This section is devoted to the proof of the
local gain used in the De Giorgi iteration argument in Theorem 1.1. In order to prove forthcoming
Theorem 3.1, we localize the upper truncation (f−κ)+ and apply a Kato inequality to the resulting
equation. The local commutator is treated as an L2

t,xH
−s
v source term, whereas the exterior contri-

bution retains the form of the tail Tail((f − ℓ)+;Br)(t, x) multiplied by the velocity superlevel set.
We then apply the mixed-norm estimates for the fractional Kolmogorov fundamental solution and
estimate the contribution generated by h in L∞ so that it is absorbed into the truncation level by
a shift λh,κ(r); combining all these estimates will finally yield the estimate below.

Theorem 3.1 (Local gain in integrability). Let Q1 ⊂ R1+2n, let s ∈ (0, 1). Let p > p∗ and q >
Ns/(2s), with p∗ given in (3.1) and Ns given in (1.8). For any r > 0 and any κ ∈ R define

(3.16) λh,κ(r) := c0∥h+∥Lq(Q1)

(
|Qr ∩ {f > κ}|

|Qr|

) 1
θ − 1

q

,

for some c0 ≡ c0(n, s,Λ, q) > 0 and θ := 1
2 (q +Ns/(2s)).

Assume that f ∈ W(Q1) is a weak subsolution to (1.1) in Q1. Then, for any 1
2 ≤ ρ < r ≤ 1,

any β > 0 and any 0 ≤ ℓ < κ it holds

(3.17)

(
−−
¨

Uρ

∥(f − κ− λh,κ(r))+∥qd
L2(Bρ) dxdt

) 2
qd

≤ c

(r − ρ)2(1+2s)

˚
Qr

(f − κ)2
+ dz + β

(
−−
¨

Ur

∥(f − ℓ)+∥qd
L2(Br) dxdt

) 2
qd

+ c

(r − ρ)2(1+2s)

˚
Qr

ˆ
Br

((f(t, x, v) − κ)+ − (f(t, x, w) − κ)+)2

|v − w|n+2s
dw dz

+ c

(
∥Tail(f+;B 1

2
)∥Lp(U1)

(r − ρ)n+2s(κ− ℓ)

) p̄
p̄−p∗ ˚

Qr

(f − ℓ)2
+ dz ,

where qd is given in (3.1), p is defined in (3.3), and c ≡ c(n, s,Λ, p, q, β) > 0.

Proof. Fix 1/2 ≤ ρ < r ≤ 1 such that Qr ⊂ Ω, and, for σ := (r + ρ)/2, define two cut-off
functions: ϕ ∈ C∞

c (Bσ1+2s ×Bσ) such that 0 ≤ ϕ ≤ 1, ϕ ≡ 1 on Bρ1+2s ×Bρ,

|∇vϕ| ≤ c

r − ρ
and |v · ∇xϕ| ≤ c

(r − ρ)1+2s
,

for some universal constant c > 0.
For any ε > 0, let ηε ∈ C∞

c ((−σ2s, 0]) be such that 0 ≤ ηε ≤ 1, ηε ≡ 1 on [−ρ2s,−ε]. Moreover,
once denoted with µε(t) := 1[−ε,0](t)η′

ε(t) we get that µε ≤ 0 and

sup
ε>0

∥η′
ε − µε∥L∞ <

c

(r − ρ)1+2s
< ∞.

With this bit of notation we divide the proof into several steps.
Step 1 - The localized equation. Consider the function g := ηεϕfκ, where fκ := (f − κ)+. By

weak chain-rule, in the sense of distribution, such an auxiliary function g satisfies
(∂t + v · ∇x)g = fκ(∂t + v · ∇x)(ηεϕ) + ηεϕ(∂t + v · ∇x)fκ

= fκ(∂t + v · ∇x)(ηεϕ) + ηεϕ1Qσ∩{f>κ}(∂t + v · ∇x)(f − κ)
≤ fκ

(
(η′

ε − µε)ϕ+ ηεv · ∇xϕ
)

+ ηεϕ1Qσ∩{f>κ}Lv(f − κ) + ηεϕh+1Qσ∩{f>κ} ,
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where we have used (3.6), the sign of µε and the fact that f is a weak subsolution of (1.1).
Now, we employ the integration by parts formula for the diffusion operator Lv:

(3.18) Lv

(
(f − κ)ϕ

)
= ϕLv(f − κ) + (f − κ)Lvϕ+ I(f − κ, ϕ),

where I(·, ·) is a reminder term given by

(3.19) I(f − κ, ϕ)(v) :=
ˆ
Rn

(
f(v) − f(w)

)(
ϕ(v) − ϕ(w)

)
K(t, x, v, w) dw ,

together with the Kato inequality (see, e. g., [5])

1{Φ>0}LvΦ ≤ LvΦ+.

Then, since ηε depends only on time, (3.18) and (3.19) give

ηεϕ1{f>κ}Lv(f − κ) = 1{f>κ}Lv[ηεϕ(f − κ)] − ηε(f − κ)Lvϕ1{f>κ} − ηεI(f − κ, ϕ)1{f>κ}

≤ Lvg + ηε1{f>κ}(v)
ˆ
Rn

fκ(t, x, w)
(
ϕ(x, v) − ϕ(x,w)

)
K(t, x, v, w) dw.

Indeed, on {f > κ}, in view of (3.18) and (3.19), we have LvΦ+ − LvΦ = ηε

´
Rn ϕ(w)(f(w) −

κ)−K dw with Φ := ηεϕ(f − κ), and it exactly compensates the replacement of f(w) − κ by fκ(w)
in the commutator, the difference between the two sides being ηεϕ(v)

´
Rn(f(w)−κ)−K dw ≥ 0, and

outside {f > κ}, the left-hand side is zero, while the right-hand one is Lvg(v) ≥ 0, being g(v) = 0
there.

We now split the last integral into Br and Rn \Br. Adding (−∆v)sg to both sides, we obtain

(3.20)

(∂t + v · ∇x)g + (−∆v)sg ≤ fκ

(
(η′

ε − µε)ϕ+ ηεv · ∇xϕ
)

+ (Lv + (−∆v)s)g

+ ηε1Br
(v)
ˆ

Br

fκ(t, x, w)(ϕ(x, v) − ϕ(x,w))K(t, x, v, w) dw

+ FT + Fh ,

where in the last line we denote with

FT := ηεϕ1{f>κ}(v)
ˆ
Rn\Br

fκ(t, x, w)K(t, x, v, w) dw ,

and Fh := ηεϕh+1{f>κ}.

Let us justify the presence of the indicator 1Br
(v) in the local term of (3.20). For v /∈ Br one

has ϕ(x, v) = 0, so the discarded local contribution equals −ηε1{f>κ}
´

Br
fκ(w)ϕ(x,w)K dw ≤ 0;

on {f ≤ κ}, where the transport term of g vanishes by (3.6) and g(v) = 0, inequality (3.20) holds
directly since

Lvg(v)+ηε1Br
(v)
ˆ

Br

fκ(w)(ϕ(v)−ϕ(w))K dw = ηεϕ(x, v)
ˆ

Br

fκ(w)K dw+
ˆ
Rn\Br

g(w)K dw ≥ 0.

We remark that the local integral in Br(v) appearing in (3.20) is understood in the duality
sense. Indeed, as in [22, Lemma 4.11], by pairing with ξ ∈ Hs(Rn), truncating the singularity and
symmetrizing in (v, w), it is represented by

ηε

2

¨
Br×Br

[
(fκ(t, x, v)

(
ξ(v) − ξ(w)

)
+ ξ(v)

(
fκ(t, x, w) − fκ(t, x, v)

)]
×
(
ϕ(x, v) − ϕ(x,w)

)
K(t, x, v, w) dw dv.

Hence, Hölder’s Inequality and the Lipschitz bound on ϕ give

(3.21)

∣∣∣∣∣
〈
ηε1Br

ˆ
Br

fκ(w)(ϕ(·) − ϕ(w))K(·, w) dw, ξ
〉

H−s,Hs

∣∣∣∣∣
≤ c

r − ρ

(
∥(fκ(t, x, ·)∥L2(Br) + [(fκ(t, x, ·)]Hs(Br)

)
∥ξ∥Hs(Rn).

By a similar duality argument the remaining nonlocal operators satisfy

(3.22) ∥(Lv + (−∆v)s)g∥H−s(Rn) ≤ c∥g∥Hs(Rn).
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All in all, we proved that the sum of the first three terms on the right-hand side of (3.20) belongs
to L2(Ur;H−s(Rn)) and can be written as H1 + (−∆v) s

2H0, where H0, H1 ∈ L2(Ur × Rn) vanish
outside Ur in the (t, x)-variables. The preceding estimates (3.21) and (3.22) give

(3.23)

1
|Qr|

(˚
Ur×Rn

|H0|2 dz +
˚

Ur×Rn

|H1|2 dz
)

≤ c

(r − ρ)2(1+2s)

˚
Qr

f2
κ dz + c

(r − ρ)2(1+2s)

˚
Qr

ˆ
Br

(fκ(t, x, v) − fκ(t, x, w))2

|v − w|n+2s
dw dz

+ 1
|Br|

−−
¨

Ur

¨
Rn×Rn

(g(t, x, v) − g(t, x, w))2

|v − w|n+2s
dw dz.

Now, we estimate the fractional norm of g in the right-hand side of (3.23). For this, we split¨
Rn×Rn

(g(t, x, v) − g(t, x, w))2

|v − w|n+2s
dw dv =

¨
Br×Br

(g(t, x, v) − g(t, x, w))2

|v − w|n+2s
dw dv

+ 2
¨

Br×(Rn\Br)

g2(t, x, v)
|v − w|n+2s

dw dv.

Moreover since, g = ηεϕfκ, if v ∈ supp(ϕ) ⊂ Bσ and w ∈ Rn \Br, then

(3.24) |w|
|v − w|

≤ 1 + |v|
|w| − |v|

≤ 1 + cr

r − ρ
≤ c

r − ρ
,

since 1/2 ≤ ρ < r ≤ 1.
Thus, since g(t, x, ·) is supported in Bσ and |v − w| ≥ r − σ = (r − ρ)/2 for every v ∈ Bσ

and w ∈ Rn \Br, we get¨
Br×(Rn\Br)

g2(t, x, v)
|v − w|n+2s

dw dv ≤ c

(r − ρ)2s

ˆ
Br

g2 dv,

On the other hand, by the identity
fκ(v)ϕ(v) − fκ(w)ϕ(w) = fκ(v)

(
ϕ(v) − ϕ(w)

)
+ ϕ(w)(fκ(v) − fκ(w))

we obtain¨
Br×Br

(g(t, x, v) − g(t, x, w))2

|v − w|n+2s
dw dv ≤ c

¨
Br×Br

f2
κ(t, x, v)(ϕ(x, v) − ϕ(x,w))2

|v − w|n+2s
dw dv

+ c

¨
Br×Br

(fκ(t, x, v) − fκ(t, x, w))2

|v − w|n+2s
dw dv

≤ c

(r − ρ)2(1+2s)

ˆ
Br

f2
κ(t, x, v) dv

+ c

¨
Br×Br

(fκ(t, x, v) − fκ(t, x, w))2

|v − w|n+2s
dw dv ,

upon proceeding as in (3.9). Therefore,

(3.25)

1
|Br|

−−
¨

Ur

¨
Rn×Rn

(g(t, x, v) − g(t, x, w))2

|v − w|n+2s
dw dz

≤ c

(r − ρ)2(1+2s)

˚
Qr

f2
κ dz + c

˚
Qr

ˆ
Br

(fκ(t, x, v) − fκ(t, x, w))2

|v − w|n+2s
dw dz

All in all, by combining (3.25) with (3.23) we finally arrive at
(3.26)

1
|Qr|

(˚
Ur×Rn

|H0|2 dz +
˚

Ur×Rn

|H1|2 dz
)

≤ c

(r − ρ)2(1+2s)

˚
Qr

f2
κ dz + c

(r − ρ)2(1+2s)

˚
Qr

ˆ
Br

(fκ(t, x, v) − fκ(t, x, w))2

|v − w|n+2s
dw dz.

Step 2 - Tail estimate. Now, we establish an estimate on the tail term FT . For any ℓ < κ,
letting fℓ := (f − ℓ)+, by (3.24), we can recenter the kernel into the origin so that, by ellipticity
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of K, we get

(3.27) 0 ≤ FT (t, x, v) ≤ c

(r − ρ)n+2s
Tail(fℓ;Br)(t, x)1{f(t,x,v)>κ}.

Since (f − ℓ)+ ≥ κ − ℓ on {f > κ}, for a. e. (t, x) ∈ Ur, we obtain the following Chebychev’s
Inequality

(3.28)
(

−
ˆ

Br

1{f(t,x,v)>κ} dv
) 1

2

≤
∥fℓ∥L2(Br)

κ− ℓ
.

Define now

λ := 2p∗

p̄
− 1 ∈ [0, 1).

By (3.1) and (3.2), we introduce the parameter m̄, for which it holds

1
m̄

:= 1
ad

− 1
p̄

= λ

qd
+ 1 − λ

2

Applying, in order, Hölder’s Inequality with 1/ad = 1/m̄ + 1/p̄ and the interpolation inequal-
ity ∥ψ∥Lm̄ ≤ ∥ψ∥λ

Lqd ∥ψ∥1−λ
L2 , we have

r2s

(
−−
¨

Ur

∥FT ∥ad
L2(Br) dxdt

) 1
ad

≤ c

(r − ρ)n+2s(κ− ℓ)

(
−−
¨

Ur

Tail(fℓ, Br)ad∥fℓ∥ad
L2(Br) dx dt

) 1
ad

≤
c ∥Tail(fℓ;Br)∥Lp̄(Ur)

(r − ρ)n+2s(κ− ℓ)

(
−−
¨

Ur

∥fℓ∥m̄
L2(Br) dxdt

) 1
m̄

≤
c ∥Tail(fℓ;Br)∥Lp̄(Ur)

(r − ρ)n+2s(κ− ℓ)

(
−−
¨

Ur

∥fℓ∥qd
L2(Br) dxdt

) λ
qd
(˚

Qr

f2
ℓ dz

) 1−λ
2

.

Lastly, we apply Young’s Inequality with 1/λ and 1/(1 − λ), for every β > 0, in the previous
inequality, to get

(3.29)
r4s

(
−−
¨

Ur

∥FT ∥ad
L2(Br) dxdt

) 2
ad

≤ β

(
−−
¨

Ur

∥fℓ∥qd
L2(Br) dxdt

) 2
qd

+
(
c ∥Tail(fℓ;Br)∥Lp̄(Ur)

(r − ρ)n+2s(κ− ℓ)

) p̄
p̄−p∗

˚
Qr

f2
ℓ dz ,

where c ≡ c(n, s,Λ, β, p) > 0 and we have also used that 2
1−λ = p̄

p̄−p∗
.

Step 3 - Comparison and potential estimates. We now apply the higher integrability properties
given by the kinetic semigroup (2.6). Indeed, upon extending the right-hand side to zero outside
the support of the cut-off in (3.20), we consider the solution G to the following problem

(3.30)
{

(∂t + v · ∇x)G+ (−∆v)sG = H1 + (−∆v) s
2H0 + FT + Fh in (−σ2s,∞) × R2n,

G(−σ2s, x, v) = 0 on {−σ2s} × R2n,

where H1, H0 are the representation via duality introduced in (3.21) and (3.22).
Note that such a solution G does exist via convolution with the fundamental solution in (3.20).

Moreover, once we define

(3.31) Gloc := P
(
H1 + (−∆v) s

2H0
)
, GT := PFT and Gh := PFh ,

then the maximum principle for the Cauchy problem (3.30) – see, e. g., [22, Lemma A.12] – applied
to the function g −G gives

(3.32) 0 ≤ g ≤ G = Gloc +GT +Gh.



KINETIC INTEGRAL EQUATIONS 21

Hence, applying Corollary 2.4, together with (3.26), implies

(3.33)

(
−−
¨

Ur

∥Gloc∥qd
L2(Br) dxdt

) 2
qd

≤ c

(r − ρ)2(1+2s)

˚
Qr

f2
κ dz

+ c

(r − ρ)2(1+2s)

˚
Qr

ˆ
Br

(fκ(t, x, v) − fκ(t, x, w))2

|v − w|n+2s
dw dz.

As for the term involving the tail, using first Corollary 2.3-(i) combined with (3.29), we get

(3.34)

(
−−
¨

Ur

∥GT ∥qd
L2(Br) dxdt

) 2
qd

≤ β

(
−−
¨

Ur

∥fℓ∥qd
L2(Br) dxdt

) 2
qd

+
(
c ∥Tail(fℓ;Br)∥Lp̄(Ur)

(r − ρ)n+2s(κ− ℓ)

) p̄
p̄−p∗

˚
Qr

f2
ℓ dz.

Now, we are left to estimate the source term in Gh. For this, we set

θ := 1
2

(
q + Ns

2s

)
,

Ns

2s < θ < q,
1
θ

− 1
q
> 0.

Hölder’s Inequality in the definition of PFh gives

|PFh(z)| ≤

(ˆ r2s

0
∥Pt∥θ′

Lθ′
x,v(R2n) dt

) 1
θ′

∥Fh∥Lθ(Qr).

Since, by the scaling relation (2.4) and Proposition 2.1 (i), we have that

∥Pt∥Lθ′ (R2n) ≤ c t−n(1+ 1
s )(1− 1

θ′ ),

we obtain ˆ r2s

0
∥Pt∥θ′

Lθ′
x,v(R2n) dt ≤ c

ˆ r2s

0
t−

n
θ−1 (1+ 1

s ) dt < +∞,

where we also used the fact that θ > Ns/(2s).
Therefore, since Fh = ηεϕh+1{f>k}, applying Hölder’s Inequality once more gives

(3.35) ∥Gh∥L∞ ≤ c∥h+∥Lq(Qr)

(
|Qr ∩ {f > k}|

|Qr|

) 1
θ − 1

q

.

Now, we choose c0 in the definition of λh,κ(r) in (3.16) so that the right-hand side of (3.35) is at
most λh,κ(r). Then, since g ≡ ηε(f − k)+ on Qρ, the comparison in (3.32) gives

(3.36)
(
ηε(f − κ)+ − λh,κ(r)

)
+ ≤ |Gloc| +GT on Qρ ,

and we note that
(
ηε(f − κ)+ − λh,κ(r)

)
+ → (f − κ− λh,κ(r))+ a. e. as ε goes to 0.

We first combine (3.33) with (3.34), and then we let ε ↓ 0, via Fatou’s Lemma, since the constants
above are independent of ε. This yields the desired (3.17). □

3.3. Proof of the L2-L∞ estimate. This section is devoted to the proof of Theorem 1.1. We begin
establishing two auxiliary results that will be its building blocks. In order to make the forthcoming
computations less heavy, we introduce some further notation that will be also adopted throughout
the proof of Theorem 1.1.

First of all, for any r > 0 and any κ ∈ R we define

(3.37) Ef,κ(r) :=
˚

Qr

(f − κ)2
+ dz +

˚
Qr

ˆ
Br

((f(t, x, v) − κ)+ − (f(t, x, w) − κ)+)2

|v − w|n+2s
dw dz ,

and

(3.38) A+(κ, z0, r) := |Qr(z0) ∩ {f > κ}|
|Qr|

with A+(κ, 0, r) = A+(κ, r).

The first auxiliary result is a nonlinear recurrence estimate that will be coupled with (3.17) in
order to build the proper iteration scheme that will lead to (1.13).



22 F. ANCESCHI, G. PALATUCCI, AND M. PICCININI

Lemma 3.2. Let Q1 ⊂ R1+2n and p∗ be defined in (3.1), p > p∗, p̄ defined in (3.3) and qp̄ being
the exponent associated to p̄ in (2.20). For any r > 0 and κ ∈ R let λh,κ(r) be defined in (3.16).
Assume that f ∈ W(Q1) is a weak subsolution to (1.1) in Q1. Then, for any 1

2 ≤ ρ < r ≤ 1 and
any 0 ≤ ℓ < κ it holds

(3.39)

˚
Qρ

(f − κ− λh,κ(r))2
+ dz

≤ c Ef,κ(r)
(r − ρ)2(n+2s)

(
A+(κ, r)

) 2s
Ns

+ c

(
∥Tail(f+;B 1

2
)∥Lp(U1)

(κ− ℓ)(r − ρ)n+2s

)2 (
A+(κ, r)

)1− 2
qp̄

˚
Qr

(f − ℓ)2
+ dz ,

where Ns is given in (1.8) and c ≡ c(n, s,Λ, p) > 0.

Proof. The initial part of the proof follows the localization and comparison properties established
in Theorem 3.1; see respectively Step 1 and Step 3 there.

For any r > 0 and κ ∈ R, let λh,κ(r) be given in (3.16). We recall that, by (3.36), we have that

(3.40) (ηεfκ − λh,κ(r))+ ≤ |Gloc| +GT on Qρ ,

where Gloc and GT are defined in (3.31), and ηε is the time cut-off introduced in the proof of
Theorem 3.1.

Let p̄ be given in (3.3), qp̄ being the one in in (2.20) associated with p̄ and q0 = 2Ns/(Ns − 2s).
By Hölder’s Inequality, the estimate in (3.40) yields

(3.41)

˚
Qρ

(ηεfκ − λh,κ(r))2
+ dz ≤ c

(˚
Qr

|Gloc|q0 dz
) 2

q0 (
A+(κ, r)

) 2s
Ns

+ c

(˚
Qr

|GT |qp̄ dz
) 2

qp̄ (
A+(κ, r)

)1− 2
qp̄ ,

since, by (2.19), qp̄ > 2 being p̄ in (3.3) greater than p∗, and where A+(κ, r) is given in (3.38).
We now estimate separately all the different contributions in the right-hand side of (3.41).

We begin estimating the quantity involving Gloc. For this, we apply Lemma 2.4 and (3.26), so that,
recalling the definition of Ef,κ(r) in (3.37), we get

(3.42)
(˚

Qr

|Gloc|q0 dz
) 2

q0
≤ c Ef,κ(r)

(r − ρ)2(1+2s)

Now, we give an estimate for the tail of f+ that will control the term GT in (3.41). Let p̄ be
given in (3.3) and let qp̄ and ap̄ be the associated exponents in (2.19). Since ap̄ = 2p̄/(p̄ + 2) we
have that

1
ap̄

= 1
2 + 1

p̄
.

Hence, by Hölder’s Inequality, (3.27) and (3.28) we get

(3.43)

r2s

(
−−
¨

Ur

∥FT ∥ap̄

L2(Br) dxdt
) 1

ap̄

≤ c

(r − ρ)n+2s(κ− ℓ)

(
−−
¨

Ur

Tail(fℓ;Br)ap̄∥fℓ∥
ap̄

L2(Br) dx dt
) 1

ap̄

≤
c∥Tail(fℓ;Br)∥Lp̄(Ur)

(r − ρ)n+2s(κ− ℓ)

(˚
Qr

f2
ℓ dz

) 1
2

.

Thus, Corollary 2.3 (iii) applied with p̄ – which by (3.3) is admissible being greater than p∗
in (3.1) – combined with (3.43) gives

(3.44)
(˚

Qr

|GT |qp̄ dz
) 2

qp̄

≤ c

(
∥Tail(f+;B 1

2
)∥Lp(U1)

(r − ρ)n+2s(κ− ℓ)

)2˚
Qr

f2
ℓ dz.
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All in all, combining (3.42) and (3.44) into (3.41), and letting ε → 0+, Fatou’s Lemma yields the
desired estimate in (3.39). □

Now, we prove a precise estimate on the source contribution appearing in the energy esti-
mate (3.4). This will be a fundamental part when building the iteration procedure needed for
the forthcoming proof of Theorem 1.1.

Proposition 3.1. Let Q1 ⊂ R1+2n. Let p > p∗, with p∗ given in (3.1), qp being the parameter
in (2.20) associated with p and q > Ns/(2s), with Ns given in (1.8). Assume that f ∈ W(Q1) is a
weak subsolution to (1.1) in Q1. Then, for any 1

2 ≤ ρ < r ≤ 1, any ε ∈ (0, 1] and any 0 ≤ ℓ < κ, it
holds

(3.45)

˚
Qρ

h+(f − κ)+ dz

≤ εEf,κ(r) +
c∥h+∥2

Lq(Q1)

ε(r − ρ)2(n+2s)

(˚
Qr

(f − ℓ)2
+

(κ− ℓ)2 dz
)1+ 2s

Ns
− 2

q

+
c ∥Tail(f+;B 1

2
)∥Lp(U1)∥h+∥Lq(Q1)

(r − ρ)2(n+2s)

(˚
Qr

(f − ℓ)2
+

(κ− ℓ)2 dz
) 3

2 − 1
q − 1

qp

,

where c ≡ c(n, s,Λ, p) > 0.

Proof. In view of (3.32), we have that

(3.46) ηεfκ ≤ |Gloc| +GT +Gh on Qρ ,

where Gloc, GT and Gh are defined in (3.31) and ηε is the time cut-off defined in the proof of
Theorem 3.1. Below, we estimate separately all the different term in the right hand-side of (3.46).
By applying Hölder’s Inequality three times, firstly with q and q/(q − 1), then with 2 and 2 and
lastly with Ns(q−1)/(q(Ns −2s)) and Ns(q−1)/(2sq−Ns), since 2q/(q−1) < q0 := 2Ns/(Ns −2s)
being q > Ns/(2s), we obtain

(3.47)

˚
Qρ

h+1{f>κ}|Gloc| dz ≤ c∥h+∥Lq(Q1)
(
A+(κ, r)

) 1
2 − 1

2q

(˚
Qr

1{f>κ}|Gloc|
2q

q−1 dz
) q−1

2q

≤ c∥h+∥Lq(Q1)
(
A+(κ, r)

) 1
2 + s

Ns
− 1

q

(˚
Qr

|Gloc|q0 dz
) 1

q0
,

where A(κ, r) is given in (3.38).
Thus, by combining (3.42) and (3.47) with Young’s Inequality, and recalling the definition

of Ef,κ(·) in (3.37), we obtain that, for any ε > 0, it holds

(3.48)

˚
Qρ

h+1{f>κ}|Gloc| dz

≤ εEf,κ(r) +
c∥h+∥2

Lq(Q1)

ε(r − ρ)2(1+2s)

(˚
Qr

f2
ℓ

(κ− ℓ)2 dz
)1+ 2s

Ns
− 2

q

,

for some c ≡ c(n, s,Λ) > 0 and where we have used that

(3.49) 1 < f2
ℓ

(κ− ℓ)2 on {f > κ}, for ℓ < κ.

Similarly, by Lemma 2.3 with a0 := 2Ns

Ns + 2s , so that 1
a0

− 2s
Ns

= 1
q0

, recalling that Fh =
ηεϕh+1{f>κ}, we obtain that

(3.50)
(˚

Qr

|Gh|q0 dz
) 1

q0
≤ c

(˚
Qr

|Fh|a0

) 1
a0

≤ c

(˚
Q1

hq
+ dz

) 1
q (

A+(κ, r)
) 1

2 + s
Ns

− 1
q ,

where we have applied Hölder’s Inequality with exponents q/a0 and q/(q−a0), which are admissible
since q > Ns/(2s); in the display above c ≡ c(n, s) > 0.
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Thus, by applying again Hölder’s Inequality, first with a0 and q0 and then with q/a0 and q/(q−a0),
by (3.50) and (3.49) we get

(3.51)

˚
Qρ

h+1{f>κ}|Gh| dz ≤ c

(˚
Qr

ha0
+ 1{f>κ} dz

) 1
a0
(˚

Qr

|Gh|q0 dz
) 1

q0

≤ c

(˚
Q1

hq
+ dz

) 2
q
(˚

Qr

f2
ℓ

(κ− ℓ)2 dz
)1+ 2s

Ns
− 2

q

,

for some c ≡ c(n, s) > 0.
We are left with estimating the remaining tail term. For this, since p > p∗, we apply Corol-

lary 2.3 (iii) obtaining(˚
Qr

|GT |qp dz
) 1

qp

≤ c

(
−−
¨

Ur

∥FT ∥ap

L2(Br) dxdt
) 1

ap

where, recalling (2.19), we have ap = 2p/(p + 2), so that 1
ap

= 1
p

+ 1
2. Thus, (3.27), Hölder’s

Inequality in (t, x) and (3.28) yields(
−−
¨

Ur

∥FT ∥ap

L2(Br) dxdt
) 1

ap

≤ c

(r − ρ)n+2s

(
−−
¨

Ur

Tail(fℓ, Br)ap

(
−
ˆ

Br

1{f(t,x,v)>κ} dv
) ap

2

dx dt
) 1

ap

≤ c

(r − ρ)n+2s(κ− ℓ)

(
−−
¨

Ur

Tail(fℓ, Br)ap∥fℓ∥
ap

L2(Br) dxdt
) 1

ap

≤
c ∥Tail(fℓ;Br)∥Lp(Ur)

(r − ρ)n+2s

(˚
Qr

f2
ℓ

(κ− ℓ)2 dz
) 1

2

,

where c ≡ c(n, s) > 0.
All in all, we have obtained that

(3.52)
(˚

Qr

|GT |qp dz
) 1

qp

≤
c ∥Tail(f+;B 1

2
)∥Lp(U1)

(r − ρ)n+2s

(˚
Qr

f2
ℓ

(κ− ℓ)2 dz
) 1

2

.

Now, note that, by (2.19) and the definition of q0, we have
1
qp

− 1
2 ≤ 0 ,

since p > p∗ = Nd/(2s).
Therefore, since q > Ns/(2s) > 2, its Hölder conjugate q/(q − 1) < 2, by applying Hölder’s

Inequality twice, firstly with q and q/(q−1) and then with qp(q−1)/q and qp(q−1)/(qp(q−1)− q),
we obtain
˚

Qr

h+1{f>κ}|GT | dz ≤
(˚

Qr

hq
+ dz

) 1
q
(˚

Qr

1{f>κ}|GT |
q

q−1 dz
) q−1

q

≤
(˚

Qr

hq
+ dz

) 1
q
(

|Qr ∩ {f > κ}|
|Qr|

)1− 1
q − 1

qp
(˚

Qr

|GT |qp dz
) 1

qp

.(3.53)

Finally, by (3.53), (3.52) and (3.49) we get

(3.54)

˚
Qr

h+1{f>κ}|GT | dz

≤
c ∥Tail(f+;B 1

2
)∥Lp(U1)∥h+∥Lq(Q1)

(r − ρ)n+2s

(˚
Qr

f2
ℓ

(κ− ℓ)2 dz
) 3

2 − 1
q − 1

qp

.

The desired estimate (3.45) will then follow by combining (3.48), (3.51) and (3.54) after letting ε ↓
0, using Fatou’s Lemma, since all the constants in the above estimates are independent of ε. □
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We are now in the position to prove of Theorem 1.1.

Proof of Theorem 1.1. For every κ ∈ R, let fκ := (f − κ)+, and define for any j ∈ N the following
sequences of radii and truncation levels

rj := 1
2(1 + 2−j), κj := κ(1 − 2−j) κ̂j := κj + κj+1

2 and r̂j := rj + rj+1

2 .

In this way we have that rj ↓ 1/2, κj ↑ κ, and

(3.55) κ̂j − κj = κj+1 − κ̂j = 2−j−2κ and rj − rj+1 = 2−j−2.

Set now the following quantities,

(3.56) Xj :=
(

−−
¨

Urj

∥fκj
∥qd

L2(Brj
)

κqd
dxdt

) 2
qd

and Yj :=
˚

Qrj

f2
κj

κ2 dz.

We now divide the proof into several steps.

Step 1 - Energy estimate at the intermediate level. Let us assume that for a fixed δ ∈ (0, 1], κ
satisfies the following lower bound

(3.57) κ ≥ δ∥Tail(f+;B 1
2
)∥Lp(U1) + c0∥h+∥Lq(Q1),

where c0 > 1 is a fixed constant that will be chosen later on.
Now, recalling the definition of Ef,κ̂j

(·) in (3.37). We claim that, for every β ∈ (0, 1), there
are cβ ≥ 1 and b > 1,with b independent of β, such that

(3.58)
Ef,κ̂j (r̂j)

(r̂j − rj+1)2(1+2s) ≤ βκ2Xj + cβ b
jκ2

δ
p̄

p̄−p∗

(
Yj + Y

1+ 2s
Ns

− 2
q

j + Y
3
2 − 1

q − 1
qp

j

)
,

where qp is the one in in (2.20) associated with p, and p̄ is given by (3.1).
Indeed, fix

r̂j ≤ ρ < R ≤ rj and ρ1 := ρ+R

2 ,

and apply Lemma 3.1 with κ̂j > κj and ρ < ρ1.
Now, since p̄ ≤ p by (3.3), applying Hölder’s Inequality, together with (3.55) and (3.57), yields

(3.59)
∥Tail(fκj

;Bρ1)∥Lp̄(Uρ1 )

κ̂j − κj
≤ c 2j

δ
.

Choosing the parameter β := c1β̃(R− ρ)2(1+2s), where β̃ > 0 and c1 > 0 is sufficiently small, the
first term in (3.4) is then bounded by β̃κ2Xj . Moreover, by (3.59) we obtain that there exists m =
m(n, s, p̄, p∗) > 1 and b > 1 such that

(3.60) Ef,κ̂j
(ρ) ≤ β̃κ2Xj +

cβ̃ b
jκ2Yj

(R− ρ)mδ
p̄

p̄−p∗

+ c

˚
Qρ1

h+fk̂j
dz.

We now estimate the source term on the right-hand side in (3.60) by relying on Proposi-
tion 3.1. Indeed, we apply (3.45) with 1/2 ≤ ρ1 < R ≤ 1, κj < κ̂j and ε > 0. This combined
with (3.56), (3.57) and (3.37) yields

(3.61)
˚

Qρ1

h+fκ̂j
dz ≤ εEf,κ̂j

(R) + c κ2b̃j

εδ(R− ρ)2(n+2s)

(
Y

1+ 2s
Ns

− 2
q

j + Y
3
2 − 1

q − 1
qp

j

)
,

where c ≡ c(n, s,Λ) > 0, b̃ > 1 and qp is the one given in (2.20).
Combining the inequality in the display above with (3.60), upon enlarging the constants c >

0, m > 1 and b > 1 if necessary, yields that

(3.62) Ef,κ̂j (ρ) ≤ εEf,κ̂j (R) + β̃κ2Xj +
cβ̃ b

jκ2

(R− ρ)mδ
p̄

p̄−p∗

(
Yj + Y

1+ 2s
Ns

− 2
q

j + Y
3
2 − 1

q − 1
qp

j

)
.

Applying now Lemma 2.6 to (3.62) with Ψ(·) := Ef,κ̂j (·), r̂j , rj , β1 := m,

A1 :=
cβ̃ b

jκ2

δ
p̄

p̄−p∗

(
Yj + Y

1+ 2s
Ns

− 2
q

j + Y
3
2 − 1

q − 1
qp

j

)
, A2 := 0 and A3 := β̃κ2Xj ,
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gives

Ef,κ̂j (r̂j) ≤ c β̃κ2Xj +
cβ̃ b

jκ2

δ
p̄

p̄−p∗

(
Yj + Y

1+ 2s
Ns

− 2
q

j + Y
3
2 − 1

q − 1
qp

j

)
,

for larger b > 1, since (rj − r̂j)−m = 2m(j+3), for some universal c > 0.
Choosing now β̃ := β(r̂j −rj+1)2(1+2s)/c for any β > 0 yields the desired estimate in (3.58), since

the inverse powers of β̃ produced by Young’s Inequality are fixed powers of 2j and are therefore
absorbed into cβb

j .

Step 2 - The coupled nonlinear recurrences. We now build the double recurrence. First of all, let
us begin noticing that, recalling the definition of A+(κ̂j , r̂j) in (3.38), by (3.55) and (3.56), we have

(3.63) A+(κ̂j , r̂j) ≤
˚

Qr̂j

f2
κj

(κ̂j − κj)2 dz ≤ 22(j+2)

|Qr̂j
|

ˆ
Qrj

f2
κj

κ2 dz ≤ c22(j+2)Yj ,

where c ≡ c(n, s) > 0 since |Qrj
||Qr̂j

|−1 ≤ c(n, s), for any j ∈ N.
Therefore, by (3.16), we obtain that the condition

(3.64)
c0 ∥h+∥Lq(Q1)b

jY
1
θ − 1

q

j

κ
≤ 1 ∀j ∈ N ,

where Ns/(2s) < θ < q and c0(n, s,Λ, q) > 1 is sufficiently large, and (3.63) implies

(3.65) λh,κ̂j
(r̂j) ≤ κj+1 − κ̂j ∀j ∈ N ,

upon enlarging c0, if necessary.
Assume now that (3.64) and

(3.66) Yj ≤ 1 j ∈ N ,

do hold. Then, by applying Theorem 3.1 with rj+1 < r̂j , κj < κ̂j we get that (3.65) and (3.58)
yield

(3.67) Xj+1 ≤ βXj + cβ b
j

δ
p̄

p̄−p∗

Yα
j ,

with
α := min

{
1, 1 + 2s

Ns
− 2
q
,

3
2 − 1

q
− 1
qp

}
∈ (0, 1].

On the other hand, by applying Lemma 3.2 with rj+2 < r̂j+1, κj+1 < κ̂j+1 we get that a
combination of Hölder’s Inequality, a similar estimate as in (3.63), (3.65) and (3.58), gives

(3.68) Yj+2 ≤ c bj

δ
p̄

p̄−p∗

[(
Xj + Yα

j

)
Y

2s
Ns

j+1 + YjY
1− 2

qp̄

j+1

]
,

upon sufficiently enlarging c > 0 and b > 1, where qp̄ is the one in in (2.20) associated with p̄
in (3.3).

Step 3 Iteration: Let us begin noticing that in (3.16), since θ ∈ (Ns/(2s), q), 1/θ−1/q > 0. Also,
since q > Ns/(2s), by (1.9), we have that 1 + 4s/Ns − 2/q > 1. Lastly, by (2.19) and by (1.12), we
have that

1
2 − 1

qp
= 2s

Ns
− Nd

Nsp
> 0 ,

so that, by (1.9), we have
3
2 − 1

q
− 1
qp

+ 2s
Ns

> 1.

All in all, we obtain that

α+ 2s
Ns

> 1.

Now, letting b > 1 be the one appearing in (3.67) and (3.68), we choose ω ∈ (0, 1) sufficiently
small so that

(3.69) b
(
ωα + ω

1− 2
qp̄ + ω

1
θ − 1

q

)
+ b2ωα+ 2s

Ns
−1 ≤ 1

4 ,
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and set

(3.70) σ0 := bωα ∈ (0, 1) , β := σ0

2 and M := max
{

1, 2 max{c, cβ}
σ0δ

p̄
p̄−p∗

}
,

where cβ > 0 is the constant appearing in (3.67) (and it is fixed by the previous choice of β),
while c > 0 is the one appearing in (3.68).

Finally choose ε ∈ (0, 1) sufficiently small such that

(3.71) 2 max{c, cβ}
δ

p̄
p̄−p∗

(M + 1)εα+ 2s
Ns

−1ω
2s
Ns ≤ ω2

2 and 2 max{c, cβ}
δ

p̄
p̄−p∗

ε
1− 2

qp̄ ω
1− 2

qp̄ ≤ ω2

2 .

Assuming that the initial conditions below are satisfied:

(3.72)


Y1 ≤ εω,

Y2 ≤ εω2,

X1 ≤ Mεασ0 .

Then, for every j ∈ N, it holds

(3.73) Yj ≤ εωj and Xj ≤ Mεασj
0.

Indeed, let us assume that for j ∈ N, it holds
Yj ≤ εωj ,

Yj+1 ≤ εωj+1,

Xj ≤ Mεασj
0.

Then, (3.64) (assuming (3.57) holds with c0 > 1 as in (3.64)) and (3.66) are verified. Moreover,
letting c0 being as in (3.64), if c0∥h+∥Lq(Q1) ≤ κ, then, by (3.69) since ε ∈ (0, 1), we get

c0∥h+∥Lq(Q1) b
jY

1
θ − 1

q

j

κ
≤ ε

1
θ − 1

q (bω
1
θ − 1

q )j ≤ 1,

so (3.64) and both recurrences (3.67) and (3.68) hold true. Moreover, since (bωα)j = σj
0, (3.67)

yields

Xj+1 ≤ βMεασj
0 + Mεασj+1

0
2 ≤ Mεασj+1

0 ,

since β = σ0/2.
For Yj+2 we obtain via (3.68), (3.69) and (3.71) that

Yj+2 ≤ max{c, cβ}
δ

p̄
p̄−p∗

{
(M + 1)εα+ 2s

Ns

(
b2ωα+ 2s

Ns

)j
ω

2s
Ns +ε2− 2

qp̄
(
bω

2− 2
qp̄
)j
ω

1− 2
qp̄

}
≤ εωj+2

2
(
b2ωα+ 2s

Ns
−1)j + εωj+2

2
(
bω

1− 2
qp̄
)j

≤ εωj+2.

This proves (3.73), and in particular
(3.74) Xj + Yj → 0 as j → +∞.

We are thus left to show that initial conditions in (3.72) are satisfied in order to start the iteration.
For this, recall that

κ0 = 0, κ̂0 = κ

4 and κ1 = κ

2 .

Repeating now the proof of Lemma 3.1 with radii r̂0 and 1 and level 0 < κ̂0, and estimating the
exterior interaction before using the two-level inequality, gives

(3.75) Ef,κ̂0(r̂0) ≤ c ∥f+∥2
L2(Q1) + c

(
∥Tail(f+;B 1

2
)∥Lp(U1) + ∥h+∥Lq(Q1)

)
∥f+∥L2(Q1) ,

by the inclusions L2 ↪→ Lp′ and L2 ↪→ Lq′ , since p > p∗ > 2 and q > Ns/(2s) > 2.
Take now the source term Gh,0 in (3.32) at level κ̂0. By (3.35) and the Chebychev inequality

(3.76) A+(κ̂0, r̂0) ≤
c ∥f+∥2

L2(Q1)

κ2 ,
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we obtain that

(3.77) ∥Gh,0∥L∞

κ
≤

c0 ∥h+∥Lq(Q1)

κ

(∥f+∥L2(Q1)

κ

) 2
θ − 2

q

≤ 1
4 ,

upon choosing κ ≥ c0∥h+∥Lq(Q1) + c∥f+∥L2(Q1), i. e. ∥Gh,0∥∞ ≤ κ/4 = κ1 − κ̂0.
We estimate now X1. For this, let FT be the tail contribution at level κ̂0 and let

βT := 2
(

1
ad

− 1
p̄

)
= 1 + 1

p∗
− 2
p̄

∈ (0, 1].

By Hölder’s Inequality with 1/ad = 1/p̄ + βT /2, (3.27) and (3.76), since a
1

βT ≤ a, for a ∈ [0, 1],
we obtain

(3.78)

(
−−
¨

Ur̂0

∥FT ∥ad
L2(Br̂0 ) dxdt

) 1
ad

≤ c ∥Tail(f+;B 1
2
)∥Lp(U1)

−−
¨

Ur̂0

(
−
ˆ

Br̂0

1{f>κ̂0} dv
)1/βT

dx dt


βT

2

≤ c ∥Tail(f+;B 1
2
)∥Lp(U1)

(∥f+∥L2(Q1)

κ

)βT

.

All in all, we can follow the proof Theorem 3.1 with r̂0 < 1, κ̂0, with (3.78) in place of (3.29).
Then, since by (3.77) we obtain that λh,κ̂0(r̂0) ≤ κ1 − κ̂0, the energy estimate (3.75) together
with (3.17) and (3.57) yield

(3.79) X1 ≤ cδ

[
∥f+∥2

L2(Q1)

κ2 +
∥f+∥L2(Q1)

κ
+
(∥f+∥L2(Q1)

κ

)2βT
]
.

Also, by Hölder’s Inequality we get

(3.80) Y1 + Y2 ≤ c

(∥f+∥L2(Q1)

κ

)2

.

Therefore, by choosing κ such that

κ := c1∥f+∥L2(Q1) + c0 ∥h+∥Lq(Q1) + δ ∥Tail(f+;B 1
2
)∥Lp(U1),

with c0 ≡ c0(n, s,Λ, q) > 1 and c1 ≡ c1(ε, ω,M, δ) > 1 sufficiently large so that (3.66), (3.72)
and (3.77) hold. Let us remark that, via (3.69), (3.70) and (3.71), c1 actually depends on n, s, Λ, p, q
and δ.

Finally, by (3.74), since rj ↓ 1/2 and κj ↑ κ, we obtain that f ≤ κ almost everywhere on Q 1
2
.

Then, the estimate in (1.13) for general z0 and r > 0 will follow by the change of variables of
Remark 3.1, which gives the |v0|-dependence of the constant and the factor r2s in front of the
source term. □

4. Nonlocal Strong Harnack inequality

This section is devoted to the completion of the proof of the strong Harnack inequality in Theo-
rem 1.3.

4.1. Proof of Theorem 1.3. Let r0 and ζ be given by the weak Harnack inequality in Theorem 2.2.
We assume that ζ ∈ (0, 2). This is admissible, up to lowering ζ via Hölder’s Inequality, being |Q−

r0
|

finite.
Set 1/2 ≤ σ′ < σ ≤ 1 and z0 := (−1 + r2s

0 , 0, 0) and for any z1 ∈ Qσ′r0(z0) it holds that

Q(c∗(σ−σ′)r0)β (z1) ⊂ Qσr0(z0).

Indeed, by (2.34) in Lemma 2.5 applied with radii σ′ < σ and center δ1/r0(z0), upon applying
the dilation δr0 – for which δr0(z ◦ z′) = δr0(z) ◦ δr0(z′) and δr0(Qτ (z)) = Qτr0(δr0(z)) – we
get Qr0(c∗(σ−σ′))β (z1) ⊂ Qσr0(z0), and it suffices to note that (c∗(σ − σ′)r0)β ≤ r0(c∗(σ − σ′))β ,
being β ≥ 1 and r0 < 1.
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Hence, applying the boundedness estimate in (1.13) in Theorem 1.1 with radius (c∗(σ− σ′)r0)β ,
and observing that Q(c∗(σ−σ′)r0)β (z1) ⊆ Qσr0(z0), we get

(4.1)

f(z1) ≤ c(δ)
[(σ − σ′)r0]β0

(˚
Qσr0 (z0)

f2 dz
) 1

2

+ δ

(
−−
¨

U(c∗(σ−σ′)r0)β (z1)
Tail(f ;B 1

2 (c∗(σ−σ′)r0)β (v1))p dxdt
) 1

p

,

for some β0 ≡ β0(n, s) > 0and z1 ∈ Qσ′r0(z0).
Now, we estimate the nonlocal term. For a. e. (t, x) ∈ U(c∗(σ−σ′)r0)β (z1) ⊂ Uσr0(−1 + r2s

0 , 0, 0),
the latter inclusion being the projection onto the drift variables of Q(c∗(σ−σ′)r0)β (z1) ⊂ Qσr0(z0),
we have that

[
1
2 (c∗(σ − σ′)r0)β

]2s
ˆ
Rn\B 1

2 (c∗(σ−σ′)r0)β (v1)

f(t, x, w)
|w − v1|n+2s

dw

=
[

1
2 (c∗(σ − σ′)r0)β

]2s
ˆ

Bσr0 \B 1
2 (c∗(σ−σ′)r0)β (v1)

f(t, x, w)
|w − v1|n+2s

dw

+
[

1
2 (c∗(σ − σ′)r0)β

]2s
ˆ
Rn\Bσr0

f(t, x, w)
|w − v1|n+2s

dw

≤ c ess sup
Qσr0 (z0)

f + c r2s
0

(σ − σ′)n+2s

ˆ
Rn\B r0

2

f(t, x, w)
|w|n+2s

dw,

where we have used the fact that z0 = (−1 + r2s
0 , 0, 0), Q(c∗(σ−σ′)r0)β (z1) ⊂ Qσr0(z0) for any z1 ∈

Qσ′r0(z0), σ > 1
2 and that

|w|
|w − v1|

≤ 1 + |v1|
||w| − |v1||

≤ 1 + σ′

σ − σ′ ≤ 1
σ − σ′ ,

for any w ∈ Rn \Bσr0 , and that β ≥ 1 and r0 < 1.
Thus, we can estimate the p-contribution of the tail in velocity as follows,

(4.2)

(
−−
¨

U(c∗(σ−σ′)r0)β (z1)
Tail(f ;B 1

2 (c∗(σ−σ′)r0)β (v1))p dx dt
) 1

p

≤ c ess sup
Qσr0 (z0)

f + c

(σ − σ′)n+2s+ βNd
p r

(β−1)Nd
p

0

(
−−
¨

Ur0 (z0)
Tail(f ;B r0

2
)p dx dt

) 1
p

,

where we have used that Q(c∗(σ−σ′)r0)β (z1) ⊂ Qσr0(z0) ⊂ Qr0(z0), whence U(c∗(σ−σ′)r0)β (z1) ⊂
Ur0(−1 + r2s

0 , 0, 0), together with

(
|Ur0 |

|U(c∗(σ−σ′)r0)β |

) 1
p

=
(

r0

(c∗(σ − σ′)r0)β

)Nd
p

≤ c

(σ − σ′)
βNd

p r
(β−1)Nd

p

0

,

for some c ≡ c(n, s, p) > 0.
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Then, combining (4.2) with (4.1), applying the interpolation inequality with parameters ζ, ∞
and θ = ζ/2, we obtain

(4.3)

ess sup
Qσ′r0 (z0)

f ≤ c(δ)
[(σ − σ′)r0]β0

(˚
Qσr0 (z0)

f2 dz
) 1

2

+ cδ ess sup
Qσr0 (z0)

f + cδ

(σ − σ′)n+2s+ βNd
p r

(β−1)Nd
p

0

(
−−
¨

Ur0 (z0)
Tail(f ;B r0

2
)p dx dt

) 1
p

≤ c(δ)
[(σ − σ′)r0]β0

∥f∥
ζ
2
Lζ(Qr0 (z0))

(
sup

Qσr0 (z0)
f

)1− ζ
2

+cδ ess sup
Qσr0 (z0)

f + cδ

(σ − σ′)n+2s+ βNd
p r

(β−1)Nd
p

0

(
−−
¨

Ur0 (z0)
Tail(f ;B r0

2
)p dxdt

) 1
p

≤
c(δ, ζ)∥f∥Lζ(Qr0 (z0))

[(σ − σ′)r0]β1
+
(
cδ + 2 − ζ

2

)
ess sup
Qσr0 (z0)

f

+ c(δ)
(σ − σ′)β2

(
−−
¨

Ur0 (z0)
Tail(f ;B r0

2
)p dxdt

) 1
p

,

by also making use of an application of Young’s Inequality (with exponents 2/ζ and 2/(2 − ζ)),
where β1 ≡ β1(n, s,Λ, ζ) > 0 and β2 ≡ β2(n, s, p) > 0.

Now, we choose the interpolation parameter δ ∈ (0, 1) such that

cδ + 2 − ζ

2 =: ε < 1 ,

which together with (4.3) yields

ess sup
Qσ′r0 (z0)

f ≤
c ∥f∥Lζ(Qr0 (z0))

(σ − σ′)β1
+ ε ess sup

Qσr0 (z0)
f

+ c

(σ − σ′)β2

(
−−
¨

Ur0 (z0)
Tail(f ;B r0

2
)p dxdt

) 1
p

.

Now, notice that

(4.4) Ψ(τ) := ess sup
Qτr0 (z0)

f

is finite for every τ ∈ [1/2, 1].
Thus, a final application of Lemma 2.6, with Ψ as in (4.4), ϱ := 1

2 , r := 1, A1 := c ∥f∥Lζ(Qr0 (z0))
and A2 := c∥Tail(f ;B r0

2
)∥Lp(Ur0 (z0)) yields

ess sup
Q r0

2
(z0)

f ≤ c ∥f∥Lζ(Qr0 (z0)) + c

(
−−
¨

Ur0 (z0)
Tail(f ;B r0

2
)p dx dt

) 1
p

,

which together with the weak Harnack inequality in Theorem 2.2 yields the desired strong Harnack
inequality in (1.14) up to relabeling r0/2 as r0. □

Remark 4.1. Still in theme of Harnack-type inequalities for kinetic equations and L2-L∞ estimates,
it is worth mentioning [34] in which amongst other results the author proves a strong Harnack
inequality and an L1-L∞ estimate (with no tail) for kinetic integral equations. In order to achieve
such results several conditions are imposed on the considered solutions and the author works under
a restricted class of nonnegative functions with L2-transport, conservation of mass and polynomial
decay in v; see Definition 1 there. The expected nonlocality issues are then partially annihilated by
the peculiar framework there, so that no tail contributions do appear both in (1.13) and (1.14).
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5. On the sharpness of the Lp
t,x tail summability threshold

This section is devoted to the construction of the counter-example in Theorem 1.2. This is
close to the approach used in [29] for the stationary counterpart. However, the stationary bound
only involves the spatial volume εn(1+2s) and leads to the exponent n(1 + 2s)/(2s). In the con-
struction below, the time localization contributes the additional factor ε2s. This gives the drift
dimension Nd = 2s+ n(1 + 2s) and the threshold 1 + n(1 + 2s)/(2s).

5.1. The Dirichlet problem and the kinetic semigroup. Our aim is to prove some properties
of the fundamental solution associated to the fractional Kolmogorov equation on a domain D ⊂ R2n,
that will be employed later on to build the family {fε} in Theorem 1.2.

Let (Ξ,F ,P) be a probability space carrying a rotationally symmetric 2s-stable process X =
{Xt}t ≥ 0 in Rn.

We choose a càdlàg modification of the process, which exists for a stochastically continuous
process with independent and stationary increments; see, e. g., [39, Chapter 2 and the discussion
following Formula (2.3)]. On the completed probability space, there is a single measurable null
set N outside which all its paths are càdlàg and X0 = 0. After setting the whole path equal to zero
on N , for every ω ∈ Ξ, we have that

(i) X0(ω) = 0;
(ii) t 7→ Xt(ω) is right-continuous;

(iii) limτ→t− Xτ (ω) exists and is finite for every t > 0.
For every point (x, v) ∈ R2n, consider now the kinetic trajectory (x, v) ∈ R2n as

Z(x,v)
t (ω) :=

(
x− tv −

ˆ t

0
Xτ (ω) dτ, v + Xt(ω)

)
for t ≥ 0 ,

and, for any D ⊂ R2n, we define its first exit time from D by

τ
(x,v)
D := inf

{
τ > 0 : Z(x,v)

τ /∈ D
}
,

with the convention inf ∅ = +∞.
We denote with PD

t the density associated to Z(x,v)
t , killed outside D (see, e. g., [29, Section 2]).

For every Borel set A ⊂ D, t > 0 and (x, v) ∈ D, it holds

(5.1) P
({
t < τ

(x,v)
D ,Z(x,v)

t ∈ A
})

=
¨

A
PD

t (x, v; y, w) dy dw.

Proceeding similarly as in Section 2, we therefore can define the kinetic semigroup associated
with the fractional Kolmogorov equation in D as

(5.2) SD
t f(x, v) :=

¨
D
PD

t (x, v; y, w)g(y, w) dy dw.

For any g ∈ L2(D), we obtain that the function

PDg(t, x, v) =
ˆ t

−∞
[SD

t−τg](x, v) dτ

is the solution of {
∂tf + v · ∇xf + (−∆v)sf = g in R × D ,

f = 0 in R × (R2n \ D).

In order to prove Theorem 1.2 we will employ several properties of PD
t which we are going to

establish.
First of all, we note that for any two bounded open sets D ⊂ D′ ⊂ R2n, every Borel set A ⊂ D,

every t > 0, and every (x, v) ∈ D, one has

(5.3) 0 ≤
¨

A
PD

t (x, v; y, w) dy dw ≤
¨

A
PD′

t (x, v; y, w) dy dw ≤
¨

A
Pt(x−y−tw, v−w) dy dw ,

where Pt is the fundamental solution in (2.4); see, e. g., [29, Formula (2.4)].
Next, for r > 0, we define the phase dilation

δ0
r(x, v) := (r1+2sx, rv).
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Then, PD
t satisfies the following scaling property for (0, 0) ∈ D

(5.4) PD
ε2st(0, 0; ε1+2sy, εw) = ε−n(2+2s)P

δ0
1
ε

(D)

t (0, 0; y, w).
Here t, ε > 0, the initial point (x, v) belongs to δ0

1/ε(D), and the identity holds for almost every final
point (y, w) in that domain; see, e. g., [29, Formula (2.5)].

Now, as consequence of (5.3) we also deduce an almost everywhere control of PD
t in terms of Pt.

Proposition 5.1. For t > 0, (x, v) ∈ D,
PD

t (x, v; y, w) ≤ Pt(x− y − tw, v − w) for a. e. (y, w) ∈ D.
Moreover, for each fixed t > 0, this inequality holds for almost every (x, v, y, w) ∈ D × D.

Proof. Let us fix t > 0 and (x, v) ∈ D. Define
Ft(y, w) := PD

t (x, v; y, w) − Pt(x− y − tw, v − w) ,
and, for every m ∈ N, let

Am :=
{

(y, w) ∈ D : Ft(y, w) ≥ 1
m

}
.

We apply (5.3) on Am, so that recalling the definition of Am gives
|Am|
m

≤
¨

Am

Ft(y, w) dy dw ≤ 0.

Then, |Am| = 0 for any m ∈ N. Hence, since

| {(y, w) ∈ D : Ft(y, w) > 0} | ≤
+∞∑
m=1

|Am| = 0,

we have that Ft(y, w) ≤ 0 a. e. on D. This gives the first assertion. By joint measurability the set
where the inequality fails is measurable in D × D. Its section in (y, w) has measure zero for every
fixed (x, v). Tonelli’s theorem applied to its indicator therefore gives product measure zero, proving
the last assertion. □

Lastly, we establish a lower estimate for PB2×B2
t on a sufficiently small subdomain.

Lemma 5.1. There exist T ∈ (0, 1], depending only on n and s, such that

(5.5) inf
(t,x,v)∈[T/4,T ]×B 1

16
×B 1

16

¨
B1×B1

PB2×B2
t (x, v; y, w) dy dw ≥ 1

2 .

Proof. For T > 0, consider the event ET ∈ F given by

ET :=
{
ω ∈ Ξ : sup

t∈[0,T ]
|Xt(ω)| < 1

4

}
.

For any m ∈ N, let
Tm := 1

m
.

Since the trajectories are right-continuous at t = 0 and X0 = 0, for every ω ∈ Ξ there exists δω > 0
such that

|Xt(ω)| < 1
8 for every t ∈ [0, δω).

Consequently, for every ω ∈ Ξ there exists m(ω) ∈ N such that ω ∈ ETm
for every m ≥ m(ω).

It follows that
lim

m→+∞
1ETm

(ω) = 1 ∀ω ∈ Ξ ,

and, by the Dominated Convergence Theorem, we obtain
lim

m→+∞
P(ETm

) = 1.

Therefore, we choose m0 ∈ N such that

P(ETm0
) ≥ 1

2 ,
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and set T := Tm0 = 1
m0

∈ (0, 1].
We remark that, since the probability law of the normalized rotationally symmetric 2s-stable

process is determined by n and s, the probabilities P(ETm), and therefore the choice of m0 and T ,
depend only on n and s.

Let now (x, v) ∈ B 1
16

×B 1
16

and assume that the event ET occurs. For every t ∈ [0, T ], since T ≤
1, we have

|v + Xt(ω)| <
5
16 and

∣∣∣∣x− tv −
ˆ t

0
Xτ (ω) dτ

∣∣∣∣ < 3
8 .

Thus, on ET , we have that Z(x,v)
t ∈ B 3

8
×B 5

16
, for every t ∈ [0, T ], and in particular Z(x,v)

t does
not leave B2 ×B2 before time T .

Let us verify now that the trajectory does not exit B2 ×B2 at time T either. Since the map t 7→
Z

(x,v)
t (ω) is right-continuous and Z

(x,v)
T (ω) ∈ B 3

8
×B 5

16
, there exists εω > 0 such that

Z
(x,v)
t (ω) ∈ B2 ×B2 for every t ∈ [T, T + εω) ,

i. e. τ (x,v)
B2×B2

> T .
Therefore, for every t ∈ [T/4, T ],

(5.6) ET ⊂
{
t < τ

(x,v)
B2×B2

, Z
(x,v)
t ∈ B1 ×B1

}
.

By (5.1) and (5.6), we conclude that¨
B1×B1

PB2×B2
t (x, v; y, w) dy dw = P

({
t < τ

(x,v)
B2×B2

, Z
(x,v)
t ∈ B1 ×B1

})
≥ P(ET ) ≥ 1

2 .

for every (t, x, v) ∈ [T/4, T ] ×B 1
16

×B 1
16

. Thus, the desired (5.5) follows. □

The following properties of the semigroup SD
t hold true.

Proposition 5.2. The following properties hold true:
(i) For any g ∈ L∞(D), we have that

∥SD
t g∥L∞(D) ≤ ∥g∥L∞(D).

(ii) For any g ∈ L1(D), we have that
∥SD

t g∥L1(D) ≤ ∥g∥L1(D).

Proof. The case t = 0 follows by defining SD
0 as the identity. Fix t > 0. Nonnegativity of the kernel

gives
|SD

t g| ≤ SD
t |g|.

For g ∈ L∞(D), by (5.3),

|SD
t g(x, v)| ≤ ∥g∥L∞(D)

¨
D
PD

t (x, v; y, w) dy dw

≤ ∥g∥L∞(D)

¨
R2n

Pt(x− y − tw, v − w) dy dw = ∥g∥L∞(D).

where in the last equality we used the change of variables X = x − y − tw and V = v − w and
Proposition 2.1 (iii). This proves (i).

For (ii), the joint almost everywhere comparison in Proposition 5.1 gives, for almost every (y, w),¨
D
PD

t (x, v; y, w) dxdv ≤
¨

R2n

Pt(x− y − tw, v − w) dxdv = 1.

By Fubini-Tonelli’s Theorem, we this obtain

∥SD
t g∥L1(D) ≤

¨
D

|g(y, w)|
(¨

D
PD

t (x, v; y, w) dx dv
)

dy dw

≤
¨

D
|g(y, w)| dy dw.

□
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5.2. Construction of the family {fε}. In this section we provide the explicit construction of the
function fε. Fix once and for all two cut-off functions

η ∈ C∞
c (B2) and ψ ∈ C∞

c (B 1
2
(3en)),

such that
η = 1 in B1, 0 ≤ η, ψ ≤ 1,

ˆ
Rn

ψ(w) dw > 0.

For every ε ∈ (0, 1), define

ηε(x) := η
( x

ε1+2s

)
, and βε(x, v) := ηε(x)ψ(v).

Since suppψ ⋐ B 1
2
(3en), one has

dist(suppψ,B2) > 0, suppψ ⊂ Rn \B2.

Thus βε vanishes in a neighborhood of every point of B2 ×B2.
For (x, v) ∈ B2 ×B2, set

(5.7) gε(x, v) := −(−∆v)sβε(x, v).

Since ψ vanishes in a neighborhood of B2, the preceding formula gives

gε(x, v) = cn,sηε(x)
ˆ
Rn

ψ(w)
|v − w|n+2s

dw for (x, v) ∈ B2 ×B2.

In particular, there exists two constants 0 < c1 ≤ c2, depending only on n, s and ψ, such that

(5.8) c11Bε1+2s ×B2 ≤ gε ≤ c21B2ε1+2s ×B2 in B2 ×B2 ,

and, consequently,

(5.9) ∥gε∥L∞(B2×B2) ≤ c and ∥gε∥L1(B2×B2) ≤ cεn(1+2s).

Now, let T ∈ (0, 1] be the constant given by Lemma 5.1. Consider

a ∈ C∞
c ((−2T,−T/4)) ,

such that
a = 1 on [−T,−T/2] and 0 ≤ a ≤ 1.

For ε ∈ (0, 1) define

aε(t) := a

(
t

ε2s

)
.

Define

(5.10) bε(t, x, v) := aε(t)βε(x, v) in R1+2n ,

and, for z = (x, v) ∈ B2 ×B2, let

(5.11) wcorr
ε (t, x, v) :=

ˆ t

−∞
aε(τ)

[
SB2×B2

t−τ gε

]
(z) dτ ,

extended to zero in R ×
(
R2n \ (B2 ×B2)

)
. Let

(5.12) fε := bε + wcorr
ε in R1+2n.

Proposition 5.3. Let Q := (−2, 1/2) × B2 × B2. Then, there exists ε0 ∈ (0, 1), depending only
on n and s, such that, for every ε ∈ (0, ε0), the function fε given in (5.12) is a globally nonnegative
weak solution to

(∂t + v · ∇x)fε + (−∆v)sfε = 0 in Q ,

according to Definition 2.1.
Moreover, for every t ∈ R, it holds

(5.13)
∥wcorr

ε (t)∥L∞(B2×B2) ≤ cε2s,

∥wcorr
ε (t)∥L1(B2×B2) ≤ c ε2s+n(1+2s) ,

for some c > 0 depending only on n, s and the fixed functions η, ψ and a, but not on ε.



KINETIC INTEGRAL EQUATIONS 35

Proof. We first justify the equation and the energy regularity of the correction. By Proposition 5.2
and Riesz–Thorin’s Theorem (with 1/2 = (1 − 1/2)/1 + (1/2)/∞), we have that SB2×B2

t is a
contruction on L2(B2 × B2). Moreover, as in [29, Section 2], wcorr

ε satisfies (in the distributional
sense) the following conditions{

(∂t + v · ∇x)wcorr
ε + (−∆v)swcorr

ε = aε(t)gε in R ×B2 ×B2,

wcorr
ε (t, x, v) = 0 in R × (R2n \ (B2 ×B2)).

We now prove that wcorr
ε ∈ W(Q). Fix t ∈ R, δ > 0 and split the integral in (5.11) via the

semigroup property of SB2×B2
τ

wcorr
ε (t+ δ) = SB2×B2

δ wcorr
ε (t) +

ˆ t+δ

t

aε(τ)SB2×B2
t+δ−τ gε dτ.

Then, we obtain that

(5.14)
SB2×B2

δ wcorr
ε (t) − wcorr

ε (t)
δ

= wcorr
ε (t+ δ) − wcorr

ε (t)
δ

− −
ˆ δ

0
aε(t+ δ − σ)SB2×B2

σ gε dσ.

Let us begin noticing that changing σ = t− τ in (5.11) yields

wcorr
ε (t) =

ˆ ∞

0
aε(t− σ)SB2×B2

σ gε dσ ,

so that, by letting

∂tw
corr
ε (t) :=

ˆ ∞

0
a′

ε(t− σ)SB2×B2
σ gε dσ ,

we obtain from the Fundamental Theorem of Calculus, Fubini’s Theorem and the L2-contraction
property ∥∥∥∥wcorr

ε (t+ δ) − wcorr
ε (t)

δ
− ∂tw

corr
ε (t)

∥∥∥∥
L2(B2×B2)

≤
ˆ ∞

0

∣∣∣∣aε(t+ δ − σ) − aε(t− σ)
δ

− a′
ε(t− σ)

∣∣∣∣ ∥SB2×B2
σ gε∥L2(B2×B2) dσ

≤ ∥gε∥L2(B2×B2)

ˆ 1

0
∥a′

ε(· + θδ) − a′
ε∥L1(R) dθ

≤ |δ|
2 ∥gε∥L2(B2×B2)∥a′′

ε ∥L1(R) → 0.

Thus the first term in (5.14) converges strongly to ∂tw
corr
ε (t).

Moreover, by combining once again the L2-contraction with the Fundamental Theorem of Cal-
culus we have

∥∂tw
corr
ε (t+ δ) − ∂tw

corr
ε (t)∥L2(B2×B2) ≤ ∥gε∥L2(B2×B2)∥a′

ε(· + δ) − a′
ε∥L1(R)

≤ |δ|∥gε∥L2(B2×B2)∥a′′
ε ∥L1(R) → 0 , as δ → 0+.

Consequently,
(5.15) wcorr

ε ∈ C1(R;L2(B2 ×B2)).
Now, the second term in (5.14) satisfies∥∥∥∥∥−

ˆ δ

0
aε(t+ δ − σ)SB2×B2

σ gε dσ − aε(t)gε

∥∥∥∥∥
L2(B2×B2)

≤ δ∥a′
ε∥L∞(R)∥gε∥L2(B2×B2) + |aε(t)| sup

0≤σ≤δ
∥SB2×B2

σ gε − gε∥L2(B2×B2) → 0 ,

where in the last line we have used the L2-contraction and right-continuity of the killed process
together with the Dominated Convergence Theorem.

All in all, it follows that, as δ → 0+, we have

(5.16)
SB2×B2

δ wcorr
ε (t) − wcorr

ε (t)
δ

→ ∂tw
corr
ε (t) − aε(t)gε in L2(B2 ×B2).

The convergence (5.16) yields
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(5.17) lim
δ→0+

∥wcorr
ε (t)∥2

L2(B2×B2) − ∥SB2×B2
δ wcorr

ε (t)∥2
L2(B2×B2)

2δ
= −⟨∂tw

corr
ε (t) − aε(t)gε, w

corr
ε (t)⟩L2(B2×B2).

Now, we can establish the energy regularity of wcorr
ε . For this, let us recall that, for g ∈ L2(R2n),

the Fourier formula for the kinetic semigroup and Plancherel’s Identity give

∥Stg∥2
L2(R2n) = 1

(2π)2n

¨
Rn×Rn

e−2
´ t

0 |η−τξ|2s dτ |ĝ(ξ, η)|2 dξ dη.

Moreover, since as t → 0+, we have

1 − e−2
´ t

0 |η−τξ|2s dτ

2t → |η|2s,

Moreover, by Fatou’s lemma and a combination of Fubini-Tonelli’s Theorem with Plancherel’s Iden-
tity, we obtain that

lim inf
t→0+

∥g∥2
L2(R2n) − ∥Stg∥2

L2(R2n)

2t

≥ 1
(2π)2n

¨
Rn×Rn

|η|2s|ĝ(ξ, η)|2 dξ dη = cn,s

2

ˆ
Rn

[g]2Hs(Rn) dx.

Fix t ∈ R, upon extending wcorr
ε (t, ·, ·) to zero outside its support, by Proposition 5.1 we obtain

∥SB2×B2
δ wcorr

ε (t, ·, ·)∥2
L2(B2×B2) ≤ ∥Sδw

corr
ε (t, ·, ·)∥2

L2(R2n).

Using (5.17) above, we obtain

− ⟨∂tw
corr
ε (t) − aε(t)gε, w

corr
ε (t)⟩L2(B2×B2)

= lim
δ→0+

∥wcorr
ε (t)∥2

2 − ∥SB2×B2
δ wcorr

ε (t)∥2
L2(B2×B2)

2δ

≥ cn,s

2

ˆ
B2

¨
Rn×Rn

|wcorr
ε (t, x, v) − wcorr

ε (t, x, w)|2

|v − w|n+2s
dw dv dx.

Since (5.15) gives ⟨∂tw
corr
ε , wcorr

ε ⟩L2(B2×B2) = 1
2∂t∥wcorr

ε ∥2
L2(B2×B2), we can test the equation

with wcorr
ε (t) ≥ 0. Hence, integrating from t1 > −Tε2s/2 gives

1
2∥wcorr

ε (t1)∥2
L2(B2×B2) + cn,s

2

ˆ t1

−∞

ˆ
B2

¨
Rn×Rn

|wcorr
ε (t, x, v) − wcorr

ε (t, x, w)|2

|v − w|n+2s
dw dz

≤
(ˆ

R
aε(t)∥gε∥L2(B2×B2) dt

)2
.

by the L2-contraction properties of SB2×B2
t .

Thus,
wcorr

ε ∈ C1(R;L2(B2 ×B2)) ∩ L2
loc(R ×B2;Hs(Rn)).

Moreover, for every compact K ⋐ R ×B2, Hölder’s Inequality givesˆ
K

ˆ
Rn

|wcorr
ε (t, x, v)|

(1 + |v|)n+2s
dv dxdt ≤ |B2|1/2|K|1/2∥wcorr

ε ∥L2(K×B2) < +∞.

Now, we are left with computing the transport derivative on wcorr
ε . For this, let us choose ε0 ∈

(0, 1), depending only on n, s, such that

(5.18) 2ε1+2s
0 + 4Tε2s

0 < 1,

and fix ε ∈ (0, ε0).
Extend gε to Rn × B2 by its defining formula, which is smooth and supported in B2ε1+2s in x.

Let us consider the exit time in B2:

τv
B2

:= inf{τ > 0 : v + Xτ /∈ B2}.
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For σ ≥ 0, if aε(t − σ) ̸= 0, then σ ∈ (Tε2s/4 + t, t + 2Tε2s). Moreover, let us note that
on {σ < τv

B2
}, all velocities up to σ have modulus less than two. Also, if

gε

(
x− σv −

ˆ σ

0
Xτ dτ, v + Xσ

)
̸= 0,

then, for every 0 ≤ ℓ ≤ σ, since ηε is supported on 2ε1+2s, by (5.18) we obtain∣∣∣∣∣x− ℓv −
ˆ ℓ

0
Xτ dτ

∣∣∣∣∣ ≤
∣∣∣∣x− σv −

ˆ σ

0
Xτ dτ

∣∣∣∣+
ˆ σ

ℓ

|v + Xτ | dτ

< 2ε1+2s + 2σ < 2ε1+2s + 4Tε2s + 2t < 2 ,

for any t ∈ (−2, 1
2 ).

Thus, for (x, v) ∈ B2 ×B2, the probabilistic representation becomes

wcorr
ε (t, x, v) =

ˆ +∞

0
aε(t− σ)E

[
gε

(
x− σv −

ˆ σ

0
Xτ dτ, v + Xσ

)
1{σ<τv

B2
}

]
dσ,

where integrand is defined to be zero when σ ≥ τv
B2

. Its time support is contained in [0,∞) ∩ (t+
Tε2s/4, t+ 2Tε2s).

Since the indicator is independent of x and
∥∇xgε∥L∞(Rn×B2) ≤ cε−1−2s,

up to differentiation under the integral, by Dominate Convergence Theorem, we obtain from the
L∞-contraction in Proposition 5.2 that

∥∇xw
corr
ε (t)∥L∞(B2×B2) ≤ ∥∇xgε∥L∞(Rn×B2)∥aε∥L1(R) ≤ cε−1 ,

for t ∈ (−2, 1/2).
This, together with (5.15), yields

(∂t + v · ∇x)wcorr
ε ∈ L2

loc((−2, 1/2) ×B2;L2(Rn))
⊂ L2

loc((−2, 1/2) ×B2;H−s(Rn)).
Therefore wcorr

ε ∈ W(Q).
Now we compute the equation satisfied by bε in R × B2 × B2. Note that, since ψ vanishes in a

neighborhood of B2, one has
(5.19) bε = ∂tbε = v · ∇xbε = 0 in R ×B2 ×B2.

Moreover, by the definition of gε in (5.7), we have that
(5.20) (−∆v)sbε(t, x, v) = aε(t)(−∆v)sβε(x, v) = −aε(t)gε(x, v) in R ×B2 ×B2.

Therefore, by (5.12) we obtain that, in the distributional sense, it holds
(∂t + v · ∇x)fε + (−∆v)sfε = 0 in (−2, 1/2) ×B2 ×B2 ,

and, by (5.19), (5.20) and since wcorr
ε ∈ W, we also have that fε ∈ W(Q)..

Lastly, since the distributional identity in B2 ×B2 extends to the tests of Definition 2.1 by density
and continuity of the H−s-Hs pairing and of the fractional bilinear form, we have that fε is a weak
solution to (1.1) in Q according to Definition 2.1.

We now prove (5.13). By Proposition 5.2 (i) and (5.9) we obtain

0 ≤ wcorr
ε (t, x, v) ≤ ∥gε∥L∞(B2×B2)

ˆ t

−∞
aε(τ) dτ ≤ cε2s.

Thus ∥wcorr
ε (t)∥L∞(B2×B2) ≤ cε2s.

For the L1-bound, we apply Fubini-Tonelli’s Theorem, Proposition 5.2 (ii) and (5.9), so that

∥wcorr
ε (t)∥L1(B2×B2) =

ˆ t

−∞
aε(τ)∥SB2×B2

t−τ gε∥L1(B2×B2) dτ

≤ ∥gε∥L1(B2×B2)

ˆ
R
aε(τ) dτ

≤ cε2s+n(1+2s).

This concludes the proof. □
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5.3. Proof of Theorem 1.2. We now divide the proof depending on the range of the parameter p.

Case 1: Assume p ∈ [1, p∗). Consider the function fε given in (5.12). By Proposition 5.3, we
obtain that it is a weak solution to (1.1) in Q. Now, we show that there exist c, C > 0 depending
only on n and s, such that, for any ε ∈ (0, ε0), it holds

fε(0) ≥ c ε2s ,(5.21)

∥Tail(fε;B 1
2
)∥Lp(U1) ≤ Cε

Nd
p ∀p ∈ (1,∞) ,(5.22)

and ∥fε∥L2(Q1) ≤ Cε
Nd+2s

2 .(5.23)
Let us begin noticing that by definition, bε ≡ 0 in Q. Therefore, by the formula (5.11), together

with the lower bound in (5.8) , the definition of aε and (5.8) we obtain

fε(0) ≥
ˆ 0

−∞
aε(τ)

(¨
B2×B2

PB2×B2
−τ (0, 0; y, w)gε(y, w) dy dw

)
dτ

≥ c1

ˆ T ε2s

T ε2s

2

ˆ
Bε1+2s

ˆ
Bε

PB2×B2
τ (0, 0; y, w) dy dw dτ.

Now, letting τ := ε2sτ ′, y := ε1+2sy′, w := εw, and recalling the scaling property in (5.4) we
obtain

fε(0) ≥ c1ε
2s

ˆ T

T
2

¨
B1×B1

P
B 2

ε1+2s
×B 2

ε
τ (0, 0; y, w) dy dw dτ.

Hence, (5.3) together with Lemma 5.5 gives

fε(0) ≥ c1Tε
2s

2 inf
t∈[T/4,T ]×B 1

16
×B 1

16

¨
B1×B1

PB2×B2
t (x, v; y, w) dy dw ≥ c1Tε

2s

4 ,

namely, (5.21) with c := c1T/4.
We now prove (5.22). First of all, let us note that by (5.12) we obtain

(5.24) ∥ Tail(fε;B 1
2
)(t, ·)∥L∞(Rn) ≤ C ,

for every t ∈ R and for some C ≡ C(n, s) > 0.
For the exterior contribution, by the choice of the cut-off ηε and ψ, we have

(5.25)

ˆ
Rn

Tail(bε;B 1
2
) dx = 2−2saε(t)

ˆ
Rn

ηε(x) dx
ˆ
Rn

ψ(v)
|v|n+2s

dv

≤ Caε(t)εn(1+2s) ,

for C ≡ C(n, s) > 0.
Also, the correction is supported in B2 in the velocity variables, which by (5.13) gives

(5.26)
ˆ
Rn

Tail(wcorr
ε ;B 1

2
)(t, x) dx ≤ C∥wcorr

ε (t)∥L1(B2×B2) ≤ CεNd .

Combining (5.25) and (5.26), for ε ∈ (0, 1), gives

(5.27) ∥ Tail(fε;B 1
2
)(t, ·)∥L1(Rn) ≤ C εn(1+2s) ,

for every t ∈ (−2, 1/2).
Interpolating (5.24) and (5.27) yields

∥ Tail(fε;B 1
2
)(t, ·)∥p

Lp(Rn) ≤ Cεn(1+2s).

which, after integration in time,¨
U1

Tail(fε;B 1
2
)p dxdt ≤ C εNd ,

i. e. (5.22) follows.
Lastly, (5.23) follows since bε = 0 in Q1, so fε = wcorr

ε there and (5.13), gives˚
Q1

f2
ε dz ≤

ˆ 0

−1
∥wcorr

ε (t)∥L∞(B2×B2)∥w
corr
ε (t)∥L1(B2×B2) dt

≤ CεNd+2s.
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Now, since p < Nd/(2s) and Nd > 2s, we have that 2s < min {Nd/p, (Nd + 2s)/2}. There-
fore, (5.21), (5.22) and (5.23) yields

fε(0)
∥fε∥L2(Q1) + ∥Tail(fε;B 1

2
)∥Lp(U1)

≳
1

εmin{ Nd
p ,

Nd+2s
2 }−2s

.

Letting now, ε := ε1/m, for ε1 ∈ (0, ε0) and m ∈ N, we obtain the desired property letting m → +∞.

Case 2: Assume p = p∗. Fix ε1 ∈ (0, ε0), where ε0 is given by Proposition 5.3, and, for
every j ∈ N, set

εj := ε1

16(j−1)/(2s) .

so that the intervals (
−2Tε2s

j ,−
T

4 ε
2s
j

)
, j ∈ N,

are pairwise disjoint.
Fix γ ∈ (1/p∗, 1) and define for m ∈ N

fm(t, x, v) := 1
mγ

m∑
j=1

bεj
(t, x, v) + wcorr

εj
(t, x, v)

ε2s
j

,

where bε and wcorr
ε are given by (5.10) and (5.11), respectively.

As in the subcritical case, linearity gives fm ∈ W(Q), and fm is a globally nonnegative weak
solution to (1.1) in Q with h = 0. Moreover, for every α > 0, let us note that

(5.28)
m∑

j=1
εα

j ≤ C(α, ε1).

uniformly in m.
Using the estimates established in (5.21)–(5.23), together with (5.28), we obtain

fm(0) ≥ cm1−γ ,

∥Tail(fm;B 1
2
)∥Lp∗ (U1) ≤ C

(
m1/p∗−γ +m−γ

)
,

∥fm∥L2(Q1) ≤ Cm−γ .

We only justify the tail estimate, since the others simply follow by triangle inequality of the Lp∗ -
norm. Indeed, since the time supports are pairwise disjoint, by (5.25) we obtainˆ

Rn

Tail(bεj
;B 1

2
) dx ≤ Caεj

(t)εn(1+2s)
j .

On the other hand,
∥ Tail(bεj

;B 1
2
)∥L∞(Rn) ≤ C ,

for some C ≡ C(n, s) > 0.
Therefore, by interpolation, we obtain that

1
mγp∗

m∑
j=1

ε−2sp∗

j

ˆ 0

−1
∥ Tail(bεj

;B 1
2
)∥p∗

Lp∗ (B1) dt ≤ C

mγp∗

m∑
j=1

ε−2sp∗

j

ˆ 0

−1
∥ Tail(bεj

;B 1
2
)∥L1(B1) dt

≤ C

mγp∗

m∑
j=1

ε
−2sp∗+n(1+2s)
j

ˆ −
T ε2s

j
4

−2T ε2s
j

aεj
(t) dt

≤ C

mγp∗

m∑
j=1

1 = Cm1−γp∗
.

On the other hand, for the corrections we simply interpolate between L1 and L∞ and use the
triangle inequality so that, by (5.28), we obtain

1
mγ

m∑
j=1

ε−2s
j ∥Tail(wcorr

εj
;B 1

2
)∥Lp∗ (U1) ≤ C

mγ

m∑
j=1

ε2s
j ≤ C

mγ
.
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Since 1/p∗ < γ < 1, both norms in the denominator tend to zero, whereas fm(0) diverges. More
precisely,

fm(0)
∥fm∥L2(Q1) + ∥Tail(fm;B 1

2
)∥Lp∗ (U1)

≳ m1−1/p∗
,

which blows up as m → +∞. □
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