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ABSTRACT. We extend the De Giorgi—-Nash—Moser theory to nonlocal hypoelliptic equations aris-
ing in kinetic theory as linearized models for the non-cutoff Boltzmann equation. Assuming that
the nonlocal tail in velocity of weak solutions belongs locally to Lf,z for some p > Ng/(2s),
where Ny is the drift homogeneous dimension and 2s € (0,2) is the order of diffusion, we prove
a local L2-L* estimate, from which we also deduce a nonlocal strong Harnack inequality. The
tail summability threshold for the local estimate is optimal: for every 1 < p < Na/(2s), we con-
struct a family of nonnegative, time-dependent solutions that rules out this estimate even for the
pure fractional Kolmogorov equation. The local boundedness estimate also allows for possibly
unbounded source terms.
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1. INTRODUCTION

In this paper we establish quantitative De Giorgi-Nash-Moser (DGNM ) estimates for nonlocal
kinetic equations of Kolmogorov type. We prove a local boundedness estimate and a strong Harnack
inequality with a tail term, and show that the related tail summability threshold in the local estimate
cannot be avoided.

Nonlocal kinetic equations arise, in particular, as linearized models for the space non-homogeneous
Boltzmann equation without cutoff. Therefore, their regularity theory must account for the inter-
action between diffusion in velocity and transport in space; see the introduction in and the
references therein, alongside with Section 1 of . Related Kolmogorov-type equations also occur
in Mathematical Finance, for instance in models for Asian options; see .

Let Q be a bounded domain of R'*2” and let h be a possibly unbounded scalar field. Consider

(1.1) (O +v-Vo)f=L,f+h inQ,
where the diffusion term L, is given by
(1.2) Lof(t,xz,v):= p.v./ (f(tw,w) — f(t,x,v))K(tw,w,v) dw.

The kernel K : R x R™ x R?" — [0,00) is measurable, symmetric in (v, w) € R?" and satisfies the
usual ellipticity /coercivity condition

(1.3) Ao —w|™" % < K(tz,v,w) <Alv—w| "%, VoweR" v#£w,
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where A > 1, s € (0,1), and the condition above is assumed to hold for every ¢t and . In what
follows we often omit the ¢ and = dependence in order to lighten the notation. As a prototype
one can think of the usual fractional Laplacian operator —(—A,)*® with respect to the v-variables,
namely when K (t,z,v,w) ~ |v — w|~""2%; see, e.g., |10, Section 2| for further details.

The integral in may be singular at the origin and must therefore be interpreted in the ap-
propriate sense. For this, Equation has to be understood through a natural weak formulation;
see Section 2] below.

1.1. A brief recall of DGNM regularity theory. Since the pioneering works of De Giorgi and
Nash, together with Moser’s subsequent contribution, the DGNM theory has played a fundamental
role in the study of uniformly elliptic and parabolic equations in divergence form. Therefore its ex-
tension to more general equations has been a central goal for several generations of mathematicians.
For a long time, however, this theory remained essentially confined to equations whose diffusion acts
in all directions of the phase space. This does not cover kinetic equations: as soon as the solution is
not spatially homogeneous, the diffusion is coupled with a conservative Hamiltonian dynamics in po-
sition and velocity. The study of regularity properties for such equations goes back to Kolmogorov’s
short note [30], where the fundamental solution was explicitly computed in the plain Laplacian
case. The strong regularizing properties of this kernel in the remaining variables, despite the lack of
ellipticity of the equation, were a starting point for Hérmander’s seminal paper [18], where he gave
general geometric conditions, based on commutator estimates, for such a regularization mechanism,
called hypoellipitc, to hold. Nevertheless, due to their intrinsic difficulties, only recently the weak
regularity theory for elliptic and parabolic equations found a complete counterpart in the kinetic
setting only recently: see, e.g., [13] and [15,[16], where weak and strong Harnack inequalities are
obtained together with Holder regularity; [9] for a constructive proof of the weak Harnack inequality
for rough kinetic equations. The L2-L*° estimate was first proved in [38]. We also mention [42] for
a preliminary Holder regularity result based on an extension of Moser’s original proof.

The picture becomes more delicate when dealing with general integro-differential operator, such as
a fractional Laplacian with rough coeflicients. Here, the DGNM theory has developed substantially
over the last decades. In particular, after the breakthrough results by Kafimann [241/26] on the
validity of the classical Harnack inequality, a broad nonlocal theory was developed for integro-
differential elliptic equations; see, e. g., [7,/8,/25] and the references therein.

For nonlocal parabolic equations, despite the intrinsic dependance of the time scale on the order s
of the diffusion, Harnack inequalities, Holder continuity and L2-L°° estimates are proved in [28],
extending to the parabolic setting results from the elliptic theory in [7,8]. In the latter works, the
nonlocal tail quantifies the exterior contribution to local bounds and Harnack inequalities. Thus, in
both the nonlocal elliptic and parabolic frameworks, as in the local ones, the corresponding DGNM
theory is complete.

For nonlocal kinetic equations such as , much of the regularity theory has been developed
in connection with the non-cutoff Boltzmann equation. Imbert and Silvestre [22] proved a weak
Harnack inequality for a broad class of kinetic integro-differential equations of the form ,
under mild assumptions on the diffusion in velocity. For the spatially inhomogeneous Boltzmann
equation, this yields Holder regularity in the conditional regime in which mass, energy and entropy
are bounded from above and the mass is bounded away from vacuum. Further regularity estimates
in this regime were obtained in [23]; see also [33,/41] for related results. Boundedness estimates are
available under additional assumptions relevant to kinetic models [11}36}/40], while other regularity
results assume boundedness a priori. Likewise, a quantitative control of the L>°-norm of solutions,
namely an L?-L*> estimate, with a consequent strong Harnack inequality, was still unavailable.

This state of affairs changed further with the counterexample of Kaimann and Weidner in [29],
where they constructed a sequence of solutions f. : R?" — [0,1] to

(1'4> v - Va:f + (_Av>sf =0,

for which the ratio sup f./inf f. blows up as € — 07; see Theorem 1.1 there. This proves the failure
of the Harnack inequality for (1.4)), and hence also for (1.1)), since the solutions {f.} are time-
independent. A closer inspection also shows that such construction obstruct local L2-L> estimate

for (1.1) when an additional tail-type error term is placed on the right-hand side with insufficient
summability; see Formula (1.11)) below. This is in stark contrast with the parabolic and elliptic
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literature on fractional equations ([8}27}/28]) and appears a purely nonlocal kinetic feature born from
to the combination of the diffusion with the anisotropic drift. It is also worth observing that this
failure concerns quantitative estimates, not the qualitative smoothness of solutions to ; see [23].
Indeed, velocity averaging techniques ([4]) transfer regularity from the v-variable to position, as in
the case of purely local operators. See also the very recent paper [1] for related results in this
direction.

The counterexample in [29] thus calls for a quantitative description of the exterior contribution,
rather than a direct extension of the classical estimates. The aim of this paper is to identify such
a contribution and to prove a L2-L*° estimate with an arbitrarily small coefficient in front of the
tail and use it to derive a nonlocal strong Harnack inequality. The assumption on the tail is local
L{ ,-summability for
n(l+ 2s)

2s
and Theorem [1.2] will show that the threshold cannot be lowered: for every p < 14 n(1+ 2s)/(2s
in the Lebesgue range, we construct a counterexample for the the simplest equation in this theory,
i.e. the fractional Kolmogorov equation.

This suggest that any broader regularity theory containing this model must account for the
same threshold. Theorems and give the corresponding positive results for the measurable
symmetric kernels considered here. The proofs distinguish the dependence of the tail on the drift
variables from that of a general source on all kinetic variables.

p > 1+

1.2. Main results. Since the underlying geometry of equations (|1.1)) is determined by a homoge-
neous Lie group structure, to state our main results, which reflect this non-Euclidean background,
we endow R'*2" with the Galilean transformation

(1.5)  zgoz:= (t+to, v + w0 +tvg, v +1) for any zg := (to,To,v0), 2 := (t,x,v) € R*T2",
and the usual kinetic scaling 6, : R172"” — R!*27 defined by
(1.6) 6,(2) := (r*t, r'™252, rv) for any r > 0.
So that the inverse of each element z, € R!*2" is defined and
20—1 oz=(t—to,x —x0— (t —to)vo,v — vg) for any z € R1T27,
For any r > 0, we denote by @, a cylinder centered in the origin of radius r; that is,
Qr = Q,(0) := (—7?%,0] x By1+2:(0) x B,.(0).
For every zg € R'*2" and for every r > 0, the slanted cylinder Q,.(zo) is defined as follows,
(L7 Qr(z0):={z R —r® <t —t4 <0, |z —z0 — (t —to)vo| < r'?, Jv—wvo| <r}.
Moreover, we also denote by
Ur(20) = {(t,z) e R"™™: —r® <t —t4 <0, |z — 20 — (t —to)vo| < r't?*}

the projection of @Q,(z¢) onto the drift variables.
Furthermore, we denote with Ng the homogeneous dimension related to (1.6)), i.e.

(1.8) Ng :=n(2+ 2s) + 2s,

which encodes the scaling properties of the underlying kinetic scalings, and letting  := (¢1,%2) X
0, x Q, C R*27 be a bounded domain in R'72" we work under the following assumption on the

source term in (1.1f):

N,
(1.9) he Ll (Q) withq> 2—5
S

loc

On the other hand, for the estimates involving the nonlocal tail we use the homogeneous dimension
of the drift variables (¢, z), i.e.

(1.10) Ny

n(l + 2s) + 2s.
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The nonlocal tail was introduced in the nonlinear fractional elliptic setting [7,|8] to quantify the
influence of exterior values on local estimates. For the kinetic equation, the “nonlocal tail of a
function f centred in vy € 2, C R" of diffusion radius r” is given by
(1.11) Tail(f; B, (vo)) := 7“25/ /(v)]

R

"\ By (vo) |V0 — [ F2s T

Thus, it is integrated in velocity and its summability is measured only in the drift variables, so
that Ng/(2s) is the scale-invariant threshold.

Our first result is a d-interpolative L2-L>° estimate with tail for weak subsolutions to , with
possibly unbounded source terms h. The parameter 0 < § < 1 makes the coefficient of the Lf@—tail
norm in arbitrarily small, at the cost of increasing the coefficient of the local quadratic norm.
This freedom will also be used in the proof of the strong Harnack inequality. Our first main result
reads as follows![T]

Theorem 1.1. Let Q := (t1,t2) X Q, X Q, C R™2" be a domain and s € (0,1). Assume that f €
W(Q) is a weak subsolution to (1.1), under (1.9)), such that, for every B,.(vo) € €y,
Ng

(1.12) Tail(f4; By (vo)) € LY, .((t1,t2) X Q)  withp > 95 -

Then, for every r > 0 such that Q,(zp) € Q and every § € (0,1], it holds

C S
esssup f < 573Hf+||L2(QT(z0))+CT2 thllLa(Q, (z0))
(1.13) Qg(zo)

+ 6 4 Tail(f4; Bz (vo))ll e (v, (20)) »
where ¢ = ¢(n, s, A, p, q, |vo]) > 0, while 8 = B(n,s,p,q) > 0.

The proof of Theorem uses a De Giorgi iteration in which the tail and the general source
are treated in different spaces. We begin with a two-level Caccioppoli estimate: the test function
is truncated at the upper level, while the exterior contribution is estimated at the lower one. The
gap between the levels allows us to relate the velocity superlevel sets to the local quadratic mass.

We then localize the truncation and compare it with a solution of the fractional Kolmogorov
equation. The cutoff terms and the terms involving the rough kernel are estimated in Lt2,zH1)_ s
without differentiating the kernel pointwise. The exterior contribution is bounded by a function
of (¢, z) multiplied by the indicator of a velocity superlevel set. For each fixed pair of drift variables,
Chebyshev’s inequality controls the quadratic velocity norm of this indicator by the lower truncation
and the level gap. This allow us to use mixed-norm estimates governed by the drift dimension Ngy.

The general source h = h(t, z,v) is handled separately. Under the full-dimensional condition ¢ >
Ns/(2s), the Kolomgorov potential of its localized contribution is bounded and can be absorbed by
shifting the truncation level before applying the mixed estimates. The bound for this shift decreases
with the measure of the superlevel set, which allows it to fit within the successive level gaps; the
source contribution to the energy estimate is controlled in the same iteration.

To close the argument, we use two distinct gains of integrability for the fractional Kolmogorov
semigroup. The first improves integrability in the drift variables while retaining a quadratic norm
in velocity, and controls the tail term in the energy estimate. The second improves integrability
in all kinetic variables and produces a positive power of the superlevel measure in the quadratic
estimate. The strict inequality in the tail assumption is used here to make this power positive for
the exterior term. The coupled iteration then makes the local quadratic mass tend to zero, without
imposing the full-dimensional source condition on the tail.

The tail is already integrated in velocity and bounds the exterior source uniformly in that variable.
Compared with the general source condition (|1.9)), its critical summability exponent is therefore
lower by n/(2s) and is precisely the one in

For each exponent outside the requested summability range, we are able to construct globally non-
negative, time-dependent solutions with uniformly bounded L ,-tail norm for which estimate
fails. Thus the local bound used to derive the strong Harnack inequality in Theorem cannot

et us specify that, given any open set O C R27 with positive Lebsegue measure |O| > 0 we denote
with ffg| Lr (o), its mean LP-norm. With abuse of notation, we will adopt also this definition whenever O C R**" .
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be extended below this threshold. Our construction adapts ideas from [29] and uses the kernel
of (—=A,)?, so the obstruction is not due to variable or rough coefficients.

Theorem 1.2. Letn > 1, s € (0,1) and Q := (—2,1/2) x By x By. For any m € N, there exists
a family of nonnegative weak solutions f, € W(Q) to (L.1) in Q, with h = 0, such that, for every
exponent p satisfying

Ny
1 < < —
=P = 95
the tail of f,, satisfy Tail(fm;B%) € LP(Uy) and the ratio
fm(0)

tfmllL2 @iy + #Tail(fm; Bi)lle )

blows up as m — +oo.

This result is consistent with the stationary counterexample of Kaffmann and Weidner in [29].
In the stationary problem there is no time integration, and the relevant homogeneous dimension
is n(1 + 2s); hence the corresponding obstruction is governed by the exponent n(1 + 2s)/(2s). In
the time-dependent problem considered here, the tail is measured in L? with respect to (¢, ), and
the time scale naturally contributes the additional homogeneous dimension 2s, thus giving Ny =
2s + n(1 + 2s). We prescribe nonnegative data outside the velocity domain and concentrate it in
time and space at the kinetic scales. Adding a correction obtained from the Dirichlet semigroup
cancels the interior source produced by these data, so the resulting function solves the homogeneous
equation. A lower bound for the mass retained by the Dirichlet kernel gives an interior lower bound,
while contraction estimates control the local quadratic norm and the scaling of the exterior data
controls the tail. Below the stated threshold, both norms decay faster than the interior value.

The local estimate in Theorem gives boundedness on interior cylinders without assuming

that f is globally bounded. For globally nonnegative solutions in the homogeneous case h = 0, we
combine it with the weak Harnack inequality of Imbert and Silvestre [22]. This gives the following
strong Harnack inequality under the tail summability condition stated above.
Theorem 1.3. Let s € (0,1). Then, there exists R > 1, depending only on n and s, such that
letting @R :=1[—2,0] X Bpi42: X B, if f € W(@R) is a globally nonnegative weak solution to
with h =0 in éé, satisfying for any By(vo) C Bp, there exists ro € (0,1/2), depending only
on n and s, such that

(1.14) esssup f < CeSQSinff+CHTaﬂ(ﬁBro)||LP(Uzm(—1+(2To)25,070))7
Qry o

where ¢ = ¢(n, s,p,A) > 0 and
o= (=14 (2r0)%*,0,0) 0 Qpy,

+ 2
ro 1= (—r5%,0] x Br(1)+2s X By, .

(1.15)

FIGURE 1. The geometry of the Harnack inequalities for kinetic equations.
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To prove this estimate, we apply the local bound on small slanted cylinders covering the backward
cylinder. The tail at each centre is split into an annular contribution inside a fixed larger velocity
ball and the contribution from outside that ball. The annular term is controlled by a supremum on
a larger cylinder. After interpolation between the quadratic norm and the lower-power norm in the
weak Harnack inequality, we choose the tail coefficient small enough to absorb the larger supremum
in a radius iteration. The weak Harnack inequality then bounds the remaining lower-power norm
by the infimum on the forward cylinder.

Finally, notice that for fractional elliptic equations the tail Tail(f_) measures the contribution of
the exterior negative part. In the kinetic estimate, a tail term remains even for globally nonnegative
solutions: it accounts for the interaction of the exterior values with transport in the interior.

Remark 1.1. The definition of weak solution to does not require a finite LP-norm of the velocity
tail. However, for nonnegative solutions, a uniform upper bound on the velocity mass plainly implies
this requirement: for every fixed velocity ball, it bounds the tail uniformly in the drift variables.
Such mass bounds are among the assumptions used in models for the non-cutoff Boltzmann equation
and related kinetic equations; see, for instance, [40, Theorems 1.1-1.2], |35, Formula (1.4)], |13} For-
mula (1.3)], [20, Formula (1.3)], [21, Section 1.4-Assumption (H)], |22, Section 1.3], [23| Assump-
tion 1.1], [36, Formula (1.2)], and [11, Formula (1.9)].

Outline of the paper. In Section [2]we fix the notation, introduce the relevant function spaces and
the weak formulation, and prove the mixed-norm estimates for the fractional Kolmogorov semigroup
and its parametrix. In Section [3]we prove the two-level Caccioppoli estimate and the gain of integra-
bility in Theorem then close the coupled De Giorgi iteration leading to Theorem Section
is devoted to the proof of Theorem Finally, in Section [5| we construct the counterexample that
proves the sharpness of the tail summability threshold.

2. PRELIMINARIES

In this section we fix the notation and briefly recall the necessary information on the underlying
functional framework required to deal with (1.1)).

2.1. Notation and basic tools. We denote with ¢ a positive universal constant greater than one,
which may change from line to line. For the sake of readability, dependencies of the constants
will be often omitted within the chains of estimates, therefore stated after the estimate. Relevant
dependencies on parameters will be emphasized by using parentheses.

For any O C R"™ we denote with 1o the indicator function of O. As customary, for any r > 0 and
any yo € R™ we denote by B,.(yo), the open ball with radius r and center yo, when not important,
or clear from the context, we shall omit denoting the center as follows: B, = B,.(yo)-

For any measurable function g, we define the positive and negative part of g as gi(y) :=
max{£g(y), 0}.

For any function f smooth enough, we will denote with f its Fourier transform. More precisely,
for f € S(R™) we use the convention

—iy- 1 iy-€ 7
for = [ ey and f) = G [ eveRede
m (27T) R™
For any p € [1,00) we define the weak Lebesgue space LP (O) as the space of measurable func-
tions g : O — R such that the following quasi-norm is finite

1
l9llLz,0) = supAl{z € O :[g(2)| > A}|7.
A>0

We now recall some useful integral inequalities that will be used frequently throughout the section.
We begin with the Minkowski’s Inequality; see, e. g., |3, Proposition 1.3].

Let (X1, p1) and (Xg, ug) be two measure spaces and f being a nonnegative measurable function
on X; x Xy. For any 1 < p < ¢ < 0o, we have

(2.1) HHf<'7x2)HLP(X1,u1) HLq(X%W) < Hllf(xl’ ')HLQ(XZJQ)HLP(Xl,p,l) ’

We also recall the Hardy—Littlewood—Sobolev inequality in R™; see, e.g., [3, Theorem 1.7]. Let o €

(0,n) and p, q € (1,00) such that
1 « 1
S+— = 1+-.
p n q
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Then, there exists ¢ > 0 such that

(2.2) I-17%* fllaeny < c|lflle@n)-

For the sake of notation, throughout the paper we will denote with || - || 4, || - |12 respectively,
the Li-norm in the spatial, or velocity variable. Similarly, we adopt the following notation for
anisotropic Lebesgue norms

lgllary = </Rn </n |g(:c,v)|1”dv>Z dgc)é.

Now we introduce some basic facts about fractional Sobolev spaces and the appropriate weak
formulation of (1.1]). For further details, we refer the interested reader to [1}/10].
For s € (0,1) we denote with H*(O) the classical fractional Sobolev space

H*(O) = {f € L2(0) : [0y < +oo} ,

where the seminorm [f] . () is the usual one defined via the Gagliardo kernel

Il <//O><O Iv—w|n+2)s|2d dw>é ,

and where we endowed H*® with the usual norm

1A zr= 0y = IIf I 20y + [fl=(0) -
A function f belongs to H{

2 0)if f e H*(O') whenever O’ € O. We will denote with H~*(R")
the dual of H*(R™) and denote with (-,-) g-« g+ the usual duality pairing between H~* and H*.
Let us remark that, via Riesz—Fréchet’s Representation Theorem, for any f € H~*(R™) there exist
two functions Ho, Hy € L?(R"™) such that

(2.3) f=Hi+(=A,)%Hy and |Hollre@n) + [ Hillz2qeny = [|flla-+n)-
For any f € H*(R"™) we define —L, f as an element of H~*(R"™) that acts on ¢ € H*(R") via

E.0) = (Ll D =5 [ ()= F)(6(0) = o) Ko, w) dv e

Here and below the dependence of K on (¢, x) is suppressed whenever these variables are fixed.
For s € (0,1), consider the following tail space

ph (R = {g e tho®) s [ Ok a0 < ool

n (LA Jof)rt2e

as used in [31]; see Section 2 in [32] for related properties.
Given Q := (t1,t2) X Q, x Q, C R1*27 we denote by W the natural functions space to which
weak solutions to ([L.1]) belong to, and defined as

W(Q) = {f € L%oc((tlﬂtQ) X Q”Ev HISOC(QU)) leloc((tlth) X QT,L%S(Rn))
S0+ Vo) f € L2 ((t, t) X Qs H‘S(R"))}.

We are now in the position to recall the definition of weak sub- and supersolution.

Definition 2.1. A function f € W(Q) is a weak subsolution (resp., supersolution) to (1.1 in
with h € L*(Q) if

/: /sz(f,cz))dde/: /QI<8tf+v~fo,¢>Hs’Hsdxdt (e 2 ///thbdz,

for any nonnegative ¢ € L?((t1,t2) x Qu; H*(R™)) N L>(2) such that supp ¢ € .
A function f € W(Q) is a weak solution to (L.1)) if it is both a weak sub- and supersolution.
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2.2. The fundamental solution. As already remarked in the Introduction, in order to establish
the gain of integrability in Theorem We need to invoke the hypoelliptic nature of equation ;
see, e. g., [17]. Indeed, we shall rely on the regularizing properties of the fundamental solution of
the fractional Kolmogorov equation, whose expression — with pole in the origin — is given by

1 T v
— P —, ift>o0,
(2.4) Pi(z,v) = ¢ t"T <t1+2ls tz}s) '
0 ift <0,
where the kernel & is defined in Fourier variables by
P

Formula and the basic properties below are contained in |22, Proposition 2.1], after translat-
ing its Fourier convention. Sharp two-sided estimates in arbitrary dimension are proved in [19, The-
orem 1.1], while the one-dimensional case is also treated by Fourier methods in [14].

The following proposition summarizes the main properties of the fundamental solution P(-) we
are going to use throughout the manuscript.

Proposition 2.1 (Proposition 2.1 in [22]). The function P and P have the following properties:

(i) the function P is C*° and decays polynomially at infinity. Moreover, ® and all its derivatives
are integrable in R?";
(ii) both the functions ® and P are nonnegative;
(iii) for anyt >0, || Pl p1(reny = 1;
(iv) for every fo € L*(R?*™) and every h € L*((0,00) x R?") the function

f(t,x,v) = //]Rn an Pt(x_y_twav_w)fO(va)dwdy

t
w [ Py - u - whingw dwdydr,
0 JJRnxR"
is the unique solution to the Cauchy problem
atf +v- vxf + (7Av)sf =h in (Oa OO) X RQna
f(O, ) B f() mn {0} x R?",

Associated with the fundamental solution P; in (2.4)) we define with 8; the fractional Kolmogorov
semigroup, which, for sufficiently regular function f, is given by

(2.5) Stf(r,x,v) = //"an Pz —y—tw,v —w)f(r,y,w) dy dw,
and we also let

t
(2.6) Pf(t,z,v) = /_ [8i—rf(7,+, )] (z,v) dr.

Remark 2.1. We remark that (2.6) can be written as Pf = f i, P where we defined the group
convolution according to the group law in (L.5) on (R'*2" o) as

(Foana)@) = [ () o)as

for a couple of sufficiently regular functions f, g on (R*27 o).

In the subsequent part of this section we will prove some estimate for the functional P in (2.6]).
We begin recalling the following estimate for the fundamental solution P;.

Lemma 2.1. For everyt > 0 and ¢y, q, € [1,00], there exists a constant ¢ = ¢(n, 8, ¢z, qv) > 0 such
that

(2.7) 1Pl pae < et~ 2 Oma) =5 0-30),

Proof. By |19, Theorem 1.1 and Lemma 1.5, with a = 2s and 8 = n + 2s, the profile satisfies

P(z,v)dz < C(1+ |v])~7?, sup P(x,v) < C(1 + [v]) 7177,
R™ T
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Interpolation in x gives

19C,0)ll e < O+ fo]) 71 FHYae,
The right-hand side belongs to Liv for every g, € [1, 0], since 8 = n + 2s > n. Finally, the scaling
in , with the changes z = ¢t/ (29) X and v = t'/ )V, gives

n(1+2s) n
2sqg Jr25<1u ||@||qu Lz,
v x

||Pt||Lgv ng — tfn*’ﬂ/sjt

which is exactly (2.7)). d
The following heat kernel estimates for the kinetic semigroup 8; hold true.

Proposition 2.2. Lett > 0. Then, for any 1 < p < 2 < g < oo, there exists a constant ¢ =
e(n, s,p,q) > 0 such that

(2.8) I8¢fllparz < ct™ 2 &m0 fllpepa,
and
_n(+2s) (1 _1\_n(1_1

(2.9) 18:fllze, < et™ 5 G~ E G2 £y .
Proof. Let us fix 1 < pa, Pu, Qzy Qus Lay £y < 00 such that

1 1 1 1 1 1
(2.10) 1+ —=—+—, and 1+ —=—+4 —.

@ Pzl @ P Ly

Then, for any fixed v, applying Young’s Inequality in x gives

(K @)y 0)lpee < / 1K (0 = w)ll e |GG ) e duw,
so that a final application of Young’s Inequality in v yields

(2.11) IK # Gl pae < K] ooy |G

Pv g Px .
Ly? Ly

Moreover, let us note that, for 1 < p < 2 < ¢ < oo, the integral Minkowski’s Inequality gives

(2.12) IGlle2re <l|Gllrrz  and  [|Gllpazz: < |Gllz2La-
Letting T, f(y, w) := f(y — tw,w), by changing y into y + tw in (2.F]), we obtain
(2.13) Stf =Pr*Tif.
In order to prove , choose ¢, = 1 and ¢, such that
111
lbop g

Combining Lemma 2.1 with (2-11)) and (2.12)), we get
_n(A42s) 1 1
ISeflpare < WSefllrzrs < WPy peeITefllizrn < ct™ 2 G @If|pnpa,

which proves (|2.8)).
For ([2.9)), we proceed in a similar fashion by choosing ¢, and ¢, such that
1 1 1
——=—-——- and 1—i:1—1,
I by 2 g

so that Lemma [2.1] (2.11)) and (2.12) give
n(1+25)(;_;>_1(1

_ 1_1
1/l < 1Pl e pen [Teflliare < et G0 fll o
O

Next, we prove the estimate which will be applied to the error between the rough operator and

(_Av)s~
Lemma 2.2. For everyt >0 and h € L*(R*"),

s cllh||r2
(2.14) 18¢e(=Au)2hllzz, < &
R

where ¢ = ¢(n, s) > 0.
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Proof. With no loss of generality, upon reasoning by density, take h in the Schwartz class. By
applying the Fourier transform, the semigroup has the representation

— t o~
(2.15) 8¢h(&,m) = exp <—/O In+ p&|?* dp) h(&,n+ t€).

We shall use the elementary coercivity estimate

1
(2.16) / I+ p€|?* dp > ¢ (In]* +1€%) .
0

By Plancherel’s theorem and (2.15)), followed by the change of variables n — { = 1+ t£, we have

. 1 t ] ~
Isc-ainlt = i [ o (2 [ lo e ar) el o dgac,
By scaling ,
t
[l = v ar > et (1 + £2216) = catleP
0

Therefore, since Ry 3 r — r2se=2estr*" i hounded by ¢/t, for some ¢ = ¢(s) > 0, we obtain ([2.14])
U

Now, we introduce a set of exponents, whose definition is based on Ngq and N introduced in (.10
and (|1.8)), respectively. First of all, set

2N, 2N,
2.17 o _2Na __2Na
(2.17) dd Ng —2s’ d Nq + 2s
Notice that
1 1 2 1 1
(2.18) e N
aq  qa Ng 2 g MNg
Recall that p, is defined in ([1.12)). For p € [p., o), we define
2 1 1 2s— N,
(2.19) ai— 2 L. 1 2-Najp
p+2 ap 2 N
Equivalently,
2N
(2.20) gp =

Ny _43+2Nd/p
Then 1 < a, <2 < gy, < o0, and g, > 2 if and only if p > p,.

Proposition 2.3. For every t > 0 and h € L*(R?"),

s cllhz:
(2.21) 18:(~Au)ERll gy <~

t Na

where Ny is defined in (1.10) and the constant ¢ = ¢(n,s) > 0.

Proof. Using the semigroup property, we write
St(_Av) z h = S1&/2 (St/2(_Av) 3 h) .

We apply Proposition with p = 2 and ¢ = ¢q, and then Lemma Since 1/2 — 1/qq = /Ny,
we obtain

n(1+42s) (1 1

ISe(=A0) 3Rl paa e <t 2 TS, 5(~Ay) |2

(A+2s) 1

<et” a3 ||hfly = at~ N ||,

Now, our main result reads as follows.

Theorem 2.1. The following estimates hold.
(i) For every F € L% (R'*"; L2(R")),

(222) H‘:PF||qu(R1+n;L2(]Rn)) S C||F||L¢1d(Rl+n;L2(Rn)).
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(ii) For every H € L?(R'*2n),
(2.23) ||?((_AU)%H)Hqu (R1+n,;L2(Rn)) S C||H||L2(R1+2n).
(iii) Let p € [p«,0). For every F € L% (R'T"; L2(R")),
(2.24) ||fPFHLqp(]R1+2n) < || FlLar (Ri+n;L2(Rn))-
Here, the constant ¢ depends only on n and s, while ¢, depends only on n, s, and p.

Proof. We first take smooth compactly supported sources.
(i) Applying Proposition with p = aq and ¢ = qq, we obtain
t n(142s) 1 1

IPF(t s Magors Se [ (=) FEE B E g dr

— 00

t 2s
—c [ =R gy

where we used ([2.18)).
Then, taking the L%-norm in time on both sides of the inequality and applying (2.2)), with
a=1- ]%]—i and g = qq gives (2.22)).
(i) For every t > 0, Proposition [2.3| yields
t
IPU(=Au)EH) () paa g < 0/ (t = 7)NYH (T, )|z d

Since 1/qq =1/2—8/Ng, 0 < $/Ng < 1 and 1 < 2 < ¢q < 00, taking the L%-norm in time on both
sides of the inequality and applying (2.2]) with @ =1 — s/Ng and g = g4 proves (2.23).
(#ii) To prove ([2.24]) we set
1 1 1 1
(2.25) Ap = — — —, Byi=-——.
ap  dp 2 @

By (2.19), 0 < A, < 1 and B, > 0, with B, > 0 if and only if p > p, (with p* defined in (1.12)).
More explicitly,

2s — Nq4/p 2s n
B, =——+"= Ay =— :
N, " Ny Nep
Thus B, > 0, while 0 < A, < A, = 2s/Ny < 1; in particular, a, < g,. We also have
(2.26) NaA, +nB, = 2s.
Also, identity (2.26]) gives
n(1 + 2s) n

2.27 —A —B,=1—-A4,.
( ) 2g 4 + 2g p P

Applying (2.9) with p = a, and ¢ = ¢p, we obtain
t

|IPF(t,- .)||Lg?v < cp/ (t — 7)1 F(r, -, .)||LZPL% dr.

—00
Since 1/q, = 1/a, — Ap, taking the L% norm on both sides of the previous inequality, we apply
(2.2) with o =1 — A, and ¢ = gp. This proves (2.24). The three estimates extend to the stated
source spaces by density. O

The following consequence will be used for the L2 + H.* decomposition of the rough-kernel error.
Corollary 2.1. Let Hy, H; € L?*(R'™2"), and assume that the projection of supp Hy onto the (t,x)
variables is contained in a measurable set E C R1*™ with |E| < co. Then
(2.28) IPCHL + (~20)F Ho 2o 1o < ¢ (1B Hllzs + 1Holzz, )

No support assumption in the velocity variable is required.
Proof. Since 1/aq — 1/2 = s/Ng, Holder’s Inequality in (¢, ) gives
Ve g < BN .

We apply Theorem (i) to Hy, Theorem (ii) to Hop, and use the triangle inequality. O
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Corollary 2.2. Let I C R be an interval. If a source in Theorem is supported in I x R?™, then
the corresponding estimate holds with the same constant after restricting the output to I x R?", or
to any measurable subset thereof.

Proof. Extend the source by zero outside I x R?", apply Theorem and restrict the output. [

Corollary 2.3. Let R > 0 and 2y € R1T2". Extend every source below by zero outside Qr(2).
(i) If F is supported in Qr(zo), then

. 1
. d 9, s d
]§[ HPFIZ (oo A2 dt ] < e ]§[ NS (B oy A2 A )
Ur(z0) Ur(z0)

(i) If H is supported in Qr(2o), then

W
(229) (# *H'(P((*AU)%H”%B(BR(,UO)) dz dt) S CRS (][j[ HH||%2(BR(1)0)) dx dt)
Ur(zo0) Ur(zo0)
(iii) Let p € [p«,00). If F' is supported in Qr(zo), then

=

1
(230 wwstwﬁC% +wmwmmwﬁ>-
r(20)

The constants are independent of R and zq.

Corollary 2.4. Let R > 0 and zy € R'2". Assume that Hy, H; € L*(R'*?") vanish for (t,z) ¢

Ur(z0), with no support assumption in velocity. Then
1

qd

(2.31) <]§[ |P(Hy + (—Av)gHo)H%dz(Rn) dz dt)
Ur(z0)

1
2
< R ﬁ[ | Hy |20y dodt | + B2 ﬁ[ | |22 o da it
Ur(20) Ur(20)

Proof of Corollary[2.} Apply Corollary with E = Ug(z9) and restrict the output to Ur(zg) X
R™. Since |Ug| = ¢, RN and 1/2 — 1/qq = 5/Ny,

Un|™Y/% |UR|*N | Hyl|2 = cR*|Ug|~"/2||Hy |2,

2

while

|Ur|~/%|| Holl2 = cR*|Ug|~/?| Holl2-
These are precisely the two terms in (2.31)). O
Lemma 2.3. Let 1 < a < Ns/(2s) and define q by

1 1 2s

2.32 1_1_ 2
(2.32) i a N
Then
(2.33) H:PF”L‘I(RH?") < C||FHLa(R1+2n),

where ¢ = ¢(n, s,a) > 0.

Proof. The kernel P is homogeneous of degree —(N,; — 2s) with respect to the dilations in ,
namely

P(6,(2)) = r~WNe=28) p(2),
We first notice that [{P > 1}| < +oo. Indeed, Proposition (i) gives [|P|lL~ < +oo, and
hence P(t,x,v) > 1 implies that ¢ belongs to a bounded interval. For every such ¢, Proposi-
tion (ii) and Chebyshev’s Inequality give

{(z,v) : P(t,z,v) > 1} < /R% P(t,z,v) de dv = 1.

M|B),

Consequently, by homogeneity and |5, (E)| = r

Ns

P>} = A =

{P >1}] for every A > 0.
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Thus
N

Ny —2s’
The weak Young inequality on homogeneous groups, see |12, Proposition 1.10], yields

[F 16 Pllza < e[| Pllpg [ Fllze

Pe L?(R'Y2")  with o :=

whenever 1+ 1/¢g = 1/a + 1/9. This relation is precisely (2.32)), and the conclusion follows. O

Lemma 2.4 (Proposition 2.2 in [22]). Let I C R be an interval of length at most one and set qq :=
2N, /(Ns —2s). If Ho, Hy € L2(I x R?"), extended by zero outside I x R?", then

I PH: || Loo (1xr2n) + 1P((—Ay) 2 Ho) || Lao (1 xm2m)
<c (HH1||L2(I><R2") + ||H0||L2(I><R2n)) .
where the constant ¢ = c¢(n, s) > 0.

2.3. Auxiliary results. We recall the weak Harnack inequality in the form needed below. It is
possible to verify that the assumptions of Theorem 1.6 in [22] are satisfied in our framework. So
that, the statement adapted to our case reads as follows.

Theorem 2.2. Let s € (0,1).Then, there exist ro € (0,1), R > 1, ¢ > 0 and ¢ > 0 such that,
letting Qp = [—2,0] X Bpi+2. X By, if f € W(Qp) is a globally nonnegative weak supersolution to
O +v-Vo)f=Lof inQg,

then,
||f||L<(Q;0) <c estinff,

70

where ¢ and ¢ depend only on n, s and A, while ry and R depend only on n and s and
= (71, -1+ 7”(2)8] X Bré+25 X Bro

To

and Q:_O = (—r%iO] X BT(1)+25 X By, .

We recall a covering property of the slanted cylinders in ([1.7]). For a similar result in the classic
kinetic framework we refer to [38, Lemma 4.2]; see also [2].

Lemma 2.5. There exist two universal constants c. = c.(s) € (0,1) and S = B(s) > 1 such that,
forany 1/2 < p <r <1 and any zo € R 2" it holds

(2.34) Qe.(r—pp#(21) CQr(20) V21 € Qp(20).

Proof. Set d :=1 — p, ci(s) := (1 A 2s) and B(s) := 1V (2s)7', and put 0 := (c.d)’. Then 6 < d
and

5% < d*, s>1/2,
T lsd, s<1)2.

On the other hand,

2s >
7,,2‘97;)282 d ’ 8—1/27
2sd, s<1/2,

so the time and velocity components of every zs € Q5(21), with 21 € Q,(20), lie in the corresponding
components of Q,(zp). For the spatial component, the group law gives

|l‘2 - (t2 _ tO)'UO‘ S 61+25 + p1+2s 4 525/) S p1+23 + (523’/‘.

If s > 1/2, then §%%r < d%r < pi+25 — p+25 If 5 < 1/2, then §%r = sdr < rlt2s — plt+2s
because p > 1/2. This proves (2.34)). O

We conclude by stating a classical iteration argument which will turn out to be useful in estab-
lishing our main results.
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Lemma 2.6 (Lemma 4.11 in [6]). Let ¥ : [p,7] — [0,4+00) be a bounded function, e € (0,1), Aq,
Ag, As, B1, B2 >0 and p,r > 0. Assume that

Y(o') < e¥(o) + Ay(o — ') + Ay(0 — ') 772 + As,
holds whenever p < o’ < o <r. Then,
W(p) < cAr(r— p) 7P 4 cAs(r — p) 72 + cAs,
where ¢ = ¢(e, 1, P2) > 0.

3. LOCAL BOUNDEDNESS ESTIMATES

This section is devoted to the proof of local boundedness for subsolutions to (1.1)), as stated
in Theorem [I.1] We begin collecting some fundamental observations.

Remark 3.1. We first work on cylinders centered at the origin, with radii between [1/2,1]. Indeed,
see, e. g., [41, Lemma 5.1] the function f(z) := f(zo o 6,(2)) satisfies with adjusted source
term and kernel. In particular the ellipticity class of K does not change. However, a dependence
on the norm |vg| will appear in the constant multiplying #f|/12(q,) in as consequence of the
sensibility of the transport operator 9, + v - V, to the Galilean translation in .

Remark 3.2. We just recall here the three exponents used in the forthcoming anisotropy estimates:
_ =——, and ag=——"-—
2s » a Nyq — 25’ d Ng +2s’

where Ny is the homogeneous dimension in the drift variables defined in (1.10]). In particular, the
following relations hold true:

(3.1) pei=1+

1 1 S 1 1
3.2 — = d —==
( ) [¢F) 2 Nd’ an Qg 2

L5
Ny

Moreover, given a general exponent p > p, we let

(3.3) p == min{p, 2p. }

Let us also record that, for 0 < ¢, since (f —€)4 < f4, By C B, and U, C Uy whenever 1/2 <
r < 1, it holds Tail((f — €)+; By) < 4 Tail(f}; By) pointwise and, by p < p and the monotonicity of
normalized norms, { Tail((f — €)+; By)llr(v,) < c(n, s)ft Tail(f4; By )| eu,)- This will be used in
the rest of the this section to pass from the tail quantities produced by the proofs to those appearing
in the statements.

3.1. The two-level energy estimate. Firstly, we prove a suitable (two-level) Caccioppoli-type

estimates with tail for subsolutions to (L.1). The upper level « is used in the test function, while
the lower level ¢ < k is used only to estimate the exterior interaction.

Lemma 3.1. Let Q1 C R'**2" and s € (0,1). Assume that f € W(Q1) is a weak subsolution

to (L.1) in Q1. Let pyx and qq be given in (3.1). Then, for any% <p<r<l,any B >0, anyp > p.
and any 0 < ¢ < K, it holds

— _ _ 2
e
B qd i
S MW(%rH(*f—D“LQ(Br)dxdt) +(T.p)62(1+23)ﬁ{2r(f_£)id2
B Tail(f4: Byl ooy \ 7™
c( (r — p)"+2s(k — 0 > ]%{g(f *5)3_ dz

veflf om0,
Ceyr

where ¢ = ¢(n, s, A, 8,p) > 0.
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Proof. For the sake of readability we denote with f; := (f — k)1 and with f, := (f — £)4. Let
o := (r+ p)/2 and consider a cut-off function ¢ € C°(B,1+2s X B,) such that 0 < ¢ <1, ¢ =1
on Bjis2: X B, and |V, ¢| + |v- V| < ¢/(r — p)' 2%, for some universal constant ¢ > 0. Consider
in the weak formulation the test function ¢?f. so that, up to mollification (see for instance [16,
Section 2]), for a.e. t € (—r?,0], we have that

//B,,,st . h(¢*f)dzdv > //BTHZS XBr(atf o Vo) (@2 f) de do

(3.5)
s [ eryar = neh
B,1+2s

We start by considering I;. Using the fact that d;¢ = 0, and that, by |22, Formula (A8)],
(3.6) (O +v-Va) fu = (O +v- Vo) (f = K)L{f5ny

we have that
1d
*7// ‘(¢fn)(t»$7v)|2dxdv—// f2lv- V| dxdo
2 dt B, 1425 X By B, 1425 X By
1d

C
> o< o f)(t 2,0 2dxdv—i// f2dz do.
sa il AL = s,

Now we focus on the term I;. By symmetry of the involved kernel K, we can simply restrict on
the subcase when f(t,z,v) > f(t,z,w) (up to exchange the roles of v and w), and thus we simply
use that

(f(tmc,v) - f(tmc,w)) ((¢2f5)(t,$, U) - (¢2fn)(t7x7w))
= ((f(t,:z:,v) - "{) - (f(t7$7w) - KJ)) ((¢2fﬁ)(t7$7v) - (¢2fm)(t"raw))

(fﬁ(t,x,v) - f,{(t,:mw))
S X ((¢2fm)(t,x,v) — (¢2f,€)(t,x,w)) if f(t,x,v) > f(t,z,w) > kK,
- (f(t,a:,v)—/Q)(gi)Qf,@)(t,x,v) if f(t,z,v) >k > f(t,z,w),
0 if k> f(t,z,v) > f(t,z,w),

2 ((d)fﬁ)(t,l‘,v) - (¢fﬁ)(t7x7w))2 - fﬁ(t7x7v)fl'€(t7x’w) (d)(x’ U) - ¢(x7w))27

which, in turn, yields the bound

L > /B E(&f . bf) da

-4 /J;T1+2s //BTXBT fﬁ(t’ . U)f,; (t’ s w) (d)(x U) — ¢(I’ 'LU))2 dw dv dz

3
|’U _ w|n+23

2
(3.8) — A/ // (9 f,{)(t,xw)n]:,;(st,x,w) dw dv dx
B, 1+2s X (R™\B,.) |U - ’LU‘ )

C
> . c )
> /Brlmswfmfﬁ)dx — I L fws

2
- C/ // @l U)ffg(t’ L) gy dvdz,
B,142s J B.x(R"\B,) |v — w|nt2s

where in the last line we have used that, up to exchanging the roles of v and w, we can assume
that f.(t,z,v) > fx(t,xz,w), so that

I

(3.7)

-~ 2
//BTXBT Tt z,v) fi(t, 2, w) ((b(ac',vv)_ wﬁ(fz’sw)) dw dv

c dw
3.9 < —— = 2(t / ———— | d
o < G ), f'ﬂ(’”f’”’( Bar) v—w|ﬂ2<ls>> ’

c
S (7. —p 2(1+42s) /B
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Comblnlng and ( with ( . yields
// Of0OP drdv s [ E(65 08 de
2 dt B 1425 X B, 1+2s

2fo)(t w(
< C/ ﬂ (b f )( 7x7v)n]:_2(gﬂxﬂw) dwdvdx
Br1+25 TX(R"\BT) |U - 'LU| ’

C
+—° f,fdvdx—kc// h f. dz do.
(T - P)2(1+25) \\//37.1+23 X By B,142s XBs "

After integration in time and manipulations precisely as in |41, Lemma 2.2], via the ellipticity of
the kernel in @,, and since £ < x, we eventually arrive at

2
ﬁ[ f2dz+]§§[ / (nlt, x‘vvi wf:j;(ix ) 4 d
2 fo)(t «(t,
(3.10) ]%[ /n\B (¢ 1) " —xq;|)v£2( 2 4 ds

+ =) 2(1+25) ]%[ fidz+c ]%[ hy f dz.
Qry

r+p

In order to conclude, it remains to estimate the nonlocal contribution and the contribution given
by the source term. Let us first note that, for any v € B,.Nsupp(¢) C B(,1p)/2 and any w € R"™\ B,
it holds

I R
v —wl [|w] = o] r—p T r—p
Moreover, on {f > k} we also have that
— )2
Oﬁf—né(f ) Vi < k.
k=1

Therefore, we can estimate the tail term on the right-hand side of (3.10)) as follows
o)t rlt
]%[ / (1)t 2 0) fult,w) |
n |v — w|nt2s
S m % f,{ t X 'U) Tall(f,{7 ’r’)
c

(T _ p)n+25(lﬁl _ f) 7[/‘{] Tall(ffw BT)‘H’fE”%z(BT) dz dt.

T

Now, considering p > p., with p, as in (3.1), we apply Holder’s Inequality in (¢, z) with expo-
nents p and p’, obtaining

(3.11) 7§[ Tail(fo: B e 32, dwdt < §Tail(fe: B oo (7%] Wrell2% dmdt)

Define now

==

» N,
(3.12) o = % = 23; (0,1).
Using (3.2)), we compute
1 1 1 0 1-6
(3.13) L_1_ 1 _6,1-96

2p’ 2 2p qa 2
Then, by (3.13) and the standard mequahty 9]l z2nr < N19/1%a 19l 727, we obtain

(310 (ﬁz M||L23)dxdt) (fF sty aeat) = (fff ac)™

Combining (3 and , upon applying Young’s Inequality with exponent 1/6 and 1/(1—86),
for any 5 > 0, we obtain

28 1-6
T Bl (f #lt acat)© (fff s2ac)
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2 1
& 1t Tail(fe; By)llo )\ 7 2
(3.15) < B <7§[ Hfel| % dxdt> +c( : frdz,
g, ) (r = p)" 2 (s = 1) e
where ¢ = ¢(n, s, A, 8,p) > 0.
Finally, noting that by (3.12)) and (1.10]) we have

r_ p
1-0  p—p.
we can conclude the proof of (3.4) by combining (3.15]) into (3.10]). O

3.2. Hypoelliptic gain of integrability in (¢,z). This section is devoted to the proof of the
local gain used in the De Giorgi iteration argument in Theorem In order to prove forthcoming
Theorem [3.1] - we localize the upper truncation (f — /*6) and apply a Kato inequality to the resulting
equation. The local commutator is treated as an L?  H, ® source term, whereas the exterior contri-
bution retains the form of the tail Tail((f — ¢)+; B )(t x) multiplied by the velocity superlevel set.
We then apply the mixed-norm estimates for the fractional Kolmogorov fundamental solution and
estimate the contribution generated by h in L°° so that it is absorbed into the truncation level by
a shift A . (r); combining all these estimates will finally yield the estimate below.

Theorem 3.1 (Local gain in integrability). Let Q; C R*2" let s € (0,1). Let p > p* and q >
Ng/(2s), with p. given in (3.1) and Ny given in (1.8). For any r > 0 and any k € R define

1 1
Q- N{f>K}H\" "
(3.16) Mnlr) = caeluecan (1L 7
for some cy = co(n,s,A,q) > 0 and 6 := 1(q+ Ns/(2s)).
Assume that f € W(Q1) is a weak subsolution to (L.1) in Q1. Then, for any % <p<r<l,
any B >0 and any 0 < £ < k it holds

2

(7%7 HF =8 = A (1) 4|72 5,y da dt)

s(r_;(%)]%(f dz+ﬂ(7§[++f 04 dxdt)

ft,z,v) = K)y = (f(tz,w) — k)4)°
7" _ 2(1+25) ‘%[ / |’U _ w|n+2s dwdz

HTall(er,B;)”LP(Ul e Y
+C< (r — p)"+25(k — 0) ) ]%[ S

"

where qq is given in (3.1), D is defined in (3.3)), and ¢ = ¢(n,s,A,p,q,53) > 0.

Proof. Fix 1/2 < p < r < 1 such that Q, C Q, and, for o := (r + p)/2, define two cut-off
functions: ¢ € C°(By1+2: X By) such that 0 < ¢ <1, ¢ =1 on Bpit2s X B,

(3.17)

c

C
|V,0| < m and |v-Vy¢| < m7

for some universal constant ¢ > 0.
For any € > 0, let . € C2°((—0** 0]) be such that 0 < 7. < 1, 5. = 1 on [—p?*, —¢]. Moreover,
once denoted with p.(t) := 11—, o) (t)n.(t) we get that pu. <0 and

C
/
igrgllm — ||z < (r— pyies < 0o.

With this bit of notation we divide the proof into several steps.

Step 1 - The localized equation. Consider the function g := n.¢f., where fx := (f — k)+. By
weak chain-rule, in the sense of distribution, such an auxiliary function g satisfies

(81& +v- vz)g = fn(at +v- vz)(nsfb) + n5¢(at +v- vz)fn
fn(at +v- vz)(na(b) + n€¢]]-QUﬂ{f>ﬁ}(8t +v- vI)(f - ’%)
fn((né - ME)¢ + Nev - V!L’(b) + 775¢1Qgﬁ{f>n}£v(f - KJ) + n€¢h+]1Q<,ﬂ{f>n} )

IN
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where we have used (3.6]), the sign of p. and the fact that f is a weak subsolution of (|L.1J).
Now, we employ the integration by parts formula for the diffusion operator L,:

(3.18) Lo((f=r)p) = L(f —K)+ (f = K)Lod +I(f — 5, ),
where Z(+, ) is a reminder term given by
(319) I = k)0 = [ (F0) = ) (60) ~ 6w)) K t.,v,w)du,

together with the Kato inequality (see, e.g., [5])
Lio>1 L, @ < L,Dy.
Then, since 7. depends only on time, and give
NedlipsnyLo(f —K) = LipsryLomed(f — 8)] = ne(f = K)Lo@Lpory = mL(f — Ky @)L popy

< Log+nelypsiy(v) /Rn fﬁ(t,x,w)(qﬁ(m‘,v) - (b(x,w))K(t,x,v,w) dw.

Indeed, on {f > x}, in view of (3.18) and (3.19), we have £, @} — L, @ = ne [p, ¢(w)(f(w) —
k) K dw with © :=n.¢(f — k), and it exactly compensates the replacement of f( ) — k by fe(w)
in the commutator, the difference between the two sides being n.¢(v f]Rn _Kdw >0, and
outside {f > }, the left-hand side is zero, while the right-hand one is Evg( ) > 0 being g(v) =0
there.
We now split the last integral into B, and R™ \ B,.. Adding (—A,)*g to both sides, we obtain

(O +v-Vai)g+ (=A,)°g < fn((né — 1) +nev - quﬁ) + (Lo + (—Ay)%)g
(3.20) +n:1lp, (v)/B fet,z,w)(p(x,v) — ¢(x, w))K(t, z,v, w) dw
+ FT + Fh )

where in the last line we denote with
Fr = 775(;5]1{]5,@}(1))/ fet, 2, w)K (¢, z,v,w) dw,
R™\ B,
and Fh = n5¢h+]l{f>ﬁ}.
Let us justify the presence of the indicator 1g (v) in the local term of (3.20). For v ¢ B, one
has ¢(x,v) = 0, so the discarded local contribution equals —n-11¢s .} fBr fu(w)o(z,w)K dw < 0;

on {f < k}, where the transport term of g vanishes by (3.6) and g(v) = 0, inequality (3.20]) holds
directly since

£,00)+n15,0) [ 1)@ 0K dw = n.o(@0) [ fdos [ gtw)Kdw=o.

Rn \Br

We remark that the local integral in B, (v) appearing in (3.20) is understood in the duality
sense. Indeed, as in |22 Lemma 4.11], by pairing with £ € H*(R"™), truncating the singularity and
symmetrizing in (v, w), it is represented by

5L [0t — ) + et w) - gt )]
x (¢p(z,v) — ¢z, w)) K(t, ,v, w) dw dv.
Hence, Holder’s Inequality and the Lipschitz bound on ¢ give

<775113 / fuw ¢<w>>K<-,w>dw,£>

(3.21) H-sH*

S (”(fn(t , )2,y + [(folts 2 ) e 8,)) 1€l e @n)-
By a similar duality argument the remaining nonlocal operators satisfy

(3.22) (Lo + (=A)*)gllm—<@n) < cllgllus@n-
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All in all, we proved that the sum of the first three terms on the right-hand side of (3.20)) belongs
to LQ(UT,H *(R™)) and can be written as Hy + (—A,)? Hy, where Hy, H; € L*(U, x R™) vanish
outside U, in the (¢, z)-variables. The preceding estimates (3.21]) and (3.22)) give

o (/// |H0|2dz+/// |H1|2dz>
T U, xR™ U, xR™
2
9 (fu(t,z,v) — fu(t,z,w))
(3.23) < = 2(1+2s) ]%[ fz dz—|— 5729) ]%[ / v — w[n s dwdz

t,:r,v) —g(t,x,w))
dwdz.
Fl fL R

Now, we estimate the fractional norm of g in the right-hand side of (3.23]). For this, we split

t —g(t 2 t —g(t 2
// (9(t,z,0) g(+72x,w)) dwde = // (9(t,2,v) 9(+,29:7w)) dw do
n xR" [v — w[rt2s B, x B, v — w[+2s

2
t
=y TbD0) g, g,
By x(R"\B,) [0 — w["T2s

Moreover since, g = n:¢ f,, if v € supp(¢) C B, and w € R™ \ B, then

|w]

(3.24) <141 el c

—wl = ful— r—p S r—p

since 1/2 < p<r <1

Thus, since g(¢,x,-) is supported in B, and |[v —w| > r — o = (r — p)/2 for every v € B,
and w € R"\ B,, we get

2t
// Lx’igdwdv < %/ g2 dv,
By, x(R™\B,) [0 — w["F2s (r=p)* /g,

On the other hand, by the identity
Fe(@)p(v) = fu(w)p(w) = fiu(v)($(v) = d(w)) + G(w)(fi(v) = ful(w))

we obtain

(9(t,z,v) — g(t, 2, w))? fat, @, v)(6(z,v) — ¢z, w))
[ e < e o~ e
—I—C[/ (f&(taxav) _fn(taxaw))z dw dw
B,xB

|’U _w‘n+25
¢ 2
< m f,i(t“'ﬂ,’l))dv

(fult,x v) fe(t,z,w))?
+c//B " [ — w|+es dwdv,
upon proceedmg as in . Therefore,

_ 2
f][ ﬂ t .CL',U) gn(f_;:f’w)) d'lU dZ
|Br| Mo, Jrn xgn v — w2
9 (fu(t,2,v) — fu(t,z,w))?
=7 2(1+25) ]%[ fz dz—l—c]%[ / o — w2 dwdz

All in all, by combining (|3 with (| we finally arrive at

(3. 26
(/// |H0\2dz+/// |H1|2dz)
U, xRm™ U, xR"
9 (fu(t,x,v) — fu(t, z, w))2
o i, et g [, e dwde

Step 2 - Tuail estimate. Now, we establish an estimate on the tail term Fp. For any ¢ < &,
letting fy := (f — €)+, by (3.24), we can recenter the kernel into the origin so that, by ellipticity

(3.25)

IA
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of K, we get

c .
(327) 0 S FT(t7x,'U) S WTall(fg;Br)(t7x)]l{f(tyz,v)>n}.

Since (f —€)+ > k —Lon {f > k}, for a.e. (t,z) € U,, we obtain the following Chebychev’s
Inequality

P
el (B,
(3.28) <][ Lif(ta0)>n} dv) < T(e)
B,
Define now
2Py
A= 22 1e0,1).
p
By (3.1) and (3.2), we introduce the parameter m, for which it holds
11 1 A 1-)A
m  aq P qa 2

Applying, in order, Holder’s Inequality with 1/aq = 1/m + 1/p and the interpolation inequal-
ity [[9[lLm < 1] 2aall®ll 72", we have

1

) ay ag
25 (7%% HFT||L2(BT) dx dt)
: N
(r_p)n+25(h:_€) ﬁ{] al(f@) 7‘) HffH[ﬁ(BT) xT
ct Tail(fe; B) || Lru,)

(7‘ _ p)n+2s

clt Tail(fe; Br)l Lo A :
(’F —p):;JrQs L_(U) (7[/[ er”Lz(B )dxdt) (ﬁr f£2 dZ)

Lastly, we apply Young’s Inequality with 1/\ and 1/(1 — A), for every 8 > 0, in the previous
inequality, to get

2

(ﬁ[ HFrll 5% s dxdt) -

(3.29) .
W (e Tail(f; Bl s,y \ T
< qa
>~ /6 (%fUT Hfé||L2(BT) dxdt) + ( (T—p)n+2s(ﬁj— ﬁ fe dZ
where ¢ = ¢(n, s, A, 5,p) > 0 and we have also used that ﬁ = ﬁ_ﬁp* )

Step 8 - Comparison and potential estimates. We now apply the higher integrability properties
given by the kinetic semigroup (2.6). Indeed, upon extending the right-hand side to zero outside

the support of the cut-off in (3.20f), we consider the solution G to the following problem
(3:30) (0 +v- V)G + (=A,)*G = Hy+ (—A):Hy+ Pr+ F,  in (—0%,00) x R?",

G(—o*,z,v) =0 on {—oc*} x R?",
where Hy, Hj are the representation via duality introduced in ) and (| -

Note that such a solution G' does exist via convolution with the fundamental solution in (3.20).
Moreover, once we define

(3.31) Gioc = P(Hi+ (—Ay)2Hy), Gr := PFr and Gy = PF,,

then the maximum principle for the Cauchy problem (3.30) — see, e.g., [22, Lemma A.12] — applied
to the function g — G gives

(332) 0 S g S G:Gloc+GT+Gh.
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Hence, applying Corollary together with (3.26]), implies

C
(f} HGIOC” dm dt) S m ﬁ fs dz
(3.33)

(fult,z,v) — fult,z,w))?
(r — 2(1+2s) ]%[ / v — w[nt2s dw dz.

As for the term involving the tail, using first Corollary - i) combined with (3.29), we get

1
(7%] $Gr 1%, da dt)

. v (cHTail(f; By :
i Tail(fe; B,) || Lo, \ 77
(]5[ Hfé| dxdt) + (C (r ilp):;ﬂs(ﬂi(g[; )> o, feQ dz.

Now, we are left to estimate the source term in G},. For this, we set

1 N, N, 1 1
0 = + == Ry Z_Z>0.
2((] ) 28< <% 0 q>0

Holder’s Inequality in the definition of PFj, gives

PE(2)] < (/

Since, by the scaling relation (2.4) and Proposition [2.1] (i), we have that

HPtHLG/(Rzn) < Ct_n(l—‘r%)(l_ﬁ)a

2s

ry
1%y g dt) (Y RN

we obtain
2s 2s

/ HPtHLe’ L (R27) dt < C/ i dr < +00,
0 0

where we also used the fact that § > N,/(2s).
Therefore, since F}, = 1n.¢hy1{s~y, applying Holder’s Inequality once more gives

. R\
(3.35) 1Glle < el oo (W) .

Now, we choose ¢ in the definition of A, . (7) in (3.16]) so that the right-hand side of (3.35)) is at
most Ap (7). Then, since g = n.(f — k)4 on Q,, the comparison in (3.32) gives

(336) (ns(f - F';)+ - )‘h,ﬁ(/r)>+ S |Gloc| + GT on Qp>

and we note that (n:(f — &)+ — Mnw(r)) | = (f — K = Anu(r))+ a.e. as e goes to 0.
We first combine (3.33) with (3.34)), and then we let € | 0, via Fatou’s Lemma, since the constants
above are independent of e. This yields the desired (3.17)). O

3.3. Proof of the L?-L> estimate. This section is devoted to the proof of Theorem We begin
establishing two auxiliary results that will be its building blocks. In order to make the forthcommg
computations less heavy, we introduce some further notation that will be also adopted throughout
the proof of Theorem

First of all, for any r > 0 and any k € R we define

o —li 2 tCL' ’U )+—(f(t7x,w)—/<;)+)2 wdz
(3.37)  Epn(r) = ]%[ 24 +]§§[ / i dwdz,

and

|Qr(20) N {f > "{}‘
Q|
The first auxiliary result is a nonlinear recurrence estimate that will be coupled with (3.17) in
order to build the proper iteration scheme that will lead to (1.13]).

(3.38) At (k, z0,7) = with A1 (k,0,7) = AT (k, 7).
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Lemma 3.2. Let Q1 C RY2" and p* be defined in , P > p«, P defined in and g being
the exponent associated to p in ([2.20). For any r > 0 and k € R let A (1) be defined in ([3.16).
Assume that f € W(Q1) is a weak subsolution to in Q1. Then, for any % <p<r<1and
any 0 < ¢ < kK it holds

]%[ (f — & — Apn(r)2 dz

' c& k\T 12:775
(3.39) < (r_pf)g(sblzs)(f“(m)) :

HTaﬂ(ﬁHB%)”L”(Ul) ’ + - 2
+ C< (k —0)(r — p)n+2s ) (A (K,T)) ]%[ (f =07 dz,

T

where Ny is given in (1.8) and ¢ = ¢(n, s, A, p) > 0.

Proof. The initial part of the proof follows the localization and comparison properties established
in Theorem [3.1} see respectively Step 1 and Step 3 there.
For any r > 0 and k € R, let Ap () be given in (3.16). We recall that, by (3.36]), we have that

(340) (nafn - /\h,m(r))-‘r < |Gloc| + GT on Qp7
where Gio. and Gr are defined in (3.31), and 7. is the time cut-off introduced in the proof of
Theorem [B.1]

Let p be given in (3.3)), g5 being the one in in (2.20)) associated with p and gy = 2N,/(Ns — 2s).
By Holder’s Inequality, the estimate in (3.40) yields

]%[ (-fis = Ans(r)idz < ¢ (]% |Groc| ™ dZ)qo (A+(n7r))%

(3.41) v g .

e (]%[ |G| dz) T A )

T

since, by (2.19), g5 > 2 being p in (3.3)) greater than p., and where A" (k,r) is given in (3.38).
We now estimate separately all the different contributions in the right-hand side of (3.41]).

We begin estimating the quantity involving Gyo.. For this, we apply Lemma and (3.26), so that,
recalling the definition of & ,.(r) in (3.37), we get

S \® c&rx(r)
(3.42) <]§§[7.|Gloc|q dZ) < (= p)2(1429)

Now, we give an estimate for the tail of fy that will control the term Gr in (3.41). Let p be
given in (3.3) and let gz and az be the associated exponents in (2.19). Since az = 2p/(p + 2) we

have that
1 1

1
aﬁ 2 ]3
Hence, by Holder’s Inequality, (3.27) and (3.28) we get

1
25 <]§€ WFr)|55 ) d dt> ;

C

(3.43) < = o) (k= D) <]%JT Tail( fo; BT)%Hﬂ”i%(BT) dx dt)

1

cft Tail(fe; Br)l Lo (v, 2
S T () (J%[ R dz)

Thus, Corollary (éi7) applied with p — which by (3.3]) is admissible being greater than p,
in (3.1) — combined with ([3.43)) gives

" i # Tail(f1; Bo)llreoy) ’ )
(3.44) (]%[ ferl dz) < c( (= o) 2 (s — 0) ) o

2
= "‘
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All in all, combining (3.42) and ([3.44)) into (3.41)), and letting € — 0T, Fatou’s Lemma yields the
desired estimate in (3.39)). O

Now, we prove a precise estimate on the source contribution appearing in the energy esti-
mate (3.4). This will be a fundamental part when building the iteration procedure needed for
the forthcoming proof of Theorem

Proposition 3.1. Let Q1 C R'2". Let p > p., with p. given in [B3.1)), q, being the parameter
in (2.20)) associated with p and q > Ng/(2s), with Ny given in (1.8)). Assume that f € W(Q1) is a
weak subsolution to (1)) in Q1. Then, for any 3 <p <r <1, anye € (0,1] and any 0 < £ < &, it

holds
]§§[ he(f — #)s dz
Qp

ctth 2q Y 2 1+§i i
(3.45) < €& u(r) + m (% (f)+dz>
Qr

6(7" _ p)2(n+25)

+CHTaﬂ(f+;B%)||LP(U1)Hh+|ILq(Ql) (]%[ (fF-0% )32;
Q- ’

(7“ _ p)2(n+25)

where ¢ = ¢(n, s, A, p) > 0.
Proof. In view of (3.32), we have that
(346) Nefr < |Gloc| +Gr+Gp on Qp )

where Gioe, Gr and Gy, are defined in (3.31) and 7. is the time cut-off defined in the proof of
Theorem Below, we estimate separately all the different term in the right hand-side of (3.46)).

By applying Holder’s Inequality three times, firstly with ¢ and ¢/(¢ — 1), then with 2 and 2 and
lastly with Ng(q—1)/(q(Ns —2s)) and Ng(g—1)/(2sg— Ns), since 2q/(¢—1) < qo := 2N /(Ng—2s)
being g > N,/(2s), we obtain

—1

. _2q_ (127’4
* (]%[ ]l{f>f~i}|GIOC|(’71 dz)
Qr

1

where A(k,r) is given in (3.38).

Thus, by combining (3.42) and (3.47) with Young’s Inequality, and recalling the definition
of & (-) in (3.37), we obtain that, for any ¢ > 0, it holds

]%[ h+]1{f>,€} |G10C| dz
Qp
2s

CHh+||2Lq(Q ) f? I
< . _ e LA ,
< e€pu(r) + e(r — p)2(+2s) (]%{21 (k — 0)2 Z>

for some ¢ = ¢(n, s, A) > 0 and where we have used that

=

]%[ hilismylGrocldz < cthyllLagqu) (AT (5,7))
(3.47)

Q=

lJr s
< efthillpaqy) (At (s, 7)) s

(3.48)

Qo

2
(3.49) 1< (/@Jieé)z on {f > K}, for £ < k.
2N, 1 2s 1
Similarly, by L 2.3| with = that — — — = — lling that F} =
imilarly, by Lemma with ag N 1oy %O that - — o recalling that F,

Ne@ hyliss,y, we obtain that

(3.50) (%TGhl%dz);O < c(]%[rwhl“‘));” < C(]%[lh‘idz>;(A+(m,r)) TR

where we have applied Holder’s Inequality with exponents ¢/ag and ¢/(¢—ag), which are admissible
since ¢ > Ng/(2s); in the display above ¢ = ¢(n, s) > 0.

N
Q=
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Thus, by applying again Holder’s Inequality, first with ag and ¢ and then with ¢/ag and ¢/ (g—ay),
by (3.50) and (3.49)) we get
a5 m
C(]%[ hio]l{f>n} dz) (1[75/: |Gh|q° dz)
Qr Qr
2

]%[ hilipsny|Gnldz
Qp
3 2 R -3
() U, )

We are left with estimating the remaining tail term. For this, since p > p,, we apply Corol-
lary (i) obtaining
1 a1

1
q a a
(7%[ |G| dz) ! < c<]§[ HFTHL’;(BT)dxdt) ’
Qr U,

1
where, recalling (2.19), we have a, = 2p/(p + 2), so that — =

ap
Inequality in (¢,2) and (3.28)) yields

1
(ﬁ[ HFT||C£1;(BT)dxdt> E
U,
_c ]§[T'1B“ 1 d%pddt%
(r_p)nJrQS U al (f@a T) ][; {f(t,z,v)>r} AU X

r

IN

(3.51)

IN

for some ¢ = ¢(n, s) > 0.

+ Thus, (3.27)), Holder’s

1
5"

"=

IN

c a

T ) (7%] Tail(fo, Br) "} fell 75 5, 2 dt>

cH Tail(fe; Br)|| Lo, ( ft )é
< (’/‘ _ p)n+25 ]%[Qr (fi — 6)2 dz ’

where ¢ = ¢(n, s) > 0.
All in all, we have obtained that

0 Tail(fy; By)l| o 2 e
s (fff el a)” < ot a(ﬁ+p)n125 “”(]% )

Now, note that, by (2.19) and the definition of gy, we have

11,

dp 2~

IN

since p > p. = Ng/(2s).
Therefore, since ¢ > N;/(2s) > 2, its Holder conjugate ¢/(¢ — 1) < 2, by applying Hélder’s
Inequality twice, firstly with ¢ and ¢/(¢— 1) and then with g,(¢—1)/q and ¢,(¢—1)/(¢p(¢—1) — q),

we obtain
]% hilips>mylGrldz < <]§§[ hidz) <]§§é ]].{f>ﬁ}|GT|qqldz>

1 1_1_1 1
() () ()

Finally, by (3.53)), (3.52) and (3.49) we get

h+]1{f>n}|GT\ dz

r

(3.54)

ctt Tail(fy; By)llzr @yt llzec@n) 2 i
< dz .
(r—p)n+2s o, (K—10)2

The desired estimate ([3.45]) will then follow by combining (3.48]), (3.51) and (3.54) after letting & |
0, using Fatou’s Lemma, since all the constants in the above estimates are independent of ¢. O
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We are now in the position to prove of Theorem

Proof of Theorem[I.1 For every k € R, let f,, := (f — )+, and define for any j € N the following
sequences of radii and truncation levels

1 . o ks it
rj = 5(1 +277), k; = k(1-277) RK;:= BT R4 +2/€]+1 and 7= PR 2 +2T]+1.
In this way we have that r; | 1/2, k; T &, and
(355) /’%j —Kj = Kjt+1 — /@j = 27972 and T —Tjr1 = 2732,

Set now the following quantities,

2
o llzom ) N 2
(3.56) X o= %r dedt and Y; = ]%2” ?dz.
J J

We now divide the proof into several steps.

Step 1 - Energy estimate at the intermediate level. Let us assume that for a fixed § € (0,1], &
satisfies the following lower bound

(3.57) & 2 ot Tail(fo; Bi)llew) + cotths | La@u),

where ¢g > 1 is a fixed constant that will be chosen later on.
Now, recalling the definition of &z, (-) in (3.37). We claim that, for every 8 € (0,1), there
are cg > 1 and b > 1,with b independent of 3, such that

Er.r; (1) 2 cp b’ -2 yitia
R ) == AR A
where g, is the one in in (2.20) associated with p, and p is given by (3.1).
Indeed, fix
~ R
r; < p < R < r; and plzz%,

and apply Lemma [3.1] with &; > ; and p < p;.
Now, since p < p by (3.3)), applying Holder’s Inequality, together with (3.55)) and (3.57)), yields
HTail(fﬁj;Bp1)||Lﬁ(Upl) < g

(3.59) — < =

Choosing the parameter § := clﬁ(Rj p)2(1429) where B> 0and ¢; > 0 is sufficiently small, the
first term in (3.4) is then bounded by Sx2X;. Moreover, by (3.59) we obtain that there exists m =
m(n,s,p,px) > 1 and b > 1 such that

- % bj/-iQyj
(360) Ef,,gj (p) < ﬂli Xj + 5 + C][]z/[ h‘*‘ffcj dz.
(R—p)morrs Qe
We now estimate the source term on the right-hand side in (3.60) by relying on Proposi-
tion Indeed, we apply (3.45) with 1/2 < p1 < R <1, k; < K; and € > 0. This combined
with (3.56), (3.57) and (3-37) yields

c K27
B0 gt < ) s

<y;+12\’fz_3 +y;23_611_‘1110> ,
P11

where ¢ = ¢(n,s,A) >0, b> 1 and g, is the one given in (2.20).

Combining the inequality in the display above with (3.60), upon enlarging the constants ¢ >
0, m > 1 and b > 1 if necessary, yields that

~ cs b K2 1428 2 3.1 1
(3.62) Eri,(p) < €ri,(R)+ BRAX; + — (yj +Y T Y] )
(R — p)mdm=r=

Applying now Lemmato (3.62) with W(-) := Efz, (), 75, 15, B1 :=m,

b
615*17*

c/;bjm2 14252 3_1_1 -
Ay = (j))] —l—yj N q+yj ¢ qp), Ay ;= 0 and Az := ﬁFCQXj,
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gives
b]FLQ
Ern;,(7) < cBR2X; + &

1_;,_%_2 %_l_L
(yj+yj ° q_~_yj ! qp);
1-7 P*
for larger b > 1, since (r; — 7)™ = 2™U+3) for some universal ¢ > 0.
Choosing now 3 := B(7; —7j11)2(72%) /¢ for any § > 0 yields the desired estimate in (3.58), since
the inverse powers of 3 produced by Young’s Inequality are fixed powers of 27 and are therefore
absorbed into cgb’.

Step 2 - The coupled nonlinear recurrences. We now build the double recurrence. First of all, let
us begin noticing that, recalling the definition of A (&;,7;) in (3.38), by (3.55) and (3.56), we have

N 2 22(j+2) 2 242)
3.63 At (ki 7)) < ]%[ Y __dz < Tz < WDy,
(3.63) (A5 73) e Q] Jo, w2

where ¢ = ¢(n, s) > 0 since |Q,, ||QTJ| L' < ¢(n,s), for any j € N.
Therefore, by (3.16] -, we obtain that the condition

-

T4

Q:;\»—A

cofthillLa@nt’Y;

(3.64) <1 VjeN,

K
where N¢/(2s) < 0 < q and ¢y(n, s, A, q) > 1 is sufficiently large, and (3.63)) implies
(3.65) Ani; (T5) < Kjp1—hR; Vj€EN,

upon enlarging cg, if necessary.
Assume now that (3.64) and

(3.66) Y; <1 jeEN,

do hold. Then, by applying Theorem with rj41 < 7}, kj < K; we get that (3.65) and (3.58)
yield

Cgb

(3.67) Xisr < 0%+ 2V,

with

2s 23 1 1
a = mn<sl, 14+ ———- - ——-— }G 0,1].
{ Ny 4’2 q g ©.1]

On the other hand, by applying Lemma [3.2| with 7,10 < 711, kj11 < Kj41 we get that a
combination of Hélder’s Inequality, a similar estimate as in (3.63)), (3.65)) and (3.58)), gives

cb

(3.68) Vjy2 < [(X +ya)y§1 +yjy]+1 } )

upon sufficiently enlarging ¢ > 0 and b > 1, where g5 is the one in in (2.20) associated with p
in (3.3).
Step 8 Iteration: Let us begin noticing that in (3.16)), since 8 € (N,/(2s),q), 1/60 —1/q > 0. Also,

since ¢ > N;/(2s), by (1.9), we have that 1+ 4s/N; — 2/q > 1. Lastly, by (2.19)) and by (1.12)), we
have that

11 2s Ny
- = 2 >0,
2 g Ny Ngp
so that, by (1.9), we have
3 1 1 2s
s — > 1
2 9 g s

All in all, we obtain that

Now, letting b > 1 be the one appearing in (3.67) and (3.68]), we choose w € (0,1) sufficiently
small so that

(3.69) b (w”‘ vl +w5‘5) T b2 TR <
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and set

2
(3.70) op = bw* e (0,1), B := 70 and M = max 1, M ,
2 JO(()‘ﬁ*p*
where cg > 0 is the constant appearing in (3.67) (and it is fixed by the previous choice of f),

while ¢ > 0 is the one appearing in ([3.68]).
Finally choose ¢ € (0, 1) sufficiently small such that

s s 2 —_ = —_ = 2
gy 2maxlecs) e o O gq e} oo a-d W
T 2 )PP 2
Assuming that the initial conditions below are satisfied:
yl < Ew,
(372) yg S EwQ,
Xl S MEQO'Q
Then, for every j € N, it holds
(3.73) Vi < ew’ and X; < Me%a).
Indeed, let us assume that for j € N, it holds
y_] < €wja

Vis1 < ewdtl
X; < Mea).
Then, (3.64) (assuming (3.57)) holds with ¢g > 1 as in (3.64))) and (3.66) are verified. Moreover,
letting co being as in (3.64)), if colth 1| Le(q@,) < &, then, by (3.69) since e € (0,1), we get
1.1
cofth+llLaQn VY]
K

so (B:64) and both recurrences (3.67) and (3.68) hold true. Moreover, since (bw®)i = o, (3.67)

yields

Y <1

Q=

(bwé_

Q=

1_
fokd

)

+1
Me“o*

Xj+1 S ﬁMEaUg+ 9

< Mealtt,

since 8 = 0¢/2.

For Y;,2 we obtain via (3.68]), (3.69) and (3.71) that

Vies < ma;{f, cp} {(MJF1)5a+§—§(b2wa+§§)jw%+62—q&ﬁ(bwz—%)jw1_%}
< S oy S oy
< ewlt?
This proves , and in particular
(3.74) X;+Y; =0 asj— +oo.

We are thus left to show that initial conditions in (3.72)) are satisfied in order to start the iteration.

For this, recall that
Ko = 0, Ro = % and k = 2
0 sy Ko 1 1 5
Repeating now the proof of Lemma [3.1] with radii 7o and 1 and level 0 < Ko, and estimating the

exterior interaction before using the two-level inequality, gives

(3.75) Ermo(T0) < chfillizon +e (HTail(f%B%)HLp(Ul) +Hh+||Lq(Q1)) tfellzz@u) »

by the inclusions L% — LP" and L? — L7, since p > p, > 2 and ¢ > Ng/(2s) > 2.
Take now the source term G o in (3.32) at level Ky. By (3.35) and the Chebychev inequality

CHf—&-H%z(Ql)

(3.76) At (Ro,70) < e

)
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we obtain that

1
3.77 < —
( ) K - K K - 4’

2_2
IGhollz= cofth+llza(q) (Hf+|L2(Q1)>9 g

upon choosing & > cofthy ||La(@,) + cftf+ 2201y, i€ [|Gholle < K/4 = K1 — Fo.
We estimate now X;. For this, let Fr be the tail contribution at level ko and let

1 1 1 2
Bro=2(——2)=1+——2€(0,1].
ada P b« P
By Holder’s Inequality with 1/aq = 1/p + Br/2, (3.27) and (3.76)), since at < a, for a € [0,1],

we obtain

1
<7§[U W% 5, o dt>
70
BT
(3.78)

IN

1/Br 2
]].{f>,%0} d’l)) dx dt

A Tail(f4; Byl e o) ]%] (]{B

70

| $rellzon )
et Tail(f; By) ey Tk '

All in all, we can follow the proof Theorem with 79 < 1, R, with (3.78]) in place of (3.29)).
Then, since by (3.77) we obtain that A, s, (7o) < K1 — Ro, the energy estimate (3.75) together

with (3.17) and (3.57) yield

70

IN

(3.79) X< e l“ﬁ”%wn Welzen (Hf+||L2(Q1)>26T]'

K2 K K

Also, by Hélder’s Inequality we get

R

2
(3.80) Vi+Y < ¢ <Hf+””(@1)) .

Therefore, by choosing x such that
ko= atfllrzu) + cotthe ey + o4t Tail(f4; Bo)llrr ),

with ¢g = co(n,s,A,q) > 1 and ¢ = ¢1(e,w, M,d) > 1 sufficiently large so that ,
and hold. Let us remark that, via , and , c1 actually depends on n, s, A, p, q
and J.

Finally, by , since r; | 1/2 and k; T Kk, we obtain that f < k almost everywhere on Q%.
Then, the estimate in for general zy and r > 0 will follow by the change of variables of
Remark which gives the |vg|-dependence of the constant and the factor 2% in front of the
source term. (]

4. NONLOCAL STRONG HARNACK INEQUALITY

This section is devoted to the completion of the proof of the strong Harnack inequality in Theo-
rem

4.1. Proof of Theorem|[I.3] Let r and ¢ be given by the weak Harnack inequality in Theorem[2.2]
We assume that ¢ € (0,2). This is admissible, up to lowering ¢ via Holder’s Inequality, being |Q. |
finite.

Set 1/2 <o’ <o <1and z:=(—1+73%0,0) and for any 2; € Q,r,(20) it holds that

Q(c* (o—a)ro)? (Zl) - Qo’ro (ZO)

Indeed, by (2.34) in Lemma applied with radii ¢/ < o and center &;,,(20), upon applying
the dilation §,, — for which d,,(z 0 2') = §,4(2) 0 0, (2") and 6,,(Q+(2)) = Qrry(0r,(2)) — we
get Qro(e.(o—01)? (21) C Qory(20), and it suffices to note that (c.(o — o’)ro)? < ro(ci(o — 0'))”,
being 5> 1 and o < 1.
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Hence, applying the boundedness estimate in (T.13]) in Theorem [1.1{ with radius (c.(c — o’)rg)?,
and observing that Q(c, (s—o/)re) (21) € Qoro(20), We get

fz) = [(occ(f;ro}ﬁ <///czm(zo>f2dz>2
+a<7§§

for some By = Bo(n, s) > 0and z1 € Qurry(20)-

Now, we estimate the nonlocal term. For a.e. (t,2) € Uc, (0—o')rg) (21) C Uoro (=1 +13%,0,0),
the latter inclusion being the projection onto the drift variables of Q(c, (c—o/)ro)5(21) C Qor,(20),
we have that

p

Tail(f;B%(c*(o_U/)ro)ﬁ (Ul))p dx dt) s

(cx(c—al)rg)B (z1)

2s t,xr,w
[%(C*(U - 0’)7“0)5} / f(infz dw
RUANB YL (cu(o—atyrg)8 (V1) o= v
2s t,x,w
= {%(c* (o0 — U/)To)ﬁ} / f(iwr)% dw
Borg\BY (e, (s oyry5 (v1) lw — v1]

o] [ B g

n\BarO |’U} _ Ul‘n+25

2s "
<c esssupf+L/ ftzw)
R™\B

G (20) (0 — o/)n+2s o [w[n+2s
2

where we have used the fact that zo = (=14 75°,0,0), Qc.(o-0")r0)? (21) € Qoro(20) for any z €
QO"TO (Z0)7 o> % and that

B S S 1 B P P !
lw — 1] l[w| — |v1]| o—o

|w]

for any w € R™ \ By, and that 5> 1 and ry < 1.
Thus, we can estimate the p-contribution of the tail in velocity as follows,

P

(ﬁ[ Tail(f;B%(c*(Ufo.,)ro)g (Ul))p dl’ dt)
(ex(c—a’)rg)B (21)
(4.2)

3=

c .
< ¢ esssup f+ FOREEDLY (ﬁ[ Taﬂ(f;BTZO)dedt) ,
UTO(ZO)

ero(zo) (U—O’l)n+28+ vy P

where we have used that Q.. (o—o/)re)s(21) C Qory(20) C Qr(20), Whence U, (5—or)r)8(21) C
Uy, (—1+172%,0,0), together with

Ng

‘UT0| v _ T 2 < c
|U(c*(a—o’)r0)/3| B (C*(G - O'/)To)ﬁ N £xq % 7

(0—0a')7 1

for some ¢ = ¢(n, s,p) > 0.
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Then, combining (4.2) with (4.1), applying the interpolation inequality with parameters ¢, co
and 6 = (/2, we obtain

esssup f < 5 /// f?dz
QU""O (20) [(J - J Qaro(zo

4
+cé esssup f+ c = ]§[ Tail(f; Bro )P da dt
BNg TOT Uro (Zo) 2

T

Qorg(20) (0. s )n+25+
5) ¢ 1%
c <
< — 5 Ifl7 . sup f
(43) [(0' — 0'/)7'0}50 LC(QTO( 0)) Qa'r'o(zo)
5 P
+cd esssup f+ ¢ —G-n, <]§[ Tail(f;BTO)P dx dt)
QG'V‘O (20) (0. -0 )’ﬂ+28+5 d To P Uy (20)
c(d, p 2 —
( O”fHL,C(QTg( o)) + (c5+ C) esssup f
[(U -0 )TU] b Qorg(20)

1

() 75[ . g
4+ Tail(f; Bro )P da dt ,
(O’ — o")ﬂz ( Usg (20) ( 2 ) )

by also making use of an application of Young’s Inequality (with exponents 2/¢ and 2/(2 — ()),
where 81 = 51(n, s, A, () > 0 and B2 = B2(n,s,p) > 0.
Now, we choose the interpolation parameter ¢ € (0,1) such that

2 -
cd+ —— ¢ = e<1,
2
which together with (4.3]) yields

c ||fHL<(Q,O(zO))

esssup f < 3 + ¢ esssup f
Qorrg (z0) (U -0 ) ! Qorg(20)
c p
+ ]§[ Tail(f; Bro )P dzdt | .
(O’ — g/)ﬁz ( Uyg (20) 2
Now, notice that
(4.4) Y(r) := esssup f

Qrro(20)

is finite for every 7 € [1/2,1].
Thus, a final application of Lemma with ¥ as in , 0:= % r:=1, A1 :=¢c ”f”LC(QTO(zo))
and Az == cff Tail(f; Bro )|l e (v, (20)) ylelds

esssup f < C”f”LC(QTO(zo)) +c ]§[ Tail(f;B%g)P dx dt ;
Qro (20) Unrq (20)

which together with the weak Harnack inequality in Theorem [2.2] yields the desired strong Harnack
inequality in (1.14]) up to relabeling r¢/2 as rg. O

Remark 4.1. Still in theme of Harnack-type inequalities for kinetic equations and L?-L> estimates,
it is worth mentioning [34] in which amongst other results the author proves a strong Harnack
inequality and an L!-L> estimate (with no tail) for kinetic integral equations. In order to achieve
such results several conditions are imposed on the considered solutions and the author works under
a restricted class of nonnegative functions with L?-transport, conservation of mass and polynomial
decay in v; see Definition 1 there. The expected nonlocality issues are then partially annihilated by
the peculiar framework there, so that no tail contributions do appear both in ) and (| -
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5. ON THE SHARPNESS OF THE Liz TAIL SUMMABILITY THRESHOLD

This section is devoted to the construction of the counter-example in Theorem This is
close to the approach used in [29] for the stationary counterpart. However, the stationary bound
only involves the spatial volume £1*2%) and leads to the exponent n(1 + 2s)/(2s). In the con-
struction below, the time localization contributes the additional factor £2°. This gives the drift
dimension Nyq = 25 + n(1 + 2s) and the threshold 1+ n(1 + 2s)/(2s).

5.1. The Dirichlet problem and the kinetic semigroup. Our aim is to prove some properties
of the fundamental solution associated to the fractional Kolmogorov equation on a domain D C R?",
that will be employed later on to build the family {f.} in Theorem

Let (2, F,P) be a probability space carrying a rotationally symmetric 2s-stable process X =
{Xt}t >0 in R™.

We choose a cadlag modification of the process, which exists for a stochastically continuous
process with independent and stationary increments; see, e. g., [39, Chapter 2 and the discussion
following Formula (2.3)]. On the completed probability space, there is a single measurable null
set N outside which all its paths are cadlag and Xy = 0. After setting the whole path equal to zero
on N, for every w € =, we have that

(i) Xo(w) = 0;

(ii) t — X(w) is right-continuous;
(i) lim,_,;- X ,(w) exists and is finite for every ¢ > 0.

For every point (z,v) € R?", consider now the kinetic trajectory (z,v) € R?" as
Zgw,v)(w) = (x —tv — /t X (w)dr,v+ Xt(w)> fort > 0,
0
and, for any D C R?", we define its first exit time from D by
Tg’v) := inf {7’ >0:2E) ¢ D} ,

with the convention inf @ = +oo.
We denote with PP the density associated to ng’v), killed outside D (see, e.g., |29, Section 2]).
For every Borel set A C D, t > 0 and (z,v) € D, it holds

(5.1) P ({t < rg“’*”),z?’“) € A}) = // PP (z,v;y,w) dy dw.
A

Proceeding similarly as in Section [2| we therefore can define the kinetic semigroup associated
with the fractional Kolmogorov equation in D as

b = D T, v, w w w.
(5.2) SPf(r,v) = //D PP (2, v;y, w)g(y, w) dy d

For any g € L?(D), we obtain that the function
t

fPDg(t,Z‘,U) = / [8279]($,U) dr

—00
is the solution of

Of+v-Vof +(=A,)°f =g imRxD,
f =0 inRx (R?"\D).

In order to prove Theorem we will employ several properties of PP which we are going to
establish.

First of all, we note that for any two bounded open sets D C D’ C R2", every Borel set A C D,
every t > 0, and every (x,v) € D, one has

(5.3) 0 < // PP (z,v;y,w)dydw < // PP (z,v;y, w)dydw < //Pt(x—y—tw,v—w)dydw,
A A A

where P, is the fundamental solution in (2.4); see, e. g., |29, Formula (2.4)].
Next, for r > 0, we define the phase dilation

8%z, v) == (r'T %z, rv).
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Then, PP satisfies the following scaling property for (0,0) € D

59 (D)
(5.4) P2.,(0,0;" 2y, cw) = e 2P E (0, 0;y,w).

Here t,e > 0, the initial point (z,v) belongs to 69 /E(D), and the identity holds for almost every final
point (y,w) in that domain; see, e. g., [29, Formula (2.5)].

Now, as consequence of (5.3)) we also deduce an almost everywhere control of PP in terms of P;.
Proposition 5.1. Fort >0, (z,v) € D,

PP (z,v;y,w) < Pz —y—tw,v—w) fora.e (y,w)eD.
Moreover, for each fized t > 0, this inequality holds for almost every (x,v,y,w) € D x D.
Proof. Let us fix t > 0 and (z,v) € D. Define
Ft(yaw) = Pg)(%véva) _Pt(x_y_twav_w)v

and, for every m € N, let

A 1= { ) € D2 i) = 1

We apply (5.3) on A,,, so that recalling the definition of A,, gives

[Am] < // Fy(y,w)dydw < 0.
m A

m

Then, |A,,| = 0 for any m € N. Hence, since

+oo
{(w) €D Fly.w) > 04| < 3 [Au] =0,

m=1
we have that Fi(y,w) < 0a.e. on D. This gives the first assertion. By joint measurability the set
where the inequality fails is measurable in D x D. Its section in (y,w) has measure zero for every
fixed (z,v). Tonelli’s theorem applied to its indicator therefore gives product measure zero, proving
the last assertion. O

Lastly, we establish a lower estimate for P2*52 on a sufficiently small subdomain.

Lemma 5.1. There exist T € (0,1], depending only on n and s, such that

1
5.5 inf pB2xB2 : dydw > =.
(5.5) (t,as,v)e[T/éll,IIl“]xBTl(ixBﬁ //legl / (z, vy, w)dydw > 3

Proof. For T' > 0, consider the event Ep € F given by

1
Er = qweE: sup | Xi(w)|<-7.
te[0,T] 4

For any m € N| let
1
T, = —.
m
Since the trajectories are right-continuous at t = 0 and X = 0, for every w € = there exists ,, > 0
such that

1
| X (w)| < 3 for every t € [0,4,,).

Consequently, for every w € Z there exists m(w) € N such that w € Ep, for every m > m(w).
It follows that
lim 1p, (W) =1 YweZ,

m——+oo

and, by the Dominated Convergence Theorem, we obtain

lim ]P(ETM) = 1.

m——+oo

Therefore, we choose mg € N such that

IP(ETWO) >

N —
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and set T := T, = m%) € (0,1].

We remark that, since the probability law of the normalized rotationally symmetric 2s-stable
process is determined by n and s, the probabilities P(E7, ), and therefore the choice of mgy and T,
depend only on n and s.

Let now (z,v) € B% X B% and assume that the event Ep occurs. For every ¢ € [0, T}, since T <
1, we have

3

t
v+ X (w)| < > and x—tv—/ X, (w)ydr| < =.
16 o 8

Thus, on E7, we have that Zt(z’v) € By x B.s, for every t € (0,77, and in particular Zt(w’v) does
not leave By X Bg before time T'.

Let us verify now that the trajectory does not exit By X Bs at time T either. Since the map ¢ —
Zt(x’v) (w) is right-continuous and Z;Lv)(w) € Bz x B, there exists £, > 0 such that

Zt(w’”) (w) € By x By forevery t € [T, T +¢,),

Therefore, for every t € [T/4,T],
(5.6) Br ¢ {t<tiy, 20 e Bux B}
By (5.1) and (5.6), we conclude that

// PP (1, 0,y w) dydw = P ({t < TS Vp 25 € By x Bl})
By x By

1
> P(Er) > 7
for every (t,2,v) € [T'/4,T] x B1 x B . Thus, the desired (5.5) follows. O

The following properties of the semigroup 8P hold true.

Proposition 5.2. The following properties hold true:
(i) For any g € L>=(D), we have that

IN

187 gl 2o (p) g9l (D)-

(ii) For any g € L'(D), we have that

IN

”S?QHLl(D) ||g||L1(D)-

Proof. The case t = 0 follows by defining 8T as the identity. Fix t > 0. Nonnegativity of the kernel
gives
8Pg| < SPlgl-

For g € L=(D), by (5.3),
8P g(,v)]

IN

19l =) // PP (2, v:y, w) dy duw
D

< lgllz= //}Rz Pz —y —tw,v —w)dydw = ||g]| L= (D).
where in the last equality we used the change of variables X = x — y — tw and V = v — w and

Proposition (iii). This proves (i).
For (i), the joint almost everywhere comparison in Proposition gives, for almost every (y, w),

ﬂPtD(x7v;yaw)dxdv < // Py(r —y —tw,v —w)drdv = 1.
D R27

By Fubini-Tonelli’s Theorem, we this obtain

12010y <[] latwol (] PG vsp ) dod) dyo
D D

// l9(y, w)| dy dw.

D

A

IN
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5.2. Construction of the family {f.}. In this section we provide the explicit construction of the

function f.. Fix once and for all two cut-off functions

n€ Cr(By) and 1 € C*(B1(3ey)),

1
3
such that

n=1 1in By, 0 < ny <1, / Y(w) dw > 0.

For every ¢ € (0,1), define

@) = (o), and B(@0) = n@)v).
Since supp ) € B (3ey), one has

dist(supp v, Bg) > 0, suppvy C R™\ Bs.

Thus S vanishes in a neighborhood of every point of By x Bs.
For (z,v) € By x Bo, set

(5.7) ge(2,v) = —(=Ay)"Be(z,0).

Since v vanishes in a neighborhood of By, the preceding formula gives

gg(x,v) = Cn,sne(x)/ dj(w)

mdw for (l‘,U) S B2 X BQ.
R" -

In particular, there exists two constants 0 < ¢; < co, depending only on n, s and v, such that

(58) Cl]]‘BEl+2s><BQ < g < 02]]-3251+25><Bg in By x B,
and, consequently,

(5.9) 19l e By < ¢ and Nlgellpipynp,y < c"UF

Now, let T' € (0,1] be the constant given by Lemma Consider
a € Cl((=2T,-T/4)),

such that
a =1 on[-T,-T/2] and 0 < a < 1.
For € € (0,1) define

Define
(5.10) be(t,z,v) = ac(t)Be(x,v) in R
and, for z = (z,v) € By X Ba, let

t
(5.11) w (t,x,v) = / as(T) [SFETXBZ%] (z)dr,
extended to zero in R x (R?*"\ (B2 x By)). Let

(5.12) fo = be+w™ in R*T?",

Proposition 5.3. Let Q := (—2,1/2) X By X By. Then, there exists €9 € (0,1), depending only
onn and s, such that, for every e € (0,e9), the function f. given in is a globally nonnegative
weak solution to
(at+v'vm)fa+(_Av)Sfe:0 n Qa
according to Definition [2.1].
Moreover, for every t € R, it holds

[we®™ (D)L (BaxBs) < cE

c €25—‘,—71,(1+2s) ,

A

2s
(5.13) ’

1w () 21 (B2 x B)

IN

for some ¢ > 0 depending only on n, s and the fized functions n, ¥ and a, but not on €.
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Proof. We first justify the equation and the energy regularity of the correction. By Proposition [5.2
and Riesz-Thorin’s Theorem (with 1/2 = (1 — 1/2)/1 + (1/2)/00), we have that §°2*52 is a
contruction on L?(By x Bs). Moreover, as in [29, Section 2], w®™ satisfies (in the distributional
sense) the following conditions

(8 + v+ Vo)w®™ + (—A,)*we™ = a-(t)g: in R x By X By,

w (¢, z,v) =0 in R x (R*\ (By x By)).

We now prove that we™ € W(Q). Fix t € R, 6 > 0 and split the integral in (5.11]) via the
semigroup property of §52%Bz

t+6
w(t+6) = 8?2X32w§°”(t) + / aE(T)Sff(;XPfgg dr.
¢

Then, we obtain that

8632 x Bz weorr (t) _ wgorr (t) wgorr (t + (5) _ wgorr

)
(5.14) — = 5 ®) _ ][ as(t + 6 — 0)882%B2y_ dg.
0

Let us begin noticing that changing o = ¢ — 7 in (5.11) yields

(o)
wo(t) :/0 ac(t — 0)882%B2g_do

so that, by letting
o
QW (t) = / al(t —0)8B2%B2g_do
0

we obtain from the Fundamental Theorem of Calculus, Fubini’s Theorem and the L?-contraction
property

H wgorr(t + 6) — qeorr

t
5 () — Qyw® (1)
= /
0

a.(t+06 — o) —a-(t— o)
1
< nglle(BQxBQ)/O lal(- + 66) — alllLr (=) dO

L2(32 XBQ)

||SB2 XBQ
o2

—aL(t—o)

GellL2(Byx By) do

]

AN

|9
< ?HQEHLZ(Bszz)||ala/||L1(]R) — 0.

Thus the first term in (5.14) converges strongly to J;w (t).
Moreover, by combining once again the L?-contraction with the Fundamental Theorem of Cal-

culus we have
[0swE™ (t 4 0) — ywe®™ ()| L2(BoxB2) < N9ellL2(BaxBo)llat(- +6) — alllLi(m)
0[[l9ll 22 (o x By 1o | L1y = 0, as & — 0F.

[VARVAN

Consequently,
(5.15) we™ € CY(R; L?(By x By)).
Now, the second term in (5.14]) satisfies

5
][ as(t+ 6 — U)SfQXBng do — a.(t)ge
0

L2 (BQ XB‘Z)

Bz X Bz
85

< Ollallpoe®) |9zl L2 (Bsx B2) + lac(t) 9e — 9ellL2(ByxBy) — 0,

| sup ||
0<0o<s
where in the last line we have used the L?-contraction and right-continuity of the killed process
together with the Dominated Convergence Theorem.

All in all, it follows that, as & — 0%, we have
8§2><BQ wgorr (t) _ ,wgorr (t)

)

The convergence (5.16)) yields

(5.16) — Oyw™ (t) — ac(t)ge in L*(By x By).
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||S(?2 XBngorr(t)H%Q(Bszz)

(5.17)  lim o™ ¢ )HL2 (B2xB2)
’ §—0t 20

— (O (t) = ac(t)ge, we*™ (1)) L2 (B2 x Ba)-

Now, we can establish the energy regularity of w<°™. For this, let us recall that, for g € L*(R*"),
the Fourier formula for the kinetic semigroup and Plancherel’s Identity give

1 —2 [t In—re|2® dr 1~
||StgH%2(R2") = (277_)2"// R e 2o In=r€[d |9(§,77)|2d§d77-
nwRn

Moreover, since as t — 07, we have
1— 672]5 \nf'r§|2s dr
2t

Moreover, by Fatou’s lemma and a combination of Fubini-Tonelli’s Theorem with Plancherel’s Iden-
tity, we obtain that

— |n|**,

||9H%2(R2n) - ||StgH%2(]R2")

lim inf
t—0+

2 2 Cn,s 2
= @ // [ [g(& M dgdny = = /Rn[g]Hs(Rn)da:.

Fix ¢t € R, upon extending wS°™ (¢, -, -) to zero outside its support, by Proposition we obtain

H8532 X B2 wSOrT

€ ( 7'7')||%2(B2><BQ) ||S§wC0rr(

(] ) ”%2(]1%2”)‘
Using (5.17) above, we obtain
— (Qrw™ (t) — ac(t)ge, W™ (1)) L2 (Byx Ba)

BoxB
lwer (113 — 11852 72w ()72 (5, ¢ 5,)

= 1.
P 26
Cns/ /’/’ COIT t x ,U) COI'I'(t x w)‘ dw dv dx.
By JJRn xR v —w|"t2s
Since (5.15) gives (Ow™, W™ ) 2(ByxBy) = §6t||w§°”\|%2(Bszz), we can test the equation

with wS®™(¢) > 0. Hence, integrating from t; > —T€%* /2 gives

1 rr 2 Cn,s f |wc0rr(t7x’v) — wcorr(t z, w)|
ol iy ¥ 757 | [ M o dudz
- 2

2
< ( / as<t>||gst<32xBQ>dt)
R

BzXBz
§B2xBs

by the L2-contraction properties of
Thus,

we™ € CY(R; L?(By x By)) N L (R x Bo; H*(R™)).

Moreover, for every compact K € R x By, Holder’s Inequality gives

Corr t T U)| corr
[ s dvdrat < Bl K s, < 4o

Now, we are left with computing the transport derivative on wS°™. For this, let us choose ¢y €
(0,1), depending only on n, s, such that

(5.18) 20T 44T < 1,

and fix € € (0, &¢).
Extend g. to R™ x By by its defining formula, which is smooth and supported in By.i+2s in x.
Let us consider the exit time in Bs:

Tp, = inf{r >0:v+ X, ¢ By}.
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For 0 > 0, if a.(t — o) # 0, then o € (Te®*/4 + t,t + 2T<>*). Moreover, let us note that
on {0 < 7p, }, all velocities up to o have modulus less than two. Also, if

Je (x—av—/ X, dT,’U—I—XU> £ 0,
0
then, for every 0 < ¢ < o, since 7. is supported on 2e'72¢ by ([5.18)) we obtain

¢
a:—ﬁv—/ X, dr| <
0

x—av—/ X, dr
0

+/ v+ X ;| dr
¢

< 26125 L 90 < 25128 TR 42t < 2,

for any t € (-2, 3).
Thus, for (z,v) € By X Bs, the probabilistic representation becomes

+o0 g
W (t, ,v) :/ ae(t — O’)E|:g€ (x —ov —/ X, dT,v+XJ) Lig<ry }} do,
0 0 ’

where integrand is defined to be zero when o > 75 . Its time support is contained in [0, 00) N (¢ +
Te?s /4, t + 2T€?).
Since the indicator is independent of x and

Vgl poomnxpy) < ce™'72,

up to differentiation under the integral, by Dominate Convergence Theorem, we obtain from the
L°°-contraction in Proposition that

VoWl ()| Lo (BaxBa) < | Vagell oo ®mxnyllaclpiw < ee™t,
for t € (—2,1/2).
This, together with (5.15)), yields
(00 + - Vo Jue™ € L2,(~2,1/2) x By; L2(R™)

C L2 .((—2,1/2) x Bo; H*(R™)).

Therefore w™ € W(Q).
Now we compute the equation satisfied by b. in R x By x Bs. Note that, since ¢ vanishes in a
neighborhood of Bsy, one has

(519) bg = 8tb5 = v-VzbE =0 inRx BQ X BQ.
Moreover, by the definition of g. in (5.7), we have that
(5.20) (—A)°be(t,z,v) = ac(t)(—Ay)°Be(x,v) = —ac(t)ge(z,v) in R x By x Bs.

Therefore, by (5.12)) we obtain that, in the distributional sense, it holds
(8t +v- Vz)fs + (—A,U)st = 0 in (—27 1/2) X B2 X BQ,
and, by (5.19), (5.20) and since we°™ € W, we also have that f. € W(Q)..

Lastly, since the distributional identity in By x By extends to the tests of Definition [2:1] by density
and continuity of the H ~°-H? pairing and of the fractional bilinear form, we have that f. is a weak
solution to (1.1) in @ according to Definition

We now prove (5.13)). By Proposition (i) and (5.9) we obtain

t
0 < wi(t,z,v) < Hgg||Loo(B2X32)/ ac(r)dr < .

— 00
Thus [[we™ ()| Lo (ByxBs) < ce?s.

For the L'-bound, we apply Fubini-Tonelli’s Theorem, Proposition (i) and (5.9)), so that

t
[wE ()| 1 (B2 x o) =/ as(T)I8727 72 gell Lt (B x By AT

— 00

A

< ||ga||L1(BszQ)Aas(T)dT

S C€2s+n(1+25) )

This concludes the proof. O
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5.3. Proof of Theorem We now divide the proof depending on the range of the parameter p.

Case 1: Assume p € [1,p*). Consider the function f. given in (5.12)). By Proposition we
obtain that it is a weak solution to (1.1]) in Q. Now, we show that there exist ¢, C’ > 0 depending
only on n and s, such that, for any € € (0, £¢), it holds

(5.21) f(0) > ce*,

Ng
(5.22) BTail(fe; By)lloo(yy < Ce7 Wpe (1,00),
(5.23) and 4f-lr20 < Ceor

Let us begin noticing that by definition, b. = 0 in Q. Therefore, by the formula (5.11]), together
with the lower bound in (5.8)) , the definition of a. and (5.8) we obtain

Lo = [ OOO ac(7) ( I P00l dw) dr

Te%
> Cl/ / / PB2xB2(0),0;y, w) dy dw dr.
TET% B_1+2s <

Now, letting 7 := €27/, y := £'72%¢/, w := ew, and recalling the scaling property in (5.4) we

obtain

Y

T B 2 XBg
f:(0) > 01523/ // Pr e (0,059, w) dy dw dr.
z By x B,

Hence, (5.3) together with Lemma gives

T 2s T, 2s
f-(0) > a 25 inf // PtB2XBQ(x,v;y7w)dydw > a 45 )
te[T/47T]XB%G XB%G Bi1x B

namely, (5.21)) with ¢ :=¢;T/4.
We now prove (5.22)). First of all, let us note that by (5.12)) we obtain

(5.24) | Tail(fe; By)(t, )| L@y < O,

for every ¢t € R and for some C' = C(n,s) > 0.
For the exterior contribution, by the choice of the cut-off 7. and v, we have

(5.25) /n Tail(be; By ) do = 2_23a5(t)/" Ne(x) do /Rn |;/}7EZ)25 dv

< Ca(t)en1+29)

for C = C(n,s) > 0.
Also, the correction is supported in By in the velocity variables, which by (5.13)) gives

(5.26) [ il By ta) de < Ol (@ ppny < O
Combining (5.25) and ([5.26)), for € € (0, 1), gives
(5.27) | Tail(fe; By) (¢, )i amy < Cem0¥2),

for every t € (—2,1/2).
Interpolating (5.24]) and (5.27)) yields

I Tail(fe; By ) (¢, )7

n(1+2s
Lo(R™) Ce™ ).

IN

which, after integration in time,
// Tail(fo; By)P dedt < Ce™,
Ui

i.e. (5.22) follows.
Lastly, (5.23) follows since b, = 0 in @1, so f. = wS®™" there and ([5.13)), gives

0
//Q f2dz < / SOl [0 O3,

Cglat2s,

A

IN
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Now, since p < Ny/(2s) and Nyg > 2s, we have that 2s < min{Ng/p, (Ng + 25)/2}. There-

fore, ((5.21)), (5.22)) and (5.23)) yields
£(0) . 1
Hfellzz@uy +H Tail(fe; By)llow,y ~ omin{ 58552 )25

Letting now, € := g1 /m, for g1 € (0,¢9) and m € N, we obtain the desired property letting m — +o0.

Case 2: Assume p = p*. Fix g1 € (0,g9), where g is given by Proposition and, for

every j € N, set
L e— 51 _
€T 16G-n/@s)

so that the intervals
T
2s 2s -
(—2T5j ,—Zej ) , jEeN,
are pairwise disjoint.
Fix v € (1/p*,1) and define for m € N
1 " b.t,l‘,’l} +wC?rr t,.’L’,’U
o) i e, (t, 2, v) v ( )’

mY e
j=1 J

where b, and w™ are given by (5.10) and (5.11)), respectively.
As in the subcritical case, linearity gives f,, € W(Q), and f,, is a globally nonnegative weak

solution to (1.1) in @ with h = 0. Moreover, for every a > 0, let us note that

(5.28) D e < Claye).
j=1

uniformly in m.

Using the estimates established in ([5.21))—(5.23)), together with ([5.28]), we obtain
fm(0) > em! ™,

BTl fns Byl o 1) < € (m/7 7 4 m77)

3
ffmllz2(@i) < Cm™".

We only justify the tail estimate, since the others simply follow by triangle inequality of the L? -
norm. Indeed, since the time supports are pairwise disjoint, by (5.25)) we obtain

/ Tail(b.; By) dz < Ca., (t)e] T2,

On the other hand,
|| Tail(baj ] B% ) HLoo(]Rn) S C 5

for some C = C(n,s) > 0.
Therefore, by interpolation, we obtain that

R ) . C & o [ )
e /1||Taﬂ(bEj;B%)Hip*(Bl)dt S /1||Ta11(b6j;B%)HL1(Bl)dt
=1 - i=1 -
T€25
C m B . _TJ
< “ e 2sp +n(1+2s)/ ac,(t) dt
mw = —2Te2s
c & e
— —P
< p— z;l =Cm .
]:

On the other hand, for the corrections we simply interpolate between L! and L* and use the
triangle inequality so that, by (5.28)), we obtain

1 G —2s . corr C S s C
ngﬂq # Tail(we?™; Byl oo o) < 7253 S
j=1
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Since 1/p* < v < 1, both norms in the denominator tend to zero, whereas f,,(0) diverges. More
precisely,

fm(O) > mlfl/p*
Hfm”Lz(Ql) +H’Tall(fmaB%)||Lp*(U1) ~ ’

which blows up as m — 4o0. O
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