WEIGHTED TOTAL VARIATION MINIMIZATION PROBLEM WITH MIXED
DIRICHLET-NEUMANN BOUNDARY CONDITIONS

SAMER DWEIK

ABSTRACT. In this paper, we study the problem of minimizing the weighted total variation of a
normalized BV function u plus a penalization on the weighted L' norm of the trace of u on the
Neumann part I' of the boundary, while assuming a Dirichlet condition w = 0 on the complement
part ' C 092. We show that this problem is a relaxation of some shape optimization problem of
type Cheeger, that is both problems have the same minimum. Then, we prove that the level sets of
minimizers are optimal sets. Finally, we will also study the regularity as well as some properties of
these optimal sets.

1. INTRODUCTION

Let 2 be an open bounded set in RY and I is an open subset of 9€). Let ¢ and 1) be two nonnegative
functions over {2 and w be defined on I'. Then, we are interested in studying the following minimization
problem:

(1.1) inf { wi|Dj"U|¢_|uL|[Fw|U| cu#0€BV(Q), u=0 on I'“:= 8Q\I‘}.
Q

The case when ' = () has been already considered in [6]. Moreover, the authors of [15] have also
studied Problem (1.1) but in the case where I' C 92 and w = 0 on I'. The interest in studying Problem
(1.1) is motivated by a landslide model (see [10]) in which ¢ and ¥ represent the body forces and
the (inhomogeneous) yield limit distribution, respectively. When ¢ = ¢ = 1 (which is not a relevant
assumption in landslides modeling) and I' = ), the infimum in (1.1) can be restricted to characteristic
functions u = x4 and so, we get

(1.2) min{P‘TrA(lA) CAC Q}

where Per(A) denotes the perimeter of the set A in RY in the sense of De Giorgi (see [2]). This
problem is known as Cheeger’s problem [9], its value A(Q) is called the Cheeger constant of Q and its
minimizers are called Cheeger sets of Q (see aslo [16, 17]). Moreover, A(€?) is the first eigenvalue of the
1—Laplacian on € ([11, 12]). We note that the existence of an optimal set A* in Problem (1.2) is very
simple and it follows from the direct method in Calculus of Variations. In the case where the densities
¢ and ¢ are not uniform, but w = 0 on I' C 99, Problem (1.1) will be the relaxation of the following
problem:

(1.3) min { faﬁl\;w CAcC Q}

This can be seen as a generalization of the Cheeger problem (1.2). However, up to our knowledge,
the case when w # 0 has not been studied before in the literature. In this paper, we will show that
Problem (1.1) is equivalent to the following generalization of (1.3):

faA\r U= Jpanrw
1.4 min
4 I
1

:ACQ}.
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We note that the existence of an optimal set to Problem (1.4) is not guaranteed here for an arbitrary
weight w on I'. Indeed, the functional in (1.4) is not a priori lower semicontinuous with respect to the
weak* convergence in BV. Thus, this additional difficulty imposed by the presence of a density w # 0
was the main motivation to write the present paper.

Inspired by [14], one can see that the variational formulation of the stationary anti-plane flow of
an inhomogeneous Bingham (rigid visco-plastic) fluid can be stated as follows: there is a function
u € H'(Q) with u = 0 on I'* such that

(1.5) /Qvu.wvfuwfgwwf/ﬂwvm Z/Qqﬁ(vfu)Jr/Fw(vfu),

for all v € H'(Q) such that v = 0 on I'®. The velocity field in the domain D = Q x R C R? (here,
we assume N = 2) is given by u = (0,0, u) with u = u(z1,22). The viscosity distribution is equal to
1, v stands for the yield limit distribution, ¢ denotes the body forces in the z3 direction and, w is an
additional force acting on the Neumann part I'. A particular case of the Bingham model lies in the
presence of rigid zones located in the interior of the flow of the Bingham solid/fluid. As the yield limit
1 increases, these rigid zones become larger and may completely block the flow so that v = 0 is the
solution of (1.5). In other words, the Bingham fluid is blocked if and only if

(1.6) /¢|VU\—/U)U2/¢U, for all v € H(Q), v=0 on T°.
Q r Q

When considering oil transport in pipelines, in the process of oil drilling or in the case of metal forming,
the blocking of the solid/fluid is a catastrophic event to be avoided. From (1.6), one can see the
infimum in (1.1) as a safety coefficient. In other words, the Bingham fluid is not blocked if and only
if inf (1.1) < 1. In a completely opposite context, when modeling landslides, the solid is blocked in
its natural configuration and the beginning of a flow can be seen as a disaster. Here, the 1/inf (1.1)
appears as a safety coefficient.

Notice that Problem (1.1) can be seen as a study of the “eigenvalue problem” for the following
degenerate inhomogeneous equation with mixed Dirichlet-Neumann boundary conditions (where the
first eigenvalue is A* := inf (1.1)):

-V W%] = >‘¢a in Q7

1&[% ‘n] = w, on T,
u =0, on I'“

On the other hand, the properties of Cheeger sets (i.e. optimal sets in (1.2)) have been studied in
several papers (see [8, 1] and the references therein). One of the very important results concerning
the regularity of Cheeger sets, is that the internal boundary of Cheeger sets have constant curvature.
In [15], the authors have also generalized some of these properties to optimal sets of the generalized
Cheeger problem (1.3). More precisely, they show that the curvature of the boundary of any optimal
set A* at any point z in the interior of €2 is given by

_ N¢(z) 4 Onih(x)
P(x) ’
where 9,1 (z) is the inward normal derivative on 9A* at x (so, 1 should be at least of class C1).

Moreover, if OA* crosses I' at some point & where T'is C' around z, then the tangent line to 0A* at
x must be orthogonal to I'.

K(x)

This paper is organized as follows. In section 2, we will show that Problems (1.1) and (1.4) have
the same minimal value and that each of these two problems has a solution. More precisely, we will
show that from a minimizer of (1.1) one can construct an optimal set of (1.4) simply by considering
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its superlevel sets. Moreover, we will study in Section 3 the regularity properties of these optimal sets.
Finally, we conclude the paper by some examples in Section 4.

2. EXISTENCE OF SOLUTIONS

Throughout this section, we assume that Q@ C RY is an open bounded connected domain with
Lipschitz boundary, ¢(x) > ¢o > 0 is a bounded function and, ¥(x) > 1pg > 0 is a continuous function
on Q (where v, ¢o € RT are fixed). Let I" be a closed subset of 92 and w be a bounded function on
I'. Then, we consider the minimization problem:

(2.1) inf{fQMDqu;lu{FwM cu€eBV(Q), u=0 on Fc}.
Q

We recall that proving existence of a minimizer for Problem (2.1) is a difficult task due to different
facts. First, we do not have a priori compactness: if (u,), is a minimizing sequence then it is not
clear if one can extract a subsequence converging weakly* in BV () and even so (i.e. assuming that
u, —* uin BV (Q)), since the trace map is not lower semicontinuous with respect to this topology then
it is not true in general that u,, — u in L'(92) and so, we do not know whether the limit function u
satisfies the Dirichlet condition v = 0 on I'® or not. In particular, it is possible that a solution to this
problem (2.1) does not exist! So, the idea is to relax the boundary condition uw =0 on I'“ by adding
a penality term in the functional; this is a classical tool in the theory of Calculus of Variations and it
has also been used to prove existence of a solution to the BV least gradient problem (see [19]).

Let Q be an open bounded Lipschitz extension of Q such that I' ¢ 9Q and T'¢ C Q. Then, we
consider now the following relaxation of (2.1):

in fﬁw|Du|7wa|u‘ U Q), u=0 on ¢
(2.2) f{ f@¢|u| :u€BV(Q), u=0 Q\Q}

Note that [59|Dul = [, ¢|Du|+ [;. 1|u|. But again, it is not easy to show existence of a solution to the
relaxed version (2.2) since in general the map u — — [, w|u| is not lower semicontinuous with respect

to the weak* convergence in BV (). More precisely, we will show that the lower semicontinuity of the
functional in (2.2) depends on the L*—bounds of ¢ and w as well as the regularity of the Neumann
part I'. To motivate this fact, we consider the following examples:

Example 2.0.1. Assume that  =]0,1[2, T = ({0} x[0, 1])U([0,1]x{0}), 1 = 1o > 0 and w = wq € R.
Set up(z1,22) = n - xg, where E, == {(x1,22) € Q: 21 + 22 < %} Then, it is clear that u, —* 0 in

BV (). However, [5¢|Duy| — [rw|un| = V210 — 2w < 0 as soon as > g

Example 2.0.2. Assume that Q = B(0,1), T is a smooth arc of 9, ¥ = g > 0 and w = wg € R.
Take un(x) = min{|z|,(n — 1)(1 — |z|)}. Then, it is clear that u, —* u := |z| in BV (). But, we
have [&|Dun| — [rwlun| = mipo[(1— )% + (n = DA = (1= 3)*)] = 3740 < fo ¥|Dul — [rwlu| =

Yo(m + HY () — wo H(T) as soon as o< -L

First of all, we start by showing that Problems (2.2) & (2.1) are completely equivalent.

Proposition 2.1. Problems (2.1) & (2.2) have the same minimal value. If u is a solution for Problem
(2.1), then u solves Problem (2.2). In addition, if u is a solution for Problem (2.2) with u =0 on I'
then u solves Problem (2.1).

Proof. It is obvious that inf (2.2) < inf (2.1). On the other hand, fix u € BV(f2) such that u = 0 on
O\Q. For every n € N*, let 7, be a cutoff function such that 0 < n, <1, n,(x) =0onT and, n,(z) =1
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for all z € Q with dist(z,I'°) > L. Now, set u,, = n,u. Then, we have u, = 0 on I'. In addition, it is
clear that u, — u in L*(Q) and so, [, ¢|un| = [, ¢ |u|. Moreover, one has

2.3 Du,| = D Dn,| < | D Dn,, D dHN 1.
3) [ 6lpunl = [ vln.DutuDm| < [ vnlDul+ [ wiDallul > [ viDal+ [ wjulan

Yet, we also have
/w\un|:/wnn|u\—>/w|u|
r r r

i [ [ w1Dunl = ol < [ oipul+ [ vlal = [ u

Finally, we get that

Hence,

inf (2.1) < lim

n

|:fQ Y| Duy | — frwlun|:| < f() Y|Dul — frw|u|

Since w is arbitrary, then we infer that inf (2.1) < inf (2.2). Consequently, the equality inf (2.1) =
inf (2.2) holds. The rest follows immediately from this equality. O

Remark 2.1. We clearly see that one can restrict Problem (2.2) to monnegative functions (just by
replacing u with |u|) and so,

min (2.2) = min { Ja¥|Du| — [wu

Jo ou

cu#0eBV(Q), u>0, u=0 on Q\Q}

In the sequel, we will only consider nonnegative solutions to (2.2).

In order to prove existence of a solution to the relaxed problem (2.2), we need first to introduce the
following constant:

(2.4) A= Sup{m cu#0€ BV(Q), u=0 on FC}.

Moreover, the analysis will be performed under the following geometric assumption:

Definition 2.1. Suppose that T is of class C}. Then, we say that Q satisfies a Ql—extension property
near T if there exists an open bounded set Q with C' boundary such that Q C Q and 002N OQ =T.

Then, we have the following existence result:

Proposition 2.2. Assume T is C', Q satisfies a C'—extension property near T'°, ||w||oo < 1o and,
A* < 1. Then, Problem (2.2) reaches a minimum.

Proof. Let (u,), be a minimizing sequence in Problem (2.2). For every n € N, set @, := % So,
Q n

it is clear that (@), is also a minimizing sequence. In particular, there is a constant C' < oo such that

/w\Dan|—/w|an\ <C, forall neN.
Q r
Hence,
(1 —A*)/ Y| Dy | < / Y| Dty,| — / wlty,| < C, forall neN.
Q Q r
Since A* <1 and ¥ > ¢ > 0, then we get that

(2.5) [ |Duy,| < C, for all n € N.
Q



THE WEIGHTED CHEEGER PROBLEM WITH BOUNDARY PENALIZATION 5

Yet, we have ||¢Uy,||r = 1 and ¢ > ¢9 > 0. Hence, up to a subsequence, i, converges weakly™
BV() to some function @. In particular, @, — @ strongly in L*(Q). This implies that |\¢un||L1 —
l[¢a||zr =1 and @ = 0 on Q\Q.

On the other side, inspired by [21, Proposition 1.2], we also claim that the functional in (2.2) is
lower semicontinuous with respect to the weak* convergence in BV () and so, @ is a minimizer in
(2.2). First, we clearly have

/¢|Dun|f/w|un\—/w|Du|+/w|u| >/w|Dun\f/w|Du|f||w|\m/|un

Fix € > 0. Then, we define A. := {z €~Q cd(z,00) < e}. Let . € C3°(Q) be a cutoff function such
that 0 <7, <1 and n. =1 on Q. := Q\A.. Set v, := (1 — n-)(4y, — @). By the trace inequality for
BV functions (see [3]), there are two constants ¢; and cg such that the following estimate holds:

/ |'Ua,n| < Cl/ ‘Dve,n| + 62/ |U5,n .
(o9} A A

€ €

Thus, we get that

(2.6) /wn—ms@/ (1—na>|D<an—a>|+c1/ |an—a\|DnE\+c2/ (1= 10)|iin — @
I A A A

C1 - - C/ - -
<8 YD — )+ = [ (i —l,
%/AE DG~ )+ S [ i

where the constant C' depends on cs. Hence, one has

[ otDinl = [ wlinl = [ i+ [ wi
> [wipa - [ oipa) - 2l [ yipg, - o) - Al [ g,
z/wmnw/wwaw%/ ¢|Dan|f%/ wipal - = [ g,
> [ vl [ wipil + (1 —Cl”w"“’)/ $IDi| - (1+cl“w'°°)/ y|Dil
_%/ iy — .
13 A,

Since I' is C* and Q satisfies a C'—extension property near I'¢, then the boundary of Q is of class
C! and so, thanks to [3, Theorem 4], one can assume that in (2.6) the constants ¢; = 1+ ¢ and
ey = c2(£,8), where § > 0 can be chosen sufficiently small. Let us assume that ||w||s < %9. Hence,
choosing ¢ > 0 small enough, we infer that

/Qw\Dﬁnlf/Fw\an\—/Q¢|Da|+/rw\a|
z/QEwDM—/QEszm—(2+5)/A€¢|Da|_C”Z'OO/A i — .

€

Passing to the limit when n — oo and using the lower semicontinuity of the weighted total variation
(see [6, Corollary 1])

liminf/ ¢\Dan|2/ Y| Dl

as well as the L' convergence, we get

lin%inf[/ﬁwwﬂn/rwmn@ —/{2¢\Dﬂ|+/rw|ﬂ| > _(240) /Aaq,/;wa.
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Let € — 07T, this yields that

lim in U w|Dﬁn/w|ﬂn|} —/@!}\Dﬂ|+/w|ﬂ| >0,
n Q r Q r

Finally, assume that ||w||ec = %0. So, we will prove lower semicontinuity of the functional in (2.2) by
approximation. More precisely, fix ¢ > 0 small enough. Then, we have

[ otDinl = [ wlinl = [ 01D = 1= [ wlil = ¢ [ wlinl

Recalling (2.5) and the fact that A* < 1, we infer that

lim inf {/ﬁlpmﬂ—/rwm] > lim inf UQ¢|D11H|—(1—Q)/Fw|an|] — ¢
> [wipil = (-0 [ wlal-cc.

Since ¢ > 0 is arbitrarily small, then this concludes the proof of our claim. O

Remark 2.2. We note that if w =0 then the C! regularity of T is not needed and, the existence of a
solution to Problem (2.2) is trivial in this case. In Ezample 2.0.1, take wo = 1o = 1 then the condition
llwllee < tho is well satisfied but, the functional u — [5¢|Du| — [Lwl|u| is not lower semicontinuous
due to the lack of C'—regularity of the arc T. However, in Example 2.0.2, the arc T is smooth but the
functional is always not lower semicontinuous provided that wo < —g. This shows the necessity of the
assumptions we made in Proposition 2.2.

Remark 2.3. Although Problem (2.2) has a solution uw but it is still not clear whether this solution
solves Problem (2.1), or equivalently if this solution u satisfies the Dirichlet condition (u =0 on T'°).
In fact, we will see that this is not necessarily the case and, a solution to (2.1) may not exist.

On the other hand, one can also study the summability of a solution « in Problem (2.2). Inspired
by the proof of [12, Proposition 7] (see also [6, Theorem 4]), one can show that any solution of (2.2)
must be bounded. For this aim, we start by the following:

Proposition 2.3. Let H be a Lipschitz nondecreasing function on Ry with H(0) = 0. For any
nonnegative solution u of Problem (2.2), the function H(u) is also a solution for (2.2).

Proof. We note that this proof follows the lines of the proof of [6, Proposition 1]. First, let us assume
that H is smooth. Then, we consider the Cauchy problem:

{&Mtwlﬂmuw% t>0

@7) y(0,v) = v.

Let y(t, v) be the solution of (2.7). Thanks to our assumptions on H, y(t,v) is smooth. For every ¢t > 0,
we define u; = y(t, u) (so, we have uy = u). Now, we consider the map

h(t):/§2¢|Dut|f/qut—)\*/Q¢ut,

where we recall that A\* = min (2.2). Since ug is a minimizer for Problem (2.2) and u; = 0 on Q\Q for
every t > 0 (this follows from the fact that y(¢,0) = 0 and the uniqueness of the solution in (2.7)), then
h has a minimum at ¢ = 0. In particular, we have

ORI

t—0+ t

> 0.
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Yet,

h(t)—h(O):/¢|Dut|—|Du0|_/wut—uo_)\*/qbut—uo
t a t r t a t

For every z € QUT, we have

u(r) —uo(x) _ y(t ulz)) — y(0, u(x))
- CASPA ; — —H(u(z)).

Taking the derivative with respect to v in (2.7), we get that
O [avy(tv U)] = _Hl(y(tv U)) avy(tv U)’ t=>0
Ovy(0,v) = 1.

Hence,
Opy(t,v) = e~ Jo H' (y(s,))ds >

By the chain rule for BV functions (see [2]), we have
| Duy| = By (t, w)| Dul + [y(t,u™) — y(t.u™)] - HY Ly,

where vt and u~ are respectively the approximate upper and lower limits, J, is the jump set of u,
and the nonnegative measure | Du| is the sum of the absolutely continuous part and the Cantor part of
|Du|. Consequently, we have
[Duy| — [Duo| _ 9uy(t, u) — Byy(0,u) [yt u™) — y(0,u)] — [y(t,u”) — y(0,u”)]
t t t

— —H'(u)|Du| — [H(u") — Hu™)] - HN 1L J,.

| Du| + CHNTIL,

Therefore,
/Qq/JH’(u)|f)u|+/Ju1/1[H(u+)H(u)]"HNl f/FwH(u)f)\*/ﬁgﬁH(u) <0.

Since H' >0 and |D(H(u))| = H'(u)|Du| + [H(ut) — H(u™)] - HN 'L J,, this yields that H(u) also
minimizes Problem (2.2). Finally, it remains to extend the result to the case when H is not smooth;
but this can be done by approximation. In fact, one can approximate H with a sequence of smooth
Lipschitz increasing functions H,, with H,(0) = 0 such that H,(u) converges weakly* to H(u) in
BV (Q). Hence, H,(u) is a solution to (2.2), for every n. Yet, recalling the proof of Proposition 2.2,

we know that the functional in (2.2) is lower semicontinuous w.r.t. the weak* convergence in BV ().
This yields that H(u) is also a solution. O

Under the assumptions of Proposition 2.2, we get as a consequence of Proposition 2.3 the following
summability result.

Proposition 2.4. Let u be a solution for Problem (2.2), then u belongs to L™ ().

Proof. Fix M > 0 large enough. Thanks to Proposition 2.3, we see that us := min{u, M} is a solution
for Problem (2.2). Therefore, we have

(2.8) [ ounl = [ wusr =3 [ Guas < Nljolllluns.
Q N Q
Since A* < 1 and ¥ > 19 > 0, then by (2.8) we get
X16lloe
2. D < — .
(29) [ 1Dl < O
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Yet, one has
lustll s, <€ [ Dunl.
- Q
Hence,
(2.10) lunell . < Clhuadl .

But, it is clear that u%, is also a solution for Problem (2.2), for all p > 1. Then, thanks to (2.10), we
also have

gl oy < Clluipyll-

This yields that
1
lunrl] yz < C% f[unrp-

Fix n € N. Then, by induction, we get that

N—-—1\yn—1 N—l)n—1+(N§1)n72+.”+1

uarll (e < COF luagll(xyos < CLC uashn-

Consequently,
N—-1\n
||UMH( N v SCN[l_( )"

N—-1

ully, forall neN.

Passing to the limit when n — oo, this yields that
(2.11) lluatlloo < CVullr-

Finally, letting M — oo in (2.11), this concludes the proof that u € L*°(£2). O

In addition, one can show that Problem (2.2) is also equivalent to a shape optimization problem of
type Cheeger and that any superlevel set of a solution w is an optimal set (see [7, 15, 16] for similar
level-sets approach for variational problems involving total variation minimization). More precisely, we
introduce the following problem:

Pery(A) = [ooanp @

(2.12) min{ I

where Pery(A) := [5¢|Dxal = [o e ¥|Dxal = fa*A\F 1 dHN 1 is the weighted perimeter of A that
is taken relative to (or equivalently, relative to QUT since A is assumed to be a subset of ) and 9* A

denotes the reduced boundary of A. Under the assumptions of Proposition 2.2, we have the following:

Proposition 2.5. The values of Problems (2.2) and (2.12) coincide (i.e., min (2.2) = min (2.12)). In
addition, a function u solves (2.2) if and only if the superlevel sets Ay := {u > t} solve (2.12), for
almost all t > 0. In particular, Problem (2.12) admits an optimal set A*.

:ACQ}

Proof. By considering characteristic functions u := y4 where A C Q in (2.2), it is obvious that we get

min (2.2) < min (2.12). Now, let us show the reverse inequality. Fix u € BV (Q) with v >0 and v =0
on Q\Q. Using the coarea formula, we have

[¢|Du\ —/wu

Q r
—+oo —+o0

:/ / ¢dHN*1—/ / wdHN 1 dt
0 * AA\D 0 * A,

e Pery(A;) — fa*Amed’}-[N_1
- I (/o)

(2.13) > min{Pew(A};ga*A“Fw CAC Q} /O+OO (/A ¢> dt
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= min { Pery (A)f;Q{B*AmF w

:ACQ} du
Q

Hence,

min (2.2) > min { Pery(4) = Jo acr @ : AC Q}
Jad

This yields that min (2.2) = min (2.12). Moreover, if u is a minimizer in Problem (2.2) then the
inequality in (2.13) becomes equality. Yet, this means that for almost every ¢ > 0, we have

Pery(As) = [oe g,or @ . {Pew(A) — Joranrw }
t = cAC Q.
X min Tro -

Consequently, the superlevel sets A, = {u > t} solve (2.12), for a.e. ¢ > 0. The last statement follows
directly from Proposition 2.2. 0O

Remark 2.4. In fact, one can show in Proposition 2.5 that for every t > 0, the superlevel set A; =
{u >t} is optimal for Problem (2.12). Indeed, let (t,), be a decreasing sequence such that t, — t and
Ay, is optimal in (2.12), for all n. Recalling the estimate (2.9), we have

A0 A6l
P A ) < ——F—— < T
roln) = Gon= el = G- 59
Hence, x a,, is bounded in BV (2) and so, up to a subsequence, xa,, —* xa, in BV(Q). In particular,
one has Per(A;) < oco. Finally, the lower semicontinuity of the functional in (2.2) yields that x a, is
also a solution for Problem (2.2).

192

Remark 2.5. Similarly to the proof of Proposition 2.5 about the equivalence between Problems (2.2)
& (2.12), one can show using the coarea formula again that

Jrwlul } Joraor @
A*:sup{r:u 0€BV(Q), u=0 on Iy =sup =240 _ - A Q.
Jo ¥|Du| 7 (@) Pery(A)

In particular, we have A* < 1 if and only if

(2.14) / w < Pery(A), forall AC Q.
o*ANI

This condition is always satisfied as soon as w < 0. Otherwise, it holds obviously if for all A C 2, we
have
&

S Per(A).

[|w* oo

HNHO*ANT) <

For instance, if ||w'||eo < %o and T is a line segment, then the inequality above is clearly satisfied.
Now, assume that T is not a line segment, the distance between the endpoints of T is D and the length
of ' is L. Then, we see that when the ratio L/D increases, the factor Hfifll should be large enough

in order to guarantee the existence of a solution to Problem (2.12).

We conclude this section by showing that any solution « has a flat part {u = ||u|| }. This result has
already been proven in [6, Theorem 5] but the proof here is completely different and we also consider
it much simpler. More precisely, we have the follwing:

Proposition 2.6. Let u be a solution of Problem (2.2). Then, we have |{u = ||u||s}| > 0.

Proof. Let Ay := {u >t} # 0 be a superlevel set of u. Thanks to Proposition 2.5, we know that A, is
an optimal set in Problem (2.12). Hence, one has

(2.15) [oioxal= [ w=x[ o
Q o* ANl Ag
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From Remark 2.5 and since A* < 1, we get
N-—1
N lolle 4 2 X [ 6= [ wlDxal= [ wz@-a) [ wDxalz et - Ao AT,
A, Q 9% A,NT Q

where ¢ > 0 is a universal constant. Therefore, we infer the following estimate:

1— A\

|At| Z (C(*)lﬂo> .

A[9]lso

In particular, this yields that

u— Il C(lA*)i/Jo)N -
o=l = (G 5) o

3. REGULARITY PROPERTIES OF OPTIMAL SETS

In this section, we study the regularity of an optimal set A* in Problem (2.12). In [15, Theorem 5],
the authors have already studied the regularity of 9A* but in the particular case when w = 0 on I" and
N = 2. However, there is a gap in their proof since in order to prove regularity on 9A* they assume
that 9A* is in W1, but it is not clear why an arc of 9A* cannot be for instance the graph of a Cantor
function. Fortunately, this is not the case as the results below show.

Proposition 3.1. Assume that 1 is locally Lipschitz in Q). Then, there exists a relatively closed set
% C OA* NQ such that HN2(X) = 0 and for every x € (OA*\X) NQ, DA* is of class C*2 around x.

Proof. First of all, it is clear that if A* minimizes (2.12) then A* solves also the following problem:

(3.1) min{Per,/,(A) _./a*Ame = )\*/Agb tAC Q}

where \* = min (2.2). Fix 29 € 0A* N Q and 0 < 79 < d(w0,09Q). Let E C RY be a set with finite
perimeter such that A*AE C B(xg,r0). In particular, we have E C Q. Thanks to the minimality of
A* in (3.1), we get that

Per,,(A¥) —/ w — )\*/ ¢ < Pery(E) —/ w — /\*/ ¢.
% A*nr * &*ENT E

But, we clearly have 0*A*NT = 9*ENT, since A*AE C B(xo,70) and rg < d(xg, Q). Hence, we infer
that

Pery(A*) — )\*/ ¢ < Pery(E) — )\*/ @.
A* E
Consequently, we get that
Pery(A*) < Pery(E) + X||4]|oo |A*AE].

In other words, A* is a (A, r¢)— minimizer of Pery(E) in Q with A = M*||¢||~ (see [22]). Then, thanks
to [22, Theorem 1.10], we infer that A* has boundary of class C L3, out of a closed singular set ¥ C 0A*
of dimensiond < N —2. O

Remark 3.1. In fact, we can reduce the dimension of the singular set 3 in Proposition 3.1 to N — 8
but perhaps with less regularity on JA*. More precisely, thanks to [18, Theorem 3.2, one can show
that 0A* is of class CL% inside Q, except at a singular set of dimension N — 8. For this aim, we just
need to show that A* is an almost minimal set in B(xg,10), for every point xy € OA* and ro > 0
small enough such that B(xzg,m9) C Q. Indeed, let x € 0A* N B(xg,r0) and r > 0 be small enough so
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that B, := B(x,r) C B(xg,70). Recalling the proof of Proposition 3.1, for any subset A C Q such that
AAA* C B,, one has

/ﬁwlem - A*/ ¢s/ﬁ¢|DxA\ - A*/ 8.
B, A*NB, B, ANB,

In particular,

1 1
/ |DXA*|§*/ 7/)|DXA*S|: w—A*/ ¢+ A*/ qs}gCer.
B, Yo B, Yo 3B, B, A*NB,.

Yet, we have

(@) /BT|DXA*| + [ w-va@ipwl -x [ o

B, A*NB,

< () [_1Dxal + /Br[w @Dl - X [ e

B ANB,

Since 1 is Lipschitz in B(xg,ro), this implies that |t — i (x)| < Cr on B, and so, we get the following

estimate:
[ 1oxal < [ 1Dxal+ 0.

T s

Proposition 3.2. Assume that ¢ € C(Q) and v € C1 (). Then, the boundary of A*, out of the
singular set X, is of class CY*, for all a < 1. Moreover, OA*\Y is C*? inside 0 as soon as
¢ € C(Q) and ¢ € CH*(Q). Moreover, the mean curvature H s+ of OA* at any point v ¢ ¥ is given
by the following formula ( where Oyt denotes the interior normal derivative of ¥ on OA*):

(N = 1) Hau () = 2 ¢(xzpz;§)nw(x).

Proof. First, we recall from Proposition 3.1 that there is a closed set ¥ C 9A* such that 9A*\X is Cclz
inside . Fix a point zg € (0A*\X) N Q. Without loss of generality, we assume that z; is the origin.
We may also assume that near xy, 0A* is the graph of a function v* : B, — R, for some ¢ > 0 small
enough. So, we already know that v* € C’l’%(BE). It is clear that v* minimizes the following problem:

v(x)
min{/ (@, (@) VIE |Vv(x)\2dx+/\*/ / 6z, 8)dtdz - v € BV(B.), v|0B. :v*|8BE}.
B, B. Jo

From the optimality conditions on v*, we have

(32 V. w<x,v*<x>>w|’;(x)()2 = By (0 () /1 + [V (@) 2 4+ A% b, v* ().
1+ |Vor(x

Due to the regularity of v*, (3.2) can be written as

Vo*(x)
1+ |Vor(z)]?

Ve (z,0* (2))+0z Y (z,0* (2))Vo* (z)]-Vo* (z % . % %
~ el DO Ve RNV 4 g, (a0t (@) 1+ Vo (o) + A e, 0" ()
P(x, v*(x))

*
E CLL]U” - f
ij

AV

(3.3) =

or equivalently,
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where

*|2\ S, aykak
(3.4) 0 — (1 + [Vv*[%)dij — v}
J (1 + |Vo*|2)3/2

and f is the right hand side in (3.3), which is clearly bounded and, it is also Holder continuous with
exponent o as soon as ¢ € C% and ) € C1®. It is easy to check that there are two positive constants
0 < A < A < oo such that A€ < a;;6& < Al€]%. Moreover, a;; € C%1/2(B,), for all 4, j. Thanks
to the Calderén-Zygmund estimates, we infer that v* is in Wz’p(Bg) for any p < oo, in particular
v* € CY%(Bg) for any a < 1. Then, by Schauder estimates (see also [5]), this implies that v* is C%
in Be provided that ¢ € C% and ¢ € CY®. In addition, the mean curvature H 4+ of dA* at a point
(z,v*(x)) is given by

Vor(z) _ N o(z,07(2)) + Ontp(z, 0*(2))
1+ |Vo*(z)]? Y(z, v*(z))

(N—l)HA*IV‘

In order to extend our regularity result on dA* up to the boundary 912, we need to introduce the
following definition that generalizes the notion that the mean curvature of I' is bounded from below
in the case when ¢ = 1 (see also [4, Definition 1] and [20]). Let us assume that ¢ is extendable to a
locally Lipschitz function in €.

Definition 3.1. We say that T'° is a Y—almost minimal set if for every xo € I'° there are constants
ro > 0 small enough and C' < 0o such that the following holds

Pery(ENQ) < Pery(E) + C|E\Q|, for every set E CRY such that E\Q C B(wxo,7).

Remark 3.2. Assume that N =2, ¢» =1 and, T° is convezr (as an arc of 02). Fix a point xo € T°.
Then, it is not difficult to check that

Per(ENQ) < Per(E),

for every set E C R? such that E\Q C B(wo,r0), where ro > 0 is small enough. In particular, this
implies that T'° is an almost minimal set in the sense of Definition 3.1.

Proposition 3.3. Assume that T'° is a ¥—almost minimal set. Then, there is a relatively closed
singular set ¥, C 0A* NT'¢ with dimension d < N — 2 such that 0A* NT'¢ is of class Cl’%, outside Y.

Proof. Fix a point xg € 9A* NT'¢ and rg > 0 small enough. We claim that A* is a (A, rp)— minimizer
of Pery(E) in B(zo,r0). Let E C RY be a set with finite perimeter such that A*AE C B(zo,70).
We note that here E is not necessarily contained in Q. However, E N is always admissible in (3.1).
Hence, by minimality of A* in (3.1), we infer that

Per,(A¥) —/ w— N\ » < Pery(ENQ) —/ w — A" ¢.
9% A*NT' A o* (ENQ)NT ENQ
Let us choose 19 > 0 small enough so that B(xg,r9) NT' = (). Then, one has 9*A*NT =9*(ENQ)NT,
since AXAE C B(zg,10). Hence,

Pery(A*) — X* [ ¢ < Pery,(ENQ) — X* o
A* ENQ
and so,
Pery(A*) < Pery(ENQ) + X|4]|co |[A\E|.

On the other hand, I'° is an almost minimizer of Pery(E), o € I'® and E\Q C B(xg, o). Hence, one
has
Pery(ENQ) < Pery(E) + C|E\Q|.
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Therefore, we get that
Pery(A%) < Pery(E) + CIE\Q| + \'[[g]|os |A*AE].

Yet, E\QY C A*AE. Hence, A* is a (A,79)— minimizer of Pery(E) in B(zg,r9). Thanks again to
[22, Theorem 1.10], this yields that 0A* N T has boundary of class C’l’%, out of a closed singular set
Yp C OA* NTC of dimension d < N —2. [

Proposition 3.4. Assume that ¢ is Cb', ¢ € C(Q) and ¢ € CY(Q). Then, (0A* NT)\X} is of
class C1.

Proof. Thanks to Proposition 3.3, there is a relatively closed singular set ¥, C 0A* N T'° such that
(DA* NT)\Dy is of class Cb2. Fix 2o € (9A* NT¢)\Dy. After rotation and translation of axes, we
may assume that zg = 0 and that the tangent space to I'“ at xy is the hyperplane xny = 0. Let
us assume that near zo, I'® is the graph of h : B, — R (where r > 0 is small enough) and 9A* is
the graph of v* : B, — R. So, we have that v* € C*2(B,), h € C*(B,), h(0) = v*(0) = 0 and
Vh(0) = Vu*(0) = 0. Again, we see that v* minimizes the following problem:

v()
min { / Y(z,v(x))/1+ |Vv(x)\2dx—|—)\*/ / ¢(z,t)dtdx : v € BV(B,), v > h, v|0B, = v*|8BT}.
B, B, Jo

Taking into account the presence of the obstacle v > h on B,, we get instead of (3.3) the following
inequality:
(35) =D _aivl+ £ >0,
i

where a;; and f are defined exactly as in the proof of Proposition 3.2 (see (3.3) & (3.4)). Moreover,
the equality in (3.5) holds inside the open set O := {x € B, : v*(z) > h(x)}. Since v* > h on B, and
h € CY1(B,), then we have

—Cr? < h(z) <v*(z) on B,.

In order to show that v* is C''*! at the origin, we just need to show the following estimate:
(3.6) —Cr? <v*(z) < Cr?, forall x € B:.

The proof of (3.6) will follow the one in [8, Theorem 2] with some simplification (coming from the
fact that one can always assume that the tangent space to I'® at z¢ is the hyperplane zny = 0). Set
w* = v* + Cr? > 0. Then, w* satisfies the following inequality:

— Zaijw?j + f 2 0.
ij
Let wqg be the solution of

_Zaiijij +f=0
ij

with wg = w* > 0 on 9B,. Then, by the comparison principle (see [5]), we get that wy < w* on B,.
Let z* € B, be such that

w*(x*) — wo(z*) = H}Bax(w* —wp) > 0.

T

Then, we have two possibilities: either z* € O or x* € 90. Assume the latter holds. Hence, we get
that

(3.7) w*(x) — wo(x) < w*(x*) — wo(x*) = v*(z*) + Cr? — wo(x*) = h(z*) + Cr? — wo(z*).
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Now, assume that the maximum point z* € O and set r* = dist(x*,90) > 0. Then, we should have
- Zaij(w* - ’U)())ij =0 in B(l‘*,’/’*),
i.j
But, by the maximum principle [13, Theorem 9.6], w* — wy cannot achieve a (nonnegative) maximum
in B(xz*,r*) unless it is a constant. Therefore, w*(z*) — wo(z*) = w*(y*) — wo(y*) where y* €
00 N IB(z*,r*). Hence, we may always assume that 2* € 0O and so, (3.7) holds.

Now, consider the quadratic function V(z) = 3(|z|* —r2), where v > 0 is to be chosen later. So, we
have V = 0 on dB,.. Moreover, one can choose the constant v large enough so that V solves

—Zai]‘Vz‘j +f<0.
ij
Indeed,
—Zaijvij +f= _'Vzaijfsij +/= —Vzam’ +f < =NAv+|[fllos;
i.j ij i
where in the last inequality we used that a;; > A > 0. Thanks again to the comparison principle and

the fact that V' < wg on 0B,., we get
V <wy on B,.

Recalling (3.7) and thanks to the fact that ['* is C*! and V(z) > —Zr? for all z € B,, we get
(3.8) w*(x) — wo(z) < h(z*) + Cr* = V(z*) < Cr?, forall x € B,.
But, we have

- Zaij(wo -V)ij+f= VZGM-
i i

Recalling (3.4), we see that a; € C(B,), for all i. Thanks to [13, Corollary 9.18], we infer that
wo —V € W2P(B,) N C(B,), for all p < co. By [13, Theorem 9.20], we have for any p > 0 that

loc
1 » r
3.9 -V <Ccl|— -V)P) + - N
(39 i V) < (7 [ wo=vr) +50flesce)

where the constant C' does not depend on r. Yet, [13, Theorem 9.22] yields that there are constants p
and C' depending only on N, A and A such that

1

1 ’ . T
(3.10) (7 /) o) < (igtlan =v)+ 5 Wlecan )
Combining (3.9) & (3.10), we get the following Harnack inequality:

sup(wp — V) < O(%lf(wo -V)+ §\||f|LN(BT)> < C(wo(0) — V(0) 4+ 7N+,

Br N
2

since f € L>(B;). But, wo(0) < w*(0) = v*(0) + Cr? = Cr? and V(0) = —%7"2. Hence, we infer that

sup(wg — V) < Or?,
Br

2

Recalling (3.8), we infer that
w*(z) < wolx) + Or? <V(z)+Cr2 < Cr?, forall z € Br.

But, this concludes our claim (3.6). O

Now, our aim is to study the shape of 9A* near I'. For this, we need to restrict ourselves to dimension
N = 2. The following proposition is a generalization of [15, Theorem 5] to the case when w # 0.
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Proposition 3.5. Assume that 0A* touches the interior of T' at some point © and suppose that T' is
C! around x. Then, 0A*\{x} N B(x,§) is composed of two arcs Cy and Co such that Co C T'. Let
0(x) be the angle between the tangent vectors to Cy and Cs at x. Then, we have the following estimate:

-1 —w(x)Q — w(m)2 T il if  w(x
o (M) U< w20
and
T 1 P(x)? — w(z)? .

Proof. First, we recall from Proposition 3.2 that 0A* is C%® inside €, for all & < 1. Moreover, the
curvature of 9A* is uniformly bounded in 2,

;= ﬁ [)\* o(x) + 3n1p(x)} .

Fix x € JA* in the interior of T such that dA* N B(z,d) N Q # @, for every ¢ > 0 small enough.
Assume that T is C! around z. Let C; and Cs be two different arcs of 9A* N B(x, §) such that x is an
endpoint of both Cy and Cs.

Assume that C; and C5 are contained in  (we note that the case when C1 NT # @ or CoNT # ()
can be treated similarly) with 0 < 6(z) < 7. After rotation and translation of axes, one can assume
that x is the origin and (s, a(s)) is a parametrization of C; (s € (0,d)) and C3 (s € (—6,0)) such that
a(0) =0, a’(07) <0 and «/(07) > 0. For ¢ > 0 small enough, let s. < 0 be such that a(s.) = a(e).
Let us denote by C. := {(s,a(s)) : s € (sz,¢)} and by C. C Q the line segment joining the points
(se,a(s.)) and (g, a(e)). Let A be such that A, = (JA*\C.) UC.. Thanks to the minimality of A* in
(3.1), we have

Pery(A:) — / w — )\*/ o — {Penp(A*) - / w — )\*/ gb] > 0.
0A.NT A, OA*NT *
Hence,

(3.11) /:1/)(3’01(6))&9_/:Q/J(s,a(s))mds_ A*/A ¢’+A*/A*¢zo.
Yet, we have 6 ’ e
oo fA=| [ f smaa

where the last inequality comes from the fact that the map e — s(e) := s, is Lipschitz with s(0) = 0.
Dividing (3.11) by € and letting € — 0T, we get

o/ (07) {1 —\/1+ a/(O)Q} —a/(07) [1 —\/1+ o/(0+)2] > 0.

But, this is clearly a contradiction.

<|l¢lloo 0(e),

Let C C Q be an arc of 0A* N B(x,d) N such that = is an endpoint of C. Let (s, 5(s)), s € (=9, 0),
be a parametrization of T' such that 3(0) = 5/(0) = 0. Assume that the angle between the tangent
vector to C' at x and < 1,0 > is less than 7. Let (s,a(s)), s € (0,0), be a parametrization of C' with
a(0) = 0. For € > 0 small enough, we define the set A, as follows:

9Ac = [0A\CeJ U (e, a(e)), (¢, B(e))] U T
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where C. := {(s,a(s)): s € (0,e)} and T'. denotes the arc of T' between (0,0) and (g, 5(g)). Here, we
assume that I'; N 9A* = (). So, one can see easily that

Pery(A.) — / w— A\ / ¢ — [Pem,(A*) / w— A\* / 4
dANT OA*NT A*
—/;:)w(e,t)dt—/w 8))\/ 1+ B'(s ds—/wsa W 1+a(s) dS—/\*/AEQH')\* e

But, one has

. S5 e, tydt — [ )\/1+a/(s)” ds
1m

e—0t €

TRAE

Thanks to the optimality of A* in (3.1), we get that

— {a'(m) _ 1—|—o/(0+)2} ¥(0,0)
and

)
¢(s,t) dt ds| <||¢]|oc 0e)-

B(s)

(3.12) {o/(o*) —\/1+4 0/(04‘)1 ¥(0,0) — w(0,0) > 0.

Hence, w(0,0) < 0. Using the above estimates, it is easy to check that if w(0,0) < 0 then I'. cannot
intersect JA*. Moreover, we have

Now, let us assume that the angle between the tangent vector to C' at  and < 1,0 > is greater than
%. Let (s,a(s)), s € (=0,0), be a parametrization of C with «(0) = 0. For € > 0 small enough, we
define the set A, as follows:

94 = [0A™\C] U [(=¢, a(=¢)), (=&, B(—¢))]

where C; := {(s,a(s)) : s € (—=¢,0)}U{(s,B(s)) : s € (—¢,0)}. Here, we assume that C. C 0A*. Again
from the optimality of A* in (3.1), we must have the following inequality:

Pery(de) = /8Amr v )\*/A - [Perw(A*) - /ammr v X / * ¢] =0

€

Hence,
a(—¢)
/ (= Et)dH-/ w( SOV 1+ 5(s 2 ds— / P(s,als \/1+a()ds )\*/ P+ ¢ >0.
B(_‘S) A*
Dividing by € > 0 and letting € — 07, we get that

(3.13) [— &/(07) — /1 + a/(oﬂ $(0,0) + w(0,0) > 0.

In particular, this yields that w(0,0) > 0. If w(0,0) > 0 then one can also see that C. must be contained
in 0A*. In addition, we have the following estimate:

e w(070)2_¢<0’0)2
07 S 0,00 9(0,0)

Yet, this concludes the proof. [

We finish this section by some remarks on optimal sets.
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Remark 3.3. We note that an optimal set A* is a priori not connected. For instance, this may happen
when ¥ has two minima or when Q is not convex (like two disks connected by a tube). However, one
can always show that there is an open connected set A* that minimizes Problem (2.12). Indeed, if A*
is an optimal set then it is not difficult to check that the interior of A* is optimal too. So, let us
assume that A* is open. Now, let {A}}ien be the family of disjoint open connected components of A*
(i.e. A* = UjenAr and AN Ar = O, for all i # j). In fact, the optimality of A* also implies that
/TfOILT; =, for all i, j. Yet, we have

P A*) — Pery(AF) — [0 sxmp W
A\ = ery(47) fa*A*”Fw< v Jo Aine , Jor all i.

I : T 0

Hence,

(3.14) )\*/ ¢ < Pery (A7) —/ w.
Ar &*Arnr

Since the closures of these sets AT are mutually disjoint, then taking the sum over i in (3.14), we get
the following inequality:

VN EED ¥ IEED SRR oy

But so, the inequality in (3.15) must be an equality. In particular, it implies that for all i, the inequality
in (3.14) is an equality:

w = Pery(A*) — / w.

*A*AD a* AxAr

A* ¢ = Pery(A7) — / w.

Af d*ArnT

In other words, this means that A} is an optimal set for Problem (2.12), for all i.

In addition, one can show in 2D that any connected optimal set A* is convex as soon as 1 is a
constant function.

Remark 3.4. Assume that ¢»p = 1. For every point © € 0A* N, there is an € > 0 such that
A* N B(x,¢€) is convex. Moreover, if x € 0A* NI and Q N B(x,e) is conver, then A* N B(z,e) is
convex. To see this, assume that there are two points x*, y* € A* N Q such that |x*,y*[C Q\A*. Let
E be the small region delimited by [x*,y*] and OA*. Now, we define A= A*UE. Then, it is easy to
see that Per(A) < Per(A*). Yet, we also have [; ¢ > [,. ¢ and OANT = dA*NT. Thanks to (2.14),
we infer that

Per(A) — [z 0w < Per(A*) — faA*me.
[io Jar o

But, this contradicts the optimality of A* in (2.12). We note that this argument does not work in
higher dimension since it is not true when N > 2 that the perimeter of the convex hull of a set is less
than the perimeter of the set itself.

0<

Remark 3.5. Assume that ¢ = 1. Then, one can show that any connected optimal set A* in (2.12)
has to intersect the boundary 0X). Indeed, assume that A* is contained in the interior of Q. Take t > 1
such that tA* C Q. Then, it is clear that
Per(tA*) = tPer(A*) and [tA*| = t?| A*|.
Hence, we have
Per(tA*) - Per(A*)
|tA*| A

which is a contradiction. Hence, A* touches 0. Moreover, if OA* NT = () then A* cannot be
translated inside Q, since if A is a translation of A* inside Q then we have

Per(A) = Per(A*) and |A| = A"
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In addition, assume § is conver. Then, A* must intersect T with H*(0A*N{x € T : w(z) > —1}) > 0.
Indeed, if HY(OA* N {x € T : w(z) > —1}) = 0 then one can move A* in Q until we obtain a new set
A such that HY(OAN{x € T : w(x) > —1}) > 0. Yet, we clearly have |A| = |A*|. Moreover, we have

Per(A) — /6Amr w = Per(A) — w

w —
/BAH{IGF:w(w)——l} /BAO{IEF:UJ(I)>—1}

< Per(A,R?) = Per(A*,R?) = Per(A*) — / w.
OA* N{zel: w(z)=—1}

Per(A) — / w < Per(A*) — / w.
HANT A>T

4. EXAMPLES

Consequently, we get

We conclude the paper by some examples in 2D where we can find explicitly the optimal set A* in
Problem (2.12).

Example 4.0.1. Assume that Q :=[—1,1] x [0,1], ' =[-1,1] x {0}, v = ¢ =1 and w =wy € [0, 1].
Thanks to Proposition 3.5, we know that any arc of 0A* inside Q0 is an arc of circle with radius
R* = 1/\* and, OA* is also of class C' on T'¢. Using Proposition 3.5, one can see that if A* touches
I' at some point x, then the tangent line to 0A* NQ at x must be orthogonal to T'. Moreover, by Remark
3.5, one has H*(0A* NT) > 0. Thanks to Remark 3.4, A* is also convez.

For every e €]0,1], let A. be the “rounded” rectangle Q where the corners (1,1) and (—1,1) are
cutted off and replaced by arcs of circles with radius € and centers (1 —e,1 —¢) and (—14¢,1 —¢).
We have

Per(As) =4+ (1 —4)e  and \AE|:2—2(1—%)52.

Hence,
Per(Ac) = Joanr® _ 44 (r = 4)e — 2w

J)= 4] BEEETEEE:

Yet, this function J(g) reaches a minimum at e* = (4 — 2w — 2/m — 4 + (wo — 2)2)/(4 — 7). Then,
we infer that the optimal set A* = Acv and X\ =1/e*.

4 D

Example 4.0.2. Now, assume that T' = ([—1,1] x {0})U ({1} x [0,1]) and wo = 0. For every e €]0, 1],
let us denote by A, the “rounded” rectangle 2 where the corner point (—1,1) is cutted off and replaced
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by an arc of circle with center (=1 +¢,1 — ¢) and radius €. Again, it is clear that

Per(A;) =3+ (7r

5—2)5 and [Ac|=2—-(1—

Then, we get that

attains a minimum at € = 1. Consequently, this implies that the optimal set A* in (2.12) is nothing
else than A;.

Example 4.0.3. In this example, we will see that the situation becomes much complicated when the
penalization w on T is negative. Again, assume that Q:=[-1,1] x[0,1], T =[-1,1] x {0}, vy = ¢ =1
and w = wp, where —1 < wy < 0. Let A* be a convex optimal set in (2.12). We recall that any part
of DA* in the interior of € is an arc of circle with radius R* = 1/X\* and, that dA* is C* on T with
HY(OA*NT) > 0. Moreover, we know that if OA* touches T' at a point x then the angle 6 €)%, 7
between the tangent line to OA* NQ at x and T' should satisfy:

a2
(4.1) 6 < tan™? (1w0>

2’11)0

For all ¢ €]0,1] and 6 €]0,¢[, we define Acs as the “rounded” rectangle Q0 where the corners (1,1)
and (—1,1) are cutted off and replaced by arcs of circles with radius € and centers (1 —e,1 —¢) and
(=1+¢,1 —¢), while the corners (—1,0) and (1,0) are cutted off and replaced by arcs of the circles
(1 — &)+ (z2 —0)?2 =¢? and (vy — 1 +¢€)? + (w3 — 6)%2 = 2. Then, it is not difficult to check that

7.9 Per(Aes) = fpa ,or™® 4+ (7 — 4)e + 2[e cos™ (YE=2) — 5] — 2[1 — e + V% — 8%
£,0) = = .
| Ac o] 2— @52 — 20[e — V€2 = 62) 4 e6v/e2 — 62 — e2 cos— (L2

g

If (*,6%) is a minimizer of J(e,0), then the optimal set A* will be Ao« 5«. Notice that, thanks to (4.1),
we must have the following estimate:

72’[1}0
€
(1—wd)? + 4w?

*
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