APPROXIMATION OF TOPOLOGICAL SINGULARITIES
THROUGH FREE DISCONTINUITY FUNCTIONALS:
THE CRITICAL AND SUPER-CRITICAL REGIMES
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ABSTRACT. We further investigate the properties of an approach to topological singularities
through free discontinuity functionals of Mumford-Shah type proposed in [28]. We prove the
variational equivalence between such energies, Ginzburg-Landau, and Core-Radius for anti-plane
screw dislocations energies in dimension two, in the relevant energetic regimes |loge|®, a > 1,
where ¢ denotes the linear size of the process zone near the defects.

Further, we remove the a priori restrictive assumptions that the approximating order pa-
rameters have compact jump set. This is obtained by proving a new density result for S'-valued
SBVP functions, approximated through functions with essentially closed jump set, in the strong
BV norm.
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INTRODUCTION

This paper concerns the analysis of topological singularities, which is a central topic in models
arising in Physics and Materials Science. Vortices in superconductivity and superfluidity and
(screw end edge) dislocations in single crystal plasticity are the main examples of such phenomenon
JaL AT, B3, 9, 50, 51].

In the last decades several models have been introduced to describe the emergency of these
objects. Among them, the most celebrated is the Ginzburg-Landau (GL) model, mainly studied in
the context of superconductivity. In such a model, the order parameter is a function u € H*(; R?)
and the energy functional (in its simplest form) reads as

(0.1) ESL(u) = 1/ |Vul|? do + i/ (1- |u|2)2 dz,
2 Q g2 Q

where the parameter ¢ > 0 is referred to as coherence length. Here and below Q@ C R? is a

bounded open set with Lipschitz continuous boundary. A topological singularity is nothing but a

point around which u has non-trivial winding number and hence the main object to look at is the

Jacobian determinant (of u) Ju := det Vu. Denoting by S* the set of unitary vectors in the plane,

we notice that close to a topological singularity, u cannot be S'-valued (a singularity can be seen
1
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somehow as a zero of the order parameter); therefore, the parameter ¢ can be interpreted as the
size of the region where v fails to take values in S' and hence as the core-radius of the topological
singularity.

The variational analysis of the (GL) functional has been first systematized in the monography
[6] (see also [59] and the references therein for the asymptotic analysis in terms of I'-convergence),
where the (GL) model is compared with (and shown somehow to be “equivalent” to) the so-called
core-radius (CR) approach, in antiplane elasticity. Within this framework, the main variable
is represented by the distribution of topological singularities p = ) a;0¢, (with integer weights
a;) but the energy functional depends both on p - which here plays the role of the Jacobian
in (GL) - and on a map u € H'(Q.(u);S*) “compatible with u”. Here, ¢ is the core-radius,
Q. (p) == Q\U, B:(&) and the notion of compatibility is given by the fact that deg(u, dB:(&;)) = a;
(assuming that the balls B (&;) are pairwise disjoint). The energy of the system thus writes

(0.2) M) = [ |Vul do ot ful(@).

Qe (p)
Here, the quantity |u|(€2) plays the same role of the potential term in ES®, namely, avoids that
the cores do not cover the whole domain; in other words, it serves only to guarantee compactness
and does not provide any energy contribution in the asymptotics as € — 0.

The (CR) approach is mostly used to model screw dislocations in semi-discrete theories. Loosely
speaking, in pure (anti-plane) elasticity the bulk energy is determined by the Hooke’s law, and
reads as 3 [, [Vw|? dz, where the displacement w lies in H'(£2). In presence of a finite distribution
=Y, a0y, of (scalar) defects, the material has a purely plastic behavior in the cores B, (&;) and,
oversimplifying, such a plastic contribution can be expressed by |u|(€2). Moreover, along a closed
circuit enclosing the singularity &;, a displacement w compatible with p should have a jump [w]
equal to a;. Therefore, the displacement w is only in SBV?(Q.(u)) with [w] € Z and its elastic
energy should be given by % fﬂs ) |[Vw|? do, where Vw is the absolutely continuous part of Dw.
Setting

(0.3) u = 2™
one obtains that the total energy associated to the pair (u,u) is given by 5€CR.

In this paper, we adopt a different viewpoint, following the approach proposed in [28]. The
main feature is that the order parameter is now an S!-valued map, as in the (CR) approach,
defined on the whole Q, as in the (GL) approach. Clearly, in presence of topological singularities,
such a map cannot be in H*(Q;S'). But, instead of removing small disks around the singularities
(as in (CR)) or to weaken the S'-constraint (as in (GL)), the map u is now allowed to jump. More
precisely, u is a special function of bounded variation with square-integrable approximate gradient
(i.e., u € SBV?(Q;Sh)). The energy functional we consider is

(0.4) Fo(u) := / 1|vu|2 dz + 1Hl(su),
Q2 5

where € > 0 is a small parameter determining the size of the jump set S,, of u. Here and throughout
the paper H' denotes the (one-dimensional) Hausdorff measure.

Formally, the functional F. has the structure of the Mumford-Shah functional [56], but the S!-
constraint makes the analysis completely different. Indeed, having in mind the identity and
the (CR) approach for screw dislocations, jumps of the map w correspond to non-integer jumps
of the displacement w and should pay energy. In other words, the (amplitude of the) jump [w] of
the displacement exhibits a transition between integers in a little portion of S,,. The transition is
assumed to have length of the order of €, and corresponds to the presence of singularities. In this
respect, H'(S,) is the analogue of the potential term in (GL) and of the plastic term in (CR) and
the parameter ¢ can be understood also in this case as the core-radius of the singularity.

We highlight that for SBV maps the definition of topological degree as well as that of Jacobian
determinant are not so standard so that the notion of topological singularity is not so clear as in
(GL) and in (CR). Nevertheless, in [28], using the minimal lifting in [45], a notion of Jacobian
determinant is provided also for SBV functions; we recall such a definition in Section [1| (see [53]
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where in a more restrictive setting this notion was first introduce, and see also [9] for a different
definition of Jacobian determinant in dimension 2). In a nutshell, given a map u € SBV (;S%),
the Jacobian Ju of u is defined as the boundary of the 1-current T, defined by

1 1
0.5) T, ::5(—u15x2u2 + w20y uts ul 0y, u? — 10, ut) + §(u+ Au")TL S,
' =TP +T5.

We stress that dealing with the energy considered in [2§], that is
1 1 —
(0.6) G.(u) ::/ L de + 211 350).
Q 2 3

rules out, for instance, SBV? functions with jump set dense in the whole €2; such a fact is crucial
to prove compactness, rendering the analysis more simpler.

In [28, Theorem 3.1] the I'-convergence analysis of the functional G, at the energy regime | log¢]
has been developed. As one may expect, such an analysis reveals that the functional G. shares
the same compactness and I'-convergence properties of the functionals ES® and £SL. Specifically,
as € — 0, the Jacobian determinant tends to concentrate around a finite number of effective
singularities and the I'-limit of the functionals “gﬁ is given (up to multiplicative constants)
by the total variation of the limiting measure of the Jacobians. Since, in view of the possibile
presence of short dipoles, a uniform bound on the total variation of the dislocations’ distributions
is not available, the natural setting for such an asymptotic analysis is the (strong) flat convergence
for Jacobian determinants, the flat topology being the strong topology in the dual of Lipschitz
continuous functions with compact support in Q.

In the present paper we generalize the analysis done in [28] along two directions. On the one
hand, we show that the penalization term can be “weakened” considering only the length of the
jump set instead of its closure, i.e., working with the functional F, rather than with G.. Therefore
it is not needed to assume a priori that the jump set is compact. On the other hand, we show
that the functional F. shares the same asymptotic behavior of the functionals ES® and £S% also
in other energy regimes.

The first improvement is obtained by means of a density result in SBV?(Q;S!), p > 1, with
respect to energies JF. for fixed € > 0, through functions in SBVP(£2;S!) with (essentially) closed
jump set, converging in the strong BV norm and such that also the two unilateral traces of the
approximants along the jump set converge; in particular, by using the characterization of Ju as
the boundary of T, in , the strong convergence of Jacobian determinants with respect to flat
norm follows.

Our result hinges on tools developed in a slightly different setting, that is when only the
symmetric part of the diffuse gradient is controlled in some LP, for p > 1, rather than the whole
diffuse gradient. Mechanically, this corresponds to consider fracture models for general linearized
elasticity without the anti-plane assumption, described by the Griffith functional [40] instead of
the Mumford-Shah one.

In fact, the main tool for density results developed in the context of Mumford-Shah functional
is an approximated Poincaré-Wirtinger inequality for SBV? functions with small (H¢~!-measure
of the) jump set, due to De Giorgi-Carriero-Leaci ([25]): given v € SBV? there exists a trun-
cation in WP such that u differs from w on an exceptional set w whose volume is controlled
by (H?1(S,))"", d > 2 being the space dimension and 1* := d/d—1. In the same paper, this
result has been used to prove that the jump set of Mumford-Shah minimizers is essentially closed,
namely the H4~! measure of the jump set equals that of its closure. After short time a general-
ization for SBV?(Q;S*~1) maps has been proven in [I6]; by combining such a generalization with
an argument in [§] (cf. Lemma 5.2 therein), one can show that the Mumford-Shah functional in
SBVP(Q;S!) can be approximated through SBV?(£2;S!) functions having essentially closed jump
set and converging pointwise. Unfortunately, pointwise convergence of a sequence of functions
does not guarantee convergence of the corresponding Jacobians; since we need convergence in the
flat norm such an approach is not satisfactory for our purposes. For functions with finite Griffith
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energy (with exponent p), that is in the space GSBDP ([23]), a fundamental tool is the approx-
imated Poincaré-Korn inequality in [10], stating that for any v € GSBD? with small jump set
there exists an infinitesimal rigid motion a (i.e. an affine function with null symmetrized gradient)

such that the L#=T-norm of u — a is estimated by the LP norm of e(u), the symmetrized diffuse
gradient of u, outside an exceptional set w whose volume is controlled by (#*~*(.J,))*". Moreover,
a convolution of ux,ec + ax, at the same scale of the domain provides a function with LP-norm of
the symmetrized diffuse gradient controlled by those of w.

This result, on which other contribution in this direction rest (see, e.g.,the approximation in
GSBDP through functions with essentially closed jump set [19, [I1] and the analogue of [25] for
the Griffith functional [20} 17, [12]), has been generalized by [18] and [13]: here, any v € GSBD?
is approximated, in terms of the Griffith energy, by functions WP on a slightly smaller domain,
with essentially closed jump set, which differ from u on a set w whose boundary is controlled
by H*1(J,); further, in [I8] it is shown that in dimension two it is possible to guarantee that
the approximants coincide with u in the boundary neighborhood where they are not in W17, In
[18] such an approximation is used to prove an integral representation result, while in [I3] the
main result is the approximation of any u € GSBDP, with respect to the Griffith energy, through
functions with essentially closed jump set differing from u on sets of vanishing perimeter.

Moreover, Friedrich [32] proved a piecewise Korn inequality in dimension two, showing that up
to subtracting piecewise rigid functions (finite sums of infinitesimal rigid motions multiplied by
characteristic functions), any u in GSBDP can be approximated by functions in SBV?N L™, for
q < p, in particular the diffuse gradient of the approximants is estimated on the whole domain
by e(u); this is a very powerful tool allowing to overcome the lack of a Coarea Formula in GSBD
and then to show, e.g., existence of quasi-static evolutions for Brittle Fracture models (see, for
instance, [34]). In the same spirit, in [33] a similar result has been shown in the Mumford Shah
setting, namely dealing only with full diffuse gradients.

Eventually, we refer to [29] for the two dimensional analogue of [16] for maps in SBVP()(Q;SF~1),
(with 2 C R?) whose approximate gradient is integrable with respect to the variable exponent p(-)
over Q and whose jump set has finite H'-measure (see also [48] for the variable exponents analogue
of [25]), obtained under the assumption that the function p(-) is regular enough and takes values
in (1,2). This uses the analogue of the approximation of [I§], proven by employing retractions
P:RF\ X — SP~! with locally g-integrable gradient for ¢ € [1,2), where X is a smooth complex
of codimension two (cf. e.g. [14]).

We then compare our main density result Corollary with [I3] Theorem 5.1]: we are in
two dimensions and consider the full diffuse gradient instead of its symmetrized part, however we
keep in the approximation the constraint of being S'-valued. We notice that also a version with
symmetrized diffuse gradient is readily shown with essentially the same proof, see Theorem

Since in our application the case p = 2 is the relevant one, we cannot follow a strategy based on
retractions. Moreover, the proof of [I§], [13], and [33] is not compatible with a non-convex target
space such as S'.

Our approach is based on the existence of a lifting ¢ € SBVP(Q) (i.e., such that u = €27*?)
with 7||¢||lsv < ||lu|lsv ([24]), for which we provide a suitable approximation (Theorem and
then compose the approximants with e>™. We observe that, since in [13, Theorem 5.1] the set on
which the traces of the approximants differ from those of the given function has only finite H%~!
measure and then could be dense in the original jump set, after an application of [I3} Theorem 5.1]
to ¢ and the composition with e?™*, one could obtain approximating functions with jump set dense
in the integer jump set of ¢, whose H!-measure could be of order |jul|py .

Therefore we need a more refined density result, which allows to approximate integer jumps
with integer jumps as well. The strategy is to work locally near points with integer jump at a
scale for which the jump is almost flat and assumes a constant integer value. Then locally most
of the jump set of ¢ can be transferred (up to a small error) into a flat segment S on which the
jump has the same value; such S can be chosen in such a way that the remaining small jump set
of v, on any square with arbitrarily small sidelength with a side contained in 5, is small compared
to the sidelength: this follows by a two dimensional argument drawn from [I§].
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In this way, the approximation for functions with small jump set of [I8] may be applied at every
scale; therefore a Whitney-type argument combined with the fact that the approximants coincide
with the original function on the boundary of any square ensures that the traces are the same
on both sides of S, so the new jump is still integer. This strategy may be replicated for different
target manifolds, provided a lifting with good BV bounds as in [24] exists (in this respect see e.g.
[15]), but limiting to two dimensional domains. We notice that in the present context several hard
issues arise when considering space dimension d > 3, such as the lack of the analogue of the Ball
Construction.

The density result described above allows to develop the I'-convergence analysis for the func-
tional F. also in different energetic regimes (as it applies for fixed € > 0), thus generalizing the
setting of [28].

First, we develop the I'-convergence analysis in the so-called critical regime, that is |loge|?.
Loosely speaking, since |log | is the energy cost of an isolated singularity, the fact that F.(u.) ~
|log £|? implies that, for € > 0, the number of singularities of the Jacobians Ju. is of order |loge|;
therefore, the Jacobians Ju., once rescaled by |loge|, should converge (in the flat norm) to a
measure g that is not anymore atomic but diffuse. Furthermore, we prove that such a measure p
lies also in H~1(Q). Indeed, by standard compactness results in L?(£2), also the fields Tu'i , once
scaled by |loge|, should converge (weakly in L2(Q2)) to a field TP, whose distributional divergence
is shown to be given by —mu. As one may expect, the I'-limit accounts both for the plastic
contribution of 4 as well as for the elastic energy of TP. That is the reason why the |loge|?
regime is called critical, since in such a case the elastic and plastic effects are of the same order.
The I'-convergence analysis for the functional F; is provided in Theorems and which are
proved in Section [5| Second, the proofs of the compactness and of the lower bound are obtained
combining the corresponding results for the core-radius approach together with the refined ball
construction machinery introduced in [28] to analyze the |loge| regime.

Finally, adopting the same strategy, in Theorem we analyze also the super-critical regimes
|loge|? < N. < % In such a case, the interaction elastic energy is larger and larger than the core
energy, so that (unless scaling differently the two quantities Ju. and qu ) one keeps track of the
only TP and the Jacobian determinants do not play any role when computing the effective energy.

We highlight that the I'-convergence analysis for the functional £ in the regime |loge|? has
been developed in [47, [60} [61], where the authors consider also the case with magnetic field. The
analysis for EECR is provided in Section [4| and is somehow a short self-contained resume of the
results above, along the lines of [2].

However, a similar result in the context of edge dislocations within the (CR) approach is proven
in [35] under the well-separation assumption for the singularities (see also [55] for such an analysis
in the nonlinear elasticity framework); such an assumption has been removed in [39]. In view of
the asymptotic equivalence result [I] between the Ginzburg-Landau model and the purely discrete
models of XY spin systems and screw dislocations, we have that the analysis in the (GL) context
extends also to such discrete models.

The paper is organized as follows: After recalling some notations and preliminary results in
Section |1} we prove in Section [2| a general density result for SBVP(2) functions in Theorem
which implies, as a consequence, Corollary This is the result we employ to obtain energy
density in the I'-convergence results of Section [3] actually allowing us to restrict such analysis to
S'-valued functions with essentially closed jump set. The latter results are Theorems and
stated in Section [3] after recalling the main features of our model. In order to prove them we recall
in Section [4] the classical core radius approach, which is the starting point of our analysis. Finally,
the proofs of Theorems [3.3] and [3.4] are given, respectively, in Sections [f] and [6}
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1. PRELIMINARY RESULTS

In this section we collect some preliminary notions on the flat norm of measures and currents,
as well as some properties of BV functions that will be used throughout the paper.

Flat norm of Radon measures. Let n > 1 be an integer and let U C R™ be a bounded and
open set. We denote by M, (U) the space of Radon measures on U with finite total variation. If
1 € My(U), we denote by |u|(U) the total variation of p. We recall that a sequence py € My (U)
converges tightly to u € My(U) if py converges to p weakly™ as measure, and |ug|(U) — |p|(TU).
We also introduce the concept of flat norm of a measure p, denoted by ||1t]/gat , as

(1.1) o= swp [ pdu.
pecyt(v) JU
”‘P|‘CO,1(U)§1

Here and below, the Lipschitz norm [[¢[|co.1 () is defined by
o(x) — (y)l
||<P||CG»1(U) = ||<,0||Loc(U) + sup ———2—,
z,yel |z —y
z#Y

By a density argument we easily see that the supremum in (1.1) can be equivalently computed
among smooth and compactly supported (in U) functions ¢ with [¢[|co.1 ) < 1.

Flat norm of k-currents. Let n > 2 be an integer and let U C R™ be an open set. For every
k € Nwith 0 < k < n, we denote by D¥(U) the topological vector space of smooth and compactly
supported k-forms on U, and by D (U) its dual, i.e., the space of k-currents on U.
The mass |T'| of a current T € Dy(U) is defined as
IT| = sup{(T,w) : weD*U),||w|r~ <1}.

As done in ([L.1)) for measures, we define the flat norm of a current T € Dy (U) in U by

(1.2) ITlgat,v == sup (T,w),
weD*(U)
lwllrov<1
where
lwllru = ||l e @) + |dwl Loe 0y -

In the special case that T is a O-current and has finite mass, then it can be standardly identified
with a measure, and the flat norm of T coincides with the flat norm of the measure T defined in

[T

Jacobian for S'-valued Sobolev maps. Let U C R? be a bounded and open set. Given a map
u € WHL(U;SY) we recall that the distributional Jacobian Ju = Det(Vu) of u is defined by

(1.3) (Ju, o)y == / V- A, dx, for every ¢ € C°(U),
U
where
1 ou? Out ou? oul
1.4 = = — 17 27- 17 — 2 .
4 A 2( dzs " 1o " By “axl)’

notice that A, € L'(U;RR?).
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Moreover, denoting by j(u) € L'(U;R?) the current associated to u, i.e.,
1
(1.5) jlu) = §(u1Vu2 —u?Vu'l),

one has j*(u) = A\, and j(u) = 7Vw, where w is a generic lifting of u, i.e., a map in SBV?(U)
satisfying (0.3]) and Vw is the approximate gradient of w. Furthermore, it is easy to check that
Ju = —=DivA, = curl j(u) = meurl(Vw),
holds in the sense of distributions.
In the sequel we will use the fact that a function u € H'(U;S') satisfies Det(Vu) = 0 in the

sense of distributions. Moreover, if u € H(U \ B;S'), where B C U is a ball, then, integrating
by parts,

/ Ay - Vo dr = Ay v dH = / j(u) - T dH!, for every ¢ € C°(U),
U\B oB OB

where v is the inner normal vector to 0B, 7 = —v' is the counter-clockwise tangent vector to
2 1
O0B. Notice that j(u) -7 = %(ul%% — uzaa%) on 0B.
We recall that deg(u,dB) € Z is defined as

(1.6) deg(u, OB) := l/ jlu) -1 dH = l/ Ay v dH!,
OB 0B

7r 71'
whenever u € Hz(8B;S").

Jacobian for S'-valued SBV maps. Let U C R? be a bounded and open set. For any p €
[1,+00) the symbol SBVP?(U;R?) denotes the space of functions u € BV (A;R?) such that the
Cantor part D°u = 0, and Vu € LP(A4; R?*?), where Vu is the density of D%, i.e., D%u := Vul?.
The space SBVP(U;S') denotes the set of the functions u € SBVP?(U;RR?) such that |u| =1 a.e.
in U.

The following result, proven in [28] Corollary 2.1], is specialized here to maps taking values in
R2.

Proposition 1.1. Let u € SBV(U;R?) N L>(U;R?) ; then there exists a unique measure v, €
My (U; R2X2X2) sych that, whenever {v}ren C CHU;R?) N WHH(U;R?) N L>°(U;R?) satisfies

strict

Vil oo (rir2y < C < +00 for allk > 1 and vy, "= w in BV(U;R?), then vy ® Vo, — vy, , where
Leo(U5R?)
(I/u);’h is defined (for all p € C.(U)) by

[ e@awy = [ @@,z ds
U U\S.

- ;/Su ¢(x) (uF () + u (@) (u" T (2) — u' 7 (2)y;(x) dH (2),

for every i, j,h € {1,2} . Finally, if {ug}reny C SBV (U;R?) N L>®(U;R?) with
(1.7) k]l Lo ey < C,

strict

for some constant C > 0, and uj, ~— u in BV (U;R?), then
(1.8) Ve — Uy in My(U; R**2%2)
In the following, for every map u € SBV (U;R?) N L>=(U;R?), we set
[W"Dju] = (1,)5", i.g k€ {1,2},
For any map u € SBV (U;R?) N L>°(U;R?) we introduce the 1-current T,, defined by
1

Ty 125(—[U1D2U2] + [u*Dou']; [u'Dyu’] — [u?Dyu'))
1 1
(1.9) 25(—U15m2u2 w200t w0y u? — w20, ut) + §(u+ Au)TL S,

=TP 4+ 77,
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where we have noted a A 3 = —a - f+ = det(a, 8). Notice that TP € L'(U;R?) and that, if
u € WHY(U;SY), then T, = TP = )\, with )\, defined in (1.4). Finally, we highlight that if
u € SBV(U;SY), for any lifting w € SBV (U) of u, i.e., satisfying (0.3]), it holds that

u

(1.10) TP .= 7Vtw; TS = %sin(Qw(w_ —wt)TLS,.
The distributional Jacobian Ju € Dy(U) of w is defined as the boundary of T,,, namely
(1.11) Ju = 0T, in Do(U).
Essentially by definition, it easily follows that
[ Tullgar.o < Cllullv,
for all u € SBV(Q;S!), for a universal constant C' > 0.

Remark 1.2. We point out that in general Ju is not a Radon measure. This notion of Jaco-
bian determinant was first introduced in [53] under some special hypotheses on w. Under these
hypotheses it turns out that Ju is also a Radon measure.

2. DENSITY RESULTS IN SBVP(Q;S?!)

In this section we prove that any function u € SBV?(£;S') can be approximated - in the strong
BV norm - by (sequence of) functions in SBV?(Q;S!) with closed jump set. As a consequence
(see Corollary , we deduce that the corresponding currents can be approximated in the flat
norm.

In what follows for every function ¢ € SBVP(Q) (with p > 1) we denote by Sf;ac the fractional
Jgump set of ¢, i.e., Sgac = {z € S,: [p] ¢ Z}, and by Sg‘t the integer jump set, namely,
Sf/f‘t =S, \Sgac . The main result of this section is the following.

Theorem 2.1. Let Q C R? be a bounded open set with finite perimeter, p € (1,+00), and & > 0.
Then for every ¢ € SBVP()) there exist:

e closed sets I'nt = it Tfrac — Phrac - gGnite unions of disjoint C curves;

e a set W = W, finite union of cubes;

e a set of finite perimeter & = W.; B
e a function 0 = 6. € SBVP(Q)NWLP(Q\ (T uTHe UT)) ;

such that

(2.1) (Vo #V0ycoun, L:{e#0})<e 0=0ind,
[0)(z) € Z for H'-a.e. x € TInt,

(2.2) [ (S — HEI™)| + HE (ST ADT) + HY(0w) + H (0'D) < e,
and

(2.3) /Q\V9|p de < (1+ s)/Q |VplP de.

Moreover, HY (T2 N {6 # ¢1}) + HL(TF2e N {0~ # ¢ }) < &, where 6% and ¢* denote the
traces of 0 and ¢ on the two sides of T.

Before providing the proof of Theorem [2.I] we state and prove our desired approximation results
for maps in SBVP(Q;S1).

Corollary 2.2. Let Q C R? be a bounded open set of finite perimeter, p € (1,+0o0), and & > 0.
Then for every u € SBVP(Q;S') there emist:

e a closed set I' =T, finite union of disjoint C' curves;

a set W = W, finite union of cubes;

a set of finite perimeter 0 = e ;

a function v = v. € SBVP(Q;SHNWLP(Q\ (TU);SY);



JACOBIAN FOR BV MAPS 9

such that

(2.4) {(Vu#W}coun, L2({u#v})<e Vv=0L*ae ind,

and

(2.5) HY (S, AT) + H (0w) + HH(9*D) < &, /Q |VolP dz < (1 +¢) /Q |VulP dz.

Moreover, HY(T' N {vt # ut}) + HY (T N{v™ # u~}) <&, where v* and u* denote the traces of
v and u on the two sides of .

Proof. Let u € SBVP(Q;S!) and let ¢ > 0. Then, by [24, Theorem 1.1], there exists ¢ € SBV?(Q)

such that u = €2™% with 7||p|py < |[ul|py . Let I'"t T'fac & & be the sets and let 6 be the
function provided by Theorem [2.1]. We set v := €2 . Then, {Vp = V0} = {Vu = Vv} L%-a..

and {¢ = 0} C {u = v}, so that, by (2.1) we immediately deduce (2.4). Furthermore, since
S’gac =9, , taking I' = I'f*2°_ by Theorem we deduce also the last part of the claim. (]

Proposition 2.3. Let Q C R? be a bounded open set with finite perimeter, let p € (1,400), and
let w € SBVP(;SY). Then there exists {tuy }nen C SBVP(Q;SY) with H (S, \ Su,) = 0 for all
n such that

[un — ullBv(:rz) = 0,

(2.6) [Vunl e mexz) = [[VullLrorex2),
H (S, ) = H (Su).

Furthermore

27) Tu, — Tul(©) =0,

where Ty, and T, are the measures provided by ; i particular

|Ju — Jun|lfat.0 — 0,
with || - ||fiat,0 s the norm defined in (L.2)).

Proof. Let u € SBVP(Q;S!) be fixed. For every n € N let u,, be the function provided by Corollary
for e =¢e, = . By (2.4), we have that, for all s € [1,+00),

1 1
(2.8) L2 ({u # un}) < = e unllpeome <

n

)

@ =

and

1
( ) ||Vu—VunHL1(Q;sz2) < (HVU”L}?(Q;R2X2) —+ HVunHLp(Q;Rzm))Own\ + |Qn|) Y
2.9

C
S EHVUHLP(Q;RQXZ) .
Furthermore, since

DSy = (ut —u")@v, LS, dH!, DSu, = (uf —u,) @ vy, LS, dH!,

by triangle inequality, using that v,, = v,,, on S, NS, , we get
IDSu — DSu,|(Q) < (Jut —wt |+ u™ —uy [)H (Su N Su,)
+lut = uT[H (S0 \ Su,) + uf = uy [H (S, \ Su)
(2.10) UMM N {ut # ut)) £ AHN T N {ug # u)}) + 2H (SuAS,)
C

éiv
n

where in the last inequality we have used (2.5 and the fact that S, C T'), Udw,, to deduce that
HY(SuAS,,) SHN T, N (S, \ Su,)) + HE(SUAT,,) + HE(0@,)

< Hl(rn N {u; #ut}) + Hl(rn N{u, #u})+ Hl(SuAFn) + 7—[1(8@") <

2
n
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By (2.8), (2.9), (2.10), we immediately deduce the first condition in (2.6, whereas the other two
55)

easily follow from . Notice that (2.6] together with the fact that w,,u € SBVP(;S') implies

that

(2.11) / I[u] = [un]| @ vy dH' =0 and H'(S,AS,,) =0 as n — +oo.
SuNSu,

Furthermore, using triangle inequality, (2.8) and (2.9)), it is easy to check that
T2 =T 1) < 41Vl Lt (Quztun y 22y [[u—unl| Lo (or2) F4l | L= (@2 [ V= Vg || L1 (or2x2) = 0

and that

1
|T5—T5n|(ﬂ) §§/S . |u$/\u;—u+/\u7|d7{1
wMNSuy,

2 2

b At [l A aH < (] # [ <
Su\Su, Sun \Su
since S, C I'y, U 0w, U %G, and {[u] # [un]} = (SulASy,) U (Sy N Sy, N {[u] # [un]}).

0 3“\00

We now turn to the proof of Theorem [2:1}

Proof of Theorem[2.1} Let o, a1, a2 be small positive constants to be determined later. We divide
the proof into three steps.

Step 1: Covering the jump set. Since the sets
50 .= gfrac and SZi={zeb,: [u(z) =2z}

for all z € Z* := Z\ {0} are countably (H*, 1) rectifiable with finite %! measure, by [31, Theorem,
3.2.29] for every z € Z there exists a countable family {M} }ren such that

(2.12) H1<§5\ U Mﬁ) =0

k=1
and, by [3, Theorem 2.76] we may assume that for each z € Z and k € N the manifold M} is a
graph of a C' and Lipschitz function with Lipschitz constant less than oy . Let us fix z € Z such
that ’Hl(gj) > 0 (in particular, for the application of the present theorem in this paper, this holds
for z = 0). Then, since for H!-a.e. x € §j N M7, x has H'-density 1 both for §Z and Mg, for

every k € N and every such z € §Z N M there exists n(as, z) € (0, o) such that
(213) H(Q,(x) N SZ) — 2| < 2a9r,  [HY(@,(x) N M) — 2r| < 2007,
' HY@, () N (S2 N M) — 2r| < 2007

for every r < n(ag, x), and moreover
(2.14) HH(@,(2) N (SAMF)) < axH! (@, (2) N 57),

for every r < n(as,x); here we recall that @, (z) denotes the (open) cube Qz(x) (x), centered at x,
with sidelength 2r and with a side normal to v(z), the approximate normal to S, (or §j) at z.
We notice that holds also for S,, in place of §§ or 35 N MZ, that is, for H'-a.e. z € Sy, we
may also assume

(2.15) |HY(Q, (x) N Sy) — 27| < 2aqr
for every r < n(ag,x). Now we introduce
M:=S,n |J M.
2€Z, keN

We also denote by M C M, the set of points z satisfying (2.13), (2.14), and (2.14). From
what observed, H'(M \ M) = 0; so, since the family {Q,.(z): * € M, r < n(ag,z)} is a fine
cover of M, Vitali-Besicovitch’s Covering Theorem (see [30, Theorem 1.10] for its version for




JACOBIAN FOR BV MAPS 11

cubes) ensures the existence of a disjoint subfamily {@T(awﬂ)(x): x € M'}, for a countable set
M ={z;}jen C M C M and r(ag, ) < n(ag, x), such that

H(s.\J@) =0,

jEN
where we have noted Q; := Q,(v;) and r; := r(ag,x;) for every j € N. Then there exists
J = J(a2) € N such that
J —
(2.16) Hl(Su U Qj) < as.
j=1

For every j € {1,...,J}, let k; € N, z; € Z be the indeces such that, z; € 52N M:j, and ((2.13)),
(2.14), (2.15) hold (for all j, such indeces are unique). Then we set

We now see that for every j € {1,...,J}, there hold

(a) T, is the graph of a C* and Lipschitz function with Lipschitz constant less than as;
(b) | HYQ,(z;)NT;) —2r| < 2agr for all 0 < r < ry;
() H@; N (S7AT))) +H'(@Q; N (Su\57)) < Bewr;

@ A (SuA U rj) < as(1 + 5HY(SW));
(e) 52( LJJ j.) < 30H(S,).

Property @ follows by definition, since M} are graphs of Lipschitz maps with constant less than

a1. Property (]ED follows immediately from (2.13]). As for the proof of , by (2.14) and (2.13]),

choosing
(2.17) ag <1,
we have that
(2.18) HY(Q, N (S ATy)) < 0o’ (@Q; N SZ) < 202(1+ ag)ry < dagry;
moreover, by and we have that
HU(Q; N (Su\ 52) =H'(@Q; N Su) — H'(Q,; N 57)
<2r(1+ ag) — 2r;(1 — ag) = 4daory,
which, combined with , yields property . Property @ follows from the decomposition
J J J
SAUTi =[5\ J@; | ulJ @;n(S.\Ty)),
j=1 j=1 j=1
combined with and the estimate
HY (@, N (SuAT)) =H'(Q; N (S \ 1)) + H' (Q; N ((Su \ S7)\Ty)) +H(@Q; N (T \ Su))
<HN(Q; N (S5 AT)) +H (@0 (Su\ 557))
<8ayr; < day (H'(Q; N Su) + 2azr;))
<BasH (Q; N Sy)
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recalling that the cubes @j are pairwise disjoint. Here the first inequality follows from the fact

that S C Sy , the second one from , the third one from (2.15)), the fourth again from (2.15]
choosing

1
(2.19) g < £

Eventually, recalling that r; < o for every j, by (2.15), since as < $ < %, and using again that
the cubes @); are pairwise disjoint, we have

J
£2(UQ 247“ <2QZ Q NnSy,) —|—2a2rj <3QZH Q NS,) < 30H'(S.),

j=1

from which @ follows. Moreover, using (2.16)) with , and arguing as done to prove @, we
obtain that

J
]/_-w\int — U Fjv ffrac — U Fja f — fint U ffrac _ U Fj
j: z;#0 j:z;=0 j

are finite unions of disjoint C'! curves and

(2.20) H(SIEAT) 4 1 (S ATa0) < (14 5H(S,)).

Step 2: Approzimation in the cubes QQ;. We perform two different approximations depending
on whether the cube Q; = Q,,(x;) is such that z; = 0 or not. To shorten the notation, we set
vj :=v(x;), where v(z;) is the approximate normal to S, at ;.

Step 2.1: The case z; # 0. This implies that [u](z;) = 2z; € Z*. In this case we first show
that there exists a “big” set of segments (parallel to I/j‘) in the cube @j that do not intersect the
jump set S, of u and such that (small) stripes centered at each of this segment contain a “few”
portion of S, \T'; . To this end, denoting by z; + VjL the straight line orthogonal to v; and passing
through z; , we define the (signed) distance from such a line as dist(z, z; + vj") == (z — 2;) - v; .
Moreover, for every v € (—r;/2,7;/2) we define

TV = Q, N {dist(,a; + vF) =7}
and, for every k € N, we set
Cy* = Q; n{dist(-,z; +vj) € [y = 27Fry, v + 275}

Let

1
2.21 = —
(2.21) 7= 7eh
where 7 is the constant from Proposition below. We set S; := Q; N (S, \T';). We claim that
there exists a set I;-7 C (=r;/2,7;/2) with

5 160 (%)

(2.22) LHI]) < 7

such that, for every v € (—r;/2,7;/2) \Ijﬁ7 it holds

(2.23) HH(S;NCPY) < ij2= W, forall k€N
and

(2.24) Hl(Tj"’ NS,) =

Indeed, for 5;? = 2*’“73, we argue as in the proof of [I8, Theorem 2.1], considering the family

(2.25) 477;:{[7_5;?,7%;?] : Hl(sjmcjv’“)zgéf, keN, ye(—rj/Q,rj/z)}
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and I? := Ujey 1. By Vitali’s covering theorem, there exists a countable set {(+, k') };en such
J
that the intervals [y! — 5;?l,7l + 6;?1] in .7 are pairwise disjoint and
7l l KN k!
17 c | - 568 4 +50%].
leN
By property (cf) of I'; we have

8agr; = H(S;N Q) = Y H(S; nC) ) >Z 5’“2%51( 7)-
leN

Then follows. By definition of I;-], every v € (—7;/2, 73/2)\[5’ does not belong to any interval
of the family and then satisfies (2.23). Since H! (T N S,) = 0 for every v € (—r;/2,7;/2)
except at most countable many, we may enforce also zi[) Then the claim is confirmed.

Let us choose v; € (—7;/2,7;/2) \Ijﬁ satisfying (2.23), with

161
(2.26) v € (0, ﬁaQ rj> .
We consider the function
(2.27) Uj :=u+zjxg, nQ;,

where H; C Q; is the closed region delimited by I';, T 73 and the two segments Ejl, E? C 0Q;
joining the two couples of intersection points of I'; and TJVJ with the two boundary segments

B]:t = {Ltj :|:’I"j7'j +th2 ‘t| < ’l"j} C an,

being the ‘tangent vector’ 7; the unit vector forming an angle of 7/2 with v;. By property we
deduce that

(2.28) HH Q5 N (83, \ 7)) < H'(Q; N (Su\Tj)) + H'(T;\ 87) < Baar;

by it holds that

(2.20) WL O {[i)] # %)) = 0.

Further, for every s € (0,r;), denoting @, s := z; + @, and Ejl s 25, C 0Qj s the two segments

joining the two couples of intersection points of I'; and T]J with the boundary segments
st ={x; s +tv;: |t <rj} C0Qjs,
in view of () and (2.26))

161
(2.30) HU(Z;  UEs ) <2 (als + na2 j) .

Arguing as done before to ensure (2.23)), (2.24]) for v outside a small set, it is possible to find
€ ((1 - y/ag)r;,m;) (for az small enough) such that, denoting
Qf7, ={r € Qs (w—xy) v € (v, +73), (v —x5) - 75 € (=75,7)},
(2.31) Qs ={r € Q)i (w—wj) vy € (v —75,%), (& —25) - 75 € (=75, 7))},
it holds that
H'(Sz, N0QT,) =0,
(2.32) o
H? (ng N jS,?j N (8@?% + Baky, (O))) < ﬁ2_(k+1)rj for every k € N.

In fact, the same argument as above shows that there exist sets I}ir, If, C (—rj,rj) with
L‘l(I}ir) < Bezp, L1(IE,) < 22020 such that, for

Ol ={xeQ;: (@—a;) v; e FA+27 ]}, Cln, ={re€Q;: (x—z;) v; € [f—27Fr; 7]},
C\:/eff _{erj:(x_xj)'Tje[ﬁa§+2_ij]}v CJef+ {reQ:(x—x;) -1, €y—27 7“], 3
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it holds that for every 3 ¢ I | IE

hor® *ver

HUS; N Ok ) <i2= D 7Y (S, nO%EL) <i2”® e, for every k € N.

ver,

Therefore, for as small enough it is possible to find

7; € (1 — y/ag)r;,r;) such that v, £7; ¢ If 17 ¢ Ivier,

or’

so the second condition in ([2.32)) is satisfied. Then (2.32) follows, since the first condition holds
true for every 7; except at most countably many.

Let[T]

-~ a9 a9 ?
2.33 5 € (87, 167> n2li
(2.33) ! i G/ mN
so that the rectangles Qf?j are partitioned into cubes of sidelength gjrj. Moreover, let Ej € N be
such that
(2.34) 5; € [2~(ka+D) 9=hyy,

By property @, we have that
(2.35) HU(Q)\ Qiry) NT;) < 200007

We now subdivide ij?j into cubes whose sidelength vanishes in a dyadic way towards the bound-
aries such that in any of them there is a small amount of jump of %; compared to the sidelength,
in the sense of Proposition [2.5

Let us assume, for simplicity of notation, that z; = 0 and v(z;) = e;. We introduce two sets Q5
of dyadic squares of sidelength gk = 2_’“@ rj, k € N, which refine towards (‘3jS@_, as follows: let
jS,o be the family of squares ¢ € {z+ (0, gjrj]z: z € gjerz}, qC Q;.'f?j such that dist(q, anf?j) >
gjrj; recursively, for k > 1, let ka be the family of squares ¢ € {z+ (O,Ek]zz S ngQ}, q C Qf?j

such that dist(q, 6Q;tf__) > &), and q does not intersect any cube in ijl, for | < k; we define

J
o0
+ . +
o7 =J 9
k=0

For each q € Q]i let ¢’ and ¢’ denote squares concentric with ¢ with sidelength 10% and 20%
1

longer, respectively, so that I(¢') = l—él(q”) and I(¢") = gl(q); here and below, I(§) denotes the

sidelength of a cube ¢. By (2.21)), (2.28]), and (2.33]), for any ¢ € jS,m we get that

151(¢") (1 E) I(q")
B 12/ 4’

- 1
(2.36) H(q" N Sa,) < Basr; < Mdjry <nsla) =756

1«

so that all the squares ¢ “coming from” squares q € jS,o satisfy the hypotheses of Proposition

_ 1
for s = 135.

Moreover, let k € N. By (2.21), (2.32)), (2.33), and (2.34), for any ¢ € jS,k we have (since
q// C 8@;‘??} + BQ_(k+Ej_2)Tj (0))

o (ki ~ 51(q") 11N I(¢")
2.37 H(q" NSy ) < 2 tki—Dy. o 5 12 - (1——)—,
(2.37) (q )= "I 30% T 106 4 12/ 4
so that all the squares ¢” “coming from” squares ¢ € Q;tk satisfy the hypotheses of Proposition
for s = 4. By (2:36) and (2.37) we thus deduce that all the squares ¢’ “coming from” squares

+ (atia . it _ 11
q € Qj satisfy the hypotheses of Proposition for s = 13-

LThe intersection can be assumed to be nonempty, up to choosing ag smaller if necessary.
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Therefore, by Proposition applied to u; € SBV?(q"), for each g € jS there is a set of finite
perimeter w, C ¢”, wy = Ur, B such that
w, € WHP(q'), wy, =1; in ¢" \ w,

1/9* 1/a. "
(2.38) HY (0" wq) < ¢/nH'(Sa, Nq"),

/ [Vwg|P de < ¢ [ |Vu;|P da.
Wq Wq
We define
U w
q€ jS
Since the cubes ¢’ overlap at most 8 times, by the second and third property in we deduce
that

Hl(a*w;t) < 80/777'[1(5%‘ n Q;E?j)’

/i [Vwg|P dz < 80/i |V, |? do

J

(2.39)

Following [I3] proof of Theorem 4.1], we construct regularized functions vi on QiA which are
convex combinations of the functions w,. We notice that in our setting all the cubes are “good”,
according to the definition in [L3], that is the jump inside has small H'-measure compared to the

sidelength.
We set
(2.40) v;t = Z WqPq,
qGQji
where
Y T —cq l(g) U(q)\?
= = f = - 7
‘pq Z inq wq(x) w( l(q) ) OI'q Cq+< 2 9 2 ) 9

e CX ((—11/20, 11/20)2; [0, 1]), Y =1on[-1/2,1/2]2.
By construction, ¥, € C®(¢’;[0,1]) and ¢, = 1 in ¢, for any q € th. Since, by (2.38), wy €
WLr(q') for every q € jS, we deduce that
(2.41) v e Wl’p< U q/).
qGQ;t
Eventually, we define

L - = wt Uw
(2.42) vj 1= 05 XQI@ +v; XQ;@, wj = w; Uwj .

By (2.28), (2.38), [@2.39), [@.40), [2.42) it follows that

|Vo;|P dz < 8¢ [ |VulP dz, v; =u; in Q;7, \ wj,
(2.43) wij wij '
HY (0% w;) < 8c/nH (Qj7, N (S, \5’]7)) < 64c/n asr;.
We observe that the first estimate above is obtained arguing as in [I3], Step 3.3 in Theorem 5.1]
with the full gradient in place of the symmetrized gradient.
Furthermore, by construction we have that
(244) v; = ﬂj on anfj, [Uj] = [ﬂj] on T]’»Yj.
We observe that the latter property above follows from the fact that we employed a Whitney-type
approximation towards Tjﬁ“. In view of (2.30)),

N 322
(2.45) H(0Q)r, N{vj # u}) = HY(E); NE2, ) < 2047 + ﬁ‘” v,
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and, by property (]ED and the definition of T]j ,

(2.46) H Q7 NTy) = H (Qjr, NT)7)| < 200075
Step 2.2: the case z; = 0. In this case, z; € Sfrac “and as done before, we find radii T; €

((1 = y/aa)r;j,r;) such that, denoting Q; s := x; + @, it holds that
H' (S, N0Qj7) =0,

(247 H' (S5, N Qi 0 Qs + B, (0) ) < 72701 for every k€ .

By this choice, we can slightly amend the construction in [I3, Theorem 4.1}, to find in both

foj connected components of @; 7 \ I';

two sets of finite perimeter w]i and functions vji e wte (Q;.t?j) such that, for suitable cj-t =
+
Cj (p) > 07
+_ .t + +p + P
v; =uin ijj\wj, /i\ij| dz < ¢j /i|Vu| dz,
(2.48) w s

H (0"w)) < THN(SuN Q7)) HNOQz, N (w) Uw))) =0.

We notice that the last condition is new with respect to [I3l Theorem 4.1]: it comes from the
Whitney-type construction as in the previous substep, in turn allowed by the choice of 7; for
which holds, which is possible in 2d. Moreover, as in [I3] proof of Theorem 5.1, Step 2.2],
one proves that the constant

(2.49) é:= max{cji: j st x; € Sty

is bounded uniformly with respect to ay (in particular, even if the sidelenghts of cubes decrease
and the number of cubes increases; notice that increasing the number of cubes one may assume
that the Lipschitz constant corresponding to I'; decreases). As above, we set

j = + n — L= + n
vj = XQIFJ +v; XQJ',?,-’ wj r=wi Uw; .

Step 3: conclusion. Following the lines of [I3] proof of Theorem 5.1, Step 3], let us consider
§€(0,0.4v 200 min;— _ yr;) and the families:

J
2, = {%,5 =0z +[0,8]*: 2 € 2%, g:51 (Rz \ U Qj’?j) # @},
j=1

Dy = {Qz,é =6z + 0, 6]2: z €72, ¢z5 ¢ 21 and intersects some cubes in Ql},
2:=2,U2,.

For each ¢ € 2, let ¢’ and ¢’ be the (closed) cubes concentric with ¢ and having side length
I(¢') = 26 and I(¢") = 126 = 21(¢’), respectively. Let
v; (), T € ijj?

(2.50) v(x) == u(z), e\ U Qi

G=1,...,J

and, recalling the definition of ¢,  from Proposition [2.5] set

2, = {q €2: H'Y(S;ng") < 3—12775}2 {q €2: H' (S;nq") < T](l - g) Ha") }, 2y, = 2\2,.
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For every ¢ € 24, by Proposition applied to v € SBVP?(q”) (in correspondence to s = 0.9)
there exist wy € SBVP(q") and wy C ¢, wy = Ur, B such that

wy € WHP(q'), w, =0 in ¢" \ w,

H! (0"wg) < ¢/ (S5 N q"),

/ |Vwg|? do < c/ |Vo|P dx.

q q

(2.51)

Up to reducing the threshold in the definition of 2, it holds that if ¢'NI'; # () for some j =1,..., J,
then ¢ ¢ 2, so that if ¢ € 2, is such that ¢’ C Q; 7, it holds that ¢’ C ij;_j and then wy =¥
(and wq N ¢’ =), since v = v; € WLP(jSﬂ).

We set, recalling (2.42)) (and the analogue for j s.t. z; € S&ac)

G:= U q, w:= U q,

qEQQ qEZ)

= | (@ nTY), T™= | (QrnDy), @= ] wu |J w,
J

g xj¢Siac j: xjeSkac 4€2, J=1,0y
and
Z WqPq, in G,
(2.52) 0= qoeg .
v, in Q\ (GUW),
where
e () e (<)

v e 2((-9/16,9/16)%10,1]), & = 1 on [-1/2,1/2]%

By triangle inequality, @, (@, (2.15) using that 0 < r; —7; < \/oor; and that the cubes Q); are
pairwise disjoint, we obtain

|H1(S;nt) _ rHl(Fint)‘ S’Hl(SLnt \fint) + |H1(S,Lnt n fint) _ ’Hl(Fim)|
< Hl(S;ntAfint) + Z |H1(S;nt N Flj) _ rHl(Tj"/j N ijj)l

jiay g Sirec

(253) S Hl(S;ntAFint) + Z Hl(r‘] \ S;nt)
jix; ¢ Sirac
+ Y ATy - 27
jias gSizac

<HM(SIHAT™) + as(1 + 5H' (Su) + (a2 + vaz)H' (Su).
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Furthermore, by construction,

SiracAFfrac — (SZMC \ U @]) U U (@J N (SiracA(Fj N ijj )))

jixj €Sfrac jixj €Sfrac
C (Sirac \ U @]) U U (Qj M (Sfjacﬂr‘j))
jixj€Sirac jixj€Strac

J
U (Su (@ \ Qs7,))

<

_ (SiracAffrac U \ Q] - )) 7

whence, using (2.35)) and property @, we deduce that

J
Hl(SgaCAFfraC) S Hl(SiracAFfrac) + Z Hl(Su N (Q] \ Qj,?j ))
j*l

(2'54) frac A Tifrac 1 ’
<HY (ST AT +Z’H L;N(Q\Qj7)) +”H( AlJr )

=1 1

=
<H1<Sf%ffm>+2al@w( Su) + (1 + 5H(S)).

By summing and (| -7 using , we obtain
|H? (S;ft) — 1Y T+ H (Sgramrfm) < an(3 4+ 16H(Sy)) + vz (1 + 2a1)H' (S,).
By (2.29) and (2.44) it follows that [v](z) € Z for H!-a.e. x € T'nt, _
By definition and (2.41)), (2.48), (2.51) it is immediate that v € SBVP(Q) N WP (Q\ (T Uw)),

that {Vu # Vov} C @ U (since V(u; —u) = 0 in @, see (2.27)), that {u # v} C {Vu #
Vol U Uj: 2,70 H; (whose L2-measure vanishes with oo and o from property @), and that v =0

in @.
Summing up (2.51)) over ¢ € 2, we obtain (since the cubes ¢’ may overlap at most 8 times)

J
(2.55) H (@ |J wi) <8evamH (5\ | Qir, ) < Clan,az,p)

q€2, j=1
(¢ is the constant in ([2.49)) with C(«1, ag,p) vanishes with as (for ay < 1/4), since
s\ U @rc(s U @)v U Gausiou U (@\Qis)nmuTy)
G=1,0,J G=1,00J j: m;@Sirac j: wj¢Siac
and from the properties of I';, (2.30)), (2.35)), (2.45), (2.46). Therefore, adding the estimates of
the H!'-measures of 0*w; in (2.43) over j such that z; ¢ Sa¢ plus 8*w;—L in (2.48) over j such

that z; € SIa¢ together with (2.55)), we conclude that H!(9*@) vanishes with ag. In view of the
definition of @ (in particular of 2;) we get

wom) < gt (s:\ U @),

J=1,..,J

where above a factor 8 accounts for the overlapping of squares ¢”; as well, H!(0w) vanishes with
a3 by (2.55).

Eventually, arguing as in [I3, Step 3.1 in Theorem 5.1] for the cubes Q; such that z; € Gfrac
one proves that H!(I'™° N {v* # u*}) vanishes with ay, while (again following [I3, Step 3.3 in
Theorem 5.1] with the full gradient in place of the symmetrized gradient) one deduces from the
last estimate in that

/s

VolP da < 8c/ VP da,

q€2, Wq qugg Wq
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which together with the estimates on the gradients in (2.43) and (2.48)) gives that

/ |VolP do < C’(ag,p)/ |Vu|? dz,

for C'(ag,p) a positive constant vanishing with as. Being {Vu # Vo} C WU ®, v =0 in @, and
since the measure of & vanishes with s, we obtain

/ |VolP dz < (1+ C”(a27g,p))/ [VulP dz,
Q Q

where C"' (a2, p) > 0 vanishes with ao.
We conclude since a1, as, o may be fixed arbitrarily small. O

We recall a fundamental technical tool, [I8, Proposition 3.2]. In [I§] the result is stated for
balls, and it holds for cubes as well. Moreover, it holds true also for GSBDP? functions, in place
of SBDP? (see e.g. [I7, Proof of Proposition 3.1]). As usual, Q, := (—p, p)*.

Proposition 2.4. For every p € (1,00) there exist ¢ > 0 and n € (0,1) such that if u €
GSBD?(Q32,), 0 > 0, satisfies

H Sy N Q2,) < (1 — 8)o
for some s € (0,1), then there is a countable family F = {B} of closed balls of radius rg <
2(1 — s)o and center xp € (a5, such that their union is compactly contained in By, and a field

w € SBDP(Q2,) such that
() 07 pes L2(B) + X s HU(OB) < cfn HM (S N Qay);
(11) 'Hl(Su ﬂ UBeyaB) - Hl ((Su ﬂ QQSQ) \ UBeﬂB) = 0;
(i) w =u L%-a.e. on Q2, \ UpezB;
(iv) w € WHP(Q240: R?) and H*(Sw \ Su) = 0;
)
(2.56) / le(w)[P dz < ¢ / le(u)|P da.
Upes B Upez B

The previous result may be directly modified to obtain a SBVP version.

Proposition 2.5. For every p € (1,00) there exist ¢ > 0 and n € (0,1) such that if u €
SBV?(Q2,), 0 > 0, satisfies

Hl(Su NQ2,) <n(l—s)o
for some s € (0,1), then there is a countable family F# = {B} of closed balls of radius rp <

2(1 — s)o and center xp € @252 such that their union is compactly contained in Q2,, and a field
w € SBVP(Q2,) such that
(i) 07" Xpes L2(B) + Xpes H'(OB) < ¢/n H'(Su N Q2y);
(ii) H'(SuNUpez0B) = H*((Su N Q2sp) \UzB) =0;
(iii) w=wu L%-a.e. on Qa2 \ UpezB;
(iv) w € WhP(Qaso) and H'(Sy \ Su) = 0;
)

i

(v

(2.57) / |[Vwl|? da < c/ [VulP dz.
Upez B Upez B

Proof. We notice that it is enough to follow the proof of [I8 Theorem 2.1], from which [I8]
Proposition 3.2] follows, and use the fact that, if u € SBVP, one can control the components of
the constant matrix V¢(u) in place of those of e(¢p(u)) (see (2.12) in [I8] and its consequences) by

Vé(u) - (z —y) = ¢(u)(x) — d(u)(y) = / (u)'(t) dt,
Say
where u?(t) := u(z + tv), for v := =4, 2 := (Id — v ® v)z. Moreover, a constant in place of an
infinitesimal rigid motion appears in the Poincaré’s inequality for u on Qz . O
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By arguing as in the proof of Theorem using Proposition in place of Proposition [2.5]
one can show that also the following result holds true.

Theorem 2.6. Let Q@ C R? be a bounded open set of finite perimeter, p € (1,4+00), u €
GSBDP(QY), and € > 0. Then there exist:

closed sets T'™t, Tfrac  finite unions of disjoint C* curves;

a set w, finite union of cubes;

a set of finite perimeter W;

a function v € GSBDP(Q)NWhP(Q\ (T U@); R?), where I := T U Tfrac;

such that {Vu # Vv} C oUD, L2({u#v}) <&, v=0in®, v|(z) € Z* for H'-a.e. x € T'™ and

[H(S) = HHI™) + H (S ATR) + H (00) + H (0°B) <, / le(v)[P dz < (1 +¢) / le(uw)|? da,
Q\@ Q

where ST¢ .= {x € S,: [u] ¢ Z*}. Moreover, H'(T' N {v* # u*}) < e, where v* and u* denote
the traces of v and u on the two sides of T', and, if u € SBDP(Q), then also v € SBDP(Q).

3. DESCRIPTION OF THE PROBLEM

Let Q be a bounded and open subset of R? with Lipschitz continuous boundary and let Q' CcC Q
be an open set. We introduce

(3.1 AD(Q, ) = {u € SBV*(;;SY) = S, c '},
where S, denotes the jump set of u. For every e > 0, let G. : SBV2(;S!) — [0,00] be the
functional defined by
/ SIVul? do + THI(S.) ifue AD(O,9)
Q
+00 elsewhere in SBV?(Q;S!).

(3.2) G.(u) ==

In what follows, we will adopt also localized versions of the functional G.; more precisely, for any
u € AD(2,Q') and for any open set A with Q' CC A CC Q, we will denote by G.(u; A) the
functional in (3.2)) with Q replaced by A.

Notice that, since u € H(Q\ ';S1), it follows that
(3.3) suppJu C Q' for every u € AD(Q, ).

Indeed, let ¢ € C° (2 \ﬁl) and write

Do
1D 2 2D _ 7/ d D A 2D 1
(Ju, p)q / (%:2 102 — [u?Diul PN ([u'Dou’] — [u*Dau’])
dp [ 4 0u? ¥ ou! 1 / dp ¢ 0ur  ,oul
S do — = _ d
2 /Q\Q’ O0z2 ( dxy 8$1> T o@ 01 (u 0z 8952) .
= <J’LL, §D>Q\§/ = 07

where the last equality follows since u € H!(Q\Q'; S!) has null distributional Jacobian determinant
—
in Q\ Q.

3.1. T'-convergence in the subcritical regime. We introduce the class of atomic measures,
namely

X(Q) = {ue/\/l( Zz Sy, 2 € Q) 2" eZ\{O},NeN}

n=1

In [28, Theorem 3.1], the authors show that the rescaled functional |loge|~*G. T'-converges to
the functional F : X(Q2) — RT defined as F(u) = /(). Using a density argument, and in
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particular Proposition this result can be easily extended to the following setting, where the
energy functional does not take into account of the closure of the jump set: We introduce

/Q %|Vu|2 dz + é%l(su) if € AD(Q, Q)
+00 elsewhere in SBV?2(Q);S!).
Then the following I'-convergence result holds:
Theorem 3.1. Let Q and Q' be as above; then there hold
(i) (Compactness) Let {u.}. C SBV?(;S) be such that

Fe(ue)
3.5 su ,
(3.5) 5>%) |[loge| —

(3.4) Fo(u) =

for some C' > 0. Then there exists p € X () with supppu C QO such that, up to a
subsequence, ||Jue — mp||fa,0 — 0 (as e — 0).

(ii) (T-liminf inequality) For every p € X () with suppp C Q0 and for every {u.}. C
SBVZ(Q;S') such that ||Jus — wpl|at.o — 0 (as e — 0), it holds

e Felue)
. < .
(3.6) lp|(2) < llgélf Moge|

(i) (T-limsup inequality) For every u € X () with supp p C Q' there exists {uc}e € SBV2(Q;SY)
with || Jue — Tpllgas,0 — 0 (as e — 0), such that

. -Fs(us)
3.7 || (€2) > limsu .
(3.1 (90 > timsup T

Actually, by arguing as above and going through the proof of [28, Theorem 3.1], one can prove
the following more general result.

Theorem 3.2. Let Q and Q' be as above; and let {E.}. C (0,+00) with c|loge| < E. < |loge|?
for some constant ¢ > 0 (independent of €). Then the following I'-convergence result holds true.

(i) (Compactness) Let {u.}. C SBV?(;S) be such that
sup 22 < ¢
e>0 €

for some C > 0. Then there exists u € X () with suppp C Q' such that, up to a
subsequence, HH%E‘JUE — mit||fat,o — 0 (ase —0).
(ii) (T-liminf inequality) For every p € X () with suppp C Q0 and for every {u.}. C
SBVZ%(Q;S') such that ||%Jus — 7p||fiat,0 = 0 (as e —0), it holds
(3.8) |p| () < liminf Felue) )

e—0 €

(i) (T-limsup inequality) For every u € X () with supp u C Q' there exists {uc}e € SBV?(Q;Sh)
with ||%Jus — 7pl|fat,0 — 0 (as e — 0), such that
Fe(ue)
€

(3.9 |p|(2) > lim sup
e—0

Proof of Theorem[3.1 Although the argument is standard, we briefly discuss how to prove points
(i) and (ii), (iii) being identical to the case of [2§]. Assume (3.5)); by Proposition (applied to
the domain '), for all € > 0 we choose %, such that

1. 1
/7|Vu5|2dm§/f|VuE|2dx+6,
Q2 Q2

H' (Sa.) = H'(Sa.) < H'(Su.) +e,
(310) ||J175 - JUsHﬂat,Q < g,
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so that it follows

Ge(ue)
sup <
=>0 | loge]

The compactness result in [28, Theorem 3.1 (i)] and the third condition in (3.10]) imply (i). In a
similar way also (ii) is a consequence of [28, Theorem 3.1 (ii)] and of the same density result. O

<C+1.

We do not discuss the proof of Theorem since it follows from the same result with G, in
place of F., which in turn has the same proof of |28, Theorem 3.1].

3.2. T'-convergence in the critical and supercritical regimes. Our main results are the
following.

Theorem 3.3. The following I'-convergence result holds true.

(i) (Compactness) Let {u.}. C SBV?();S) be such that

(3.11) sup Fe(ue) <C

e>0 |10g€|2 o

b

for some C > 0. Then there exist a measure u € M(Q) N H~1(Q) with supp p C O and
a map TP € L?(Q;R?) with —DivTP = 7p such that, up to a subsequence,

Ju,
(FJ) H7r\10g6| _'LLHﬂat,SZ —0
TD
ACJ te TP in L2(Q;R?).
( ) |log €| in L*(R)

(i) (T-liminf inequality) For every (1, T?) € (M(Q)NHY(Q)) x L*(Q;R?) as in (i) and for
every {u.}. C SBV2(Q;S') satisfying (FJ) and (ACJ), it holds

(3.12) || (2 +2/ |TP|? dz < hmlnf Fe(ue)
[logel?

(iii) (T-limsup inequality) For every (u, TP) € (M(Q) N H=1(Q)) x L2(%;R?) as in (i) there
exists {uc}. C SBVZ(Q;SY) satisfying and (ACJ), such that

. ]:E(UE)
3.13 |u|(2 —|—2/ TP12 dz > limsu .
(313) () +2 [ P2 do > imsup et

Theorem 3.4. Let {N.}.~¢ be such that |loge| < N. < e1. The following T'-convergence result
holds true.

(i) (Compactness) Let {u.}. C SBV?(%;S') be such that

(3.14) up iza) <C,
e>0 £

for some C > 0. Then there exist a field TP € L?($;R?) such that, up to a subsequence,
TN—% —~ TP in L2(Q;R?).

(ii) (T-liminf inequality) For every TP € L*(Q;R?) and for every {u.}. C SBV?(Q;S') with
T D i L2(Q:R2) , it holds

(3.15) 2/ TP dy < lim inf Z20).
Q e—0 ]\fg2

(iii) (T-limsup inequality) For every TP € L%*(Q;R?) there exists {u.}. C SBV?(;S) with
D
TT“: — TP in L2(Q;R?) such that

N2

£

(3.16) / |TP)? dx > hmsup Felue) .
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By using the density result in Proposition one can show that Theorems and hold
true also when replacing F. with G..

In order to prove Theorems and we will make use of the corresponding core radius
approach results that for the sake of completeness we state and prove in Section [4] below.

4. CORE RADIUS APPROACH

We first introduce some notation. Let V' C R? be a bounded and open set with Lipschitz
continuous boundary. For every finite family of pairwise (essentiallyﬂ) disjoint open balls & :=
{B"}n=1,....~ (with N € N) we set

N p—
\JB
n=1
and we denote by Rad(Z) the sum of the radii of the balls B", namely

N
Rad(#) :=> r(B

where r(B) denotes the radius of the ball B. Moreover, for every p € X (V) with p # 0 of the

form

N
(4.1) W= Z 2"0y(Bm) with 2" € Z\ {0},

we set
(4.2) A (B, 1, V) :={uec H(V(AB);S") : deg(u,dB™) = 2" for every n =1,...,N}.
Here and below, z(B) denotes the center of the ball B.

Definition 4.1 (Merging procedure). Given a finite family 2 = {B,:(z%)};=1... 1 (I € N) of balls
in R2, we define a new family % as follows. If the closures of two balls in % are not disjoint,
then we replace the two balls with a unique ball which contains both of them and has radius less
than or equal to the sum of the radii of the original balls. After this, we repeat this replacement
recursively, until as all the balls in the family are mutually essentially disjoint. The final family is
%. The procedure of passing from £ to B is called merging procedure applied to A. Notice that
a merging procedure does not increase the sum of all the radii of the balls in the family.

The following result is proven in [27, Proposition 2.2].

Proposition 4.2. Let V C R? be a bounded and open set with Lipschitz continuous boundary, let
B be a finite family of pairwise essentially disjoint balls in R?, let € X(V) be of the form ,
and let uw € o/ (B, u, V). Then, there exists a one-parameter family of open balls B(t) with t >0
such that, setting U(t) := UBe%’(t) B, the following properties hold true:

(1) #(0)=2;

(2) U(t1) CU(t2) for any 0 <ty <ta;

(3) the balls in HB(t) are pairwise (essentially) disjoint for every t > 0;

(4) for any 0 < t1 <ty and for any open set AC V|

1 1 +t2
5/ 7 |Vu? dz > 7 Z W(B)“Ogil—kt ;
(Ut\T (t1))nA BEB(ts) !
BCA

(5) for everyt > 0: Z r(B) < (1+1) Z r(B), where r(B) denotes the radius of B .
BeB(t) Be®

2That is, whose closures are mutually disjoint.
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For every # and p as in Proposition for every t > 0, we set €(t) :={B € %(t) : BCV}
and we define

(4.3) fi= Z 1(B)ox(B) -
Be®(1)

We can now state the crucial result which will be the starting point of the proof of Theorem

Theorem 4.3. Let V' be a bounded open set with Lipschitz boundary. For every e > 0 let B, :=
{Bl'}n=1,...n. (with N. € N) be a (finite) family of pairwise (essentially) disjoint open balls with
Rad(B:) — 0 ase — 0, pe = ZNS 200y (Bny with 22 € Z\ {0} for everyn =1,...,N.. Let

n=1 ~e
moreover {uc}c be such that u. € o (Be, pe, V). Assume that
1
4.4 sup —————— Vu 2dx<C,
- 8 R Rad P Jy 7

for some constant C > 0 independent of €. Then, the following facts hold true.
(i) Let fi. be the measures defined in ([4.3) with €(1) = 6.(1) = {B € (1) : B C V};
then |fe|(V) < C|log Rad(%.)|? for all € > 0 with a constant C > 0 independent of ,
and there exist a measure p € M(V) and a function A € L*(V;R?) such that, up to a
subsequence, as & — 0

ﬁEI—V flat
45 ALV e
(45) og Rad( @] "
Ay
(4.6) XVIZ) L\ weakly in L2(V;R?):

| log Rad(4.)|

Notice that, as u. € & (%, pe, V), we have A, € L*(V(%:); R?) (see (1.4)). In formula (4.6,
symbol Ay, Xv(s.) denotes the extension of A,, to the constant (0,0) in V' \ V(Z.).

Proof. We start by proving (i). Our proof closely resembles that of [2, Theorem 3.2] where the
compactness result is proven in the energy regime |log Rad(%.)| .
For every 0 < p < 1 and for every € > 0 we set

(4.7) t !

P P [P
t S Rad P (B 1, vP = v[t?],

g €

where we have set, for ¢t > 0,
vt = Y pe(B)dus) -
Be%F.(t)
Fix 0 < p < 1. Then, by applying Proposition 4) (with t; = 0 and t2 = 1 and t = t2) and by
the energy bound (4.4]), we have that
(4.8) || (V) < C|log Rad(%:)? V2[(V) < C(1 —p)~*|log Rad(%:)|,

whence we deduce the first statement in claim (i) and the existence of a measure p? € M;y(V)
such that (up to a not-relabeled subsequence)
v *

4. — P .
(4.9) oz Rad(Z.)] 0 ase — 0

Now we prove that
1 (~
log Rad(%.)| '

from which we deduce also that p? = p for any 0 < p < 1. To this purpose, we first observe
that f.(B) = v2(B) for any B € 6.(t?) = {B € %.(t£) : B C V}; therefore, using (4.8) and

(4.10) —vP) g forevery 0 <p <1,
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Proposition 5) together with the very definition of £, for every sequence {¢.}. C C%1(V)
with [|¢c]|cor <1, we have

1
S — P o (o — o7
|logRad 7 1B =20l = (s Rea] | 2 / e ][“"f d) )
Be%. (tF)
+ 1 / vP)
1loo Rad( )| we d 7
[log Rad(#2)| | . (t,,)\% (! BV
1
<— _ P
< (o] [, (mipeee —minee) (RA(8) + 21 (5)
BeAB. (tF)
1
<o P
~ |log Rad(4%.)] Z diam(B) (|| (V) + [v2|(V))
Be#. (%)

< ORad(#.)|log Rad(%.)| ,

whence (4.10) follows.

Moreover, by the very definition of A,_ in (1.4)) and by the energy bound (4.4)), we immediately

have that
1

(4.11) :

1
/ 12X, | do = 7/ |Vu.|? dz < C|log Rad(4%.)|?,
V(AB.) 2 Jvz.)

thus, up to extracting a further subsequence, there exists A\ € L?(V;R?) such that (4.6 holds.
Notice that, for p € (0, 1) fixed, since |U(t?)] — 0 as € — 0, we also deduce

A,
|log Rad(2. )| XV (B (t2))

Now we prove (ii). To this end, let p € (0,1) be fixed; by (£.9) and by Proposition [£.24), we
get

(4.12) — A weakly in L?(V;R?).

. 1 w2|(V)
hmmf—/ Vu|? de > (1 — hmmf—
(4.13) e=0 2[log Rad(%:)*> Jwurynv (o)) Ve (1-2) |log Rad(Z:)|
>7(1=p)lul(V).
Furthermore, by (4.12)), we have that
1 2
gt 2[log Rad(%.)[? /\/(@E(tg)) [Vuel” do =linJpl / ’ |10gR | Vi) 0
9 / A2 de,
which, together with (4.13) (letting p — 0), yields (ii) d

5. PROOF OF THEOREM [B.3]

This section is devoted to the proof of Theorem [3.3] Using the density argument as in the proof
of Theorem we can prove Theorem [3.3| with 7. replaced by G. in (3.2).

The proofs of the compactness and of the lower bound are addressed in Subsection [5.1] and
closely resemble those in the | log | regime treated in [28], whereas the construction of the recovery
sequence is provided in Subsection

5.1. Proof of compactness and lower bound. By the energy bound (3.11)), together with
Corollary 2:2] we have that

(5.1) H'(S,.) < Celloge|?,

for every € > 0. By the very definition of Hausdorff measure, since S... is compact, there exists a
finite family 2. of open balls (in R?) such that S, C ey, B and Rad(%.) < Ce|loge|*. Notice
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that we can always assume (just by enlarging an arbitrarily chosen ball in %, ) that Rad(%.) > ¢,
so that, from now on

(5.2) £ < Rad(A.) < Ce|loge|?,
for some C' > 0. Moreover, by construction,
(5.3) u. € H'(Q(4A.);SY),
where we recall that Q(%:) := Q\Upcg. B- By (6.2) and recalling that S,, C ', we can assume
that, for € small enough,
(5.4) U Bca.
BeAB.

Up to applying a merging procedure (as described in Definition [4.1)) to the balls in %, , we can
assume without loss of generality that these balls are mutually (essentially) disjoint, and still

satisfy (5.2)) and (5.4). For € > 0 small enough we set

(5.5) e = Z deg(ue, 0B)0y(B) -
Be%B-.
By (3.11), (5.2), and (5.3), for £ small enough it holds
1
(5.6) ; /W [Vuf? dr < Gu(ue) < Cllogef” < Oflog Rad(.)"

Therefore we can apply Theorem [4.3[to the family {(Z.; )} . Notice that, in view of the very
definition of G., we have that also the family 2.(1) satisfies (5.4]) (for & small enough), so that
€.(1) = B(1). Setting

/75 = Z /’[/E(B)éd?(B) y

Be®.(1)

by Theorem [4.3(i) (more precisely, by (4.5))), using (5.2)), we have that, up to a subsequence,
ﬁs flat

5.7 Hag

(5.7) Toge]

for some 1 € M(). By construction, supp u C €. Moreover, by arguing verbatim as in the
proof of [28] formula (3.17)] one can prove that

1 ~
7”‘]“’8 - 7TM5||ﬂat,Q — 0,
[ loge|
which, combined with (5.7)), yields (FJ). Furthermore, by (1.10) and by (3.11)), we have that

1 1
— |2Tf|2d:c:7/ |Vu.|? de < C,
|logel? Jq ‘ |logel? Jq

so that, up to a further subsequence,

TD D 2 2
(5.8) Ilogsl T in L2(;R?),

for some field TP € L?(2;R?). This proves (ACJ).
It remains to show that —Div TP = 7, which will imply also that 4 € H~(Q). To this end,

let p € C°(2); then, by (L.10),
(5.9) (Jue, @) = (Tu., Vo) = (T, V) + (T, Vo),
for every e > 0. By (ACJ)), we have that

(5.10) (TP Vo) - (TP Vy) ase—0;

|loge| ‘" "’
moreover, by (1.10) and (3.11), we have that
(5.11) (T, V)| < Cel| V|| loge|*.
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By, (), (-9, (.10, and @.11),

(mps ) = (e, @) = lim ——— (TP, V) = (TP, Vig) = (~DWT?, 6}

lim
=50 [loge| [loge| ) [loge|
thus concluding the proof of (i).
Now we prove the lower bound (ii). We can assume without loss of generality that (3.11]) holds
true. By the first inequality in (5.6) and by Theorem [4.3{ii) we have immediately that

lim inf gg(u) > 7| (2 —1—2/ TP % dz,
€0 |0g5|2

where we have used also that the function TP coincides with the field A in Theorem m The
claim thus follows.

5.2. Proof of the upper bound. In order to construct the recovery sequence, we first introduce
some notation. Let r > 0 be fixed. For every finite sum of Dirac deltas p = Ziv:l Ogn With
|t — x™2| > 2r for ny # ne and for every 0 < p < r we set

N N
~ 1 . ~ 1 I
(5.12) pf = 3 E ’Hll_aBp(x ), fP= P E XB,(z") » and pt = frPde.
n=1 =

For every r > 0 and for every z € R?, we recall that Q,.(z) denotes the (open) square centered at
z with sides parallel to the cartesian axes and side-length equal to 2r, i.e., @.(z) :== z + @,-(0),

with @,.(0) := (—r,7)2.

Lemma 5.1. Let p := ZZL:1 mbx dzx, where L € N, m! € R and {wl}lzl,_“’L is a partition of €
into sets with Lipschitz continuous boundary. Let No — 400 as e — 0. For every e > 0 and for
every l =1,...,L with m! # 0, set

1
5.13 b= ——
(513) /o
For every 1 =1,...,L with m' # 0, let ZL:={z € 2rlZ? : Q,.(2) C W'} and N.:=4ZL. Then,
for every 1l =1, ..., L with m! # 0,
l

N,
(5.14) ﬁa — |m||w!] ase — 0.

Moreover, setting uL = Z 10, L (where {xL "}n | is the set of points in Z.) for every | =

., L with m! # 0, ula =0 whenever mt =0, and p. = 21:1 ME, we have that the sequence
{Itete T M(Q) satisfies
(a) for every e >0 and for every l = 1,...,L with m' # 0 and n = 1,...,N!, the balls
B z( Ln) are pairwise disjoint and contained in w' ;
(b) & Spin M(Q) ase —0;

(c) HJF\LTZ - MHHJ(Q) <CNCF (for & small enough),

1 l
where i := Zlel ﬁlg’Ts, with ﬁé”"e defined as in (5.12) starting from pl .

Proof. For every [ = 1,...,L with m! # 0 we set @’ := UzEZ Q zE(Z) and we denote by w! :=
int(w!) the set of interior points of @!.. We set r. := min{rl : [ = 1,..., L} and R, := max{r!
I=1,...,L, m'# 0}, and we notice that r. — 0 as ¢ — 0.

Property is straightforward. Indeed, let I € {1,..., L} with m! # 0; setting (awl)ers =
{x € Wl dist(x, Ow') < 2rl}, (W \ @)\ (8wl)2Tzs| =0, and hence,
by the Lipschitz continuity of dw!,

(5.15) W'\ @i = 0(rf) = O(Re),
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N

where limsup,_,, O(R.)RZ! < C < +oo. On the other hand, |@.||m!| = 4(rL)2Niim!| = N

€

1
which, together with (5.15)), yields |w!| = [w! \ @] + |&L| = O‘gﬁsl) + ﬁ , and hence ([5.14]).
Property (a) follows by construction. Now we prove property (b). Let ¢ € C.(Q2), and let m,
be the modulus of continuity of ¢. Then, setting

(5.16) M :=max{|m!|: 1 =1,...,L},

we have that, as € — 0,

L L
He n
(B o) | < > lz/ Lot —o@)] do+ St [ jota)] da
¢ n=1 Qz(mE ) =1 wh\wl
m;ﬁO ml+£0

L L
<4M N2 max mg(t) + M o W\ @ | =0,
SOM Y NG e mol0)+ Mlolz= 3 1ot \@

ml#0 ml#£0

where we have used (5.13)), (5.14)), and (5.15)); this proves (b).

We are left with the proof of (c). We set

L L ~
M =5
= U le We 1= U wi, Ne = (1\; - N)sta
=1 =1 €
ml#0 ml+£0
so that
s
5.17 = — =N — UXN\w. -
(5.17) A S L S

Let v € H'(Q1(0)) be a solution to

Av=2xp, —1 inQ(0)
0,v=0 on 9Q1(0).

We then define for every € > 0 and for every [ =1,...,L,andn =1,..., N/

notice that Vol (z) = /2 V(25

n 1 =
(518) val ||L2(Ql L )R2) T 4N€2HVUH%2(Q1(O);R2)

and

fAvé’” =1 n Qu (xlsn) , (’va;" =0 on 0Qu (xé”)
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Integrating by parts, using Holder inequality, (5.18]), and Young inequality, it follows that

L N!
In:lls-1y =  sup /¢d775= sup Y Z/ oA da
PEH; () /O $EH; ()  1=1 n=1"Qu (")
Il 1oy <1 Il 1)<l miz0

GEHF(Q) =1 "
161l 1) <1 miz0

L N}
= sup Z Z/ ( Vo - Vvé’" dx
n=1 rk

L N
< sup Y Z||v¢|\L2(Q es R?)“WQ”HLQW (ah™):E2)
PEHH(Q) =1 n=1 c
(519) ||¢HH1(Q)§1 mb+£0
X
= sup IVl 12 | @imyrey IVl 221 0)iR2)
bemL() 2 ZNe nzl @n ) '
oMl 1 o) <1 miz0
L 1 N!
< swp (1980 @y omy + NIV g i)
SeH1 () lzz: 4]\@;::1 N2 (@0 L2(Q,1 (aL™)iR?)
6l g1 (o) <T m!
L
1 N! 1 C
<5 = (| V0|7 QiO0yr2) T —T = —1,
QZ;NE GO T NG T NS
ml#0

where the last inequality follows from (5.14) and (5.13)). Finally, by Holder inequality, (5.13]) and
(5.15)), we obtain

1 C
(5:20) [luxrw. la-1@) = sup / pdp<  sup M| paolw\we]? < —
bEH; () w\we pEHL(Q) N2
Vol L2qm2) <1 IVellL2qr2y<1
with M defined in (5.16]); this, combined with (5.17) and (5.19)), yields (c).
O

Proof of Theorem [3.3(iii). We divide the proof into two cases.

Case 1: p = Zlel mlx,de, where L € N, m! € R, and {w'},=1,. 1 is a partition of Q into
sets with Lipschitz continuous boundary.

We divide the proof into two steps. In the first one we construct the recovery sequence
{(pe; B.)}e for the core-radius problem; in the second step, we exploit the structure of {(uc; 8.)}e
to build up the recovery sequence {u.}. for the functional gG. .

First step: Construction of the discrete measure u. and of the core-radius field B. . For every
e >0, we set

(5.21) N, :=||logel]
and let
L L NI
52) =Y Y b
=1 =1 n=1
ml#£0

be the measure provided by Lemma Set
(5.23) S :={(0;z2) : z2 <0}
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and let ¥ € C*°(R?\ S) be the function defined by

arctan 72
s

o 2
I(z) = T + arctan %

3
5T

(5.24)

For every I =1, ...

, L with m! # 0 and for every n = 1,...,

if(E1>0
ifzy =0and 2o >0
iffE1<0
ifx1:Oandx2<0.

Jlet Rin € 12, (B2 {aln}:R?)
and KL e L% (R?;R?) be the functions defined by
1

n 1 n ln l,n
Kf; (z) := %Vﬁ(x — xlsv ) = W(—(xz — xsﬁz) 1 — X, 1),
and -
1, _ |z — 2" Iny _ 1 In In
K" (x) == WV@(,@ —x") = W(—(@ —xl5);r —xh),
respectively. Recalling that A, g(x) := Bgr(z)\ B,(z) (for every 0 < r < R and for every z € R?),
we define
L N L N
P >ln I,n
Ke = Z Z e Xa_,(akmy Z Z K "Xp , (zimy -
I=1 n=1 € =1 n=1 €
ml#£0 ml#£0

~ 1 : ~1, r
Mlep :7T QZXB (zb™) dz, and He = pe <,
p n=1 =1
and similarly
N L .
ﬁ?p - 2 Z H I_('?Bp(xlg’") ) and fe = ﬁams
n=1 =1
Eventually, we introduce
L
pz=) e
=1
Then, using the notation just introduced, we have
(5.25) curl I?E = 1S — [ie and curl K. = fhe — fe -
Let v. € H(Q) be the solution to
—Av=pi. — Nepp in
(5.26) { v=20 on 0f).

Then, by Poincaré inequality and by Lemma (5.1))(c), we get

3
IVvell72mey < e = Neprll @ lve | a3 ) < CQNE [Vl 2z »

whence, recalling (5.21]) we get

(5.27) ~ Ve L0 in LAQ:R).
V/Ne|loge|
Let
1
(5.28) B = 7(TD)l € L*(O;R?),
and set
(5.29) B, = Nsﬂ+f/(\'5 —IN{E—FVJ‘?}E.
By (523) and (5.26),
(5.30) CUI"IBELQ:NE/L+,[/ZZ*/757ﬁ5+ﬁg+ﬁstgu:ﬁg,
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— [ A—
so that curl 5, = 0 in Q:(pe) := Q\ Uh=1 Uiv& B.(zl™). Furthermore, by (5.30), for any
ml#0
I=1,...,L with m! # 0 and for any n = 1,..., N!, we have

/(9 i )EE-Td’lel for a.e. p € (g,70).
B,(xo"

Again by (5.30), setting SL™ := 2L + S (with S defined in (5.23))) for every [ = 1,..., L with
— 1
m! #0andn=1,...,N!, there exists a function J. € H* (Qe(ﬂs) \ UM Ug; Sé”) such that
ml#£0

L N
(5.31) B. = V1. a.e. on Qs (fte) \ U U Stm,
ll:# n=1
In what follows, with a little abuse of notation, we denote by ¥, and 3. the zero-extensions of .
and j, to Uk U B.(zL™), respectively. We now prove that
ml#£0
(5.32) Be — B in L*(O;R?).

v/ Ne|loge|

On the one hand,

1 / =5 Al
~ 1 [k de= / IR da
/Nclloge| Ja : \/N|log€ IZ; nz:l @y
z?go
Z e)N! = 0.
\/N |log£
l;éo
On the other hand, recalling ([5.14)), we also have
1 ~
lim ———— [ |K.|? dz = i K2 d
50 N.|loge| Jo K[ da I—I%Nﬂogd ; nz:l/s z(wi’")| e
(5.33) mi£0
L
Sy Nilog =
 li 20 = )
£—0 N¢|loge] 2m
so that
K
5.34 ——= 0 in L}(:R?).
(5.34) Nlosc (% R%)
Moreover, by construction,
(5.35) —— / B2 d
. _ T
Nologe] Jo ¢
1 l,n|2 : 2 2
e de — 0 L7(Q;R*);
- ¥Tose z e Qz/ a7 20 i PORE);
l?go

therefore, by the very definition of 3, in , using (5.34)), (5.35)), and (5.27)), we deduce (5.32).

Moreover, by (5.33), (5.35)) and (5.27)), we easﬂy get

: 2 2
. m [3 1% /3 d
(5-36) ah—mNIlogal/' "d | @ / B de
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Second step: Construction of the recovery sequence. {uc}e. Let Z_G {1,..., L} be such that
ml# 0 and i € {1,...,N!} be fixed. The set A, e (ab )\ U* l 1 U ¢, SLm is either connected

or is given by the union of the two sets

Aaize( la )= AE,26(CE?ﬁ) N{z1 2 xle),?}'

We set abm+ fA+ .. O dz and a?“ = fAf Loy 9. dz, where ¥, is the function in

T
£, 25 En) £, ZE(IE

(5.31). By construction J. € H' (AL, (a! ")) and J. € H'(AZ 5. (25™)) | so that, since the sets
AEiQE( ™) have Lipschitz continuous boundary, we can apply the Poincaré-Wirtinger inequality
in H' (A, (zb™)) and H'(AZ,.(xL™)), thus getting

€,2¢e

(5.37) |9 — ab™H|? < Ce

I,n,—
lﬂ +||19 _a ||L2(A7 (ln))—

2
L2(AT, (xt ||5 HLz(A e (abTYR2)

for some universal constant C' > 0.
Let 0. € C%°(B2:(0);[0,1]) be such that o = 0 in B.(0), 0 =1 in Az, ,.(0) and that

o |Q

(5.38) Vo (x)] § for every x € Bo.(0),

for some constant C' > 0 independent of € (and of x). For every € > 0 we set

oe(z — xéﬁ)ﬁs(x) + (1 —o.(z— xéﬁ))aé T ifxe st( ™) for some [ =1,...,L, n=1,.
9o (z) = o-(z — 2™ (z) + (1 — oc(x — 2L™))al™t  if x € BS (2L™) for somel—l7 LD, n=1,...
€ = B
Ve (x) if 2 € Q\ U2 UL 1325(:55’),

ml#£0

(where E;t&(xé") = Ba(zt")n{z; = méq} and [ is such that m! # 0) and we define u, : © — S
as

(5.39) U () o= 2™ 0)

By construction,

L N L

(5.40) S..c | UBsclab™  and  H'(Su) < ) Nle,
=1 n=1 =
ml#£0 ml#£0

which, in view of ([5.14)), implies

! 17{1(?%):0.

41 lim ———
(541) el—r>r(l)NE|log5\s

We claim that
Vi,
V' N:|loge|

which, together with ( -7 in view of (| -, will 1mp1y - To show , we start by

observing that, by the very definition of 9. in |J%—, Un 1 Ac oo (zL™) and by - (applied to
ml#£0

(5.42) — 4  in L*(%R?%),
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every [ =1,...,L withm! #0and n=1,...,N!), we get

5.43 2 n
(5:43) “ Nogal VPl U ety S N“Ogg‘ Z nZlHB 2o, peatmyim)
ml#£0 l¢0
19 ln+
+N\logs|£2 ; ;” ”L2 Al (@t™)
ml+£0
c & &
_ A ln,—
+N|10g5| 2 lzl 7;‘19 ag ||L2(A 26(331571))
ml#£0
N:
C
= N¢|loge| IZ; ;”ﬂ HL?(AE 26 (z2™);R?)
ml#£0
C
< BlI? +o(1
|10g5| I HLz(ULz 1 UM, Ac o (ab™)iR2) )
l#o
=o(1) =0,

where in the last inequality we used (5.35)), (5.33)) (with r. replaced by 2¢), and (5.27)), to deduce
that

L L
N, |log5| z; ;”6 ||L2(As 2e(zh™);R2) = N, |]0g5‘ z; nz:lH HLZ(AE 20 (zh™);R2)
l#o L#O

|log5| Z Z HBHLz(As se(albmym2) T o(1)
S

C

< - 1).
< Tog2] o(t)

2
+OlBI,

_|_
2(UPy, UM%, Acac(ab™)R?)
l#o

Therefore, by (5.43]) and (5.32)), using the very definition of ¥, , we deduce (5.42)). Furthermore,
using (5.36)) and again (5.43)), recalling (5.28]), we get

1 1
lim ———— 24 li 272 24
E%Nauoggm/ﬂlws' = azmowogﬂ /lﬂs‘ v

(5.44)
—rlul() + 2% [ |8 do = wlul(@) +2 [ TP da,

Q Q
which, combined with , implies that the sequence {u.}. satisfies .

Now, in order to conclude the proof of (iii) of Theorem ﬁ in the case p = Zlel mlx, dz,
it remains to prove that also is satisfied. To this end, we first observe that, by Hdlder
inequality and the very definition of u. in , for every | = 1,..., L with m! # 0 and for every
n=1,..., Né

[ e 0 5 GOy ey

€
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which, by Fubini Theorem and by the Mean Value Theorem implies that (for every I =1,...,

with ! # 0 and for every n =1,..., N;) there exists 76 < pL™ < 2¢ such that
1
/aBl i) |Vu.| dH' < ouws||L2(A%5725(m?n);w) ,

Therefore, recalling (5.40)), by (5.43)), for £ small enough we get

Z Z/ dIT,, | = Z Z/ TP | dH!

l l
=1 n=1 Bl"(msn =1 n=1 Bl"(msn
iAo i

< c\/EIIVQ%IILz(ULl:1 % Ao (el 82)
ml#£0
(5.45) < CN,|log 5|%

Analogously, again by (5.43)) and by (5.40)), using also Holder inequality, we have

N
T, | ( U UBM l")g 2|Du€|( LLJ UszE,n(xé’"))

=1 n=1
l;éO ml#£0

< 2| V||

Z Nizr+C Z Nle

40 i

Nl I,n
LUy UNE B el ))
ml#£0

< CeN.|logel?

Recalling the definition of 9 in (5.24]), we define

by construction, v. € WHP(Q;S!) for any 1 < p < 2, and
Jve = Tpe in M(Q).

Moreover for every x € Q

(5.46) |Tv.(@)] =|T.)(2)| = 2/ Ao, (2)| < 27 Z Z|V19m—x )| = 2n Z Z

=1 n=1 =1 n=1
ml#£0 ml#0

|;v—x

L
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Therefore, for every [ = 1,..., L with mt # 0 and for every n =1, ... ,Ng, and for € small enough
we have
— L 7I-
CRERIEDY z/ an’
=1 Bz n(mlsn |
mi#0
L
<dn? + / H!
Z aB,mux 2 Z T
n;én l:,él
ml#£0

l L 4

<4m? + 47e lf E NI —/ " < 4n® 4 dme g |ml|\wl|]\/'2 <C,
Te =1 =1

1£1

L#O
where in the last but one inequality we have used ([5.14)) together with the fact that

inf |zbm —2b" >l inf inf |zl —2b?| >l
n:l-,..~7Né l:l,.:,L n:L...,Né
n#EN 1#1

so that (for € small enough) dist(0B,» (zb™), zbm) > rl | Tt follows that

(5.47) Z Z/ IT,.| dH' < CN. = C|loge| .
o

L,n
1=1 n=179Bin(z")
ml#£0

Analogously, by (5.46)), for every [ = 1,..., L with m! #£0, foreveryn =1,..., Né_ and for ¢ small
enough we have

17,.|(B s (al™) <2m [

an(xlsn) |l'

1
dx+27rZ/ —T dx
Bl—(;vg ) o — xg
n;én

z 5 / e
= n=1 ) IZ‘
l;él
ml#£0

7 E L € 3
l l 2
<Ce+CN; 7 +C ) Neg < ONZe,
€ 1=
i
ml#£0
whence we deduce that
Nl
1 1 In
(5.48) @\TM( l:U1 ngpi,n(xs )) 50 ase—0.
ml+£0

Let finally ¢ € C1(Q) be such that [ellcory < 1. By the very definition of distributional
Jacobian, integrating by parts and using that

L N/ L N/
Jul (o [ U Bpetm) =de (20 U U Buat™) =o,

I=1 n=1 =1 n=1
ml#£0 ml£0
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we obtain

L NI
(Jue, )a = / V- dT,,. +/ V- dT,_
: Z Z B, n(zlwn Q\ULZ=1 Ugél B, n(xls’n)

=1 n=1
ml#£0 l?fo
L N
1
- Z / ! V- dl, - / ] ¢Ty, v dH™,
=1 n=1 B‘lg-n(”EW) l 1 n=1 aan (ze™)
ml#£0 ml#£0
and
L N!

(Jve, oo = / Ve dh. +/ Ve
Z Z In UL, e, Bin(ze")

mi#0 l;ﬁo
L
- Z Z / dT,, — Z / T, v dH.
=1 n—=1 ln(% ) =1 n—1 3Bln($é")
l?go l#o

Therefore, by (5.45)-(5.48)), and using that
Jue (B (x Lmy)y = ng(szE,n(xlE’")), for every I =1,...,L with m' #0, n=1,...,N.,

we obtain

L N!
‘<Ju5—71'/1,5,<,0>9| < Z Z‘/ . o(Ty. —To.) - Vd'Hl‘
=1 n=1 7J9Bun(z")

ml_;é()
L N
+an(lJ LJBZn )+wﬂg(lj U B (™)
=1 n=1 n=1
mi£0 i
< Z ZoscBl (abn )/ (ITu.] + T, ) dH!
=1 n=1 aBpl,n(xls'n)
l?go €
+ |logelo(1).

Since oscB L (abmy (@) < Ce, it follows that

|10g | || Ju ﬂusﬂﬂat@ -0 ase — 0,

whence follows by Lemma [5.1[b).

Case 2: General case. We argue by density, namely we show that for every (u;TP) €
(M(Q) N H1(Q)) x L*(Q;R?) with suppp CC Q and —DivT? = 7u there exists a sequence
{(k; TP ) Y oen € M(Q)NHH(Q)) x L2(92; R?) with supp py, CC Q and —DivI}P = mpuy, for every
k € N such that puy is locally constant for every k (and takes the form as in Step 1), and
(5.49) AT |pi] () = |p| (), TP — TP in L*(Q;R?) as k — 4o00.

First, let {pn}n>0 be a sequence of standard mollifiers. We define

fh = Uk Ph, Hh = fh dz, ThD = (TD*ph)I—Q

By construction, —DivT}? = 2wy, for every h > 0 and, for h small enough, |u,|(0Q) =
Moreover,

S (@) = (@), TP - TP in (%R,
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Furthermore, since {fp,}n>0 C C(Q), for every h > 0, there exists a sequence {f,{}jeN with f,{
locally constant as in Step 1, such that

15~ Sy >0 and [ (5= fi) de =0,
Q

For every h > 0 and j € N, let w{b be the solution to

~Aw=f]—f, nQ

w=20 on Of).
By standard elliptic estimates, we have

IVwhllz2@mey < CIAL = Fullzzaze) -
Finally, for every h > 0 and for any j € N, we set (TD)% =TP + QWVwi , so that —Div (TD)fl =
27y}, and, for every h >0,
(TP — TP in L*(Q;R?) (as j = +00).

Using a standard diagonal argument one can find a sequence {(ux;TP)}ren satisfying (5.49).
Finally, by arguing as in the second step of Case 1, we can construct the recovery sequence for the
functional G, . O

6. PROOF OF THEOREM [3.4]
This section is devoted to the proof of Theorem

Proof of Theorem[3.4} The compactness statement follows immediately by and (1.10)).

Analogously, the lower bound is a consequence of and of the lower semicontinuity
of the L? norm with respect to the weak convergence.

Therefore, it remains to prove only the upper bound. The proof is fully analogous to that of
Theorem. (iii) 1n Subsectlon We briefly sketch it. Let 8 € L?(Q; R?) be such that g+ = TP
and we set p = curl B=- 7TDNT D Then p € M(Q) N H~1(Q). Moreover, by construction,
supp pu CC 2.

We show how to prove the claim only in the case p = x, dz for some w C Q with Lipschitz
continuous boundary, since the other cases follow by the former by arguing verbatim as in the
proof of Theorem iii). Let

NS
(6.1) e = Zéw?
n=1

be the measure provided by Lemma and let 3. € L%(Q;R?) be the field defined in (5.29). By
arguing verbatim as in Case 1 (first step) of the proof of Theorem [3.3(iii), and using that here
N, > |loge|, we have that

P 2 — P
gli% / |K | da = hm Z /E )
analogously, by arguing as in and (6-27), we get
lim —/ |K.|? do = hm —/ |Voe|? dz = 0.

11 1
|K.|" dz = lim 1 logre +|loge] _ .
I")

e—0 21 N,

e—0 N
Therefore,
(6.2) % —0 strongly in L?*(Q;R?).
€
Finally, defining the sequence {us}s as in ((5.39)), by (5.40) and (5.43), we have that

2 D2
lim 50-(u0) = 5 [ | ar =5 [ T7Ra

which concludes the proof of the claim in this case. O
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