ON FRACTIONAL HARDY-TYPE INEQUALITIES IN GENERAL OPEN SETS

ELEONORA CINTI AND FRANCESCA PRINARI

ABSTRACT. We show that, when sp > N, the sharp Hardy constant b, of the punctured space
RN\ {0} in the Sobolev-Slobodeckii space provides an optimal lower bound for the Hardy constant
hs,p(£2) of an open Q C RN . The proof exploits the characterization of Hardy’s inequality in the
fractional setting in terms of positive local weak supersolutions of the relevant Euler-Lagrange
equation and relies on the construction of suitable supersolutions by means of the distance function
from the boundary of 2. Moreover, we compute the limit of hs, as s 7 1, as well as the limit
when p  co. Finally, we apply our results to establish a lower bound for the non-local eigenvalue
As,p(Q) in terms of hs,, when sp > N, which, in turn, gives an improved Cheeger inequality whose
constant does not vanish as p  co.
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1. INTRODUCTION

This paper deals with Hardy-type inequalities in fractional Sobolev spaces, with special interest
to optimal lower bounds on their sharp contants.

We recall some well known facts on Hardy’s inequalities in the classical (local) setting. For an
open subset  of RY, let us define the distance function to the boundary as

do(x) := yrgggl |z —yl|, forall zeq.

A classical result in the theory of Sobolev spaces states that, under suitable assumptions on the set
Q, there exists a positive constant C' such that

P
(1.1) C/ ‘Z—i dr < / |Vul? dz, for all u € C5°(Q).
Q 0g Q

In the huge existing literature concerning the Hardy inequality, some results establish necessary
and sufficient conditions on the open set Q ensuring the validity of (1.1) (see, for example, the
references in [23]) while other papers are devoted to the interesting related question of determining
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2 CINTI AND PRINARI

the optimal constant C' in (1.1), which can be defined in a variational way as

p
Q) = inf /Vup:/mdle}.

This has been achieved in some particular cases, e.g. :

i) — RN _ (Iv-pl)?

o if @ =R\ {0}, 1 <p<oo, p7#N, then h,(Q) = - (see [29] and the references
therein);

o if O is convex, 1 < p < oo, then h,(2) = (”%)p (for a proof, see [28, Theorem 11]).

In the particular case p > N, Lewis in [27] and Wannebo in [32] show that the Hardy inequality
(1.1) holds on every open set Q C RY. Later, an alternative proof of this result has been given in
[20] by means of a ”pointwise Hardy inequality” and maximal function techniques. However, all
these papers do not provide any explicit (lower) bound for h,(€2). The latter question is studied in
[2, 18], where it is proved that, when p > N, the optimal Hardy constant of the punctured space
RN\ {0} provides an optimal lower bound for h,(£2), i.e. for every open set @ C RY it holds:

(12) (90 2 0,8 (0} = (2=

Recently, much interest has been devoted to the study of fractional nonlocal operators, fractional
Sobolev spaces and related functional inequalities. A natural question in this context is whether a
fractional analogue of (1.1) holds true and whether one can determine the sharp constant, at least
in some particular cases.

In order to state our main result, let us start by introducing our notation. For 1 < p < oo,
0<s<1and QCRY, we define

W=r(Q) = {90 € LP(Q) : [plwer(a) < +°°}’

1
le@) =Wl 0" o 1
QxQ |$—y|N+Sp ) BEsEsh
(/ V(p|pdx>p, if s =1.
Q

When 1 < p < oo, this is a reflexive space, when endowed with the norm

where

[SD]WMJ(Q) =

||<p||Ws,p(Q) = ||g0||Lp(Q) + [@]Ws,p(g)’ fOI every ¢ S WSI)<Q)
We also indicate by WP () the closure of C§°(€) in WP (RN).
The analogue of the Hardy inequality (1.1) in this context reads as follows:

|uf”

(1.3) C 7 dx < [u]@vs,p(RN), for all u € C3°(Q).
Q g

For an open set Q C R, we introduce its sharp fractional (s, p)-Hardy constant defined as

p
S Q == i f b . & d = 1 .
b 7p( ) ueé%o(ﬂ) {[U]W&p(RN) o d;lp X
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We explicitly note that by ,(Q) = h,(2). Observe that, by definition of W3P(), we have

. Juf?
(1.4) by @ = int ([, [ S ae=1}.
i ueWy?(Q) Wer®Y) Q de
by a standard density argument.
A first result in the determination of the sharp constant in this fractional setting was established
by Frank and Seiringer [16, Theorem 1.1], who proved that, if N > 1,0 < s <1land 1 <p < o0
are such that sp # N, then

s

1 N
bop == bs7p(RN\{O}):2/ =1 \1# oy |P
0

where, for every 0 < r < 1, the quantity ®x s p(T) is given by

Oy s p(r)dr >0,

2

Dy p(r) =SV 2|/ — dt, for N > 2,
1—2tr+r2)

and
1 1

q)l,s,p<r) = (1 — 7”)1+8p + (1 ¥ 7n)1+5p'

The case of convex sets has been considered recently in [4], where, in Theorems 6.3 and 6.6, it
has been proved that, if  is convex, the optimal constant hs,(2) coincides with the one of the
half-space HY := RV~! x (0, +00) (whose explicit value is given in formulas (1.9)-(1.10) in [4]) in
the following situations:

eforl<p<ooand1/p<s<l;

e forp=2and 0 <s < 1.

We note that the paper [4] extends some previous results contained in [5, 15] for the case p = 2.
More precisely in [5, Theorem 1.1], the explicit value of the optimal constant for the half-space has
been computed for p = 2 and any 0 < s < 1, while in [15, Theorem 5], it has been proved that if Q
is convex, then b, 2(Q) = by o (HY) for any 1/2 < s < 1.

When sp > N, the recent paper [31] shows that the fractional Hardy inequality (1.3) holds on
every open set @ C RY by adapting the technique in [20] to the non-local setting. However, such
an approach does not give any lower estimate on the fractional Hardy constant s ,(€2).

With the aim to provide an optimal lower bound on hs ,(€2) when Q C RY is a general open set
and sp > N, in this paper we give a different proof of the Hardy inequality (1.3) which comes out
with a lower sharp estimate on b, ,(2). In particular, our main result extends inequality (1.2) to
the fractional case sp > N.

Theorem 1.1. Let N > 1,0 < s <1 and 1l < p < oo be such that sp > N. For every open set
Q C RY we have

(1.5) Bsp(Q) > by, where b, := bs ,(RY \ {0}).

The proof of this result is based on the so-called supersolution method, which was well known in
the classical local case (see e.g. [1, 23, 13]) and was extensively studied in the fractional setting in
[3, 4]. Such a method allows to give an equivalent “dual” definition of hs ,(£2), which relies on the
existence of positive supersolutions to the nonlinear fractional equation:
|u[P~?u

dey

(1.6) (—A,)°u=A in Q,
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where (—A,)® denotes the fractional p-Laplacian, whose precise definition will be given later on in
Section 2. We recall that, in [3, Theorem 1.1], it is proved that

(1.7) hs,p(2) =sup{\ > 0 : equation (1.6) admits a positive local weak supersolution}.

For the definition of local weak super/subsolution we refer to Definition 2.1 below.

Such result, as well explained in [3], is based on the equivalence between the strict positivity of
hsp(2) and the existence of a positive (local weak) supersolution to (1.6) for some A. For more
details on the supersolution method see [3] and reference therein.

Thanks to the formula (1.7) above, in order to prove Theorem 1.1, it is enough to find a positive
supersolution to (1.6) for A = b, ,(RY \ {0}). This is the content of Theorem 2.2 (and, more
precisely, of Corollary 2.4 below), where we give an explicit supersolution to (1.6), in terms of
powers of the distance function.

In the second part of the paper we study the asymptotics, when s /1 of b ;,, as well as its limit
when p  oo. The strategy adopted in [31] does not allow to perform a quantitative study of the
optimal Hardy constant b, ,(£2) and of its behaviour as s /1 and p /* co. On the contrary, the
application of the supersolution method permits us to prove, that, when p > N, it holds

(1= $)hup(BY\ {0)) = Ky (p - N)p — Ky by (B {0)),

where K, y is an explicit constant depending only on p and N (see Theorem 3.1). This will follow
by combining a limsup-inequality (which is valid for any open subset of R™) and a liminf-inequality
(proved for 2 = RY \ {0}), which are established in Lemma 3.2-3.4, respectively. We emphasize
that, while for proving the lim sup-inequality, it is sufficient to use the variational definition (1.4)
of b, ,(€2), for establishing the liminf-inequality the dual formulation (1.7) is better situated (since
there, the Hardy constant is written as a supremum rather than an infimum).

Moreover, by exploiting the lower bound (1.5), in Theorem 3.6 we show that, for every 0 < s < 1,
it holds
(1.8) lim (hs,,(2))

p—0o0

lim
s 1

=1

=

)

generalising the result given in [9, Theorem 4.4] when s = 1. Again, this will follow by combining
a liminf and a limsup inequality, both valid, now, for any open set (2.
In the last section of this paper, we apply Theorem 1.1 to obtain the following Cheeger inequality

o po) 2, (M)

for sp > N and Q C RY open, see Theorem 4.1. Here h; () is the Cheeger constant of 2 defined
by

P(E
(1.10) h1(92) = inf {|i3|) . E € Q smooth, |E| > 0},
and As p(§2) is defined by the following sharp fractional Poincaré inequality
(1.11) As p(Q) = uegg(ﬁ) {[u]ng(RN) : /Q |ul? dz = 1} .

We explicitly note that, in the case s = 1, when p > N, combining (1.9) with (1.2), we get an
improvement of the classical Cheeger inequality with a constant which does not vanish as p — oo
(for further details, see Remark 4.2). Finally, thanks to (1.8), we study the asymptotic behaviour
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of the family ()\SVP(Q))l/p as p — oo (see Corollary 4.3), getting a sharp estimate in the limit case
p = oo (see (4.10)).
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2. AN EXPLICIT SUPERSOLUTION AND THE PROOF OF THEOREM 1.1
For every 1 < p < oo, we indicate by J, : R = R the monotone increasing function defined by
Jp(t) = [t[P~2¢, for every t € R.
For 29 € RY and R > 0, we will denote by Br(zg) the N—dimensional open ball centered at g,
with radius R. We will use the standard notation wy for the N—dimensional Lebesgue measure of
B1(0). For an open set Q C RY, we denote by

do(x) := yrre%rsl2 |z —yl, for every z € Q,

the distance function from the boundary. We extend dq by 0 outside 2. Moreover, we denote by
rq the inradius of €2, defined by

rq = ||dallL~(q) = sup {r > 0 : there exists z¢ € Q such that B,.(zg) C Q}

For a pair of open sets £ C Q C R¥, the symbol E € 2 means that the closure E is a compact
subset of Q.
For 0 < v < o0, we denote by Lgp(RN ) the following weighted Lebesgue space

Jul*

o Ny _ Ny .
Lg,(R )—{ueLIOC(R )./RN A5 )" dm<+oo}.

For 1 <p<oo,0<s<1,and Q C RY open, we will consider the equation

ulP~?u
(2.1) (—Ap)°u = )\HT in £,
Q
where A > 0. Here (—A,)® is the fmctzonal p—Laplacian of order s, defined in its weak form by
—u(y)) (p(z) — ¢(y)) N
dx d f C5°(R™Y).
(aprugh= [ B vdy,  for every o € GF(RY)

Definition 2.1. We say that v € WP (RY) N LE7H(RY) is a
e local weak supersolution of (2.1) if

[l D) D ) ) gy [,
RN xRN - ’

|z — y| N Ry dgy

for every non-negative ¢ € C§°(Q);
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e local weak subsolution of (2.1) if

[ A =) g [,
RN xRN - RN

|z —y|NHer dg

for every non-negative ¢ € C§°(Q).
e local weak solution of (2.1) if it is both a local weak supersolution and a local weak subso-
lution.

The aim of this section is to prove the following result:

Theorem 2.2. Let sp > N and let Q C RN be an open set. Then, the function

- N
Uqp = d 0,2
2,6 = dg; 56(,]0_1 :

is a positive local weak supersolution of
p—1
Q, .
B in €,

(22) (_AP)SUQ,B :C(ﬁ) dgp 5

where the positive constant C(3) is given by

1
(2.3) c(B) = 4mN/o 1= pPP72(1 = pf) [pN’l - p”s’ﬁ(p’”’l} G(p?) dp,

with s
T N-11 N+4ps ps+2 N
aN:zir(M), G(t):B<2 ,2) < 5 5 ;2;t>.
2

Here T, B, and F denote the gamma, the beta, and the hypergeometric functions, respectively'.

Remark 2.3. Observe that, for the choice § = (sp — N)/p, we have that

N
c (spp > — b,

Indeed, with simple algebraic manipulations, this choice gives

‘1_ sp— N’p 2(1_psp;N) [pN_l ppsisp N(p 1)— ] ( sp N)P N—1

p 1pN sp (lipsp;N>P
p

N—sp

:pSp_l ‘1—p P

Moreover, as observed in [16], according to [19, equation (3.665)] we have

N—-11 N +ps ps+2 N _
D ap(t) = BWQB(>F( ps P 'ﬂ>5N2G@%

2 72 2 7 2 72

and
Nfl

r(%5)

SN2 =2 " =27may.

LWe refer for example to [25, Chapter 1] and [25, Chapter 9] for the definitions and properties of these functions.
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This finally gives

! N-sp|P sp— N
bs,p:2/ pP ‘1—0 v ‘ ‘PN,s,p(p)dp:C( ’ )
0

According to the previous remark, when 8 = (sp — N)/p from Theorem 2.2 we immediately get
the following

Corollary 2.4. Let sp > N and let @ C RN be an open set. Then, the function
sp—N
D

Ug :=dy" ,

is a positive local weak supersolution of

p—1

U, ‘
(—A,)°Uq = hsvpgigp in €.
Q
In order to show Theorem 2.2, we recall that, by [11, Theorem 1.1] (see also [16, Lemma 3.1]),
given z € RV, sp> N and 0 < B < (sp — N)/(p — 1), the function

V()= |z — Z|ﬁ = dﬂgw\{z}(fﬂ)a

belongs to WP (RY) N Le 1 (RY) and is a local weak solution to
yr-l

d:h

RN\ {z}
where C(f) is given by (2.3). Using this fact, we can prove the following preliminary result.

(2.4) (—A,)°V =C(p) in RV \ {z}.

Proposition 2.5. Let sp > N and 0 < 3 < (sp—N)/(p—1). Let zo, x1 € RN. Then, the function
B
Ur 1= dgn (ap,01)
is a local weak supersolution of
ur!

T E—
TN\ (9,21}

(2.5) (—A,)°U =C(B) in RV \ {20, 21},

where C(B) is given by (2.3).

Proof. We start with the obvious (yet crucial) observation that, since 8 > 0, we have

. B
Ur = dﬂgN\{zo,ml} = (mm{dRN\{wo}’dRN\{wl}})

= min {dﬂﬁw\{zo}’ dﬂﬁw\{xl}} = min {Vp, V1 },

(2.6)

where

Vi(z) = |o — )P, fori =0, 1.
Then the function Uy belongs to WiiP(RY) N L2 (RYN). In order to prove that Uy is a local weak
supersolution of (2.5), we can suitably adapt the strategy applied in the proof of [24, Theorem
1.1], where it is shown that the minimum of two locally weakly (s, p)-superharmonic functions is
itself a locally weakly (s, p)-superharmonic function. In our case we need to handle the additional
nonlinear term on the right-hand side, which is however local.
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Let ¢ € C§°(RYN \ {zo,21}) be a nonnegative test function. Then it is admissible for the weak
formulation of the equations satisfied by Vp and V; (i.e. equation (2.4) with z replaced by xo and
x1, respectively). For every 0 < ¢ < 1/4 we define

6 := min {1, o=V —€v1)+ } .

Then we consider 71 = (1 — 6.)p as a test function in the equation satisfied by Vp, and 72 = 6. as
a test function in the equation satisfied by V7. By summing up the corresponding integrals for Vj
and V7, we obtain

Vol —*Vo . . Vi[P—2*1 ~ Q(zy)
27 C(ﬂ)/ B a0} e Cd) /RN AN\ (1) T //IRNX]RN [ —y|N+sp y|N+6” ey
where
O (x,y) = Jp(Vo(z) = Vo(y))((1 = = (z))p(x) — (1 = 0=(y)) o (y))
+ Jp(Vi(@) = Vi) (0=(z)p(x) — 0=(y)(y))-
As shown in [24, Theorem 1. 1] we have that

W(Us(@) = Ur(9) (p(x) = o))
2.8) li dedy < dx dy.
I e e

e—0

We further observe that, by (2.6), we have

p—1
M if x €5y,
Up ! () min{Vy' ! (z), V' (2)} (o
(29) dsp ( ) = - . . —
B¥\{zo.a1} o {dR&\{xo}(@’dRN\{m}( )} W@ o
A 2,y (2) )
where

={2eRY: |z —xo| < |z —x1]} and So:={z € RN : |z — 21| < |2z — 20|}
Moreover, by definition of 6., S7 and S5, we have that
f-=0on S; and 6. — 1 pointwise on Ss.

Then, taking into account that ¢ € C§°(RYN \ {zg,71}), we can apply the Lebesgue Dominated
Convergence Theorem and we get

2 vt
lim di(l — 0. )odx + dgpliegcpdm
TOIRY CRN (a0} RV \ {21}
|2 £ | Zi
(2.10) = / P pdx + lim ( P (1—6.)pdx _|_/ dSpl 0.dx
E\ro) =0 RN\ (w0} RV \{o1}
V Vp 1 pr-1
= e odx + dSp odr = dspligodx,
S1 "RN\{zo} RN\{z1} RY CRN\ {2120}
where the last identity follows thanks to (2.9). Hence, combining (2.8), (2.7) and (2.10), we get the
desired conclusion. O

By repeatedly applying Proposition 2.5, we have the following corollary.
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Corollary 2.6. Let sp> N and 0 < 3 < (sp—N)/(p—1). Letn € N and zq,...,x, € RY. Then,
the function

_ B
Un - dRN\{xo,...,mn}’

is a local weak supersolution of
p—1
U'Il

d]is{ev\{wo,...,xn} 7

(2.11) (=AU, =C(B) in RN\ {xzg,..., 2.},

where C(B) is given by (2.3).

We are now ready to prove Theorem 2.2. The idea is to argue by approximation: we pick a
countable dense subset U;en{z;} of 09, we apply Corollary 2.6 on the finite set U {x;}, and
finally we pass to the limit as n — oo.

Proof of Theorem 2.2. Let D = U;en{z;} be a dense subset of 92 and for every n € N we define
E,=R"\{zo,...,zp} and U,=dj .

By Corollary 2.6, we know that, for every n € N, the function U, € LE; LRY) is a local weak
supersolution of (2.11) in E,, 2 Q. Moreover, {dg, }nen and {U, }nen are decreasing sequences
(being S > 0) and, since D is dense in 0f), we have that for every x € Q

2.12 = mi —z| = inf |z — x;| = inf = i
(2.12) do(z) = min |z — 2| = inf |z — 2;| = inf dp,(2) = lim dg, (),
and
= B = 1 — 8 =] — B =1 =1
(2.13) Uq,p(x) = dg(z) min |z — 2| Zlgg |z — x4 71Lr61£] Un(z) nh—>Holo U, (z).

In particular, U g € L2 (RY). In order to show that the function Uq g is a local weak superso-
lution of (2.2), let ¢ € C§°(2) be a non-negative function and we observe that it is an admissible
test function for the weak formulation of the equation satisfied by U,, for any n € N. Indeed, we
have Q2 C FE,, by costruction. Hence, for any n € N, we have

(2.14) //RN . Jo(Un(@) ~ Unly)(0@) = ) 4. 00 > C(B)/Q Ug;sgw .

|z —y|NFsp d

Since the integrand in the right-hand side of (2.14) is non-negative, Fatou’s Lemma in conjunction
with (2.12) and (2.13) gives

p—1 Uk
(2.15) lim inf / Ui ® ge > / 269 4.
RN d RN d

n— oo

Let us consider now the left-hand side of (2.14). We recall that ¢ is compactly supported in €,
thus, denoting by S, its support, we have that

§ = dist(99, S,,) > 0.

Moreover, we set
Ks(p) ={y € Q : dist(y, S,) < /2}.

We can write
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[ B Tt —elw)
RN xRN

|z —y|NHer

D) Tl o) 4
Se XSy

|z —y|VHep

Ip(Un(2) = Un(y))(e(2) — 0(y)) .
+2//S¢><(]RN\S¢) e

|z — y|[NEep

_ // Ip(Un(2) = Un(y))(¢(2) — () , dy
Se XS,

|z —y|NHep

Ip(Un(2) = Un())(e(2) — #(y)
o //Smmm\sw |z — y[NHer do dy

49 // Jp(Un(@") - Un(y)]\aif(x) —(y)) dz dy = I71l —|—ZZ —|—I;;’.
S X (RN\K5()) |z =y

Taking into account the pointwise convergence (2.13), we want to apply the Dominated Conver-
gence Theorem in order to pass to the limit in each Z},. To this aim, we observe that for z,y € Q
we have

|Un(2) = Un(y)| < B(dg, (2)°~" +dg, ()7 Y)lde, (z) — dg, (y)].

This simply follows from the Fundamental Theorem of Calculus, applied to the function ¢ — 7.
Moreover, by using that dg < dg_, that § —1 < 0, and the 1—Lipschitz character of the distance
function, we get

|Un(2) = Un(y)| < Blda(2)?" +da(y)’ Nz —yl,  forzye,

n’

and, in particular, we have that
(2.16) |U,(z) = U, (y)| < C(B,0)|z —yl|, foranyz, y e Ks(p).

Using (2.16) and the Lipschitz continuity of ¢, we deduce

_ 1
(8,0)® 1)||V<P||L°<>(Q) [z — gV D € L' (Ks(p)xKs(p)).

|[Tp(Un () — Un())|le(z) — ¢ (y)]
@ — y[Nop =C

This allows to pass to the limit in both Z! and Z2, showing that

nEIJIrloo(I%’+ITQL)://S . Jp(Uq,p(x) fo,;a'(J%[ll)s(f(fﬂ)w(y)) du dy
(2.17) P
Tp(Ua,s(2) — Uas(y) () — 0(y) .
+2//5‘¢><(K5(Lp)\5¢) |z — y[NFp dx dy.

It remains to show that

e S X (RN\K;(¢)) o=yl
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We start by observing that, since {U, },en is a decreasing sequence, we have
2[Jp(Un(2) — Un(y)lle(z) — ¢(y)|
|z — y [N
Un(z) = Un()P~*
< 4 oo
> ||<P||L (Q) |x—y|N+SP

[Uo(@)[P~* + [Uo(y)IP~*
) |z —y| NP '

< 2%[[ell oo

Equality (2.18) will follow, by applying again the Dominated Convergence Theorem, if we show
that

(2.19) gla,y) = 'UO($)|';H Jp'ffif,y)'p_l € L} (S, x (BRY \ K5(9)))-

In order to do that, we note that

5
(2.20) |z —y| > 3 for every z € S, and y € RV \ K;(¢).

Hence we have that

1
g(z,y) dxdy:/ IUo(a:)lp*dx/ S S—
//5'¢X(RN\K5(¢)) S RN\ K5 () |x_y|N+sp

@

Uo(y) P!

SX(RN\K;s(9) 1T =Y

Ny (2)* p-1
< N () / |U0(x)|p_1dx+// %dmdy.
sp \0 S, S x (RN\Ks(p)) [T —y|NH5P

Since S, is a compact set, the first integral on the right-hand side in (2.21) is finite. For the
second integral, we observe that for every z € S, and for every y € RV \ Ks(p), by applying again
(2.20), it holds

41yl 4l 1 _ L 41 2004
|z —yl |z =yl |z -yl 6
where M = max,es, |z|. This implies that

:C7

1 . CNter
| = yNe T (L [y[)VEeP

(2.22) for every z € S, and y € RN \ Ks().

Since Up belongs to LL7 L(RY), the above estimate implies that also the second term on the
right-hand side of (2.21) is ﬁmte and thus (2.19) holds true.

Finally, combining (2.17) and (2. 18) we deduce that

. (z) = Un(y))(p(x) — »(y))

g [ A ey
_ Jp(Ua,s(z) — U s(y))(p(z) — (y)) i
B //RN xRN |z — y[ NP e dy.

Putting together the limit above with (2.14) and (2.15), we conclude that Ugq g is a positive local
weak supersolution of (2.2). O
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Now we are in a position to prove Theorem 1.1.

Proof of Theorem 1.1. By combining formula (1.7) with Theorem 2.2 when S = (sp — N)/p, we

obtain that
sp— N
hs,p(Q) > C < P D > = bs,p~

The last equality follows from Remark 2.3. |

We conclude this section with the following result. It gives a sufficient condition for the constant
hs,p(2) not to be attained.

Proposition 2.7. Let 1 <p < oo, 0 < s <1 and let Q@ C RN be an open set. Suppose that there
exists a positive local weak supersolution w of (2.1) with A = b ,(2), such that

sp—N

P
Q )

1
>4
Y=7

for some positive constant C. Then, the infimum b ,(Q) is not attained.
In particular, when sp > N, the constant b ,(Q) is not attained for every open set @ C RN such
that

bs,p(Q) = bs,p-

Proof. The proof follows the one of [4, Proposition 3.5] with some minor changes, and uses some
integrability properties of the distance function. We argue by contradiction and suppose that
v € WyP(Q) is a minimizer for b, ,(2). Thus, in such a case, we have b, ,(2) > 0. Following [4,
Proposition 3.5], we can assume that v is positive. Let us consider now a sequence of functions
vn, € C§°(Q) (which we can assume to be nonnegative) approximating v in W*P(R"Y) and almost
everywhere.

By using as a test function in the weak formulation of the inequality satisfied by u, the function

vy

pi=

and proceeding as in [4], the equality cases of the fractional Picone inequality permits to infer that
u = Cw, a.e. in §,

for some positive constant C. Thus, that there exists another, possibly different, positive constant
C such that
1 sp=N

v>6de , in Q.

This contradicts the minimality of v, since we would have

P Bhs.p(92) 1
o)., =h, Q/US dp > 2227 /—dm:+oo,
vy = Do () ady — —  CP Jody

where the last equality follows from [3, Lemma 3.4].
Finally, if sp > N, let us suppose that b, ,(2) = hs . Then, thanks to Corollary 2.4, the function
U= dgpr)/p is a positive local weak supersolution of (2.1) with A = b, , = b (). From the

first part of the proof we get the desired conclusion. O
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3. ASYMPTOTICS FOR THE SHARP CONSTANT
3.1. The case s /' 1. This subsection is devoted to study the limit
lim (1 — Q
31}1{( $) bs,p(€),

for p > N. In the case when (2 is a convex set or the punctured space RY \ {0} we can show that

il/ini(l — 8) bs,p(2) = K nbp(9),
where
— : P . w — _ 1 p N-1
0(©) = _inf {nwnm ] e = 1} and K= [ el dH T w)
We start by recalling the celebrated Bourgain-Brezis-Mironescu formula
(3.1) ;I/Hi(l —3) [‘P]gvs,p(RN) =K, n [w]%/l,p(m)v for every ¢ € C5°(RY),

which will be useful in the sequel. For a proof of (3.1), see for example [14, Corollary 3.20].
Now we are in a position to state the main result of this section.

Theorem 3.1. Let p > N and let @ C RN be an open set such that b,(2) = b,. Then

. p— N\’
B (1= 5) 0. (9) = Kty = Ko (22

In order to show Theorem 3.1, we start proving the lim sup inequality, which holds true for any
open set and every p.

Lemma 3.2. Let 1 < p < oo, for every open set Q@ C RN, it holds
(3.2) lim/sup(l —8) b () < K, nb,(9).
s 1

Proof. For every € > 0, there exists u. € C§°(€2) such that

hp(Q) +¢ > / |Vuc|Pdx and Ye =1.
Q dQ LP(Q)
Then, by using Fatou’s lemma and (3.1), we get
(1 - 8) [U’E]p s.p
limsup(1 — s) hs ,(2) < limsup Wor®Y)
s 5,1 U
% llre @)
< Ky IVl vy < Kpov (B(2) + ).
By arbitrariness of € > 0, the latter gives (3.2). O

In order to prove the liminf inequality, we are going to show that for a Sobolev function u, as
s /1, we have
(1—=35)(—Ap)°u— —Apu,
in weak sense, up to a normalization constant. In other words, for every test function ¢ we consider
the limit, as s goes to 1, of

(1— ) (=Ap)%u, @) == (1—5) //RNXRN Jo(u(@) = u) (£(@) = o) 4 g

|z —y[ NP
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and show that this coincides with
N/ |VulP~2Vu - Vo da.
Q

This extends [10, Theorem 2.8] and [12, Lemma 5.1], by considerably relaxing the assumptions on
the involved functions. The proof will exploit the convexity of the function t — |¢t|? and (3.1).

Lemma 3.3. Let Q C RN be an open set and let o € C5°(Q). Let 0 < s < 1,1 < p < oo, and
assume that u € W,2P(Q) N LP_I(RN). Then,

loc

—u(y)) (e(z) — »v(¥)) / 2
lim (1 — dedy =K VulP™*Vu - Vodr.
51/1 S //RNX]RN |x_y|N+sp xay p,N Q| u| U pdx

Proof. Let us denote by S, the support of ¢ and let Q" € € be an open set with Lipschitz boundary
such that S, C . By convexity of the map t — J,(t), for every t € (0,1) we have:

1 p Lo Jp(u(z) = u(y))(p(z) = ¢(y))
5[“ + W}Ws,p(g/) - ;[U}WS,P(QI) >t //’XQ' Iz _yy|NSisp 2y dz dy.

Multiplying the above inequality by (1—s), letting s ,* 1, and applying [30, Corollary 1], we deduce
N
S2N (|90 + 69008 )~ V0l o))
> ¢ Timsup(1 — s) // —u(®)(p) —ely) dy.
’ XQ/

s 1 Ix —y[NEer
Dividing by ¢ € (0,1) and letting ¢ N\, 0, we have

N/Q|VU|p72VU-V<de
> limsup(1 — s) // . —u(y))(p(z) — ) dr dy.

s 1 Ix —y|N+ep

(3.3)

We define

_ Ip(u(@) —u(y) (@) — () , o\ _ . Jp(u(z) — u(y)) N
rezf [ o — gV drdy=2 | o ’(/RN\Q/ EET dy) o

We claim that T is uniformly bounded for sy < s < 1, with a bound degenerating as s¢ goes to 0.
Indeed, we note that

§ = dist(99, S,,) > 0

Then, we have

<2 [ Jot) ( Lo 'pr(_xg}i‘ﬁf”dy) "

®

Ju(@) — u(y))[P~*
<2lelu~o | dr dy
L= S x{yeRN :d(y,S,)>6/2) 1T —y|NTP
u(x)|P~1 + |u(y) [Pt
< Gpliellr=(a) // [u(@)l ]\|,+(Sp>| dz dy
Sy x{yeERN :d(y,S,)>6/2} |1’ - y|

N 2\ *P p-1
< Gpllell=(a) N () / |u(x)|p*1dm+// %dmdy .
sp\0 s Sy x {yERN :d(y,S,)>0/2} [T — Y[V TP

©
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By applying (2.22), for every « € S, we have that

|u(y)|p—1 < N+sp |u(y)|p—l

N
m =~ W’ for every y € R such that d(y, SW) > (;/2

Since u belongs to L~ L(RY), the above estimate easily implies that {T}s,<s<1 is bounded. Thus,
we get

lim(1 —s)Ts =0,
s 1

and (3.3) gives

Ky, n |Vu|p 2Vu - Veodr > limsup(l — s // — u(y))](vga(:c) — ) dz dy.
s /1 RN xRN |z — y| NP

Finally, by replacing ¢ with —¢, we get

K, N/ |Vu|P~2Vu - Vpdr < hmmf 1-—s // Tp(u(@) — uy) (@) = ¢(v)) dz dy.
RN xRN |z — y|Ntep
Joining the last two equations, we eventually conclude the proof. O

We can now give the proof of the liminf inequality, which holds true for the specific case of the
punctured space Q = RM \ {0}.

Lemma 3.4. Let p > N. Then
hgn/i{lf(l - S)hs,p > Kp nbp.

Proof. Observe that

- N - N
g (o 22,
D p—1

for s sufficiently close to 1. Hence, for such values of s, by applying again [11, Theorem 1.1], the
function u(x) = |z|? is a positive local weak solution to
uP~1
Cp,sia
[P

(=Ap)"u = in R\ {0},

where C, s is the constant given by (2.3) when 8 = (p — N)/p.
By using again (1.7), we obtain that
(3.4) Bsp = Cp,s

for s sufficiently close to 1. Moreover, by a direct computation, we have that u satisfies

u:bﬂ_1 in RV \ {0}
" alp” '

Now, let s; 1 be such that
III;H/}{If(]. — S)bs,p = Jll{go(l — Sj)bp,s_j'
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Now we apply Lemma 3.3, with a fixed non-negative function ¢ € C§°(R™ \ {0}) such that ¢ # 0
and u defined above. From the equation satisfied by u, we then obtain

p—1
Kp,th/ 2 ——pdr = p,N/ |Vu|p_2Vu-V<pdx

[P

(3.5) = lim (1 — s, //RNXRN —u(y)) (‘P(l") —(y)) dz dy

ﬁoo Iév —y|Ntsip

. uP~!

If we now apply (3.4) with s; in the place of s, (3.5) implies that

up~! up~! up~!
Ky nbp / ——pdz < lim (1—sj)f)ps./ @dx—llmlnf( )bsp/ —dz.
L s g P Jox Tal?

2 PR

Hence, the desired conclusion follows, by canceling the common factor. (I

Proof of Theorem 3.1. By applying Lemma 3.2, Theorem 1.1 and Lemma 3.4, we have that for
every open set Q C R it holds

K, nhp(Q) > limsup(1l — s) b5 ,(Q) > liminf(1 — s) b5, > K, nbp
s 1 s,/'1

When b,(€2) = b,, this implies that
1im(1 —5) bsp(Q2) = by

s,/
O

Remark 3.5. Actually, with the same proof, one can prove the analogue of Theorem 3.1 for convex

sets. In other words, if 1 < p < co and Q C R¥ is a convex set, then we can obtain
. p—1\"
(3.6) lim (1= 5) bap(2) = Kp b, () = K.y > )

This is possible since, for fixed p > 1, we have that sp > 1 when s is sufficiently close to 1 and, in
this range, for any convex set ) it holds

Bs.p(Q) = b p(HY), where Hj; := RV™! x (0, +00),

see [4, Theorems 6.3]. Moreover, in the specific case of the half-space Hi\_] , for s sufficiently close

to 1, by [4, Theorem 5.2], we have that u(z) = |z|®~1/P is a positive local weak solution to the

equation

yr-i
gy’

with a suitable positive costant C), ;. By using again formula (1.7), we obtain that

bsp(HY) = Cp.s-

Moreover, by direct verification we see that such a function u is also a (actually classical) positive

solution of the equation
p—1 P yp-1 )
—A,V = <) , in IHIJJ(,.
P P dg

(—A)°V =Cps in HJ,
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Hence, by using such a function v and arguing exactly as in (3.5), we can conclude that

.. . p—1\"
(1L )00 = T (1 = )0 (BEF) > Ky B5) = Ko (1)

The lim sup inequality is provided by Lemma 3.2. Hence the limit (3.6) follows.
3.2. The case p / co. In this subsection we show the following theorem.

Theorem 3.6. Let 0 < s <1 and let Q C RY be an open set. Then
1
(3~7) (hs,p(Q»p =1

lim
p—oo
Proof. The case s = 1 is contained in [9, Theorem 4.4]. In order to show the limit in (3.7) for

hsp(2) when 0 < s < 1, first we show that the limsup is smaller than or equal to 1. To this aim,
it is sufficient to use a suitable test function. For every xzg € , take r < do(x¢) and define

(3.8) ve(z) = (€+(r—|x—x0\)+)s—£s, for z € RY.

Since . € COL(RY) and vanishes on RY \ B,(z), we have that . € WP (B, (z0)) € WSP(€).
Thus, by recalling (1.4), we have that

1 [elwsp @y
(hs,p())7 < T 2ED)
’ e
96 |l o(e)
By sending p to oo and by using [8, Lemma 2.4], we obtain that
s s
lim sup (h&p(ﬂ)) " < limsup (elwer ) = [pelco.s )
(3.9) p—roo p—o0 ‘ Pe ‘ Pe
dollpry 190 l=(5, o))

We now observe that for every z,y € RV
e (@) — @) = [(+ (r = e = mo)1)" = (e + (r = [y — 20])4)"|
<I(r = |2 — wol)4 — (r— Iy — wol) I
< & = zo| = |y — wol|” < |z —yI?,
which shows that
(310) [(pe]co,s(RN) < 1.
Thus, from (3.9) we get

5 1 do(z)*
lim sup (bs,p(Q)) <— 0 = inf o(2) .
p—00 ‘ Pe 2€B.(20) (€ + (r — |z — mo|)4) —&°
0\l 8. (20)
da (o)
T (r+e)p—es

By first taking the limit as € goes to 0 and then as r goes to dg(xg), we finally obtain

1

lim sup (f)syp(Q)) T <.

pP—> 00
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If we show that
(3.11) liminf (b )

p—o0

Sl

>1,
in view of Theorem 1.1 and of the previous lim sup, we obtain the desired conclusion (3.7).

We recall that
1
Bop =2 / rsP=1 ‘1 et 3
0

where, for every 0 < r < 1, the quantity @Nﬁs’p(r) is given by

Dy s p(r)dr >0,

SN—2 dt, ifN>2
| N+s‘p )
Dy o p(r) = 1—2tr+r2)

(1—r)1+51’+(1+7")1+5p’ if N=1.
By a simple computation, one can see that
1 N-1 sp— N\ P
(3.12) mm:2/ir* (1=r"77) ewsp(r)ar.
0

In the case N > 2, we observe that, for any r € (0,1) and for any ¢ > 1/2, one has
1—=2tr+r*=1+r(r—2t) <147r(r—1)<1.

Hence,

1
Byl 21877 [ (1)
1/2

In the case N = 1 we have that
@N757p(7’) Z (I)Nﬁ’p(()) =2.

soh ([ () )
0

25N2Lﬁ21—ﬂ) “dt, if N >2
Cy = /
2 if N=1.

Thus, (3.12) implies that

(bs.0)

B =

where we have set

1
Since, C§ — 1 as p / 0o, in order to prove (3.11), it is sufficient to show that, for every N > 1, it
holds

L. 1 N-1 sp—=N\P %
(3.13) lim inf r (1 —r 7 ) dr) >1

p—o0 0
In order to do that, we observe that, for any r € (0,1) and for any p > pg, with pg fixed such that
pos > N, it holds 75~ N/P < ¢#5=N/Po " and thus

1 1
1 . P 1 »
(/ e (e dr) Z(/ N1 (1_rs—éz)pd¢) o
0 0

b
P
Lo,
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where we have denoted by || - ||p» the LP-norm with respect to the measure du = rV=1dr.

#((0,1))
Finally, taking the limit as p * 0o, we deduce that

1
. sp—N\ P B
lim inf (/ pN-t (1—r pPN) dr) > sup |1—r87%|:1.
P00 0 re(0,1)

This shows (3.13), thus concluding the proof of (3.11). O

4. A CHEEGER TYPE INEQUALITY
In the main theorem of this section, we provide a lower bound for A, ,(€2) given by (1.11), in
terms of the classical and fractional Cheeger constants hq(2) and hs(€2). We recall that

P,(E
hs(Q) =in f{ |£(?|) : E & Q smooth, |E|>O}

where

[1e(x) = 1n(y)|
P (E) [lE Ws1(RN) = ‘//RNXRN dedy

is the nonlocal s-perimeter of E. We explicitly note that our result covers also the case s = 1.

Theorem 4.1. Let 0 < 5 <1 and sp > N. Let @ CRY be an open set and define

peal@) = _int Sl s [ e =1,

If rq < +o0 then it holds

hi ()™
(@) heal® 2 0 ()
where h1(2) is defined by (1.10). In particular, for 0 < s < 1 we also have
Dsp (1-s)s ?
4.2 (2 L ———h(Q) ) .
(12 hon(@) 2 222 (£292, (g

Proof. Let us suppose that ro < 4o00. Since sp > N, thanks to Theorem 1.1, we have that ()
satisfies the Hardy inequality with b, ,(©2) > b5, > 0. Then

1
/ lulP dz < r) / |d§|p dx < rey [u ]{’}VSJ,(RN) for every u € C§°(Q).

LY
By taking the infimum on C§°(2), we easily get
bsp(€) _ b,
(1.3 Aapl(@) 2 el > Do
Q Q

The above estimate, combined with the well known inequality

N

rQ

gives (4.1). In order to show (4.2), it is sufficient to note that, thanks to [6, Corollary 4.4], for every
open bounded set E € 2 with smooth boundary, it holds

(P(E))S < Py(E) (1—s)s
B ) Z B 2New
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Hence, by arbitrariness of E we get

(1-9)s, P,(E) (I1-9)s
0))° > ———1inf : EeQs h, |[E = —""hs(Q).
(h1(2))® > SN in E] € Q smooth, |E| >0 S Noow hs(82)

Joining (4.1) with the above inequality, we obtain (4.2). O

Remark 4.2. We note that our estimate (4.1) appears to be new already in the case s = 1, where
it improves (for p > N) the celebrated Cheeger inequality

(4.5) Ap() > (hl(m)p

p

valid for every 1 < p < oo and for every open set Q (for a proof, see [26, 22]). Indeed, when s =1,
by joining (4.5) and (4.1), we now get

Ap(§2) = max { (p_NN)p , 1} (hll()Q))p7

which holds for every open set 2 C RY. The main interest of this results is that this is stable as p

goes 00, i.e. we have
. p—N\’ hl(Sl))”)‘l’ hi(S2)
lim {m —_— 1 =
p oo ( ax {( N ) ’ } ( P N’

while the right-hand side of (4.5) raised to the power 1/p converges to 0.

By combining the estimate (4.3) with the asymptotic behaviour of (hs,p(Q))l/p as p — 00, we
get the next result, which clarifies the interest of Remark 4.2.

Proposition 4.3. Let 0 < s <1 and let Q@ C RN be an open set. Then?

(4.6) lim (Asp(Q))7 = R Asoo (),

p—o0 TS

where As o0 (82) is defined through the following minimization problem

N @) = int {[Wloo@ + lullieoy =1, u=0on 00},

Moreover, when rq < 400, a minimizer of the last problem is given by
d S
U= <Q> :
TQ
1

(4.7 lim sup ()\S’p(ﬂ))% < —.

p—00 LS

Proof. First of all, we prove that

We take r < rq, thus there exists z¢ € Q such that B,.(zg) C Q. For every £ > 0, we take the same
function ¢, defined in (3.8). This implies that

1
B [SOE]WS«P(]R{N)
As (2 <
( #l )> el Lo

2It is intended that 1/r§, =0, in the case rq = +o0.
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By sending p to co (and by using [8, Lemma 2.4] when 0 < s < 1), we obtain that

[FO;]T'O'S(RN), f0<s<1,
1 . e||L>(2)
lim sup ()\871,(9)) " <limsup W =
p—o0 p—ro0 PellLrP () HVQPEHLW(RN) Fs1
leellzo(e) '
By observing that
||V<Pa||L°°(RN) = [%]COJ(RN),
we thus obtain
1
(4.8) lim sup </\S7P(Q)> "< M, for0 <s<1.
p—oo l¢ell L)
We now observe that
[pellLoe (@) = (r+€)° — €%
By recalling also (3.10), from (4.8) we thus obtain for every € > 0
1
> 1
1i <)\5 Q) < = for0<s<l.
1Ir)ri)5£p »())° < (r+e)s—es or 5=

By taking the limit as € goes to 0 and using the arbitrariness of r < rq, we get (4.7). In particular,
if rq = 400, (4.7) implies that

=

lim (A (@)} = 0= —

p—o0 %.
In the case when rq < 0o, for every 0 < s < 1, we can use (4.3) and (3.7), to obtain that
1

liminf(\, ()7 > lim inf bsp(@)r 1

S S
p—o0 p—00 T‘Q TQ

We now prove that

(4.9) RN W(1))
ko)

Let p € C%*(Q) be admissible for the problem defining A o (2). For every z € 2, we take y, € 9
such that do(z) = |x — y»|. Thus, we have

S

lp(@)] = o(@) — @(u2)] < |2 = yal? [Elon @ = da(@) [Elgo. @ < 8 [Ploo. @)

This shows that .

< o
e, = [elco.s @),

thanks to the normalization on . It is intended that the left-hand side is zero, in the case rq = +o0.
The previous inequality in turn implies that

1
As,00(2) > —.
ro
Finally, if rq < 400 we take the function
g,
Y= —s 0

&)
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which is admissible for A oo (€2). This gives

1., 1
)\s,oo(Q) = TT [dQ]Co,s(ﬁ) S TT7
Q Q

thanks to the fact that df, is s—Holder continuous, with Holder constant less than or equal to 1.
This shows (4.9) and that r;*d§, is a minimizer for the problem defining A, o (€2).
In the case rq = +00, it is sufficient to take M > 0 and use the test function
min{d§, M*}
M= o -
Ms

This would give

. 1 s oags s Lo : _
)\s,oo(Q) < ]V}li}nm W [HHH{de M }] Cos(@) ]\/}li)noo m [dQ]Co,s(ﬁ) < ]\4hi>noo Vi O,
thus proving (4.9) in the case rq = +00, as well. O

Remark 4.4. We recall that, when s = 1, the limit

1

lim (A, (Q)/? = —

Jim (A, (€2)) "

has been shown in [17, Theorem 3.1] and [21, Lemma 1.2], when Q C R¥ is a bounded open set.
Later this result has been extended to every open set in [9, Corollary 6.1].

Remark 4.5. Thanks to the previous result, we can observe that the lower bound (4.1) becomes
sharp in the limit, as p goes to co. Indeed, for every 0 < s < 1 and for every open set Q2 C RV, by
combining (4.6) and (4.4), we get the following inequality

(4.10) Nocel®) = lim (A, (D)F 2 (hfvm) |

Such an estimate is sharp, since it becomes an identity when Q = Br(z), thanks to the fact that

As oo (Br(0)) = Ri - <m<3],3@0>>) |
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