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Abstract
We consider local weak solutions to PDEs of the type

1 D
— div ((Du — A 1|DZ|) =f inQ,
where 1 < p < o0, € is an open subset of R™ for n > 2, X is a positive constant and ( - )4
stands for the positive part. Equations of this form are widely degenerate for p > 2 and
widely singular for 1 < p < 2. We establish higher differentiability results for a suitable
nonlinear function of the gradient Du of the local weak solutions, assuming that f belongs to

the local Besov space B 7/P(Q2) when p > 2, and that f € Lj,0 V7> 7 (Q)if1 < p < 2.
The conditions on the datum f are essentially sharp. As a consequence, we obtain the local
higher integrability of Du under the same minimal assumptions on f. For A = 0, our results
give back those contained in Clop et al. (Bull Math Sci 13(12):2350008, 2023) and Irving

and Koch (Adv Nonlinear Anal 12(1):20230110, 2023).
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1 Introduction

In this paper, we are interested in the local weak solutions to the strongly singular or degen-
erate elliptic equation

D
—div <(Du| it 1|DZ|> =f inQ, (1.1)

where 1 < p < 00, € is an open subset of R (n > 2), A > 0 is a fixed parameter and ( - )+
stands for the positive part. The peculiarity of equation (1.1) is that it is uniformly elliptic
only outside the ball centered at the origin with radius A, where its principal part behaves
asymptotically as the classical p-Laplace operator. Therefore, the study of such an equation
fits into the wider class of the asymptotically regular problems that have been extensively
studied starting from the pioneering paper [9] (see also [13—17, 21-23, 25, 29, 33, 35] for
extensions to various other settings).

As our main result, here we establish the local Sobolev regularity of a nonlinear func-
tion of the gradient Du of the weak solutions to equation (1.1), by assuming that the datum
f belongs to a suitable local Besov space when p > 2 (see Theorem 1.1 below) and that

np
fe L™ VP (Q)if1 < p < 2 (see Theorem 1.4). These results, in turn, imply the local

loc

higher integrability of Du under the same hypotheses on the function f'(cf. Corollary 1.5).

Before specifying in detail the assumption on f in the case p > 2, we wish to discuss
some results already available in the literature. A common aspect of nonlinear elliptic prob-
lems with growth rate p > 2 is that the higher differentiability is proven for a nonlinear
function of the gradient that takes into account the growth of the structure function of the
equation. Indeed, already for the p-Poisson equation (which is obtained from (1.1) by setting
A = 0), the higher differentiability is established for the function

Vp(Du) == |Du|prZDu,

as can be seen in many papers, starting from the pioneering one by Uhlenbeck [39]. In case
of widely degenerate problems, this phenomenon persists and higher differentiability results
hold true for the function

— p/2 Du

(see [2] and [7, Theorem 4.2]). However, this function does not provide any information
about the second-order regularity of the solutions in the set where the equation becomes
degenerate. Actually, since every A-Lipschitz function is a solution of the homogeneous
elliptic equation

. —1 Du
div <(|Du| - M)E |Du> =0,
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On the second-order regularity of solutions to widely singular or...

no more than Lipschitz regularity can be expected for the solutions: in this regard, see [4,
6,7,27,34].

In this paper, the nonlinear function of the gradient that gains higher weak differentiabil-
ity needs to be chosen with two main features: on the one hand, as in the case of the function
in (1.2), it has to vanish in the region {|Du| < A}; on the other hand, it has to compensate
for the loss of uniform ellipticity of equation (1.1) as | Du| — A™. Indeed, defining the func-
tion H,_q : R™ — R™ by

AP E
le(ﬁ):—{ (I¢] AO)+ g iigig

and denoting, in accordance with [18, 32], the ellipticity ratio of equation (1.1) by

R(€) = the highest eigenvalue of DeH),—1(§)  [¢] for J¢] > A (13)
" the lowest eigenvalue of D¢ H,_1(€) HEEY ’ ’

one sees that this quotient clearly blows up as |[£] — AT, unless A = 0 (cf. Lemma 4.1
below).

To provide context for the main aim of this paper, we would like to point out the paper
[28], where Irving and Koch obtained some differentiability results for relaxed minimizers
of vectorial convex functionals with non-standard growth of the type

/ [F(x,Du) — f - u] dx.
Q

In particular, for the weak solutions u € WP () of the p-Poisson equation, they proved
that

V,(Du) € WL2(Q,R™) (1.4)
p—2

if the function f'belongs to the Besov space B,," (), with p > 2. Their assumption on fis

essentially sharp, in the sense that the above result is false if

feB, (Q) with s<(p—2)/p.

Indeed, Brasco and Santambrogio [8, Section 5] showed with an explicit example that

condition (1.4) may not hold if f belongs to a fractional Sobolev space W[;’f/ (R™) with

0 <o <(p—2)/p, which is continuously embedded into B, ,,,.(R") whenever
s € (0,0) (see Lemma 3.12 below).

This work is in the spirit of the ones mentioned above. Indeed, our main aim here is to
find the assumptions to impose on the datum f'in the scale of local Besov or Lebesgue spaces
to obtain the W !1-2-regularity of a nonlinear function of the gradient of weak solutions to the
widely degenerate or singular equation (1.1). In order to state our main results, we introduce
the function
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Ga(t) /t ki d
(1) = ———dw  fort>0. (1.5)
0 (w4 AT

Moreover, for £ € R™ we define the following vector-valued function:

N AON((IEPV ISR Y
Va(§) = { 0 +/ T¢] it €] < A (1.6)

Notice that, for A = 0, we have

2 2 p=2
Vo(€) = EVp(ﬁ) = I;|€| 3 (1.7)

At this point, our first result reads as follows.

p—2
Theorem 1.1 Letn > 2, p> 2, A > O and f € B,", ,.(12), where p" = p/(p — 1) is the
conjugate exponent of p. Moreover, let u € Wllo"cp (£2) be a local weak solution of equation
(1.1). Then
Vs(Du) € W22 (02,R").

loc

Furthermore, for every pair of concentric balls B, C Br € {2 we have

/ | DV (Du)|? da:
B4

(1.8)

C / ,
< (04 G) (142 + 100,y + 11 ) + O o
Bp/l’]l (BR)

for a positive constant C depending only on n, p and R.

Remark 1.2 Looking at (1.7), one can easily understand that Theorem 1.1 extends the result
proved in [28] to a class of widely degenerate elliptic equations with standard growth, under
a sharp assumption on the order of differentiation of /.

The proof of the previous theorem is achieved combining an a priori estimate for the
solution of a suitable approximating problem with a comparison estimate. In establishing
the a priori estimate, we first need to identify a suitable function of the gradient that van-
ishes in the degeneracy set, for which the second-order a priori estimate holds true. Next,
we need to estimate the right-hand side in terms of the derivatives of such function, without
assuming any Sobolev regularity for the datum f. This is done by virtue of the following
implication

_ 2
9" g e WE2(Q) = g€ BY _,,.(), (1.9)
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which allows us to use the duality of Besov spaces, provided that one imposes a suitable
Besov regularity on the right-hand side /. This approach has been inspired by [8], where the
authors use for the first time a duality-based inequality in the setting of fractional Sobolev
spaces, but limiting themselves to the p-Poisson equation. Finally, we use a comparison
argument to transfer the higher differentiability of the approximating solutions to the solu-
tion of equation (1.1).

Remark 1.3 We do not know whether Theorem 1.1 is still true when we weaken the regular-

ity of f'to B;f’;ilﬁp (Q) for some g > 1, also in the case A = 0. In this regard we point out

the paper [20], where the authors apparently prove that, for the p-Poisson equation, asser-
tion (1.4) holds under the weaker assumption f € VVl(Opcﬁ)/ pp ’(Q) However, we believe
that they made a mistake at the beginning of [20, page 373] in applying [20, Formula (4)].

We would like to mention that in [10, 11] the authors proved that the assumption f € L?
is sufficient to prove the W1-2-regularity of |Du|’~? Du, which is of course a different
function of the gradient. At the moment, we do not know whether the analogous result can
be obtained for the solutions of widely degenerate equations.

Now we turn our attention to the sub-quadratic case, i.e. when 1 < p < 2. It is well
known that, already for the less degenerate case of the p-Poisson equation, the higher dif-
ferentiability of the solutions can be achieved without assuming any differentiability on the
datum f. This different behaviour can be easily explained by observing that, if 1 < p < 2,

91" g € W2(Q) = g€ WiH(9),
which of course does not hold true for p > 2 (compare with (1.9)). Therefore, the right-hand
side can be estimated without assuming any differentiability for f'(neither of integer nor of
fractional order), but only a suitable degree of integrability. The sharp assumption on f'in the
scale of Lebesgue spaces has been recently found in [12].

Here, we prove that a result analogous to [12, Theorem 1.1] holds true also when deal-
ing with solutions of widely singular equations. More precisely, we establish the following
result.

np

Theorem 1.4 Let n> 2, 1 <p<2 A>0 and f€ L} """ (). Moreover, let

loc

u € WIIO’CP(Q) be a local weak solution of equation (1.1). Then

Vi(Du) € W2 (02,RY).

C

Furthermore, for every pair of concentric balls B, C Br € {2 we have

/ | DV (Du)|? dz
P (1.10)
C . , '

<3 {HN’ + 1Dullfp gy + \If\l‘; n + CIfIP

__np __np
n(p=DF2-7 (BgR) Ln(r—1+2-p (Bpg)

for a positive constant C depending only on n, p and R.
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As an easy consequence of the higher differentiability results in Theorems 1.1 and 1.4,
since the gradient of the solution is bounded in the region {|Du| < A} and G (t) = t»/?
for large values of ¢ (see Lemma 2.8 below), we are able to establish the following higher
integrability result for the gradient of local weak solutions of (1.1):

Corollary 1.5 Under the assumptions of Theorem 1.1 or Theorem 1.4, we have

Du e LY

loc

(2,R™),
where

_ anyvaluein[l,00) if n=2,
7= e if n>3.

n—2

Before describing the structure of this paper, we observe that, if we interpret the inverse
of the ratio in (1.3) as a weight, the ellipticity bounds of the matrix D¢ H,,_;(Du) can be
expressed as

R (1Dl = N2 G < (Defty1(Du) .0) < o) (D] = 2 P,

for every ( € R™ (see Lemma 4.1 with € = 0). Known results for solutions to non-uni-
formly elliptic problems rely on integrability properties of R(Du), which, however, are not
available in the present setting. Our choice of the function V) implicitly incorporates the
aforementioned weight.

The paper is organized as follows. Section 2 is devoted to the preliminaries: after a list
of some classic notations and some essentials estimates, we recall the basic properties of the
difference quotients of Sobolev functions. Section 3 is entirely devoted to the definitions and
properties of Besov spaces that will be useful to prove our results. In Sect. 4, we establish
some a priori estimates that will be needed to demonstrate Theorems 1.1 and 1.4, whose
proofs are contained in Sects. 5 and 6, respectively.

2 Preliminaries
2.1 Notation and essential definitions

In this paper we shall denote by C or ¢ a general positive constant that may vary on differ-
ent occasions. Relevant dependencies on parameters and special constants will be suitably
emphasized using parentheses or subscripts. The norm we use on R¥, k € N, will be the
standard Euclidean one and it will be denoted by | - |. In particular, for the vectors &, € R¥,
we write (£, 7) for the usual inner product and || := (£, €)? for the corresponding Euclid-
ean norm.

In what follows, B,.(x¢) = {x € R" : |z — x| < r} will denote the n-dimensional open
ball centered at xy with radius . We shall sometimes omit the dependence on the center
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On the second-order regularity of solutions to widely singular or...

when all balls occurring in a proof are concentric. Unless otherwise stated, different balls in
the same context will have the same center.
For further needs, we now define the auxiliary function H,, : R — R" by

_ G- N1LE i g#£o0,
Hy () = { Wi He20 @)

where A > 0 and v > 0 are parameters. We conclude this first part of the preliminaries by
recalling the following definition.

Definition 2.1 Let A > 0. A function u € Wllof(ﬂ) is a local weak solution of equation (1.1)
if and only if, for any test function ¢ € C§°(€2), the following integral identity holds:

/Q<Hp—1(DU),Ds0)dm = /Qf(pdx.

2.2 Algebraicinequalities

In this section, we gather some relevant algebraic inequalities that will be needed later on.
The first result follows from an elementary computation.

Lemma 2.2 For&,n € R™\ {0}, we have

S onl_2
e Tol| Sy 6

We now recall the following estimate, whose proof can be found in [30, chapter 12].

Lemma 2.3 Let p € (2,00) and k € N. Then, for every £,1 € R we get

p—2 p—2 |2
|E=nlP < ClE 7 &—=1Inl"7"n
for a constant C = C(p) > 0.

Combining [1, Lemma 2.2] with [25, Formula (2.4)], we obtain the following

Lemma2.4 Let 1 < p < oo. There exists a constant ¢ = c¢(n, p) > 0 such that

—2 —2 2
L |lEEe=mE .
g+ )= < 7 < (| +nl*) =
€ =l

for every £,m € R™ with € # .

For the function H,,_; defined by (2.1) with v = p — 1, we record the following esti-
mates, which can be obtained by suitably modifying the proofs of [7, Lemma 4.1] (for the
case p > 2), [2, Lemma 2.5] (for the case 1 < p < 2) and [4, Lemma 2.8].
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Lemma 2.5 Let p € (1,00) and X\ > 0. Then, there exists a constant ¢ = c¢(n, p) > 0 such
that

(Hp—1(&) = Hp—1(n), € =) = c|Hy(€) — Hy ()], (2.2)

or every £, m € R™. Moreover, if |n| > A > 0 we have
ry

_ _ min{f,p—1} (n|=N" . >
(Hp—1(8) = Hy—1(n), € —m) = PES) FIGET & = nl”.

The next result concerns the function G defined by (1.5).

Lemma 2.6 Letp € (1,00) and X\ > 0. Then

forevery t > 0.

Proof Since the function

K(w) = (wiA)ﬁ’ w >0,

is non-decreasing, for every ¢ > 0 we have

D

K 2_q t Pil ¢ p_q 2 »p t p—1
= 27 < [ —— 27 dw = —t2 (7) .
(1) /0 K(w)w?™ dw < (t+A> /0 RO I

The next lemma relates the function Vy (§) with Hy,_1 (£).

Lemma 2.7 Let p € (1,00) and A > 0. Then, there exists a constant C = C(n,p) > 0
such that

VA(©) = Va(m* < C(Hp-1(8) — Hp-1(n), & —n) (23)

forevery £,mn € R™.

Proof For A = 0, estimate (2.3) boils down to (2.2). Therefore, from now on we shall
assume that A > 0. We first note that inequality (2.3) is trivially satisfied when |[, || < .
If || < X < ||, using the definitions (1.6), (1.5), (2.1) and Lemma 2.5, we obtain
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el-x ?
[Ga(€] =N < </O 1dw> = %(I&I — AP

[Hy () — Hy (n)|* < c(n,p) (Hp-1(§) — Hp—1(n),€ — 7).

VA(€) = Va(n))?

Il
&

4
»?

Now let €], |n| > A. Without loss of generality, we may assume that || > |¢] > A. This
implies

ol (il +1nl) Vol (€] + bnl) 04

2 __
In|* = 5 > 5

Moreover, we have

VA(E) =Wa()| = Vx(f)fgx(lnlfk)é—' +Ga(|n| 7/\)% vm)‘
< 16 (€]l = A) = Galll = M| + Gallnl = V) % _ "‘
[n]=X p-‘r [n|—A p+ 1
= ~d
a /IEA (w—i—)\)“r (w+ NPT |€ 77|/ Y g Y
[nl=A [nl=A
< / Wi dw + = |§*77|/ w? 1 dw
j€1-A In|
=2 - (=%
—pH z(n)| = [Hg (€)|] + 4 T e — x|
2 b - P M _
= p |H§(§) 5( )| +4 P|77| |§ 77|a

where, in the third line, we have used Lemma 2.2 and the fact that G, is an increasing func-
tion. Now, applying Young’s inequality, estimate (2.4) and Lemma 2.5, we obtain

8 — )P
PO =M < 5156~y + 32 Ll e a2
8 64 (Inl—A >
— |Hp (&) = Hp(n)]* + — —t € —
< o O = 000 ey 7
< C(n,p) (Hp-1(§) — Hp—1(n),£ — n).
This completes the proof. O

We conclude this section with the proof of the following lemma, on which the conclusion
of Corollary 1.5 is based.

Lemma 2.8 Let p € (1,00) and A > 0. Then, there exist two positive constants ¢ = c¢(p)
and ¢ = ¢é(p) such that

@ Springer



P. Ambrosio et al.

c(t+ NP2 — X2 < Gy(t) < > tP/2

forallt > 0.

Proof From the very definition of the function G, we easily get the upper bound
t
p=2 2 /2
g)\(t)g/wz dw= -1t for all t > 0.
0 p

For the derivation of the lower bound, we write the integral that defines G, (¢) as follows:

t §+—pi1 t _ %eril
/willdw:/ (w+A Al) 7 . 2.5)
0 (w+A)'FeT 0 (w+A)FrT

Now we recall that for every v > 0 it holds

277" =" < (a—b)", Va>b>0. (2.6)
Using inequality (2.6) with v = £ + Iﬁ, a =w+ Aand b = A, we find that
t - %Jrﬁ 1 P ¢ P P 1 !
/ %d{u > 2@*5/ (W+)\)571dw _ )\§+ﬁ/ %dw
0 (w+ NPT 0 0o (wH+ Nt

tQ2.7)

0

o) (4 NE — clp) F 4+ (p— DAETTT [(w4 X)757]

\Y

ep) (t+NF — e(p) AT — (p—1)A%.
Joining (2.5) and (2.7), we obtain the asserted lower bound. O
2.3 Difference quotients

We recall here the definition and some elementary properties of the difference quotients that
will be useful in the following (see, for example, [26]).

Definition 2.9 For every vector-valued function F' : R™ — RF the finite difference operator
in the direction x; is defined by

T nF(x) = F(x + hej) — F(x),

where h € R, ¢; is the unit vector in the direction zj and j € {1,...,n}.
The difference quotient of F with respect to z; is defined for b € R\ {0} by

7jnF(2)

AjpF(z) = 5
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When no confusion can arise, we shall omit the index j and simply write 7, or Ay, instead
of 75, or Aj , respectively.

Proposition 2.10 Let 2 C R" be an open set and let F € W1-9(0), with ¢ > 1. Moreover,
let G : 2 — R be a measurable function and consider the set

Qi) = {z € 02 : dist (z,002) > |h|}.

Then:
(i) AF e Wha (Q\hl) and 0;(ApF) = Ap(0;F) for every i € {1,...,n}.

(ii) If at least one of the functions F or G has support contained in |, then

/FAth:E = —/ GA,;LFdx.
2 2

(iil) We have

AR(FG)(z) = F(z + hej) ApG(z) + G(2)ApF(z).

The next result about the finite difference operator is a kind of integral version of the
Lagrange Theorem and its proof can be found in [26, Lemma 8.1].

Lemma 211 If 0 < p< R, |h| < %, 1 < q< +o0 and F € LY(Bg,R*) is such that
DF € L9(Bg,R¥*™), then

J

|7 F(2)]" de < ¢¥(n) |h|q/ |DF(z)|? dz.

P Bgr

Moreover

[ e rneta < [ pop

P Br

Finally, we recall the following fundamental result, whose proof can be found in [26,
Lemma 8.2]:

Lemma 2.12 Let F: R™ — R*, F € L9(Bg,R¥) with 1 < ¢ < +oo. Suppose that there
exist p € (0, R) and a constant M > 0 such that

n
S [ Imar@itds < wolape
j=1"Bp

Jor every h € R with |h| < %. Then F € W14(B,,R¥). Moreover

| DF| Los,) < M
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and

AjJLF — 5‘JF in L1

loc

(Br,R¥) as h — 0,

foreachje{1,...,n}

3 Besov spaces

Here we recall some essential facts on the Besov spaces involved in this paper (see, for
example, [37] and [38]).

We denote by S(R™) and 8’ (R™) the Schwartz space and the space of tempered distribu-
tions on R™, respectively. If v € S(R™), then

(&) = (Fo)(§) = (2#)7”’/2/ et (@:8) v(z)dx, €£eR™ 3.1

n

denotes the Fourier transform of v. As usual, F~'v and vV stand for the inverse Fourier
transform, given by the right-hand side of (3.1) with i in place of —i. Both F and F~* are
extended to S’(R™) in the standard way.

Now, let I'(R™) be the collection of all sequences ¢ = {;}32, C S(R™) such that

supp o C {z € R™ : |z < 2} _
suppyp; C {w e R": 2971 <|z| <291} if j €N,

for every multi-index 3 there exists a positive number cg such that
21811 DPp;(x)| < cs, VjeEN, VoeR"

and

ngj(x)zl, Vo eR™
§=0

Then, it is well known that I'(R™) is not empty (see [37][Section 2, Remark 1]). Moreover,
if {152, € T'(R™), the entire analytic functions (y; ©)" () make sense pointwise in R"
for any v € S'(R™). Therefore, the following definition makes sense:

Definition 3.1 Let s € R, 1 <p,q < oo and ¢ = {p;}32, € ['(R"). We define the Besov
space B, ,(R™) as the set of all v € S'(R") such that

q

oo
vl Bs &) = (Z 2754 || (¢ @)V|gp(Rn)> < 4oo if g < oo, (3.2)
7=0
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and

— j s AV . o
HUHB;;),I(R") = jS;lII\I)U 27 H(SDJ U) ||Lp(]Rn) < 400 if q = oo. (33)

Remark 3.2 The space B, ,(R™) defined above is a Banach space with respect to the norm
I ||B;; , (&) Obviously, this norm depends on the chosen sequence ¢ € ['(R™), but this
is not the case for the spaces B,  (R™) themselves, in the sense that two different choices
for the sequence ¢ give rise to equivalent norms (see [37, Sections 2.3.2 and 2.3.3]). This
justifies our omission of the dependence on ¢ in the left-hand side of (3.2)—(3.3) and in the
sequel.

The norms of the classical Besov spaces B, ,(R™) with s € (0,1), 1 <p < oo and
1 < g < oo can be characterized via differences of the functions involved, cf. [37, Section
2.5.12, Theorem 1]. More precisely, for h € R™ and a measurable function v : R* — R¥,
let us define

opv(x) := v(z + h) —v(x).

Then we have the equivalence

HUHB;,,,,(RH) ~ vl Le@ny + [U}Bqu(R")a (3.4)
where
a i
[v]Bs &) = (/n </ de) pﬁﬂ) " ifl1<g<oo, (3.5)
and
1
[U}B;,w(Rn) = hsgﬂg” (/n % d:c> p. (3.6)

In (3.5), if one simply integrates for || < r for a fixed r > 0, then an equivalent norm is
obtained, since

dh

opv(z)? g v
(/ (/ |9 (sp)| d:z:) n) < ¢(n,5,p,¢,7) |Vl Lp@n) -
(h/ > \Jrn B |h|

Similarly, in (3.6) one can simply take the supremum over || < r and obtain an equiva-
lent norm. By construction, B,  (R™) C LP(R™).

Let 2 be an arbitrary open set in R". As usual, D(Q2) = C§° () stands for the space of
all infinitely differentiable functions in R™ with compact support in Q. Let D’(Q2) be the
dual space of all distributions in 2 and let g € S’'(R™). Then we denote by g|q, its restriction
to €, i.e.

gla €D'(Q): (gle)(9) = g(¢) for ¢ € D(Q).
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Definition 3.3 Let Q) be an arbitrary domain in R"” with Q # R" andlets € R, 1 <p < o0
and 1 < ¢ < oo. Then

B (@) :={veD'(Q): v=glg for some g € B (R")}
and
[vllBs ) = inf |lgllBs @),

where the infimum is taken over all g € B,  (R™) such that g|q = v.
If Q is a bounded C°*°-domain in R™, then the restriction operator

reg : S'(R") = D'(Q), req(v) = vl

generates a linear and bounded map from B,  (R"™) onto B;, ,(€2). Furthermore, the spaces
B, ,(€2) satisfy the so-called extension property, as ensured by the next theorem.

Theorem 3.4 Let s € R, let 1 < p,q < oo and let {2 be a bounded C*°-domain in R™.
Then, there exists a linear and bounded extension operator extg : B, (£2) — B, (R")
such that req o extg = id, where id is the identity in B, ,(12).

We refer to [38, Theorem 2.82] and [37, Theorem 3.3.4] for a proof of the previous
theorem.

IfseR,1<p<ooandl < g < oo,then S(R") is a dense subset of B,  (R™) (cf. [37,
Theorem 2.3.3]). Consequently, in that case, a continuous linear functional on B, ,(R")
can be interpreted in the usual way as an element of S’(R™). More precisely, g € S’(R™)
belongs to the dual space (B; ,(R™))" of the space B, ,(R") if and only if there exists a
positive number ¢ such that

lg(@) < cllollps @ny  forall g € S(R").

We endow (B, ,(R™))" with the natural dual norm, defined by

lgll(Bs., ®n)) = sup {|g(¢>)\ 19 € S(R™) and [|¢]| s, (rn) < 1}7 g € (B, ,(R")).

Now we recall the following duality formula, which has to be meant as an isomorphism of
normed spaces (see [37, Theorem 2.11.2]).
Theorem3.5 Lets€R, I < p<ooand 1 < q < oo. Then
, _
(B o(R™)" = B>, (R"),

where p' = oo if p = 1 (similarly for ¢').
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Remark 3.6 The restrictions p < oo and ¢ < oo in Theorem 3.5 are natural, since, if either
p =00 or ¢ = oo, then S(R™) is not dense in B, ,(R"), and the density of S(R") in
By ,(R™) is the basis of our interpretation of the dual space (B;, ,(R"))".

For our purposes, we now give the following definition.

Definition 3.7 For s e R, 1 <p < oo and 1 < ¢ < oo, we define I%f;’q(]R") as the comple-
tion of S(R™) in B,  (R™) with respect to the norm

v vl &) -

Of course, only the limit cases max{p,q} = co are of interest. We shall denote by
(BZ? 4(R™))" the topological dual of é;’q (R™), which is endowed with the natural dual norm

19125 ey = sup {l9(8)]: 6 € SR™) and ¢]lpy ey S 1}, g€ (B, (R"))'

The following duality result can be found in [37, Section 2.11.2, Remark 2] (see also [36,
pages 121 and 122]).

Theorem3.8 Lets€R, I < p<ooand 1 < q < oco. Then
(B;,q(Rn))/ = B;,Sq’ (Rn)v

where p' = 1 if p = oo (similarly for ¢').
The next result is a key ingredient for the proof of Theorem 1.1 and its proof can be found
in [37, Section 3.3.5].

Theorem 3.9 Let s € R and 1 < p, q < co. Moreover, assume that 2 is a bounded C*>
-domain in R™. Then, for every v € By (£2) and every j € {1,...,n} we have

1050l g1 () < cllvlly (2

for a positive constant ¢ which is independent of v.
We can also define local Besov spaces as follows. Given a domain 2 C R", we say that

a function v belongs to B,  ;,.(©2) if ¢v € B, ,(R") whenever ¢ € C5°(9).

Definition 3.10 Let 2 C R™ be an open set. For any s € (0,1) and for any g € [1, +00), we
define the fractional Sobolev space W*1(£, R¥) as follows:

We9(Q,R*) := {v e LY(Q,RF) “’(I)_'”(f)' e L7(Qx Q)} ,
xr— Y|

i.e. an intermerdiate Banach space between L9(Q,R¥) and W14(Q2, R¥), endowed with
the norm
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[ollwe.a) = lvllLa@) + [Plweaq),

where the term

[Wwsa() = (// ‘U n+sq d d )q (3.7

is the so-called Gagliardo seminorm of v.

Remark3.11 Forevery s € (0,1) and every ¢ € [1,00), we have B;  (R") = W*4(R"). In
fact, using the change of variable y = x + h in (3.7) with 2 = R", one gets the seminorm
(3.5) withp =gq.

We conclude this section with the following embedding result, whose proof can be obtained
by combining [37, Section 2.2.2, Remark 3] with [37, Section 2.3.2, Proposition 2(ii)].
Lemma3.12 Lets € (0,1) and q > 1. Then, foreveryo € (0,1 — s) we have the continu-
ous embedding W;"t79(R") — B? (R™).

loc q,1,loc

4 Estimates for a regularized problem

The aim of this section is to establish some uniform estimates for the gradient of the weak
solutions of a family of suitable approximating problems. More precisely, let A > 0 and let

u € Wllocp(Q) be a local weak solution of (1.1), for some p > 1. Fix an open ball By € 2
and assume without loss of generality that R < 1. For ¢ € (0, 1], we consider the problem

{ —div (DG:(Due)) = fe in Bpg, 41
Ue = U on OBg, 4.1

where:
o G.(z2):= %(|z| -8+ %(1+|Z| )%, for every z € R";

o fo:= fx¢.and {P: } > o is a family of standard compactly supported C'>° mollifiers.
Observe that

D.Ge(2) = Hy 1(2) + £ (1+ |27 2. 4.2)

Now we set, for s > A,

_)\)p—1
& if p> 2,
A(s) := T (4.3)

and
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—1)(s=NP72 ifp>2
A(s) := { (p (s )_(S)\)pﬁ) ilffzpé 2, @9

and A(s) = 0 = A(s) for 0 < s < \. These definitions prove to be useful in the formulation
of the next lemma, whose proof follows from [4, Lemma 2.7] (see also [5]) together with
standard estimates for the p-Laplace operator.

Lemma4.1 Lete € [0, 1] and z € R™ \ {0}. Then, for every ( € R™ we have

[eco (14 27 + A(2D)] ¢ < (D2Ge(2) ¢, Q) < [eea (1+ 21" + A(l2])] [¢I?,
where co =min{1,p— 1} and ¢c; =max{1,p—1}.

Proof Actually, setting for ¢ > 0

(=N

- and  a(t)=(1+t2)"7,

h(t) =
we can write

D.Ge(2) = [h(l2]) +ca(lz)| =

and we can easily calculate

zZ2Qz

|2l

D2Ge(2) = [h(l2]) + ca(l2)] 1 + [W(12]) + ea'(12])]
Thus we get

<W&@mQ=WMHWWNWO+WWWMMmﬂZﬁ%%&’
i,j=1

for any 7, ¢ € R™. By the Cauchy-Schwarz inequality, we have

0<zZzCzZJCJ <|Z||C‘2 (45)

,j=1

At this point, if /(|z]) 4+ ea’(]z|) > 0 (which occurs when p > 2), from the lower bound in
(4.5) we immediately obtain

(2 = N5

E G2 + (1 + [22) [

(D?Ge(2) ¢, C) = [h(l2]) + ea(2D]IC]* =
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On the other hand, using the upper bound in (4.5), for p > 2 we deduce
(D?G.(2)¢,C) < (p—1)(12l = M52 S +2(p— (1 + 227 [¢[2,
where we have also used that
h(t) +th'(t) = (p — 1)(t — NP2 (4.6)
and
a(t) +ta'(t) < (p—1)(1 + )"  when p > 2.

Otherwise, if h'(]z|) + ea’(]z]) < 0 (which may happen only when 1 < p < 2), we easily
get

(D?G:(2) ¢, ¢) < [h(|2]) + ea(l2])] ¢
For the derivation of the lower bound, we use the right inequality in (4.5) to deduce that

(D?G=(2)¢, ¢y 2 [h(l2]) + ea(l=D]I¢I* + [A'(2) +ea’(12])] || I
=[h() + 1 (|2D121]I¢1* + [a(|2]) + ed’(|])21] I¢”

- p=2
>(p — 1)(|2| = V52U +elp — D+ [2*) = (¢,
where, in the last line, we have used (4.6) and the fact that
alt) +ta'(t) > (p—1)(1+ )"  when 1 < p < 2.

This proves the claim. O

In what follows, u. € u + WOI”’(BR) will be the unique weak solution to (4.1). By stan-
dard elliptic regularity [26, Chapter 8], we know that (1 + |Du5|2)pT_2Du5 € Wllo’CQ(B R)
and therefore u. € w22 (BRr). Moreover, as usual, we shall denote by p* the Sobolev con-

loc

jugate exponent of p, defined as

e n"_pp if p <n,
’ any value in (p,00) if p > n,

and denote by (p*)’ its Holder conjugate exponent.
The proofs of Theorems 1.1 and 1.4 are crucially based on the following results.

Proposition 4.2 (Uniform energy estimate) With the notation and under the assumptions

above, if f € L\?") (BR), there exist two positive constants ey < 1 and C = C(n, p) such
that
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/B |Ducl?dz < C |1+ X + [IDullg, g,y + 170y 5, (4.7)
R

Sforalle € (0,¢y].

Proof We insert in the weak formulation of (4.1)

/ (DG.(Du.), Dp)dx = f-pdx  for every ¢ € W) *(Bg),
BR BR

the test function ¢ = u. — u. Recalling (4.2), this gives
/ (H,_1(Duz) + ¢ (1+ |Du.>)*> Du., Du.)dx
Br

(4.8)
= / (H, 1(Du.) +¢ (1 + |Du.[?)*= Due, Duy dx + fe (ue — u) dz.
BR BR

Since

(Hp1(2) + e (14 |22)"T 2,2) = (Jz] = N + e (L+[z) T |22 > (2] - M2

for every z € R", we can estimate the integrals in (4.8), thus obtaining

/ (|Du€|f/\)ﬂ_d;v
Br
_ p—1
< / |Duc P~ |Duldz + ¢ / (14 1Duc ) [Dul i + [fell e 5 e — o )
Br Br

< <1+2%>/ |Duc|P~! | Dul do + 2;/ |Du| dz

Br Br

+ e p) 1 fellon () 1Pue — DullLe(sy) »

where we have used Holder’s and Sobolev inequalities and the fact that ¢, R < 1. Now,
applying Young’s inequality with o > 0, we arrive at

/ (|Duc| — M) dx
Br
< O’/ |Du.|? dx + c(n,p,a)/ |Dul? dz + c(n,p,o) [1 + ||f5||i(p*)/(BR) ,
where we have used again that R < 1. Since
fe = [ strongly in L(p*)l(BR) ase — 0T, (4.9)
there exists a positive number €9 < 1 such that

Ifelloom Bry < L+ 1fllpesr gy forall e € (0,e0].
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Then, for € € (0,¢¢], we have

/ (|Duc| — N)E dx
Br

< U/ |Du, [P dz + c||DuH’£,,(BR> +c [1 + Hf”L(p*) (Br )}
Br (4.10)

IN

7 [ Dt (Dl =Nl o+ elDU i+ ¢ [1 11 ]
Br

IA

227l [ (|Duc| = N da + e N+ c|[Dully, 5, + ¢ [1 I ey (Br J ’
Br

where ¢ = ¢(n,p,o) > 0. Choosing 0 = 2% and absorbing the first term on the right-hand
side of (4.10) into the left-hand side, we obtain

/B (|Duc| =N dz < C {14 AP + HDuHZzp(BR) + ||f\|i(p*),(BR)]
R

for some finite positive constant C depending on n and p, but not on . This estimate is suf-
ficient to ensure the validity of the assertion. O

Proposition 4.3 (Comparison estimate) With the notation and under the assumptions above,

iff e L@ (BR), there exists a positive constant C depending only on n and p such that
the estimate

/ [VA(Duz) — Va(Du)|? d
Br
1
< ONfe = fllpoy gy [+ A+ |1DullLesr) + ”fH}j(_’”l*)'(BR)} 4.11)
+ Ce (14N + DUl + 11 e ]

holds for every € € (0,e¢], where ¢ is the constant from Proposition 4.2.

Proof We proceed by testing equations (1.1) and (4.1); with the map ¢ = u. — u. Thus we
find

/ (H,_1(Du.) — H,_1(Du), Du. — Du) dx + s/ (1 + |Duc|?)*>" Du., Du. — Du) dz
JBr Br

(4.12)
= / (fe = [)(ue —u) dx.
Br

Using Lemma 2.7, the Cauchy-Schwarz inequality as well as Holder’s and Young’s inequal-
ities, from (4.12) we obtain
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c/ [Vx(Due) — Va(Du)| dz + g/ (1+|Du.|?) ™= |Du.|? dx
Br B

R

p—2
< |fe— fHLu»*)’(BR) [[ue — u”LI’*(BR) + 5/ (1+ |D“a‘2) > |Du.||Dul dzx
Br
p=1
< e = Flluwr gy lue = ullpr 5y + 6/ (1+[Du.f*)"=" |Duldz
Br
13 2\ 2 g P
< fe = fllpwsy gy lue = ullo= (Br) + v (14 [Duc[)? do + » I Dullfo g,y -
B

R

where C is a positive constant depending only on » and p. Now, let us consider the same
€0 € (0,1] as in Proposition 4.2 and let e € (0, &¢]. Then, applying Sobolev’s and Minkows-
ki’s inequalities, we get

/. [Va(Due) — V)\(Du)\z dx
Br

Ce » Ce
< CIlLe = flyorr (5 100 = Dullir gy + / (1+1Du.¥ do + == |Dul
Br

< C\fe = fllpon gy (IDucllor) + |1DullLr(y))
Ce P Ce
+ — 14 |Duc?)2 de + — || Dul?,
7 .BR( | Ducl|®) » 1Dull7s (5

1
< C”fa _f“L(P*)’(BR) [1+)‘+ HDUHL"(BR) + Hf||£<}1*>/(BR)}

+Ce[LH N+ 1Dl + I ey 5]
where, in the last two lines, we have used inequality (4.7). This concludes the proof. O

5 Proof of Theorem 1.1

In this section we prove Theorem 1.1, by dividing the proof into two steps. First, we shall
derive a suitable uniform a priori estimate for the weak solutions u. of the regularized
problems (4.1). Then, we conclude with a standard comparison argument (see e.g. [3, 19,
241) which, combined with the estimates from Propositions 4.2, 4.3 and 5.1, yields the local
Sobolev regularity of the function V(Du). We begin with the following result.

Proposition 5.1 (Uniform Sobolev estimate) Under the assumptions of Theorem 1.1 and with
the notation above, there exists a positive number € ; < 1 such that, for every ¢ € (0,¢,]
and every pair of concentric balls B, C B, C Bg, we have

/ | DV (Du.)|? dx
B,./a

(5.1)

C ’ ’
< (04 ) [1424 1DUL s 1y ) + CUI s
" " B 7, (Br)
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for a positive constant C depending only on n and p.

Proof Let us first assume that A > 0. Differentiating the equation in (4.1) with respect to x;
(5.2)

for some j € {1,...,n} and then integrating by parts, we obtain
Y € W) P(Bg).

(0;f2) ¢ da,

/ (D*G.(Duy) D(0jue), Dp)dx =
BR BR

(5.3)

’

S I on

Letn € C§°(B,) be a standard cut-off function such that
[1D7]] o0 <

0<n<l, n=1 on§r/27

and choose
¢ = n* (O5uc) ®((|Dus| = N)y),

where @ : [0,00) — [0,00) is an increasing, locally Lipschitz continuous function, such
(54

that @ and @' are bounded on [0, 00), ®(0) = 0 and
(1)t < cop B(t)

for a suitable constant cg > 0. Using the above choice of ¢ as a test function in (5.2), we get

/B (D*G:(Duc) D(djue), D(djue)) n* @ (| Due| — N)+) dz
(5.5)

+/B (D?*Ge(Due) D(jus), D[(|Due| = X)+]) 0 (9jue) @ (|1 Due| — A)+) da

= -2 / (DG (Du.) D(@yu.), D) () ® (| Duc| — A)) da
B

n / (0,1.)(@yu2) 12 @ ((|Duc| — )) da
B,

As for the first term on the right-hand side of (5.5), we have

- 2/ (D*Ge(Due) D(9juc), D)y n (8jue) ® ((|Duc| — N)4) da
B
(5.6)

<2 /B VD2G-(Dwz) D(@yu0), D(@;112)) v/ (D2G=(Duuz) Doy, Dy 0512 @ (| Dusc| — M) ) dv

< f/; (D*G.(Duc) D(0juc), D(juc)) n* @ ((|Duc| — N)4) da
+2 [ (DG(Du.) Do D) 0y (D] = )1
B

where we have used Cauchy-Schwarz and Young’s inequalities. Joining (5.5) and (5.6), we

get
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/B (D?G<(Duc) D(djuc), D(9jue)) n® (| Duc| = A)+) d

+/B (D?*Ge(Due) D(jus), D[(|Due| = X)) 1 (9jue) @ (|1 Due| = A)+) da

T

= %/ (D2G.(Duz) D(djuc), D(d5uz)) n? ® ((|Duc| — N) 1) da
B,

+ 2/ (D*G.(Du.) D, Dn) |0juc|® ® ((|Due| — N)4) d
B

r

n / (03 £.)(@7u2) 7 ® (| Duc] — A)) de.

3

(5.7)

Reabsorbing the first integral in the right-hand side of (5.7) by the left-hand side and sum-

ming the resulting inequalities with respect to j from 1 to n, we obtain

L +1, < I3+ 14,

(5.8)

where

e[ Z (D*G.(Duz) D(@yus), D(@sue)) 1 & (1Due] = N)3) do,

-2 Z (D2G.(Du.) D(du.), DI(1Duc] — N4 ]) o (050) & ((|Duc] — A)y) d,
B | 7’ i<D2GE<Dug>Dn,Dn> Oyl @ (1Duc| — N)4) da,

-2 S (0,120, 7 @ (D] — N)) da

T oj=1

We now prove that I5 is non-negative, thus we can drop it in the following. Recalling the

definitions (4.3) and (4.4), for |Du.| > A we have
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n

> (D*G.(Duz) D(@juz). DI(|Duc| — N)4]) (9;u-)

j=1
_[A(Du))  A(Dul) , et
- { |Du.[? |Du.|? +e(p=2) (14 [Duel7) ]

n

Y (9ue)(Brue) (Bhue) (0Fue) Ou[(IDuc| — N)+]

4 g, k=1

n

+ [AIDuc)) + & (14 D) T | 3 (@) (@) il(1Duc] = 2] G

i,7=1

_ [A(Du)  A(Du)) ) )
{ | Du| Du. TEe=20+ID D }

n

> (Bhue) Ou[(IDuc| = N)4]

k=1

+ [AUDuDIDu| + & (14 [Du) % [Du | [DI(1Due] = 2)+]

2

2

I

where we have used the fact that

O[(|Duc| = A)4] = (| Ducl) =

|Du5| Z djus)(Of;u)  when [Dug| > A.

Thus, coming back to the estimate of I», from (5.9) we deduce

Bz e o] —A)+){ AP _ MDD {Z (Orue) (| D —Am}

k=1

+ A(|Duc|)|Du| | D[(|Du.| — )\)+]|2} da.

Now, arguing as in the proof of [31, Lemma 4.1], for | Du.| > A we have

[Z (Orue) O[(|Due| — )\)+]] < |Duc|? |D[(| Du.| - /\)+]]2. (5.10)

k=1

This implies

n

A(|Du€|)
I, > 2 29 ((|Dug| — \)y) ———=

3

(Orue) O[(|Duc| = A)4]| dz >0,
k=1
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where we have used the fact that ® ((|Duc| — A)+) > 0. Thus, inequality (5.8) boils down
to

L < I3+ 1. (5.11)
Now we choose
t o\t
o(t) == (—) for t > 0, 5.12
(t) Y ort>0 (5.12)
and therefore
2
1 =1
() = p+ Atr

P=1 (t4 7T

Clearly, the function ® in (5.12) satisfies (5.4) with cp = Z—i. At this stage, we proceed by

estimating separately the integrals in (5.11).
ESTIMATE OF I3

Applying Lemma 4.1, we get

L> / A(Duc) | D?ucl? o @ (| Duc| — A)) dor (5.14)
B

T

ESTIMATE OF I3
Using Lemma 4.1, (5.3) and the fact that & < 1, we infer

Iy < C%’)/ (1+ |Du.|?)? dz. (5.15)

r

ESTIMATE OF 1,4
By Theorem 3.4, there exists a linear and bounded extension operator

extp, : B,{"(B,) = B[’ (R")

such that rep o extp, = id, where rep_ is the restriction operator defined in Sect. 3 and
the symbol id denotes the identity in BT;Q{ P(B,). Since 9 f- = extp, (0; f-) almost every-

where in B,., we have

/B (03..) (512) P B((| Due] — N)) dr = / ext, (0, £2) - (9yus) 1 (| Duc| — A)) do.

B,

At this point, we need to estimate the integral containing ext g, (09; f<). To this aim, we argue
as in [8, Proposition 3.2]. By definition of dual norm, we get
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[ ext, @8- @) o7 (1D = 0, )

< llexti, (Do) g2/ oy 1052) 72 B((1Dute] = X)) g oy

= llexts, (05 f)ll 27z gnyy

- (1@jue) ? (D] = N )y + (@) 12 DDl = N4 s gy )

(5.16)

where, in the last line, we have used the equivalence (3.4). By the properties of 7 and the
fact that & < 1, we have

10ue) n* @((| Due| = X))l o@ny < [ Dttellzo(z,)- (5.17)
Moreover, using Theorem 3.8, we obtain
lext, 0 Fl /g oy < €Nt (03 £ 2in gy

for some positive constant ¢ = ¢(n, p). Combining the above inequality and the bounded-
ness of the operator extp,. yields

lexts, (O;f)ll p2/r @nyy < clOifell g=2rv 5.y -
(Bploo (R™)) b (Br)
Furthermore, applying Theorem 3.9, we find that

105 fell 2o s,y < el ecz

’

P/l T

Combining the preceding inequalities, we infer

P

p’,1

HeXtBr(8jf5)||(é§)/:;(]gn))/ S C||f5||BP72 9 (518)

r

for a positive constant ¢ depending only on # and p. Now it remains to estimate the term

n ((95ue) n? ®((|Duc| — M) [” ;
(RPN R g XL LR

[h| >0 |h?

By applying Lemma 2.3, we deduce

dx

oot
n |h|?
c - ) N
< W/ o, (|0jug| = (0jus) P [®((|Duc| — A)+)] )‘ dr

< ¢(n,p) /
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where, in the last line, we have used the first statement in Lemma 2.11. By the properties of
7 at (5.3) and the boundedness of ®, one can easily obtain

(0017 #((1Dud = M) ey < ¢ [ [P (050l @00) (801Dl = 0% ) [ 42 s

” (5.19)

+ —2/ |[Duc|? da
" JB,

where ¢ = c¢(n,p) > 0. Now, a straightforward computation reveals that, for every
ke {l,...,n}, we have

O [|ajua

5 (050) [B((1Duc| = X))

= 210" (9} ue) [@((1 Due] = N)4)]

P
2

p—2 p—2 / D e:a'D 3
+ 2105 T (0p0.) (D] — T @((1Die] = A)) D)
This yields
p—2 » 2
1D (10,0:"7 (@) [#((Duc = N)IE) | < elnp) (Ar+A2). (520)

where we set
A1 = [DuelP™? |D?uc|? [@((| Due| — A)+)]P
and
Az = [Ducl? | D?uc|? [D((| Dus| — X)4)P72 [@'((| Duc| = N)4)]*.

We now estimate A; and A, in the set where | Du.| > A, since both A; and A, vanish in the
set {|Du.| < A}. Note that, for | Du.| > A, we have

S(|Du| - NP
A:D<I>D7D22[ Du,|P~2
1= AlIDue]) B(1Duc| = A) 1D S S D
&(|Duc| — N) Pl
= X|Du.|) ®(|Du.| — \) |D?u.|? | ———="— " | Du,
(D) (1] = 3 | [ 2= D
and
As = A(Du) (D] — ) [P, 2 [ 2UPBL =N P TR (Dl =2
2= Ue Ue e |Du.|—x Y &(|Du.| — Ny Y
&' (|Due| — ) 2
A, | =———= "D .
(D ) Pl
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Recalling the definition of @ in (5.12), we find that
-1 2
®(|Duc| — \) P |Dug| — A
D A
[ Du x|l Du ) =
and, moreover,
{(I)/(|Dua|—)\) D r <p+1)2 A2
—_— u = .
O(|Duc| =) T p—=1) ([Duc[ = A)?

Therefore, combining the four previous estimates, for | Duc| > A we get

A1 < o(p) M(|Due|) @(|Duc| = X) [ D?uc|? (521

and

Du.| — \)? A2
Aa = ) AP B(Dwe] = ) D0 IEEAE s

c(p) A(|Due]) ®(| Duc| = A) | D?uel*.

IN

Joining estimates (5.19)—(5.22), we obtain

[(9yue) n® (| Due | *A)+)}Z;§(;(Rn) < C/ A(|Due]) @((|Duc| = A)+) [D?uel* n* da

+ —/ |Duc|P dx ,

where ¢ = ¢(n,p) > 0. Combining the previous inequality, (5.17) and (5.18) with (5.16),
and recalling the definition of I, we get

0fa )(@jue) 1* D((|Due| = A)+) dz

g 1
< cllfell ez {(/ (| Due|) | D?uc |* n* &((| Due | — /\)+)dﬂ”) + <1 + T/p> HD“rsHLP(B»} ;
B " (Br) B, T

p’1

I, <

(5.23)

for a constant ¢ = ¢(n, p) > 0.
Now, inserting estimates (5.14), (5.15) and (5.23) in (5.11), we obtain

/ A(|Due
By

< < /B A(IDue) |D?. ]2 o 8((|Due| A>+>dm)p T

) [D?uc? 1® ®((|Due| = A)4) d

p’ 1 i

r

C -4
+ (C+ ) ||DU5||L17(B ) ||f€|| + 7/ (l + |Du5\2)5 dx7
(B " JB,

p',l
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where ¢ = ¢(n, p) > 0. Applying Young’s inequality to the first two terms on the right-hand
side of the previous estimate, we get

/ A(Duz) | Ducl? 2 (| Duc] — N)s) da
B,

o ) , (5.24)
<(c+G) [ aripupta iy,
B,

B 7 (B,)

for some constant C' = C(n,p) > 0.
At this point, recalling the definition of V), in (1.5)—(1.6), a straightforward computation

reveals that, for every j € {1,...,n}, we have
£+#
Dug| — )27
8jV,\ (Dua) = (| E| )+ <Du57 8]'DUE> Dus

|Duc|? A+ (|Duc| — A)4 ] 7T

0;Du, (Due, 0; Due)
+ G ((|1Due| = A)4) |i)u T |Du]\3 Du.

if |Duc| > A, and 9;V»(Du.) = 0 otherwise. In the set {| Du.| > A}, this yields

|DVA(Duc)|* < By + By, (5.25)

where we define

2
p+ﬁ

(|Du5| *)‘)Jr |D2u5|2

B1 = 2 2
A+ (1Due| = A) 7=

and

[97((1Due] = M) )] [ D?uc|*

By =8
2 | Due|?

We now estimate By and By separately in the set where |Duc| > ), since both B; and Bs
vanish for 0 < |Du,| < A. Recalling the definitions (4.3) and (5.12), we immediately have

B, =2

(|Due| — AP~ |D?u, |2 <|Du5 _ /\> 52
| Duc| | Duc|
= 2X(|Due|) |D*uc|? ®(|Duc| — \).

(5.26)

As for Bo, by Lemma 2.6 we obtain
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2
B, < 52 (Ducl = P75 (D

P* | Duc[+7%5
2p
_ 32 (|Duc| = NP D] (Dugl—)\>1+f’1 (5.27)
p? | Du.| | Du,|
32 -
= 3 MDuc)) [D%ucf ®(|Du] ~ ).

Joining estimates (5.25)—(5.27), we then find

/ IDVA(Dus)P P dz < c(p) / A(Duc]) | D?ucl? (| Ducl — N)y) de. (5.28)
B,

r

which combined with (5.24), gives

C » /
[ iovoupra < (o4 §) [ avipupta s iy,
B, B,

B 7 (B,)
Let us now consider the same £¢ € (0,1] as in Proposition 4.2 and let € € (0,&¢]. Then,

recalling that n = 1 on B, /2 and applying estimate (4.7), we obtain

C g J/ o ’)I
/ | DV (Du.)? d < (C+ ﬁ) [1—0—/\? + 1Dull}p 5y + \|f||’L(,,*),(BR)] OV e
B2 B (Br)

where we have used the fact that » < R < 1. Since (p*)’ < p/, using Holder’s inequality,
from the above estimate we get

C / /

2 P P P
/B/2 |DVs(Due)|* do < (C+ 7“2> [1+)‘p+ HDuHLP(BR) + HfHLp/(BR)} + C”fE“Bp;Q(B )
" L (Br

Furthermore, there exists a positive number €7 < ¢ such that

Il fell p=2 < Il o2 < +4oo for every € € (0,¢1].
B B

P P B
p/i1 VT pa R

Combining the last two estimates for € € (0, €1], we conclude the proof in the case A > 0.
Finally, when A = 0 the above proof can be greatly simplified, as we can choose ® = 1
and we have

2 p—
Vo(Due) = = Hy(Duz) = |Du.|"*" Du. .

SERN

In this regard, we leave the details to the reader. O
Combining Lemma 2.11 with estimate (5.1), we obtain the following
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Corollary 5.2 Let ¢, € (0, 1] be the constant from Proposition 5.1. Under the assump-
tions of Theorem 1.1 and with the notation above, for every pair of concentric balls
B,;; C B, C Br we have

/ [ 75,0 Va (Du5)|2 dx
B4

(5.29)
. C’|h\2r(21 +1r2) [

LN+ DUl gy + 112 5] + C 1A IIfH” ,
(BR)

foreveryje{1,...,n}, forevery h € R such that |h| < 3, for everye € (0,¢1] and a
positive constant C depending only on n and p.

We are now in a position to prove Theorem 1.1.

Proof of Theorem 1.1 Consider the same 1 € (0, 1] as in Proposition 5.1 and let e € (0, £4].
Moreover, let u. be the unique energy solution of the Dirichlet problem (4.1). Now we fix
three concentric balls B, 4, B, /2 and B;, with B, C Br € €, R <1, and use the finite
difference operator 7; j, defined in Sect. 2.3, for increments & € R\ {0} such that || < .
In what follows, we will denote by C a positive constant which neither depends on € nor on
h. In order to obtain an estimate for the finite difference 7; 5V (Du), we use the following
comparison argument:

/ 751 Va(Du)|? da
B4

< 4/ 7.0 Vx(Dug)* de + 4/ [Vx(Du.) — Va(Du)|? da
r/4 B

r/4

+ 4/ [VA(Due(z + he;)) — Va(Du(z + he;))|* da
B /4

< 4/ 7.1 Vx(Dug)* de + 8/ [Vx(Du.) — Va(Du)|? da,
B, /4 Br

where we have used the second statement in Lemma 2.11. Combining the previous estimate
with (5.29) and (4.11), for every j € {1,...,n} we get

/ |71 V(D) da
By

Ch2 1+72 p/
< ClhZ (A +7%) 1+ M + ||Dul® »( +Hf|\[/ JrC|h| ”f”pp 2
- r2 Lr(Br) v(B * (Br) (5.30)
/1 .

+ Cllfe = Pl gy [LH A+ IDUoma) + 11 TGk 5]

+ Ce |:1 + AP 4+ ||Du||Lp (Br) + ||f||i(p*>/(BR):| ’
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which holds for every sufficiently small h € R\ {0} and a constant C = C(n,p) > 0.
Therefore, recalling (4.9) and letting € ™\, 0 in (5.30), we obtain

/ |A; w V(D) da
B4

C / /
< (04 ) 2 1D s ISy ) + CUI o
r R B°7 (Br)

Since the above inequality holds for every j € {1,...,n} and every sufficiently small
h # 0, by Lemma 2.12 we may conclude that Vi (Du) € Wllo’(?(Q, R™). Moreover, letting
h — 0 in the previous inequality, we obtain estimate (1.8) for every ball Br € 2 with
R < 1. The validity of (1.8) for arbitrary balls follows from a standard covering argument.

O

6 Proof of Theorem 1.4

This section is devoted to the proof of Theorem 1.4. Actually, here we limit ourselves to
deriving the a priori estimates for 1 < p < 2, since inequality (1.10) can be obtained using
the same arguments presented in Sect. 5. In what follows, we shall keep the notations used
for the proof of Proposition 5.1.

Proof of Theorem 1.4 Let us first assume that A > 0. Arguing as in the proof of Proposi-

tion 5.1, we define the integrals I; — I exactly as in (5.8). We need to treat differently only
np

the integrals I5 and Iy, in which the new assumptions 1 < p < 2and f € L7~ V**77(Q)

are involved. Under these new hypotheses and for | Du.| > A, equality (5.9) is replaced by

n

> (D*Go(Duc) D(d;uc), DI(|Duc| = A)+]) (9;uc)

j=1
_ A(Ducl) — A(Duc)) -
— |- A2l - AU o2 14 D) D
n 2 (61)
: [Z (Oue) Del(|Duc| — A)4]
k=1
+ [}W +e(1+[Duf?) = |Dua|} |DI(|Duc| — N[

where we have used the definitions (4.3) and (4.4) again. It comes out that /5 is non-nega-
tive, as in the super-quadratic case. Indeed, estimates (6.1) and (5.10) lead us to
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"

L>2 /B 72 (| Due| — A)4)

L AGDw)  AQDu)) B D

- A2 AU 20+ D0 D

[ " @) (D] - 341 | + M2 i
k=1

p—4 2 2
+e(1+|Du®) ™= |Du5|5‘D[(|Du€\—)\)+]| }dm

>2 [ oud =00 [o- 0 A2 4 )+ D) Dl

I3

’ lz (Oruie) Ok [(|Due| — /\)+]‘| dx > 0,

k=1

where the function @ is defined in (5.12). Then, using (5.3), (5.12), Lemma 4.1 and the fact
that I5 > 0, from (5.8) we now obtain

[ AUDuD D0 #((1Dud = 01 s
B,

- r2 r

<% [ e ipuptas + B [ AQDuD) DuP a(1Du - ), de
’ (62)

+olp) 3 [ (@0(@500) o7 (D] = 3 do

< [ 0 iputds +ew) S [ @807 B(1Du] - 2. do.

At this point, we integrate by parts and then apply Holder’s inequality in the second integral
on right-hand side of (6.2). This gives

/B (03 £.)(@yu2) 7 @((|Duz| — X)) d

< I/ 10;[(95us) n* @((| Due| = )4 )]l

(6.3)
np np .

Lnp—1)+2—p (BT) Ln—2+p (R")

From now on, we will only deal with the case n > 3 and 1 < p < 2, since the remaining

cases imply that

np np

- -9
np—1)+2-p n-2+p
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and can be addressed by suitably modifying the arguments used in Sect. 5. Note that in the

case p = n = 2, we have (p*)’ < p’ = 2, and therefore we can continue to argue as in the
proof of Proposition 5.1.

For ease of notation, we now set

Z(x) = (@) - (Ojus(x)) - D((| Duc| = N)+) -

Since —2— T <2forn=>3and 1 <p<2 an application of Holder’s inequality and
Lemma 2.4 yield

/ i Z ()| = do
]Rn

n (=2) np 2-p) _np
- / I Z(@)|TE (12 + hep)? + |2)7) T T (126 4+ hep)P + 12@)R) T da
np (n=2)(2=p)
R p—2 3(n—2%p) np 3(n—21p)
c(n,p) (/ |TinZ \Z(l+he )N+ 1Z(x) ) N dz) ( |Z(z)| 72 dx)

s (2( j<2+;)
< ¢(n,p) / dx |Z ()| 772 da
JRn R

for every h € R\ {0}. Dividing both sides by |h|7=27 and letting 1 — 0, by virtue of
Lemma 2.12 we obtain

o (1212 2))[

10,2(2)| ™5 da
JRn

(n—=2)(2—p)

2(n—2+Fp)
= dx

(n—2)(2—p)
\2(2)] dz)

C

2(n—2+p)

(n=2)(2-p) (6.4)

D (12()"% 2(w)| a )< |

12 ()" 2(

(17 2(2)

)
)
(12@)1*% 2(@))
)

C7

oo
(o
([
o

) (

Recalling the definition of Z, calculating the gradient in the right-hand side of (6.4), using
the properties of 77 and recalling that ® < 1, we get
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19517 (9ue) @((| Due| — X))

c (/ 772”
B,
P
+c (/ nP2 |D77|2 | Duc|P dx)
B,

Inserting (6.5) into (6.3) and using the properties of 1, we obtain

np
L7n—2%p (R")

IN

2 ¥
dm)

b (\3ju5|¥(aju€) [®((| Due| — A)+)]%> ’2 dm)‘l’ (6.5)

D (7 10u:] % (@u0) [0((1Du| = N)4)% )

IN

/B (0;£.)(05ue) 1 B((|Duic| — N))

2
< CHngLW(Br) (/B n

C
—_ np P
I Y1 p—— T

’ dx) ’ (6.6)

D (105u:| "= (0u.) [@((1Due| = 2))]%)

P

Now, combining (6.6) with (6.2), we have
/ A(Ducl) [Due 2 1P ®((|Duc| — A)+) da
B,

D »
(B | Duel| (B)

np
n(p—1)+2—p

c 2\ 2 X Cc
<5 [ QD i,
n

p—2 » 2 P
+6erlumm2(/3 2| D (10701 7 0yu0) [0((|Duc| = NI )| d) :
j=1 /B

The last integral can be estimated using (5.20), (5.21) and (5.22). Thus we infer

/ A(Duzl) | D B((|Duc] — A) ) de

B

¢ 2\ 2 C
< T—Q/B (1 +[Duc|*)? dz + mIIfEIILWM(BT) | Duc| Lo (5,

1
P

el s g ([ AODUD D0 01D - 0 02)

where ¢ = ¢(n,p) > 0. Applying Young’s inequality to reabsorb the last integral by the left-
hand side, and then using inequality (5.28), we derive

c !/
/ |DV>\(DUE)‘2772 de < 7/ 1+ ‘D“s|2)% de + | fell? __np .
B, r B, Ln(p—1)+2—p (B,)
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The desired conclusion follows by arguing as in the proofs of Proposition 5.1 and Theo-
rem 1.1, observing that
np np

*\/
= < for every p > 1.
") np—n+p np-—-1)+2-p yp

Finally, when A = 0 the above proof can be greatly simplified, as we can choose ¢ = 1 and
we have

2 P
Vo(Due) = — |Du.|"= Du. .

We leave the details to the reader. O
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