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Abstract

We consider weak solutions u : Q7 — R¥ to parabolic systems of the type

uy —divA(x,t, Du) = f inQr=Qx(0,7T),

where Q is a bounded open subset of R” for n > 2, T > 0 and the datum f belongs to a suitable Orlicz
space. The main novelty here is that the partial map & — A(x, ¢, &) satisfies standard p-growth and ellip-
ticity conditions for p > 1 only outside the unit ball {|£| < 1}. For p > 21 \we establish that any weak

. n+2
solution

ue %, 1) LXAQ,RY)YNLP©, T: WP (Q,RY))

admits a locally bounded spatial gradient Du. Moreover, assuming that u is essentially bounded, we recover
the same resultin the case 1 < p < HZ% and f = 0. Finally, we also prove the uniqueness of weak solutions
to a Cauchy-Dirichlet problem associated with the parabolic system above. We emphasize that our results
include both the degenerate case p > 2 and the singular case 1 < p < 2.
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1. Introduction

In this paper, we are interested in the regularity of weak solutions u : Q7 — R¥ of strongly
degenerate or singular parabolic systems of the type

du' —divA (x,t, Du) = f* fori e {1,..., N} inQr =Qx(0,7). (1.1)

Here and in the following €2 is a bounded and open subset of R” (n >2), T >0 and N > 1. The
exact assumptions on the vector field A = (Al, e, AN): Qr x RV — RN" and the vector-
valued inhomogeneity f = (f 1o, f Ny, N > 1, will be discussed in detail later. As our main
result we will show that weak solutions are locally Lipschitz-continuous in the spatial directions,
i.e. that the spatial gradient Du is locally bounded.

The chosen terminology can be illustrated by the model system of equations. In fact, in the
prototypical system we have in mind, the vector field A is given by

_s1=ni™
g

for some p > 1. First, we note that any time-independent 1-Lipschitz continuous function u
is a solution of the homogeneous model system. Accordingly, well established methods from
regularity theory, using the second weak spatial derivatives of u, cannot be utilized. We will
circumvent this difficulty by approximation.

Before we specify in detail the structure of the considered system of equations, we briefly
discuss some results already available in the literature. So far, most progress has been made for
the associated elliptic, i.e. time-independent, problem. L. Brasco [4] proved the Lipschitz conti-
nuity of weak solutions. A. Clop, R. Giova, F. Hatami and A. Passarelli di Napoli [9] generalized
this result for systems (N > 2). The two previous works arise from the study of strongly degen-
erate functionals. These can be regarded as asymptotically convex functionals, i.e. functionals
having a p-Laplacian type structure only at infinity. Such class of functionals has been widely
investigated, since the local Lipschitz regularity result by Chipot and Evans [8]. In particular, we
mention generalizations allowing super- and sub-quadratic growth [22,25,29], as well as lower
order terms [28]. Extensions to various other contexts can be found in the non-exhaustive list
[12-14], [16-20], [32]. The first result concerning gradient continuity was achieved by F. San-
tambrogio and V. Vespri [31]. The authors restricted themselves to equations and the dimension
n =2 and proved that a gradient dependent function of the form g(Du) is continuous whenever
g is continuous and vanishes on the set of degeneracy, i.e. on the unit ball in case of the prototyp-
ical equation. Subsequently, M. Colombo and A. Figalli [10,11] extended this result to arbitrary
dimensions n > 2. A similar result in the vectorial setting was recently shown by V. Bogelein, F.
Duzaar, R. Giova and A. Passarelli di Napoli [6]. L. Mons [27] extended this result to systems
satisfying more general structural conditions. On the contrary, for the time-dependent problem,
little is known so far. The first author [2] succeeded in showing a fractional higher differentiabil-
ity result. Furthermore, A. Gentile and A. Passarelli di Napoli as well as the first author and A.
Passarelli di Napoli obtained a higher differentiability result in [21] and [3] respectively.

In this paper we prove the boundedness of the spatial gradient under quite general assump-
tions on the vector field A. In particular, this can be seen as a parabolic analogue of Brasco’s

A(x,t,€) £, (x,1) € Qr, £ e RV, (1.2)
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Lipschitz-continuity result. Our main result reads as follows. For notation and definitions we
refer to Section 2.

Theorem 1.1. Letn >2, N> 1,1 < p <ooand f € Li+2 10g% Lioe (27, RN), where i is de-
fined according to (1.3)—(1.4) below and o > 2n + 3. Moreover, assume that

wec® (0.1 L2 (RY))nLr (0.7 W' (2,RY))

is a weak solution to (1.1), where A is defined by (1.5) and the structure conditions (Hy) — (Hy)
below are in force. Then, for any parabolic cylinder Q,(z1) € Qr(z0) € Qr withr € (0, 1) and
any s € (0, 1), we have that:

@ if p> 3 +2, the estimate

”f”?ﬁ”log“ugr(zl))
esssup |Du| < 7 "exp | ¢ —

Osr(21) (1—s)« re

(f (1Dul + 1)? dz
Qr(Zl)

holds true for some positive constants c =c(N,n,n,«, p, C, K) and ® = O(n, o), and for

. p(ﬁ+§)—2ﬁ fn+2 <p<2,
2 ifp=2;

b) fl<p=< n+2, f=0andu e L*(Qr(z0), RY), the estimate

n+2 1

2 2p p
(1 + ||“”L°°(QR(zo)))
esssup |Du| <c

P¥S) ][ (|IDu| + 1)Pdz
Qs (21) [(1—s5)2r] 7 0.z

holds true for some positive constant c = c(N,n, «, p, C1, K).

In the subcritical case 1 < p < +2, the weak solutions to (1.1) may not be bounded (see [15,
Sub-chapter 5.4] and note that the p-Laplacian satisfies our growth assumptions). Therefore, the
extra assumption u € L% (Qr(z0), RY) in Theorem 1.1 (b) is natural.

Note that some widely degenerate systems can be interpreted, similarly to functionals, as
asymptotically regular systems. Therefore in the special case that A(x,t, Du) = A(Du) ~
|Du|?~%Du for |Du| > 1 and p > -2 5> we recover the results obtained in [24,5].

Finally, we explain the choice of the parameter 71, which is defined by

. n ifn>2
n:= (1.3)
248 ifn=2
for some 8 > 0.If n =2 and 1 < p <2 we choose § in such a way that
4(p—1
0<ﬁ<%. (1.4)
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This choice ensures that in the case n =2 we have p > % for any p > 1. Indeed, this condition

will be decisive to carry out the proof in Subsection 6.3.
1.1. Structural conditions on the vector field A

To specify the structure of the vector field A : Q7 x RV — RN we consider a function
F: Q7 x[0,00) = [0, 00), (x,t,8) = F(x,t,s),

which is convex with respect to the s-variable and vanishes for all s € [0, 1]. Furthermore, we
shall assume that the partial map s — F(x,t,s) is in ClRH N CERT \ {1}) for almost every
(x,t) € Qr, while for every (¢,s) € (0,T) x [0, 00) the map x — F(x,t,s) is differentiable
almost everywhere. We additionally suppose that there exist an exponent p > 1 and some positive
constants L, C; > 1 and K such that, for all s > 1 and for almost every x, y € Qand t € (0, T),
the function F satisfies the following growth assumptions:

$(s— P < F(x,t,5) < Ls? (Hp)

o= DP <8 F(x,1,9) <Cis = DP! (Hp)

e-(s =P 2 <3 F(x,1,5) <Ci(s — DP™2 (H3)

10s F(x,1,5) — 0gF (y, 1, )| < K |x — y|sP~1 (Ha)
Then, the vector field A : Q7 x RV — RN is defined by

%{,\EDE if £eRN"\ {0},

A(x,t, &)= (1.5)
if £=0.
Note that for the prototypical case
,
Frots)= 20 _pyr,

where a : Q7 — R™ and x > a(x, t) is a Lipschitz continuous function that is bounded from
below by a positive constant, one can easily deduce that the growth conditions (Hj)—(H4) are
fulfilled. If furthermore a(x, t) = 1, then we recover the vector field in (1.2).

1.2. Strategy of the proof

Our approach is inspired by [9,12,16]. The proof will be achieved by a parabolic Moser it-
eration technique. However, the implementation is quite subtle due to the degeneracy of the
differential operator. Since weak solutions may not be twice weakly differentiable with respect
to the x-variable, we approximate the original system (1.1). The approximation is chosen in such
a way that the regularized vector field A,, € > 0, satisfies standard p-growth assumptions. How-
ever, proceeding at this point with a standard Moser iteration, the constants would blow up as
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¢ | 0. This problem will be overcome by the choice of an appropriate test function in the deriva-
tion of the Caccioppoli-type inequality. At this point it is helpful to realize that for § > O large
enough and |Du,| > 14§ the p-growth conditions of the approximating systems are satisfied in-
dependently of €. Therefore, we choose a test function vanishing on the set {| Du.| <1+ §}. We
note that the choice of such a test function requires the existence of second weak spatial deriva-
tives, which is the reason why we had to introduce the approximating solutions. This test function
allows to obtain a Caccioppoli-type inequality and in turn we set up a kind of Moser iteration
scheme. Note that, similarly to the treatment of the parabolic p-Laplacian, in the Moser iteration
we have to distinguish between three different regimes of the parameter p. The first one is the

superquadratic case p > 2, the second one is the subquadratic supercritical case 112% <p<?2
and finally we have the subcritical case 1 < p < % In the last case, we need to ensure that also
the approximating solutions u, are uniformly bounded with respect to ¢. This is achieved by a
maximum principle. In all three previous cases, we prove the boundedness of the spatial gradient
Du, of the approximating solutions together with quantitative estimates. Here it is worthwhile to
note that our quantitative estimates are uniform in . Since the approximating solutions converge
strongly in L? to the original solution, the statement of Theorem 1.1 follows after passing to the

limit as ¢ | 0.
1.3. Plan of the paper

In Subsection 2.1, we introduce the notation adopted throughout the paper. In Subsections
2.2 and 2.3, we recall some basic facts on the used function spaces and the regularization in
time. In the following Subsections 2.4 and 2.5, the approximating vector field is defined and
its growth properties are obtained. Thereby, we distinguish the subquadratic and superquadratic
cases. Subsection 2.6 is devoted to some algebraic inequalities needed for our purposes.

In Section 3, we define the approximating problems and prove a strong convergence result
in L?. As a by-product, we obtain the uniqueness of the weak solutions to a Cauchy-Dirichlet
problem associated with system (1.1).

In Section 4, we establish a maximum principle for solutions to the approximating problem.
This allows us to show that the approximating solutions are essentially bounded, provided that
the original solution is itself essentially bounded.

In Section 5 we lay the groundwork for Section 6, where we prove local L°°-bounds for the
spatial gradient of the approximating solutions. The proof is divided into several subsections.
In Subsection 6.1 we establish a suitable Caccioppoli-type inequality, from which we derive
a reverse Holder-type inequality in Subsection 6.2. In these subsections, we need to address
separately the three regimes of the parameter p that we referred to above. For this reason, the
Moser iteration procedure is split into two steps: in Subsection 6.3 we deal with the supercritical
case, while in Subsection 6.4 we consider the subcritical one.

Finally, in Section 7 we give the proof of Theorem 1.1.
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2. Preliminaries
2.1. Notation and essential tools

In this paper we shall denote by C or ¢ a general positive constant that may vary on different
occasions, even within the same line of estimates. Relevant dependencies on parameters and
special constants will be suitably emphasized using parentheses or subscripts. The norm we
use on the Euclidean spaces R* will be the standard Euclidean one and it will be denoted by
|-|. In particular, for the vectors &, 7 € RN", we write (£, ) for the usual inner product and
|E]:= (&, & )% for the corresponding Euclidean norm.

For points in space-time, we will frequently use abbreviations like z = (x,t) or z9 =
(x0, o), for spatial variables x, xo € R" and times ¢, fp € R. We also denote by B,(xg) =
{x e R" : |x — xo| < o} the n-dimensional open ball with radius ¢ > 0 and center xg € R";
when not important, or clear from the context, we shall omit to denote the center as follows:
B, = B,(x0). Unless otherwise stated, different balls in the same context will have the same
center. Moreover, we use the notation

00(20) := By(x0) X (to — 0%, 10), 20 = (x0,10) €R" x R, 0 >0,

for the backward parabolic cylinder with vertex (xo, fo) and width o. We shall sometimes omit
the dependence on the vertex when all cylinders occurring in a proof share the same vertex. For
a general cylinder Q = B x (ty, t1), where B C R" and #y < 1, we denote by

Opar @ := (B x {to}) U (3B x (19, 11))

the parabolic boundary of Q.

If E C RF is a Lebesgue-measurable set, then we will denote by |E| its k-dimensional
Lebesgue measure. When 0 < |E| < oo, the mean value of a function v € L' (E) is defined
by

1
We ::][ vy = / v(y)dy.
E E

Forevery v e L 110 (0, R¥), where Q0 ¢ R"t! and k € N, we define the mollified function U, as
follows:

Vp(2) = / V@) (z — 5z, o1
]RnJrl

where

1 z
779(1)1=F771 0) >0,

497



P. Ambrosio and F. Bduerlein Journal of Differential Equations 401 (2024) 492-549

with n; € Cg°(B; (0))! denoting the standard, non-negative, radially symmetric mollifier in
R™*!. Obviously, here the function v is meant to be extended by the k-dimensional null vec-
tor outside Q.

In this work, we define a weak solution to (1.1) as follows:

Definition 2.1. A function u € C°((0, T); L? (,RY)) n L7 (0, T; W7 (2, RV)) is a weak
solution of system (1.1) if and only if for any test function ¢ € C;°(Qr, R™) the following
integral identity holds:

/(u ;¢ — (A(x,t, Du), D¢p))dz = — /f ¢pdz. 2.2)

We conclude this first part of the preliminaries by recalling the following iteration lemma,
which is a standard tool for “reabsorbing” certain terms and can be found, for example, in [23,
Lemma 6.1].

Lemma 2.2. Let 0 < pg < p1 < 00 and assume that W : [pg, p1] = [0, 00) is a bounded function
satisfying

Y(p) <0V (r) + —
(r—p)°

forall po < p <r < py, for some o >0, ¥ € [0, 1) and a non-negative constant C. Then, there
exists a constant k = k (o, ) > 0 such that for all po < p <r < p1 we have

C
W(p) SKW'

2.2. Orlicz spaces
Here we recall some basic properties of Orlicz spaces that will be needed later on (for more
details, we refer to [1]). Let W : [0, 00) — [0, 00) be a Young function, i.e. W(0) =0, WV is

increasing and convex. If X is an open subset of R, we define the Orlicz space LY (X') generated
by the Young function W as the set of the measurable functions v : ¥ — R such that

[ (2)ares

for some A > 0. When equipped with the Luxemburg norm

I Here B1(0) denotes the (n + 1)-dimensional open unit ball centered at the origin.
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. [v]
=inf{A>0: [ ¥|— )dx<1y,
||U||L\ll(2) mn > / ( % X =

b))

LY(X) is a Banach space.

The Zygmund space L9 log® L(X), for 1 < g < 00, @ € R (a > 0 for ¢ = 1), is defined as the
Orlicz space LY (X) generated by the Young function W(s) ~ s9 log® (e +s) for every s > so > 0.
Therefore, a measurable function v on X' belongs to L9 log* L(X) if

/|v|qlog°‘(e + |v])dx < co.
b

Moreover, we record that for the function
W(s) =s5%1og%(e + ), qg>1,aeR,

the following inequality

/|v|qlog“<e+ uhdx < vl 5,
X

holds for every v € L9 1og* L(X') and some 6 = 6(g) > 0 (see [9]).
2.3. Steklov averages

In this section, we recall the definition and some elementary properties of Steklov averages.
Let us denote a domain in space time by Q' := €’ x I, where ' C Q is a bounded domain and
I:=(t;,12) € (0,T).Forevery h € (0,12 —t;) and v € L' (Q' x I, R¥), where k € N, the Steklov
average [v] (-, t) is defined by

% ftH—h v(x,s)ds forte(ty, 10 —h),
[v]h(.x,l) =
0 fort €[ty — h, 1),

for x € ©'. This definition implies, for almost every (x,t) € Q' x (t1, 1, — h),

a[v]y _ v(x,t+h) —v(x,t)
ar (x. 1) = h ’

The proof of the following result is straightforward from the theory of Lebesgue spaces (see
[15, Lemma 3.2]).

Lemma 2.3. Let gq,r > 1 and v e L" (tl,tz; Lq(Q’)). Then, as h — 0, [v], converges to v in
L" (t1,12 — &; LY(Q")) for every e € (0,1 — t1). If v € CO((t1,12); LI(R)), then as h — 0,
[v1n (-, 1) converges to v(-,t) in L1(Q') for every t € (t1,1n — €), Ve € (0, 1 — 17).
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For further needs, we now recall the well-known Steklov average formulation of (1.1) in
Q' = Q' x (t1,1). Assume that u € C°((0,7); L* (2,RY)) n L7 (0, T; W7 (Q,RV)) is a
weak solution to (1.1) in Q7 and let 0 < & < #p —t1. Then, the Steklov average [u]; (-, t) satisfies,
for all times ¢ € (11,1 — h),

(0 [uln - ¢+ ([Alx, 1, Du)]p, D)) dx = / [fln-¢dx
' fr) Q' {r)

forall ¢ € C3°(Q,RV).
2.4. Approximation of the function F for 1 < p <2

As already mentioned, we assume that for almost every (x, ¢) € Qr the map s — F(x,t,s)
isin CLRT) N CERT \ {1}). Moreover, we notice that in the case 1 < p < 2 both bounds for
955 F(x,t,-) in (H3) blow up as s — 1. This very singular behavior of F must be avoided, since
we need to use the second derivative ds, F' to establish a local bound for the spatial gradient of the
weak solutions to (1.1). Therefore, for 1 < p < 2 and for almost every (x, ) € Q7 we approx-
imate the partial map s — F(x,t, s) by smoothing it around the singularity of dss F (x,t, -), in
such a way that the resulting approximation F(x,t,-) coincides with F(x,t, -) outside a small
neighborhood of the singularity s = 1.

Thus, in this section we will assume that 1 < p < 2, unless otherwise stated. For ¢ € (O, %)
we define the function v, : R — R* by

Ve () ::l/m(w_s)max{e,w—l}dw, 2.3)
& &
R

where 71 € C3°((—1, 1)) denotes the standard, non-negative, radially symmetric mollifier in R.
Keeping this definition in mind, in what follows we will show that an approximation of F'(x, ¢, -)
is given by

Fo(x,t,8):=F(x,1,0:(s) + 1), ee(0,3).

Firstly, we need to prove that F, satisfies non-degenerate growth conditions for 0 < & < %
Therefore, we begin our analysis by studying the growth of this function. 3
By assumption, we know that for almost every (x, t) € Q7 the map s — F¢(x, ¢, s) belongs

to C2(R). For later purposes, we now note that one can easily check that

£ if0<s<l1
Ve (s) = , 24
s—1 ifs>1+42¢

and

0=<v,() <Lpsp(s),  0=/(s) < Tpc. cige)(s) (2.5)
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for all s > 0 and for some universal constant C > 0. Furthermore, from the growth assumption
(H) and from definition (2.3) we can deduce that

1 -
I (sP —1) < Fe(x,t,5) <cL(s? + 1)
C

for all s > 1 + 2¢ and for almost every (x, ) € Q7. As for the derivatives of 1:} with respect to
the s-variable, for almost every (x,t) € Q7 we have

B Fe(x,1,5) = 05 F(x, 1, v (s) + Dvi(s) (2.6)

and
s Fe(x,1,5) = s F (x, 1, e (s) + D(V2(5))> 4 85 F (x, 1, v (s) + D!/ (s), 2.7)

and from assumptions (H») and (Hz) it follows that 9 F, e, Oss F, ¢ > 0. Moreover, combining (2.5),
(2.6), (H») and the fact that v, (s) < max{2e,s — 1} < for every s > 1 and every ¢ € (0, ), for
almost every (x, t) € Q7 we obtain

dFe(x,1,8) < Cr(vs()P Mpony(s) < CrsP M =1y(s)

forany s > O and any ¢ € (0, %) As for the second derivative g Fj, combining (2.5), (2.7), (Ha)
and (H3), for every s > 0 and for almost every (x, ) € Q7 we find

- cC
Oss Fe(x,1,8) < Cl(Ue(S))p_21{~>1}(S) + IT(Ug(S))p_l]l{1<.<1+25}(s). (2.8)

Now, using the fact v (s) < 2¢ for s < 1+ 2¢, we can estimate the second term on the right-hand
side of (2.8) as follows:

s (145)T
€ Wﬂ{1<~<l+2a}(s)
+s5°) 2

<2155 o2 4 2y (2.9)

(ve(s)P~! _
%]1{1<»<1+2e}(s) <or-!

In order to deal with the first term on the right-hand side of (2.8), we distinguish between the
cases 1 <s <14 2¢and s > 1+ 2¢. In the first case, we have v, (s) > ¢ and therefore we get

(Ve()P "y o1y(s) <eP2 < 558 er=2(1 452 (2.10)

If, on the other hand, s > 1 4 2¢, then we have v.(s) = s — 1 due to (2.4). In this case, using that
(s — 1)% > £ (1 + 5%) we obtain

-2 2— —2
(NP 2oy (s) = (s — NP2 <22 PeP2(1 4527 <57 eP2(1+5)T . (211)
Joining estimates (2.8)—(2.11), for every s > 0 and for almost every (x, ) € Q27 we then have
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~ -2
s Fo(x,1,8) <ceP2(1+52) T,

where ¢ = ¢(p, C1) > 0. This concludes the necessary growth estimates of F.
Now, in order to prove that the function Fy is indeed a good approximation of F', it remains
to analyze the behavior of F; as ¢ N\ 0. To this end, we notice that (2.4) immediately implies

O Fo(x,t,5)=0,F(x,t,s)  forsé(l,142e). (2.12)
Furthermore, for s € [1, 1 4+2¢] we can estimate the difference of these two derivatives as follows:

|05 Fe (x,1,8) = 0 F (x, 1, 8)| < [0 Fe(x, 1, 8)| + [0, F (x, 1, 5)|
<2PCeP~ < 2P CreP sl (2.13)
Let us explicitly observe that the last term tends to zero as € N\ 0. To ensure the convergence

result of Lemma 3.4 below, we need to accelerate the rate of convergence. For this reason, for
any 1 < p <2 we now define the new approximation

Fo(x,t,8):=F (1), s> 0. (2.14)
Sk

&

Collecting the above conclusions, we note that F has the following properties:

Lemma 2.4. For every ¢ € (0, 21_1’), almost every (x,t) € Qr and every s € Rg, we have

L (P —1) < Fe(x.1,5) <cL(s? +1),

0<dsFe(x,t,5) <CrsP My=py(s),
p=2 p=2

OS BSSFE(xvtas) Ecsp_] (1 +S2)Ta

|8SFS(-x7t1s) _aSF(-x3t7S)| SZPC18SP717
1

0sFe(x,t,8)=0;F(x,t,s) ifsgé(l,l—i—2817* )

However, notice that 27 > % whenever 1 < p <2, which implies that the previous lemma
holds for any ¢ € (0, 1/2).

2.5. Approximation of the vector field A

With the approximation (2.14) of F and Lemma 2.4 in mind, we can define for every ¢ €
(0, 1/2) the vector field A, : Q7 x RN — RN by

A&‘(-x’ ts g) = hs(xv t7 |$|)és
where

BRGL) o(1 4+52)T if 1< p<2,
he(x,t,s):=

. - (2.15)
WECLS) 4 o(1+52) 7 ifp>2.
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We thus approximate the structure function A by means of the vector fields A, in order to be
allowed to apply some results from the theory of singular or degenerate parabolic systems to
the weak solutions of problem (P;), introduced in Section 3. Therefore, we now need to check
whether A, fulfills non-degenerate growth conditions. This is what we will do hereafter.

From the growth conditions of ds;F; and from the structure of the approximation, for any
p > 1and for any ¢ € (0, %) we immediately obtain

1+ EP) T 52 < (Ac(x,1,6).£) < (C1 + o) (1 + D)2 (2.16)

for every £ € RV" and for almost every (x, ) € Q7. As for the spatial gradient of A, by the
assumption (H4) we have

|DyAg(x,1,8)| <2P7 K (1 + |gP! (2.17)

for every & € RN for every ¢ € (0, %) and for almost every (x, 1) € Qr.
Now we want to examine the structure of D¢ A¢(x,t,&). To this end, for any & € RN\ {0}
and for any ¢ € (0, %) we define the bilinear form A, (x, 1, &) : RN « RV"® L R by

AS(-xv tv 5)()\7 ;) = hS(x’ t1 |g|))\' : é‘

N n

+ d5he(x, 1, €] Z Z Ek «‘E@ Qm for A, ¢ GRN”Z,
1k,¢, 1 |E|
lj m=
and observe that
N n ) ' ‘
Y Y DA Ot )b, = A, ., ). 2.18)

i,j=1k,,m=1

The next lemma provides the relevant ellipticity and boundedness properties of the bilinear
form A, (x,1, &).

Lemma 2.5.Let 1 < p < 0o and ¢ € (0, %). Then, there exists a positive constant C =
C(p, C1,¢) such that, for any & € RN"\ {0} and any A € RN”Z, we have

emin{l, p— 1}(1+ [EP) T 1ERIAR < Acx.1.6)(0 1) < CA+ ED T 1P, (2.19)
Moreover, for § > 48ﬁ and || > 1+ % we get
é E1P72 1A < Ae(x, 1, 6) (A, 2) < c|EIP2 A2, (2.20)

where c=c(p, C1,68) > 1.
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Proof. From (2.15) it follows that

. 9 C T
Bufelets) BG4 (p—2)es(1+5)'T ifl<p<2
3shg(X,f,S)= ) F( t ) 3F( t ) by

wFats) WPl 4 (p —2)es(1 4577 if p>2.

N

In order to prove the assertion, we distinguish between two cases.
When 054 (x, ¢, |€]) <0, from Lemma 2.4 and the growth assumption (H,) we obtain

Ae(x, 1, )M, A) < he(x, 1, [E]) |1

-2
CrIEIP 2 1yg=1y A2 +e(1 + 1E) T A2 forl<p<2
<
- p—2
(C1+e)(1+ )T |22 for p > 2
QFC+ DA +EDT AP forl<p=<2
<
€1+ DA+ 2 AP for p > 2,

where we have applied the inequality |£]*1g>1) > %(1 + &)1 (jg)>1) in the case 1 < p <2
and

(S_l)fr_l -2 2,22
—T  <sPTF <A +57)2 fors > 0and p > 2.
s

This proves the upper bound in (2.19), and the one in (2.20) is an immediate consequence. More-
over, using the Cauchy-Schwarz inequality, we get

p—4
dss Fe(x, 1, |ED AP + (p — De(1+ [ED) T |ER AP forl<p<2,

Ag(x, 1, E) (0, 1) >
dss F(x, 1, [EN) M2+ (p— De(1 + 1617 7 &2 [A]>  for p>2.

Since dgg Fe(x, 1, |E]), 055 F(x, 2, |€]) = 0, we find that

p—4
Ae(x, 1, 8) (0, 0) > (p— De(1+ 1) T EA*  forevery p > 1,

thus proving the lower bound in (2.19). To obtain the lower bound in (2.20), we observe that
Fe(x,t, 1)) = F(x,t,]&]) for || > 1+ %, so that in view of (H3) we have

1 1
Ae(x, 1, E) (A A) > 355 F (x, 1, [E]) [A* > C—l(|s| — PP > - E1772 A

for some positive constant ¢ = c(p, C1, ).
In the case d;h.(x,t, |€]) > 0, applying the Cauchy-Schwarz inequality again, from Lemma
2.4 and the growth condition (H3) we get
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s Fo(t, 1, IED A2 + (p — De(1 + [ED) T 1ER AP fi
ss Fe(x, 2, p—De(d+[E]7) 2 |§]7|A] orl<p=<2

-Aa(x,t:S)()h)h)f p—4
dss F(x, 1, [EN A2+ (p— De(1 +E]H) T [E*|A> forp>2

p—2 p—
(p— | +Csifl) A+1EDE AP forl<p<2

-2
(p—1+CDA+IEDT A2 for p > 2,

IA

where we have used the inequality (s — l)i_2 <(s2+ 1)pr2 , which holds for every s > 0 and
every p > 2. To obtain the lower bound in (2.19), we neglect the term 95k, (x, ¢, |£|) and use the
fact that o, F (x, 1, |&]), 05 F'(x, 1, |&]) = 0. Thus we have

A, 6) 00 0) = he(x, 1L [ED AP = e(1+ 6T |6 1A forevery p > 1.

Finally, to establish the bounds in (2.20), one can argue as above. This time, for |£] > 1 + %
we are allowed to use the growth assumptions (H) and (H3) also in the case 1 < p < 2, since

—4
F.(x,t,]1€]) = F(x,t, |£]). Furthermore, we can estimate the term e(1 + |e§|2)pT|$|2 by zero
2)+

p— p— (p—
from below and make use of (1 + |§|2)% lE> <e(1+ |§|2)% <2 = |E|P~2. After doing
this, we get the desired estimates by means of the following inequalities, which hold for [£| >
1+ %:

§ \r-1 o (El-DP! 5
(m) el s = kel @21

and

5 \p—2 B 5 \p-2
min{1,<2_+5)p }|g|p—25(|g|_1)i25max{1,(2—+5)” }|g:|l’—2. 0 (222)

From the previous lemma, it follows that the bilinear form (A, ¢) — A (x, t, &)(X, ¢) defines
a scalar product on the Euclidean space RV "’ As for the modulus of A, we get the following

result:

Lemma 2.6.Let 1 < p < 0o and ¢ € (0, %). Then, there exists a positive constant C =
C(p, Cy, €) such that, for any & € RN"\ {0} and any A, ¢ € RN"Z, we have

A (e, 1, E) 0 O < CU+ 5D T 21121
Moreover, for § > 48ﬁ and |§| > 1+ % we get
|Ae(x, £, )0, O < C2 [EIP72 AL I¢

where C, = C2(8, p, C1) > 0.
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Proof. For every £ € RV \ {0} and every A, ¢ € RN”Z, we obtain

[Ag (x, 2, 6) (A, O = [Ihe(x, 1, 1ED]+ 195he (x, 1, |E])] Iél} IA[1C]-

Now, by (H3) and (H3), in the case p > 2 we get

aS‘F(x’ta |E|)

A (x,2,6) (1, 0] < <2 |

+ 0 F(x, 2, [ +e(p— DA + IEIZ)pT2> IA[1¢]

-1 p—1 _ -
< <2C1% +C1E — DE 2 g e(p— (1 + |s|2)Tz> 12|

p=2
<@Ci+p—DA+EPR) T Mgl (2.23)
In the case 1 < p <2, we use the estimates from Lemma 2.4 to find that

p—2

05 Fe(x,t, E
S LED | Rt leD +ep = D1 +16P) )'“'f'

H
< (2C1|€|p_2]1{|§|>1}(|$|) + (csﬁ——f +(p— 1)8) (1+ |s|2>”72) IAllg]

|Ae (x,2,6) (1, O < (2

4—p p=2 N
< 27 Cr+cerT+(p—1De ) A+ E]7) 2 |AlIC].

We thus obtain the first conclusion of this lemma.
Finally, due to equality (2.12), if |§| > 1 + % we only need to use the assumptions (Hp) and
(H3) together with the inequalities (2.21) and (2.22) to obtain from (2.23)

—_ !
2¢, (161 = DX

|Ae(x, 2, 6) (2, )] S( |

+C1(El = DS 2 +e(p— D+ |s|2)pTz> Al 1¢]

p—2
3 (2c1+cl(2%) +p—1)|s|l’—2|x||z| forl < p=2

- -2
(3¢1+ (=127 ) 16172 2 1¢| for p > 2.

These inequalities conclude the proof. O

2.6. Algebraic inequalities

In this section, we gather some relevant algebraic inequalities that will be needed later on. We
start with an elementary assertion, which will be used in the Moser iteration.

Lemma27.letA>1,k>1,0<a<1,C,c>0andi € N. Furthermore, let {ﬁ,/}jeNo satisfy
Bj = Ci/
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for each j € No. Then we have

i ci—(=a)j

HA Firl < ACk(- T (2.24)
j=0
and
. gl
l_[AJ “Bi1 <AC(1 K)2 (2.25)
j=0

Proof. The proof of the second inequality is similar to the one of Lemma 2.3 in [7]. Thus we
only prove the first inequality:

i X 00 .
i—(—a)j Z =1 é Z cla=1j 1
l_[A Bit+1 < A “izo <A /=0 = Ack—«2—h) o

For § € (0, 1] we define the auxiliary function G5 : R¥ - R*, k e N, as follows

(1= 1=8)g ifE eRF\{0),
if € =0.

Gs(8) =

The following two lemmas are concerned with auxiliary estimates for the functions A, and
G defined above.

Lemma 2.8. Let 1 < p <00, § >0 and ¢ € (0, %). Then, there exists a positive constant C =
C(p, C1,8) such that for every &, & € RN" with |&| > 1 + % we have

(Ae(x,1,8) — Ae(x,1,E),E—E) = C M@ £1%.
£ (€] + I£])

Proof. Here we argue as in [6, Lemma 2.8]. The inequality on the left-hand side of (2.20) implies
that

(gl —1-2)""

A2
H

As(xs l,f)()&,)\) 2 4

holds for any & € RN"\ {0} and any A € RV where ¢ = c(p, C1,8) > 0. Abbreviating & :=
£+s(& —§&), fors €[0, 1], we find

1
3 3 —1-12
(A,s(x,t,é)—As(x,t,é),é—ﬂzC/(lng)er & — &7
0
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1
p 1
/ o dsle — &R 226)
IS |+ €]
0
It remains to estimate the integral in the right-hand side of (2.26). To this end, we distinguish
whether or not |£] < |&|. If |€]| < |&], then

61> (1= 5)lg] — sIE| = (1 — 25)[€] = 1+ 2 vse[O,M>
) B 2 2E]

For s € [0, l£] 4f§|8/ 2] this implies a bound from below in the form

v
| =

(161-1-2) =a-2opi-1-2s (1= E gy
2/+ 2 2]

Thus, we obtain that

(Ig1—1-13).

l\.)|°°

|s\ %

p 5\P
/ 15| — ds> / |%-Y )i 1d5> (|§|—1—§)
0

BT (2.27)
0

In the case |£] > ||, we estimate || from below as follows

|~§|>S|§|—(l—s)|§|>(2s_1)|;§|>l+§ Vse(% 1i|
- ) 2 2|

Therefore, for s € [w, 1] we get

B e[+ 143 s 1
(161 —1-5) = @s=DIsI -1 - 2—(|$|T5|2_ >|s| 55 (E1=1-35).
which yields
1 1
—1-_8*
/ 15| — —% ds> / |g):s _ )i’r 1d >%. (2.28)
0 3 +1+3

4]

Combining estimates (2.27) and (2.28) with (2.26), we conclude the proof. O
Using the previous lemma, we can easily achieve the following result

Lemma29.letp>1,6§>00<e< min{%, (%)p—l} and &,& € RN". Then for every v > 0
and almost every x € Q we have

508



P. Ambrosio and F. Bduerlein Journal of Differential Equations 401 (2024) 492-549

|Gs(€) — G5(&)|P < &”(max{|&], | + 8P + Ce " (Ap(x,1,&) — Ae(x,1,E),& — )

for a positive constant C = C(p, C1, 9).

Proof. If |£], |§ | <1+, wehave G5(§) =G5 (§ ) = 0. Therefore, the claimed inequality imme-
diately follows from Lemma 2.8, by the positivity of the right-hand side.

Thus, we only need to consider the case where either |£| > 1 4§ or IE| > 1 + 8. In order to
do this, we first assume that |£| > |£|. Note that this implies |£] > 1 4+ 8. From [6, Lemma 2.3]
we know that

|Gs(&) — G5(8)| <3¢ —&|.

For p > 2 this yields

|Gs(§) — Gs ()P <3P|& —E|P <3P(|&| + |E[)P2|E — E|* <3P2P2|g|P~ 2| — €I,

while in the case 1 < p <2 we use Young’s inequality with exponents ( - p) to obtain
~ Q=p)p = 2)p @-= p)v (p=2v ~
1Gs(§) — Gs(®)I" =161 2 |§] e 2 |Gs(§) — Gs )P
2- p)g 2(1-p) (p=2v _ -
< 1P +27 7 pe P IEIPT?Gs(6) — Gs(®)I

- 4
8
< eI +9pe 17" 2E - &2,

where we have used the fact that 0 < & < % and 0 < 2_7p < 1 whenever p € (1, 2). Combining

and |£] < (24 2) (€| —1—3), and

both cases, taking into account the inequalities é i SI+| 7
finally applying Lemma 2.8, we get
ME —EP
1E1(E1+ 18D
<e'lElP +C(p, Cr. e (Ae(x,1.6) — Ac(x,1,§),§ —§). (229)

|Gs(&) — G5(E)|P < e"|E|P +e7"c(8, p)

This proves the claimed inequality in the case [§| > ||. In the remaining case, i.e. €] > €], by
interchanging the roles of £ and & and replacing & with ﬁ, we obtain from (2.29) that
27 v

1G5(6) = Go )P < iz 17 + Ce™ (As(.1.6) = Ao, 1.6).6 — §)

= S5 (G @) + 148 + Ce ™ (Aux.1.6) = Actx 1. B 6 = E)

%(|G5(§)|+1+8)”+C8*”<A (x,1,6) — Ae(x,1,8),& = &)

gv ~
+51Gs6) - Gs(©)I”
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< %(maxua, 14+ 8)P + Ce™"(Ap(x.1.8) — Ae(x.1.8).& — )
1 -
+5165®) — G @)1".

Absorbing the last term on the right-hand side into the left-hand side, we obtain the desired
result. O

3. A family of regularized parabolic problems

In this section, we let u be a weak solution of (1.1) and introduce the approximating Cauchy-
Dirichlet problem (P;), where ¢ € (0, %) is the approximation parameter. Denoting by u, the
unique weak solution of this problem, we will prove the strong convergence Ggs(Dug) —
Gs(Du) in LP as ¢ — 0. As an easy consequence of this convergence, we then establish the
uniqueness of weak solutions to an initial-boundary value problem associated with (1.1).

To set up the approximating problem, for ¢ € (0, %) we define the truncated vector-valued
function f; by

fi :=max{—g,min{f",g}}, ie{l,....N}. 3.1)

Moreover, we consider a space-time cylinder Q' := Q' x I, where ' C Q is a bounded domain
and I := (t1, ) C (0, T). In what follows, it will suffice to assume that f € LZ(Q’, RM).

Definition 3.1. Let ¢ € (0, §) and u € CO ([t1, 12]; L? (2", RY)) N LP (11, 1; WP (@, RV)). In
this framework, we identify a function

U, € C° ([ﬁ,l‘z]; L2 (sz RN)> nL? (tl,tz; whep (sz RN))

as a weak solution of the Cauchy-Dirichlet problem

Orug — div[Ag(x,t, Dug)] = f; in Q’,
/ (Pe)
Ug=1u on dpar 0,
if and only if u, is a weak solution of (P;) and, moreover,
ug €u+LP (tl, ; Wé"’ (Q/,RN»
and u.(-,t1) = u(-, t1) in the L2-sense, that is
tli\ntl]”ug("t) —U(',fl)”LZ(Q') =0. (3.2)

Remark 3.2. We know that the regularized parabolic system (P); fulfills standard p-growth
conditions by virtue of (2.18) and Lemma 2.5. The existence of a unique weak solution to (P;)
can be inferred from the classic existence theory, cf. [26, Chapter 2, Theorem 1.2 and Remark
1.2]. By a difference quotient method, one can show that Du, is locally bounded and that u, ad-
mits second weak spatial derivatives in leoc, see [15, Chapter 8]. For this to hold in the subcritical
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case l < p < nzfz’ we additionally have to require that u, belongs to L (Q’, RY), where r > 2

satisfies n(p — 2) + rp > 0 (see again [15, Chapter 8]). Since, in the subcritical case, we always
assume that u, € lOC(Q’ RM), the latter requirement is trivially fulfilled.

Theorem 3.3. Let p > 1 and u, be the weak solution of problem (P,) with Q' = Qr(z0) € Q7.
Moreover, assume that u satisfies the requirements of Remark 3.2 in the case 1 < p < 2 5. Then

Duc € L3, (10— R 10; W2 (BrOo) RM) ) N LS (Qr(z0). RY). (3.3)
We now prove the following strong convergence result:

Lemma34.letp>1,6§>00<¢e< min{%, (%)P’l} and f € L2(QY x I, RYN). Moreover, let
e’ ([n, nl; L2 (sz’, RN>) nLr (rl, fo; WP (sz’, RN)>
be a weak solution of (1.1) and assume that

ue € C° <[t1 t]; L2 <Q’ RN)) nL? (tl,tz; whep (sz/, RN>)

is the umque energy solution of problem (Pe). Then, there exists a constant C=C (p,n,8) €
(o, mln{z, ( YP~1Y) such that for every ¢ € (0, C) the estimate

sup/|ug—u| (x,7)dx + / |Gs(Dug) — Gs(Du)|?P dz
tel
Q' x1

< CeT / (max{|Dul, 1+ 8))’ dz + C|I| / | fI?dz
@I @ xDN{If1> )
holds for some positive constant C = C(p, C1,8). In particular, this estimate implies that

Gs(Dug) — Gs(Du) stronglyin LP(Q x I,LRY™"), as ¢—0F.

Proof. We observe that (u, — u) € LP(I; W(} "7(Q',RM)) by the lateral boundary condition.
Unfortunately, we cannot test systems (1.1) and (P,); with the function u, — u, since weak time
derivatives might not exist. Therefore, we resort to the equivalent Steklov averages formulations
of (1.1) and (Pg)1, thus obtaining

/ (3/[ue —uln - ¢ + ([Ac(x. 1, Dug) — A(x, 1, Du)lp, Do))dx = / [fe = fln-Pdx
Q' x{r) ' x (1)
(3.4)
for every t € I = (1, 1), for every h € (0,1, — t1) and every ¢ € Wol’p(Q’, RY) N L2, RY).
Then, for a fixed time slice ' x {t} we can choose the function ¢ (-, t) defined by

¢ (x, 1) :=T[ul —u'lp(x, 1), ie{l,...,N}, (3.5)
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as a test function in (3.4). For any fixed t € I, the term involving the time derivatives yields

//at[ug—u]h-¢dxdt=%//8;|[u5—u]hlzdxdt

noQ o

1 1
= E/”ue —ula(x, )P dx — 5/“”8 —uly(x, 1) dx (3.6)

for every h € (0, 7 — 11). Now we pass to the limit as 7 — 0. Using Lemma 2.3 and taking into
account the growth conditions of A, and the fact that u, = u on Q' x {#1} in the L2-sense, from
(3.4) and (3.6) we obtain the following inequality

1
5/|u8—u|2(x,t)dx+ / (Ag(x,t, Duy) — Ag(x,t, Du), Dugs — Du) dx dt

Q'x(t1,7)

< / |A(x,t, Du) — Ag(x,t, Du)||Du, — Du|dx dt

Q/X(n,t)

+ / | fllue —uldxdt

Q% (11, ON{| f1> 1}

for every t € I. Taking the supremum over t € /, we thus obtain

1
Esup/|u8 —ulz(x,r)dx + / (Ag(x,t,Duy) — Ag(x,t, Du), Du, — Du)dx dt
tel
194 Q' xI

< / |A(x,t, Du) — Ag(x,t, Du)||Duy — Du|dx dt + / | fllue —uldxdt.

Qi @ xDN{|f1>1}

We now apply Young’s inequality with exponents (2, 2) to control the last integral as follows

/ | fllue —uldxdt <|I| / |f| dxdt+m / Iug—ul dxdt

@ =xDN{ fI>1} @=<DN{IfI1>1} 2'xl

1
<|I] / |f|2dxdt+—sup/|u8—u|2(x,r)dx.
4 tel
(@ xDNfl f1>1} &

Joining the two previous estimates, we get

—sup/|u8—u| (x,7)dx + / (Ag(x,t, Duy) — Ag(x,t, Du), Du, — Du) dx dt
tel
Q' x1
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< / |A(x,t, Du) — Ag(x,t, Du)||Du, — Du|dxdt + |I| / |f|2dxdt.

@I @=DN{IfI>1}
(3.7)

In order to estimate the first integral on the right-hand side of (3.7), we now distinguish whether
ornot p > 2. If p > 2, then we have

-2
Ac(x,t, Du) = A(x, t, Du) + (1 + |Du>) " Du,

which implies

—sup/|u€—u| (x,7)dx + / (Ag(x,t,Duy) — Ag(x,t, Du), Du, — Du)dx dt
tel
Q' xI

/(1+|Du|) |Dul|Du, — Du|dx dt + |I| / | f12dx dt.

Q' x1I @ =xDN{IfI1>1}

In what follows, we will denote by C a general p051tlve constant that only depends on p, C1 and
8. Using the previous estimate, Lemma 2.9 with v : z(n ™ < 5 and Young’s inequality with
exponents (p, ﬁ)’ we have

—sup/|u8—u| (x,7)dx + / |Gs(Dug) — Gs(Du)|P dx dt
tel
Q' x1

v /(max{|Du|,l+8})pdxdt+8” / |Dug — Du|? dx dt

Q' xI Q' xI

+C|I| / | fI?dxdt, (3.8)

@ xDN{|fI>1}

1

where we have also exploited the facts that ¢ < el™Vand el=V < ¢”, since 0 < ¢ < 5

In the case 1 < p <2, we need to use (2.13) and (2.14), which imply

ast s by _asF s by
A1, 8) — Adx,1,6)) < 1o Tel! '5')|$| C DL o416 ke

<e2PCi+ gP!

for every & € RV \ {0} and for almost every (x, ) € Q' x I. Using the above estimate with
& = Du and arguing as in the case p > 2, we now obtain from (3.7) that

—sup/lus—u| (x,7)dx + / |Gs(Dug) — Gs(Du)|P dz
tel
Q' x1

513



P. Ambrosio and F. Bduerlein Journal of Differential Equations 401 (2024) 492-549

v /(max{|Du|,l+8})pdz+8” / |Dug — Dul|? dz
Q' xI Q' x1

+C|I| / | fI?dz (3.9)
(@ =xDN{IfI>1}

forany 0 < ¢ < min{%, (%)”_1}. Now, from the proof of [6, Lemma 2.3] we have that

§+2\*
|Due — Du|? < (%) |Gs(Dus) — Gs(Du)|?

if either |Dug| > 1 4§ or |Du| > 1 4 §. Using this information to estimate the right-hand side
of both (3.8) and (3.9), for every p > 1 we get

—sup/|us—u| (x,7)dx + / |Gs(Dug) — Gs(Du)|P dz

tel
Q'xI

<Ce" / (max{|Du|, 1 +8)Pdz + " 27 |9 x I|(1 + 8)”

Q' xI

P
+ & (w) / |Gs(Du) — Gs(Du)|P dz + C|I| / |fPdz

b
2x @ xDN{|fI1>1)
v o (8+2)\’
<2 +C)e (max{|Du|,14+8)Pdz+¢ 5 |Gs(Dug) — Gs(Du)|P dz
Q' xI Q' xI

+ |l / |f1>dz.

@ xDN{|f1>1}
At this point, notice that

542

P
s”(T> N0 as e \/0, (3.10)

since v : > 0. Also, recall that ¢ is small enough to have 0 < ¢ < min{%, (%)”_l}. From

2(n+2) o
this and from (3.10) it follows that there exists a constant C = C(p, 1, §) € (0, min{%, (%)p_l})
such that, for every ¢ € (0, C), we have

L (8+2\" 1
e —_— <-.
1) -2
This allows to absorb the second term on the right-hand side of the last estimate into the left-hand
side, so that we finally obtain the desired conclusion. O
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We are now in a position to prove the uniqueness of weak solutions to the Cauchy-Dirichlet
problem

oiu —divA(x,t, Du) = in Qr,
{r ( )=f T 3.11)

u=g on dpar€27,

where € is a bounded domain in R”, g € C°([0, T1; L>(2, RVM) N LP 0, T; Wh?(Q, RV)) and
feL*Qr,RY).

Theorem 3.5. Let Q@ C R”" be a bounded domain and let f € L>(Q7,RN). Then, the Cauchy-
Dirichlet problem (3.11) admits at most one weak solution.

Proof. Let u € CO([0, TT; L2(2,RV) N LP O, T: WP (2, RV)) be a weak solution of (3.11)
and let u, € CO([0, T1; L>(2, RV) N LP(0, T; WP (2, RY)) be the unique weak solution to
(Pe) with Q/ = Q' x I = Qr. Then, by Lemma 3.4, for every § > O there exists a constant
Ce O, mm{z, ( )?~1}) such that for any ¢ € (0, C) we have

sup /|u€—u|2(x,r)dx§C£2(ﬁ':r2> /(max{|Du|,1+8})pdz
re(o,T)Q K
T

+CT / | fI1*dz (3.12)

Qrn{ifI>1)

for some positive constant C that is independent of ¢. Notice that the right-hand side of (3.12)
converges to zero as ¢ — 07. Moreover, we have

/|u€—u|2dz§T sup /Iug—u|2(x,t)dx. (3.13)
7€(0,T)
Qr Q

Combining estimates (3.12) and (3.13), we infer that u, — u strongly in L2(Qr,RY)ase — 07.
This implies the uniqueness of the weak solutions to problem (3.11), by virtue of the uniqueness
of limits in Lebesgue spaces and the uniqueness of the energy solutions to problem (P,). O

4. Maximum principle for the homogeneous system

In this section, we want to establish a maximum principle for the homogeneous system in the
case | < p < -2
edness of u, in Remark 3.2 is implied by the maximum principle. Therefore, this assumption is
not restrictive whenever f = 0. By (3.1), we then have f, =0 for every ¢ € (0, %). Keeping in
mind the notation introduced in Section 3, we now set

k= lull oo xn
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and denote by w the N-dimensional vector whose components are all equal to k. Notice that w
is a trivial solution of system (1.1) with f = 0. Moreover, one can easily check that, for every
ie{l,..., N} and for almost every t € I := (t1, t2), we have

. ) 1
(w0 —k)+, (e +k) e Wy @),
Now, for i € (0, 1 — t1) we define

¢ (x, 1) ==l — k)4 In(x,1), iefl,...,N} @.1)

Using the Steklov averages formulations of (P;); and (1.1) with w instead of u, and arguing as
in the proof of Lemma 3.4 with (4.1) in place of (3.5), one can easily obtain

1
3 / (e (x, T) — w)4 > dx + / (Ag(x,t, Dug) — Ag(x,t, Dw), D[(ue — w)1])dxdt =0
Q Q' x(t,1)

for every T € I. Since A.(x, t, -) is a monotone vector field and Dw = A, (x, t, Dw) = 0, we can
omit the latter integral, thus obtaining

/|(us(x,r)—w)+|2dx:0 forevery t € 1.
Q/

Therefore, for every i € {1,..., N} and every ¢ € (0, %), we have
ul(x,7) <k for almost every (x,7) € Q' :=Q' x I.
Similarly, but using the function (ué + k)_ instead of (ué —k)+ in (4.1), we get
uf9 (x,7)>—k

foranyi € {1,..., N}, forany ¢ € (0, %) and for almost every (x, t) € Q. Thus, we can conclude
that

||u€||LOO(Q/x[) < \/ﬁk = \/N”M”LOC(Q/X[) forall ¢ € (O, %) .
5. Weak differentiability
Here we derive some higher differentiability results that will be useful in the following. These
results involve the spatial gradient of the weak solution to problem (P,) with Q' = Qr(zo) €

Qr.
To begin with, for each y > 0 and a > 0 we consider the function

D) 4 (w) i=w?(a+w)’ 2, w > 0. (5.1
For this function, one can easily check that
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@/, ,(w) <2(y + Dw(a +w)’ 2, (5.2)
from which we can immediately deduce
w®), (W) <2(y + DPya(w) (5.3)
and
P, ,(w) <Qa)’ Ty +1)  forevery we (0,a).
Using these results, we obtain the following lemma.

Lemma 5.1. Let p > 1, € € (0, %), y > 0and a > 0. Moreover, assume that

Ug € CO ([t() — Rz, tol; L2 (BR()C()), RN)> NnLP (t() — R2, to; Wl’p <BR()C()), RN))

is the unique energy solution of problem (Pg) with Q' = Q g(z0) := Bgr(x0) x (to — R?%,19) € Q7.
Then

(1 Ducl = a):) € LY. (10 = R, 10 W2 (Brixo) ).

In the case 1 < p < % we additionally assume that u, € Lf(fc (QR(Zo), RN).

Proof. Notice that for m € R the function
Dy 4m(w) :=min{®D,, 4(w), m}, w >0,

is Lipschitz continuous. By Theorem 3.3 (see also Remark 3.2 for the case 1 < p < %), we
have that

Du, € L}, (to — R?, 1o; W, (Br (x0), RM™)).

loc

Then, by virtue of the chain rule in Sobolev spaces, we obtain

Dy am((|Dug| —a)y) € L2, (1o — R, 10; W2 (Br(x0)))
along with

D?u, - Du,

D(®pan((IDite] = @) = @), (1Dite] = @)= F ===

]l{a<\Du5|<m}«

Theorem 3.3 also tells us that Du, € L (Qr(z0), RV"). This implies that for every compact

loc
subset I of Qg(zp) there exists a positive number m = my such that

@y a,m((|1Dug| —a)4) = @y a((|Dug| —a)y)  inkK.
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This is sufficient to prove the assertion. Moreover, we have

2

D“u, - Du
- “1(Dus>a)- O

Now we focus on the map
(x,1) € Qr —> A (x,t, Dug(x, 1)) € RV".
Using the notation (2.1), we obtain the following result:

Lemma5.2. Let p>1,8>0and0<¢ < min{%, (%)P_l}. Moreover, assume that

ue € C° ([zo — R%,10]; L2 (BR(xo),]RN)) nL? (t() — R2, 1, WhP (BR(xo), ]RN))

is the unique energy solution of problem (Pg) with Q' = Q g(z0) := Bg(x0) X (fo — R% 19) € Q7.
Then

AcC, Dug) € L, (10— B2 103 W52 (Br(x0), RN ).

Inthe case 1 < p < nz% we additionally assume that ug € Ly, (QR(Zo), ]RN).

Proof. Integrating by parts, for 0 < o < 1, for every ¢ € C5°(Qr(20)) and every i € {1, ..., n}
we obtain

/ Ag(x,t, (D”s)Q)Di¢dZ:_ / (DXjAE)(xatv(DMS)Q)¢dZ
Or(z0) Or(z0)

- / (DgAg)(x, 1, (Dus)g)'Di(Dus)Qd)dZ-
ORr(z0)
64

In order to pass to the limit as o \( 0 under the integral signs, we need to estimate the above
integrands. From (2.16) it follows that

|Ag(x, 1, (Dug)o)||Dig| < (1 + I(l)bt@)glz)pT_1 |Did| (5.5)

for some positive constant ¢ = c¢(p, C1, €). As for the first integrand on the right-hand side of
(5.4), thanks to (2.17) we get

[(Dy; Ae)(x, 1, (D)) |19 <277 K (14 [(Due)o)? ™' 1. (5.6)

Moreover, by Lemma 2.6 we obtain
p=2
|(Dg Ae)(x, 1, (Dt)g) - Di(Dug)oll¢pl < C(1+ |(Dug)o®) = |D*(ue)pllgl,  (5.7)
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where C = C(p, C1, ¢) > 0. Now we use a well-known result on the convergence of mollified
functions to deduce that

(Dug)g — Dug in Li,.(to — R, t0; W7 (Br(x0). RM)) N LP (QR(z0). RN™),

loc

as o—0t.

Combining this with estimates (5.5)—(5.7) and applying the Generalized Lebesgue’s Dominated
Convergence Theorem (see [30, page 92, Theorem 17]) to both sides of (5.4), we find that

/Ag(x,t,DuaDiqsdz:— /(Dx,.Aa(x,r,Dugwdz
ORr(z0) ORr(z0)

— / (DgAg)(x,t, Dug) - DiDug ¢ dz 5.8)
Or(z0)

for every ¢ € CSO(Q r(zo)) and every i € {1, ..., n}. This implies the assertion. In addition, from
(5.8) we obtain that

D;iA¢(x,t, Dug) = (Dx,- Ag)(x,t, Dug)
+ (DgAg)(x,t, Dug) - Di Du, foreveryie{l,...,n}. O

For further needs, we now introduce the auxiliary function Hj : RN” — R defined by

H, () :=max{l + 1, |§[},

where A > 0 is a parameter. For this function we record the following result, whose proof is
omitted, since it is similar to that of Lemma 5.1.

Lemma 5.3. Let p > 1, ¢ € (0, %) and A > 0. Moreover, assume that

Ug € CO ([t() — Rz, tol; L2 (BR()C()), RN)> NnLP (t() — R2, to; Wl’p <BR()C()), RN))

is the unique energy solution of problem (Py) with Q' = Qr(zo) := Br(x0) x (1o — R?, 19) € Q7.
Then

Hy(Dug) € L, (10 — B2 103 W2 (Br(xo)) ).

2n

Inthecase1<p§n+2

we additionally assume that ug € Ly, (QR(Z()), ]RN).
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6. Local boundedness of Du,

As before, by u we denote a weak solution of (1.1) and we let u, be the unique weak solution
of the regularized problem (P.) with Q' = Qr(z0) := Br(x0) X (tp — R2,1p) € Q7. Our aim
in this section is to establish local L* estimates for Du, with constants independent of . We
will achieve this result by using the Moser iteration technique, which is based on Caccioppoli-
type inequalities. We will obtain this kind of inequalities by first differentiating the system of
differential equations, and then testing the resulting equation with a suitable power of the weak
solution itself. The groundwork for doing this has been laid in Section 5.

To move forward, we now fix § > 0 and y > 0. Moreover, to shorten our notation we set

)
=1+ , b:=1+$,
a +2 +

and we drop the subscript ¢ for the weak solution u#, and the subscripts y, a for the function
®,, 4 defined in (5.1). Therefore, from now on we will simply write u and @ in place of u, and
®,, , respectively, unless otherwise stated. To simplify our notation even more, we additionally
introduce the function P : Qg(z09) — R(J)r defined by

P :=(IDu| - a)+,
and its “mollified” version
Py :=(|Duy| —a)4, 0>0, 6.1)

with an intentional abuse of the notation (2.1) on the left-hand side of (6.1). By the elementary
properties of Sobolev functions, the weak spatial gradient of P is given by

pp— Do Duy 6.2)
= |Du| {|Du|>a}- .

6.1. Step 1: Caccioppoli—type inequalities

In order to prove the locgl boundedness of Du, we now test the weak formulation of system
(P¢)1 with the function D;¢,, where

bo = Pi o := Diug - D(P)Y, ie{l,...,n},

and ¢ € W(;‘OO(QR(ZO)) is a non-negative cut-off function that will be specified later. We thus
obtain

> ((Dittg) - Big + (DilAc(x. 1, Dilg, Do) + (fo)o - Didhisg ) dz=0.  (63)
Or(z0) =

At this stage, we fix 71 = (x1, 1) € Qr(zo) and r € (0, 1) such that Q,(z1) € Qr(zp). Moreover,
we choose ¥ (x, 1) = x (D) (®)n*(x) with x,w € WL (R, [0, 1]), x(t1) =0, d;x <0, w(f —
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r?) =0, 9, > 0 and ne C(‘)’O(Br (x1), [0, 1]). With such a choice of ¥ and integrating by parts,
for the term involving the time derivative we get

n
1
Joo = / ZB,(DiuQ)-DiuQCD(PQ)wdxdt:5 / 3| Dup|>®(Py)yr dx dt

Or(zo) =1 0 (z0)
|Dugl?
:% / 0y / CD((@—a).de Ydxdt
Or(z20) 0
|Duyl?
- _% / / O((Vw —a)1) dw 3 x () w*(t)n*(x) dx dt
Or(zo) O
|Duy |
— / / CD((\/E—a)+) dw)((t)a)(t)a,a)(t)nz(x) dxdt. (6.4)
Or(zo) O

Now, for y > 0 we estimate the inner integral from above and below as follows:

|Dug ? |Dugy |? |Dug|
—2
/ CID((\/E—a)Jr)dw: / (ﬂ—a)iw%dw=2 / (w—a)iwy_ldw
0 a2 a
[Du,|
<2 w' ldw -1 :ilDu [¥+21 < i(Hg (Du ))V+2
= {|Dugl>a} y+2 o {|Dugl>a} = y+2V03 0
a
and
[Du,l? | Dy [Dug|

N2
/ @((ﬂ—a)+)dw=2/(w—a)iwy—ldwzz / (wu)—ZCl)wadw-]l{|Dug\>b}
0 a b

82 8?

>~ (1Du.1¥T? —pr+t)1 — % (\1Du. Yt _pyt2
_sz(y+2)(l Ul )L{1Du,|>b) 2b2(y+2)(| U] )

+

Recalling that 9,y <0, d,w > 0 and x, ® > 0, and plugging the two previous inequalities into
(6.4), we obtain

82
+2 +2 20y,2
fez =302 / (1Dupl" ™= = b"™) 3 x (D™ (n” (x) dx dt
Qr(Zl)
2
T2 / (Hg(Dug))y”x(t)w(t)azw(r)nz(x)dxdz.
Qr(Zl)

521



P. Ambrosio and F. Bduerlein Journal of Differential Equations 401 (2024) 492-549
Inserting this into (6.3) and letting o ~\, O yields the following inequality

Joo+h+h+IB+Ju+Js+Jg+ J7+ Jg+ Jg <0, (6.5)

where the terms Jy — Jo are defined by

82
- +2 +2 2.2
=gy | (PR =0) ot
0r(z1)

2
— m / (H%(DM))V+2Xa)ala)n2dZ,
0r(z1)

Jy = / Ae(x, 1, Du)(D*u, D*u)®(P)y dz,
Qr(Zl)

n N n
— . . j . /
Jp = / ZZZ(Dék,AS(x, t, Du)D; Dyu!, DijuD P)®' (P)y dz,
0, (zy) =li=lk=1

J3:=2 / Ag(x,t, Du)(D*u, Du® Dn)®(P)xw’ndz,
Qr(Z])

n
Jy = / > fo Diud(P)ydz,
0,z =1

n
Js5 = / Zfe'Di”qy(P)DiPwdz,
0,z =1

n
do=2 [ 3 fo DudPixPuDindz,
0,z =1
n
= / S ([DaAc]x. 1, D)., Dy DU)O(PYY dz,
0, (z) =1
n
Jyi= / S [Dx Ae]x. 1, Du), DiuD P)&'(Pyy dz,
0, (z) =1
n
Jo =2 / Z([DX,,AS](x,t,Du),DnD,-u)@(P)xa)zndz.
0,(zp) =1

For convenience of notation, we now abbreviate O, = Q,(z1) and B, = B, (x1). In what follows,
we will estimate each of the last nine terms above. We first prove that J, is non-negative, thus
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we can drop it in the following. We limit ourselves to dealing with the case p > 2, since for
1 < p <2 the same result follows in a similar way. For p > 2 we have

. 4 _ X SSF(x,t, |$|) 4 2 2 ¢
= (gifzﬁéflgﬂz-F8(ﬁlz4-l)ﬁfz)SmkSQ

Oss F(x,t, — 05 F(x,t, p=a\
+(|§| (x,t |§|?|3 (x,1 |$|)+(p—2)8(|§|2+1) > )Skjész

where §,,x and d¢; denote the Kronecker delta. Using the above equality and the expression for
D|Du|, we then obtain

(DEZAS(x, t, Du)D; Dxu’, DiuD P)

n N
=> ZDSZ[(AS)fn(x, t, Du)1D; Dyu’ Diu* D,y | Du|
m=1{=1
"N 8. F(x,t,|Dul) , 2 .
:ZZ(THQDM +1)72 )DiDmu D;u®D,,|Du|
m=1{=1
" &L [ 1Duldgs F(x. t, | Dul) — 8, F (x, 1, | Dul) 22
+m=1;( DUl +(p—2)e(|Dul> +1) )

- Dyu! Dyu® D; Dyu’ Diju® Dy, | Du|

= (3 F(x, 1, |Dul) + & (|Dul* + 1)pT_2|Du|)|D|Du||2

n N
|Duldss F (x, , | Dul) — 8 F (x, t, | Dul)
+ ZZ( +

) p=4
Dl (p—2e(|Dul*+1) 2 |Du|>-

m=1{=1

- Dyu‘Diu’D,,|Du|D;|Du| (6.6)
almost everywhere in the set Q, N {|Du| > a}. Now, the Cauchy-Schwarz inequality implies that

n N
>  Dpu'Diu’ Dy | Du|Di|Du| < |Dul*|D|Dul|.
m=1 {=1

Combining this with the fact that o, F (x, t, | Du|), 955 F (x, t, | Du|) > 0, from (6.6) we infer that
(D, j Ae(x.1, Du)D; Dyu’, DiuD P)
k

05 F'(x, 1, |Dul)

> 9, F (x, t,|Dul)| D| Dul|* — Dl

n N
Z ZDmu‘Diu@Dm|Du|D,~|Du| >0
m=1 (=1
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almost everywhere in Q, N {|Du| > a}. Furthermore, we obviously have
(D, As(x, 1, Du)D;Dyu’, DiuDP)=0  when |Du|<a.
i

Thus, taking into account that ¢ > 0 and ®'(w) = (a + w)V_3w(yw +2a) > 0 for every w > 0,
we arrive at the desired conclusion, that is J, > 0.

We now deal with the terms J; and J3. Welet 0 < ¢ < min{%, (f—l)l’_l}. By Lemma 2.5 we
have

1
Ji>— / |Du|P 2| D*u*®(P)y dz. (6.7)
c2
0,

Using the Cauchy-Schwarz inequality together with Young’s inequality and again Lemma 2.5,
we get

3] < 2/ | As (x. £, Du)(D*u, Du ® D)|®(P)xw’ndz
Or

< 2/\/-/45()6, t, Du)(D?u, D2u)\/.As(x, t, Du)(Du ® Dn, Du ® Dn)@(P)Xa)zn dz
0

1
< EJl +2/Ag(x, t, Du)(Du ® Dy, Du ® Dn)®(P)xw’dz
0,

1
< 511 +2cz/|Du|pd>(P)Xw2|D77|2dz, (6.8)
Or

where ¢; = c(p, C1,8) > 1.

Now we estimate the terms containing f,. To this end, we will use that | f;| <| f|. Let us first
consider Js. Applying Young’s inequality with exponents (2, 2) and using the definitions of P,
® and Hj, we find that

| J6| 52/|f||Du|<I>(P>xw2n|Dn|dz
Or

s/|f|2|Du|<I><P>wdz+/|Du|<1>(P>xw2|Dn|2dz

Or Or
S/Iflz(Hs(Du))”+llﬂdz+/IDul”CI>(P)Xw2|Dn|2dz- (6.9)
Or Or

We now deal with the terms J4 and J5 at the same time. Using equality (6.2), the fact that
|Du| < 2P on the set Q, N {|Du| > 2a} and inequality (5.3) with w = P, we get
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|J4I+|JslSn/IfIIDzu@(P)Wder / | f11Dul @' (P)| D*uly dz
Or 0rN{|Du|=2a}

+ / \£1| Dul®'(P) | D2ul d:

Q0,Na<|Du|<2a}

§5n(y+1)/|f|<I>(P)|D2u|wdz+ / | f1| Du|®' (P)| D*uly dz.
O 0-N{a<|Du|<2a}
(6.10)

At this point, we apply Young’s inequality with ¥ > 0 and exponents (2, 2) to control the first
term on the right-hand side of (6.10). In the case p > 2, we obtain

5n(V+1)/|f|d>(P)|D2u|wdz

2 2
K/<I>(P)|D2uIZWdz+M/|f| O(P)Y dz
Or
25n2 1?2

SK/@(P)IDzuIZWdz—F%/IfIZ(H%(Du))ywdz

0r 0

2 2

<« / @(P>|D2u|2|Du|P—2wdz+W / |f1?(H3 (D))" * 1y dz.

Or Or

(6.11)
If, on the other hand, 1 < p <2, then we have
Sn(y+1)/|f|d>(P)|D2u|1/fdz
0,
2 2
x/@(P>|D2u|2|Du|"—21/fdz M/m ®(P)|Dul* Py dz
Or
22 2 25n2(y + 1)? 1

<x/q>(P>|D ul*| DulP~ llfdz+7/|fl (Hs(Du))’ My dz,

Or

(6.12)

where, in the last line, we have used that ®(P) =0 in Q, N {|Du| < a}, while ®(P)|Du|*>~? <
IDuP”rl < (Hs (Du))’”r1 in Q, N{|Du| > a}. Now we estimate the second integral on the right-
hand side of (6.10). Using Young’s inequality with exponents (2, 2) as well as inequalities (5.2)
and (5.3) with w = P, for every ¢ > 0 we obtain
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| £11Du|®' (P)|D*ulyr dz

QrNa<|Du|<2a}

1
- / [Ifl | Dul*- ”IZL} [|D 7= D22 f} o' (P)y dz
Q,N{a<|Du|<2a}

K

< DulP2|D*u>(P + 0)®'(P)yr dz

o T / Dul? 2| D?uP(P + ) (P)y
0,N{a<|Du|<2a}

y+1 / 4_p ®'(P)

Du|*™P d

t | f1*[Dul P+{1ﬂ z
QO,Na<|Du|<2a}

<k / |Du|P~2|D*u>®(P)y dz
QO,NMa<|Du|<2a}
+ k¢ / |Du|P~2D*u|?|Dul” ¥ dz
QO,Na<|Du|<2a}
+1)? _ _
TRAd / £ P1Dul*P| Dul? "2y dz
0,N{a<|Du|<2a}
gx/|Du|P—2|D2u|2q>(P)wdz+(2a)VK§ / |Du|P~2|D%u|? dz
0r 0,N{a<|Du|<2a)
+1)2
Lt P CHs (D)) dz.,

K
0,N{a<|Du|<2a}

where the last inequality is due to the fact that |Dul*P|Dul?~% = |Du|’ | Du|'"P <
|Du|?t! < (Hs(Du))? ! for every p > 1 on the set O, N {a < |Du| < 2a}. We now recall
that, by virtue of Theorem 3.3, we have

|D*ul*|Du|P~? € L}, .(Qr(20))

Therefore, letting ¢ N\ 0 in the preceding inequality, we get

| £11Dul @' (P)|Duly dz

Q,N{a<|Du|<2a}

(v +1)?
K

K/|Du|P*2|DZu|2<1>(P)1/f dz + | fI*(Hs(Du))” Ty dz.

O Q,Na<|Du|<2a}
(6.13)
At this point, joining estimates (6.10)—(6.13), we obtain
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|J4|+|15|SK(n+l)/CD(P)|D2M|2|DM|P_2¢L1Z
O

2 1 2
M / | fI2(Hs (D)) 'y dz. (6.14)

We now turn our attention to J7 and Jg. Using (2.17) and Young’s inequality, we find

|J7] 522”_2Kn/|Du|p_1|D2u|©(P)1pdz
0,

167 K %n?
gx/|Du|P*2|D2u|2q>(P)wdz+ /lD |P®(P)Y dz. (6.15)

Qr Qr

Similarly, we have

| Jo| s22"—1Kn/|Du|P|Dn|<I><P)xw2ndz
O

<222k 2y / |Dul?®(P)y dz + 22 2n / | Dul?| D> ®(P)xw’ dz.  (6.16)
Or Or

Finally we estimate Jg. Using estimate (2.17) and equality (6.2), we obtain

| Js| 522P—2Kn/|Du|P|DP|q>/(P)1pdz5221’—2Kn/|Du|P|Dzu|q>’(P)wdz
0 0,

=2°r"2Kp / |Du|?|D*u|®' (P)¥ dz
0,N{a<|Du|<2a}
+22P72Kn / |Du|?|D*u|® (P)V dz. 6.17)
OrN{|Du|>2a}
Now we deal with the second integral on the right-hand side of (6.17). Using the fact that | Du| <
2P in Q, N{|Du| > 2a}, the inequality (5.3) with w = P as well as Young’s inequality, we get

22r—2Kn / |Du|?|D*u|® (P)y dz
0,N{|Du|>2a)

<2?P~lkp / |Du|P~' | D*u| P’ (P)y dz
0,Nf{|Du|>2a}
<2%(y + DKn / |Du|P~ 1 D*u|D(P)y dz
0,N{|Du|>2a)
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162 (y + 1)2K?n?

K/|DM|P*2|D2M|2<I>(P)¢dz+ /lDu|p<I>(P)wdz

4k
o 0,
167 1)2K2n?
SK/IDMI”_2|D2MI2®(P)1//dz+ (”4 ) /|Du|y+f’wdz 6.18)

Or

We now estimate the first term on the right-hand side of (6.17) by resorting to the same procedure
leading to (6.13). Thus, for every o > 0 we have

22r—2gn / |Du|?|D*u|®' (P)y dz
Q0,Na<|Du|<2a}
1 1
+1 P+o]?
= / 24 =422 puprr2 X } |:|Du|”_2|D2u|2—U:| &' (P)y dz
P+o y+1
Q0,Na<|Du|<2a}
K
<— Du|’~2|D*u>(P + 0)®' (P)¥ dz
=3+ [ Du|"7| I“( YO (P)Y

0,N{a<|Du|<2a}
167(y + DK?n?
+ (y+D

o'(P)
pu P22y
32x |Dul™ g v dz

Q,N{a<|Du|<2a}

5/{/|Du|p_2|D2u|2d>(P)1ﬁdz+(2a)”/co/|Du|p_2|D2u|2dz
0, 0

167 1)2K%n?

4 L+ PR /IDu|”+ptpdz.
4k

0r

Letting o N\ 0 in the last inequality, we then obtain

2% 2Kn / |Du|?| D*u| @' (P)y dz
Q,N{a<|Du|<2a}

167 (y + 1)21(2 2

SK/|DM|P*2|DZM|2¢(P)wdz+ /lD Py dz. (6.19)
o) 0

At this point, combining estimates (6.17)—(6.19), we find

167 12K2%n?
|J8|EZK/IDulp_2|D2u|2d>(P)1//dz+ (”J; ) /|D Y Py dz. (6.20)

Or O

Now, observe that from inequality (6.5) it follows that

Jo+ Ji < 3]+ [Jal + [Is] + [Je| + | /7] + [Jg] + | Sl (6.21)
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since J > 0. Plugging estimates (6.7)—(6.9), (6.14)—(6.16) and (6.20) into (6.21) and choosing
we arrive at

K= Taurn’

82 1
[ (IDul’ 2 = ") 8y w*n*d —|——/D P22 DM uPd(P)Y d
4b2(y+2)/(| ul )+ (X w N dz 13 |DulP~=|Du|*®(P)yr dz

Qr

SC(V+1)2[/[|Du|p<l>(P)xw2|Dn|2+IDuly“’l/f]dZ+/If|2(Ha(Du))y+lde}
0, .
2 2
+ m/(H%(Du))V+ xw dwn*dz, (6.22)
0,
where c=c(n, p,6§,C1, K) > 1.

At this stage, we perform a particular choice of the function y . For a fixed time € (t; —r2, 1)
and ¥ € (0, f; — t), we define the Lipschitz continuous function x by

1 ift<rt,
x (1) == 1—’_71 ift<t<rt+7,
0 ift>t+70.
Therefore, we have
T+
1
- / (1Dul"*? —b¥*2) | 9 x 0*n*dz = S / / (1Du"*2 —p¥ %), w?y? dx dt,
0r(z1) T B.(x1)

which converges for almost every € (f; —r?, 1) to

(1Dul"*? —p7*2) o’p*dx  as 9 \0.

By (x1)x{r}

Hence, letting ¥ N\ 0 and taking the supremum over t € (] — r2, t1), estimate (6.22) turns into

82 / 2 2 2 2
B B — sup |Du|y+ -’ w n“dx
4b2(y +2) te(t—r2,n) ( )+

B, x{t}

1
+—/|Du|”_2|D2u|2©(P)a)2n2dz
4dco
0

5c(y+1)2/[|Du|Pq>(P)w2|Dn|2+|Du|V+Pw2n2]dz
0
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+ / (Hy (Dw) ot dz+cy + 1) / |f P(Hy (D)) n? dz
0r o
<c(y +1)? / (Hs(Du))* 7 (| Dnl* + 0*n?) dz
Or

+ / (Hy (D) Pwdon’dz+e(y +1)° / |/ P (Hs (D))" o’ dz.
0r o

In summary, we have so far obtained the following result.

Proposition 6.1. Let p> 1,y >0, >0, b=14+5and 0 <¢e < min{%, (%)1”1}. Moreover,
assume that

Ug € c? ([lo — RZ, tol; L? (BR()C()), RN)> NnLP (to — R2, fo; wlp <BR()C0), RN))

is the unique energy solution of problem (P.) with Q' = Qr(z0) € QT and u a weak solution of
(1.1), satisfying the additional assumption of Remark 3.2 if 1 < p < =% + . Then, for any parabolic
cylinder Qr(z1) € Qr(zo) with r € (0, 1) and any cut-off functions n € C;°(B;(x1), [0, 1]) and
we WL (R, [0, 1]) satisfying w(t; — r?) =0 and 3, > 0, the estimate

52 2 2y 2.2
———  sup |Dug|" 2 — b¥ 2 w?n*dx
402y +2) 1 r2ap) (1Due )+

By (x1)x{t}

1

+ o / |Due P2 D2 PO(PYon d
Qr(Zl)

<cly + 1) / (Hy(Due)) ™7 (@ Dnf? + wn®) dz

0r(z1)

+ / (H%(Dug))y+2w3,wn2dz+c(y+1)2 / |f|2(H5(Du8))y+l 27’] dz

Qr(z1) Or(z1)
(6.23)

holds true for some constants ¢ = c2(p,C1,6) > landc=c(n, p,5,C1,K) > 1.

In what follows, we will write again u and ® in place of u, and &, , respectively, unless
otherwise specified. First, we estimate the second integral on the left-hand side of (6.23) from
below. To this end, we note that

M] V+P

D [(Hs(Du ZZDu/D(D ul),
s\u |Dul {|Du|>1+6}-

i=1 j=1
From this identity, we infer
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(v + p)?
L,y tp”
4

(v + p)?
,rtp”
4

rir|? -
D[ (Hs(Duy3" (Hs (D))" +7=2| D21 - 149

=<

—4 2.2 2
< | Dul? P~ | D*u|*| Du|* (| puj>1-+s)

(v +p)*1+96)?
_n8—2
(v +p)*1+96)?
_n8—2

|Du|)/+p74p2|D2u|2
[Du|P~2d(P)|D%ul?, (6.24)

where, in the second to last line, we have used the fact that

2(1+6) 2(1+8)

5 Pl{puj>1+5) < 5 p.

|DulL(pu=148) = (P + 14 5) Lpu=148) <

Using estimate (6.24) in combination with Young’s inequality, we then obtain

0 [t Dun = || < 2001500077100 42| [ ez ]

(y + p)*b*

5 |Dul” o) D2uy?,

< 2(Hs(Du)) | Dn|* +2n

from which we deduce

82
16n(y + p)?b%cy
2

\D[n(zﬁla(Du»#]\zw2

1
(Hs(Du))Y 7| Dn*o* + S |Du|P20(P)| D> ul*0*n?.
(&)
(6.25)

< - @@
T 8n(y +p)tbic

Now we consider the case 1 < p < % This implies
4
y+——=<y+2-p<y+l<y+p. (6.26)
n+2

Our goal now is to reduce the exponent of H 5 (Du) in the second integral on the right-hand side
of (6.23). To this end, we observe that

/ (H; (D)) Pwdion® dz
0r(z1)

<24? / (H%(Du))ya)atwn2dz+2 / (H%(Du))sza)B,a)nde

0,1 0,1
<24? / (Hs(Du)) wd;on’dz + 2 / |Du|” P2wd,wn’® dz. 6.27)
0r(z1) 0r(z1)
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In addition, for | Du| > a we have

n N n N
>3 " Dilul |Dul” "2 Diu? P*n*1 = |Dul? P*n* + |Dul? 2 P*p* > " "ul Diul
i=1 j=1 i=1 j=1

n N ¢ ¢
. . D D; D,
+ (= 21Dul" P Y uJDiuJ—ku|D'l|ku
u
ik=1j,t=1

n N ¢ ¢
. - Dru*D; Dru
+2|Du|y_2Pr,2 § : § M]DMJ%
u
ik=1j,e=1

n N
+2[Dul” 2 P*n Y " " u! Diud Dy,
i=1 j=1

Using the above identity to estimate the last integral of (6.27) and taking into account that n €
Cgo (By(x1)) and w is independent of the x-variable, we obtain

/ |Dul? PPodon*dz < |lullLx(0, 1)) / |Dul? 2| D*u| P*wd o’ dz
0r(z1) 0r(z1)

+ 1y =2l lull=0, @) / |Du|” 2| D*u| P’ wd,wn’ dz
Qr(Zl)
+2lullzeco, / |Dul? = D*u| Pwd;wn® dz
Qr(Zl)

+ 2 lullLo(Q,(z1)) / |Du|” ' P2wd,wn| D) dz
Qr(Zl)

< (¥ +5)ullzo0, ) / |Du|” "' |D*u| Pwd;on* dz
Qr(zl)

+ 2 lullLo(Q,(z1)) / |Du|” M wd,wn| Dyl dz. (6.28)
Qr(Z])

Joining estimates (6.27) and (6.28) and applying Young’s inequality, we then have

(H% (Du))y+2w8,a)n2 dz
0, (z1)

< 24>

(Hs(Du))” 0d;on* dz + 4 |lull =0, ) / |Du|” M wd,wn| Dyl dz
Qr(zl) Qr(Zl)
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+ 10()/ + 1)||u||Loo(Qr(z1)) / |l)l/£|y_1 |D2u|Pw8,a)772 dz
0r(z1)

=2d’ / (Hs(Du))Y wd;on” dz + 4 ull L0, 1) / |Du|”* wd,wn| Dyl dz
0r(z1) 0r(z1)

y+2—-p

p=2 =2
+ 10(y + DllullLe, 1)) / (IDu| = d,0n)(|Du| = |D*u||Du| = Pon)dz
0r(z1)

<24’ / (Hs(Du))” 0d;0n* dz + 4 |lull =0, ) / |Du|" ' wd,n|Dn|dz
0r(z1) 0r(z1)

+e + D2l T, / |Dul” 2P (30)*n* dz
0r(z1)

1
+— / |Du|P~2|D*u|?®(P)w’n’ dz.
8ca

Qr(Zl)

Now we notice that a2<b(Hs(Du))?, |Du|? ! <(Hs(Du))**P and |Du|? 2P <(Hs(Du))? 7
(by virtue of (6.26)). Using this information and Young’s inequality, from the previous estimate
we deduce

/ (H% (Du))y+2w8twn2 dz
0r(z1)

<2b / (Hs(Du))? P wd;n® dz + 4 [ull Lo, 1)) / (Hs(Du))’ P wdyn| Dyl dz
0r(z1) Or(z1)

+ e + D2 ullZoo g, ) / (Hs(Du))? 7 (3,0)*n* dz
Qr(Zl)

1
4+ / |Du|”~2|D*u*®(P)w’n? dz
8ca
Qr(Z])
<2b / (Hs(Du))’ P [wd,on® + w*|Dn|*dz

0r(z1)

e+ Dl g / (Hs (Du))? (3,000 d
0r(z1)

1
+3 / |Du|P~2|D*u?®(P)w’n? dz. (6.29)
2

0r(z1)

At this point, in order to deal jointly with the cases where p is greater or less than the critical

exponent %, we introduce a new exponent p, defined as follows:
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1f1<p<

p n+2’
pi=12 if 2 <p<2 (6.30)
p ifp>2.

Combining (6.23) and (6.29), we obtain in the case 1 < p < =% the following inequality

52

T B—— up / |Dul? % — b7 +2)  w’n?dx
4b2(y +2) re(— ( )+

g (Do)

1
+ — / |Du|P~2|D*u|*®(P)w’n’ dz
8ca

Qr(Zl)

<cly +1)° / (Hs (D))’ *P[w?| D> + wdion” + (|ul|7 oo g, 2y (@) + @”)n*1dz
Qr(Zl)

+e(y +1)? / | f1(Hs (Du))Y T o?n? dz. (6.31)
Qr(Zl)

For convenience of notation, we now use the indicator function

1 1f1<p<n+2,

1(1,%](17) :Z{

0 otherwise,

to indicate that the terms multiplied by it need to be taken into account only in the subcritical
case | < p <=5 Integratlng (6.25) over Q,(z1) and combining the resulting inequality with
(6.31) in the case 1 <p<
following estimate:

- +2, after some algebraic manipulation, for every p > 1 we get the

Proposition 6.2 (Caccioppoli-type inequality). Let p> 1,y >0, >0, b=1+8and 0 < e <
min{%, (%)”—l }. Moreover; let p be defined as in (6.30) and assume that

U, € C° ([ro — R% 10): L? (BR(xo), RN)) nL? (zo — R, 1: WP (BR(xo), ]RN>)

is the unique energy solution of problem (P;) with Q' = Qr(z0) € QT and u a weak solution of
(1.1), satisfying the additional assumption of Remark 3.2 if 1 < p < =5. Then, for any parabolic
cylinder Q(z1) € Qr(z0) withr € (0, 1) and any cut—Dﬁ‘functlom r] E Co°(By(x1), [0, 1]) and
we WL R, [0, 1) satisfying w(t; — r2) =0 and 8, > 0, the estimate

2
YEP o g / (1Dus 7+ = b +?) wn’dx + / )D[n(H(g(Dus))#]‘ w?dz

2 2
PO (D) 0/

<k(y + p)* / (Hs(Due))” P[0 Dyl + wdyor? + o*n?] dz
Qr(ZI)

534



P. Ambrosio and F. Bduerlein Journal of Differential Equations 401 (2024) 492-549

+k(y +p)? / | fI1?(Hs (Due))’ Hlo’n? dz
Qr(Zl)

4 2 2.2
Pl 2 (DR + P el ey / (Hy (Due))” P (G0 dz
0r(z1)

holds true for some constant k > 1 depending on n, p, §, C1 and K.
6.2. Step 2: reverse Holder-type inequalities

Another step towards the local boundedness of | Du| consists in using the estimate in Proposi-
tion 6.2 to derive two different reverse Holder-type inequalities, which will in turn be employed
to start the Moser iteration procedure. With this aim in mind, in what follows we keep the as-
sumptions, notations and cylinders used for the proof of Proposition 6.2.

Let us start with the case p > % Applying Holder’s inequality with exponents (/'72 %)

and the Sobolev embedding theorem on the time slices B’ := B,(x1) x {t} for almost every
te( — r2, t1), we obtain

f W (Hy (D) P dx
B[
w1 2
B! ét
2
<Cs rz[][ |D[n(Hs(Dw)) 3" ]| w? dxi| [][ n* (Hs(Du))? T2o? dxi| t632)
B! B!

where Cs = Cg(N, n, p) > 1. Now, using the definitions of Hs and b, the properties of w and 7,
and applying Proposition 6.2, we can estimate the second mean value on the right-hand side of
(6.32) as follows:

f s Ouce oy ot < S s (Hy(Du)) 2w dx
B! TE(Il—rz,tl)B Dx(r)
=S (b7 F2+(1Du|”*2 — b2 o’ n? dx
r TE([]—rz,tl)B yx i)
iy +p)’
= 7& P+ / |f|2(H5(DM))y+1w2n2dz],

Or(z1)

where ¢ =¢(n, p,8,C1, K) > 1 and

I :=b" 2 [sptn]| + / (Hs (D))’ PP [?(IDnI* + n*) + wd,on’] dz.
Qr(Zl)
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Inserting the preceding inequality into (6.32), integrating with respect to time over (f; — r2, ;)
and using Proposition 6.2 again, we obtain

L= ][ WP (Hy (D)
0r(z1)
C2(V+P)4+% 1+3 2 1.2 2 I+
< T[ U | £12(Hs (Du))” T w?n dz> } (6.33)

Or(z1)

where Cy = Cp(N,n,n, p,8,Cy,K) > 1. For a fixed u > 0 that will be chosen later, we now
split the cylinder Q,(z1) as follows

0,(z1) = {z €0,z |fI> <exp (/Lil) — e} U {Z € 0r(z1): IfI* > exp (Mq) - e}
=: EIILUEi,
so that

/ | fI(Hs(Du)) Tl w?n? dz = / | f1?(Hs(Du))Y T ow?n? dz
Qr(Zl)

+/ |2 (Hs (D)) i dz
£

=:Jio+ J11. (6.34)

From the definition of E ;11 it immediately follows that

J10<exp< ) / (Hg(Du))V+1a)2r;2dz<exp< ) / (Hs(Du))Y *Po’n?dz.  (6.35)
0r(z1) 0r(z1)

In order to deal with the term Jy;, we first observe that

2 2 ~ 2 75 logiiz
logit2 (e + | fI°) <logit2 ((e + | f1)7) = 27+2 log#+2 (e + | f]) (6.36)
and
2 2(y +2
(J/+l)(l+5><y+ + (Vn ) (6.37)

Using (6.36) and (6.37), Holder’s inequality, the definition of Ei and the assumption | f]| €
L"210g% L;,c(Q7), we obtain
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2, e 2 - 2 1,22
Ji :/lfl logi+2 (e + | f1%) log™ 742 (e + | f 1) (Hs (D))’ ™ w’n” dz
Ej

2 21425 - 2 y+1 2 2
< 2@+ [ f17logit2 (e + | f)log 2 (e + | fI)(Hs(Du))' ™ w™n°dz

2

2a N m
<2ifs /Ifl”“log“(eJrIfI)dz ~

2
E2

_ 20 D(1+2 4 4 2
' [/log 2 e+ 1F1D) (Hy (Dup () 2 24 dz}

2
EM

<2i | £

F
2+j§ 243
Li+2 1o L(Q, e )M [ g dz}

E2

20 20 2(y:¢—2) 2 4 2 2
<i3 i ||f||i,~,+zloga L1 / (Hs(Du))? TP+ i p>ti dz:| ,
0Or(z1) (6 38)

where 6 = 6(n) > 0. Joining (6.33) — (6.35) and (6.38), after some algebraic manipulation we
arrive at

1 2
_Cotpti[ L exp (£ (1+32)) 142
o LA Wz]og Lo eyt L " (639

ra

where C3 =C3(N,n,n,a, p,8,C1,K) > 1.
At this point, we consider estimate (6.33) in the case || f] ;i+2 log® L(Q, (21) = 0 and the above
inequality if || £l 4+2 log? L(Qy (z1)) ™ 0. In the latter case, choosing i such that

6 i
GO +DTE o) =3
20D K Li*210g® L(Q,(z1)) ~ 2’

from (6.39) we obtain

448 243 1+%
L < Caly + )" hexp (Csy + ) )1, (6.40)
where the constants on the right-hand side are of the type
C 6(n+2) ﬁ;n
Cy= 7rn(1+%) and C||f”L”+210g Loy (6.41)
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for some constant C = C(N,n,#n,a, p,8,Cy, K) > 1. Moreover, from (6.33) it immediately
follows that inequality (6.40) holds true also when || | 4+2 log® L(0Qy (21)) = 0.

Let us now consider the case 1 < p < +2 Arguing exactly as above, this time we arrive at
6 2043
L < Ca(y + p)** 7 exp (Cs(y +p)e ) [by“lsmnl

1432
/ (Hs(Dw)? P[0 (IDn2 + 1) + wdron® + [ull 2o g, 21y, Br0) 1] dz} :
Qr(Zl)

where the constants C4 and Cs are of the same type as in (6.41).
In summary, we have obtained the following result:

Proposition 6.3 (Reverse Holder-type inequality). Under the assumptions of Proposition 6.2,
for any parabolic cylinder Q,(z1) € Qgr(zo) with r € (0,1) and any cut-off functions n €
CS°(Br(x1),10, 1) and w € WH(R, [0, 1]) satisfying w(t; —r?) =0 as well as d;» > 0, the
estimate
2(y+2)
(0m 7 (Hy (Duo)) 7475 dz
0r(z1)
2i+3

C||f”L"+210g L(Qr(z1))

n— I‘l
r o«

6
<C(y +p)*iexp

by+2

-[ﬂ ][ (Hs(Due))? PPl (ID0I? + n?) + wdron?®] dz + |sptn]

Or(z1)
142
+ 1, 201 (P) e i, 1) 7 ][ (Ha(Dua)”p(atw)andz} (6.42)
Qr(Zl)

holds true for some constants C=C(N,n,n,a, p,8,C1,K)>1and ® =01, a) > 0.
6.3. Step 3: the iteration for p > n+2

Thanks to Proposition 6.3, we can now start the Moser iteration procedure. Once again, we
shall keep both the assumptions and the notations used in Propositions 6.2 and 6 3. At this step,
we assume that p > +2 By virtue of (1.3) and (1.4), this implies that p > F . We define by
induction a sequence {yx}reN, by letting yp = 0 and

1+ +2-2+p if 2 <p<2

Vi = : 4 2 ,keN.
(1+7) ve—1+ 3 ifp>2
Notice that y; > 0 for every k € N, since p > 743~ Furthermore, this sequence diverges to 00

as k — oo and by induction we have
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-2+ 3 —1] it <p<2
Yk = X , k € Ng.
2[(1+3) 1] if p>2

N

In addition, one can easily check that

21 +2) 2

Vet P+ ————=Vir1+p Vk € Ny, — . (6.43)
n n+2

Now, for k € Ng and s € (0, 1) we set

(1—s)r

T By:=B,(x1) and Q=0 (1) =Bk x (1 —rf,11)

T :=sr+

2k +2
a=sr
and wy € Wl’oo((tl — r,f,tl), [0, 1]) such that wy(t; — rk) =0, wr=1o0n (t;] — rk+1’ 1) and

0<0w <

and choose cut-off functions ny € Cgo(Bk [0, 1]) such that ny = 1 on B4 and |an| <

2k+2 P . .
UzﬂW' Note that this is possible since

o 30 —9)%?2  (I—s)sr2 (1 —s)%r?
e =Tkl =~ k12 ok T T %2

Using equality (6.43) and replacing y, n and @ with yi, nx and wy respectively, we obtain from
(6.42) the following recursive reverse Holder-type inequality

4
][(wkﬂk)2+5(H3(Dus))yk+l+pdZ
Qr(Zl)

2743
ClF 12 1005 1, oy 5 T P)

6
<C(y+p)*tiexp

Yl—}’l
r o«

b]/k‘l’z 1*‘1”71
[ |sptne| + ][ (Hs(Du))" P [a (| D |? +nk)+wk3zwk77k]dz] ,
Or(z1)

which holds for any k € Ny. Exploiting the properties of n; and wy as well as the definitions of
rx, Qk, b, Hs and p, we obtain for every k € Ny that

dbkle ! vet2 Yitp—p+2
o |Sptnk|fm/b dzfm/(l—{-(” dz
¢ Q
n+2
c(n, p,9d)
e AL Bs (6.44)

and
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2 ][ (Hs(Due)) P [0d (1Dni > + 1) + ondroxn?] dz

0, (z1)
4k+4 n+2

7[ (Hs(Due))** dz,

<7
—(1_ )2 n+2

where, in the last line, we have used the fact that

22k+4 4k+3
Wt (1Dl +nf) < +1< :
(1 —=s5)2r2 (1 —s5)2r2

(6.45)

In addition, one can easily deduce that

n+2

][ (Hs(Dug ) +11P dz <
Qk+1

][ () >+ (Hs (Dug)) 17 dz (6.46)

g8 0,1)

for any k € Np. Joining the last four inequalities and using the fact that ry = 2rgy1 — sr < 2rg41
and ry <r for every k € Ny, we find

ClA s 2108 L1011

n—n

r «

6
][ (HS(DMS))yk+1+p dz < C()/k + p)4+ﬁ exp
Qk+1

4k 142
: [m ][ (Hs(Dug))" ¥ dz] (6.47)

for any k € Ny, where C = C(N,n,n,a, p,8,C1, K) > 1 and ® = ©(n, o) > 0. To shorten our
notation, we now set

M= f (DU Pz ke N, (6.48)
Q
C i
om0

so that the last inequality turns into

6 2 243 1+2
M1 < es (v + )t 40D exp (Cr ‘ ) M

for k € Njy. Iterating the above estimate, we obtain

Al 2yk—1-j
6 (142 2043\ TUHF)TT (142
M <] [Cs(yj + )R 4D exp (e + p) )] My
j=0
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for any k € N. This inequality can be rewritten as follows:

2\ k—1—j 2.k
k—1 (1+2) J (1+2)

1 6 . 2 2A+3
7 <[ [estr + "84 R exp (erry + 975 ) |77 057 (650)

Next, we observe that

2 .
(1+3) if 22 2
(1+%)k 2 i p) [ } iz =P =
m — = lim
oo P koo (Hn)
if p>2
p+2[(1+%) —1}
2 e 2n
~ if =5 <p<2
_ 4—n(2—p) n+2 6.51)
3 if p>2,
so that
1
a+Hk ¢
Jim " = ][ (Hy(Du)dz | . (6.52)
0r(z1)
where
i(2—p) 2i
2R it <p<2 653
2 if p>2.

One can easily check that p — ¢ > 0 and ¢ < p whenever p > ﬁ + . Using this information and
the fact that ¢y > 1, we can apply inequality (2.24) to obtain the following estimate:

klO”YI’ ;
O (6.54)
j=0

Similarly, by inequality (2.25) we get

k=1 (147 o Ai+2)
1_[4] Vk+P <2 T2, (6.55)
j=0

Now we use that 1 <y; + p < p(ﬁn#)j for any j € Ny to estimate the following product by
means of (2.24) and (2.25):
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k—1 (1+%’>/<—1—_/ k—1 ) j 4% Siia o) A(A+2)
[ v n Vktp @+2) (n 14
o o] L) T 2 a2
j=0 Jj=0
(6.56)

It remains to estimate the product involving the exponential terms with inequality (2.24). Recall-

ing that 2”+3 < 1, we obtain
14 2)
k-1 2 12T 23 (o 2 J 23 (+;k)+p
low(eor )] <[ o (e (352 )}
j=0 Jj=0
¢ oz (A42)\F! (i +2)1—2"+3
=exp - pnTJﬂ ( = ) 2043 (6.57)
Vet p n (i +2) - @'

Combining estimates (6.54)—(6.57) and recalling the definitions of ¢s and ¢, in (6.49), we obtain
from (6.50) that

2\k
119 (+2)] )

c L+21, L 2
e ol LA (6.58)
— S (7] ry «

1
Mkyk +p <

for any k € N, with ¢ = ¢(N,n,n,a, p,8,C1, K) > 0. Since the constant ¢ is independent of
k € N, recalling (6.48), (6.51), (6.52) and (6.53) and passing to the limit as k — oo in both sides
of (6.58), we arrive at

1
¢
][ (Hs(Due)Pdz |
Or(z1)

c ¢ ”f”?ﬁ“ log” L(Q(21))
ess sup Hs(Du,) < 2 | €Xp i -

Osr(21) (1 —S)T r «a

(6.59)
due to the fact that r; \( s7 and yx /" 00 as k — oo. At this stage we need to separate the cases
2n
n+2

f
p=2>p, <p=2—7n( P) and — > 1.

2 2—p
From Theorem 3.3 we know that Hs(Du,) € L} (Qr(z0)). Therefore, from (6.59) we deduce

ess sup Hs(Du,)
er (z1)

1
[

¢ I Wiz 106 0, 1)

= 72 XP s ess sup (Hs(Du,))

(1—s) % roa 0, (z1)

2=p
¢

][ (Hs(Du,))? dz
0Or(z1)
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1
< —ess sup Hs(Duy)
Qr(Zl)

2
Pl T
(Hs(Dug))" dz ,
Qr (z1)

®

c R

+ ¢ ex ||f||L"+2 log® L(Q/(z1))
2h+4 p n—in

(1 _ S) p(+2)—2n r o«

Where in the second to last line, we have applied Young’s inequality with exponents (2“’[)

= 2 s ). Note that the preceding inequality holds for any s € (0, 1). Hence, we can absorb the
essentlal supremum on the right-hand side using Lemma 2.2 with pg = sr and p; = r. This yields

ess sup Hs(Duy)

er(Zl)
2
e} PAt2—27
C C||f||Lﬁ+21 o
< e Lo ) | (s (Duy? dz
(1 - )75 re 0,1
for a positive constant ¢ depending on N, n,n, «, p, 8, Ci and K, but not on ¢.
Finally, when p > 2, inequality (6.59) reads as
1
1£19 i
c
C n+2

ess sup Hs(Dug) < e exp L Logn L0 @) (Hs(Dug))r dz
Qsr(z1) (1 —S) roo

0Or(z1)

We have thus proved the following result, which ensures the desired local L*°-bound of Du, for
all p > n2+”2

Theorem 6.4. Let p > n+2, 6>0and0<e¢ < mln{z, ( YP~1Y, where i is defined according to
(1.3)—(1.4). Moreover, assume that

ug € C° ([to —R%,1l; L? (BR(XO)»RN>) nL? (to — R, 10; WhP <BR(X0), RN))
is the unique energy solution of problem (P;) with Q' = Q r(z0) € Q7 and u a weak solution of

(1.1). Then, for any parabolic cylinder Q,(z1) € Qr(zo) withr € (0, 1) and any s € (0, 1), we
have

1715,
ess sup Hy(Du,) < ¢ = exp | ¢ L li%nL(Q @) ][ (Hs(Du))? dz
Qgr(21) (1—s)« roe 0,1
(6.60)
for some positive constants c =c(N,n,n,«, p,§,C1, K) and ® = ©(n, o), and for
PGAD 20  +p 2n
BoTsr = <p<?2
K= 2 faz =P 6.61)
2 ifp>2.
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. : : 2
6.4. Step 4: the iteration for 1 < p < ;75

We now start the iteration procedure for 1 < p < -2 keeping both the assumptions and the
n+2

notations used in Propositions 6.2 and 6.3. Note that, by the choice of § in (1.4), the condition
l<p< % implies that n > 3, and therefore 7 = n. We will however restrict ourselves to the
case f = 0. We again define by induction a sequence {yx}ircN, by letting yo = 0 and

2 2
)/k::(l-i——))/k—l‘f‘—p, keN.
n n

This sequence diverges to +00 as k — oo and, by induction, we have

2 k
Vk=P|:(1+—> —1:|, k € Np.
n

Moreover, one can easily check that

2(p +2 2n
ot p+ 2D VkeNo,Vpe(l,—]. (6.62)
n n+2
Now, for k € Ng and s € (0, 1) we define rg, By, Qr and the cut-off functions n; and wy as in
Section 6.3. Using inequality (6.62) and replacing y, n and w with yk, n; and wy respectively,
we obtain from (6.42) the following recursive reverse Holder-type inequality

7[ () ® T (Hy (Dug)) 1P dz

0, G1)
+2

6 bVk
< C(yx+ p)*tn [ [sptnk|

rn
2 2.2y, 2 2 2 2.2 H_%
+r ][ (HS(DME))yk+p[(|D77k| +77k)wk+wk8twk7’lk+||”s||L00(Q,.(Zl))(3t0)k) nk] dZi| )
Or(z1)

which holds for any k € Ny. Exploiting the properties of n; and wy as well as the definition of
O, for every k € Ny we get

r? f (Hs(Due))" P [(|1 Dne* + n)ef + wrdsoxnt + el 3o g, o, ren)?n] dz
Qr(Zl)

42k+3 n+2 llu ”200
I"k 1 ey, (Qr(zl)) f(H(S(Dug))Vk+de,

Qk

< Kk
T (1 —5)2pnt2 (1 —s)2r2

where, in the last line, we have used (6.45). Combining the two previous inequalities with (6.44)
and (6.46), and using the fact that ry <2rr41 and ry <r for every k € Ny, we find
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][ (Hs(Dug))" ' 4P dz < C(y + P)4+%
Qk+1
142

164 e |2 o '
L (H o) f @uorra:
Ok

for any k € Ng, where C = C(N,n,«, p,5,C1,K) > 1 and ® = O(n,«a) > 0. To shorten our

notation, we now set
1+2
1 e i g, ) '
=C 1 el . 6.63
e {(1 — )2 ( T (6.63)

Thus, recalling the definition (6.48), the preceding inequality turns into

4+8 k(142 I+3
My <ce(yr +p) " n167 " M,

for k > 0. Note that the constant ¢, depends on ¢ and r through the quotient

2
el o0, (21))

72
Iterating the above estimate, we obtain
k—1 2\ k—1—j
6 iqe2y]AHDTT 42
My < [ [eers + 7167050 ] My
j=0

for any k € N. This inequality can be rewritten as follows:

(+3) 7 (142

1kl
Mka+p Sl_[[cg(yj+p)4+316j(l+%)] tp Mowﬁp _ (6.64)
j=0

Next, we observe that

1+ .
m —%— = lim =—, (6.65)

so that

kl_i)nolo M, = ][ (Hs(Dup))Pdz | . (6.66)
Qr(Z])
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Since ¢, > 1, we can apply inequality (2.24) to obtain the following estimate:

k—1 (1+%)k717j n
[[ee ™7 =e. (6.67)
j=0

Similarly, by inequality (2.25) we get

k=1 -1+%>k7j n(n+2)
]‘[16/ W <2 . (6.68)
j=0

Now we use that 1 < y; + p = p(”niz)j for any j € Ny to estimate the following product by
means of (2.24) and (2.25):

k—1 G N, 4.(1+%)H rs) {2 2
61— T — n Vietp 2042 (n p
Moo <IRS| = (57) 7
=0 =0
(6.69)

Combining estimates (6.67)—(6.69) and recalling the definition of ¢, in (6.63), from (6.64) we
obtain that

n+2 ]+2)
L e 2 G
%+ c eNL>(Q, (1)) Vk+p
M, < ) |:1 + 1 —s)2r2 0 (6.70)
(I—s) 7

forany k € N, withc =c¢(N,n, o, p, 8, C1, K) > 0. Since the constant ¢ is independent of k € N,
recalling (6.48), (6.65) and (6.66) and passing to the limit as k — oo in both sides of (6.70), we
arrive at

1

n+2 P

c el K
ess sup Hy(Dutg) < ——— | 14 — 2 ][ (Hs(Du)?dz |
04 1) 1-57 (=s)7r ok

r\Z1

(6.71)
due to the fact that r; N\ sr and yx /' oo as k — oo. Notice that the right-hand side of (6.71)
depends on |[lug|lLx(0,(z;))- However, since f =0, we can use the result from Section 4, thus
obtaining

n+2 1

55 P
(1 + ”“”%w(Q,m))) ’

ess sup Hs(Du,) <c )

QOsr(z1) [(1 _s)zr]T

][ (Hs(Dug))? dz
Qr(ZI)
In conclusion, we have so far proved the following theorem, which ensures the desired local
L*-bound of Du, when f=0and p € (1, %]
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Theorem 6.5. Let f =0, 1 < p <
that

+2, 6>0and 0 <e < m1n{2, ( YP~1Y. Moreover, assume

ue € €0 (1to = R, 10); L2(Br(x0), RM)) N L7 (10 — R, 10; WP (B (x0), RY))

is the unique energy solution of problem (P.) with Q' = Qr(z0) € Qr and u a weak solution
of (1.1), satisfying the additional assumption of Remark 3.2. Then, for any parabolic cylinder
0,(z1) € Qr(zp) withr € (0, 1) and any s € (0, 1), we have

n+2

(14 1 gpepn)
ess sup Hs(Du.) <c (QR(ji)z)
Osr(z1) [(1 —S)2 }”]T

1
][ (Hs(Du,))’ dz (6.72)
Or(z1)

for some positive constant c=c(N,n,«, p,§,C1, K).
7. Proof of Theorem 1.1

We are now in a position to prove Theorem 1.1. In fact, using the strong L”-convergence of
Gs(Dug) to Gs(Du) established in Lemma 3.4 as well as the results from Theorems 6.4 and 6.5,
we will now show that estimates (6.60) and (6.72) also hold true for the weak solution u of (1.1)
in place of u.. From this the desired local L°°-bounds of Du will immediately follow. Therefore,
in the next proof we will use the same assumptions and notations of Theorems 6.4 and 6.5.

Proof of Theorem 1.1. By virtue of Lemma 3.4, we have that Gs(Du,;) — Gs(Du) strongly in
L?(Qr(z0), R¥") as e i 0. Thus we conclude that there exists a sequence {¢;};cn such that:

e 0<ej <min{}, ()P~} forevery j e Nande; \(0as j — +00;
o |Gs(Dug;(x,1))| = |Gs(Du(x, r))| almost everywhere in Qg (z0) € Qr as j — +o0.

If p>+ +2, then, using the definition of G5 and Theorem 6.4, we have for almost every

Ze er (Zl) that

|[Du(z)| < (148 +|Gs(Du(z))]) < hm Hs(Dug,;(z)) <limsup esssup Hs(Dug,)

J=oo  Qsr(z1)

111
< lim sup ¢ i exp | c L ljg_nL(Q’(Zl)) ][ (1+8+|Gs(Due;)D? dz
Jmeo (I=s) me 0,1
c ”f”L”HlOg L(Qr(z1))
=———5exp|c — ][ (1+8+1Gs(Du)))! dz
1—s)« roa

0r(z1)
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][ (max{|Dul|, 1 +8})Pdz | ,
0r(z1)

®
¢ ||f||Lﬁ+210gaL(Qr(Zl))

= it2 eXp| ¢ n—i

B (1—s5)« roo

where « is defined by (6.61), while c is a positive constant depending only on N, n, 71, «, p, 8,
C; and K. We now choose § = 1. Since the above inequality holds for almost every Z € Qs (z1),
we immediately obtain

ess sup |Du| <ess sup Hs(Du)

Osr(z1) Qsr(z1)
1
¢ ||f||?ﬁ+2]0ga L(Qr(z1))
e o e L
(I—s)« re

0Or(z1)

Finally, let us consider the case f =0and 1 < p < nz% Arguing as above, but this time using
Theorem 6.5 instead of Theorem 6.4, we get

ess sup | Du| <ess sup Hs(Du)
Osr(21) Osr(z1)

n+2

2
(14 N g o)
<c (©rtz0) ][ (IDul+1)Pdz | <4oo.

< e
[ =s)7r] > 0,1

S =

This concludes the proof. O
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