I'-CONVERGENCE AND STOCHASTIC HOMOGENIZATION OF SECOND
ORDER SINGULAR PERTURBATION MODELS FOR PHASE TRANSITIONS
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ABSTRACT. We study the effective behavior of random, heterogeneous, anisotropic, second order phase
transitions energies that arise in the study of pattern formations in physical-chemical systems. Specif-
ically, we study the asymptotic behavior, as € goes to zero, of random heterogeneous anisotropic
functionals in which the second order perturbation competes not only with a double well potential but
also with a possibly negative contribution given by the first order term. We prove that, under suitable
growth conditions and under a stationarity assumption, the functionals I'-converge almost surely to
a surface energy whose density is independent of the space variable. Furthermore, we show that the
limit surface density can be described via a suitable cell formula and is deterministic when ergodicity
is assumed.

1. INTRODUCTION

Since the pioneering work of MODICA AND MORTOLA [28] (see also [27]) the mathematical community
has been interested in deriving sharp interface limits of diffuse interfaces in which the thickness of the
transition layer is sent to zero. The prototypical physical system inspiring such kind of problems is
the one formed by two immiscible fluids (oil and water for example) occupying a fixed container and
behaving in such a way to minimize the surface area separating them. Mathematically such a system is
described by modeling the container with an open bounded Lipschitz subset of R?, and by setting the
configuration function u to be equal to 1 in the points where the first fluid is present and —1 otherwise.
Then, the equilibrium configurations are the ones minimizing a surface functional of the form

F(u) = oH?(J,) for u e BV(A;{—1,1}), (1.1)

where A is the container, o is a positive parameter called surface tension, BV (A;{—1,1}) is the space
formed by the functions of bounded variation defined on A and taking values in {—1,1}, J, is the set of
the discontinuity points of u, and H?(.J,) is its 2-dimensional Hausdorff measure. In [27] it was shown
that, given a continuous double well potential W with zeros exactly in —1 and 1, the functionals

w

Fe(u) = / Wi +¢|Vul? dz for u € WH2(A) (1.2)
A 3

[-converge [16], with respect to the strong L!(A) topology, to an energy of the form (I.1)) with the

surface tension o related to the potential by the following formula:

a:z/_llmdu.

One other important application of phase transition models is the study of pattern formations in physical
and chemical systems, like the one occurring in biomembranes and oxygen vacancies in superconductors
[25, Chapter XIII], [31]. For example, one can suppose to have a monolayer A, at contact with water,
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formed by polar molecules having hydrophilic heads (water-attracting) and hydrophobic tails (water-
repelling). It has been observed that the molecules arrange themselves in microdomains having different
composition and local curvature. One of the first models linking the composition with the curvature
of the biomembrane was derived by ANDELMAN AND SEUL in [4]: specifically, they derived a Modica-
Mortola-type free energy, involving the second gradient of the phase variable, whose minimizers describe
the equilibrium configurations of the bending biomembrane (see [4, (1) and (4)]). Thus, motivated by
the applications mentioned above, in the last decades the work of Modica and Mortola has been extended
in the mathematics literature in order to take into account more complex phenomena. For instance,
there are models in which the gradient term is replaced or added to higher order terms (see [7, 111 12,
20, 211, 22]) and models for heterogeneous, anisotropic and random media (see [5, 14} [15] 26l 29]).

In this paper, we aim at combining some of the previously mentioned works by studying the macroscopic
limit of second order phase transitions functionals for heterogeneous, anisotropic, random materials.
More precisely, in the first part, we focus on the asymptotic behavior, as £ goes to zero, of a collection
of functionals of the form

1
E(u) = - /A fe(z,u,eVu,e2V>3u) dz for u € W2(A), (1.3)

for a suitable class of integrand functions (f:).. We show that for such class of functionals the I'-limit
exists, up to extracting a subsequence, and that it is finite only on functions of bounded variation taking
values in {—1,1}. In addition, such I'-limit, denoted with &, is a surface integral supported on the
discontinuity points of the admissible configurations i.e.,

Eo(u) :/J L folz,u™ u™,v,) dH" H(x) for u € BV (A;{-1,1}),

where u™ and u~ denote the traces on both sides of .J,, and the density fy can be derived from a suitable
cell formula involving the initial energies.
In the second part, we focus on random functionals of the form

Elw](u) = é/ f(w, g,u,{—:Vu,sszu) da for u € W22(A), (1.4)
A

where w is a random outcome of the sample space 2 modeling the random environment of the problem.
Such functionals are obtained formally from the one in setting f.(z,-,-,-) = f(%,-,-,-) and allow-
ing dependence on the random outcome w. The energies (1.4]) can be interpreted as the heterogeneous,
anisotropic and stochastic version of the functionals introduced by CHERMISI, DAL MASO, FONSECA
AND LEONI [I1] and FONSECA AND MANTEGAZZA [21], or as the extension of MARZIANI s energies in
[26] when also a second gradient perturbation is involved. Indeed, the prototypical functionals &.[w] are
of the form

/ a(w7 g, u, eVu, 52V2u) @ + b(w, g, u, eVu, 62V2u>5’Vu|2 + c(w, g u, eVu, 52V2u) el |V2u]2 dz,
4 (1.5)
with a, b, ¢ € L (2 x R” X R x R™ x R"*™) such that a(w,x,u,&, () > ag, b(w,z,&,() € [—q,+00) for
some ¢ > 0 small enough, and c(w,z,u,&,{) > cg, for every w € Q, x € R", u € R, £ € R", ( € R™*",
and for some ag, cg > 0. Notice that the energy introduced in [I1] is a special case of fora=c=1
and b = +q.
From a physical perspective, u is a phase variable that takes values close to 1 in the region where the
concentration of the first phase is higher and close to —1 in the region where the concentration of the
second phase is predominant. In the case of biomembranes (see for example []), the coefficient b is
related to the monolayer’s stiffness and c is a function depending on the surface tension and the bending
modulus of the membrane in each point. The fact that a, b and ¢ are not just parameters, but functions
of w and x, models the presence of random heterogeneous impurities on the biomembrane. Instead, the
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coefficients dependence on the gradient and the second gradient takes into account possible anisotropies
and dependence of the physical parameters on the local curvature. We point out that the gradient
perturbation term can contribute negatively to the total energy. Indeed, curvature instabilities and the
creation of domain pattern in the biomembrane are expected when b < 0 (see [4],[25]). Finally, we point
out that considering a double well potential W with zeros in —1 and 1, and thus scalar valued functions,
is only for simplicity of notation. As a matter of fact all arguments in the paper can be repeated also
when the zeros of the potential consist in two vectors u; and us in R™, and when scalar valued functions
are replaced with functions valued in R™, for some m € N.

We now explain more in details the structure of the paper, the results and the main ideas used in the
proofs. The proof’s strategy is similar to the one in [26] and it is based on the localization method of
I'-convergence [16]. Specifically, I'-convergence is not obtained by proving the I" — lim inf inequality and
I' —lim sup inequality explicitly, but by showing that the family of energies is compact with respect to the
notion of I'-convergence, and that the extracted I'-converging subsequence can be chosen independently
of the integration domain A. Then, we show that the I-limits can be represented in an integral form.
This is the content of the first part. The main difficulties, in applying the localization method to our
setting, are related to the fact that the energies densities are not necessarily non-negative and thus they
do not define increasing set functions like in [9], [16, Chapters 14-16], or [26]. As a consequence, the
proof of the fundamental estimate in Proposition [£.2] and the compactness and integral representation
Theorem [3.4] (which are the analogues of [26, Proposition 4.1] and [26, Theorem 4.2] respectively) become
non standard. In order to overcome this problem, the key ingredient we use is [11, Theorem 1.2] which
states roughly the following: for every open bounded set A with C! boundary, there exists a sufficiently
small € such that &, is positive for all configurations. In particular, the strategy is to select each time
a sufficiently small € such that the energy is positive on the sets difference. In this way, we are able to
prove a fundamental estimate, but only for a particular class of C! sets and for ¢ smaller than some
parameter depending on the sets triple. Nevertheless, this is sufficient for all results in this paper. For
these reasons, consistently with [I1, Theorem 1.3], our I'-convergence results hold for C'* subsets and
not for Lipschitz subsets like in the original work of Modica and Mortola.

In the second part, we move to a random environment and prove that, if the energies are of the form
and satisfy a stationarity assumption, then all I'-converging subsequences, almost surely, have
limit functionals with the same density i.e. they converge to the same energy. In particular, under
an additional assumption made only for the purpose of simplifying the notation (see Remark 7 the
functionals homogenize in the sense that they I'-convergence to a functional of the form

Ehom|[w](u) = /J L from (W, v) dH™ " () for uw € BV (A;{-1,1}), (1.6)

with respect to the strong L?(A) topology. We show also that the homogenized density fuhom can be
computed through a cell formula. More precisely, we prove that

from(w,v) = lim ——inf f(w, z,u, Vu, Vu) dz, (1.7)
r—oo T u Ql,’(O)

where the infimum is taken on all W22 functions defined on the oriented cube Q%(0) and attaining,
as boundary datum, a suitable regularization of a piecewise constant function related to the normal
vector v. We point out that fion, is independent of = as a consequence of the stationarity assumption
on f. Furthermore, if f is also ergodic, we show that actually fhom does not depend on w i.e., the
limit functional is deterministic. The proof strategy relies mostly on well-known techniques in the field
of homogenization, except for taking into account two observations. The first one is that the notion
of subadditive process, typically used in the variational approach to stochastic homogenization (see for
example [20, (7.5)]), is defined for positive energies evaluated at the scale ¢ = 1, while our energies
are in principle not bounded from below by zero. The key ingredient used to adapt the standard
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subadditive process to our setting is [T, Proposition 3.9], which guarantees the positivity of the energies
on sufficiently large rectangles. The second observation is that, due to the fact that the cell formula
is formulated on cubes and thus on sets which are not C'!, we need to adapt the previously mentioned
I'-convergence result to cubic domains. For this purpose, we use the fact that sets with C' boundaries
are dense, in the sense of Definition and that the energies of the sets difference of two cubes can be
controlled with their surface uniformly in €. We also remark that, in contrast to [26], we also examine
the case in which the random density is stationary with respect to a continuous group.

We mention that models involving two different scale parameters § and € have been studied in the
context of first order perturbation models and deterministic homogenization [5 13, [14], 15] where one
considers functionals of the type

Ese(u) = 1/ f(iu,eVu) dz,
’ gJa )

and the corresponding regimes € > § and § > . The generalization to stochastic environments and
second order models is still missing and it is beyond the scope of this work.

The paper, counting also this introduction, is divided in six sections. In Section [2] we expose the
basic notation. In Section [3| we present the main notions and main results of this work which can be
categorized in two parts: first a deterministic part in which we show compactness with respect to the
notion of I'-convergence and integral representation of the I'-limit. Then, a stochastic part in which we
state that there exists an event of probability 1 such that all subsequences converge to the same I'-limit.
The main results will be proved in Sections [4] and [5} Finally, in Appendix [A] we collect some auxiliary
results used in Sections [4]

2. NOTATION

We introduce basic notation. Let n € N. Given € R™ we denote by |z| its Euclidean norm. For
every z,y € R™ z -y denotes the standard inner product on R™ between x and y. For A, B C R™ and
A € R, we define

A+B:={zeR":z=x2+y, xz€ A and y€ B}
and
M:={zeR":z= Xz, z € A}.
By A\ B we denote the difference between the two sets A and B. With AAB we denote their symmetric

difference. We write A CC B if A C B, where A is the closure of A. By S"~! = {z ¢ R" : |z| = 1} we
denote the unit sphere in R™. Then, we define its subsets

S171 ={z e st 4+ Ti(z) > 0},

where i(x) is the largest index in {1,...,n} such that x;) # 0. Notice that st =§n-ty Si‘l.
Given z € R™ and p > 0 we indicate with Q,(z) the open cube, with center in x and side length p,
oriented according to the canonical orthonormal basis {ey, ..., e, }, that is
Qp(z) == {Z/ €R™: max |y, —x] < B}-
i=1,...,n 2
If z = 0 and p = 1 we will write Q instead of Q1(0). For v € S"~! we fix an orthogonal matrix R, such
that R, (e,) = v and satisfying the following properties:

e the restrictions of the function v — R, to the sets §7~1 are continuous,
e R_,Q=R,Q for every v € S"! and for every cube @ with center in zero,
e R, € O(n) NQ™ ™" for every v € S 1 N Q™.
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An example of such a map v — R, satisfying these assumptions is provided in [0, Example A.1 and
Remark A.2]. For every v € S 1 NQ" we denote with M, the smallest integer, larger than 2, such that
M, R, belongs to Z"*".

Then, we denote by QZ(Z‘) the n dimensional open cube, with center in x and side length p, oriented
according to the orthonormal basis {R,(e1), ..., v}, that is

Qy(x) = R,Qp(0) + . (2.1)

Similarly, with @/, we indicate the (n — 1)-dimensional open cube, with center in 0 and side length p.
In this case, we will omit the subscript p if p = 1. For every € R” and v € S"~! we indicate with I1”
the hyperplane passing through x and orthogonal to v, i.e.,

I :={yeR": (y—x)-v =0}

If z = 0 we will just write II” instead of II§. We proceed with further notation for sets and measures:

(a) By A we denote the family of all open, bounded subsets of R™, and by .A; the family of all open,
bounded subsets of R” with C! boundary.

(b) By £F and H* we indicate, respectively, the k-dimensional Lebesgue and Hausdorff measure.

(c) Given a topological space X, we indicate with B(X) its Borel o-algebra. We denote with B"
the Borel o-algebra of R and with B(S"~!) the Borel o-algebra of S"~*.

(d) Given n measurable spaces (X1,%1), ..., (X, X,), we denote with 31 ® ... ® 3, the product
o-algebra on X7 X ... x X,,.

We denote with BV (A;{—1,1}) the set of all the functions u € L'(A) having bounded variation and
such that u(z) € {—1,1} for L™-a.e z € A. For every u € BV (A4;{-1,1}), we indicate by .J,, the set of
its approximate jump points, see [3] for the definition.

3. SETTING OF THE PROBLEM AND MAIN RESULTS

In this section we introduce the setting and we present the main results.

3.1. Setting in deterministic environments and preliminary results. Let W: R — [0,00) be a
double well potential such that

(W1) W is continuous,

(W2) W=H(0) = {-1,1},
(W3) W(s) > (|s| — 1) for every s € R,
(Wy) There exists a ¢g > 1 such that W(s) < cgW(t) + ¢o for every ¢t € R and every s € R with

|s| < [t].

One example for W satisfying (W;)—(Wy) is W(s) = (s? — 1)2. We point out that conditions (W3) and
(W4) are additional technical assumptions needed for Theorem below, see also the I'-convergence
result [T} Theorem 1.3].

We recall here a direct consequence of [II, Proposition 3.9] and [1I, Theorem 1.2] and adapt them
according to our notation.

Theorem 3.1. Assume that W satisfies (W1)—(W3) and let R be an open rectangle having all sides of at
least length 1. Then, there exists a constant ¢* > 0, independent of R, such that for every —oo < ¢ < %
and for every u € W22(R) it holds

/ W (u) — q|Vul* + |VZu|? dz > 0.
R
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Theorem 3.2. Let A € Ay and assume that W satisfies (W1)—(W3). Then there exists a constant
q* >0, independent of A, such that for every —oo < q < L there exists ¢9 = 0(A, q) such that

q52/ |Vu|?> dz < / W(u)dz + 54/ |V2u)? dz
A A A
for every € € (0,g9) and u € W?2(A).

Let ¢* such that Theorem ﬂ and Theorem hold. Let 0 < ¢ < %. Let 0 < ¢1 < ¢ and
F = F(W,c1,¢2,q) be the family of functions f: R™ x R x R™ x R™*"™ — R satisfying the following
hypotheses:

(f1) (measurability) f is Borel measurable on R™ x R x R™ x R™*",

(f2) (lower bound) for every z € R", v € R, £ € R", and ¢ € R™*™ it holds

1 (W(u) = qlél” + 1¢1°) < f(z,u,&,0),
(f3) (upper bound) for every x € R™, u € R, £ € R", and ¢ € R"*™ it holds

Fla,u,6,Q) < eo(W(u) + gl + [¢)-
Consider a collection of functions (f:).>o in F and the corresponding functionals &.: L (R") x A — R
defined as
L[, fe(z,u,eVu,e?V3u)da  if u), € W22(A)

] (3.1)
+00 otherwise.

SE<’U,, A) = {
Given ¢ > 0, let us denote by M*: L2 (R™) x A — R two functionals of the type introduced in [I1],
€ loc
namely MZ are defined as
W (u .
M (u, A) = {fA ) 4 ge|Vul? + 3| V2ul2dz i u, € W22(A)

+00 otherwise.

(3.2)

In [I1, Theorem 1.3] it has been proved that, for every A € Aj;, the functionals MZ(-, A) I-converge,
with respect to the strong L?(A) topology, to the surface functional

N, NA) if u, € BV(A;j{-1,1
ME(u,A) =47 (JurA) 1w, € BV(A:{=1,1}) (3.3)
400 otherwise,
where o is the surface tension defined in [T1} (1.4)] (my in the authors’ notation) i.e.,
oF = inf {Mgt(u, Q1(0): e € (0,1], ue D}, (3.4)
with
2.2 /mm 1 1
D:= {uGVVIOC(R ), u=1 near Ten =g, u = —1 near Ten =3,
w(z+e;) =u(x) forall z e R"”, i=1,..,n— 1}.
Here with “u = 1 near = - e, = %” and “u = —1 near x - ¢, = f%” we mean that there exists a
neighborhood N, of {z € Q1(0): z - e, = 1} and a neighborhood N_ of {z € Q1(0): z - e, = —3
such that u(z) =1 for every x € Ny and u(z) = —1 for every € N_. In general, given a set U, with

“u = u near U” we will always intend that there exists a neighborhood N of U such that « = u on N.
We point out that the infimum problem (3.4)) is taken also over 0 < e < 1 and not only over a space of
functions. Notice that by virtue of (f2)—(f3) it holds

aMZ (u, A) < E(u, A) < caMT (u, A). (3.5)
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Thus it is natural to expect that M_ and M7 play a role in the analysis of the asymptotic behavior of
.. If e = 1, we will write & instead of & and M* instead of M. Let 7 € C?(R) be such that 7(t) = 1
if t > % and n(t) = —1if t < —%. For every y € R" we define u}; _(y) := n(@) We point out,
for arguments that will be used in the following, that u; _ is constant along all directions orthogonal to
v. To simplify the notation, if € =1 we write u; instead of uy ;. For every x € R" and v € St we

consider the oriented piecewise constant function @Y : R™ — {—1,1} defined as
. lif(y—2z)-v>0
uy (y) = . ( ) (3.6)
-1lif (y—=x)-v<0.

Notice that the function uy . can be seen as regularizations of the jump function ;. We highlight to
the reader that, frequently in the literature, the notation for u% and w; are inverted. The choice of
switching these two notations is motivated by the fact that we use the regularizations of more
frequently than the function itself.

Given A € A and u € W?2(A), we define

S(u, A) := {u € W*?(A): u=1u near dA}.
Furthermore, for every ¢ >0, A € A, and u € W?2(A) we define the infimum problem
me,_ (u, A) == inf{& (u, A): u € S(u, A)}, (3.7
and the following two densities:

me, (uy o, Qb ()

f'(z,v) := lim sup lim inf (3.8)
p—0 e—0 pn7
and
ul QY (x
f"(x,v) := limsup lim sup G )) (3.9)

p—0 e—0 pn1
Now, we proceed by reviewing the results in [I1] and highlighting the properties needed for the next
sections. Let A € A be such that A = A’ x I, with A’ C R"! open and bounded, and I be an open
bounded interval. Let R, € O(n) as in Section [2| and let 4, = R, A. Let ./\/lgi be as in . By
applying Fubini’s theorem and a change of variable we get

Mo A< [ wao) e @ s < [ ] o) e o aa

(3.10)
Notice that, by virtue of (WW3), the inner integral on the right hand-side of the last equation is finite.
Hence, by setting

_/W )+ alne) |2 + " (6 dt < oo (3.11)

we get
ME(uf o, A) < CpLm (A (3.12)

For every v € S"~! consider the orthonormal basis €], ..., v, where €} := R, e; for every i € {1,....,n—1}.
For every x € R™ and p > € > 0 consider the infimum problem

e (0 o, Q) 1= inf {ME (u, Q) () w € Dl ., Q) }, (3.13)
where

D(uy ., Q) (x)) = {u e W2AR"), u=u’_ near (y —z)-v= g and near (y —z)-v=—

loc T,

[N

u(z + pe;) = u(z) forall z € R", i=1,..,n— 1}.
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We point out that D(ug ., Q7(0)) = D if v = e, and € < 1. In the next Remark we state that (3.4) can
be viewed also as limit of the infimum problems defined in (3.13)).

Remark 3.3. Let o™ and o~ be the infima defined in (3.4)) respectively for MF and M_. Then for
every x € R", v € S*™1, and p > 0 it holds

limn 7 (., Q4 () = " (3.14)

The proof is based on the idea that uy, . coincides with @y, in a neighborhood of {y € Q) (v) : (y — ) -v =
+£} if e < p. In particular, with [I1, Remark 4.3], in (3.4) one can replace Q1(0) with general cubes
of side length equal to 1. Then, with a change of variable one can show that, for every ¢ < p, all
u. € D(uy ., Qy(x)), up to a rescaling by p, are admissible for the infimum problem (3.4) on rotated
cubes and that they satisfy
Uipn_l S M?(Usa QZ(‘T))u

and thus

+ n—1 CE ~ v v

orp" " <liminfm e (ug ., Q) ().

In order to obtain the other desired inequality, i.e.,

lim sup m (= (uy, ., Q) (7)) < oL,
e—0 N ’
the strategy is to apply [11, Proof of Theorem 1.3, Substep 2A] getting in this way a recovery sequence
(uc)e for @y on Q) (x) such that, for every e small enough, u. is admissible for the infimum problem

B.13).

3.2. Compactness and integral representation. In this subsection, we give our main result on the
compactness (with respect to I'-convergence) for functionals of type and the integral representation
of their limit. Subsequently we also state the main properties of the limit densities: in particular, they
coincide with f’ and f” along the I'-converging subsequence, and they are bounded from above and
from below by two quantities depending only on ¢y, ¢o, n, and q.

Theorem 3.4 (Compactness and integral representation). Let (€:)e be as in (3.1). Then, there exists
a subsequence (E.,); of (E): and a functional Ey(-, A) such that E. (-, A) T'-converges to Ey(-, A) with
respect to the strong L?(A) topology, for every A € Ay. Moreover, for every u € L% (R™) and A € A,
&o is given by

+u- nl(g) g BV(A;{-1,1
Eolu, A) = fJ“nA fo(z,u™,u™,v,) dH (x) if U"AEI V(4;{-1,1}) (3.15)
400 otherwise,
with fo: R™ x {=1,1} x {=1,1} x S"1 — [0,00) defined by
1
fo(z, 1, —1,v) = limsup ——meg, (w,, Q) (z)) (3.16)
p—0 Pn
and
1
fo(z, =1,1,v) = limsup ——meg, (—u, Q, (7)), (3.17)
p—0 P"

for every x € R™ and v € S*1, where
me, (U, A) := inf{E(u, A): u € BV(A;{—1,1}) and v =71 near 0A} (3.18)
for Ae Aandwe BV(A;{-1,1}).
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Remark 3.5. It can be shown that fo(x,1,—1,v) = fo(xz,—1,1,—v), for every x € R™ and for every
v € S* L. Hence, in order to uniquely determine fo, it is sufficient to study the dependence on x and
v of fo(z,1,—1,v). For this reason, only with the purpose of simplifying the notation, in the following
we assume fo(x,v) = folx,—1,1,v) = fo(x,1,—1,v). This is the case for example when f. satisfy

fa($,U7§aC) = fé‘(x7_ua _57_<> fOT' every € > 0.

Proposition 3.6 (Properties of fy). Let (&) be as in (3.1) and let (g;); and fo be as in Theorem
under the assumption of Remark . Let f' and f" be defined as in (3.8)) and (3.9), with € replaced by
€j, let ot be as in ([3.4). Then, fy is Borel measurable and, for every x € R™ and v € S, it holds

f'@v) = f"(z,v) = folz,v) (3.19)
and
cro” < fo(z,v) < cao™, (3.20)

Let us assume that f. has the form f.(z,u,&,¢) = f(£,u,&,¢), for some f € F. Then further
information can be added to the previous results. In particular, if a certain limit exists and does not
depend on z (see ), then actually the I'-limit exists, i.e., there exists a unique limit density which
does not depend on the extracted I'-converging subsequence of energies. In Theorem below, we
show that this assumption is always verified if f is stationary in the sense of Definition[3.9] Specifically,
we have the following.

Theorem 3.7 (Deterministic homogenization). Let f € F and let mg(u,, Q% (rx)) be as in (3.7) with
e=1,u=u% and A= Q%,(rx). Assume that for every x € R", v € S"~! the limit
: me ’U’Zm?Qza: rx
fhom (¥) := lim ( — (rz))
r—00 T
exists and is independent of x. Then, under the assumption of Remark for every A € Ay the

Junctionals E. defined in (3.1)) with f.(x,u,§, () = f(£,u,§,(), ['-converge, with respect to the strong
L2(A) topology, to the functional Enom: LE (R™) x A — [0,00] given by

loc

f]uﬂA fhom(yu(x)) danil(x) U4 € BV(A’ {717 1})7
+00 otherwise.

, (3.21)

Enom (u, A) = { (3.22)

Proof. The proof follows the same lines of the one in [26], Theorem 3.3] (see also [9, Theorem 3.8]). Let
f', 7 asin (3.8)) and (3.9)) respectively. By virtue of Theorem Proposition and the Urysohn’s
lemma [I6, Proposition 8.3], it is sufficient to show

Jhom (V) = f(z,v) = f'(z,v), (3.23)
for every z € R™ and v € S, Let z € R", v € S"~" and p > & > 0 be fixed. Given u € S(u¥ ., Q%(x)),
we can define u, : QZ/E(x/e) — R as u:(y) := u(ey). Clearly, u. € S(uY, Z/E(Js/a)). With a change of
variable we get

E(u, Qp(z)) = 5”*1/ f(y, ue, Vue, VZu,) dy.
Q¥ (/)

Hence, by setting r := £ we obtain

n—1
me. (uf o, Q@) = Eme (ul ) Qe p)).

Passing to the limit as € — 0 (i.e., r — 00), and using (3.21)) with = /p instead of z, the thesis follows. O
Theorem and Proposition [3.6] are proved in Section
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3.3. Setting in random environments and stochastic homogenization. We now move to a prob-
abilistic setting. Here and in the following, we denote with (Q2,Z,P) a complete probability space. We
consider a family of functions (f:)es0, with fo: @ x R” X R x R”™ x R"*" — R defined as

folw,wu,€.0) = £, 2 u.6,€)),

for some function f: Q x R” x R x R® x R™"*"™ — R satisfying

(F1) fisZ x B™ x B x B™ x B™"*™ measurable,
(F3) for every w € Q, f(w,-,,-,) € F.
In particular, we call a function f satisfying these properties a random density. The previously mentioned

concepts of stationarity and ergodicity for random densities are defined using groups of P-preserving
transformations, as we will explain in the following definitions.

Definition 3.8. (Group of P-preserving transformations) An n-dimensional group of P-preserving trans-
formations on (,Z,P) is a family (7.).eczn (resp. (7).crn) of transformations 7,: Q — Q satisfying
the following properties:

(11) (measurability) 7, is Z-measurable for every z € Z™ (resp. for every z € R"),
(12) (group property) (7;).czn (resp. (72).crn) is a group with respect to the composition operation,
stable with the sum in R", that is 7, o 7, = 7y 0 T, = Ty, for every x,y € Z™ (resp. for every
z,y € R"), and 79: Q — Q is the identity,
(13) (invariance) (7;).czn (resp. (7.).ern) preserves probability, that is P(7.(E)) = P(F) for every
z € 7" (resp. for every z € R™) and for every E € 7.
In addition, if it also holds that
(1a) given E € Z, P(EAT,(E)) = 0 for every z € Z™ (resp. for every z € R™) implies P(E) = 0 or
P(E) =1,
we say that (7,),ezn (resp. (72).crn) is ergodic.

We emphasize that (74) will be needed only to show that the homogenized I'-limit is deterministic
whereas all other results in this paper hold also without this property.

Definition 3.9. (Stationarity) We say that a random density f is stationary with respect to a (n-
dimensional) group of P-preserving transformations (7. ).ez» (resp. (7;).ern) on (Q,Z,P) if

f(TZw7:E7u7 E’ C) = f(w7x + Z7u7§7 C)’
forevery w e Q, x e R", u € R, £ € R", ( € R"*™, and z € Z" (resp. z € R™).

Let f be a random density and let £.: Q x L2 (R™) x A — R be the corresponding energies defined
by

) e

%IA f<w Z U,EVU,SQV%) dz if uj, € W22(A)

Ew)(u, A) = { (3.24)

+o00 otherwise.

If ¢ = 1 we again write £ instead of & . For every w € Q, A € A, and u € W22(A), we consider the
stochastic infimum problem defined as

me)(w, A) = inf{€[w](u, A): u € S(u, A)}. (3.25)

Notice that (3.25) is obtained from (3.7)) by replacing & with £[w]. The following theorem on existence
of limits of asymptotic cell formulas will be used in the statement of the stochastic homogenization
result.
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Theorem 3.10 (Homogenization formula). Let f be a stationary random density with respect to a group
{72 }zezn (resp. {72} .ern ) of P-preserving transformations on (Q,Z,P), and let (E:): be the correspond-
ing random energies defined according to , In addition, for everyw € Q let mg,) be as in Definition
. Then, there exists an event ' € T, with P(Q) = 1, and a function from: @ xS"~1 — [0, 00], inde-
pendent of x, such that for every w € Q', x € R, v € S*~ and for every function r: (0,00) — (0, 0),
with r(t) >t for every t > 0, it holds

megw (U;’I, QZ(t) (tx))

from(w,v) = lim R (3.26)
Moreover, if (7.).czn (resp. (T2).crr) is ergodic, then fuom does not depend on w, and we have
1 v v
from(v) = lim T /Q mefw) (g, Q) (0)) dP(w). (3.27)

We now come to the main statement.

Theorem 3.11 (Stochastic homogenization). Let f be a stationary random density with respect to a
group (72)zezn (resp. (7)zcrn) of P-preserving transformations on (Q,Z,P). Let &. be as in (3.24), let
O e (with P(Y) = 1), from as in Theorem and let Epom: 2 x L _(R™) x A — [0,00] be the
surface functional defined by

om\%) Pu d n-l € BV A; —1,1 s
Enomw] (u, A) = Jruna from (@, vul@)) AW () w, € BV (A{-1,1}) (3.28)
+00 otherwise
for w e Q and A € A. Then, under the assumption of Remark [3.5,
E-w](-, A) T-converge to Enom|w](-, A)  with respect to the strong L*(A) topology, (3.29)

for every w € Q' and every A € Ay. Furthermore, if (7,).ezn (resp. (72)zcrn) is ergodic, then Enom is
a deterministic functional, i.e. it does not depend on w.

The results in this subsection are proved in Section

4. I'-CONVERGENCE

For convenience of the reader, we divide this section in two parts. The first subsection is devoted
to the statement and the proof of the fundamental estimate (Proposition and its application to
Theorem [3.4] In the second subsection, we study and characterize the surface integrand of the I'-limit,
establishing its relationship with the original densities (f:)c. Finally we prove Proposition

4.1. T'-convergence and integral representation. We start this subsection by proving a fundamen-
tal estimate for (€;).. Fundamental estimates have been proved to be standard tools in the field of
homogenization. For instance, together with abstract I'-convergence compactness results, they ensure
the existence of I'-converging subsequences independent of the chosen subdomain. We refer to the proof
of Theorem [3.4] for further details.

In the following, for every u € L (R") and A € A, we set

loc

E(u, A) :=T —lim inf E-(u, A) and & (u, A) :=T — limsup & (u, A), (4.1)
e—

e—0

meant with respect to the strong L?(A) topology. We notice that, because of (3.5) and [L1, Theorem
1.3], for every A € A; it holds

My (u, A) < E(u, A) < & (u, A) < coM{ (u, A), (4.2)
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where M are the functionals defined in (3.3). Finally, we recall that given a set function F: A — R*,
its inner regular envelope, denoted by F'_, is defined as

F_(A):=sup{F(U): U CC A, Ue A},

for every A € A. Before proceeding with the fundamental estimate, we make a remark on [I1, Theorem
1.2].

Remark 4.1. Let A’ € Ay. Because of [I1}, Theorem 1.2] there exists an £o(A’,q) such that
MZ (u, A') >0 for every u € L (R™) whenever 0 < & < g9(4’,q).

In this remark we want to show that, for a certain family of sets, g can be chosen uniformly. More
precisely, there exists a family of sets (Os)se(0,5,) C A1, with dg > 0, such that Os, CC Os, CC A’ if
01 < 02, and an € € (0,e9(A’,q)) such that

5 i(%f;; )./\/la_(u, Os) >0 for every u € L (R™) whenever 0 < ¢ < &. (4.3)
€(0,00

Sets of the type Os will be used as intermediate sets for the proof of Proposition[4.3 as they will guarantee
the possibility to take only one € small enough making the energy positive on all the sets involved in the
proof.

For every x € A" and r > 0, let us denote with C,.(x) the right circular cylinder centered at x and with
height 2r, radius r and axis parallel to voar(x). As given by [11, Section 3.2], eo(q, A") coincides with
some £ small enough to have

2
C.(x)NOA" is the graph of a C-function defined on the basis of the cylinder,

and

sup H' 1 {e €S € Tou(y), y € Crlz)NIA'}) <,
TEQA’

where n > 0 depends only on q and n, and Ty (y) denotes the tangent space to OA" iny € OA’.
Let us fit O cC A’ with O open, bounded and with C?-boundary. For every 6 > 0 we define

Os := {x € O: dist(x,00) > ¢}.

Notice that the sets Os approzimate O, as & becomes smaller and smaller, in the sense of [19, Theorem
4.1] and |23, Proposition 3, (12)-(13) and Lemma 2] (see also [I8, Theorem 16.25.2]). In particular, we
notice that there exists a 69 = do(O) > 0 small enough such that, for every § < &y, it holds Os € Ay and
Toos(x — dvso(x)) = Too(x) for every x € 00. In addition, up to taking 5o > 0 even smaller but still
depending on O, we can find an 0 <T =T(q,0) < r depending only on q and O, such that

Cr(x) N O0; is the graph of a C*-function defined on the basis of the cylinder, for every § € (0,8),

and

bgg Hn_l({§ € Sn_l: § € Taoa (y)7 Yy e 07(.13) N 806}) <n.
rEe 5
In particular, by setting € = & we have [4.3). Similarly, if A € Ay with A CC A’ and dist(A,R"\ A’) =

d > 0, it holds

z
M (u, A"\ A) >0 for every u € L (R™) whenever 0 < & < min {50(A, q),e0(A’,q), g} (4.4)

Proposition 4.2 (Fundamental estimate). Let (€). be as in (3.1)). Let A, A’ € Ay with A cC A'.
Let B € Ay be such that A’\ A C B. Let S := A’\ A and let (uc). C W*2(A4’) and (v.). C W?2(B).
Then there exists a eg > 0, depending on q, A, A" and B, and functions w. € W*2(A U B), such that
for every e < gq it holds

. . —
we =ue a.ein A, w. =ve a.ein B\ A,
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and
E(we, AUB) < E(ue, A') + E(ve, B) + we(ue,v., A, A, (4.5)

where w.: (L (R™))? x A3 — [0,00) satisfies, for every measurable set S C S such that u. = v on S,
we (e, v, A, A') < CL(S\ §) + c/ e — 0Pde o+ Ce(MZ (us, §) + MZ (0, S), (46)
S\

for some constant C = C(cy,c2, W, q) > 0, and
gi_r)r(l)ws(us,vs, A AN =0, (4.7)

whenever sup, E: (ue, S) + E-(ve, S) < oo and u. — v converges to zero in L*(S).

Proof. Step 1: Let A, A", B € A; and (u.)e, (vc)e be as in the statement. In this step we show a
preliminary inequality. Let e > 0 and O be open, bounded, with C? boundary and such that A CC
O cC A Let d = dist(A;R™"\ O) and N, = [2¢7!|. Let us define intermediate sets O, ..., On.+1 € A;
with

ACCO;CC..CCOpn.41CCOCCA,
and such that O, := Os,, for some J; € (0,dp) where

Os, = {z € O: dist(z,00) > §;},

and dp = 69(O) is the parameter defined in Remark Notice that for every i € {1,..., N. + 1}, we
have O; N B € A;. Furthermore, up to assuming without loss of generality dy < d, we choose (0O;); to
satisfy also

dist(O;, R" \ O;4+1) > , for every i =1,..., N..

do
N, +2
For each i = 1,..., N, let ¢; be a smooth function with compact support such that ; takes values in
[0,1], s = 1 on Oy, supp ; C Oy 1,

2(N: +2)
= < ——" .
Lew= pax, Vel < ==5 (4.8)
and
N, +2\2
= 20, < ( < ) )
Moo= oy Vel <45 (4.9)

For i = 1,..., N. we define w! € W*2(AU B) by
wl = @i + (1 — @;)ve. (4.10)

Because of (3.5)), [I1, Theorem 1.2] and (4.3)—(4.4) in Remark there exists a g = €o(q, 4, A’, B, 0)
such that for every e € (0,¢¢] it holds

E.(2,U) >0 for every z € W22(U) with U € {A’\ O;, O;NB: i=1,...,N.}. (4.11)
We set S; := O;11 \ O;. Thus, we obtain

E-(wl,AUB) = E.(w!, 0541 U B) = E-(ue, 05) + E(ve, B\ O441) + E-(wt, Sy)

< E(ue, 05) + E(ue, A"\ O;) + E-(ve, B\ Oig1) + E(ve, Oig1 N B) + E-(w?, S;)

= E(ue, A') + E(ve, B) + E-(w, S), (4.12)

where we used (4.11]), the fact that £.(z,-) is an additive set function, and that for every z € VVliC2 (R™)
the integral defining & (z, ) vanishes on sets with zero Lebesgue measure.
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(4.13)

Step 2: In this step we define the functions w. and w. of the statement, and we show We focus
w!|*da.

on studying & (w?, S;). Because of (3.5)) it holds
(we) ge| Vwl|? + &3 v?

Eut ) <o [ S
s; €
|#, and that |p;| < 1, we deduce that there exists a universal
(4.14)

Using the convexity of the function |
constant C' > 0 such that
|Vw! > < O(|V@il?|ue — ve* + |[Vue|* + |Voe|?)
2. (4.15)

[V2wi]? < ClIVZ0i*lue — vel* + Voo (Ve |” + [Vve|?) + [V2ue” + [ V0]

and 4
wil? < 2
Combining (4.8)), (4.9), (4.13), (4.14]) and (4.15), we get that there exists a constant C' = C(q, ¢, ¢2)
such that
(we) dx + CN'ELE/ lue — ve|* da + 55/ |Vaue|* + |V > dz
S
(4.16)

ut, ) < [
s, €
+ 553/ L2 (|Vue|? 4 |Voe|?) + M2 |ue — v|? + [Vuc |2 + V20, dz
Using that (S;); are disjoint and S; C S, we can sum and average in (4.12)) and then apply - In

N, such that
(4.17)

this way, we find that there exists an i* € 1
E(w',AUB) < & (uc, A') + E-(v-, B) + —Zs

g

L2 3
€ )/|Vu5|2—|—|VvE|2dx (4.18)

with
1 , ~rel?  M?Z?e3 ) ~
1 13 13
M;sg(we,si)gc(m = )/|u5—115| d1:+C’(E+ ) L
Ce? w
|V2ug|2 + |V 2 dz + 25 Z:/S 5 (4.19)
4.8) and (4.9)), we get that there exist a constant

TN
— E,
(4.20)

Now, taking ¢ € (0,1) and using that 225 < N,
C = C(q,c1,c¢2,00) > 4 such that
T2 AT2.3 A28
CeLZ C’ Ce <0e CLZze” <g€2 ,CMEE <97 Cey <c
NE_Q N, — N, — 2 N, — 2’ eN. —
)+WE(U€7’U5,A,A),

E.(wl ,AUB) < & (ue, A') + E-(v.,

We (g, ve, A, A" :C[/ [ue —v€|2dx+52/ |Vu|? + |Vo > de
s s

+e /|V2u5|2+|v205|2dx+2/ W(w?)dx
i=17 5

which implies
(4.21)

where

Denoting w. := w! , (&.5) follows.
Step 3: In this step we prove (4.6). Let S C S measurable and such that u. = v. a.e in S. Then it

clearly holds
/ lue — ve|*da = 0.
s



STOCHASTIC HOMOGENIZATION OF SECOND ORDER SINGULAR PERTURBATION MODELS 15

Hence, in view of (4.21)), in order to prove (4.6) we just have to show that there exists a constant C > 0
such that, for € small enough, it holds

Ne
52/ |Vu5\2+\VvE\2dx+e4/ |V2u5|2—|—|V21}5|2dx+Z/ W(w') da
s s = s (4.22)
< CLYS\ S) + Ce(MZ (uz, S) + M (v, S)).

We start by noticing that since u. = v. on S C S and the S; are disjoint and contained in S, we have

Z dx—z W (ue) dx</WuE ) de. (4.23)

SOS 5;nS

We first want to show
/ W(u.) de < CeMC (u., S) (4.24)
s
and
Z ) de < CL"(S\ S) + Ce(M (ue, S) + MZ (v, 5)). (4.25)
S; \s

Because of the convexity of |- |, (Wy), and ¢; € [0, 1], it must hold max{coW (us) + co, coW (ve) +co} >
W (w!). Consequently, we have

W (wh) de < 2¢0L™(S; \ §) + co / (W (ue) + W (v.)) da. (4.26)

Si\S S:\S

By virtue of [II Theorem 1.2], since ¢ < %, there exist a = a(q) € (0,1) and ¢, = €{(¢, 4, 4’) > 0
such that
w
/ QT('Z) — qe|Vz* + 2a|V22|2dz > 0 (4.27)
S

for every e < ¢f, and for every z € W22(S). Then, from ([4.27), it easily follows that, up to taking
g0 < g (from which e < g, follows), it holds

/ W (ue)da < c MZ (ue, S) < CeM (ueg, S) (4.28)
s (I-0a)
and
€ _
Léwwwwmmms“_Mwuwm+M<%>> o
< OE(M;(UE, )JFM (115, ))

for some suitable constant C' = C(q) > 0, where we used (3.2)). Finally, (4.24]) follows from (4.28)) while

(4.25) follows from (4.29)), by summing over ¢ = 1, ...,Ns in (4.26), and recalling that all the S; are
disjoint and contained in S.

Because of (4.27)), it also holds

2
52/|Vu5|2+\Vv€\2dx§7a€ (M= (ue, S) + M (12, S)). (4.30)
s q(1—a)
Similarly, it can be proved
54/|V2u5|2+\V2v5|2dx§ (M (u., S) + M: (v, S)), (4.31)
S (1-a)
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that together with (4.23)-(4.25) and (4.30), implies (4.22]).

Step 4: In this step we prove (4.7). Let (uc)e, (ve)e be as in the statement and let w be their limit in
L?(S). Then we have
lim [ |uc —v|*dx = 0.
j—oo Jg
In addition, because sup,- (& (ue, S) + E:(ve, 5)) < 00, (3.5), (4.30) and (4.31)), we have
lim 52/ |Vuc|? + |Vo | do +€4/ |V2u.|? + |V > dz = 0.
e—0 S S

So, recalling (4.21)), we have just to show that

113(1)2/ W (w?)dz = 0. (4.32)
For every ¢ > 0 consider w.: S — R defined as

@e(z) = wi(z) if € 9; for i € {1,...,N.},
S w(z) otherwise.

Then, clearly w. converges to w in L?(S) as € — 0. Notice that, by virtue of [I1, Theorem 1.1] applied
to the sequence (uc). (which also converges to w), we have that w € BV (S;{—1,1}) and so, because of
(W1) and (Ws), up to subsequences W(w.) — 0 a.e. in S. In addition, using (W,) and arguing like in
the proof , we can show that

/ W(@.) dz < col™(S N {|@.] > 1}) + co/ W) + W(v.) da. (4.33)
Sn{|w.|>1} S

Finally, arguing like in the proof of (4.29)), using (4.33) and the reverse Fatou’s lemma, we have

Ne
limsupZ/ Wi(w!)da < limsup/ W(w.)dz <
Si S

e—0 T e—0
=1

lim sup/ W (w.)dx + Csup(My (us, S) + My (vs,5))limsupe < / limsup W(w.)dz =0
sn{lw.|<1} s

e—0 6>0 e—0 e—0
which implies (4.32]). O
Now, let us provide a definition that will be used in the proof of Theorem [3.4

Definition 4.3. Let P’ be a family of subsets of R™. A subfamily P C P’ is said to be dense in P’ if
for every A, C € P, with A cC C, there exists a B € P such that A c B c C.

Proof of Theorem|[3.4 The proof follows the localization method of I'-convergence.

Step 1: Since L _(R™) has a countable basis and [16, Theorem 8.5, for every A € A;, the family of
functionals (€.(+, A))e admits a T'-converging subsequence which in principle depends on A. Let D; be
a countable dense subset of A;, intended in the sense of Definition [£.3] Indeed, one way to construct
D, is the following: let (Ry)r be an enumeration of all the poly-rectangles with rational vertices. It
can be easily checked that such family is dense in A. Now, for every k € N, we select a sequence
(Ak),, C A; such that A*¥ cC Ry and A% © Ry as n — oo. Then, one can set Dy := (A’]fz)kﬂl' Up
to a diagonal argument, we can find a subsequence (¢;); such that & (-, A) I'-converges with respect
to the strong L?(A) topology for every A € D;. In particular, along the subsequence (g;);, it holds
E(u, A) = Elf(u, A) for every u € L2 (R") and A € D;. Furthermore, we recall that, because of [16]
Proposition 6.8], the functionals £'(-, A) and £” (-, A) are lower semicontinuous with respect to the strong
L?(A) topology for every A € A. Combining this with Lemma in the appendix and [16, Theorem
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15.18 (b) and (e)], we get that the inner regular envelopes of & and &J coincide on L2 (R™) x A;.
Thus, we define a functional & : L _(R") x A; — [0, 00] by setting it to be equal to the inner regular

envelope of & : L2 (R") x A; — [0, 00] i.e.

loc

Eo(u, A) == sup{&(u,U): U € Ay and U CC A} for every u € L (R") and A € A;. (4.34)

loc

Step 2: In this step we consider &) and &} evaluated only along the sequence (¢;); of Step 1. Because
of Step 1 and Lemma we have & (u,U) < & (u,U) < & (u,U) for every u € L2 _(R") and

loc
U € A;. So to prove that & (-, U) T'-converges to & (-, U) for every U € Ay, it is sufficient to prove that
Eo(u,U) > & (u,U) for every U € A;. Notice that, by virtue of (3.3)) and (4.2)), and since Mg is inner

regular, it holds & (u,U) > cx My (u,U) = oo if u ¢ BV (U;{—1,1}). Hence, we only have to prove
Eo(u,U) > & (u,U) if u € BV(U;{-1,1}). (4.35)

Let A, A/, B€ A;, AcC A" and A’ \ A C B. Notice that using Lemma the fundamental estimate
in Proposition (4.2), and arguing like in the proof of [16], Proposition 18.3] we can show
El(u, AU B) < &f(u, A') + caM{ (u, B). (4.36)
Indeed, let (uj); € W22(A’) and (v;); € W%(B) such that u; — w in L?(A’), v; — u in L*(B),
lim & (uj, A') = & (u, A’) and  lim M7 (v;, B) = M{ (u, B).
j—oo j—o0 7
Thanks to (4.5, (4.7) in Proposition and (f2), up to taking ¢; smaller than some €y, depending on
A, A" and B, we can construct a sequence of functions (w;); C W22(AU B) such that w; converges to
win L?(AU B) as j — oo,
limsup &, (w;, AUB) < lim & (uj, A) 4 ¢ lim ./\/l; (vj, B) = &/ (u, A') + coM (u, B),  (4.37)
j—oo j—oo j—roo
and
& (u, AU B) < limsup &, (w;, AU B).
Jj—o0
The last equation combined with (4.37)) gives (4.36).
Let U € Ay, u € BV(U;{-1,1}), § > 0 and K be a compact set such that M (u,U \ K) < §. Let us
choose A, A’ € Ay such that K CC A CcC A’ CC U. Thus, by setting B := U \ K, we get from (4.306))

EJ(u, U) < &Y (u, A') + caM (u, U\ K) < E(u,U) + 20, (4.38)

where we used that A’ CC U and the fact that & coincides with the inner regular envelope of £; on
Aj;. By sending 6 — 0 in , follows.

Step 8: In the previous steps, we proved that there exists a subsequence (¢;); such that & (-, A) I'-
converges to a functional £y(+, A) with respect to the strong L?(A) topology, for every A € A;. In this
step we want to show that & admits an integral representation and that the limit integrand is given
by and . To this purpose it is sufficient to show that the hypotheses of the representation
theorem [0, Theorem 3] hold.

We point out that in [0, Theorem 3] the domain of the energies is a space of functions defined on a
fixed open and bounded set. However, one can easily generalize the authors’ result to energies defined
on Li _(R") x A. For every u € L% (R") we extend &y(u,-) to the whole A by setting

loc loc

Eo(u, A) :==sup{&(u,U) : U € A; and U CC A} for every A € A. (4.39)
Then, for every A € A we extend & (-, A) to Ll (R™) by taking

loc

o if ue LL (R™)\ L3 (R") and A # 0,

loc loc

0 ifuelLl (R")\ L. (R") and A =0.

loc loc

50(“7 A) = {

We do the same for M(? We claim that & satisfies the assumptions of [6] Theorem 3], i.e.,
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i) FH NI NA) < E(u, A) < CHH(J, N A), for some C > 1, for every A € A and u €
BV(A;{-1,1});
1) Eo(u, A) = & (v, A) whenever u =v L™-a.e. on A € A,
uz) Eo(+, A) is lower semicontinuous with respect to the strong L'(A) topology;
iv) &o(u,-) is the restriction to A of a Radon measure.

ﬁ>:>

Property ) is a consequence of (4.2)), -7 and the fact that MO are inner regular. We notice that
property i) follows using LemmalA.4] [T6] Remark 15.25] and arguing like in the proof of [16], Proposition
16.15]). Because of [16] Proposition 6.8], [16l Remark 15.10], and the fact that the supremum of lower
semicontinuous functions is still lower semicontinuous, we have that for every A € A the function
u € L*(A) — &y(u, A) is lower semicontinuous with respect to the strong L?(A) topology. Combining
this with (4.2)), which implies that (u, A) < oo if and only if u € BV (4;{—1,1}), iii) follows. Indeed
on L™ functions defined on bounded domains, the notion of L' convergence and L? convergence coincide.
Thus we are left with proving iv). Notice that, by construction, & defines an increasing set function. In
addition, from [16, Remark 15.10]), and the density of A; in A, it follows that & is also inner regular.
Arguing like in Lemma below, and using the additivity of &, it can be shown that the set function
&o(u, ) is superadditive on Ay, and thus, with a density argument, on the whole A.

We are left to prove that &(u,-) is a subadditive set function for every u € L (R"). Indeed, by
combining this and the previous properties with the De Giorgi-Letta criterium [16, Theorem 14.23], we
will get that &y(u, -) is the restriction to A of a Borel measure and so iv) holds.

Let U, V € A. Because of (£.2)), we can restrict the proof to the case u € BV(U UV;{—1,1}). Let
O, A A Ce A withOcc Acc A cc U and C cC V. We choose C also in such a way that
H" 1 (J,NOC) =0. Let B € Ay, such that (A’ \ A)uC cC B cc (U\O)UV. Since & I-converges
to & on sets in Aj, there exist sequences (u:). C W22(A’) and (v.). € W22(B) such that u. — u in
L?(A"), ve — uin L?(B),

gi_r}(l) E(ue, A" = Ey(u, A"), and il_I)I(l) & (ve, B) = & (u, B). (4.40)
At the end of the proof we will show that
Eo(u, B) = & (u, B\ C) + & (u, C). (4.41)
With this, by applying Proposition , and , we get
Eo(u, AU B) <& (u, A') + E(u, B) = Ey(u, A) + Eo(u, B\ C) + Eo(u, C)
<& (u, A") + oM (u, (U\ O)U (V' \ C)) + & (u, C).

By sending O 1 U, C 1V, using [16, Lemma 14.20] and the inner regularity of & (u, ), we get Ey(u, U U
V) <&(u,U) + & (u, V) and so the subadditivity of & (u, -).
Thus, we are left with showing (4.41)). We start by observing that

50(U,B\(90):go(u,B\6)+50(u,C) (443)

(4.42)

In fact, one inequality follows from the superadditivity of Eo(u,-). The other inequality is a consequence
of the following argument. Let W CC B\ C, with W € A;. Let (u.). be a recovery sequence for u on
W and (v.). be a recovery sequence for u on C. We define w. € W22(W U C) as

~ _Ju(z) if xeW
(@) = {175(96) if xeC.

Then, from & (w., WUC) = E (e, W) + E:(ve, C) we obtain, by sending e — 0, using that WUC € A,
and that & (u,-) is an increasing set function,

50(U, wWu C) < €o(u, W) + go(U,C) < go(U,B \6) +50(U,C)
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By sending W 1 B\ C, using the inner regularity of &y(u,-) and [16, Lemma 14.20], (4.43) follows.
Thus, in order to obtain (4.41)), it is sufficient to show that
50 (u, B \ 80) = 50 (’U,, B) (444)

To this end, let D CC E CC E' CC B\ dC, with D, E, E' € A;. We notice that E' \ E C B\ D.
Applying Proposition on the sets £, E' and B\ D (in place of A, A’ and B respectively), , and
using standard arguments involving recovery sequences for u combined with fact that H"~!(J,NAC) = 0,
one can prove

50(“73 \ aC) < gO(“vB) = 50(U,EU (B\E)) < gO(UaE/) + EO(U’B \b)
< &(u, B\ 9C) + coM{ (u, B\ D)
= &(u, B\ 0C) + oM (u, (B \ 0C) \ D),

Then by arbitrariness of D CC B\ 0C we obtain (4.44)).
d

4.2. Properties and identification of the I'-limit. This subsection is dedicated to the study of the
limit density fy and to the proof of Proposition [3.6)
For p, 6, e > 0 with p > § > 2¢ we set
me, (uy o, Qp(x)) = nf{€(u, Q) (2)): u € S (uy ., Q) (2))},
where
S .. Qp(@)) = {u € WA(Q (@) u= . on Q(2)\ @, _s(x)}.

Then, for every x € R® and S*!, we define

/ I s ) v v 1 s 1) v v
folz,v) = ér;% lugn_gﬁ me_(uy ., Qp () = ;1_{% hlgn_glf me_(uy ., Qp(z)), (4.45)
and
"(z,v) := inf limsupm?_(u% _, Q% (x)) = lim limsupml (u” _, Q%(z)). (4.46)
P ’ 5>0 o0 5 x,E) P 50 o0 e z,e? v p

Proposition 4.4. Let f,, f; as in (4.45) and (4.46) respectively. Then the following holds:

(i) The restrictions of f,, f, to the sets R™ x Sifl and R x S*~ ' are upper semicontinuous.
(i) For every x € R™ and v € S"~ 1, the functions p — fo(z,v) — c2Cpp™~ ! and p — [ (z,v) —
CQC'np"_1 are not increasing on (0,00), where Cy, is the positive constant defined in (3.11)).
(iii) For every x € R™ and v € S"~ we have

1
Pia) =timsup L (2. (147
p
and
f(x,v) = 1imjé1p = £ (z,v). (4.48)
p

Proof. The proof is an adaptation of the one in [26] Lemma 6.1] up to some modifications. These
modifications are mostly due to the fact that the statement of our fundamental estimate requires the
sets to have C''-boundaries. As a matter of fact, the only information regarding the explicit form of
the energies that the author makes use of are the fundamental estimate and an analogue version of
(8.12). We give a sketch of the proof only for (i) and for f}, since (ii)—(iii) can be obtained following
exactly the one of [26, Lemma 6.1 (ii)—(iii)] up to replace [26, (2.10)] with (3.12). Let p > 0 and let
(xj,v;) CR™x S~ be a sequence converging to (z,v) € R™ x §*~1. We claim that

lim sup f;(xj, vj) < f;(x, v). (4.49)

j—o0
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Let v > 0. Up to passing to a subsequence (not relabeled) we can assume that the liminf in (4.45)) is
a limit. Following the same argument of [26 Lemma 6.1 (¢)], which mostly only exploits the continuity

of the restrictions of the map v — R, on S” , we get that for § > 0 sufficiently small there exist a
Jo = jo(6) such that

Q, 55(15) C Q) _s5(x) € Qp_os(2) C Q) 5(x))

for every j > jo, and a sequence (uc). C S (uY, Q}(z)) satisfying

(e Q@) < (Wl Q) +7 < a4 (4.50)

and

ue = ulf . = ufi o on (Q)_o5(x) \ Qy_s5(2)) \ Rej, (4.51)
where

Rey = Ry (@i \ Qposs) X (~hejiheg)) +,
with he j :==e+ |z — x| + @ph/ —vj|. Let U;, U; € Ay such that Qp 55(2j) CCU; CC Q) _o5(z) CC
Uj ccC Q:j_é(:z:j). Fix a j > jo. Now, we can apply Proposition with A, A" € A; such that
QY _35(x) CCU; CCACC A CC QY y5(x) CC U}, B=U\Uj, v: = uggl,g, obtaining, up to taking e
smaller than some g depending on A, A’ and B, functions w, € W2’2(UJ’-) such that

Ee(we,U}) < Eclue, A) + Ec(u o, B) + we(ue, ug? ., A, A)

= gﬁ(uEaQZ(‘/L’)) - EE(UZ,S’QD ) \A ) + g ( z] €7B) + wE(u€7u;§,57A>A/)

< gE(U’E? QZ(-/E)) + CQCU[(p - 25)71 't (p - 36)n 1) + pn—l - (p - 56)n_1)] + wE(uEaU’;ﬁ-,aa AvA/)a
(4.52)

and w, = ug) . on B\A = U;\Z/. In ([4.52)) we also used that —&.(z, A) < —c;t M7 (2, A) < coMT (2, A)
for every A € .A and z € W2(A4). We extend then w. on the whole @, (z;) by setting it equal to uz’c,

in Q7 (z;) \ U As a consequence, w, is admissible for m‘g (uz) , Q) (x;)) and we have, by virtue of

() and @12,

Ee(we, Q () < Ec(we, Uj) + 20y (p" ™" — (p = 56)" 7). (4.53)

Slnce Re; C Qb o5\ Qp 35, We have u. = uy . and |uc —u .| <2 on R.;. In addition, because of

, we have

€

sup Sup(ME(ue,A’ \A) + M (uy, o AT\ A))

J

< sup Sup(M+( uy, o Qp()) + ME(ug, o, Q) () < 2Cyp" ' < C,

J

for some C large enough. Combining this fact with (4.51)) and (4.6) in Proposition with § =
(A"\ A)\ R ;, we get it holds

we (e, ug? o, A, A") < CLY(R. j) + Ce. (4.54)
Notice now that
L(Re ;) < C6p™ 2he. (4.55)

Combining (4.50) and (4.52)—(4.55)) we get
me, (W o, Q (2)) < mE (uy ., Q) () + 7+ c2Cyl(p = 20)" 1 = (p—38)" )
+c2Cp(p™ ™t = (p = 58)"1)) + Cop™2h. ; + Ce,
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and by sending, in this order, ¢ — 0, then § — 0, j — oo, and v — 0, we obtain

limsup f/(x;,v;) < f,(z,v)
Jj—o0

from which (4.49) follows. O

Lemma 4.5 (Equivalence of infimum problems with different boundary conditions). Define for every
reR, veS"tande, p>0, m ez (uy o, Qp(x)) as in (3.7) up to replace & with ME, U with uf
and A with Q}(z). Then, it holds

. v v _ _+ n-—1

;E}% "’n./\/lai (uz,57 Qp(l‘)) =0p . (456)

Proof. Let m .+ (uyy ., Qy(x)) be as in (3.13). Clearly by virtue of Proposition and the properties of
the infimum it holds

otp Tt = glgcl) Mz (U o, Qp (7)) < h?l%lf M (U, Qp (7)) (4.57)

Thus, we have just to show
limsupm & (uy, ., Qp(z)) < otpnt, (4.58)
e—0 N ’

Up to extracting a subsequence (not relabeled) we can assume that the limsup in (4.58) is a limit. Let
6 € (0,1) and A, A", U € A; such that Q(, 5 ,(z) CC A CC A" cC U cC Qj(z) and B :=U \ A.
Thanks to [I1, Theorem 1.3], there exists a recovery sequence (uX). C W22(A’) such that uX — uY in
L?(A’) and

limsup ME(uf, A') < ME (@4, A') < o pn~L. (4.59)

e—0
We now apply Proposition with ¢; M2 and co M7 instead of &, u := v and v := uy ., obtaining,
up to taking e small, functions wE € W*2(U) such that w¥ = u _on U\ A and
we (ue, uy o, A, A')

C v v —v
MZE (W, U) < MZ(uz, A') + f/\/l?(ux,m Q@) \ Q_g),(2)) + . : (4.60)

where we also used (3.5) and that M7, having a nonnegative density, defines an increasing set function.
Now we can extend wF on all Q%(z) by setting it equal to u_ on @Q%(z) \ U. Notice that, since

Qli_s),() CU C Q(x) and because of (3.12)), we have
MZ (wE, Qp(x)) < MZ(wz,U) + Cpp" M (1 = (1= 8)" 7).
By applying again (3.12)), we get from (4.60)

ME(wE, Q@) < ME@E, A) + (2 +1)Cpp" 1 - (1= )" ) +
1

We (Usa u;,sa A, A/)

C1

(4.61)

Finally, notice that wZ is admissible for m e (U o, @y () and that u-—uy . — 0in L?(A"\ A). Passing

to the limit as € — 0 in (4.61]), using (4.7]) in Proposition and (4.59)), we get

limsupm & (uy, ., Q) () < oFpn Tt 4 (C—z + 1)Cnp”_1(1 — (1 =&Y, (4.62)
e—0 N ’ C1
and by letting § — 0 we obtain (4.58]). O

Finally, Proposition follows from the previous results of this section.
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Proof of Proposition[3.6. The proof of relies on standard arguments, for convenience of the reader
we include it in the Appendix (Proposition . The proof of the Borel measurability can be easily
adapted from the one of [26, Proposition 6.2, Step 1] up to take into account Proposition To
conclude we just need to prove . Clearly, because of , it holds

cim g (ug e, Q) < me. (o, Q) < cam s (ug ., Q). (4.63)

Hence, ([3.20) follows by Lemma [4.5| and the definitions in (3.8]) and (3.9). O

5. STOCHASTIC HOMOGENIZATION

This section is devoted to the proof of Theorem [3.10| and Theorem [3.11} We state two lemmas that
will be used in the proof of one of the main results of this section, namely Proposition [5.5

Lemma 5.1. Let f € F, let v € S" !, 2,7 € R, and 7 > r > 4 be such that
: v V(5 s rot (57 TTV r
(1) Q7 o(x) CC Q¥(x) (id) dist(z,I1"(x)) < T
where 11¥(x) is the hyperplane orthogonal to v and passing through x. Then there exists a constant
L > 0 (independent of v,x,%,r,7) such that

me (uf, Q¢ (T)) < me(uy, QY (x)) + L(le — Z| + |r — 7| + )72 (5.1)
Lemma 5.2. Let f € F, a € (0, %), and v,v € S*™1 be such that

a
vn
Then there exists a constant ¢, > 0 (independent of v, V), with ¢, — 0 as a — 0, such that for every
z € R and every r > 2 we have

e (W, Qs (1)) — ar™™ < me(uly, QY (1)), (5.3)

The proof of Lemma and Lemma can be easily adapted from the ones in [26] Lemma A.1,
Lemma A.2] up to minor modifications. Indeed we can observe that because of Theorem and (f2),
me(u?, Q%(x)) > 0 if r > 1, and thus one can find competitors with energy equal to mg(u?, Q% (x)) up
to an arbitrary small error. Then, the only modifications of the proofs are related to the fact that our
energies are not necessarily subadditive set functions. However one can check that an analogue version
of [26][(A.3) and (A.11)], as well as the remaining inequalities in the proofs can be obtained using the
additivity of the functional &, (3.5) (which implies [E(-, A)| < coMT (-, 4)), and the fact that M™
defines an increasing set function.

For any positive integer k and for any a,b € R*, with a; < b; for all i = 1, ..., k, we define the cuboids

max |Rye; — Rye;| + v —v| < (5.2)

1<i<n—

k
[a,) = [ Jlai, i) = {x € R* 1 a; <y < b; Vi=1,...k},
i=1
and
Ri = {[a,b) :a; <b; Vi=1,....k}.
Then, given R = H;l;ll [aj,b;) € Rp_1, for every v € S*~1 N Q", we define the rotated n-dimensional
cuboid T, R as
T,R:= M,R,(R X [—¢,c)), where ¢:= max {1, max M} (5.4)
2'1<5<n-1 2

Notice that the set R, (R X [—¢,¢)) adds to R a thin layer of at least length 1 along the v direction.
This is related to the length of the transition layer described by the function uY.
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Definition 5.3. (Subadditive process) A (bounded) subadditive process with respect to a group (7,),ezx
(resp. (72).err) of P-preserving transformations on (£2,Z,P) is a function p: 2 x R — R satisfying:

(i) (measurability) for any R € Ry the function w — p(w, R) is Z measurable,
(ii) (stationarity) for any w € Q, R € Ry, z € Z* (resp. z € R¥) it holds u(7,w, R) = p(w, 2z + R),
(iii) (subadditivity) for any R € Ry and for any finite family (R;);e; C Ry of pairwise disjoint sets
such that (J;.; R = R, it holds

p(w, R) < Zu(w,Ri) for every w € Q,
iel
(iv) (uniform boundedness) there exists a constant ¢ > 0 such that 0 < u(w, R) < ¢ L¥(R) for every
w € Q and for every R € Ry.

For every v € S*~! we consider the function p,: Q x R,_1 — R defined by

(5.5)

(o B) = {NWAL;M if £1(I;) > 1 for every i € {1,...,n—1}

e C,L " *(R)  otherwise,

for every w € Q and R = H?;ll I; € R,,_1. We notice that because of Theorem (f2), and the
definition of T}, it holds u,(w, R) > 0. Notice that the definition of p, is slightly different compared to
the ones that can be found in the literature (see for example [10, (5.3)], [26} (7.5)]). The main reason, is
that me,)(ug, int(7, R)) is in principle not positive if R has one side of length strictly less than 1. Our
definition coincides with the one in [I0] and [26] on large cuboids. In addition, using (f3) and we
get

mef) (ug, (T R)) _ Elw](ug, int(T, R))

Myt - Myt

Proposition 5.4. Let f be a random density which is stationary with respect to a group of P-preserving
transformation (7.).czn (resp. (7.)zern) on (L,Z,P). Let v € S ' NQ" and let p, be as in (B.5).
Then, there exists a group of P-preserving transformations (7,/)rezn—1 (resp. (Tur)rern—1) such that p,
is a (bounded) subadditive process on (Q,Z,P) with respect to (T,1),1czn—1 (resp. (Tor)ecrn-1). Moreover
it holds

< C L™ H(R). (5.6)

0 < py(w, R) < c2C L H(R), (5.7)
for P-almost every w € Q and R € Ryp,—_1.

Proof. Step 1: Measurability. The proof of the measurability of w — p,(w, R) can be easily adapted
from the one in [30, Lemma B.1] (see also [§, Lemma A.8]) up to some minor modifications.
In particular, for every I € N let f! be defined as

f(waxauagac) lf f(waxau7€aq> Z _l7

—1 otherwise,

fl(w7x7u7€7 () = {
and let £ be the corresponding energy. Because of Lemma in the Appendix, it is sufficient to prove
that for every [ € N
w — mgip,(u, A) is Z-measurable, for every A € A and u € W22(A). (5.8)
Notice also that

. 1 2 _ ~ n
ueé?g,A)A (f (w, z,u, Vu, Vu) + l) dr = mgi,(u, A) +1L"(A)
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for every w € 2. Hence, it is not restrictive to assume f > 0 in this step. Let A € A and let (4,); C A
be such that A; T A. Consider the set

S;(u, A) == {u e W*?(A): u=1u L -a.eon A\ A4,}.

Notice that S;(T, A) is a closed subset of Wg'*(A) + @ and thus it defines a complete, separable metric
space if equipped with the metric induced by the |[| - ||yy2.2(4) norm. Since 0 < inf,cs; (7 4) E[w](u, A) <
Elw](u, A) < oo for every j € N, it holds

lim inf Elw](u, A) = mep,(u, A). (5.9)

j—ooueS;(w,A)
Hence, in order to prove (5.8]), it is sufficient to show that

w— inf  Ew](u, A) is Z-measurable. (5.10)
ueS; (u,A)
We focus for the rest of the proof of this step in showing (5.10]). The strategy consists in showing first
that

(wyu) € QA xS;(u,A) — / f(w,z,u, Vu, V?u)dz is T ® B(S; (1, A))-measurable, (5.11)
A

if (u,&,¢) = f(w,z,u,§, ) is continuous for every w €  and x € R™. Then, we apply the monotone
class theorem ([I7, Chapter 1, Theorem 21]) in order to show for general nonnegative random
densities. Finally, we deduce by applying the measurable projection theorem ([I7, Theorem
IT1.13 and 33(a)]). Hence, let us assume that the function (u,&,¢) — f(w,z,u,&, () is continuous for
every w € 2 and z € R”. Up to a truncation argument, it is not restrictive to assume that f is also
bounded from above. The joint measurability of (w,u) — [, f(w,u, Vu, V?u) dz then follows from the
Fubini’s theorem, the continuity of (u,&, () — f(w,z,u,&,() and the separability of S;(u, A). Indeed,
by Fubini’s theorem the map w > fA f(w, z,u, Vu, V2u) dr is Z-measurable, while, with the dominated
convergence theorem, one can show that the functional v € S;(u, A) — fA flw,z,u, Vu, V3u) dr is
continuous with respect to the strong W2?2(A) topology, for every w € Q. Then the joint measurability
is just a consequence of these facts and the separability of S;(%, A) (see for example [24] Section 11C,
Exercise 11.3]). We proceed now by showing that holds for general nonnegative random densities.
Because of (f3), there exists a function fr QxR xR xR" x R™¥" — [0, c2] such that f(w,z,u,&,¢) =
Flw,z,u,& C) (W (u) + |€% + |¢|?). Define the sets

C:={f: AXR" X R x R" x R"™" = [0, ¢5]: f(w,z,u,& ¢) = a(w)B(x)y(u, &, ¢), with
a bounded and Z-measurable, 8 bounded and B"-measurable, v continuous and bounded}

and

R:={f: QxR" x R x R" x R"™" — [0, ¢5]: (5.11) holds with

Flw,2,u,6,0) = flw,z,u,6 QW () + €7 + )}

Notice that C is stable under multiplication and that the o-algebra generated by C coincides with
IT®B"®B®B"® B"". Instead, R satisfies the definition of monotone class (see for example [2]
Definition 4.12]). Because of what we showed before, we have ¢ C R and so the monotone class
theorem implies that R must contain all the bounded functions f, proving in this way (5.11)) for general
nonnegative random densities. Now, we notice that (5.11)) implies

{(w, u) € QxS;(u,A): / f(w,z,u, Vu, V?u) dr < t} is T ® B(S;(u, A))-measurable, (5.12)
A

for every t € R. Finally (5.10)), follows by the measurable projection theorem. Indeed, let us denote
with m: Q x §;(u, A) — Q the canonical projection of 2 x S;(u, A) onto Q. Since (Q2,Z,P) is a complete
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probability space and since S;(u, A) is a complete, separable metric space, the measurable projection
theorem and (5.12)) lead to the Z-measurability of

w({(w,u)GQij(ﬂ,A): Af(w,m7u,Vu7V2u)dx<t}>:{wGQ: inf E[w](u,A)<t},

ueS; (11,A)
for every t € R, and so to .
Step 2: Stationarity. The proof of the stationarity is rather standard (see [10] for example) but we
report it for sake of completeness. We show this property only for the more difficult case, which is the
one with a discrete group (7./),/czn—1. In view of , one has to check only the case in which R has
all sides of at least length 1. For every 2’ € Z"~! and R € R,_; it holds

T,(R+2)=T,R+ 2,
where 2, := M, R, (2',0) € Z" NII”. Thus, we have

1
po(w, R+ 2') = ——mgp(up, int (T, R) + z,).

My

Now, let u € S(ug, Ty R+ z,,) and define u: int(T, R) — R as u(y) := u(y + z,,). Since z,, € II”, we have
that uf(y) = uf(y + z,,) for every y € R™. Hence, u € S(uf, T, R). With a change of variable and using
the stationarity of f we get

Elw](u, int(T, R+ z,)) = / f(w,z,u, Vu, V?u) dz = flw,z + 2, Vu, V) dz
T, R+ T,R

= / [ w, @, 0, Vau, V) dz = E[r.; w] (T, int(T, R)). (5.13)
T, R

As a consequence, it is natural to consider the group of P-preserving transformations (7%),czn-1 defined
by (7.1 ).rezn—1. Equation (5.13), combined with the arbitrariness of u, gives

p(w, R+ 2") = p (thw, R),
which proves the stationarity of p,, with respect to the previously defined group (77),/ezn-1.
Step 8: Subadditivity. Let R € R,,_1 and let Ry,..., Ry € R,_1 be pairwise dlSJOlnt and such that
R = va:—11 R;. For every i € {1,..., N}, we take ( i) C W22(int(T,, R;)) as minimizing sequences for
mew)(ug, T, R;). Then, we define then w:T,R— R as

uj(x):{u’(x) if teT,R

ug (z) otherwise.

Notice that u/ € W22(int(T, R)) since, for every i € {1,..., N}, u/ is equal to u} in a neighborhood of
(T, R;). In particular, by construction u? is admissible for Mg (ug, T, R) and it holds

N
mep) (ug, int(T, R)) < E[w] (v, int(T, R)) Ze 1 int(T, Ry)) + €] (ulo’,int(T,,R\ (U TI,Ri))).

(5.14)
Now notice that E[w](ug,int(T, R \ (Uf\il T,R;)) = 0, in fact since ¢ > 1 and M, > 2 we have {y €
T,R: |y vl < %} C Uf\il T,R;. As a consequence of this, it must hold uf§ = @y in T, R \ (Uil T, R;).

Thus, by sending j — oo in ([5.14)) it follows

N
Mgy (u, T, R) gz el (U, T, R;). (5.15)
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From the last equation and by the definition in (5.5), we obtain that yu, satisfies the subadditivity
inequality when all the R; have sides of length larger or equal than 1.

If at least one R; has at least one side of length strictly less than 1, we have two possible cases. If R has
still all sides of length larger or equal than one, then the subadditivity inequality follows by and
. If R has at least one side of length lesser or equal than 1, then all the R; must have at least one
side of length lesser or equal than 1 as well. Hence, in this case, the subadditive inequality follows from
the additivity of the n—1 dimensional Lebesgue measure and observing that p, (w, R;) = ¢2C,, L1 (R;)
for every 1. O

Proposition 5.5 (Homogenized surface integrand for © = 0). Let f be a random density which is
stationary with respect to a group of P-preserving transformations (7,),czn (resp. (7.)zern ) on (Q,Z,P).
For every w € Q) let mg,) as in . Then, there exists an TR B(S"~1)-measurable function from: 2 x
S"=t — [0,00) such that, given

~ w)(ug, @y (0
Q= {wGQ: lim el ](uo @(0)

r—00 rn—1

= fhom(w,v) for every v € S"_l}, (5.16)
we have Q € T and ]P’(ﬁ) = 1. Moreover, Q and frhom are (7.).czn (resp. (72).err) invariant, i.e.,
7.(Q) = Q for every z € Z™ (resp. for every z € R™) and

fnom (72w, V) = from(w,v), (5.17)

for every z € Z™ (resp. z € R™), w € Q and v € S*1. Eventually, if (12)zezn (resp. (T2)zerrn) i
ergodic, then fuom s independent of w and given by

AWM%QWWWM~ (5.18)

Proof. The proof follows the same steps as in [26, Proposition 7.7] that we report for convenience of the
reader. We divide the proof in three steps.
Step 1: Ezxistence of the limit for v € S*"1 N Q™. In this step we show that there exists an event Q € 7,
with P(Q2) = 1, such that for every v € S*"1 N Q" there exists an Z-measurable function f,: Q — [0, o)
satisfying
lim melw) (ug,?:(O)) _ fl,(w)
r—00 rn—
for every w € Q. Fix v € S""! N Q" !. Because of Proposition we know that p, defines a
subadditive process. Thus, we can apply the Subadditive Ergodic Theorem in [I0, Theorem 3.11] (see
also [I, Theorem 2.7]) with p, instead of p and 2Q’ replacing @, finding in this way an event Q, € 7
with probability 1, and an Z-measurable function f,,: £ — [0, 00) such that

1 melw) (ugv 2MVQ: (0))
Jolw) = = o e
where we used that T}, (2Q}) = 2M,Q%(0). Now we claim that
w) (ug, Q7 (0
) = i (06 QE(0)

r—00 rn—1

for every w € Q,, (5.19)

; (5.20)

for every w € Q,. Let (r;); be a sequence such that r; — oo as j — 0o, and define

rj_ = 2M,,({2§\2VJ — 1) and r;' = 2M,,({2ZVJ +2).

Now, up to take j sufficiently large we can assume r; > 4(1 + M,) and thus r; > 4. Furthermore, it
holds

r=12(0) €C Q@ (0) €€ Q7 45(0) €€ Q74 (0).
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We apply Lemma twice: the first time with z =2 =0, r = r; and T = r;, the second time with
r=2=0,r=r;, and ¥ = T;_, and get the two following estimates

mefw(ug, Qr, (0)) < el (US’Q:J'_(O)) + L{rj—ry +1) (5.21)
N O i o |

me (0, Q) _ e (@) 1eF —ry 4 ) (5.22)
7";-171 N (Tj)n71 Ti

Using that T;L —rj <4M, and rj —r; < 4M,, (5.19), passing to the limsup in (5.21)) and to the lim inf
in (5.22) as j — oo, yields

mew) (ug, @7, (0))

lim sup — < fu(w)
j—o00 Tj
and (ug, Q7 (0))
mep.) (ug, QY.
lim inf £l] 271 ! > fu(w),
j—oo r.

J
for every w € Q,,. Thus holds since the sequence (r;); was chosen arbitrarily. Finally, we conclude
by setting

Q= () (5.23)

vesn—1nQn

and by noticing Q € Z and P(Q2) = 1, being Q the countable intesection of probability 1 elements of Z.
Step 2: Ezistence of the limit for v € S*~1\ Q". In this step we prove that there exists a Z ® B(S"~1)-
measurable function fiom: 2 x S*~1 — [0, 00) such that

mew)(ug, Q7 (0))

Tlgrolo o] = fhom(w,?) (5.24)
holds for every w € Q and v € S"7!. Let f, f: Q@ x S"~! — [0,00) be defined by
w) (ug, Q7 (0 - . w] (ug, @7 (0
f(w,v) :=liminf el ](uoilQ ©) and  f(w,v) := limsup el ](uo,lQ ( ))
- =00 rm r—00 rn

Notice that using Proposition and arguing like in Step 1, it can be deduced that, for every v € S*~1,
f(,v) and f(-,v), can be written as liminf and lim sup of sequence of Z-measurable functions (see also
for example [29, proof of Theorem 7]). Now we observe that Si‘l N Q™ is dense in Si‘l, and that
sr-1 =§nt USZ’;I. Furthermore, because of Step 1, it holds f(w,v) = f(w,v) = f,(w) for every w € Q
and v € S N Q". Hence, it is enough to show that, for every w € , the restrictions of f(w,-) and
F(w,-) to S¥71 are continuous. Indeed, this implies flw,v) = f(w,v) for every v € "' and w € Q. In
addition, we point out that one can deduce from

for every v € S"71, w — f(w,v) is Z — measurable,
together with B

for every w € Q, v — f(w,v) is continuous on ST 1,
that f is Z ® B(S"~!)-measurable. The same applies to f.
From now on, we focus on showing that f(w,-) is continuous on Si_l. The proof considering f(w,-)

and/or S"7! is analogous. Consider the function fhom: 2 x S*1 — [0, 00) defined as

flwv)ifwe
cooT  otherwise.

fhom(w7y) = {
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Let (v5); CS” ! andveS” ! be such that v; — v as j — oo. For every a € (0, 1) we can find a
Ja € N such that . w1th v; instead of v) holds for every j > j,. Hence, we can apply Lemma
with = 0 and ¥ = v; getting

£w) (0" Q1 1y (0)) = car™ ™ < Mg (ug, Q7(0)) < mepw) (ug’, Qi _q), (0) + car™

where ¢, — 0 as @ — 0. By dividing the above inequality by »”~! and passing to the lim sup as r — oo
we get
(1+a)"  flw,v;) < flw,v) + ca, (5.25)
(1—a)" flw,v) > fw,v) — ca- (5.26)
Now, we can pass to the limsup as j — oo in and to the liminf as j — co in (5.26), and then let
a — 0, obtaining
limsup f(w,v;) < f(w,v) < liminf f(w,v;),

j—r00 j—o0
for every w € Q. Let Q be as in (5.16). From the fact that Q C Q, P(Q) = 1 and (Q,Z,P) is a complete
probability space, it follows Q€7 and P(ﬁ) =
Step 3: Translation invariance. In this step we show that Q and Shom are (72).ezn (resp. (72).crn)
invariant. Notice that, by virtue of the group properties of (7.).ecz» (resp. (72).ern), in order to show
that Q is (7,),ezn-invariant (resp. (7,).crn-invariant), it is sufficient to show

7.(Q) € Q for every z € Z" (resp. z € R™).

Let z € Z™ (resp. z € R"), w € ﬁ, and v € S"! be fixed. Let » > 4. Because of Theorem and
(f2), we know that mep, (ug, Q7 (0)) is bounded from below and thus there exists some u € S(uf, Q}(0))
satisfying
Ew](u, Q7(0)) < mep(ug, Q7(0)) + 1. (5.27)
Setting @(z) := u(y + z) and using the stationarity of f, we obtain
Elw](u, Q7(0)) = E[r.w|(u, Q) (=2)).

This together with (5.27)) and the fact that w € S(u” ,, Q¥ (—=z)) yields

melr, ) (u” 2, Q7 (=2)) < mep) (ug, @7(0) + 1. (5.28)

We choose r, 7 such that ¥ > r and
Q712(=2) €C QF(0) and dist(0,11"(-2)) <

Then we apply Lemma twice: once with z = —2z and ¥ = 0 to the minimization problem mg[__ ()
and once with x = z and # = 0 to the minimization problem mg|,;. Thus, we get

»-lk\?

melr,w (US, Q%(O)) < melr,w) (ulizv Q:(_Z)) + L(|Z| + |T - ﬂ + 1)(?)7172’ (529)
and
mep) (ug, Q¥(0)) < mep)(uf, Q7 (2)) + L(|z] + [r — 7]+ 1)(7)" 2. (5.30)
Thus combining (5.27)—(5.30) we obtain
ToW Va =(0 w V7 =0 + 1 L — 7 1
mefr, ]N(:f_olQr( ) _ mel 1(%&( DAL L+ Ir =71+ 1) (5.31)
r r r
and 0 0 )
w V7 = ToW V7 = L -7 1
me| ](;:10 1Q ( ) < me[r, ](710“? ( ) + n (|z|+|r T+ ) (5.32)
Now we take the lim sup as 7 — oo and the limit as r — oo in ) to ﬁnd
limsup (g, Q7 (0)) < fhom(w, V). (5.33)

— rn—1
F—oo rn
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Similarly we take in (5.30) the limit as 7 — oo and the liminf as r — oo, obtaining

r.w)(ug, @F(0
fhom(w,V) < h’rlgg.}f mg[ = ]::’ElQT‘( ))

Gathering (5.33) and (5.34) we deduce 7.(w) € Q and that

fhom(Tz(w)a V) = fhom(wa V)7

. (5.34)

for every z € Z" (resp. z € R"), w € Q and v € S"~ 1.

When (7),ezn (resp. (7:)zern) is ergodic, using the fact that fiom is (72)zezn-invariant (resp. (7.).ern-
invariant), and arguing like at the end of the proof of [10, Theorem 3.11] it can be shown that actually
Shom (w, V) does not depend on w for P-a.e w. Finally, can be deduced from Proposition and
the Dominated Convergence Theorem. O

Remark 5.6. We observe that arguing like in the second step of the proof of Proposition 5.9 it can be
shown that the functions

v — liminf melw) (urx7 Qr (T:E)) and v — lim sup Melw) (umm Qr (Tx))

r—00 rn—1 00 rn—1

are continuous on S’i—l, for every w € Q and x € R™.

Proof of Theorem and Theorem [3.11. Arguing like in [I0, Theorem 6.1] up to minor modifications,
replacing [10, Theorem 5.1] with Proposition and [10, Lemma 5.5] with Remark Theorem
follows. Indeed the authors’ proof relies on general arguments coming from probability theory (e.g.
the Birkhoff Theorem and Conditional Dominated Convergence Theorem) and a property analogues
to . In addition, the proof in our case is even simpler since it does not require to estimate the
energies added by the presence of jumps. Finally, Theorem can be proved by combining Theorem
and Theorem O
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APPENDIX A.

In this section we prove the results whose proofs rely on arguments that are standard but included
for convenience of the reader, for example the proof of Proposition [A-3] Instead, Lemma [A74]is used in
the proof of Theorem and it states that the I' — liminf and the I' — lim sup, of the energies ,
define increasing set functions on A;. Indeed, this allows to apply a big part of the localization method
arguments to our setting. Lemma states that the infimum problem can be approximated with
other infimum problems bounded from below. This fact is used in the proof of Proposition
Before proving Proposition we state and prove two intermediate results (Lemma and Lemma
that will be useful for applying Theorem and Proposition to suitable functions defined on
cubes.

Lemma A.1. Let (g5); and & as in Theorem . Then, for every x € R, v € S"~ 1, and p > 0, if
ue — u in L?(QY(x)) and ue = uY _ in a neighborhood of QY (), then it holds

T,E

Eo(u, QZ(m)) < hjrgg.}f &, (e, QZ(.’E)) (A.1)
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Proof. By virtue of Theorem [3.4] we have that (A.1) clearly holds if Q% (x) is replaced by A € A;. Let
6 >0 and A € A; such that Q) (z) C A C QE’1+5)p(x). We extend u. and u on the whole Q(”H[S)p(x)

by setting them respectively equal to u?

T,
converges to the extension of u in LZ(Q’(’1 +5)p()). Using that & defines an increasing set function,
(13-5), (3-12), the additivity of the set function defined by &, and that —&.(z,U) < —c; M (2,U) <
coMF(2,U) for every z € L2 (R™) and U € A, we have

50(’11,7 QZ(‘T)) < SO(U” A) < hjnig.}f gsj (usj ) A) = lznl)g.}f gsj (qu ) Ql(,1+6)p(x)) - gsj (UZ,EJ, ) Ql(jl—‘r(s)p(x) \ Z)

< liminf &, (ue,, Q) () + &, (U o, Q115), () \ @ (@) + c2MI (uil o, Q1 ys),(2) \ Q) ()

and ; outside @} (x). Notice that the extension of u. still

Jj—o0
< li.rrﬁlinf & (ue;, Q) () + 2¢2C,((p + S)mt—pnThy.
j—o0 :
Hence, (A.1)) easily follows by sending 6 — 0 in the last equation. O

Lemma A.2. Let & as in Theorem . Then, for every x € R™, v € S* ! and 6, p > 0 and for every
A€ Ay such that QF(z) CC A CC Q) 14),(2), it holds

me, (T, Q116), (%)) < mey (T, A) + c2Cp" (1 +6)" 71 = 1).
Proof. Let A > 0, u € BV(A,{—1,1}) such that v = @’ in a neighborhood of 9A and
Eo(u, A) < mg,(ul, A) + A (A.2)
Let A" € Ay such that Q) 4 ,(x) CC A" CC Q) 5.1),(®) and A"\ A € A;. Define now u €

BV (A';{-1,1}) as
_ v Ju(y) ifye A
ily) = {ug if ye A\ A

Then, clearly u is admissible for me, (07, Q(, 5),()) and we have

me, (@, Q115),(7)) < Eo(U, Q11.5),(x)) < Eo(u, A) + Eo(Ty, A"\ A). (A.3)

Because of and , we have
Eo(ay, A"\ A) < (T, Qrs510),(0) \ @ (2) < caMG (0, Q1 5n),(2) \ Q) (@) (A.4)
<ot NI+ + N = 1) <eCpp™ M (1 +6+ N1 =1), (A.5)

where we recall that o is the density of MJ (see (3.3)-(3.4)) and we used that, by virtue of (3.12) and
[11, Theorem 1.3], it can be easily shown o < C,. Up to letting A — 0, and combining (A.2)—(A.4),

the thesis follows. O

Proposition A.3. Let (f:)c C F and let fo and (¢;); be as in Theorem . Then it holds

fO(mv V) = f/(xv V) = f”(.’E, V)
for every x € R™ and v € S, where f' and f" are as in (3.8) and (3.9) respectively, but with e
replaced by €;.

Proof. Notice that by definition f” > f’, thus it is sufficient to prove f’ > fo > f”. In the following,
for notational convenience, we will still denote with e the subsequence €; of Theorem
Step 1: In this step we prove fo < f’. Fix z € R?, v € S" ! and p > 0. Because of (f3), we have

me, (% ., Q1)) > crmy (uf ., Q4(x) > crmy (u ., Q4 (x)), where iy (uf ., Q%(2)) is defined as
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in (3.13). Hence, by virtue of Proposition 3.3} we have me._ (u}; ., Q) (x)) > —1 for every ¢ small enough.
Let § > 0 and let u. admissible for mg,_(ul ., Q} (7)) such that

Eelue, Qp(x)) < me. (ug o, Qp(x)) +p" ™ < (20 +8)p" 71, (A.6)
where in the last inequality we used that u}; _ is also admissible for meg, (u}; ., Q) (x)) and (3.12)). Clearly,

(A.6) implies
Supgs(ustZ(x)) < oo.
e>0
We can extend u. to R™ by setting it equal to ul . outside @} (x). Notice that (uc). C VVif(R") and

that, because of (3.5) and [I1, Theorem 1.1], for every A € A; such that Q}(z) CC A, there exists a
function v € L (R™) N BV (A;{—1,1}) such that

ioc
u. — u in L?(A) up to subsequence,
and v =7 in a neighborhood of A. Let § > 0 and A € A; such that Q(z) CC A CC Q(,4),(). By
virtue of Lemma [AT] and Lemma we have
me, (T, Q115), (%)) = c2Cpp" " (1 +60)" 1 = 1) < mo (@, A) < Eo(u, A)
< 8011, Qg1 () < Hminf & (2 Q)+ E- (0% . Q0 (2) \ T2,

that together with (3.12)) implies
mo(Uy, Q(145),(%)) < lig;i(glf me, (uy ., Qp(z)) + 5p" "+ 2¢2C,,0p" (A7)

By dividing at both sides of (A.7) by p"~!, sending p — 0 and using (3.16]), we get
1+ 8" folz,v) < f'(z,v) + 6+ 2¢2C,((1 + 6" = 1).
Finally sending 6 — 0 in the last equation implies fo < f’.

Step 2: In this step we will prove f” < fo. Let 0 € (0,1) and let u be admissible for mg(u}, @} (x)) and
such that

Eolu, Q) () < mo(uy, Qp(x)) +6p" . (A.8)
Let A’ € A; with Q’(/1_5)p(x) cc A" ccC Qj(x). By virtue of the I'-limsup inequality induced by
Theorem there exists a sequence (u.). C W22(A’) such that u. — u strongly in L?(A’) and

limsup & (ue, A') < Ey(u, A'). (A.9)

e—0

We extend u to R™ by setting it equal to @Y outside A’. Let 0 < p’ < p, with p’ close enough to p to

ensure :
u=uy on Q(z) \@Z, (x). (A.10)
Up to take  small enough, we can also suppose QY (z) CC A". Let A, A",U € A such that @}, (z) CC
AcCCc A ccUccyz)and B = U\ A € A;. We apply Proposition getting a sequence
(Ue)e € W*2(U) such that % = u. on A, & = uf_on B \ A" and
lim sup & (e, U) < lim S(l)lp E(uc, A)+ E(u” ., U\ A) < lim Sélp Ec(ue, A') + oM (uf ., QY () \Qz,(x))
e— e—

e—0 e
< Eo(u, A') + c2Cy (0" = (p)" 1) < mo(ay, Q) () +6p™ 4 a0y ("1 = ()" 1),
(A.11)

where we used (3.12), (A.10) and so [lue — uf .|| z2(anm)np) — 0, (A8) and (A.9). Now, we extend .

on all Q}(z) by setting it equal to ul . outside U. Thus, we get
.0, @4(2)) < Eu(e, U) + 2Cy(p™ — ()", (A12)
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U = uY_ on Q4(z)\ Q, is admissible for me, (uY _, QZ( x)) and so 1)) implies
fmoup e, (. @) < o, QL) 4 657 + 2«:20“(/)”*1 ey (A1)

e—0
Finally, f” < fo follows by sending p’ 1 p in (A.13]) and then arguing like at the end of Step 1. g

where we used Q(z) \ U C Q4(x) \ @, (), (f3), and In this Way7 we can notice that since
(2), u,
(U

Lemma A.4. Let & be as in (3.1). For every u € L2 (R™) and A € A, let & and &) be as in (4.1]).
Then, the set functions Ei(u,-) and & (u,-) are increasing on A;.

Proof. Let A, B € A; with A C B. Because of and (| ., it is sufficient to show the lemma only
for BV functions taking values in {—1,1}. Let (uE)E L2 (R™) and w € BV(B;{—1,1}) be such that
ue — u strongly in L?(B). Then we have

hm 1nf€ (ue, B) = limiglf E(ue, B) — ey M (ue, B) + caM_ (ue, B)
e—
> limiglf Ec(ue, A) — ey M7 (ue, A) + ez MZ (ue, B) (A.14)
e—
> liminf & (ue, A) + ca Mg (u, B\ A) > liminf & (ue, A),
e—0 e—0

where we used that & — ¢y M_ has positive density and so defines an increasing set function, and
that the I' — liminf inequality in [I1, Theorem 1.3] holds also for open and bounded subsets once we
assume u € BV (B;{—1,1}). Indeed, for the proof of the I — lim inf inequality in [I1, Theorem 1.3], the
condition to have C! boundary is used only in order to apply the compactness result [I1, Theorem 1.1]
and to apply [I1, Theorem 1.2] in order to bound the integrands of M (u., B) in L*(B) (and thus the
integrands of M (ue, B\ A) are bounded in L'(B\ A) as well). By passing in to the infimum
along all sequences u. converging to u strongly in L?(B), it easily follows &, (u, B) > &} (u, A). Similarly,
it can be proved & (u, B) > & (u, A). O

Lemma A.5. Let f be a random density, A € A, and u € W?2(A). For everyl € N define
flw,z,u, Q) if flw,z,u,8¢) = —

l
W, T, U, S, = .
I &9 {—l otherwise,
and denote by E' the corresponding energy. Then, it holds
lim Mel[w) (u,A) = melw (u, A),
l—o00
for every w € Q.

Proof. Since f! > f, it clearly holds

liminf mgi () (U, A) > mep) (U, A).
=00

Before showing the other inequality, we restrict the space of competitors for mg (@, A) to the ones only
having finite MT (-, A). Indeed, let u € W22(A) be such that

M (u, A) = 0o but oo > Ew](u, A) > ;M ™ (u, A).

Then, we would have co = M (u, A) = M~ (u, A) = 2q [, |Vu|? dz, which contradicts Vu € L*(4;R").
Now notice that f; | f pointwise and so, because of (f3), ca(W (u)+q|Vu|?+|V?u|?)— f (w, z,u, Vu, V2u) 1
co(W (u) + q|Vul|? +|V?ul?) — f(w, x,u, Vu, V2u) pointwise as | — oco. Thus, by Monotone Convergence
Theorem, it holds

Ewl(u, A) = lim E'w](u, A) > lim sup mei) (u, A),

l—o0 l—00
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for every u € S(u, A) such that M ™ (u, A) < oo, which implies

(1]

2]
(3]

(4]

(5]

(6]

[7]

(8]

(9]
(10]
(11]
(12]
(13]
(14]
(15]
(16]
[17]
(18]
(19]
(20]
(21]
(22]
(23]

24]
(25]

(26]

27]

mg[w] (ﬂ, A) > lim sup met [w] (’(7, A)
=00
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