CHARACTERIZATION OF SETS OF FINITE LOCAL AND NON
LOCAL PERIMETER VIA NON LOCAL HEAT EQUATION

A. KUBIN AND DOMENICO ANGELO LA MANNA

ABSTRACT. In this paper we provide a characterization of sets of finite local and non
local perimeter via a I'—convergence result. As an application we give a short proof of
the isoperimetric inequality, both in the local and in the non local case.
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INTRODUCTION

In this article we analyze the asymptotic behaviour of the energy

(0.1) £3(E) = /E / P(a—y, t)dyd

ast — 0T for all s € (0,1) and where P*(z,t) is the fundamental solution of the fractional
heat equation. In the spirit of [5, 23] I8, 8], our goal is to provide a characterization of sets
of finite local and nonlocal perimeter via the fractional heat semigroup. In [5] they prove
a characterization of the Sobolev space using as energy the s-Gagliardo seminorms, they
prove also pointwise convergence result as the parameter s — 1 (see also [10, 20} [19] for a
I-convergence result). Recently is appear [I7], where the authors study a similar problem.
The starting point of the investigation in [23] is the generalization of the asymptotic of the
heat semigroup shown in [22] to prove the isoperimetric inequality via the heat semigroup.
Their theorem provides a characterization of sets of finite perimeter via the heat semigroup.
Since the kernel || P*(-, t)”Ll(]R") =1 for all ¢ > 0 it is quite immediate to understand that
1



2 A. KUBIN AND D.A. LA MANNA

the functional in is well-defined for all measurable sets F such that E or E° has finite
measure. A simple computation shows that when ¢t — 0 then £(E) — 0 (see the prof of
Theorem whenever F is a set of finite measure. Our scope in this article is to find
the first non trivial order of the power series expansion of such a functional under suitable
assumptions.

Let us introduce the function

t if s € (0,3)
(0.2) gs(t) = < tlogt if s =1
t2s if s € (3,1).

This function describes the leading order of £/ as t approaches zero. Let us just synthetically
state our (meta)theorem as follows.

Theorem 0.1. Letn > 2 and s € (0,1) and define X* = BV(R") if s > 3 and X* = H*(R")
if s < % Then

r i S _ T Pringasy (B) - if xp € X
=0 gs(t) +00 otherwise.

In the above theorem Py, (E) stands for the fractional perimeter, defined in and P (FE)
is the De Giorgi perimeter of the set £ defined in . Let us comment on the reasons to
explore the topic under investigation. Laux and Otto in [21] proved the convergence of
the thresholding scheme towards a variational solution of the mean curvature flow under
suitable assumptions. It seems natural to extend such a result when one consider the
nonlocal heat equation. This I'—convergence result is a first step towards the understanding
of the nonlocal thresholding scheme from a variational point of view. We mention that
in [7] Caffarelli and Souganidis, studied the convergence of nonlocal threshold dynamics,
showing that they approximate viscosity solutions to the mean curvature and non local
mean curvature flow for s € [%, 1) and s € (0, %) respectively.

One of the first difficulty in proving this theorem comes from the fact that the first non
trivial order in the expansion change with respect to the parameter s (see the definition
of the function gs(t) in (0.2)) and therefore the first thing to do is to find the correct
space-time scaling which ensures some basic properties, such as compactness. Once the
function g, is detected, we prove the compactness Theorem When s # % the proof
relies on first showing compactness in L' via the Frechet-Kolmogorov criterion and then we
show that the limit belongs to the correct class. When s = % the logaritmic behavior makes
things slightly different and we prove our result in a completely different way Inspired by
[11]. After good compactness properties are established, we can prove our theorem and to
do so we distinguish between two cases as the proof is significantly different: in case s < %
the proof does not need any geometric measure theory tool, as we just need to carefully
use Fourier analysis. The main reason for this fact is that the fractional laplacian of a
characteristic function, for s < %, is not only merely a measure but it is a function. There
fore, it is reasonable to think that a strategy based on Fourier analysis provides a fast
track to the goal and it is actually the case.

For s > % things change completely as the functional starts to lose its nonlocal nature and
there fore we need to borrow some tools from geometric measure theory. The strategy we
decide to follow is the well established one used in [2] to study the I'—convergence of the
fractional perimeter as the differentiation parameter s goes to one (see also [9], [12] for
the Gaussian case). In our case, another difficulty comes from the fact that the fractional
heat kernel is not known when s > % and to deal with it we once again need to use Fourier
analysis. We stress that even though some decay properties are known (see ), such a
knowledge is not enough to prove I'—convergence, as the sole use of such estimates would
provide different constant in the I' — liminf and I" — lim sup. Note that the case s > %



FRACTIONAL HEAT EQUATION AND PERIMETERS 3

could be recovered from [I], but in our case we are able to provide the explicit form of
the limit functional. For this reason we believe that it is worth to highlight it in here. In
fact, in Section [4 we will provide the argument to find the optimal constant by carefully
computing the functional on a halfspace and then we procede by proving our convergence
result. We do not enter into details of the proof of the equality I'™* =T, 5 (see and
for the definition of these two contants) since the proof follows without any change
by a standard argument (gluing lemma and calibration) as in [4]

To conclude, we use our result to prove the isoperimetric inequality, both in the local and
nonlocal framework. The proof relies on Hardy rearrangement inequality (the approximating
kernels are L! normalized-functions is the space variable) and our I'—convergence result.
Before concluding this introduction, let us comment our result with a little heuristic
interpretation. By Bochner subordination formula, one way to obtain the fractional
laplacian of a function is

i ooetAu_u

and therefore, if s < % and u = xg

Py (F) = /R uludy = /0 h t% / nu(ﬂs)(emu(:c) — u(z)) dx dt.

Hence, the fractional perimeter of a set £ can be computed by taking the evolution of the
characteristic function of F via the heat equation and then computing the s— derivative at
time 0 of the energy of the evolving solution at time ¢/2. One of the results of this paper
can be formally read as

lim [ w@)(e N (@) — u(z) = ToP(E) da

t—0t ¢ Jgn ’
for s > % In this sense, our result resembles the famous Bochner subordination formula
for the perimeter of a set: we found that the perimeter of a set E can be recovered by
considering first the evolution of the characteristic function of E via the fractional heat
equation evaluated at time ¢ = t?* and secondly computing the limit above, which is
essentially the derivative at time 0 of the energy of the evolving solution at time %th .
So, in a sense, we are saying that given a measurable set E smooth enough, if we first
compute the evolution via local heat equation and then take a mon local time derivate of
an appropriate energy we recover the non local perimeter, while if we first compute the
evolution of xg via non local heat equation and after we take the local time derivative of
an appropriate energy, we recover the local perimeter.

1. NOTATION

We recall some notation and basic results of geometric measure theory from [3]. We denote
with M(R"™) the set of all Lebesgue measurable subset of R™. For all £ € N we denote with
wy, the Lebesgue measure of the unit ball of R*. For every E € M(R") we denote by P(E)
the De Giorgi perimeter of E defined by

(1.1) P(E) = sup {/Edivgﬁ(x)d:z:: ¢ € CHR™,R™) and ||¢]|o0 < 1}.

For every E € M(R™) the set 0*E identifies the reduced boundary of E and vg : *E — R"
the outer normal vector field. For a function u € L?(R™) we denote the Fourier transform
of u by Flu(-)](§), i.e.

Flu()](€) = (2;),5 /n w(z)e @8 dy
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and note that the Fourier transform is invertible and

() = L o(£)e=i@O)
FOI) = g [ vl e de

For s € (0,1) and a smooth function v : R” — R we consider the operator

(—A)u(z) = Cps /" W dy

where

B 1 — cos(hy) -1

For all s € (0,1) we define the s-fractional Gagliardo seminorm of a function u: R” — R as

fu(a) —u(y)? o \*?

and we denote with H*(R™) the space of the functlon u € L2(R™) such that [u] gsgn) < +00.
The fractional Gagliardo seminorm can be written in Fourier as

(1.4 oy = 2050 [ 6P

If s € (0, 7) and E € M(R"™) we define the 2s-fractional perimeter as

15 Pos(B)i= [ [ i
(15) o(B) o= [ [y

and we observe that Pos(E) = 5[x£]s(rn). We also recall that for all u : R — R smooth
FU=2)u()](€) = [P Flu(-)](€)-

Given up € L*°(R™) let us consider the solution to fractional heat equation
v+ (—A)v =0
v(x,0) = up(z).

We now recall some basic results about the fundamental solution of the heat equation
(see [15] for a detailed discussion and proofs). We define the fundamental solution of the
fraction heat equation the function P®(z,t) is such that

an {@Ps(z,t) (AP P3(2,t)=0 t>0,z€R",

(1.6)

Pé(z,t)dz =1

P#(-,0) = do R (2,%)
where dg is the Dirac delta measure in R™. It is well known that for ug € H*(R™) N L>°(R")
the solution of the problem (1.6)) can be written as a convolution between the fundamental
solution and the initial data, i.e.

(19) oat) = [ Pla =y uly)dy
and v € C([0, +00), H*(R™)) N C1([0, +00), L2(R™)) N C°°((0, +00), C=(R™)). Moreover,
the function Ps(z t) satisfies

1 2s
1.9 F[P3(-, - e tlel
(19) PO = oy

for s € (0,1). The function P* can not be explicitly computed unless in the particular case
s = 5, for which we know

N[

ot
(|22 + 12)"

D=

(1.10) P3(z,t) =
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When s # 3 it is well known that P*(z,t) satisfies the decay estimates

t _n t _n
(111) C(?’L,S) <‘z‘”‘+25 At 25) < PS(Z,t) < C’(n,s) <‘z‘”+25 At 25)
and the scaling property
(1.12) PS(z,t) =t 35 P* (2t 35, 1).

2. COMPACTNESS
In this section we study the compactness properties of the sequence {E;};cn such that
E; c U for all i € N, with U be open and bounded, and ﬁgfl_ (E;) < M for all i € N,
with M € R, and t; — 0" as i — +o0, where

: =— (o — xz or s
SO = o [, P dady o < 0.1)

and P*(x,t) is the solution of and gs(t) is the function defined in(0.2)). This com-
pactness properties suggests the candidate I'-limit: for s € (0, %) such a candidate is the
2s-fractional perimeter defined in while for s > % is the classical perimeter . The
main theorem of this section is the following.

(2.1)

Theorem 2.1. Let By, C U for alli € N and t; — 0" where U C R™ open and bounded.
Assume that

&

t; (XEfZ) < M.

gs(ti)
There exists E C U such that, up to a subsequence xg,, — XE in LY(R™). Moreover, if
s € (0, 1) we have Poy(E) < oo, while for s € [5,1) it holds P(E) < occ.

(2.2)

We note that for s # % our proof strongly relies on properties of solutions to the fractional

heat equation, while for s = % a more delicate geometric argument is needed to catch the

precise behavior of &, (E;) as the sequence t; — 0.

2.1. Proof of Theorem when s € (0,1) U (3,1). When 2s < 1, as it will also be
clear later, the Fourier transform plays a key role.

Compactness for 2s < 1. Let E; C R™ and ¢; as in (2.2) and set u; = xg,, wi(z,t) =
P(-,t) % xg,;, and v;(z) = u;(z,t;). We start observing two basic properties of solutions to
(1.6): the functions

(2.3) t € (0,00) = |lu(z,t)||L2mny and t € (0,00) = |[u(z,t)]| s (mn)

are not increasing. The proof of this fact is quite immediate, and we skip it. Observe that

& (x.,) _/nu s ) do = / ws(@, 0)2 — us(z, £3/2)2 da

n

127

2 d 9 3
:—/ / ui(x,7)dxdr = —2/ / ui(x, 7)0ru;(x, ) dv dr
0 dr Rn 0 n

7

=, Huz(vT)HHS(R") T

where in the last equality we have used ||f]|? SRy = Jgn f(2)(=A)* f(x)dz. Therefore,
using (2.3) we obtain

o

StsZ (XEzi)
t

7

[vill s (mn) < <M.
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Since the sequence v; is bounded in H?, it contains a subsequence converging in L?(R™)
and in H® — weak . With an abuse of notations, we still denote such a subsequence as v;.
It is immediate to show that also u; — v in L? and threfore, still up to a subsequence,
XE; — v almost everywhere, hence v takes only the values 0 and 1 and is the characteristic
function of a set E. To conclude, we observe that Pas(E) < oo is a simple consequence of
the semicontinuity of u — [|ul| s (rn) respect the weak topology. O

Compactness for 2s > 1. In this case we follows from the estimate

S C S
VP —y,0)] < Pz —y.1).

t25

In fact, setting again v;(x) = P*(-,t;) * Xg,, we have that v; is smooth and

/ |V :/ \VPS(-,ti)*XEidny:/
R Rn n

R R
1
< [ IVP e = )] () - i @) dody

SC(:L/ / Ps(x_yatl)dxgclv
¢ JE,

2s
t'i

VP(z—y,,ti)xe (y) dy' dx
Rn

VP& — gy 1) (. (4) — X, (1)) dy\ s

where in the last inequality we used . Thus, there exists v € L!(R™) such that, up to
a subsequence, v; — v in Llloc, and in particular v; — v. Observe that it is easy to show
that xg, — v in L! (this is because E; C U and U as assumed to be bounded ) as well and,
arguing as in the case s < % we can extract a further subsequence to show that v = xp.
Observe that, by semicontinuity of the total variation, it is immediate that v = yg is a
BV(R") function, which means that E has finite perimeter. O

2.2. Proof of Theorem when s = % This subsection is devoted to the proof of

Theorem when s > % Our proof it is inspired to the compactness result in [II]. To
accomplish this task we will need some preliminary results. We first recall the following
classical result

Theorem 2.2 (Compactness in BV). Let Q C R™ be an open set and let {u; }ien C BVipe(Q)
with

(2.4) sup {/ |ui(z)|dx + |Dul|(A)} < 400 VA CC Q.
ieN LJa

Then, there exist a subsequence {ir}ren and a function u € BV (Q) such that u;, — u in
L} (Q) as k — +o0.

loc

Now we prove a non-local Poincaré-Wirtinger type inequality. In what follows we set

Q:=1[0,1)".

Lemma 2.3. Let £ € R" and u € L1(IQ + &) where 0 <t < . Then we have

1 () da " Ju@) —uy)l
(25) /IQ+£ T /ZQ+£ (e)dz] dy < 10 )/ZQ+5/ZQ+5 (!x—yl2+t2)"7+ld w
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Proof. By translational invariance, it is enough to prove the claim only for £ = 0. By

assumption we have
dy<// lu(z) — u(y)| dedy

iy
(2.6) / / \x—y\Q y){‘z;l(m—yP%-tz)dedy

<lC’(n)// [ul@) = u(y)| dxdy
ntl
1QJIQ (\fc—y\2+t2) 2

ie., (2.5). O
Lemma 2.4. Let 0 <t < l. For every £ € R" and for every E € M(R"), it holds

@1 0+ O\EIQ+ONEI< [ @ -5 [ eyl
1Q+¢ 1Q+¢

Proof. We can assume without loss of generality that £ = 0. Then we have that

IQNE IQNE
/ |xz(@) n/ E<y>d@/!dw=/ \1—|Qn|!dx+/ R g,
1 1QNE ! Qe

2 QN BliQ\ B|
l d l dr) = — l d
=g e [ penm) =T [ ign Bz SRS

O

The following result is a localized isoperimetric inequality for the non-local energy in (2.1])

_1
fors—2.

Lemma 2.5. Let Q C R™ be a open bounded with Lipschitz continuous boundary and
|| = 1. For every n € (0,1) there ezist to > 0 and C = C(n,Q,n) > 0 such that

1
(2.9) inf / / P%(x—y,t)d:cdy: AcCQ, Al € (n,1—n),te(0,ty) p >C.
91 (1) JaJava

Before proving Lemma we state the following result which is a consequence of [I,
Theorem 1.4].

Lemma 2.6. [16, Lemma 15] Let Q C R™ be open and bounded with Lipschitz continuous
boundary and |2 = 1. Let {p:}cc(0,1) be the standard family of Friedrichs mollifiers with
support in B(0,1). For every n € (0,1) there exists C = C(n,, p,n) > 0 such that

1
(2.10) inf{/ / pe(|lx —y|)dzdy: A C Q, |A| € (n,1 —n),t € (0, 1)} >C.
eJaJa4a

The proof of the above lemma it is shown in [16, Lemma 15] for n = 2 and Q = (—%, %)2,
but the proof in every dimension and for all type of Q with Lipschitz continuous boundary
is fully analogous. We are now in position to prove Lemma

Proof of Lemma[2.3. Fix n € (0,1),t € (0,1) and let I € N be such that 27171 <t <271,
We have that

9(n+1) min{i,/}
2T e

(2.11) if 0 <|z| <277, i € N then
(2> + %) 2
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Let p and p. (for € € (0,1)) be as in Lemma (2.6). We claim that there exists C'(n, p) > 0
such that

C
(2.12) ZQZpQ i M;))HH for every z € R™.
z
Indeed if 0 < |z| < 277 then we obtain

1 N I (2n+1)I
22 pa-i(z) < HPHOOZ (2n+ ) = HPHooZ Tomin It
(2.13) i=0 iz (2n11)
. oo X

<lello(2)' 3 1oy = () Ol < <|;C(+pt>)

where in the last step we have used ( - ) for i = . If 27 -1 < |z| < 27 i for some
i=0,1,...,1 — 1, using that py—i(z) = 0 for every i =7+ 1,...,I we have

i

22 po—i( 22 pa-i(2) < HP”OOZ (2n+1)i

(2.14) - =
; x i i C(pv )
n+1 - n+1 — n+1 C, T\
< @Ml 2 (M) = @) o <

where the last we have used (2.11). If |z] > 1 we have that py,—i(z) = 0 for all i € N and
then

C(p,n)
(2.15) 0 cen)
Zo (22 +2)"5°
Hence we conclude the claim. We prove that (2.12]) implies (2.9)). We observe that
[log(®)] | _ ; - [log(®)]

log(2) - 7 log(2)
and hence
I
| log(t)]
2.1 1=I+1>-"——Z.
(2.16) Z% T Tog(2)

Therefore by (2.12)) and Lemma with e replaced by 27¢ we obtain

1
// n+1da:dy>C’Qp, // (x — y)dzdy
ONA (Jz —y|? +t2) 2 Q\A
I

(2, p,n,m) Zl C(Q, p,n,n)|log(t)]
1=0

(2.17)

and hence recalling the very definition of g 1 (t) and of z — P%(z, t) we obtain (2.9). O

. oy _ l
We are now in position to prove Theorem when s = 5.

Proof. We divide the proof into three steps. '
Step 1. Let o € (0,1) and set I; :=t$* for every i € N. Let {Q}, }rhen be a disjoint family of
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cubes of sidelength /; such that R = Upen@'. Since |E;| < |U]| there exists H(i) € N such
that, up to permutation of indices,

. n
|Q}, N E;| > i for every h =1,..., H(7),
(2.18)
|Qh\E]> foreveryh>H()

For every i € N we set

H (i)
= U Q.
h=1
We claim that there exists a constant C'(n) > 0 such that
(2.19) |E;AE;| < C(n)Ml;|log(t;)|  for every i € N,
where M is the constant in (2.2). Indeed we have
(2.20)
R _ R H (i) ) 400 ‘
|EAE] =B\ Ei|+ B\ E| =) Q) \El+ Y [ENQ)
h=1 h=H (i)+1
+o0o
—2§:WM%\EI’+2 > rErm%|Z<2§jmmn\EthmE|
h=1 "1 hH(z)+1Z h=1"1
+00 1
<23 / @) = g [l
h=1

o

/ / erdady < Cn)llog(t)| -
QinE; JQi\E; (|z — y|2+t2) g

<C(n )Mlillog( i)l

where the second inequality follows by formula (2.7]), the third inequality is a consequence
of (2.5), whereas the last one follows directly by (12.2).

Step 2. For every i € N let [; and E; = Uh Q’ be as in Step 1. We claim that there
exists a constant C'(«,n) such that for i large enough

& (Ey)

g%(ti) .

We omit the dependence on i by setting ¢t :=¢;, [ := lz, E=FE;, Q) := Qh, H := H(i),

FE := E;. We define the family R of rectangle R=QU Q such that Q and Q are adjacent
cubes (of the type Qp,) and Q C E, Q C E°. We have that

P(E) < C(n)I" '#R,

Voo __E2(B)
P EZLWL PA(jz — . dyde < =050

2 RGR

(2.21) P(E;) < C(a,n)

(2.22)

1
2

By Lemma there exists tg > 0 such that for every rectangle R given by the union of
two adjacent unitary cubes in R"
(2.23)

inf

/ Pz — |, f)dydz :0 <1 < t0,F C R, 3 < [F| < t = C(n) >0,
9%(75) R\F 2
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For every A C R" we set Al := ?. By formula (2.22) and (2.23) with R = R' for every
R € R, for t small enough we have

1
3(E lQn
£ ( ) / / % (l|lz — y|, t)dydx
g%(t) 91(t) f= Jrinet R g
2.24 l"‘ L
(2.24) _ C( / / % —yl, )dxdy
her J RINE! JR\E!

> C’(n oz)l” 4R > C(n,a)P(E),

ie., (220).

Step 3. Here we conclude the proof of the compactness result. Fix a € (0,1) so that, by
(12.19))

(2.25) |E;AE;| — 0 as i — +00.

By Step 2. we have that {E;}icn satisfies the assumption of Theorem . Therefore
E; — E, up to subsequence, in L*(R") with P(E) < +oc. Hence by (2.25) we have E; — E
in LI(R”). O

3. T-CONVERGENCE FOR s € (0, 3)

The main result of this section is the following.

Theorem 3.1. Let s € (0, 3) and let {t;}ien C (0,1) such that t; — 07 as i — +oo. The
following I'-convergence result holds true.

(i) (Lower bound) Let E € M(R™) be a Lebesque measurable set. For every {E;}ien C
M(R™) with xg, — xg strongly in LY(R™) it holds

L Ey(E)
1 Pos(F) <1 f— .
@ CnaPau(B) < i S275
(ii) (Upper bound) For every E € M(R"™) there exists {E;}ien C M(R™) such that
XE;, — XE strongly in L1(R™) and

(3.2) Ch,sPas(E) > limsup ———* £u,(Ei)

(2
1——+o0 gs( )
Where Cy, s is the constant defined in (1.2)).

3.1. Proof of Theorem [3.1] -(1) We remember that gs(t) =t for s € (0,1). Let {E;};en C
&, ( i)

M(R™) such that xE;, — Xg in LY(R") and assume liminf; | < +oo (otherwise

the formula is trivial). We claim that

(3.3) Ch.sP2s(F) < liminf @

i—-+00 t;

Pz — Y, i
/ / (t)|XE7, (x) — xE (y)|2d1'dy
R JRn ;
PS(h.t;
/ / PR 1) s (o 4 ) = e () P

[ = coste - mlin @) P

where in the last step we have used the Plancherel theorem

| ) =)o = [ 1= Pla s = [ 20— cos(e - mlate) P

R”

In fact

(3.4) -
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We remember that h — P*(h,t) is a Schwartz function and F[P*(-,t)](§) = ﬁe‘tm%.
We define
Z(§) = / (1 —cos(& - h))P*(h,t)dh.
RN

We observe that the function Z is rotationally invariant, that is

(3.5) Z(&) = Z(|¢]en)

where e; denotes the first direction vector in RY. Therefore we have

(3.6) / (1 —cos(§-h))P*(h,t)dh = / (1 — cos(|&]h1)) PP (h, t)dh.
RN RN

Now we remember that the Fourier transform of the function o — cos(aa) for a € R is

given by Flcos(a-)](5) = % [0(8 — a)+ (B + a)], this Fourier transform should be read
in the sense of the tempered distributions (that is the dual space of the Schwartz function).
Therefore using the Plancherel theorem we have

/n PS(h,t)<1 — cos(|¢]h1))dh 1 [1 _ /Rn COS(‘f’hl)Ps(h,t)dh}

t Tt
(3.7) = % [1 - /Rn % (o(m — [€]) + do(m + [€])) do(n2) - -- 50(77n)6_t77|25d77]
1 _1g2s
=[]

where &g is the one dimensional Dirac delta with center in 0 € R. By formulas (3.4)), (3.6)),
(3.7) and for all R > 0 we obtain

timint ) i [ F )P [1- et
(3 8) 1—+00 i i—+00 n t
' 1 e
>tmint [Pl ©F [L- et = [ @Rl
1—>+400 B(O,R) tZ B(O,R)

where in the last step we have used that
lim  sup

1 s
- [1 _ ot } — e
t=0% ¢eB(0,R)
Now sending R — +oo in (3.8]) we obtain (3.3)).

3.2. Proof of Theorem [3.1f(ii). Let £ € M(R") such that Pos(E) < +oc (otherwise the
formula is trivial) we prove that the limsup in is realized by the sequence E; = F
for all 7+ € N and it is a limit. We remember that E has finite 2s-fractional perimeter if
xe € H*(R™). Let v : R™ x [0,400) — R be the solution to the Cauchy problem in
with ug = xg . By the definition of &(F), see , and by formula we have

Et(uo):/n(l—uo(m))v(x,t)dx:/nv(x,t)dx—/nv($,t)uo(:c)da:
:/nu()(x) da:—/nv(a:,t)uo(x) dz
:/nuo(x)zdac—/nv(x,t)uo(w)da:

=0.

where we used that

/Rn v(x,t)dx:/n/nPs(g;—y,t)Uo(y)dydl“:/RHUO(Z/)dy
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and the fact that ug(x) = xp(z) € {0,1}. Now we observe that

/nuo(:ﬂ)2 dx — /nv(:l:,t)uo(x) dx = —/ uo(z / opv(zx, h) dh dz
/n/ uo(z Sv(z, h) dhdx

where we have used that v € C*(]0, +00), L2(R")). At this point we just need to use that
the Fourier transform is an isometry and F|v(-, )}(5) = Fluo(-)](€)e " and therefore

up(x)(—A)v(x T = <8 7”5' . 2 de.
[ @ ay e e = | e Pl de
Since ug € H*(R™) we have
/ €2 et Flug (1)) (6) 2 de < / €2\ Fluo()](€)[ d€ = Cp o Poa(E).
R" (2m)2 Rn

Finally to conclude we just need to observe that

. 5t(uo) /
1 = —A)’ug = C,, Pos(E).
i, = = 107 0 = CoPar(B)

3.3. Characterization of sets of finite 2s-fractional perimeter. As a byproduct
of our I'- convergence analysis, we prove that a set £ € M(R") has finite 2s-fractional
perimeter if and only if

1
limsup —&/(E) < +o0.
t—ot 1t

Theorem 3.2. Let E C M(R"™). The following statement hold true.
1
(3.9) limsup —&7(E) < 00 <= Pas(F) < +o0.
1o+t

Proof. We notice that the implication = is a consequence of Theorem [2.1] The implication
<= is a consequence of Theorem [3.1)(ii). O

4. T-CONVERGENCE FOR s € [3,1).

In this section we threat the remaining cases. The main result of this section is the
following.

Theorem 4.1. Let s € [,1) and let {t;};en C (0,1) such that t; — 0T as i — +oo. The
following I'-convergence result holds true.

(i) (Lower bound) Let E € M(R™) be a Lebesgue measurable set. For every {F;}ien C
M(R™) with xg, — xE strongly in L1(R™) it holds
E;
(4.1) I'"*P(E) < liminf £, (E:) .
i—+00 gs(tz)

(ii) (Upper bound) For every E € M(R™) there exists {E;}ien C M(R™) such that
XE: — XE strongly in LY(R™) and

(4.2) I"*P(E) > lim sup £ (Fi)
i—>~400 gs(ti)
Where
Lra-4) se(3,1)
s o 2s 20+
(4.3) e = {wn 2 (%) s=1
2 r(z 21) -2

where I'(t) := f0+oo ri=te="dr is the Gamma function.
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Note that the proof of the I'—convergence in this case is going to be completely different
from the case s € (0,3). We start computing the limit as ¢ — 0 of our functional on
hyperlanes.

4.1. Estimates on cubes. To begin, we consider the case when s = % This is the only
instance where we have a precise formula for the fundamental solution of the fractional heat
equation. In what follows we set Q5 = [—6,6]" !, QF =[0,6] x Q" and Q5 = [—6,0] x Q.

Lemma 4.2. Let 6 > 0. Fort small enough it holds

wy [ — dwdy < e H Q) log ] + oft| log ),
Q; Jof w—yP+ﬁ)

where ¢, is given in (4.7))

Proof. Using Fubini Tonelli Theorem we have

(4.5) / / — dxdy
Q; Jai wfyP+ﬂ)“

dy' dx,, dy,, dx’.
n+1

N e e s

We observe that

(4.6) / / / % (x — y, t) de,dy,dy’ —cnt/ / d:):ndyn
Rn—1

where we used the change of variable

and we have set

1
(4.7) Cp = / PRTEEsY dz
reot (14 |22) 2

A straightforward computation gives

/ / dx,dy, = 20(arctan - L arctan —) —tlogt + tlog <52+t2>
(0 — yn)2 + 12 1) 20 2 + 442
= g(t,d) + t|logt|
with
(4.9) c1(0)t < g(t,9) < tea(0)

where ¢ (), c2(6) — 0 as 6 — 0", Therefore, to conclude we just need to observe that by
monotoniticity of the integral and (4.8)) we have

t
— dx dy
/czé /cz; o — yl2 +£2)"F

/ / =) dx dy = cpt|logt| + o(tlogt)
Qy YR ‘x_y‘Q t2) 2

which is exactly (4.4] . O

(4.10)

We now estimate the integral on cubes by above.
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Lemma 4.3. Let ¢, be the constant given in (4.7). For any 6 > 0 and for t small enough
it holds true

/ / - drdy > e H T (Qs) (¢ log ] + o(tlog ).
Q; JQf (|lz —yl? +t2)

Proof. To prove this lemma we just need to show that the error passing from a small cube
to the hyperplane R" ! is negligible when t is small. To do that we start decomposing the

integral
/ / / P3(z —y,t) deody'dy,
Q5
=/ / Pé(l’—y,t)dy'—/ P3(z —y,t)dy' | dendy,
0 J—5 \Jrn—1 (@))e

v —z'

and observe that by a change of variable z = —Z——— we have
V (In_yn)2+t2

6 0
(4.12) / / / P (x — y,t) de,dy,dy
0 J-sJrn-1\@;
1
/ / / o7 dz dxy dyp,.
Rn— 1\Q

Z|2 xn yn) +1) 2

(4.11)

Using the integration in polar coordinate we obtain

(4.13)

/ / / dz dxy, dyy, / / / dz dx, dyn
BTN (o2 o Lzacgn)® ReNQy (@) (|22 4+ 1)
<(n—1)wy— 1/ / / n+1 dp dxy, dyy,
: (PP+1)

< _1n52/ 7d
e A )

(n— 1wpn_162 2
IR '
The conclusion now follows by combining (4.6)), (4.8) and (4.13]). O

We now procede performing the same computation for s > % We stress that in this

instance we do not have the precise expression of the kernel, as it is not known. However,
the Fourier transform of the function P*(z,t) is explicit and can be used to perform
the computations that we need. In what follows we set R} := R x [0, +00) and
Rs:={(2',z,) : o' € R" ! 2, € (0,0)} for all § > 0,

Lemma 4.4. Let § >0, s € (3,1). Then for t small enough it holds true

(4.14) /Q [ Py - %F (1 - 213> 13 (H1(Q5) + o(1)).

Proof. We start by observing that

(4.15) /Qg /Ri\Rg Pé(x —y,t)dxdy = o(1).
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We claim that

(4.16) P3((, 2n),t) d2' = 2/ et cos(zpr) dr.
Rn—1 0

For all z, € R we set v,, (2/,t) := P*((2/, z,),t). We have
(4.17)

1 2s 1 2s 5
p3 = Fl =t _/ = o tEP piz8)
(z,1) [(2 )%e 1(2) .2 )ne e d€

:/ 1 — €i<2'7§'>/ 1 — e—t\§|256izn§n dg,, d¢.
Re-1 (271) 2 R (2m)1T 2

Since the Fourier transform is an isometry we have

v. (2 — FYUFw. (- P :; ei(z’,{’) v. (- / /
&0 = F s, (O = o [ e Pl €

where with a little abuse of notations we denoted the Fourier transform in R™~! still by
F[-](-). Therefore by uniqueness of the Fourier transform we arrive at

Floas () =~y [ P e e,

(2m) 1+

1 _ 2s
= (2)”"21/Re HE™ cos(2n&n) dén
T
1 / s
T / e HIETHE)" cos (2, dEn-
2m)* T2 JR

From the above formula and by

/ P (2, 2p),t) d?’ :/ vy, (2/,t) d2
Rn—1 Rn—1

n—1

= (27T) 2 'F[Uzn('7t)](0) - 71T/OOO €_t|€"|2s COS(ann) d&p,

we obtain (4.16)).
Now using Fubini Theorem and (4.16|) with x,, — y,, instead of z, we obtain that

(4.18)

0 8
/ / Pé(x —y,t)dxdy —/ / / / P (2" — o, xn — yn), t) d2’ dy' dx,, dy,,
Qs JRs Qs J—6 JR*1 Jo

1 0 ) oo .
:‘Q‘S'/ / / et cos(r(xn — ya))) dr dy dyn.
T -5Jo Jo

Now we use basic trigonometry to have

(1 — cos(d7))

sin?(6r) — (1 — cos(dr))? = 2cos(or) 2

r2 r

/_ Z /06 cos(r(an — yn))) dr d, dy, =

Thus we have that (4.18]) becomes

(1 — cos(or))

5 dr

r

2 i s
/ Pé(x —y,t)dzdy = —|Qs| / et cos(or)
Qs JRY 7T 0
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Now we observe that

/OO et cos((57°)M dr
0

2

,
o] _ oo} _ 2
:/ 2 (005(57“2)) 1 dr+/ e (1 cos (or)) i
0 r 0 r
_ / 125 (cos((;rz)) 1 dr 4+ 1/ _r2s (1 — cos(20r) dr
0 r 2 Jo r2
0o _ 00 _,.2s .
_ / ot (cos(5r2)) 1 dr 4+ / e (1 cgs(ér) dr
0 r 0 r

B /OO (1 — cos(or) , —tr? 25
0

" (e2% —e ) dr = tih(t)

where

ool—COS(‘ST) 2 .
h(t) := / B (e — e )dr > 0.
0

2
,
It is quite easy to show that h(t) is bounded and by applying Riemann-Lebesgue lemma
we finally have

28
2s 2s

%5 _ ,—T 001 _ ,—T 1 _ ,—T Fl_i
nmh(t)z/ ”edrzl/ ”drzl/ l—er _TU-g)
0 0 0

t—0 r2 2 72 4s Fltss 4
which readly gives (4.14]). O

The next lemma is an obvious consequence of the previous one.

Lemma 4.5. Let Q;Qg and Qs as above. For s € (%, 1) and for t small enough it holds
true

aw [ Pt s P02 2 (-1(Q4) + 1),

Finally we prove the crucial estimate to prove the I' convergence result.

Lemma 4.6. Let Q}'Q(s_ and Qs as above. For s > % we have

_ 1
(4.20) /Q /Q t)dx dy > F(l%) 2 (H"H(Qs) + o(1)).

Proof. To prove this lemma we just need to show that the error passing from a small cube
to the hyperplane R"~! is negligible when t is small. To do that we start decomposing the
integral

/ / Pé(x —y,t)dx,dy
1) s
// / (x—y,t) de,dy — // / Pé(x —y,t) de,dy
Rn—1 Rn— I\Q/

and observe that by (1.12) and using a change of variable we have

// / P(x —y,t)de,dy =t~ 29// / ( _ly >d:vndy
Rr—1\Q} RP=1\Q% t2s

= — / / / p? (z, In _111",1> dz dx,, dypy.
t2s Jo J—6 JR"I\Qs (2') tas

(4.2
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Now we using we have that

t_zs/ / / p? (z, Yn _l:rn,l) dz dx, dypy
n\Ql 5 (z') tas

1
t2s

1 o 0 1
(4.22) 0 JosJens s @) 2]
t2s
1 1 0 0o
<(n-— 1)wn1t_2s/ / /5 p 272 dpdx, dy,
0o JsJ=2

t2s
= (n — Dwn_16"2¢ = o(t2s)
The proof of (4.20)) is now direct consequence of Lemma and inequality (4.22)). O

Now we prove that ™3 defined in (4.3) is equal to the constant ¢, defined in (4.7]).
Lemma 4.7. Let a,b € R and k € N such that b > —k and a > k + b, then

b T atk T a—b—k
(4.23) / 2l e e TGS
RE (14 ]z[?)2 2 L(%)
In particular
1 o, (2
Rt (14 [zf?) 2 2 T(*7)

Before to prove Lemma ([4.7)) we recall the definition of Euler’s beta function

Wl

(4.25)  B:(0,+00) x (0,400) > R, B(z,y) =2 / (cos(8))2* L (sin(0))2~1de.
0

The relation between the beta and the gamma function is the following

I'(x)I'(y)
4.26 Bla,y) = —" W),
(4.2 (5.9) = DR
Proof of Lemmal[{.7. We observe that the function h(z) := ﬁ belong L!(R*). Inte-
grating in polar coordinate and by (4.26)) we have that
(4.27)

b “+o0o b+k—1
/ S / ILAREENR
rE (1+ [2[?)2 0 (1+p%)2

=tan bl tan b+k—1 2 . _ bk
p :(77) wk—l/ ( (77)) G;an :Wk—l/ (Sln(n))b-i—k: 1(008(?7))a b—k 1d77
0 (1+tan?(n)) 2 0

_ (,Uk—lB(b+ k a—b— k;) w1 I‘(%’C)F(a—g—k)
2 2’ 2 2 F(aT—i-b)
hence (4.23). Formula (4.24) follows by (4.23) withb=0andk=n—-1landa=n+1. O

In the next corollary we summarize all the previous result of this sections.

Corollary 4.8. Let gs be the function defined in (0.2)) and
. {(2@"%(1 -4 sed),

(4.28) wno T(2)

2 r

_1
8—2.
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Then

1
lim / Pé(x —y,t) dedy = T™H"1(Qs).
We are now ready to prove our I'—convergence theorem.
4.2. Proof of Theorem [4.1(i).

Proposition 4.9. Let s € [3,1), Q = [-1,1]", g4(t) defined m and let E a set of finite
perimeter. Set

1
(4.29) T, = inf ¢ liminf —— / / P(x —y,t)dzdy : By — R" in LYR™) 5.
=0 gs(t) Jeeng JENQ

Then for any sequence E; — E and t; — 0 we have

/ P¥(x —y,t)dedy > T, ;P(E)
E; JES

4.30 lim inf
(4.30) Jnf o)

with the constant I'y, s defined in (4.29)).

Proof. The result follows by following the strategy a well estabilished strategy based on
blow up, introduced in this context in[I3]. Denote by C the family of all n-cubes in Rln

C:={R(zx+7rQ): z€R", r>0, Re€SO(n)}.

Since the set F is of finite perimeter |Vxg|-a.e. xg € R™ there exists R, € SO(n) such
that (E — xg)/r locally converge in measure to R, H as r — 0 and

lim \Vxe|(xo+ rRs, Q)

r—0 Tn_l

(4.31)

=1, for|Vxgl|-a.e. xo.

Now, given a cube C' € C contained in 2 we set
1

Pé(x —y,t;) dedy
g(ti) /;mc /Emc ( )

a(C) = liminf oy (C).
1—00

We claim that, setting Cy(zo) := xo + Rz, Q, where Ry, is as in (4.31)), for [Vxgl|-a.e. g
we have

Oél(C) =

and

(4.32) L. < liminf 2 (@0)

for |[Vxgl-a.e. © € Rn.
r—0 r

Since from now on zg is fixed, we assume R,, = I, so that the limit hyperplane is H and
the cubes C,.(xg) are the standard ones xg + rQ. Let us choose a sequence r; — 0 such

that o o
lim inf a( T(fo)) = lim a( Tk_(lxo))
r—0 rn- k—o0 rZ

For k > 0 we can choose i(k) so large that the following conditions hold:

{ @iy (Cry (20)) < a(Cry(20)) + 1,

1Cr |
Je, @) IXB:, = xBlde < ==

Then we infer

&(Cr (0)) @i (Cr (20))
’I“k 'r'k
(4.33)

1
= ——7 / / P(x —y, t;,) dedy — 1.
9(ti )" JEg nCyy (w0) J B nCry (20)
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Now we distinguish the case s = 1/2 and s € (1/2,1). In the former case the above
inequality reads as

a(Cy, (xg 1 1
(4.34) ( 757(1 ) =z log / 2 nt1 drdy
ry [og tiy,| J(E;, —20)/renc J(Bi —0) frinC (o — y[2 + %)™
Tk

Up to extract a further subsequence, we assume that ¢;, < 7",2“ and thereofore

1 T 1 1 Tk 1 1 1 Tk
4.35 log— =log— + ——log— <log— + —log— < (1 + —) log —
( ) gtik gtik k+1 gT']lj_ gtik k gT']lg_( k‘) gtik
Since (E;, — x)/rr — H the above inequality implies joint with (4.34]) provides
C,
liming 2 @) 5 p
r—0 L ’

where the constant I',, s is defined in (4.28|)
Case two: s > %

In this case we recall that g(t) = t25 and then using (|1.12)) we get

_n+41
C t 2s
i) _w [ [ Py E 1) dedy -
T T EgkmCTk(mo) EZ.F;CC,«k(a:o)

1

_1 _1
— (0 | / P*(( = et 1) dody
(Eik —x0)/rNC (Ezk —xz0)/rENC)

1
— (tikr;%)_ﬁ / / Pé((x —y), tikﬁ;%) dxdy — 7y,
(Eik —ZO)/”'kmC (Elk —:L'o)/T‘kmC)

Therefore, choosing iy, so large that t;, 7“,;28 — 0 we get

a(Cr (20))
+ > Fn,s
"k

with I', s defined in (4.29)). O

We are now in position to prove Theorem 4.1|i).

Proof of Theorem (z) To conclude the proof we need to show that I',, ¢ = I'"™®. The
proof of this fact is the same as in [2][Lemma 13]. We decide to not reproduce it here in
deteails but to just sketch it. First, via a gluing argument, which is possibile since a coarea
formula holds for our functional, one can show that the infimum in the definition of I, g
can be take among sets which coincide with H outside a smaller cube Q5 and then, via a
nonlocal calibration argument, one also gets the minimality of the halfspace (see [0, 24]),
which readily provides I'™* =1, . ([l

4.3. Proof of Theorem [4.1|(ii). This subsection we prove Proof of Theorem [4.1(ii).
Proof of Theorem ( i1). We start by proving that for a polyhedron II it holds

1
(4.36) lim sup / / Pé(x —y,t) dedy < T™*P(II).
t—=0 Js (t) 11 c

For any € > 0 there exists dyp such that for any 6 € (0,dp) there exists a collection of N

cubes of volume (2§)™ centered at x; € 911 such that each cubes Qs(z;) intersect one and
only one face of 91 and

e if Qs5(z;) denotes the dilation of Qs(z;) by a factor (1 + &), then each cube Qs(z;)

intersects exactly one face 3 of JII and each of its sides is either parallel or

orthogonal to X;
o [H"L(OII) — N5(26)" 1| < e.
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Moreover, since we are interested in the limit as ¢t — 0 we can assume that ¢ < §. For all
0 > 0 we set

(4.37) (Ol)s := {z € R" : d(x,0lI) < 6}, (0l); := (0II)s N 1L
For x € II we define
I(z,t) = Pé(z —y,t)dy.
HC
We now have to distinguish among many cases.

Case 1: x € I\ (II); .
In this case we note that ([1.11) implies the existence of a constant ¢, s such that
Cn,st

P(‘T—y7 ) n s
@~y +5)"%"

and therefore

t oo} pn—l
Is(z,t) < cns / CEEE < nwnt / T AP
e (f — yf? +2) "3 (Pt

o
(4.38) < nwpt / P
5 (p?+ts)lts
ot
(02 +t5)

Case two: x € Iy \ |, Qs(x;).
In this case we write OII = UJ ¥;, and define

(010);; == {z € (Ol)y : d(x,1I%) = d(z, ¥;)}.
Clearly (0I1); = szl(an)gj and
(O, C{z+tv:x € X5, t €(0,6), v is the interior unit normal to Xy},

and Y ; is the set of points 2 belonging to the same hyperplane as ¥; and with d(z, ;) < 4.
Set d(z) := dist(x,11°) and observe that By,)(z) C II and therefore

[e¢) n—1

I(x,wg/ Ps(l‘—y,t)dyénwnt/ e dp
d(>(23) ()(p +t)

nwy, t
25 (d(x)? +15)
Integrating the above inequality on the set (OII); \ UZ L Q? gives
(4.39)

nw t
I(z,t)de < —" / ——dx
/(8H)5\U§V_‘51 Qs (w4) Z m); AU, Qs(xi) (d(z)? +t§)s
NWn, t
< - dx
Z/ ;5 \U, Qs () [dist(z, X57)]
6
< nwpt Z/ (/ dTl) dHn-
Eé] \Ul 1 Qé(xl 0 (7"2 + t;)s
1
- nwnms Z/ (/& N d’") A1
26] \U»L 1 Qé(xz (T2 + 1)8
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Now we need to distinguish between the case s = % and s > % In the former case we have

st—t
/ 2+1dr—log6+\/52+t2 — log(t) < |logt|
0

and therefore (4.39) becomes

J N
/ - I(z,t) do < 2nwyt|log t|H" ! ( U z&j) \J@sai) |,
(05 \U; 2, Qs (i) j=1 i=1

While s > % from (4.39)) we get

Ny, Ct3s J o
[ e e (s )\ U
(M5 \U;2 @3 j=1 i=1

with

e 1
C—/O 7(7'2—1—1)5 dr

Therefore, in any case we found that for s > % it holds

J N

1 / 2 -1 ( > 2
I(z,t) < C; H" Y5 )\ JQs(zs) | <C7 e

9s(t) Jom; \U, Qs () ’ ]-L:Jl ’ !1 ’

Case three: x € II” NY Qs(z4).

In this case we write

I(:E,t):/ Ps(m—y,t)dy—l—/ Pé(x —y,t)dy.
Ien{y:|lz—y|>62} en{y:lz—y|<62}

For the first integral, arguing as in (4.38]), we quickly have

(4.40)

6%t
Pz —y,t)dy < —————.
/Hcﬂ{y:|xy|>§2} ( ) 28(54 + t2)5

Therefore, we now estimate that for each 1 < i < Ny it holds

/ / Pz —y,t dy—/ / Pé(x —y,t)dy
Qs( xl ﬂH Hcﬂ{y ‘x y|<52} Qs (x;)NII Q5+52 (@i)NIle

(4.41) - / /
Q5+52($i)mn Q5+52(73i)mnc

< T (g5(t) + 0(gs(1))) [Qsrs2-

Pé(z —y,t)dy

Summing (4.41)) for 1 < i < Ns we get

1
9s(1)

Collecting (4.38)),(4.39)),(4.42)),(4.41)) and sending ¢t — 0 fisrt and € — 0 secondly we get

/ / Pé(z —y,t) dedy < T™°P(II).
I1 c

(4.42) / P*(z — y,t) dzdy < T Ny(6 + 62)"1 < T4 " 1(9I0) + ).
U Qé(mz) ¢

lim sup
t—0 Ys t

The argument for a generic set F of finite perimeter follows by density. O
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4.4. Characterization of sets of finite perimeter. As a consequence of our I'-convergence
analysis, we prove that a set £ € M(R™) has finite perimeter if and only if for all s € [, 1)

J(E
lim sup &)
t—0  g5(t)
Theorem 4.10. Let E € M(R"). The following statement hold true.

(i) If limsup,_,q 2 (( )) < +o0 for some s € [1,1), then E is a set of finite perimeter.

< +00

(ii) If E is a set of finite perimeter then
: & (E)

4.43 lim sup —%
(1.43) P (0

Proof. We notice that (i) is an immediate consequence of taking E; = F for every i € N.
We prove (ii). By the very definition of £ (F) we have

< 400 for every s € [%, 1).

gE) 1 .
S = ) Jo P
(4.44) = 2981 )/n/n|XE z+ h) — xg(2)|P*(h,t)dhdx
P(E) s
<y /Rnwp (h, t)dh.

Let s € (1,1) by above formula and by (L.1I)) we obtain

S(FE PE 1 n 1
hmsupM < limsup()[ / |h|t™2sdh + g(t)/ ]h|tdh}
B S B¢

wapy o 00 e 2 e s
. t2s t2s
P(E) [ nwy, nwy, ]
2 n—1 2s-—1

hence we have that (4.43) is true for all s € (%, 1). For s = % using the very definition of

P%, see (|1.10]), we have
(4.46)

g // P2 t)dydx
t—0+ gst 92 c

lim sup

= limsup / / IXE(x+h) — xE(T )\P2 (h,t)dhdz
t—0T 291 n JRn
tlh tlh
< lim sup P(E) [/ il g dh—I—/ Hnﬂdh}
o+ 2t|log(t)] | /B, (|h|2 + 2)"2 Be (|h|2 +12)"

(
= lim sup P(E 1

In] / ] ]
t—o0+ 2|log(t)] [/ (I +1)*% B (2 +1)"%
T
1

. nw,P(E) |:/t " /+oo o :|
= limsup —dp + 7ndp =C(n)P(E
ot 2llog(®)] Lo (p2+1)"3 L2 1) ()P (E)

where in the last step we have used the L'Hépital’s rule. Hence by (4.46|) we obtain (4.43)

1
fors—i. O

5. APPLICATION: THE LOCAL AND THE NON LOCAL ISOPERIMETRIC INEQUALITY

As a consequence of the I'-convergence result we have a simple proof of the isoperimetric
inequality. Recall the fundamental properties of P*(z,t) that [p, P*(z,t)dz = 1 and
P*(|z|,t) is a decreasing function of the modulus of z. Given a measurable set E of finite
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measure and any s € (0,1) it is a straight forward application of Riesz rearrangement
inequality that

// Ps(x—y,t)dacdy:]E]—//Ps(x—y,t)dxdy
EJEe EJE

> |E¥| —/ Pé(x — y) dxdy

E* JE
= / / Pé(x —y,t)dzdy
* ( *)c

where E* denotes the ball centered at the origin such that |[E*| = |E|. Therefore if II C R"
is a polyhedron, we have

with |B| = |II|, Recalling (4.36)), (4.30) and the fact I'* = T, 5, we take the limsup as
t — 0 in the above inequality for s € [%, 1) to infer

n—1

1
P(IT) > P(B) = nwy || »

and by density we recover the isoperimetric inequality for all sets of finite perimeter. For
s € (0, %) we even have pointwise convergence, hence it is immediate to get that any set
with finite 2s—perimeter it holds

Py (E) — Pay(B) > 0.

which is the fractional isoperimetric inequality.
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