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ABSTRACT. In the present article we study diffuse interface models for two-phase biomembranes.
We will do so by starting off with a diffuse interface model on R™ defined by two coupled phase
fields u,v. The first phase field w is the diffuse approximation of the interior of the membrane;
the second phase field v is the diffuse approximation of the two phases of the membrane. We
prove a compactness result and a lower bound in the sense of I'-convergence for pairs of phase
functions (ue,ve). As an application of this first result, we consider a diffuse approximation of
a two-phase Willmore functional plus line tension energy.

1. INTRODUCTION

The rigorous variational framework for the diffuse approximation of the area of a hypersurface in R” is
the well-known analysis by Modica and Mortola [MMT77, [Mod87]: To a smooth function on Q@ C R", one
associates the Van der Waals-Cahn-Hilliard energy

M.(u) = /Q <%|Vu|2+ @) dz. (1.1)

Here W is a non-negative double-well potential with exactly two zeros, for example W (u) = (1 — u?)2.
The integrand above will be called “Modica-Mortola integrand” in the sequel. In the sharp interface limit

€ — 0, I. converges in the sense of I'-convergence to a multiple of the perimeter functional

P(u) Per E  if u = xg for some set of finite perimeter £
u) =
+00 else.

In the last decades this result has been generalized in several directions. For example we mention [Bal90]
for the multi-phase case, [Bou90] where heterogeneous fluids which may undergo temperature changes are
taken into account, [BEF94, [OS91] for anisotropic models, and [ABCPO03| [BZ09, [CFG23] [CFHP19, [Mor20,
Mar23] where the interaction between singular perturbations and homogenization is considered (see also
[BMZ23| [ BEMZ22,  BEMZ23] for the homogenization of Ambrosio-Tortorelli functionals).

With certain applications in biophysics in mind, we are going to call boundaries of sets of finite perimeter
membranes in the sequel. In some of these applications, one is interested in models for membranes that
themselves possess two different phases (with different physical properties), and the interface between such
phases should again be associated to an energy measuring its length. We will call such membranes two-
phase membranes. A concrete example are the Jiilicher-Lipowsky energies [JL96] associated to a membrane
OE C R3,

£(51,8) = 3 / (ki — H)* + KK ) a3® +a/ 1,
212/ oE r
where the membrane OF is decomposed into the two phases S1,S2, with common boundary I, H denotes
the mean curvature of OF, Hg, j = 1,2 are different reference values for the mean curvature, K denotes

Gauss curvature of OF, k'f , 1,5 = 1,2, are phase dependent elastic moduli, and o is the interfacial energy
density.
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Similar to the manner in which we approximated the interior of the membrane OF by a phase function
u, we may now wish to approximate the two phases S1, S2 by a phase function v, defined on OF.

Such an effort has been undertaken in [OR23|, where diffuse interface energies of Modica-Mortola type
have been considered on (generalized) hypersurfaces. Using the concept of generalized BV functions on
currents from [ADS96], the paper [OR23] contains a compactness result and lower bound in the sense of
I'-convergence for the Modica-Mortola functional evaluated on sequences of current-function pairs (Se, ve).
As an application of that first result, it also contains a compactness result and a lower bound in the sense
of I'-convergence for the diffuse approximation of a two-phase Willmore functional combined with a line
tension energy (for the case n = 3). Other noteworthy research efforts concerning the variational analysis of
multiphase membranes are [CMV13| [Hel12) [Hell4] for the rotationally symmetric case, and more recently
[BLS20] in a more general setting.

In the present article, we study the diffuse approximation of a two-phase membrane starting from a
pair of phase functions (u,v). The diffuse surface energy of the membrane is , while the diffuse
interfacial energy between the two phases of the membrane is given by the integral of the product of the
Modica-Mortola integrands for u and v,

I (u,0) = /Q <%|Vu|2—|— @) <§|W|2+ @) dz. (12)

In the first main contribution of the present paper, we will consider a sequence u. of phase fields such

1+u
that + e converges strictly in BV towards the indicator function H7“ = x & of a set of finite perimeter £

in R™. We assume that the diffuse energies M. (uc)+ Ic(ue, ve) are uniformly bounded, and show that there
exists a phase function v that has values in {—1,1} H"~! almost everywhere on the reduced boundary of
E, and a subsequence of (ue, ve)e such that this sequence of pairs converges in a suitable sense to the pair
(u,v).

Our second contribution is a translation of the compactness result and the lower bound in the sense of
I-convergence for the two-phase Willmore functional plus line tension from [OR23] to the setting of pairs
of coupled phase functions (u,v).

To explain this second result of the present paper in slightly more detail, let us consider the diffuse
approximation of the Willmore energy for the phase function u in R3,

rw [ (M9 aa) 0

It has been shown in [BP93| [RS06] that M. + F. converges to the sum of the area functional and the
Willmore functional as ¢ — 0, in the sense of I'-convergence. We will consider couplings of the phase field
v the diffuse Willmore energy density,

= [ ()

[ 3

where a(v) can be thought of as a phase-dependent elastic modulus. Adopting suitable variants of the
hypotheses from [OR23|], we make the assumption that J. is uniformly bounded in a way that allows for
an application of the Li-Yau inequality [LY82], and which hence guarantees strict convergence in BV of a
subsequence of H% to the indicator function xg of a set of finite perimeter £ C R3. We show that there
exists a further subsequence such that the pairs (u., v:) converge to a limit pair (u,v) as in our first result,
and prove that the associated energy functionals (which in the limit is the two-phase Willmore functional
with line tension) satisfy a lower bound inequality in the sense of I'-convergence in the limit € — 0.

In the proof of our results we make extensive use, on the one hand, of the analysis of Modica-Mortola type
functionals on current-function pairs from [OR23|, which in turn is based on the theory of BV functions
on currents from [ADS96], and on the other hand, of the analysis of the diffuse Willmore functional from
[RS06). Our first main result is obtained by a slicing argument: To each of the slices we may apply the
compactness theorem and the lower bound from [OR23]. It then remains to show that the limit is the same
for each of the slices, which is achieved by a blow-up argument (see Step 2 in the proof of Proposition .
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In the application of the first result to the diffuse approximation of a two-phase Willmore functional, we
rely crucially on the estimates for the “discrepancy measures”

&= (§|Vus\2 _ M) re
2 €

from [RS06]. It is shown there that |§.| — 0. We may use this result to control the behavior of the
push-forward of measures
W (ue
fe = (§|VU/3|2 4 M) L3
2 €

under the graph map =z — (z,u.(z)), and show that this yields sufficiently strong convergence of the
3-tuples (pe,us,ve) (see Lemma [4.9) in order to obtain our result from standard lower semicontinuity
theorems for measure-function pairs.

In order to obtain full I'-convergence statements, we would have to supply upper bound constructions
matching the lower bounds provided by Theorems |3.1| and However, we refrain from treating the
general construction in the present paper. We only construct upper bounds (corresponding to the situation
encountered in Theorem for the case of limits given by a smooth two-dimensional surface in R®
possessing a smooth one-dimensional interface between the two phases defined on it. For this case, the
generalization of the constructions from [BP93] is relatively straightforward, and is carried out in Appendix
[A] The question how to generalize this construction to non-smooth limit surfaces is left open for future
research.

The plan of the paper is as follows: In Section[2]we introduce some notation and preliminaries concerning
BV functions, Sobolev spaces and BV spaces on rectifiable currents, oriented varifolds and measure-
function pairs. In Section [3| we state and prove our first result, Theorem Our second result, Theorem
[£1] will be stated and proved in Section[dl The upper bound construction for the smooth case is contained
in Appendix [A] whereas Appendix [B] contains some properties of Sobolev spaces with respect to measures.
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2. NOTATION AND PRELIMINARY RESULTS

In this section we collect some notation and recall some results that will be useful throughout the paper.

2.1. Notation.

(a) n,m > 2 are fixed positive integers;

(b) £™ and H™"! denote the Lebesgue measure and the (n — 1)-dimensional Hausdorff measure on
R™, respectively;

for every A C R™ let xa denote the characteristic function of the set A;

)

(d) € is an open subset of R";

(e) M(Q) is the space of finite Radon measures on €;

(f) BV(Q) is the space of functions with bounded variation on 2 (see Section [2.2));

(g) Br(z) denotes the open ball in R™ of radius r > 0 centered at ;

(h) Ak(R™) and A*(R™), 0 < k < n, are the space of k-vectors and k-covectors, respectively, in R™;
i)

D*(Q), 0 < k < n, denotes the space of all infinitely differentiable k-differential forms Q — A*®(R™)
with compact support in €2, and Dr(Q2), 0 < k < n, is the space of k-currents on Q (see section

23).
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2.2. Functions of bounded variation. We say that a map u € Li.(Q) is a function of bounded
variation if

|Du|(Q) := sup{/ udivpdr : ¢ € CL(UR™), ||¢]lpe@) < 1} < 00.
Q

We denote by BV (£2) the set of such maps. In this case, Du is a vector-valued finite Radon measure and
|Du| is the total variation of u. If u € W(Q), then Du is just the weak gradient of u.

We say that a set E has finite perimeter in Q if xg € BV (Q2) and we write Per (E,Q) := |Dxg|(Q).
When ©Q = R" we simply write Per (E).

Definition 2.1. We say that a sequence (uc)e>0 converges strictly in BVioc. (R™) to w if uc converges to
win Li,. (R™) and |Duc|(R™) converges to | Du|(R™).

Definition 2.2 (Measure theoretic boundary). Let E be a set of finite perimeter and = € R". We say
x € 0+ F, the measure theoretic boundary of E if

£"(B,(z) N E)

lim sup >0
r—0 rn
and
limsup 2 Br@NE)
r—0 rr

Proposition 2.3. Let E be a set of finite perimeter. For H" ™! a.e. = € 0,E, the generalized normal to
E:

J5 Dxr
. (z,m)

= lim —————
VE(JZ) TLO IB(LT) |DXE|

exists and |vp(z)| = 1.

The family of sets with finite perimeter can be identified with the space BV (Q;{0,1}), that is, the
space of functions in BV () taking values in {0, 1} almost everywhere. Indeed if u € BV (£2;{0,1}) then
u=xg with £ = {z € Q: u(z) = 1} and

Du(B) :/ v dH"
BNJy

for every Borel set B C R", where J, is the set of approximate jump points of u which, up to H"~!-
negligible sets, coincides with 0.F N and v, is the external normal to J, which coincides with vg
H™ !-a.e. Moreover

Per (E,Q) = [Du|(Q) = H" " (J.N Q).

In a similar manner any u € BV (Q;{—1,1}) is of the form u = 2y g — 1 for some set of finite perimeter E.

Proposition 2.4 (Co-area formula for BV-functions). If u € BV (Q), then for every non-negative mea-

surable function g we have that
/ gd|Du| = // gdH" " dt.
Q R JO0x{u>t}

2.3. Currents and BV functions on currents. For 0 < k < n, we denote by Ax(R™) the space of all
k—vectors and by A*(R™) the space of all k—covectors. The Hodge star isomorphism is denoted by

* Ak(Rn) — An,k(Rn) .

For Q C R™ an open set, we denote by D*(Q) the space of all infinitely differentiable k—differential forms
Q — AF(R™) with compact support in Q. The dual Dy (Q) of D*(Q) is the space of k—currents on . The
boundary 97 € Di_1(f2) of a current T' € Dy () is defined as:

(T, w) = (T, dw) for all w € D" (Q).
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Definition 2.5. The mass of a current T € Dy(R) is
Mq(T) = sup{(T,w) :w € D*(Q), |lw|lre <1}.
Moreover we say that a sequence (Th)nen € Di(€2) converges to T € Dy(2) in the sense of currents, and
we write T}, — T, if
(Th,w) = (T,w), forallwe D*(Q).
If Mo(T) < 400, then by the Riesz representation theorem there exists a Radon measure ||T]| on ©
and a ||T||-measurable function 7.0 Ak(R™) such that |?| =1|T| a.e. on 2 and

(T,w) = /Q<w, T d||T| for all w € D*(9).

For a k-rectifiable set M C R", for #*-a.e. € M there is measure theoretic tangent space T, M. A
map 7 : M — Ax(R™) is an orientation on M if 7 is H*-measurable and for #*a.e. = € M, 7(z) is a unit
simple k-vector than spans T, M. For a k-rectifiable set M C Q, T an orientation on M and p : M — R¥
a locally H*-summable function, we define the rectifiable k-current T := [M, 7, p] € Dx(Q) as:

(T,w) := /M<w,7')pd7-tk, Yw € DF(Q).

The function p is called multiplicity of 7. We denote by Ri(€2) the set of rectifiable k-currents, and
by Zi(€2) the set of integer rectifiable k-currents, i.e., the set of rectifiable k-currents with integer-valued
multiplicity p. A current T' € Z () with 0T € Z,—1(f2) is called integral.

In the context of graphs over sets in R™ it is convenient to identify R™™! = R” x R, for which the
standard basis is (e1,...,en, ey) and the corresponding coordinates are (z,y) = (z1,...,%n,y).

2.3.1. BV functions over currents. For a rectifiable k-current 7' = [M, 7, p] and a function v : M — R we
introduce the set between the graph of u and 0:
Eur={(z,y) e M xR: 0 <y <u(z)if 0 <u(z),u(r) <y <O0if u(z) < 0}.

and for every (z,y) € Ey,r an induced orientation:

—ey AT(x ify >0,

a(e,y) =4 (@) 1

ey AT(x) ify <0.
We define the k + 1—current X, 7 := [Eu,1,, p o p] with p(z,y) = z for every (z,y) € R™ X R and we
obtain the generalized graph of u over T

Gur = =0Zu1+ T ® do.

where T' ® 4o is defined as (T' ® do,w) = (T,w(-,0)). We now recall the definition of BV functions over
integer rectifiable currents [ADS96l Definition 2.5].

Definition 2.6. We consider a rectifiable k-current T' = [M, 7, p] and v : M — R. We say that u is a
function of bounded variation over T if the mass M (G, 1) of the generalized graph is finite. The set of
the functions of finite bounded variation over T' is denoted by BV (T"). Moreover, we denote by BV (T’; A)
the set of functions in BV (T)) taking values in A C R H* a.e..

2.3.2. Sobolev spaces with respect to currents. We define Sobolev spaces with respect to currents based on
the above definition of BV spaces. Let S = [M, 7, p] be as above, and u = ||S||. For #*L_ M almost every
x € M, we may define P(z) as the the projection onto the tangent space of M at x. For such z we set

Vuu(z) := P(z)Vu(z).
For p € [1,00) and u € C°(R"™), we define
lull e sy = lullLe @y + 1Vl Lz @n) -

The Sobolev space H'?(S) is defined as the closure of C°(R™) with respect to the norm Nlull gr1.e sy
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Remark 2.7. The definition of Sobolev spaces with respect to measures is a delicate issue that we will not
treat in any depth here; we refer the interested reader to [BBS97, [BBFO1l [FM99]. Our definitions (the
one of H'?(S) above, and the definition of ﬁ};f (R™) below) are slightly different to the one used in these
references and we cannot apply the theory developed there. The only property of these spaces that we
will prove (paralleling Proposition 2.1 in [BBS97]) is the uniqueness of the tangential gradient Vg v for
a given v € H"?(S) or of the gradient Vo for a given v € I;[if(]R"), which does not immediately follow
from the definitions. As a straightforward consequence, one obtains that the spaces H?(S), H LP(R™) are
reflexive. However, since the only fact that will be of importance for us is that every element in these
spaces can be approximated by smooth functions (a fact that is implicitly exploited by appealing to [OR23]
Theorem 1] in the proof of Proposition below), we have relegated the proof of the uniqueness of the
gradient to the appendix, see Lemmata [B.2] and [B23]

2.4. Oriented Varifolds. We use the notations and definitions of [OR23, Section 2.2] and [Hut86]. We
denote the set of k—dimensional oriented subspaces of R"™ by G°(n, k). We can identify this set with the
simple unit k-vectors in A (R™).

Definition 2.8. An oriented k-varifold V' is an element of M(R"™ x G°(n, k)):
Ve = [ P, AV (2,)
R7 X GO (n, k)

for every ¢ € CO(R™ x G°(n, k)).

For a k—rectifiable set M with orientation 7 and 6+ : M — R¥ locally H*-summable such that
0+ +6_ > 0 we define v(M, 7,0+) as the following k-dimensional rectifiable oriented varifold:

o(M,702)(0) = [ (01 (a)elay () +0-(@)pler, ~7(a)) dH".
M
If the multiplicity functions 6+ are N-valued, then v(M, 7,6+ ) is an integral oriented k—varifold. We denote
the set of k-dimensional oriented varifolds by Vi (R™), the set of k-dimensional oriented rectifiable varifolds
by RVZ(R™), and the set of k-dimensional oriented integral varifolds by IV (R™).

To an oriented k-varifold V' we can associate the k—current:

W@ =[ w0,

Hence, the convergence as oriented varifolds implies the convergence of the associated currents.
The first variation of a varifold V' € V{(R™) is the R™ valued distribution 6V defined by

SV(X) = —/VX :PrdV(z,T) for X € CH(R™;R"),

where Pr denotes projection to the tangent plane orthogonal to T' € G°(n, k) in matrix form. If there
exists Hy € Ljj (R";R") such that

V(X)) = /HV X4V,

then we say that V possesses generalized mean curvature Hy . If A C R™ is k-rectifiable and ||V|| = H*L_ A
for some V' € IVZ(R"™) possessing generalized mean curvature Hy, then we also write Hy = Hy .

2.5. Measure-function pairs. We recall the definition of measure-function pairs from [Mos01] (see also
[Hut86]). Let @ C R™. If p € M(R") and f € Li,. ,(2;R™), then we say that (u, f) is a measure-function
pair over € with values in R™.

Definition 2.9 (Convergence of measure-function pairs). Let {(ur, fx): & € N} and (g, f) be measure-
function pairs over 2 with values in R™, and 1 < ¢ < oo.

(1) We say that (u, fr) converges weakly in L? to (u, f) and write

(ks fr) = (p, f)  in L1
if e = pin M(Q), pr fr = gl f in M(Q;R™), and kaHLﬁk(Q;Rm) is uniformly bounded.
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(i1) We say that (ux, fr) converges strongly in L? to (u, f) and write

(s fx) = (po f)  in L7
if for all ¢ € CS(R™ x R™),
dm [ ol fula) dim(o) = | oo f@) o),
and
lim |fe|*dpr =0 uniformly in &,

j — 00
J k.j

where Sy ; = {z € Q: |z| > j or |fr(z)| > j}.
3. SETTING OF THE PROBLEM AND FIRST RESULT

In this section we describe the setting of the problem we are considering. Afterwards we state and prove
our first main result: Theorem [3.1}
We let W: R — R be a double well potential, i.e., a continuous function, such that for some T',¢ > 0,
p > 1 it holds
_ 1
WO = {11}, el? <W() < TP Vi > T (3.1)
Let ¢ : R — R be defined by
t
o(t) :/ V2W (s)ds, (3.2)
-1
and set

For & > 0, let uc € W2?(R™) be such that

loc.
fhe = <§|Vu5\2 + s_lW(ug)) cr

is a finite measure.
For p € [1,00) and v € C&(R™), set

H””g}bvf(w) = HU”LﬁE(R") + HVUHLEE(R";R“) :
We define ﬁ;’f as the completion of C¢°(R™) with respect to Hv||ﬁ1,p<Rn). In Lemma in the appendix
ne

we show that this definition yields a unique gradient Vv for every v € H, :L’f (R™).

The above definition of the Sobolev spaces with respect to the measure u. has been chosen such that
we may perform a slicing procedure with respect to the level sets of u., and obtain on every slice a Sobolev
function on the associated current, see Lemma [3.3] below.

For n > 2, ¢ > 0 we consider the family of functionals I.: (L. (R™))? — [0, +00] defined by

I(u,0) = /]R (M n %|W|2> <@ v g|w|2) dz, (3.4)

5

if u € W22 (R"), and v € I—:T;’EQ(R"), and 400 otherwise. We denote also by M. : Li,. (R™) — [0, +oc] the

loc.
classical Modica-Mortola functional, i.e.,

Mowyi= [ (WE(“) + §|Vu\2) dz = pe(R"), (3.5)

if u € WL?(R™), and 400 otherwise.
In this model the variable u has to be understood as a regularization of a piecewise constant function
2xe — 1 where the surface OF represents a bio-membrane, whereas the variable v is a phase-field variable

modelling the phase separation on the membrane itself.

We now state the first main result of this paper.

Theorem 3.1 (Lower bound and compactness of I.). Let I. be defined as in (3.4). Then the following
hold:
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(1) Compactness. Let ((ue,ve))es0 C (Libe.(R™)? be a sequence such that sup Ic(us,ve) < 4o00.
Assume also that there exists u € BVige. (R™;{—1,1}) such that ue — u strictly in BVioe.(R™) in
the sense of Definition [2.1f Then there exists v € BV (S;{—1,1}), with S = [Ju,*vu, 1], such
that, up to subsequence,

(IV(¢ou)|L™ v:) = (eH" ' Ju,v) in L7 (3.6)

as measure-function pairs for every q € [1,p), where ¢ is given in (3.2)).
(2) Lower bound. Let ((ue,ve))es0 C (Liye. (R™))? be a sequence and (u,v) € BWie (R™; {—1,1}) x
BV (S;{-1,1}) with S = [Ju,*Vu, 1], such that ue — u strictly in BV and the convergence (3.6)

holds. Then
im 1 > .
hrsn\lgf I (ue,ve) > I(u,v), (3.7)
where I: (Ligo(R™))? — [0, +00] is defined as
I(u,v) := "H" 2(Jy), (3.8)

with o as in (3.3), if (u,v) € BVioc(R™;{—1,1}) x BV(S;{—1,1}), and is equal to +oco otherwise.

Proof of Theorem . The proof is the consequence of two upcoming propositions. Proposition [3.6] gives
the compactness part of the theorem. Moreover, we obtain that for a.e. ¢t € [0, o], we have that

/ oz, v)dH" " — o(x,v) dH" " for every ¢ € C2(R™ x R),
0. Et Tu

where Ef = {¢ o uc > t}. This additional property is the assumption of Proposition which provides
the lower bound. O

3.1. Proof of Propositions and We first recall [OR23, Theorem 1] which will be used to obtain
compactness in the proof of Proposition [3.6] once we have performed a slicing procedure.

Theorem 3.2 ([OR23] Theorem 1). Let a family (E:)->0 of finite perimeter sets in R™, whose boundaries
carry the currents Se = [0.E,*vp,, 1] and a sequence (v.). € H"*(S:) be given.

Assume that for some set E of finite perimeter xp, — x& strictly in BV(R™). Letv = vg : 0.E — S"!
denote the inner normal of E and set 8" = [0.E, %', 1], u = H" 'L O.E. Let us further assume that for

some A’ >0
[ (P St o <o
Then there ezists v € BV (S;{—1,1}) and a subsequence € — 0 such that the following holds:
(us,vl) = (p,v) as measure-function pairs in L for any 1 < g <p.
Moreover, [{v = 1},x',1] is an integral (n — 1)—current and we have the lower bound estimate
li;n\ig)lf/n <@ + %IVvélz)du; > oM ( ),
where J, = supp O[{v = 1}, %/, 1].

Next we give a lemma clarifying the relation between the different notions of Sobolev spaces over
currents and measures that we are using:

Lemma 3.3. Let ¢ > 0, u. € W,22(R™) such that p. = (£|Vue|> + e "W (uc)) L™ is a finite measure,
E!={x € R" : u.(x) > t}, and

Set = [[8*{115 > 75},*;72?|7 1]] .

Ifve ﬁ;f(R”), then v € HY2(S: ;) for almost every t.
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Proof. Assume that v; € C°(R") with v; — v, Vu; — Vv in L7, (R™). Then writing U. = ¢ ouc, we have

|VU.| < §|Vug|2 e W (ue)

and hence
0= lim /|'Uj — > + |V, — Vol dpe
Jj—oo
> lim lv; — o> + |V, — Vo*|VU.(z)| dz
J—=0 Jrn
(o)
>dim [ oy o - Vo aR e
I7o0 ) 0o «{Ue>t} ’
where e = ||Se,¢]|. Our claim follows from the fact that ¢ is a homeomorphism. O

As a preparation of the proof of the compactness statement in Theorem[3.1} we introduce two preliminary
lemmata.

Lemma 3.4. Let A > 0 and let Gy : [a,b] — [0,00) be a sequence of measurable functions with k € N such
that

b
sup/ Gi(t)dt < A.

keN
Then, for every k € N, there exists hy, : [a,b] — [a,b] such that
Vio € (a,b), 3C(A,to) > 0 such that for a.e. t € [a,to], supGr(hi(t)) < C(A,to) (3.9)
kEN
and
Vio € (a,b), there exist a < s1 < s2 < b such that for every k € N, s1 < hi(to) < s2. (3.10)
Moreover,
b b
/ f(hi(t))dt = / f@)dt  for every f non negative and measurable. (3.11)
Proof. For simplicity of notation, we will prove the statement for [a, b] = [0, 1].

We fix 0 < 0 < % and k£ € N and use a recursive argument. Since

1
/ Gh(t) dt < A
0

there exists a set A} C [$,1 — ¢] such that

A
149 >1—6 and VieA?, Gk(t)g%.
Hence, we can find a compact set BY C [g, 1-— %] such that
A
|IBpl=1-6 and Vte By, Gk(t)g%.

We then define the function:
R [0,1—6) — By
t — inf{s € By, |{z € By, x < s}| > t}.

Analogously, there exists a compact set Bi C [—g, 1- g] such that:

BiNBy=0, |Bi= and Vte By, Gi(t)<

N
=2

We define the function:
hy: [1—5,1—%) — By

t— inf{s € B, [{z € B}, x < s}| >t — (1—4)}.
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Carrying on in the same way, we can find a family of sets { B} }ien and a family of functions {h% }ien such
that:

o {Bj}ien is a family of pairwise disjoint compact subsets of [0, 1] with | U; Bj| = 1, satisfying

i 0 i 0 1) .
|BY=1-04, |Bk|:§7 By, C [W’ —W] Vi>1,
and
A i
with K; :== (27" + 1) 4
. {hi}ieN is a family of functions
By : 0,1 —28) — By, hi:[1— 2;:,17%)%3}; vi>1

defined as
hi(t) := inf{s € BY, [{z € B}, & < s}| > t},

. . . 5
hp(t) :=inf{s € By, {zr € By, z < s} >t—(1— F)}

Hence, we define the function hy: [0,1) — [0, 1] as

RY(t) ift€0,1—6)

W) iftell— 52 1—2),i>1

hk(t) =

Thanks to the definition of hy, for every 0 < to < 1, there exists i« € N such that to < 1 — % Hence,
for every k € N and every t € [0,to] we have that

Grlhi(t) < (27 + 1)

ol

= CV(A7 to) .
By construction, (3.10) is satisfied. Moreover, for every s € [0, 1],
{t €[0,1], hue(t) < s} =D Kt €[0,1], hi(t) < s and hi(t) € Bi}|
ieN
=S BN 0,5) = k.
iEN

Thus, by density, for every measurable function f : (0,1) — R4, we also deduce the third property.
|

In the following lemma, we will consider a set X with a notion of convergence denoted by “—”. All
that we require of the “notion of convergence” is that it maps the set of sequences in X to the space X
with an additional symbol, reserved for non-convergent sequences, such that the following two properties
are fulfilled:

(i) If z — x, then xx, — x for every strictly increasing sequence (k;)jen C N
(ii) If zx # x, then there exists a strictly increasing sequence (k;)ien C N such that no subsequence
(K, )men satisfies Tk, > T

Lemma 3.5. Let X be a space with a notion of converging sequence and Fy : [0,1] — X with k € N such
that:

(1) For a.e. t €(0,1] and for every strictly monotone sequence (ki)ien C N, there exist F; € X and a
subsequence (ky)ien C N of (ki)ien C N such that Fy(t) > Fre X.
(2) If for a strictly monotone sequence (ki)ien C N we have that

Fkl (tl) — Ft1 and Fkl (tz) — th s (3‘12)
then Ft1 = th-
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Then there exist F' € X and a strictly increasing sequence (ki) such that for a.e. t € [0,1]:
Fy, (t) = F.

Proof. We choose a strictly monotone sequence (k;)ien C N such that ﬁk, (t) — F; for a specific t € [0, 1].
We assume by contradiction that there exists a set of positive measure ¥ C [0,1] such that for every
ENSIDIN ﬁkl(s) is not converging to F,. Thus, for a.e. s € X there exists a subsequence (kj)iey C N of
(k1)ien C N, such that for no further subsequences of (ﬁkls (8))ien is converging to Fy. But, by assumption,
for a.e. s € ¥, we can extract from (ﬁkl (s))ien a subsequence converging to Fs € X. By (B12), thisis a
contradiction.

O

We are ready to state the compactness result of Theorem
Proposition 3.6 (Compactness). Let i | 0, and (uc,,ve, ) C (L' (R™))? be a sequence such that
sup I, (uEk s ng) < +00.

Assume also that there exists u € BV (R™;{—1,1}) such that us, — u strictly in BVo.(R™). Then there
exists v € BV (S;{—1,1}), with S = [Ju, *vu, 1], such that, up to subsequence,

(IV(poue, )L vey) = (6H L Jy,v) in LY (3.13)
as measure-function pairs for every q € [1,p). Moreover, we also have for a.e. t € [0, 0] that
/ o(x,ve)dH ™" — o(x,v) dH" " for every ¢ € C2(R" x R), (3.14)
d. Bt Tu

where Ef = {¢ o ue > t}.

Proof. We restrict ourselves to a subsequence (that we do not relabel) such that I, (ue, ,ve, ) converges

to the liminf in (3.7).

In order to alleviate the notation, we will write ux and vi instead of u., and ve,,
Uk =¢oue, .
For the superlevel sets of Uk, we introduce the notation
E;p :={z e R": Uy > s}. (3.15)
Step 1: Slicing over uj. By the chain rule and the Cauchy-Schwarz inequality with ey,
VU ()] < v/2W (uk (2))[Vug(2)] < %\VukIQ +ep Wu()).

Hence, using the coarea formula,

A> I, (ug,vp) > / (M + E—k|Vvk|2> |VU| dz
Rn €k 2
+oo
= / (L(”k) + i’“|wk|2) dH" " ds.
—oo *EZ €k 2

Step 2: Equality of the limit on slices. We begin with the following observations:

0.1 By the coarea formula for a.e. t € [0, 0], the set E}, is a set of finite perimeter for every k € N.

0.2 For a.e. t € [0,0], Xmt = 2xu —1in Li. (R™). By lower semicontinuity of the perimeter and the
fact that

(3.16)

/ Per(Ep)dt — oH" ' (Ju),
0

we have that Ej, converges strictly in BVioc.(R™) to 2x. — 1 for a.e. t € [0, 0].
0.3 By [MSZ03, Theorem 1.1], for a.e. t € [0,0], H" (U, ' (t)Ad.EL) = 0 for every k € N for the
precise representative of the Sobolev map Uy .
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We define S C [0,0] as the set of ¢ € [0,0], such that one of the previous properties does not hold.
Hence, we have that |S| = 0.

We claim the following: If, for some t1,t2 € [0,0]\S, t1 < t2, there exists a subsequence (k;)ien and
v' 02 € BV(S;{—1,1}) such that

(H" 'L 0By uk) = (H" ' LJu,0") in LY, V1< q<p, forl— oo (3.17)
as measure-function pairs for i = 1,2, then vt = v for H"~' a.e. = € J,. In order to alleviate the
notation, we will assume that the subsequence is the sequence itself, such that the assumption becomes

(H" "L OBy ug) — (" 'L Jy,v") in LY, V1<qg<p, fork—oo.
We introduce
Bi={z € Ju: v (2) # 07 (2)} = {2 € Ju: ¢(v" (2)) # (v (2))} .

We will prove our claim by contradiction: Assume that H™ '(B) > 0. Assume also, without loss of
generality, that

Bi={z € B:v" (x) = 1,2 (2) = -1} = {z € B: ¢(v" (x)) = &(1), $(v"2(z)) = $(—1)}
satisfies #"~'(B) > 0. Let § > 0. By the properties of sets of finite perimeter under blow-up (see
e.g. [EG92, Chapter 5.7]) for H" ! a.e. 29 € B, we can find py > 0 such that for every 0 < p < po it holds:
{u =1} N B (20)| = 3B, (w0)| — 6 and [{u =1} 1 B} (w0)] <3,

no1 (3.18)
H' (S0 Bp(z0)) 5

1-6<
~ w(mn-—1)pr—t —

where By (z0) are the half-balls separated by Do, the (n — 1)-dimensional unit disk of radius p, of center
zo and orthogonal to v, (zo) and w(m,n — 1) is the measure of the n — 1-dimensional unit ball. By (0.2},

H" N O.E) N By(x0)) = H" "(JuN By(z0)), fori=1,2. (3.19)
This together with (3.18) imply

| o5 < H"THO-EY 0 By(w0))

S D <1426, fori=1,2 (3.20)
™ n—

for k € N large. By the Lebesgue Differentiation Theorem, up to possibly taking po smaller, we also have
that:
H" ' ({z € Ju N Bp(xo), v (x) > 1 —6})

Slrn o >1-34, (3.21)

and
H{z € Ju N By(xo),v'2(z) <6 —1})

w(m,n—1)pn—1
Moreover, by the strong convergence (3.17) we have:

A,so(w(x))d%"fw (o, o' (2) A", fori=1,2
W Epl Ju

>1-9.

for every ¢ € C2(R™ x R). Hence, by a density argument we obtain
H ' {x € . E 0 By(z0),vk(z) > 1=6}) = H" "({z € JuN By(wo),v" (x) >1—6}),
and
H* '({z € 0.E2 N By(xo),vk(x) <6 —1}) = H" ' ({z € Ju N By(x0),v"2(x) <5 —1}).
Therefore, for k large enough and using (3.18), (3.19) and (3.21) it holds
H (0Bl 0 By(o) N {wnle) > 1 8))
Hr (0.1 1 By(0)

>1-25 (3.22)

and
H (0. 1 B, (o) N fon(x) < 5 —1})

H"=1(8.E}* N By(20))

>1-26. (3.23)
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By the L. convergence of Xt to (1 +wu)/2 for i = 1,2 and (3.18), for k large, we have:
k

, 1
|E,tjﬂB;'(mo)| > §|Bp(x0)\—26, fori=1,2.
By Fubini’s theorem we have:
ti + _ n—1 s
|E; N B, (x0)| = /Do /HRM(EO) XEZWB;(%)(:U, y)dydH" " (z), fori=1,2.

Hence, for § chosen sufficiently small, we obtain that

H! ({z € Do,z + Ruu(z0) intersects E,' N B,(zo) for i = 1,2}) > gw(ﬂ,n —1)p" !
In a similar way, the estimate
|Eji N B, (z0)] <25 fori=1,2
implies that
H" ' ({z € Do,z + Ruy(z0) intersects (E,*)° N By(zo) for i = 1,2}) > 2(0(7?,71 —1)p" 1,

where (E}*)¢ denotes the complement of E}’. Hence,

H! ({z € Do, + Ry (20) intersects OE,* N By (zo) for i = 1,2}) > %w(w, n—1)p""".

Since Uy, is a Sobolev function, Uy is absolutely continuous on x + Ruy (z0) for H" ! ae x€ Dyand we
get

H ! ({z € Do,z + Ruy(wo) intersects U ' (ti) N By(zo) for i =1, 2}) > %w(w, n—1)p"""
By (0.3) it follows:
_ . 2 _
H" ' ({z € Do,z + Ruy(zo) intersects 8. E,* N By(wo) for i = 1,2}) > gw(ﬂ,n —1)p" . (3.24)

Let us call D; the set of points 2’ € Do such that ' + Ruy (x0) intersects
{x € 0.E;' N By(x0),vk(x) > 1 -6} and {z € 0. E> N By(x0),ve(x) <5 —1}.
Then, for k large enough, by (3.22)), (3.23)) and (3.24), we obtain that

WDy > %w(ﬂ,n 1)

We are ready to prove the contradiction. We have

A>T, (ug,vp) > /

{t1<Ux<t2}

€k

(—W(”k) " %’“\wkf) W) g
k

Since 0 < t1 < t2 < o, we have that
W (o~ (t)) > c(W, t1,ts) for t € [t1,1a].

Thus,
A > it W) / (—W(”k) + g—klwkﬁ) dz
ek {t1<Up<tz} \  Ek 2
th,ta, W

e IV (6(wr))] da

€k {t1<UR <t2}N B, (z0)
c(t ,t 7VV / n—
> A ) [ty @ + ) VO & + o)) dy ™™ )
D1 JR
Z C(t1,t2,

LW [ v cmnm o @+ 0 20)) 10, (90 + g o)) | dy a4 ).
k Dy, JR
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Then, by integrating over y and by definition of D; we obtain
C(tl, t2, W)

€k D,

A> o1 —6) — (6 —1)da’.

This last quantity goes to +co when k — oo. Hence, H" '(B) = 0, which proves the claimed equality
v =2,
Step 3: Existence of a convergent subsequence. We claim that there exists a strictly monotone

sequence (k;)ieny C N and v € BV(S;{—1,1}) such that for a.e. ¢t € (0,0):

/ oz, vp) dH " — o(x,v) dH" " for every ¢ € C2(R" x R). (3.25)
0. E}, 0. E

Indeed, we apply Lemma [3.4] with:

Gr(t) == / (M + i’“ka\?) dH"
0. EL 2

€k

for every t € [0, 0]. Hence, there exists a sequence of functions (hx)ken mapping [0, o] into itself such that
for a.e. t € [0, o:

igg/a*Eka (Wg(:k) + %C\VUMZ) dH" ! < 4oo0. (3.26)
Moreover, for a.e. ¢t € [0,0], there exist 0 < s1 < hg(t) < s2 < o Vk € N, such that Xg and Xz
converge to 2x, — 1 in L. (R™) when k — +oo. Since Xg:2 < XE:k(t) < X XEZ’“(” — (14+w)/2in
Li. (R™). By lower semicontinuity of the perimeter and the fact that
/G Per(E[* M) dt = /G Per(E}L) dt — oM™ (),
0 0

we have that EZ’“(” converges strictly in BVioe.(R™) to 2x, — 1 for a.e. t € [0,0].

Next we will apply Lemma Using the notation from the hypothesis of that Lemma, we set X =
M@R™1), and as convergence “—” on X is the we take the weak-* convergence on M(R™ ™). The map
Fy :[0,0] = X = M(R™") is defined by

/Ran v A (0) = /<9*Eh’k(t)

k

o(x, v) dH™ ! for every ¢ € C2(R™ x R).

By Lemma and the strict convergence of EZtk<t> in BWec.(R™) to (1 4+ u)/2, we can apply
Theorem (JOR23| Theorem 1]) to the sequence (Fx(t))kxen for a.e. t € [0,0] and for any subsequence.
Hence, (F)ren satisfies the first assumption of Lemma By Step 2, it also satisfies the second
assumption.

Therefore, by Lemma[3.5] there exist v € BV (S;{—1,1}) and a strictly monotone sequence (ki)ien C N
such that for a.e. t € [0, 0] :

/ iy () oz, v, ) dH" ! — o(z,v) dH" " for every ¢ € C2(R™ x R).
0.E,] 0.E

In order to prove|3.25] it remains to get rid of the rearrangement hj. To do so we observe that by the
third property of (hk)ken in Lemma we have that for every ¢ € C2(R" x R), and for every I € N, the

quantity
Il ::/ / - oz, vg, ) dH" ! f/ o(z,v) dH" | dt
0 a*Ekll 0. E
is equal to
1L ::/ / oz, vg, ) dH" ! —/ (@, v)dH" " dt.
0 8.Et B
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But for a.e. t € [0,0],
[ emm)anw = [ gt an | < el (Per(Et) + 20 ()
*Ekl O« E

and .
/ gl Per(EL,) — ollpllzeH"" ().
0

Hence, by the dominated convergence theorem, lim I = lim I! = 0. Thus we have shown that for all
l—+4o00 l—+4o00

@ € C2(R™ x R), the sequence of functions

t s oz, vy, (x) dH™ ' (2)

0. B!,
1
converges in L*(0,) for I — oo to the constant function
t— o, vg, () dH" (z).
. E

Taking further subsequences that converge for almost every ¢ € (0,0) for a dense countable subset of
functions ¢ € C2(R™ x R) and extracting a diagonal sequence yields the subsequence fulfilling m

Step 4: Measure-function pair convergence. Finally, we prove that the sequence from the previous
step also fulfills m We first have to prove that the strictly monotone sequence (ki)iey C N and v €
BV(S;{~1,1}) obtained in Step 3 satisfy for every ¢ € CS(R" x R):

lim o(x,ve, (2))| VU, | dz = a/ oz, v(z))dH" .

l— o0 RN “

Indeed, by the coarea formula, we have that
/ ‘p($7vkl($))‘VUkl|dx = // o(x, vk, () dH™ ' dt.
R” R *Eil
For a.e. t € (0,0),

/ o(x, ve, () dH" ! = o(x,v(x))dH" ",
o+ E} Ju
and for a.e. t ¢ (0,0),

/ oz, vp, (x)) dH" " = 0.
L E

t
kq

Moreover,
| ol o) dn " < ol Per(EL)
0.8},
for a.e. teR
Jim [pl| oo Per(EL,) = ol o Per ()xco. (1)
and

tim [ gl Per (EL,) di = [l Pe ()
l— oo R

Hence, by the dominated convergence theorem,

lim [ (@ o (2)| VU | de = o / oz, 0(z)) dH"

l— oo R “

It remains to show lim;_, fSk vk, |9 VUk, |dz = 0 uniformly in [, where Sk, ; := {& € R" : |z| >
i

*

j or |ug, ()] > j}. Since |VUy, |L™ = oH™ 'L J., we have by Prokhorov’s theorem (see [Bog07, Theorem
8.6.2])

lim |VUg,|de =0 uniformly in [ € N.
I700  {a]2] >4}
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Hence (supposing ek, € (0, 1))

limsup/ |vg, ||V Uk, | dz
{z:|x| >3}

j—oo
a/p 1-q/p
< limsup (/ vk, |7V Uy, | dx) </ VU, | dx)
J—roo {z:|z[>5} {z:|z|>5}
a/p 1-q/p
w w
< Climsup / Wvw) (i\VuklP + M) dz / VU, | dx
imoe \Jalzl2j) ki 2 Eky {w:l2|25}

1-q/p
< Climsup AY? </ VU, | dm)
Jj—=oo {z:|=>5}

=0 uniformly in/ € N.

Furthermore, using again the same estimates,

limsup/ [vi, |4 VU, | dz < limsuqufp/ [vig, [PV Uy, | dz
{@ivg, ()25} J—roo {@ivg, ()25}

j—o0

< limsupj? PA.

Jj—oo
This completes the proof of (3.13)). O
We next prove the lim inf inequality.

Proposition 3.7 (Lower bound). Let ((ue,ve)) C (Lise.(R™))? be a sequence that converges to (u,v) €
BVipe. (R™;{—1,1}) x BV (S;{—1,1}), with S = [Ju,*vu, 1] in the following sense: us — u strictly in
BVioe.(R™) and for a.e. t € [0,0]:

/ o(x,ve)dH" ! = o(x,v) dH" " for every ¢ € C2(R™ x R), (3.27)
0. Bt Ju

where B = {¢p ouc > t}. Then
lirgn\i(r)ﬁ I (ue,ve) > I(u,v) .

Proof. Combining the Modica-Mortola trick with the coarea formula,

Lo (e, 0:) = / (@ + %\wﬁ) (@ + §|w5|2) de

2/ VUL | (W(“E) +5|w5|2> dz
R™ 1> 2

2 / / (W('UE) +§|V'Ug|2> d/]_[nfl'
o Jo.mt € 2
By Fatou’s lemma,

liminf/ / Wive) + E|Vug|2 dH™t 2/ liminf/ M + E|Vvs|2 dH™ L.
e—0 0 *Eé £ 2 0 e—0 O*Eé I 2

The assumed convergence implies in particular that

XEt — X{u=1} strictly in BVie.(R™)
for every t € (0,0) \ T, where T is a null set. For such a ¢, if

lim inf (M + E|Vv€|2) dH" ' < 400
=0 Jo,mt = 2
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we obtain by Theorem the existence of v* € BV(S;{—1,1}) such that

e—=0

1iminf/ <M + EW“&F) AH™Y > o H 2 (),
8, Bt & 2

and

/ oz, v)dH" ™" — o(x, ") dH" " for every p € CO(R™ x R).
0.1t

Ju
By assumption (3.27), for a.e. t € [0, 0] we have v = v*. Moreover, if
lim inf (M + E|va|2> dH" " = 400,
=0 Jg, Bt 5 2

then oH" ?(J,) < +00.
Hence,

hminf/ / (M +§|V'U5|2) d'Hn_l 2/ liminf/ (M—F E‘V’05|2> dHn_l
e—0 0 0. Bt € 2 o e—0 0. Bt e 2

2 UQHn_Q(JU) ,

which proves the claim. O

4. SECOND MAIN RESULT

In this section we state and prove our second main result. We stress that from now on we restrict the
analysis to functionals corresponding to the specific choice n = 3 and

W(t) =W(t) := (1 —3)>. (4.1)

As in the previous section we use the notation

(s) = /_ Sl S (1)

o =¢(1)
Us =¢ou..
We introduce the function a”: R — R given by
a®(t) == w(t)ar + (1 — @(t))az, (4.2)

with a1,a2 >0, 0 € CF(R),0<w <1, w(—1) =0 and @(1) = 1. For later convenience, we observe that

min{ai, a2} < a®(t) < max{ai,a2} Vt€ER. (4.3)
For € > 0 we consider the family of functionals J.: (L' (R?®))? — [0, 4-00] given by

Je(u,v) = /R3 éa‘r’(v) (@ - aAu)2 dz, (4.4)
if (u,v) € W22(R?) x Li,.(R?), and 400 otherwise. Our second main result is the following.

loc.

Theorem 4.1 (Lower bound and compactness of I. +J.). Let n =3 and W be as in (&.1). Let I., J., M.

be defined as in (3.4), (4.4) and (3.5) respectively, where we assume W(t) = W (t). Then the following
hold:

(1) Compactness. Let ((ue,v:))e C (Liye.(R*))? be a sequence such that

sup(Ie (ue, ve) + Je (te, ve) + Me(ue)) < 400,
Je (e, ve) < o(87 min{ay, a2} —9), (4.5)



18 B. LLEDOS, R. MARZIANI, AND H. OLBERMANN

for some & > 0. Then there exists (u,v) € BViee.(R*{—1,1}) x BV(S;{—1,1}), with S =
[Juws *vu, 1], such that, up to subsequence,

ue = u  strictly in BV

((%\VusP +E’1W(us)) 5371,5) S (oML Juyw)  in LY (4.6)

for every q € [1,4) as measure-function pairs.
(2) Lower bound. Let ((ue,ve))e C (Line (R®))? be a sequence and (u,v) € BVoc. (R {~1,1}) x
BV (S;{-1,1}) with S = [Ju, *vu, 1], such that (4.6)) holds. Then

lim\i(l)ﬂf([s(us, Ve) + Je(ue,ve)) > I(u,v) + J(u,v), (4.7)
where I is as in B.8) and J: (Ll (R*))? — [0, 400] is defined as
J(u,v) ::cr/ (a11;U+a21;U)|HJu|2d’H2, (4.8)

if (u,v) € BVioe.(R*; {—1,1}) x BV(S;{—1,1}), and is equal to +oo otherwise.

4.1. Proof of Theorem In the proof of our second theorem, we are going to rely heavily on the
analysis from [RS06]. In the following, we summarize the results from that reference that will be useful
for our purpose.

Notation 4.2. For u. € W22 (R™) let

loc.

€ —1yx n
fe = (7|qu|2 te IW(UE)) c
2
: ) . . (4.9)
¢ = (§|ws| e W(ug)) c
We omit the dependence of ., & from u. from the notation. No confusion will arise from this.
In all of the remaining statements of the current subsection, it will be assumed

pe = p in M(RY)

sup/ 1 (eflv_[/'(ue) — EAUE)Q dz < 400.
e>0 JRr3 €
Proposition 4.3 ([Ton02l Proposition 4.3] and [RS06| Proposition 4.9]). Under the above assumptions,
€| = 0 in M(R?).

In the statement of the following proposition we identify G°(3,2) with the set of simple unit elements
Of A2 (RB)
Proposition 4.4 ([RS06, Proposition 4.10]). Let V. € M4 (R?® x G°(3,2)) be the oriented varifold defined
by

Vilo) = [ ol s Vue(a)/|Vue @) du
R

Then the first variation of Ve is given by
(6Ve)(p) = — /(fsAus +€71W/(u5))Vu5(x) -pdx

Vue Vue 1,3, >3
: ——d¢&. C.(R7;R?).
+/Vs0 V.| ® V.| £ forp e Cc( )

Theorem 4.5. [RS06, Theorems 4.1 and 5.1] There exists a rectifiable 2-varifold V' with the following
properties:

(i) There exists a subsequence (no relabeling) such that Vo =V in M(R™ x G°(3,2)). In particular
VI = p.
(i) The varifold V' has generalized mean curvature Hy € LﬁVH,loc.(R?);R?’) satisfying

/|Hv|2d||V|| < ligljéle_l/ (—eAu. + & 'W(ue))? de.
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(i) The varifold o'V is integral.

As in [OR23], we are going to use the Li-Yau inequality [LY82] [KS04] to obtain the crucial property
that the limit surface is of density one. In order to state the Li-Yau inequality, suppose that V' € RV$(R?).
The two-dimensional density of ||V|| at 2 € R? is defined by

Sy g V(B (@)
on(e |7 =ty IICEAED)
with w(2,7) the volume of the ball of radius 7 in R?. This limit exists ||V |-almost everywhere. The Li-Yau

inequality states that if V possesses a mean curvature vector Hy € Lﬁf/l\ (R?) then

1 2 i
02 < o [ a7
In particular, if V eIvs (R?), the inequality implies
/|H‘~,|2d||‘~/|| <8t = =1 |V|— almost everywhere. (4.10)

We divide the proof of Theorem [4]] into several steps. The next proposition is the Compactness part
of that Theorem.

Proposition 4.6 (Compactness). Let n = 3. Let I., J., M. be defined as in (3.4), (4.4) and (3.5)) respec-
tively. Let ((te,ve))e C (Lise. (R*))? be a sequence such that

sup(Ze (ue, ve) + Je (te, ve) + Mc(ue)) < 400,

Je (e, ve) < o(87 min{ay, a2} —9), (4.11)
for some § > 0. Then there exists (u,v) € BV (R {—1,1}) x BV(S;{~1,1}), with S = [Ju, *vu, 1], such
that, up to a subsequence,

ue —>u  Sstrictly in BV]OC'(Rs) ,

((g\vuaﬁ —|—6_1W(u5)) 113,1;5) - (oH*L Ju,v) in L (4.12)
as measure-function pairs for every q € [1,4). Additionally we have the measure-function pair convergence
(IVpoue|L v:) = (cH> L Ju,v) in L7, (4.13)

again for q € [1,4).

Proof. We will show the convergence using Proposition Indeed, follows from that propo-
sition if there exists u € BV (R%; {—1,1}) such that, up to subsequence, u. — u strictly in BV (R*). Since
M. (u:) < A, there exists u with u(z) € {~1,1} a.e. on R® such that u. — u a.e. on R®. We define the set
of finite perimeter E C R® by writing u(z) = 2xg(z) — 1. From the Modica-Mortola trick, we have that

/ V(¢ ouc)|dx (4.14)
R3
is uniformly bounded.

We have that ¢(t) = ffl |1 — s%|ds, and hence |¢(t)] < C(|t|* +1). Let K C R® be compact. We may
assume ¢ € (0,1). By [, |ue|* < C(K) ([, W(ue)dz+1) < C(K)(A+1), we get that [Juc|pa(x) < C(K, )
for every ¢ < 4. In particular, ||¢ o ue|| 1 (x) < C(K, A), independently of e. Combining this with
and the compactness theorem for BV functions, we can find a subsequence and U € BV (R?) such that
¢pous — U in L. (R®) when ¢ — 0. Hence, for a.e. z € R? ¢owu(z) = U(zx) and « € BV(R?). Thus, up
to a subsequence, ue — u in BV (R®).

Let pe be as in and let v.: R® — 9B (0) be a Borel-measurable function extending Vu./|Vu.| on
{Vu. = 0}. We define V. := pc ® ve to be the corresponding generalized varifold, that is

/ P2, ) V.(0,8) = [ pla (@) dpcls) for o € CUR' xB),
R3xG(3,2)

R3
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where we identify S € G°(3,2) with the simple unit vector in A(3,2) orienting S. Then as ||V:| = e

and pe = p € M4 (R?), we obtain by Theorem that there exists V € M (R* x G°(3,2)) possessing
generalized mean curvature Hy € LﬁVH (R?) such that

Ve 2V in My (R® x G°(3,2)),
o VI =H L Ju,

1 (W (ue ?
/ |HV|2d||V||§liminf/ 7<M—8Au5) dz.
R3 eNo R3 € 1>

We write V = o~ 'V. Since Hy = Hy, we obtain
[ o a7y < se -3,
R3

with 6 = 2. By (&10), V is of density one. Therefore S := ¢(V) = [Ju, %4, 1] and from [OR23, Lemma
1] we have that

/RS (@ + g|Vu5\2> dz = M(c(V2)) = M(c(V)) = 0H*(Ju) = o|Du|(R?).

By the weak convergence u. — u in BV (R®) we have

o|Du|(R?) < limsup o|Du.|(R?)
e—0

= li?jélp|D(¢(us))|(R3)

= lim sup/ 2W (ue)|Vue| dz
e—0 R3

< limsup/ (M + E|Vu5|2> dz = o|Du|(R?)
e—0 R3 3 2

which in turn implies |Duc|(R*) — |Du|(R?®). Hence we infer that ue — wu strictly in BV. This proves
@13).

To show (#.12)), we can observe that for every ¢ € C2(R? x R),

< el Lo msy (ME(RS) - /3 |VUE|dac>
R

< H<P||Loo(nzz3)|fa|(R3),

‘/ so(w,ve)dus—/ o(x, ve)|[VU:| dz
R3 R3

where we have used (a® + b%) —ab = (a — b)? < |a? — b?| with a = /£|Vu.| and b = \/2W (uc)/e. The
right hand side above goes to 0 thanks to Proposition [£.3]
It remains to show lim [ |ve|? dpe = 0 uniformly in [, where S ; := {z € R™ : || > j or |ve(z)| > j}.
J—o0 )

As in the Step 4 of the proof of Proposition since pre — oH" 'L J,, we have by Prokhorov’s theorem

lim p.({z:|z| >45})=0 uniformly inl &€ N.
j—oo
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Hence

lim sup/ |ve|? dpe
oo Jailal>)

a/p 1-q/p
< lim sup </ |ve]” dua> </ dm)
J—roo {z:|=|>5} {z:|=|>5}
a/p 1-q/p
< Climsup </ e W (ve) (§|Vu5|2 + 6_1W(u5)) dx) </ du5>
imoo \ailel24) 2 {w:|2] 25}

1—q/p
< Climsup AP (/ d;@)
J—roo {z:|z|>5}

=0 uniformly in [ € N.

Furthermore, using again the same estimates,

limsup/ [ve|? dpe < limsuqu_”/ vel? dpe
i=oo J{awe (2)>5) oo {wive (2) >4}

< limsupj? PA.

Jj—oo

This completes the proof
O

Proposition 4.7 (Lower bound). Let n = 3. Let I.,J., M. be defined as in (3.4), (4.4) and (3.5)
respectively. Let ((ue,ve)) C (Lo (R*))? be a sequence that converges to (u,v) € BV(R*{—1,1}) x
BV(S;{—1,1}), with S = [Ju, *vu, 1], in the following sense:

ue —u  strictly in BMOC,(R3) ,
((%\Vu5|2 n s*lv‘V(ug)) 53,05) = (oH?L Ju,v)  in LT (4.15)
as measure-function pairs for every q € [1,4). Then

hIn\;l(I)lf I (ue,ve) + Je(ue,ve) > I(u,v) + J(u,v), (4.16)

where T is as in [B3.8) and J: (Li,.. (R3))2 — [0, +00] is defined as

J(u, <a11+U 1;”) \H;,|> dH?, (4.17)

if (u,v) € BV(R%{~1,1}) x BV (S;{=1,1}), and is equal to +oo otherwise.

In order to prove Proposition .7} we prove an intermediate result with an additional dimension. Given
(ue)e>o0 as above, let

E!={z eR®:u.(z) >t}
for every £ > 0 and ¢ € R. Furthermore define ji. ; € M(R?) by jic; := H?L 8. E!. Let ¢. € M(R?) be

defined by
[ s nac@n= [ [ o,

Lemma 4.8 (Higher dimension). Let (uc)e>0 be as in Proposition[{.7, Then there holds

lim |<€|VuE —\/2W ()| de(z, t)
e—0

for every g € C2(R? x R).
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Proof. By Proposition [.3]

€ 1w = W) gy o, (4.18)
=0 Jpa |2 €
W (ue
Multiplying the integrand with = (us) <1 leads to
W(us) + 3 |VUE|
fim [ | w2 = W) W(“Z) z=0. (4.19)
e—=0 Jpa |2 € W(ue) + ﬁ|vu5|

The above integral can be rewritten as

VW u6 W(us)

W (ue)

£ —
—|Vue| — A/ W(ue)|dz = / Vue dzx . 4.20
| IVl = W) do = [ [V - (1.20)
Now combining (4.18)—(4.20) and using the triangle inequality we find
1im/ V|| £ V| — YV |
e—0 R3 2 \/i
< lim |Vue| Wiue) _ VW) dz + lim/ E|Vu5|2 UMCD) dz =0.
e—0 Jp3 | Vue| V2 e=0 Jp3 |2 €
Finally by the coarea formula
VW (ue) v/ _
lim \Vu5| \Vu5| — ( dz = hm// |Vu5\ — W) dH™ " dt
e—0 \/§ e—0 Bt \[
= lim // E|Vug\ -~ dﬁg,t(:c) dt =0,
e—0 Jr Jr3 2 \/5
and thus we conclude. |

We prove the following convergence of the pair (ue,ve):
Lemma 4.9 (Strong convergence). Let (uc,v:)e0, and (u,v) be as in Proposition[[.7 Then for every
@ € C2(R® x R) we have

tim [ eAVu @)l ve(2) Ao, 1) = 0 / (e, v(a) dH (@),

Proof. By Lemma it is sufficient to show that

lim /R4 V2W () ez, ve (@) dle (@, t) = 0/ pla,v(2)) dH(2),

u

for every f € C2(R® x R). By definition of (., and choosing g(z,t) = /2W (t)¢(x, v<(z)), we have

/R4 \/%w(m,vg)déje :/\/M/ 0@, ve) dfies dt
/\/7/*@ o(x,ve) dH dt

By combining coarea formula and strict convergence,
/ H2(8.EL) dt = |Duc|(R*) — |Du|(R?) = / H2 (0. E) dt

with OE" = {& € R® : u(z) > t}. Hence,

{HZLJu for a.e. t € (—1,1)

HLo.BL >
for a.e. t € R\ (—1,1)

n M(R?).
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Thus we obtain

;1_%/\/ / p(z,ve) dH dt—gl_l)“r(l)/ \/2W /*Et (z,ve) dH de

= a/ o(z,v)dH?,

u

with v from Proposition concluding the proof.

Lemma 4.10. With the above notation,

(el Ve P£°,v/a® (ve)) = (oH L 0. E, \/a® (v))

in LY as measure-function pairs, for every q € [1,00).

Proof. Let ¢ € CS(R® x R). Using the coarea formula, we obtain

[ et V@V ar = [ [ ot eV @ an @ a
= [ ol Vo @)el V@) el ).

Hence by Lemma

gi_r}(l) ; oz, /a® (ve (x)))e| Vue |* de = a/ oz, /a®(v(x))) dH> .

It remains to show
lim |v/a® (ve)|%e|Vue | dz — 0 uniformly in e > 0,

Jj—roo )
€57

23

where S ; = {x € R® : |z| > j or [\/a®(ve(x))| > j}. We note that the proof of this estimate is easier to
achieve than in the proof of Theorem in Step 4 thanks to the trivial L* bound va® < max( /a1, /az2)-

Indeed, since 5|Vu5\2[,3 < e A oH? L J., it follows from Prokhorov’s theorem

lim |Vu:?dz =0 uniformly in e > 0.
I700 Ja:|2| >4}

By the L*°-bound on va®, we obtain

lim e|Vue|*|a® (v:)|7?dz =0 uniformly in e > 0.
I7700 J{:|2| >4}

The remaining estimate

lim | Vu[*a® (v-)|”?dz =0  uniformly in & > 0

7700 Jaiy/a® (ve (2)) 24}
holds trivially by the boundedness of v/a*.

We are now ready to prove Proposition

Proof of Proposition[{.7 By Proposition it readily follows that
lim inf I, (ue, ve) > I(u,v) .
e—0

Thus it suffices to prove that
hmme (ue,ve) > J(u,v).

e—0

By Proposition and Theorem (i), there exists a subsequence (no relabeling) such that

Vue (% — 5Au5) L2 5 oH2Hy L J, in M(R3).
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Following [RMOS]|, we rewrite this as
2 W (ue) — eAue Vaue

3 * 2 . 3
- — H w R?). 4.21
e|Vue| V] |Vu€\£ oH "HyL J, in M(R®) (4.21)
Additionally,
—1175// _ 2 1 2
/ €|VUE|2 e W ('U;a) EAUE dr = / 571 M _ EA'LLE dz
R3 E|VUE| R3 £
4.22
< .;Ja(ua UE) ( )
min(a1,az)
<A.

By (T20) and (23),

w’ Ue Ug
( i ) _ eAu,) ‘guE
e|Vue|

weakly as a measure-function pairs in L? for every ¢ € [1,00). By [Mos01l Proposition 3.2], the weak
convergence from (4.23) and the strong convergence from Lemma can be combined to obtain

(E|Vu5\2ﬁ3, ) — (oH’LJu,Hy,) (4.23)

M _ EAuE) VU5

<€'V"E'Q£S’V“W(”5)( vl |vu5\>A(UHQ"J“’”“Q(”)HJ“)

(% —eAu,)
e|Vue|

weakly in L' (say) as measure-function pairs. Since /a®(v.) is uniformly bounded in
Lglv%‘zﬁg (R®), we have

(M — eAu.) Vu.

<E'V“5'2£3’V““(”s) vl |vu5\>A(UHQ"J“”“@(”)HJ“)

weakly in L? as measure-function pairs. The conclusion follows from the lower semi-continuity result for
convex functionals with respect to weak measure-function pair convergence [Hut86, Theorem 4.4.2 (ii)]. O

APPENDIX A. UPPER BOUND IN THE SMOOTH CASE

In this section we briefly discuss the construction of the recovery sequence when (u,v) are such that J,
and J, are smooth. We give details for the upper bound construction only in the setting of Theorem [1]
being the construction in the setting of Theorem i.e., for n > 2 and any potential W satisfying ,
exactly the same.

Proposition A.1 (Upper bound). Let E,F be smooth subsets of R® with F C OE. Let u = 2xp — 1 €
BViee. (R?{—1,1}) and v = 2xr — 1 € BV(S;{—1,1}) with S = [OF, vy, 1]. Then there exists a sequence
((ue,v:)) with u. € W22 (R?), v. € f],if(R3) N L>(R®) such that ue — u strictly in BV,

(IV(¢pous)|L" ve) = (oH" 'L Jy,v) in LT
for every g € [1,4), and
limsup . (ue, ve) < I(u,v), limsup Je(ue,ve) < J(u,v).

e—0 e—0
Proof. Tn order to ensure u. € W2? (R?) we follow the argument of [BP93].

Let (u,v) = (2xe — 1,2xF — 1) where F, E are smooth subsets of R® with F C 9E. Let d(z) :=
dist(z,R® \ E) — dist(x, E) be the signed distance to OE. Letting distsz denote the geodesic distance
on the smooth submanifold OF, we may define the signed geodesic distance to OF on OF by dg(y) :=
distog(y, OE\ F) —distar(y, F) for y € OE. Since OF is smooth, for a > 0 sufficiently small the projection
7: {x € R®: |d(z)| < o} — OF is well defined. For z € E; := {d(z) =t} we can write 7(z) = z — d(z)v(x)
with v(z) = sgn(d(z)) ==L the normal to E; at x. Moreover v(z) coincides with the unit normal to E

z—m(z)]

at 7(z). We have that

Vr(z) = Pp, paw — d(z)Vr(z),
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where P pac.) denotes the projection onto the tangent space to EY® at 2. We recall that d and d, are
C? in a sufficiently small tubular neighborhood of 8E and OF respectively, |Vd(z)|, |V?Edg(y)| = 1 (where
V% denotes the tangential derivative) and

= ki(n(2)

—Ad(z) = Hi(z) = AR ol S A Al
©)= '@ = 3 i (A1)
where H!(x) denotes the sum of principal curvatures of the level set E; in € E; and k1(2),...,kn—1(2)

the principal curvatures of OF at z.
We recall also that the function w(t) = tanh (v/2t) is a solution to the minimization problem

min { /:O(W(w) + %(w')Q) dt: w € Wik2 (R), w(koo) = +1}.

Thus, in particular,

/_:O(W(w) )y di = /_:o J2W (w) | dt = /_11 J2W (s)ds = o, (A.2)
/_+°° (|2 dt = /_:O J2W ()| dt = o, (A3)

and
w”(t) — W (w(t)) =0 VteR. (A.4)
Set T := |loge| and define w.: R — R as
w(t) ifte[0,T.],
pe(t) ift € (Te,2T],
we(t) ==
1 if t € (2T¢, +00),
—ws(—t) ift € (—00,0),

where p.: [T:,2T:] — R is a third degree polynomial chosen in such a way that w. € C*'(R) N C°(R \
{£T.,£2T.}). Set also W.(t) := we(t/e). One can verify that
@)oo e omey = 0(e%) s 07 ||zoo (e o1y = 0(7),  [|w — e[ Lo (1. 212 = () - (A.5)
We use e, d and dg to construct u.: R* — R and 7. : 9E — R, precisely, we set
ue(z) := e (d(2)) = we(d(x)/e) and  De(y) := b (dg(y)) = we(dg(y)/e) -

Then we let v.: {x € R®: dist(z,dF) < a} — R be given by v(zx) := v.(r(2)) and take any extension
in R? such that v. € W,\7 (R?).

We claim that the sequence ((ue,ve)) satisfies the thesis. By construction ue — u strictly in BVioc. (R®)
and

(IV(¢pou)|L" ve) = (oH" 'L Jy,v) in L7

as measure-function pairs for every g € [1,4). Moreover (V) satisfies

Jimm sup /Z’E <%|V'17€|2 4 @) dH" () < oM (OF). (A.6)

e—0

For convenience we introduce the localized functional
Ie(u57UE7A) ;:/ <E|Vu5‘2 + M) (i‘VUE‘Q + M) dz,
A \2 € 2 €

with A C R® open. Thus we have
Ic(ue,ve) = Ic(ue, ve, {|d(x)| < eTt}) + Ic(ue, ve, {eTe < |d(x)] < 2¢T.}).



26 B. LLEDOS, R. MARZIANI, AND H. OLBERMANN

Using that |Vd(z)| = 1, the coarea formula, and the change of variable z = y + tv with y = w(z) € OF we

have

I (ue,ve, {|d(z)| < eT:}) = /{‘d(z |<ETE < /(d; )‘ ( (@))> <g|Vvs(a:)|2 . w> w“
T O e (2))) (G« T iy
~aomy [ 2(21 < )! w(a(2)) « LE (v + HE) e
< (1+0(1)o / E( V() v;(y>> 1

This together with (A.6]) yields
lim sup I. (ue, ve, {|d(z)| < eT:}) < *H*(OF) = o> H>(J,) .
e—0

Similarly, from (A.5]), one gets
I (ue, ve, {eTe < |d(z)] < 2eT:})

<200 [ (ot + b)) ae [ (Sner

eTe

< —€T. s

from which
lim sup Ie (ue, ve, {eTe < |d(z)| < 2eT:}) =0.
e—0

Hence we infer limsup,_,, Ic(ue,ve) < I(u,v). It remains to prove the upper bound for Je(ue,ve). As
before we write

Je(ua,vs) = Je(ue,ve, {|d(z)| < eT:}) + Je(ue,ve, {eTe < |d(x)| < 2eT:.}).

By (A.1] - and (A.4)) it follows
L () = TOED) (i a()) + it (a(e)) M)

€
we(d(z)/e)H' ().
From (A.1)) and the fact that ||H|| L (sr) < +00 one can deduce that
H' () = H(r(2)) + o{d()) = H(x(x)) + ofel loge]) Ve € {|d(@)] < T2}

- W 0/e) D ey

Hence we get

Je (ue,ve, {|d(z)| < eT:}) = /{\d(z)|<€T } éaw(vs) (w;(d(:)))Q ‘Ht(x)‘g de
- /{\d(z)|<5T€} %a@(ys( ())) (w/(d:)))Q (|H(7r(m))|2 + 0(52\ logs|2)) dz
/ETE ( G)) / 7T(JU)))(|H(”(9E))|2JFO(EQ\IOgEIQ)) dH" (o) dt

—eTe

o [ (w(4) [ @107 + o toge)) ),

By (A.3) we find
eTe 2 Te
1/ (w(ﬁ)) dt:/ lw'?dt < o (A.9)
€ J_eT. € —T.
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Whereas
. @~ 2 2 2 n—1 @ 2 gm—1
tiwsup [ o @) ([HO)P + o og=) W (0) < [ a®0w) [HW) a7 ) = J(uv).
=0 JoE OE
(A.10)
Combining (A.8)—(A.10) we get
lim sup Je (ue, ve, {|d(z)| < €T:}) < J(u,v)
e—0
Finally from the second equality in (A.5)) one can easily deduce that
lim sup Je (ue, ve, {eTe < |d(z)] < 2eT.}) =0,
e—=0
and the proof is concluded. a

APPENDIX B. UNIQUENESS FOR THE GRADIENT IN SOBOLEV SPACES WITH RESPECT TO MEASURES

As in Section 2.3, let M be a k-rectifiable, 7 : M — AF(R™) an orientation of M, p : M — [0, co) locally
H*_ M integrable, and S = [M, 7, p]. In the proof of the uniqueness of the gradient for u € H*P(S), we
will use the following lemma:

Lemma B.1. [ADS96| Corollary 2.10(ii)] Let S = [M,7,p] and w € BV(S). Then there ezists a
Ap—k+1(R™) valued measure R(S,u) whose components R”(S,u), v € A(n,n — k + 1), are given by

(p, R7(S,u)) = / u(v AV@) pdH*  for all p € CHR™).
M

In the upcoming lemma, we write u := ||S||. We will assume that 5 = 0, since this is the case that we
are working with, and this alleviates the calculations.
Lemma B.2. Assume that S is as above with 8S = 0. Let (vj)jen C C(R™) such that

JIET;O llvillLe gny =0 and ?gg”vvjuzzf;(ﬂgn) <C,

then Vu; — 0 in LL(R™).
Proof. Let ¢ € C°(R™). Then R(S, ¢) is in Cg°(R™; Ap—r+1(R™)), and for v € A(n,n — k + 1) we have

that
0= lim RY(S,¢)vjpdH* = — lim RY(S,v;)pdH"

J—=oo Jar J—= Jar

Since R(S,v;) = v AV,v; and by the boundedness of (V,v;)jen in Lf,(R™;R™), there exists a subsequence
(no relabeling) and w € L¥,(R";R™) such that V,v; — w in L (R™;R"), and

lim RY(S,v;)ppdH" = /(u AV ,0;) ppdHF

i—=oo far
:/‘(u/\w)’ycppd’;’-[k.

Since V,v; is orthogonal to v, the same holds for w, and hence w = 0 follows since ¢ can be chosen
arbitrarily. 0

Lemma B.3. Lete > 0, W : R — [0,00) as in Theorem pe = (5|Vue|®> +e ' W(ue)) L. If
(vk)ken C CE(R™) is such that

klggo ”kaLﬁE(]R") =0 and ilelg ”vkaLﬁE(]R") <,

then Vv, — 0 in Li,_(R™).
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Proof. 1t suffices to show that for any subsequence, there exists a further subsequence for which the
gradient converges weakly to 0 in Lf,_. So let us start with an arbitrary subsequence. By boundedness of
the sequence in Lf,_, we may choose a further subsequence that is weakly convergent to some limit f,

Vo, = f in Lf_.
Here and in the following, we do not relabel when we take subsequences.

Suppose that —1 < t; < t2 < 1. Then

t2
/ / log| dH™ " dt = / |vg || Vue | dz
ty w{ue >t} {t1<ue<to2}

Vel (| WD 2 ar)
C(VV’ t1, t2) {t1<us<ta2} €

€||VUE ||L2(JR")
- C(W, t1, tz)
Therefore, there exists a subsequence such that for almost every si,s2 with t1 < s1 < s2 < t2, we have
that {s1 < wue < s2} is a set of finite perimeter and

HWHZLEE(R%) —0 ask— +4oo.

/ log|dH" ™" =0 ask — 4oo fori=1,2. (B.1)
Ox{ue>s;}

For every ¢ € C5°(R™) we can apply the Gauss-Green theorem:

/ Vo - pda = / vg div pdx +/ Ok (o, v, ) AH™ T
{s1<uc<sa} {s1<uc<s2} Ox{s1<us<sa}

The last term converges to 0 by choice of s; and s2. Moreover, we have

/ lvg|? da < é/ Mmfﬁ dz
{s1<uc<s2} C(VV’ 51’52) {s1<us<s2} €

€ 2
< - n
= C(W 81,82) HkaLﬁa@R )
—0 ask— 4oo.
Thus,

/ Vo -pde —0 as k — +oo.
{s1<ue<sa2}

This implies that f = 0 on {x 151 S wue(x) < sz}. Since we may choose t1, s1 arbitrarily close to —1, and
ta, s2 arbitrarily close to 1, we obtain f =0 on {z: —1 < u.(z) < 1}.

With the same arguments we can prove that f =0 on {z : u.(z) < —1} and on {z : u.(z) > 1}. Since
te({z : ue(z) = £1}) = 0, we obtain that f = 0 u.-almost everywhere, which completes the proof of the
present lemma. O

REFERENCES

[AFPO00] L. AmMBROsIO, N. Fusco AND D. PALLARA, Functions of bounded variation and free discontinuity problems.
Oxford Mathematical Monographs, The Clarendon Press, Oxford University Press, New York (2000).

[ABCPO03] N. ANSINI, A. BRAIDES, AND V. CHIADO PIAT, Gradient theory of phase transitions in composite media,
Proc. R. Soc. Edind. 133A (2003), 265-296.

[ADS96] G. ANZELLOTTI, S. DELLADIO, AND G. SCIANNA, BV functions over rectifiable currents, Ann. Mat. Pura
Appl. (4), 170 p257-296, (1996).

[BEMZ22] A. Bach, T. EsposiTo, R. MARZIANI AND C. I. ZEPPIERI, Interaction between oscillations and singular
perturbation in a one-dimensional phase-field model, AWM Volume - Research in the Mathematics of Materials
Science. Association for Women in Mathematics Series, vol 31. Spronger, Cham. (2022).

[BEMZ23] A. BacH, T. EsposiTo, R. MARzIANI AND C. I. ZEPPIERI, Gradient damage models for heterogeneous
materials. Siam J. Math. Anal. 55, 4 (2023).

[BMZ23] A. BacH, R. MARzIANI AND C. I. ZEPPIERI, I'-convergence and stochastic homogenisation of singularly
perturbed elliptic functionals, Calc. Var. 62, 199 (2023).



PHASE-TRANSITION FUNCTIONALS 29

[Bal90] S. BALDO, Minimal interface criterion for phase transitions in mixtures of Cahn-Hilliard fluids, Ann. Inst.
H. Poincaré Anal. Non Linéaire, 7 (1990), 67-90.

[BF94] A. C. BARROSO AND I. FONSECA, Anisotropic singular perturbations - the vectorial case, Proc. Roy. Soc.
Edinburgh Sect. A 124 (1994), 527-571.

[BP93] G. BELLETTINI, AND M. PAOLINI, Approssimazione variazionale di funzionali con curvatura, Seminario di
Analisi Matematica, Dipartimento di Matematica dell’Universitd di Bologna, 11 marzo (1993), 87-97.

[Bog07] V. BOGACHEV Measure Theory, Vol. 1 and 2. Springer, 2007.

[Bou90] G. BOUCHITTE, Singular perturbations of variational problems arising from a two-phase transition model,
Appl. Math. and Opt. 21 (1990), 289-314.

[BBS97] G. BOUCHITTE, G. BUTTAZZO, AND P. SEPPECHER Energies with respect to a measure and applications to
low dimensional structures. Calculus of Variations and PDE, 5:37-54, (1997).

[BBF01] G. Bouchitté, G. Buttazzo, and I. Fragala. Convergence of Sobolev spaces on varying manifolds. The
Journal of Geometric Analysis 11 (2001): 399-422

[BZ09] A. BrAIDEs AND C. I. ZEPPIERI, Multiscale analysis of a prototypical model for the interaction between
microstructure and surface energy, Interfaces Free Bound. 11 (2009), 61-118.

[BLS20] K. Brazpa, L. LussarDI, AND U. STEFANELLI Existence of varifold minimizers for the multiphase Can-
ham—Helfrich functional, Calc. Var. Partial Dif., 59(3):26, May 2020. Id/No 93.

[CMV13] R. CHOKSI, M. MORANDOTTI, AND M. VENERONI Global minimizers for axisymmetric multiphase mem-
branes. ESAIM: Control, Optimisation and Calculus of Variations, 19(4):1014-1029, July 2013.

[CFG23] R. CRISTOFERI, I. FONSECA, AND L. GANEDI Homogenization and phase separation with space dependent
wells -the subcritical case., Arch. Rational Mech. Anal. 247, 94 (2023).

[CFHP19] R. CRrISTOFERI, I. FONSECA, A. HAGERTY, AND C. Porovicl A homogenization result in the gradient
theory of phase transitions, Interfaces and Free Boundaries 21 (2019), 367—408.

[EG92] L. C. Evans, AND R. F. GARIEPY Measure Theory and Fine Properties of Functions. CRC Press, 1992.
[FM99] 1. FRAGALA, AND C. MANTEGAZZA On some notions of tangent space to a measure. Proceedings of the
Royal Society of Edinburgh Section A: Mathematics 129.2 (1999): 331-342.

[Hel12] M. HELMERS Kinks in two-phase lipid bilayer membranes. Calc. Var. Partial Dif., 48(1-2):211-242, August
2012.

[Hel14] M. HELMERS Convergence of an approximation for rotationally symmetric two-phase lipid bilayer mem-
branes. Q. J. Math., 66(1):143-170, October 2014.

[Hut86] JoHN E. HUTCHINSON, Second fundamental form for varifolds and the existence of surfaces minimising
curvature, Indiana Univ. Math. J. 35 (1986), p45-71.

[JL96] F. JULICHER, AND R. LIPOWSKY Shape transformations of vesicles with intramembrane domains, Phys. Rev.
E, 53(3):2670-2683, March 1996.

[KS04] E. KUWERT, AND R. SCHATZLE Removability of point singularities of willmore surfaces, Ann. Math.,
160(1):315-357, July 2004.

[LY82] P. L1, AND S. T. YAU A new conformal invariant and its applications to the Willmore conjecture and the
first eigenvalue of compact surfaces, Inventiones mathematicae, 69(2):269-291, 1982.

[MSZ03] J. MALY, D. SWANSON, AND W.P. ZIEMER The co-area formula for Sobolev mappings, Trans. Amer. Math.
Soc. 355 (2003), 477-492.

[Mar23] R. Marziani, I'-convergence and stochastic homogenisation of phase-transition functionals, ESAIM: Control
Optim. Calc. Var. 29 (2023) 44.

[MM77] L. MobpicA, AND S. MORTOLA Un esempio di I'-convergenza. Boll. Un. Mat. Ital. B (5), 14(1):285-299,
1977.

[Mod87] L. Mobica The gradient theory of phase transitions and the minimal interface criterion, Arch. Ration.
Mech. An., 98(2):123-142, June 1987.

[Mor20] P. S. MORFE, Surface Tension and I'-Convergence of Van der Waals-Cahn-Hilliard Phase Transitions in
Stationary Ergodic Media, J. Stat. Phys. 181 (2020), no. 6, 2225-2256.

[Mos01] R. MOSER A generalization of Rellich’s theorem and regularity of varifolds minimizing curvature, Preprint
72, MPI MiS Leipzig, (2001).

[OR23] H. OLBERMANN, AND M. ROGER, Phase separation on varying surfaces and convergence of diffuse interface
approximations, Calc. Var. Partial Differential Equations 62 (2023).

[0S91] N. C. OWEN AND P. STERNBERG, Nonconvex variational problems with anisotropic perturbations, Nonlinear
Anal. 16 (1991), 705-719.

[RMO08] M. ROGER, AND L. MuGNAI The Allen-Cahn action functional in higher dimensions, Interfaces and Free
Boundaries, 10(1):45-78, 2008.

[RS06] M. ROGER, AND R. SCHATZLE, On a modified conjecture of De Giorgi, Mathematische Zeitschrift 254,
p675-714 (2006).



30 B. LLEDOS, R. MARZIANI, AND H. OLBERMANN

[Ton02] Y. TONEGAWA Phase field model with a variable chemical potential, Proceedings of the Royal Society of
Edinburgh Section A: Mathematics 132.4 (2002): 993-1019.

UNIVERSITE CATHOLIQUE DE LOUVAIN, BELGIUM
Email address, Benjamin Lledos: benjamin.lledos@uclouvain.be

UNIVERSITA DEGLI STUDI DELL’AQUILA, ITALY
Email address, Roberta Marziani: roberta.marzianil@univaq.it

UNIVERSITE CATHOLIQUE DE LOUVAIN, BELGIUM
Email address, Heiner Olbermann: heiner.olbermann@uclouvain.be



	1. Introduction
	Acknowledgements
	2. Notation and Preliminary results
	2.1. Notation
	2.2. Functions of bounded variation
	2.3. Currents and BV functions on currents
	2.4. Oriented Varifolds
	2.5. Measure-function pairs

	3. Setting of the problem and first result
	3.1. Proof of Propositions 3.6 and 3.7

	4. Second main result
	4.1. Proof of Theorem 4.1

	Appendix A. Upper bound in the smooth case
	Appendix B. Uniqueness for the gradient in Sobolev spaces with respect to measures
	References

